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Abstract. We introduce the Néron—Severi Lie algebra of a Soergel module and we
determine it for a large class of Schubert varieties. This is achieved by investigating
which Soergel modules admit a tensor decomposition. We also use the Néron—Severi
Lie algebra to provide an easy proof of the well-known fact that a Schubert variety is
rationally smooth if and only if its Betti numbers satisfy Poincaré duality.

Introduction

Let X be a smooth complex projective variety of dimension n and p € H?(X,R)
be the Chern class of an ample line bundle on X. The Hard Lefschetz Theorem
states that for any k& € N cupping with p* yields an isomorphism p*: H"7*(X,R) —
H"™tk(X R). This assures the existence of an adjoint operator f, € gl(H*(X,R))
of degree —2 which together with p generates a Lie algebra g, isomorphic to slz(R).
In [LL] Looijenga and Lunts defined the Néron—Severi Lie algebra gyg(X) of X
to be the Lie algebra generated by all the g, with p an ample class.

The decomposition of H(X) := H*(X,R) into irreducible g,-modules is called
the primitive decomposition. The primitive part (i.e., the lowest weight spaces
for the g,-action) inherits a Hodge structure from the Hodge structure of H(X)
and the Hodge structure of the primitive part determines completely the Hodge
structure on H(X). However, this decomposition depends on the choice of the
ample class p. Looijenga and Lunts’ initial motivation was to find a “universal”
primitive decomposition of H(X), not depending on any choice: this is achieved by
considering the decomposition of H(X) into irreducible gy s(X)-modules, which
always exists as one can prove that gyg(X) is semisimple. One can easily generalize
this construction to any complex variety, possibly singular, by replacing the coho-
mology H(X) with the intersection cohomology IH (X).

The category of Soergel modules of a Coxeter group W is a full subcategory
of the category of graded R-modules, where R is a polynomial ring. Over a field
of characteristic 0 the category of Soergel modules is a Krull-Schmidt category
whose indecomposable objects (up to shifts) are denoted by {B, }wew. When W
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is a Weyl group (of a reductive group G) then B, -1 = IH(X,,), where X,, is the
Schubert variety corresponding to w inside the flag variety of G.

For any real Soergel module B,, one can still define its Néron—Severi Lie algebra
ans(w). If W is finite, since gng(w) is semisimple and B,, is indecomposable as
R-module (hence as gy s(w)-module), it follows that B,, is an irreducible gy s(w)-
module. From this we deduce, in §2, an easy proof of the Carrell-Peterson criterion
[Ca]: a Schubert variety X, is rationally smooth if and only if the Poincaré
polynomial of H(X,,) is symmetric. In the Appendix we explain how to extend
this proof in the setting of a general finite Coxeter group.

Looijenga and Lunts went on to compute gys(X) for a flag variety X = G/B.
They prove that it is “as big as possible,” meaning that it is the complete Lie
algebra of endomorphisms of H(X) preserving a non-degenerate (either symmetric
or antisymmetric depending on the parity of dim X) bilinear form on H(X).

In §3 we explore the case of the Néron—Severi Lie algebra gng(X,) of the
intersection cohomology of an arbitrary Schubert variety, a question also posed
in [LL]. In Proposition 19 we show, using a result of Dynkin, that gyg(Xy,) is
maximal if and only if it is a simple Lie algebra. If gns(X,,) is not simple then
ITH(X,) admits a tensor decomposition TH(X,,) = A; ® Ag, where A; (resp. As)
is a Ry (resp. Rp) module and Ry, Ry are polynomial algebras with R = R ® Ra.

Finally in §4 we try to characterize for which w € W there is such a decompo-
sition. To an element w € W we associate a graph Z,, whose vertices are the
simple reflections S, and in which there is an arrow s — ¢ whenever ts < w and
ts # st. We prove that if the graph Z,, is connected and without sinks then a tensor
decomposition of I H(X,,) cannot exist, hence we deduce that in this case gy s(Xuw)
is maximal. Thus for the vast majority of Schubert varieties the Néron—Severi Lie
algebra is “as big as possible.”

Acknowledgements. 1 wish to warmly thank my PhD supervisor Geordie Wil-
liamson for introducing me to this problem, and for many useful comments and
discussion. I am also grateful to him for explaining to me the content of §A.1. I
would also like to thank the referee for a careful reading and many useful comments.

Some of this work was completed during a research stay at the RIMS in Kyoto.
I was supported by the Max Planck Institute in Mathematics.

Notation

All cohomology and intersection cohomology groups in this paper are considered
with coefficients in the real numbers, unless otherwise stated. Given a graded
vector space or module M = @,., M" we denote by M|n], for n € Z, the shifted
module with M[n]? = M"+%.

1. Lefschetz modules

In this section we recall from [LL] the definition and the main properties of the
Néron—Severi Lie algebra.

Let M = .., Mx be a Z-graded finite-dimensional R-vector space. We denote
by h : M — M the map which is multiplication by k on M}. Let e : M — M be a
linear map of degree 2 (i.e., e(My) C Mj2 for any k € Z). We say that e has the
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Lefschetz property if for any positive integer k, e* gives an isomorphism between
M_;, and M. The Lefschetz property implies the existence of a unique linear map
f+ M — M, of degree —2, such that {e, h, f} is a sly-triple, i.e., {e, h, f} span a
Lie subalgebra of gl(M) isomorphic to sla(R). We can explicitly construct f as
follows: first we decompose M = P, -, Re](P_x) where P_; = Ker(eF |y ),
then we define, for p_ € P_g,

o itk—it e po if0<i<h,
f(ep’“)_{o if i = 0.

The uniqueness of f follows from [B, Lem. 11.1.1. (VIII)].

Remark 1. From the construction of f, we also see that if e and h commute with
an endomorphism ¢ € gl(M), then f also commutes with ¢.

Lemma 1. If h and e belong to a semisimple subalgebra g of gl(M), then also
fea

Proof. Since g is semisimple, the adjoint representation of g on gl(M) induces a
splitting g@®a, with [g,a] C a. If f = f'+ f” with f' € g and f” € a, then {e, h, f'}
is also an sly-triple. The uniqueness of f implies f = f, thus f €g. O

Now let V' be a finite-dimensional R-vector space. We regard it as a graded
abelian Lie algebra homogeneous in degree 2 and we consider a graded Lie algebra
homomorphism e : V' — gl(M) (thus the image ¢e(V') consists of commuting linear
maps of degree 2). We say that M is a V-Lefschetz module if there exists v € V
such that e, := e(v) has the Lefschetz property. We denote by V, C V the subset
of elements satisfying the Lefschetz property. If ¢ is injective, and we can always
assume so by replacing V' with ¢(V'), then V. is Zariski open in V. Thus, if V; # @
there exists a regular map f: V, — gl(M) such that {e(v), h,f(v)} is a sly-triple.

Definition 1. Let M be a V-Lefschetz module. We define g(V, M) to be the Lie
subalgebra of gl(M) generated by e¢(V) and f(V.). We call g(V, M) the Néron—
Severi Lie algebra of the V-Lefschetz module M.

The following simple Lemma is needed in Section 3.2:

Lemma 2. Let M be a V-Lefschetz module. Then M & M is also a V -Lefschetz
module with respect to the diagonal action of V, and g(V, M) = g(V,M & M).

Proof. For any x € gl(M) let @ € gl(M @ M) denote the endomorphism defined
by (z @ x)(u, p') = (x(p), x(w)) for all p,u" € M.

An element e € gl(M) has the Lefschetz property on M if and only if e ® e
has the Lefschetz property on M @& M. Moreover if {e, h, f} is an sl-triple in
gl(M), then {e @ e,h @ h, f @ f} is an sly-triple in gl(M & M). Therefore the
algebra g(V, M @ M) is generated by the elements ¢(v) @ e(v), with v € V| and by
f(v) Bf(v), with v € V. It follows that the map x — 2@z induces an isomorphism
oV, M) = g(V,M & M). O
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1.1. Polarization of Lefschetz modules

Assume that M is evenly (resp. oddly) graded and let ¢ : M x M — R be a non-
degenerate symmetric (resp. antisymmetric) form such that ¢(My, M;) = 0 unless
k #£ —l.

We assume for simplicity V' C gl(M). We say that V' preserves ¢ if every v € V
leaves ¢ infinitesimally invariant:

o(v(x),y) + o(z,v(y)) =0 Vz,y € M.

Since the Lie algebra aut(M, ¢) of endomorphisms preserving ¢ is semisimple,
if V preserves ¢ then we can apply the Jacobson—-Morozov theorem to deduce that
g(V, M) C aut(M, ).

For any operator e : M — M of degree 2 preserving ¢ we define a form (-,-),
on M_y, for k > 0, by (m,m’). = ¢(e*m, m’). One checks easily that (-,-). is
symmetric.

We say that e is a polarization if the symmetric form (-,-). is definite on the
primitive part P_j = Ker(ek*1)|5, .. If there exists a polarization e € V, then we
call (M, ¢) a polarized V-Lefschetz module.

Remark 2. Each polarization e has the Lefschetz property. The injectivity of
e¥|ar_, follows easily from the non-degeneracy of (-,-). on P_;. From the non-
degeneracy of ¢ we get dim M_j = dim M, for any k > 0, hence e¥|y,_, is also
surjective.

Proposition 3. Let (M, ¢) be a polarized V -Lefschetz module. Then the Lie al-
gebra g(V, M) is semisimple.

Proof. Since g(V, M) is generated by commutators, it is sufficient to prove it is
reductive. This will be done by proving that the natural representation on M is
completely reducible. Let N C M be a g(V, M)-submodule. It suffices to show that
the restriction of ¢ to N is non-degenerate, so that we can take the ¢-orthogonal
as a complement of N.

Let e € V be a polarization and let f be such that {e, h, f} is a sly-triple.
We can decompose N into irreducible slo-modules with respect to this triple. We
obtain N = @,~,R[e]PY, where PV, = Ker(e*™!|y_,). This decomposition is
¢-orthogonal since, if k > h, we have

¢(eap_k’e(k+h)/27ap_h) _ (71)a¢(p_k,e(k+h)/2p_h) =0

for any p_y € P_g, p_p € P_j and any integer a > 0.

We consider now a single summand R[e] PY, . Because the form (-, ) is definite
on PN, C Py, it follows that ¢ is non-degenerate on P%, + e*PY, . Since e
preserves ¢, the restriction of ¢ to e“PiV,C +ek*“P£Vk is also non-degenerate for any
0 < a < k. We conclude since the subspaces e“Pin—i—ek_“Pivk and ebPin—&—ek_bPivk
are ¢-orthogonal for a #£ b,k —b. [

Remark 3. The proof of Proposition 3 actually shows that the Lie algebra gene-
rated by V and f(e), where e is a polarization, is semisimple. Therefore, by Lemma
1, if e is any polarization in V, then V and f(e) generate g(V, M).



THE NERON-SEVERI LIE ALGEBRA OF A SOERGEL MODULE 1067

Corollary 4. Let (M,¢) be a polarized V -Lefschetz module. If N C M s a
graded V -submodule satisfying dim N_j = dim Ny, for any k > 0, then there exists
a complement N' C M such that M = N ® N’ as a g(V, M)-module.

Proof. Let v € V having the Lefschetz property on M. Since v*|y_, is injective
and dim N_; = dim N, v also has the Lefschetz property on N, therefore N is
f(v)-stable. This implies that N is a g(V, M )-submodule of M.

As in the proof of Proposition 3 one can show that the restriction of ¢ to N is
non-degenerate, so the ¢-orthogonal subspace N’ is a g(V, M )-stable complement
of N. O

Remark 4. The definitions given above arise naturally in the setting of complex
projective (or compact Kéhler) manifolds. Let X be a complex projective manifold
of complex dimension n and assume that X is of Hodge—Tate type, i.e., if

H*(X,C)= 5 H"*

p,q=0

is the Hodge decomposition of X then HP? = 0 for p # ¢q. In particular the
cohomology of X vanishes in odd degrees.

Let M = H(X,R)[n] be the cohomology of X shifted by n and let ¢ be the
intersection form:

k(k—1)

(o, B) = (=1)" =2 / aAB,  Vac H"(X,R), V3 e H *(X,R).
X

Notice that ¢ is symmetric (resp. antisymmetric) if n is even (resp. n is odd).

Let p € H%(X,R) be the first Chern class of an ample line bundle on X. Then
the Hard Lefschetz theorem and the Hodge—Riemann bilinear relations imply that
p is a polarization of (M, ¢). It follows that (M, ¢) is a polarized Lefschetz module
over H?(X,R).

We can also replace H?(X,R) by the Néron-Severi group NS(X), i.e., the
subspace of H?(X,R) generated by Chern classes of line bundles on X. We define
the Néron—Severi Lie algebra of X as gnyg(X) = g(NS(X), H*(X,R)[n]).

In [LL] Looijenga and Lunts consider complex manifolds with an arbitrary
Hodge structure. To deal with the general case one needs to modify the definition
of polarization given here in order to make it compatible with the general form of
the Hodge-Riemann bilinear relations.

However, all the Schubert varieties, the case in which we are mostly interested,
are of Hodge—Tate type, so for simplicity we can limit ourselves to this case.

1.2. Lefschetz modules and weight filtrations

Let V be a finite-dimensional R-vector space and (M, ¢) a polarized V-Lefschetz
module. In this section we show how to each element v € V we can associate
a weight filtration and to any such filtration we can associate a subalgebra of
g(V, M). In many situations the knowledge of these subalgebras turns out to be
an important tool to study g(V, M).
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Lemma 5. Let e be a nilpotent operator acting on a finite-dimensional vector
space M such that ¢! # 0 and '™ = 0. Then there exists a unique non-increasing
filtration W, called the weight filtration:

{pcwcw, ., C---CWnCWy =M

such that
o e(Wy) C Wiyo for all k;
o forany 0 < k < 1, ¢ : Gr".(M) — Gr}/ (M) is an isomorphism, where
GI‘kW(M) = Wk/Wk+1.

Proof. See, for example, [CE+, Prop. A.2.2]. O

Lemma 6. Let e € V' (not necessarily a Lefschetz operator). Then there exists a
sly-triple {e,h', f'} contained in g(V, M) such that h' is of degree 0.

Proof. This is [LL, Lem. 5.2]. O

Let {e, 1/, f'} be as is Lemma 6 and W, be the weight filtration of e. Since
h' is semisimple and part of a slp-triple, we have a decomposition in eigenspaces
M = @,,c, M}, where M), = {x € M | ' -z = nz}. We can define W}, =
D, M,. It is easy to check that W, satisfies the defining condition of the
weight filtration of e. In particular, W, = W. and h' splits the weight filtration of
e, i.e., Wy = Wyp1 @ M], for all k.

Let " = h — h'. Then (h',h”) is a commuting pair of semisimple elements

in g(V, M) and it defines a bigrading M? on M such that M" =P, _, MP?

Furthermore h’ and b also act via the adjoint representation on g(V, M) defining a
bigrading g(V M), 4. Wehave z € g(V, M), , if and only if x(MP 7)) C MPTPata
for all p ¢ € Z. For = € g(V, M) we denote by z, , its component in g(V, M)p7q

Let V be a subspace of V' containing e and such that, for any = € V we
have z(Wy) C Wyyo for all k. Consider the graded vector space Gt M =
Prcz Gry’ M, where Gr;” M sits in degree k. Then Gr'" M is a V-Lefschetz
module, so we can define the Lie algebra 9(17, GV M),

Let = € V. Since 2(W;) C Wy, then (M) € @,552 M, This implies
that x € g(V, M)>2,e, 1.€., T = T2 0+ T4,—2 + T6,—4 + . . .. In particular, if z,y € ‘7,
we have [z,y] = 0 and so [z20,¥2,0] = [z, y]s,0 = 0.

Let ‘7270 C g(V, M) be the span of the degree (2,0) components of elements of
V. The subspace 172,0 is an abelian subalgebra of g(V, M). However, notice that
in general 172,0 is not a subspace of V. We denote by M’ the vector space M with
the grading defined by A’. Then M’ is a 17270—Lefschetz module (in fact e = eg g is
a Lefschetz operator on M’), so we can define the algebra g(Va,0, M').

Proposition 7. In the setting as above, there exists an isomorphism of Lie al-
gebras g(V,Gr"V M) = 9(Vao, M'). In particular, g(V,M) contains a subalgebra

isomorphic to g(V, Gr" M).
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Proof. Let 7, : W), — M, be the projection. Then @, 7, : Gr'V M — M’ is an
isomorphism of graded vector spaces. o

Moreover, the isomorphism @, 7, is compatible with the map V' — V5 o given
by z — x20, i.e., that for any k € Z the following diagram commutes:

k42 ,
Wit/ Wiys —— Mk+2

:c] ]Iz,o .
Tk

Wi/ Wgy1 ——— M|,

Hence, it follows that g(V, Gr" M) = g({~/270, M').
The last statement follows from Lemma 1, in fact both V5 ¢ and b’ are contained
in g(V, M), whence g(V2,0, M') Cg(V,M). O

2. Application to Soergel calculus

Let G be a simply-connected complex reductive Lie group, B be a Borel sub-
group of G and T C B be a maximal torus. We denote by X = G/B its flag
variety. Let g be the Lie algebra of G and h C g be the Lie algebra of T', with dual
space h*. Let ® C bh* be the root system of G and A be the set of simple roots
with respect to B. Let W be the Weyl group of G and S C W be the set of simple
reflections. We denote by (-, -) the Killing form on h*.

Let A = {\ € b* | 2(\,a)/(c, ) € Z Yo € P} be the weight lattice and let
b = A ®zR. For any weight A € A we define a one-dimensional module C of B.
Then the projection G x gCy — G/B is a line bundle L) on X and the first Chern
class ¢1(Ly) defines an element in H%(X) := H?(X,R). The map A +— c1(L))
induces a homomorphism A — H?(X) which can be extended to a graded algebra
homomorphism from R = Sym(bhy) = Rlbx] to H(X) where b} is regarded as
homogeneous polynomials of degree 2.

This map is surjective, and its kernel is the ideal generated by R_‘f_v, the invariants
in positive degree under the Weyl group W of G.

Note that in the Hodge decomposition of X only terms of type (p,p) appear.
Furthermore we have NS(X) = H*(X) = b} = R?, since (R})? =0.

Let w € W and let IH,, := IH(X,,,R) be the intersection cohomology of the

Schubert variety X,, = B-wB < X. We regard [H,, in a natural way as a
R-module via the composition map R — H(X) = H(X,,).

Remark 5. For any complex variety Y, there is a natural map H(Y)[dimY] —
TH(Y). If Y is projective, then the kernel is precisely the non-pure part of H(Y")
[dCM, Thm. 3.2.1]. Because Schubert varieties have a cell decomposition, their
cohomology is pure. Hence, we have a natural inclusion H(X,,)[¢(w)] — IH,, for
any w € W.

The R-modules arising as intersection cohomology of Schubert varieties can
also be defined purely algebraically. Let w = s1s85--- sy be a reduced expression
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for w € W, where ¢ := {(w) is the length of w and s; € S C W. We define the
Bott-Samelson module BS(w) = R®ps1 R@pgss -+ @poe—1 ROpse RAOrR[(]. Here
R?" denotes the s;-invariants in R and R has the R-module structure given by
R~ R/R~y.

Theorem 8 (Soergel, [S1]). We choose any decomposition of BS(w) into inde-
composable R-modules and we denote by B, the summand containing 1© == 1®
-~ ® 1. Then:

i) Up to isomorphism, B, does not depend on the choice of decomposition,
nor on the choice of the reduced expression w of w.
ii) Any indecomposable summand of BS(w) is isomorphic, up to shift, to a
module By, for some w' < w.
iii) IH, = By for any w € W.

As Soergel pointed out, the definition of the module B,, can be easily generalized
to any Coxeter group W with b replaced by a reflection faithful representation
of W (in the sense of [S3, Def. 1.5]). For a general Coxeter group there are
no known varieties such that intersection cohomology gives the indecomposable
Soergel module. Nevertheless there exists a replacement for the intersection form
in this setting.

The degree ¢ = /(w) component of BS(w) is one-dimensional and it is spanned
by ciop = a5, D s, ®---®as, ® 1. Here o denotes the simple root corresponding
with s € S. We define the intersection form ¢ on BS(w) via

o(f.g) = (~1)FED2Te(fg)  Vf e BS(w)*, Vg € BS(w)™*, Vk € Z

where fg denotes the term-wise multiplication, and Tr is the functional which
returns the coefficient of cop. The restriction of the intersection form ¢ to B,, is
well-defined up to a positive scalar and it is non-degenerate.

Theorem 9 (Elias-Williamson [EW1]). Let n € hf be in the ample cone, i.e.,
(n,) > 0 for any a € A. Then left multiplication by n" induces an isomorphism
n (Fw)_r — (E)r for any r > 0.

Furthermore, if ¢ is the intersection form of B, then we can define a non-
degenerate symmetric product (-,-), on (By)™" via (a,B), = ¢(n"a,B). This
symmetric product is (—l)e(w)(é(w)“)/z—deﬁm'te when restricted to the primitive
part P~ = Ker (0" ™| 52-).

This means that the Néron-Severi Lie algebra can still be defined for Soergel
modules as gys(w) := g(hg, Bw). We can now apply Corollary 4 to the polarized

hg-Lefschetz module B,,.

Corollary 10. Let N be a non-zero R-submodule of B, such that dim N—F =
dim N* for any k € Z. Then N = B,,.

If we W and s € S such that ws > w, then B,Bs; = Bys ® @ Emz for
z<ws
some m, € Zx>o, cf. [EW1, §1.2.3]. In particular B,,B; is a polarized h%-Lefschetz
module.
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Corollary 11. Let N be a R-submodule of BB, such that dim N=% = dim N*
for any k € Z. Then N is a direct summand of By Bs. In particular, if N is
indecomposable and N5 £ 0, then N = By.

We now restrict ourselves to the case where W is the Weyl group of a simply-
connected complex reductive group. We recall some results from BGG]. The
elements [X,] € Hay,)(X), the fundamental classes of the Schubert varieties X,
(for v € W), are a basis of the homology of X. By taking the dual basis we obtain
a basis Q, € H?(")(X), for v € W, of the cohomology, called the Schubert basis.

Let i : X,, — X denote the inclusion. Then i* : H(X) — H(X,) =: Hy, is
surjective: ¢*(Q,) = 0 if and only if v £ w and the set {i*(Qy)}v<w (Which we will
denote simply by @,) is a basis of H,,.

The following result is due to Carrell-Peterson [Ca]:

Corollary 12. For any w € W the following are equivalent:

i) Hy[(w)] = IH,.
i) #HloeW |v<w and L(v) =k} = #{v e W | v < w and L(v) = {(w) — k}
for any k € Z.
iii) All the Kazhdan—Lusztig polynomials py ., are trivial.

Proof. The shifted cohomology H,,[¢(w)] is a R-submodule of the indecomposable
R-module B,,-1 = IH,, (Remark 5) and

dim H?*(X,,) = #{v € W | v < w and £(v) = k}.

If dim H?*(X,,) = dim H?*)=2k(X ) for any 0 < k < £(w), from Corollary 10
we get that H,[¢(w)] and IH, must coincide, thus ii) implies i). Vice versa, i)
implies ii) because I H,, satisfies dim IH,* = dim I H” for any k € Z.

Because p, ,(0) = 1 for any v < w, we have dim H,, = ), .., Pv,w(0), while
dimIH, = >, ., Pv,w(l). Since the KL polynomials have positive coefficients,
we have dim IH,, = dim H,, if and only if p, (1) = py(0) for any v € W, or
equivalently if and only if p, ,,(¢) = 1 for any v < w. It follows that i) is equivalent
to iii). O

A similar argument works also for a general finite Coxeter group. We explain
in the Appendix how to extend the proof of Corollary 12 to that setting.

3. The Néron—Severi algebra of Soergel modules

In [LL] Looijenga and Lunts determined the Néron—Severi Lie algebra gnys(X)
of a flag variety X = G/B of every simple group G: it is the complete algebra of
automorphisms (H, ¢) of the intersection form, i.e., it is a symplectic (resp. ortho-
gonal) algebra if the complex dimension of X is odd (resp. even).

Here we want to extend their results and determine the Lie algebra gng(w) for
an arbitrary w € W. We do not quite succeed; however, we show that gyg(w) is
“as large as possible” for many w.



1072 L. PATIMO

3.1. Basic properties of the Schubert basis

Let {Qu}vew be the Schubert basis of H(X) introduced in Section 2. The R-
module structure of H(X) can be described in the basis {Q, },ew by the Chevalley
formula [BGG, Thm. 3.14]:

=2 Y WA, 1)

S
w—rv

where the notation w % v means £(v) = f(w) + 1, v € &+ and v = s,w, where
sy € W is the reflection corresponding to ~.

In particular, if s € S then Qs € H?(X) = b} can be identified with the
fundamental weight in A corresponding to ag, i.e., we have 2(Qs, as) = (as, as)
and (Qs,ay) = 0 for any s #t € S. The following Lemma is an easy application
of the Chevalley formula (1):

Lemma 13. In H(X) we have, for any s,t € S:
aé? au
=-2 Z Qus;

ueS\{s } Qg y QX u)
11) QSQt Qst Zf (Oés, at) = 0;
iii) Qth = Qst + Qts Zf (0457 at) 7é 0 and s 7é t.

We state here for later reference a preliminary lemma.

Lemma 14. If the root system ® is irreducible (i.e., if the Dynkin diagram of G
is connected) then (RY)* 2 R and it is spanned by

(asvat)
(Oés, Oés)(()ét, at) .

X = Z cstQsQy where  Cg =

s,tesS

Proof. A W-invariant element in R* = SymZ(bﬁi) corresponds to a W-equivariant
morphism hr — bk, where bg = {x € b | AM(z) € R VA € bi}. Since hr and
by are irreducible as W-modules, such a morphism is unique up to a scalar. The
Killing form (-,-) is W-invariant, hence n — (1, -) is a W-equivariant isomorphism
br — br.

Forany x € by wehave x = ) __o(2(Qs, )/ (s, as))as. Hence for any z,y € by

(‘Tvy) = Z M(Qsa Qt7 —4 Z Cst Qsa Qta )

vt ozs,ozs)(at,at) s,tes

whence sttes cstQsQy € R* is W-invariant. 0O

Remark 6. The element X is basically (up to a scalar) just the Killing form
written in the basis {QsQ;}sscs of Sym?(h%). Assume now we have a proper
decomposition [)]’é = hi®h3. This induces a decomposition Sme(b]’é) = Sym?(h})@
(h* ® b%) @ Sym?(h3). Since the Killing form is positive definite on bz we deduce
that X is not contained in Sym?(h}) ® (b} @ h3), otherwise the restriction of X' to
(h1)+ x (b3)* would be 0.
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For a subset I C S, we denote by W; the subgroup of W generated by I and
P; 2 B the parabolic subgroup corresponding to I. Let 7 : G/B — G/P; be
the projection. Then #n* : H(G/Pr) — H(G/B) is injective. We can also cha-
racterize the image of 7*: it coincides with the set of W; invariants in H(X),
ie., m(H(G/Pr)) = (R/RY)Wr = RW1/RW C H(X), and a basis is given by the
set {Q, | v € W has minimal length in its coset in W/Wj}.

For a simple reflection u € S let P, := Pf,) be the minimal parabolic subgroup
of G containing u. For any element w € W such that £(wu) < ¢(w) we can choose a
reduced expression w = st - --u. The projection 7 : G/B — G/P, is a P!-fibration
which restricts to a P!'-fibration on X, since BwB - P, = BwB. The image
m(Xy) = XU is the parabolic Schubert variety of the element w in G/P,. The
intersection cohomology TH(X!) is a polarized Lefschetz module over (R%)? =
NS(G/P,), so we can define the Lie algebra gyg(XY%) := g((R*)?, TH(XY)).

3.2. A distinguished subalgebra of gngs(w)

Let w € W and w be a simple reflection such that wu < w. Let 7 : G/B —
G/ P, be the projection as above. We denote by IC,, (resp. IC") the intersection
cohomology complex for the variety X,, (resp. X%). Then Rm,.(IC,,) = ICY[1] ®
IC¥[—1] (not canonically) by the Decomposition Theorem (the use of the Decom-
position Theorem here can be avoided using an argument of Soergel [S2, Lem.
3.3.2]). In particular, as graded vector spaces, we have I H,, = T H(X%)® H (P!)[1].

Lemma 15. The Lie algebra gys(w) contains a Lie subalgebra isomorphic to
ans(X3).

Proof. Let n € H*(X%) be the Chern class of an ample line bundle on X%. We
can apply Lemma 6 to find a sly-triple {7*n, #’, f’} inside gy g(w) such that A’ is
of degree 0, i.e., ' (IHE) C THE for all k.

Any choice of a decomposition R, (ICy,) =2 IC%[1]@ICY[—1] induces a splitting
IH, =TH(X")[1]@IH(X%)[—1] of R*-modules. One can easily check that weight
filtration of the nilpotent element 7*n is Wy = (TH(XY)[1])! & 6,5, THE.
Therefore for any = € (R*)? we have x(Wy) C Wya.

We can now apply Proposition 7, with V= (R*)?, in order to obtain

a((R")%,Gr' (IHy)) 2 g(((R*)?)2,0, TH,,),

where IH/, denotes the vector space IH,, with the grading determined by »’. In
particular g((R*)?,Gr" (IH,)) is a subalgebra of gys(w).

It is easy to see that Gr'V' (I H,,) = TH(X*)®IH(X") as graded vector spaces,
and the isomorphism is compatible with the action of R*. We conclude using
Lemma 2 which implies that g((R*)?, Gr" (IH,)) = gns(XY). O

Example 1. Let G = SL4(C) so that W = S, is the symmetric group on 4
elements, with simple reflections labeled s, s2, 3. Let w = s95183582 and u = ss.
Let n be an ample Chern class on X». Then we can draw the action of 7*n on a
basis of I H,, and the weight filtration as follows
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We fix 5 and &’ as in Lemma 15 and let b’ = h — h/. Then, as in Section 1.2,
h’ and h"” define a bigrading on I H,, and on gygs(w).

Notice that the only eigenvalues of h” on IH, are 1 and —1. It follows
that gns(w) decomposes as gns(w) = gns(w)e,—2 @ gNs(W)e,0 D gns(W)e,2. In
particular any element p of R? can be decomposed as p = p4_2 + pao + po2.
Moreover, for 77 € (R"*)? we have 7(Wj) C Wyio, hence 77 € gns(w)>2.e and
M0,2 = Na,—2 + 12,0

We can now restate and reprove [LL, Prop. 5.6] in our setting:

Theorem 16. The Lie algebra gns(w) contains a Lie subalgebra isomorphic to
gNs(X}fj) X 5[2.
Proof. Take p to be the Chern class of an ample line bundle on X,,. Then by the
Relative Hard Lefschetz Theorem [BBD, Thm. 5.4.10] cupping with p induces an
isomorphism of R"*-modules:

IH(X}

w

1] =PH Y (Rr, IC,) 2 PHY(Rn, IC,) = TH(X")[-1].

This means that the (0,2)-component pyo € gns(w)o2 of p (thus we have
(W, po2] =0 and [R”, po2] = 2p02) has the Lefschetz property with respect to the
grading given by h”. In particular, because of Lemma 1, we can complete it to
an sly-triple {po2,h", f'} C gns(w). The span of {pg2,h”, f'} is a subalgebra
of gns(w)o,e- In fact, since both pgo and h” commute with A’ so does f, (see
Remark 1).

Recall from Lemma 15 that gyg(X2) is isomorphic to g(((R*)?)2,0, I H!,), which
in turn is a subalgebra of gyg(w). It remains to show that the two subalgebras
g(((R*)*)2,0, TH},) and span{po 2, h", f}} = sla(R) intersect trivially and mutually
commute. Since p commutes with 7 for any 77 € (R*)?, then also pg o commutes
with 720: in fact since p = ps,—o2 + p2,o + po2 and 77 = Na,—2 + 72,0, we have
[p0,2,772,0] = [P, M]2,2 = 0.

Because (R*)? and h/ commute with pg 2, so does g((R")3 o, IH],). Because pg 2
and h” commute with g((R*)3 o, [H},), so does f;/. We obtain a morphism of Lie
algebras l

3 ans(Xy) x shb(R) 2= g((R")3 0, [H,,) x span{po2, 1", f}'} = ans(w)
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given by the multiplication. The kernel of J is gy s (X% )Nsla(R) and it is contained
in the center of sly(R), which is trivial. The thesis now follows. O

3.3. Irreducibility of the subalgebra and consequences

The goal of the first part of this section is to show the following:
Proposition 17. TH(XY) is irreducible as a gns(X¥)-module.
We begin with a preparatory lemmas:

Lemma 18. The cohomology H(G/P,) is generated as an algebra by the first
Chern classes, i.e., by H*(G/P,).

Proof. We can identify H(G/P,) with R*/(RY). The set {Qs}ses\{u} forms a
basis of H2(G/P,) = NS(G/P,) = (R?)*. It is enough to show that the map
Sym?((R?)*) — H*(G/P,) is surjective, because all the generators of H(G/P,)
lie in degrees < 4.

The subalgebra R" is generated by Qs, with s € S\ {u}, and a2. Therefore
dim(R*)* = dim Sym?((R?)") + 1 and, since H*(G/P,) = (R*)“/(RX), we have
dim H*(G/P,) = dim Sym?((R?)*). So it suffices to show that Sym?((R?)*) —
H*(G/P,) is injective, or in other words that Ker(Sym?((R?)*) — H*(G/P,)) =
RX N Sym?((R?)*) = 0, where X € (R*)" is the element defined in Lemma 14.

But since the Killing form is non-degenerate and (R?)“ is a proper subspace of
R?, we have X ¢ Sym?((R?)") (as explained in Remark 6). [

Proof of Proposition 17. Since gys(XY) is semisimple, it is enough to show that
TH(XY) is an indecomposable gns(X%)-module. In particular it is enough to
show that it is indecomposable as a H?(X%)-module (here regarded as an abelian
Lie subalgebra of gng(XY)).

The Erweiterungssatz (in the version proved by Ginzburg [G]) states that taking
the hypercohomology (as a module over the cohomology of the partial flag variety)
is a fully faithful functor on IC complexes of Schubert varieties. In particular for
any w € W we have:

Endp(a/p,)-moa({H(X,)) = Endpo(a/p,) (1C(Xy))-

This implies, since IC(XY) is a simple perverse sheaf on G/P,, that TH(XY) is
an indecomposable H(G/P,)-module. Now Lemma 18 completes the proof. [

Remark 7. Proposition 17 is not true for a general parabolic flag variety. Let
G = SL4(C) so that W = S, is the symmetric group on 4 elements, with simple
reflections labeled s, t,u. Then SL4(C)/ Py, ,y is isomorphic to Gr(2,4), the Grass-
mannian of 2-dimensional subspaces in C*. Since dim H?(Gr(2,4)) = 1 we have
ons(Gr(2,4)) = sl(R), but dim H*(Gr(2,4)) = 2 so it cannot be irreducible as a
gns(Gr(2,4))-module. In fact, H(Gr(2,4)) is not generated by H?(Gr(2,4)).

Proposition 19. If g§¢(w) := gns(w) ® C is a simple complex Lie algebra, then
we have gns(w) = aut(IH,, ¢).

In particular this implies that the complexification g% ¢(w) is isomorphic to
sprg, (C) if £(w) is odd, and is isomorphic to sory, (C) if £(w) is even.

w
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Proof. Proposition 17 shows that the Lie algebra gy s(X %) xsla(R) acts irreducibly
onIH, = ITH(X*)®H(P'). This obviously remains true when one considers, after
complexification, the action of g5 g(X%) x sla(C) on ITH(X,,C).

In [D, Thm. 2.3], Dynkin classified all the pairs g C g’ (C gl(CY)) of complex Lie
algebras such that g acts irreducibly on V and ¢’ is simple. From this classification
we see that if g =g x sl5(C) and sl3(C) acts with highest weight 1 then g’ is one
of sly, son and spy.

We apply now this result to the pair g§4(X%) x sl2(C) C ¢55(w) Clearly we
cannot have g§g(w) 2 sI(IH (X, C)) since gys(w) C aut(IH (X, C),¢). This
implies g5 ¢(w) = aut(TH(X,,C), ¢), hence gns(w) = aut(IH,, ¢). O

Remark 8. We now discuss which real forms of the symplectic and orthogonal
groups occur as aut(I Hy, ¢). If £(w) is odd there is, up to isomorphism, only one
symplectic form on IH,,, hence aut(IHy, ) = 5Ppgim(ra,,)(R)-

Now we assume that £(w) is even. We want to determine the signature of the
symmetric form ¢ on I H,,.

If £ > 0 then ¢ is a perfect pairing between I H¥ and IH_* hence the signature
of ng|IHk’€BIH;k is (dim THE dim ITHF). The signature of ¢ on IH? is determined
by the uHodgefRiemann bilinear relations: the dimension of the positive part of
Alrmo is given by

LH(w)/4] LL(w)/4]
> dim PO = N (i T dim D)
i=0 i=0

4. Tensor decomposition of intersection cohomology

We now want to understand for which w € W the Lie algebra g ¢(w) is not
simple. The complex Lie algebra g% ¢ (w) acts naturally on 1 H(X,,, C). To simplify
the notation from now on, we will consider in this section only cohomology with
complex coefficients and we will denote IH(X,,,C) (resp. H(X,,C)) simply by
IH, (resp. H,) and R® C = C[h*] by R.

For any w € W we have H,, C IH,, (see Remark 5). In particular H2 acts
faithfully on IH,, and we can regard H2 as a subspace of gyg(w). We recall the
following lemma from [LL, Lem. 1.2]:

Lemma 20. Assume there exists a non-trivial decomposition g%s(w) =g1 Xgo and
consider m; : g(JC\,S(w) — g, the projections. Then the decomposition is graded and it
also induces a decomposition into graded vector spaces I H,, = THS@c IH%® whe-
re TH®C (resp. THO®) is an irreducible w1 (H2)-Lefschetz module (resp. mo(H?2)-
Lefschetz module) with gy = g(m1(H2), THY) and go = g(me(H2), [HS®).

For the rest of this paper we assume that we have a splitting g%s(w) = g1 X go
and we denote by 71 : g5 g(w) — g1 and 72 : g5 g(w) — g2 the projections. Let
IH, =TH$° ®c IHY*® be the induced decomposition.

There exist integers a, b > 0 such that TH? (resp. H%*) are not trivial only in
degrees between —a and a (resp. between —b and b) with a,b > 0 and a+b = ¢/(w).
In particular TH, %% and TH%~" are one-dimensional. We define a bigrading on
IH, by IH} == TH: @ THY.
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4.1. Splitting of Hfu

We can assume from now on H2 = H?(G/B). In fact, we can replace G by its
Levi subgroup corresponding to the smallest parabolic subgroup of G containing
w. This does not change the Schubert variety X,,, the cohomology H,, and the
Lie algebra gng(w). In particular we have R = Sym(H?2).

In general H,, # I H,,, so it is not clear a priori that a tensor decomposition for
IH,, descends to one for H,,. Still, this holds in our setting:

Proposition 21. Assume we have a decomposition g%s(w) = g1 X g2. Then
HE, = m(HY) & ma(H3).

Proof. Tt is enough to show that dim H2 > dimm (H2) + dim 72 (H2). We define
T := Sym(m (Hy)) ® Sym(ma(Hy,)) = Sym(m (Hy,) @ m2(Hy,)).

We can define a T-module structure on I H,, via (z ® y)(a) = z(a) ® y(a) for any
v €m(H2),y € my(H2) and a € [H,,.

We have a bigrading 777 := Sym? (1 (H2)) ® Sym?(m2(H2)) on T compatible
with the bigrading of IH,,, i.e., TP4(IH7) C THPFHa+I,

The subspace T2° = 7(H2) C g1 acts faithfully on THS°, while 702 =
ma(H2) C gy acts faithfully on TH%*. Hence 7?2 C g1 ®gs C gl(THS)2gl(THO:*)
= gl(IH,) acts faithfully on I H,, i.e., if t € T?? acts as 0 on [H,, then ¢t = 0.

Let U : R < T the inclusion induced by ¥(z) = m1(z) + ma(x) for any = € R%.
We observe that the T-module structure on I H,, extends the R-module structure.

We can decompose Qs = L+ Rs where Ly = m1(Q5) € g1 and Ry = m3(Qs) € go
for all s € S. Now we consider the element X € (R*)" defined in Lemma 14. The
R-module structure on IH,, factorizes through H(X,C) = R/(RY), therefore
U(X) € T acts as 0 on IH,,. In particular also the component W(X)?? € T??2
acts as 0 on IH,. Since the action is faithful on T%*? we obtain W(X)?? =
Zs,tes cst(Ls ® Ry + Ly @ Ry) = 0 € T*2. Since cy; is symmetric we can rewrite
it as follows:

Z L, ®@cyRy =0¢€ 7T1(H5]) ®7r2(H3}) C g1 ®go.
s,tes

Let S; C S be such that {L,}scs, is a basis of m(H2). Writing L, =
ZsesL ZTsyLs with xg, € R for u € S\ Sp we get

Z Ls® (Cst + Z xsucut> Ri=0 = Z (Cst + Z xsucut> Ry =0

seSy, ueS\SL tes uweS\ Sy,
tesS

for any s € Sp. Since (cst)stes is a non-degenerate matrix, it follows that we have
#(S1) linearly independent equations vanishing on (Ry)ses, hence dim mo(H2) <
dim H2 — #(S1) = dim H2 — dimm, (H2). O
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It also follows that ¥ : R — T is an isomorphism, so we have a bigrading on R
compatible with the one on I H,,.

Hence H,, is also bigraded as a subspace of I H,,, since it is the image of the
map of bigraded vector spaces R — IH,, induced by z — x(1,), where 1,, is a
generator of the one-dimensional space IH,, tw),

In the next sections we provide a sufficient condition for the Lie algebra gy g(w)
to be maximal. However, there is a case where the proof is considerably easier and
we provide it here for convenience and to motivate the reader.

Recall that for any w € W, the set {Qst}st<w is a basis of Hji. In particular,
if st < w for any s,t € S, we have H: = H*(X). In this case from Lemma 14 we
have also Ker(R* — H) = (RY)* =RX.

Corollary 22. Assume that the root system of G is irreducible and suppose that
whenever s;,s; < w then s;5; < w. Then gng(w) = aut(IH,, ¢).

Proof. We assume for contradiction that we have a non-trivial decomposition
05 5(w) = g1 x ga. From Proposition 21 we know that H? splits as H:x* & H2? @
HY%%. This implies that also K := Ker(R* — H2) splits as K = K*Yp K%2p K4
where K% = Ker(R* — H%7). But K is one-dimensional and generated by X,
thus X belongs to either R*?, R?2 or R%*, which is impossible since X’ is non-
degenerate (see Remark 6). Hence the Lie algebra g5 g(w) must be simple. We
can now apply proposition 19 to deduce gyg(w) = aut(IH,,, ¢). O

4.2. A directed graph associated to an element

Let w € W. We construct an oriented graph Z,, as follows: the vertices are indexed
by the set of simple reflections S and we put an arrow s — ¢ if ts < w and ts # st
(i.e.,if ts < w and s and ¢ are connected in the Dynkin diagram).

Recall that we assumed, by shrinking to a Levi subgroup, that s < w for any
s € S. It follows that for any pair s,t € S we have either st < w, ts < w or both.
Hence the graph Z,, is just the Dynkin diagram where each edge s — t is replaced
by the arrow s < t, by the arrow s — ¢, or by both s & ¢. In particular, if the
Dynkin diagram is connected, then also Z,, is connected. In this case we call w
connected.

Remark 9. Since the Dynkin diagram has no loops, then also Z,, has no non-
oriented loops (we only consider loops in which for any pair s,¢ € S at most one
of the arrows s — t and t — s occurs).

We call a subset C' C S closed if any arrow in Z,, starting in C' ends in C'. Union
and intersection of closed subsets are still closed. We call a closed singleton in .S
a sink.

Example 2. Let W be the Coxeter group of Ds. We label the simple reflections

as follows:
S4

/

§1 — S92 — S3

S5



THE NERON-SEVERI LIE ALGEBRA OF A SOERGEL MODULE 1079

Consider the element w = $1525453858281. Then the diagram Z,, associated to
w is:

—
Here the coloured lines describe all the non-empty closed subsets of Z,,,.

As we show in the following sections, the graph Z,, determines HZ, and we
can make use of it to provide obstructions for the algebra gns(w) to not admit
a decomposition, hence find sufficient conditions for the algebra gys(w) to be
simple. More specifically, we prove in Theorem 28 that, if Z,, is connected and has

no sinks, then gyg(w) is maximal.

4.3. Reduction to the connected case

If w is not connected, we can write w = wjws, with £(w) = £(w;y) + (ws) such
that (as,, as,) =0 for any s1 < wy, s2 < ws.

Proposition 23. If w = wijws as above, then we have decompositions 1H,, =
I1H,, ®cI1H,, and gNg(w) = gNS(w1) X gNs(wg).

Proof. In this case X,, = X, X Xu,, so [H, = I[H,, ® IH,,. Moreover H2 =
H? & H? where H,, acts on the factor IH,, while H,, acts on IH,,. Since the
Lie algebra gng(w1) x gvs(w2) is semisimple and both h and H2 are contained in
gns(wi) X gns(ws), from Lemma 1 we have gyg(w) = gns(wr) X gns(we). O

4.4. The connected case

In view of Proposition 23 we can restrict ourselves to the case of a connected w.

Lemma 24. Let w be connected and let K = Ker(Sym?(H2) — HZ2). Then the
elements Xg 1= Zs,teC cstQsQyt, with C closed, generate K.

Proof. We know that dim K = #{(s,t) € S? | st £ w} + 1 because Sym?(H2) —
H2 is surjective. Since w is connected, if st £ w then s and t are connected by an
edge in the Dynkin diagram and ts < w.

Let (a,b) be any pair of elements of S such that ab € w, i.e., such that there is
no arrow b — a. We can define a proper closed subset Cy;, by taking the connected
component of b in Z,, after erasing the arrow ¢ — b. From Remark 9 it follows
that a ¢ Cup. It is easy to see that Xc,, together with X = Xg are linearly
independent in Sym?(H?2): in fact when we write them in the basis {QsQt}s tes
we have X¢,, € cppQ3F + Rap, where Rqp, = span(QsQ: | (s,t) # (a,a), (b, b)), while
all the other X¢c ,,, are either in R, or in Caa@? + cbeg 4+ Rab-

By the formula for the dimension of K given above, it remains to show that
all the X¢, for C closed, lie in K. Let ¥ denote the projection to H*(G/B) of

an element y € Sym?(H2). Let C be a closed subset and let F := {a(i) - b(i) |
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a(i) ¢ C and b(i) € C'} be the set of arrows starting outside C' and ending in C.
Applying Lemma 13, on one hand we obtain:

TC:Z ctQsQrEspan(Qy | s,t € C) @ span(Qu (i) | i€ E)CHY(G/B). (2)
s,teC

On the other hand we have

X —Xo = Z cstQsQr + Z 2¢a(i)p(i)Qa(i) Qi) € Sym” (HZ).
s,t&C i€l

Since X = 0 in H*(G/B), projecting from R* to H*(G/B) we obtain
Xe € span(Qy | s,t & C) ® span(Qu iy | @ € E) ® span(Quiyaqiy | © € E).  (3)

Then (2) together with (3) implies that the projection Xo of Xo to H*(G/B)
lies in span(Qq() | ¢ € E). But, for any i € E, Qq)p;) projects to 0 in H2
since a(#)b(i) £ w, whence X € K. O

For a closed C let NS(C) := span{Q; | s € C) C H2. The proof of Proposition
21 applies also to NS(C) if we replace X by Xc = > _ . cstQsQ¢. This means
that whenever we have a decomposition g§g(w) = g1 x g2, then NS(C) splits
compatibly.

Lemma 25. Let K¢ := K N Sym*(NS(C)). Then K¢ is generated by Xp, with
D closed and D C C.

Proof. Let Y, a;Xp, € K N Sym?*(NS(C)) with D; closed and a; € C. Then it is
easy to see that 3, a;Xp, = 3., a;Xp,nc € Sym*(NS(C)). O

For any s € S, let Ly = m1(Qs) € g1 and Ry = m2(Qs) € go.

Lemma 26. Let C' be a connected and closed subset of S. Assume that there
exists a non-empty closed subset D C C' such that NS(D) = w1 (NS(C)). Then if
D does not contain any sink we have D = C.

Proof. Let U = C'\ D and E := {a(i) % b(i) | a(i) € U and b(i) € D} be the set
of arrows starting in U and ending in D. The set {Ls}sep = {Qs}sep is a basis
of NS(D) = w1 (NS(C)), therefore the set {R,},cu is a basis of m(NS(C)). We
assume for contradiction that U # @. By writing the (2, 2)-component of Xo —Xp

we have
Z (chuLs> ®Ru :0691 ®92

uelU “seC
from which we get ZSGC csuls =0 for any u € U.

Let U be a connected component of U and let E = {a(i) EA b(i) | a(i) €
U and b(i) € D} C E. Since C'is connected we have F # &. Since U is connected
and there are no loops in the Dynkin diagram, we have b(i) # b(j) for any i # j €
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E, and moreover there are no arrows between b(i) and b(j). Then for any u € U

we have
0= Z Coulis = Z csulis + Z Cb(z)uLb(z)
seC seU i€E

Since the set { Ly}, is linearly independent, this can be thought of as a

non-degenerate system of linear equations in Ly, with s € U and it has a unique
solution

L,= Zy(57i>Lb(i) = Zy(*S?i)Qb(i) with y(s,i) € R.

i€E icE
In particular
0 if ; ~ ~
D yls i)es = fuzad) vy ebviek. (4)
‘T —Ca(iyp(i) if u = a(i)

Claim 1. We have y(s,i) > 0 for any s € U and any i € E.
Proof of the claim. From Equation (4) it is easy to see that

S, ~ o~
Z (Z( a))ozs,ozu = —0ba(i),uCa(i)b(i) (Cu, Ctu) Yu e U,Vi € E.
S€~ S S
Hence ) 5 (as a)) as is (up to a positive scalar) equal to the fundamental weight

of a(i) in the root system generated by the simple roots in U. Now the claim follows
from the fact that in any irreducible root system all the fundamental weights have
only positive coefficients when expressed in the basis of simple roots. [

For any s € U we have R, = Qs — ZiEE y(5,7)Qpi) € g2. Now consider the
element

R%*3) " cuR.R,
s,teU
S e <Qs S s z‘)Qb(n) (Qt S, z‘)Qb@))
icE icE

s,telj
(% o) —zz( 5 vlssiheu@: ) Qus
s, telU i€lR s,tEU
+ Z (Z t 0J Cst) Qb(z Qb(]
i,jeE s,teU
<ZC%Q Q>+2Z Ca(iyb(i)Qa(i)@b(i) — P, ¥(a(), ) Ca(syp() @by Qe(s)
s,teU i€l ,JGE
=Xpp—Ap+0O with ©O:=— Z y(a(d),7)ca(iyni) Qo) Qo)

i,jEE
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Let p: R* — H denote the projection. The previous equation implies that

p( Z cstRth> :p(@)
s,teU
But p(3}_, ,cp cst RsRy) € HY* while p(©) € Hy°, because b(i) € D and Qy) €

H29 for any i € E. It follows that p(©) € H*0 n H%4 = {0}.
We can write © = ©1 + O, with

0, = Z y(a(g), 1)can) Qv @y and Oz = Zy 1) Ca(iyp(i) Qii):
’LJ;E i€E
i#j

Since there are no edges between b(i) and b(j), we have that p(Qu)Qu(j)) =
Qu(iyp(j) for any i, j € E such that i # j. Thus, by Lemma 13, we have

p(©1) = Z y(a(d)s 1)caivi) @uiiyb(i):»

i,jEE
%
(i), @5,(5))
:_2234 i)Ca(iyb (z)(Z(a)Qﬁ(]b(
icE jem; \OBi(5) ABi()

where E; = {b(7) EN Bi(7)} is the set of arrows in Z,, starting in b(7). It is easy to
see that all the terms in p(©1) and p(O2) are linearly independent, whence p(©1)+
p(©2) = 0 if and only if all their terms vanish. Recall that y(a(é ) i) Ca(iyp(i) < O

for all i € E. Hence p(©1) 4 p(©3) = 0 forces E; = @ for any i € E. But this is a
contradiction because there are no sinks in D, whence U = @ and C=D. [O

Lemma 27. Let C be a closed and connected subset of S. Assume that there are
no sinks in C. Then NS(C) C g1 or NS(C) C gs.

Proof. We work by induction on the number of vertices in C. There is nothing to
prove if C'= @.

Let D C C be a maximal proper closed subset. The kernel Ko := K N
Sym?(NS(C)) is generated by Xo and Xp, with D’ € D. In fact if D C C
is a proper closed subset and D ¢ D, then by maximality DUD = C and
Xp =Xo — Xp + Xp - In particular we have dim K¢ = dim Kp + 1.

By induction on the number of vertices we can subdivide D into two subsets
Dy, and Dg, each consisting of the union of connected components of D, such that
NS(DL)ggl and NS(DR)QQQ o

Since NS(C) splits, then K¢ also splits as K4C’O ® KZJZ ® Kg’4 where K7/ =
KcNR». However K(Qj2 C K?? = 0 since R*>°® R"? is mapped isomorphically to
H22. Using dim K¢ = dim Kp + 1 we get Kc N R** = Kp N R*? or Kc N R%* =
Kp N R%. We can assume Kc N R** = Kp N R*" = Kp, .

It follows that Xo € Sym? (NS(Dp) @ ma(NS(C))). Again, since Xo is non-
degenerate on NS(C), we get NS(Dr) = m(NS(C)). Now we can apply Lemma
26: if Dy, # @, then Dy, = C, otherwise 71 (NS(C)) =0 and NS(C) Cgo. O
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Theorem 28. For w € W, if the graph T,, is connected and without sinks, then
gns(w) = aut(IH,, ¢).

Proof. Applying Lemma 27 to C = S we see that any decomposition of g%s(w)
must be trivial, hence by Proposition 19 we get gns(w) = aut(IH,,¢). O

Example 3. It is in general false that gyg(w) is simple for any connected w.

Let W be the Weyl group of type Az (i.e., W = Sy) where S = {s,t,u}. We
consider the element usts € W whose graph Z,, s is

/\
S Zt——u

The closed subsets in Z,ss are S, {u} and @. Then gyg(usts) = gns(u) x
gns(sts) =2 spy(R) x s5pg(R) =2 sl5(R) x spg(R). The splitting induced on H2 is

H2 = 1y (H2) & mo(H2) = CQy & <<C(Qt ~20.) +c(@. - ;)Qu))

We have a similar behaviour more generally: for any w € S,41, with S =
{s1,...,5n}, such that w = s;w’ where w' is the longest element in W, ., 3 the
Lie algebra gyg(w) is isomorphic to sly(R) X gys(w’).

Example 4. The following example demonstrates that having no sinks in Z,, is
not a necessary condition for the algebra gns(w) to be simple.

Let W be the Weyl group of type Bs, where we label the simple reflections as
follows:

S

t——u

Then for wy = usts we get again gyg(wi) = gys(u) X gns(sts) = sla(R) x spg(R),
but for we = stut the Lie algebra gygs(ws) is simple (hence it is isomorphic to
s066(R)). Notice that the graphs Z,,, and Z,, are isomorphic.

Remark 10. The results given in this section work in the same way, replacing the
cohomology of X with the coinvariant ring R/ RKV and the intersection cohomology
of Schubert variety by indecomposable Soergel modules whenever is needed, for
a finite Coxeter group W: if there are not sinks in the diagram of w € W then
gns(w) is maximal, i.e., it coincides with aut(B,, ¢). To complete the proof one
needs to generalize Proposition 17 in this setting. A possible way to achieve this
is to extend the results in [EW1] to the setting of singular Soergel bimodules [W].

For a general Coxeter group W our methods do not apply directly. In fact in
general a reflection faithful representation of W is not irreducible, thus Lemma 14
does not hold and the kernel of the map R — B,, seems harder to compute.

A. Appendix: Extension of Corollary 12 to a general Coxeter group

The goal of this Appendix is to extend Corollary 12 to a general Coxeter group
W. In the general case we cannot use the geometry of the Schubert varieties to
construct a graded R-submodule H,, of B,, such that dim(H,)* = #{ve W |v <
w and 2¢(v) = k4 ¢(w)}. In this section we construct an algebraic replacement of
such a module.
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A.1. A basis of the Bott—Samelson bimodule

We use the diagrammatic notation for morphisms between Soergel bimodules from
[EW2].

For any word w = s;1...s; we have the Bott—Samelson bimodule BS(w) =
R®ps1 RR®ps2 R®pss ... ®pse-1 R®pse R and for any w € W let B,, denote the
corresponding indecomposable Soergel bimodule. We have BS(w) ®g R = BS(w)
and B, ®r R = B,,.

Let w = 5152 - - - 8¢ be a (not necessarily reduced) word of length £ and e € {0, 1}*
be a 0l-sequence. As explained in [EW2, Section 2.4], to a 0l-sequence we can
associate a sequence of elements of {U0,U1, D0, D1}. Let def(e) be the defect of
e, i.e., the number of U0’s minus the number of D0’s of e. We define downs(e) to
be the number of D’s (both D1’s and D0’s) of e. We denote by w® the element
s{'s5? - -+ s, We have

def(e) = l(w) — ¢(w®) — 2downs(e). (5)

For any k, 0 < k < £, let w) = s1s2--- s, and wg, = 571852 -+ spF. We say
x < w if there exists e such that w® = x. For any element x € W we denote by
R(x) its right descent set, i.e., R={s€ S |xzs < z}.

Lemma 29. Let w be a word. For any x < w there exists a unique 0l-sequence
e such that w® = = and e has only U0’s and U1l’s. Moreover such e is the unique
01-sequence of mazximal defect with w® = x, and def(e) = L(w) — £(z).

Proof. We first prove the existence. Let w = s1---s,. We start with x, = x and
we define recursively, starting with k£ = [ and down to k =1,

, Tho1 =Tk - S.F
0 if sp &€ R(xy) ot Bk

B {1 if s, € R(xx)
k=

It follows that s, &€ R(xx_1) for any 1 < k < £, hence e has only U1’s and U0's.
At any step we have xp, < w.y, therefore g = Id and w® = =z.

To show the uniqueness, assume that there are two 0l-sequences e and f with
only U’s and satisfying w® = x = w/. If ¢, = f; we can conclude that e = f
by induction on ¢. Otherwise we can assume e, = 1 and f; = 0. Now we get
Qée_l =z, and zs; < x because the last bit of e is a U1. But this means that the
last bit of f is a D0, hence we get a contradiction.

The last statement follows from (5). O

Definition 2. Let w be a word and x < w. We call the unique 0l-sequence e
without D’s such that w® = x the canonical sequence for x.

In [EW2, Chap. 6] Libedinsky’s Light Leaves are introduced in the diagramma-
tic setting. We make use of Elias and Williamson’s results.

Let w be a word and e a 0l-sequence with w® = x. The Light Leaf LL,, . is
an element in Hom(BS(w), BS(z)), for some choice of a reduced expression z of
x. For any light leaf LL, ., let Y'Y, . € Hom(BS(z), BS(w)) be the morphism
obtained by flipping the diagram of LL,, . upside down. If w® = w’ let LL,, ., =
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YYVy,e 0 LLy, r. We know from [EW2, Thm. 6.11] that the set {LLy e, f}uwe—rws is
a basis of End(BS(w)) as a right R-module.

Let lly,c = YWy c(15), where 13 = 101®---®1 € BS(z). We have deg(lly,) =
—l(w®)+def(e). In particular e is a canonical 01-sequence if and only if deg(lly, )+
20(w®) = L(w). If there is at least one D in e then the inequality deg(lly.) +
20(w®) < ¢(w) — 2 holds.

Lemma 30. Let w be a word and e be a 01-sequence. Then
LL,.(1%) = 19 z:fe has only U’s,
= 0 if e has (at least) one D.

Proof. The statement easily follows from the definitions when e has only U’s. By
induction on ¢(w) we can assume that e has only one D at the right end. Then
LL, . looks like

The box labelled by “braid” contains only 2mg-valent vertices. By induction
®) — 1®
(LLMSIC717€SK‘71 ® IstE(ﬂ) )(lﬂ) - 1£ .

Notice that every 2m;-valent vertex preserves 1®1®---®1. It follows from the
definition that a trivalent vertex applied to 1®1®1 returns 0, thus LL, .(12) = 0.
- w

Corollary 31. Let w be a word. The set {ll, .} with e € {0,1}®) is q basis of
BS(w) as a right R-module.

Proof. Let w = sys2---s; with £ = £(w). We first show that the span of {¢(15)}
with ¢ € End(BS(w)) generates BS(w). Then for example one could consider the
morphisms ¢., for any e € {0,1}¢, defined by:

cerror | "

where = and =

I R . I o]

We have ¢.(15) = all @ a2 ®@ --- ® ag’. Since the set {pe(15)}eeqo,13¢ is a basis
of BS(w) as a right R-module, the claim follows.

Then clearly also the span of all the LL, . ;(19) with w® = w/ generates
BS(w). Applying Lemma 30 we see that L, ¢ (1) = Il ¢ if f is canonical and
0 otherwise. It follows that {lly.c}ee(o,13¢ spans BS(w). Since the rank of BS(w)
as a right R-module is 2¢(*) the thesis follows, cf. [M, Thm. 2.4]. O
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Remark 11. The results of this section are, at least to my knowledge, still unpub-
lished. However, Geordie Williamson and Ben Elias explained canonical subexpres-
sion and how to construct the basis {ll, .} in a master class at the QGM in Aar-
hus in 2013. Videos and notes of the lectures are available at http:/qgm.au.dk/
video/mc/soergelkl/.

A.2. The “homology” submodule of an indecomposable Soergel module
Recall from [EW1, Sect. 3.5] that for any Soergel bimodule B we have

I'<,B/T,B = V&hB) with h,(B) € Zv,v™]

where V, = R;[¢(x)] is a shift of the standard bimodule R, and v denotes
the degree shift. In particular, if BS(w) is a Bott—Samelson bimodule then
he(BS(w)) = 3., ey v4¢5(©), while if B, is an indecomposable bimodule, then
hz(Byw) is equal to the polynomial hy ., (v). The polynomials h, ., (v) are related
to the usual Kazhdan—Lusztig polynomials via the formula

hz,w(v) — U@(w)—[(m)px w(U_Q).

)

In particular, hy . € Z[v] and hy W = v (W) =4=) L “ower terms,” for any z < w.
The basis {li, e} is compatible both with the filtration support and with the
degree grading of BS(w). In other words, for any = and any k € Zsq, the
set {lly. | w® = x,def(e) = k} induces a basis on the summand V,[k]®* C
<. BS(w)/T <, BS(w), where cj is the coefficient of v* in h,(BS(w)).
Let us consider the following right R-submodules of BS(w):

Co= >, lyeR and Dy= >  lyR

e canonical e not canonical

In general C,, is not a left R-module.
Lemma 32. Let D,, as above. Then D,, is a R-subbimodule of BS(w).

Proof. Tt suffices to show that, for any non-canonical e and for any f € R, we have
[ llye =), e, gi, with e; not canonical and g; € R. Since R is generated in
degree 2 we can assume [ to be homogeneous of degree 2.

Let © = w®. The element f-1l,, . is contained in I'<;(BS(w)). Using repeatedly
the nil-Hecke relation [EW2, (5.2)] on the bottom of the diagram we see that

frllpe=1lye a7 (f) +6, (6)
with © € T',.(BS(w)).

Therefore we can write © = ). ll, 1, ki, with h; € R and wli < z. Furthermore,
since the equation (6) is homogeneous, if h; # 0 we have deg(h;) + deg(lly. ;) =
deg(f) + deg(lly,c) = deg(lly,e) + 2 for all ¢, whence

deg(lly,f,) < deg(llw,.e) + 2 < €(w) — 20(x) < £(w) — 20(w’?)

and f; must be not canonical. O
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Let now w be a reduced word. Fix a decomposition of BS(w) into indecom-
posable bimodules and let E,, € End(BS(w)) be the primitive idempotent cor-
responding to By, i.e., BS(w) = Ker(E,,) ®Im(E,,) and Im(F,,) & B,,. Since, for
any x, the map

I'<,BS(w)/T<;BS(w) = T'<y By /T <y By

induced by E,, is surjective, it follows that the projection of the set {E,, (lly..) |
w® = x,def(lly ) = k} spans the summand Vo [k]®erhaw) of I'<zBy/T <2 Buw,
where cg(hy..) is the coefficient of v¥ in hy .

In particular, because of Lemma 29, for any = < w the summand V,[¢(w) —
U(x)] CT<zBS(w)/T<;BS(w) is spanned by ll,, ¢, where e is the canonical sequen-
ce for . Moreover, we have h; ., = VW) =LV) 4 “lower terms,” hence the summand
Vall(w) — £(z)] C T'<yByw/T<zByw has as a basis the projection of {Ey,(lly.)}-
Therefore, the map

is an isomorphism in degree v()=2¢®),

Let Cp = Cp ®r R, D,y = Dy, @z R and let us denote by E, : BS(w) — By,
the induced morphism of left R-modules. For any e, let ll,, . denote the projection
of lly,e to BS(w).

Lemma 33. The kernel of Ey, is contained in D.,.

Proof. Let ), ﬁ%ei gi € Ker B,,, with ¢g; € R. Since E,, is homogeneous we can
assume the sum to be homogeneous. Assume that a canonical sequence e; appears
in the sum with g; # 0. Then w® # w* for any i # j with g; # 0 and, in addition,
x := w% must be of maximal length among X := {w® | g; # 0}.

We can also choose a refinement of the Bruhat order into a total order of W
such that x is maximal inside X. We label the elements of W as w; < wo < ... in
order.

For an integer k > 1 let us denote by I'<, B the submodule of elements supported
on {wy,...,wi}. Then by Soergel hin-und-her Lemma [S3, Lem. 6.3] we have for
any Soergel bimodule B,

<o, B/T cu, B=T <, B/T<;_1B.

Let h be the index of z, i.e., z = wy. We have >l .,9; € I'<p, BS(w) and
projects to lly.c,;9; € T'<nBS(w)/T'<;—1BS(w). But the map

thBS(M)/th—lBS(M)®R4)F§h3w/F§h—le QR (8)

is an isomorphism in degree v*(®)=2¢(®)

. Hence Y lly e, i, or equivalently Iy c, g5,
is sent to 0 if and only if g; = 0. We obtain a contradiction, whence S ly.e,9i €

D,. O
It follows that By, = E,(Cy)® Ey(D,,) as R-vector spaces. Moreover, E,(D.,)

is a R-submodule of B,, and the restriction of E,, to C,, is injective. We now have
all the tools to generalize Corollary 12 to the setting of a general finite Coxeter

group.
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Corollary 34. For any w € W the following are equivalent:
i) By(Cy) = By.
i) #HlveW |v<w and l(v) =k} = H#{v e W | v <w and L(v) = l(w) — k}
for any k € Z.
iii) All the Kazhdan—Lusztig polynomials p,, ., are trivial.

Proof. From Lemma 33 we have
dim(E,, (Cy))* = dim(Cy)* = #{v € W | v < w and 20(v) = (w) — k}.

Notice that ii) holds if and only if we have dim(E,,(C,,))* = dim(E,,(C.,,))~* for
any k € Z, hence if and only if dim(E,,(D,))* = dim(E, (D))" for any k € Z.
If ii) holds, then we can apply Corollary 10 to the R-submodule E,,(D,,) C B,,.
Since B,, is indecomposable it follows that E,(D,,) = 0. Hence ii) implies i).
The rest of the proof continues just as in Corollary 12, where I H,, is replaced
by B, and H,[{(w)] by E,(Cy). O

Remark 12. One could also define I;fw := Fy(Dy)*, where the orthogonal is taken
with respect to the intersection form of B,,, and check that H,, coincides with H,,
if W is the Weyl group of some reductive group G.

References

[BBD] A. A. Beilinson, J. Bernstein, P. Deligne, Faisceauz pervers, in: Analysis and
Topology on Singular Spaces, I (Luminy, 1981), Astrisque, Vol. 100, Soc. Math.
France, Paris, 1982 pp. 5-171.

[BGG] U. H. Bepwreiin, M. M. Tenvpann, C. U. Tenvpann, Kaemxu lybepma u
Kozomonoeuu npocmpancme G/P, YMH 28 (1973), Bem. 3(171), 3-26. Engl.
transl.: I. N. Bernstein, I. M. Gel'fand, S. 1. Gel’fand, Schubert cells, and the
cohomology of the spaces G/ P, Russian Math. Surveys 28 (1973), no. 3, 1-26.

[B] N. Bourbaki, Groupes et Algébres de Lie, Chap. IV-VI, Hermann, Paris, 1968.
Russian transl.: H. Byp6aku, I'pynnw u anzebpw Ju, ra. IV-VI, Mup, M., 1972.

[Ca] J. B. Carrell, The Bruhat graph of a Cozeter group, a conjecture of Deodhar,
and rational smoothness of Schubert varieties, in: Algebraic Groups and Their
Generalizations: Classical Methods (University Park, PA, 1991), Proc. Sympos.
Pure Math., Vol. 56, Part 1, Amer. Math. Soc., Providence, RI, 1994, pp. 53—61.

[CE+] E. Cattani, F. El Zein, P. Griffiths, L. Trang, Hodge Theory (MN-49), Princeton
University Press, 2014.

[dCM] M. A. de Cataldo, L. Migliorini, Hodge-theoretic aspects of the decomposition theo-
rem, in: Algebraic Geometry (Seattle 2005), Proc. Sympos. Pure Math., Vol. 80,
Part 2, Amer. Math. Soc., Providence, RI, 2009, pp. 489-504.

[D] E. B. Humkun, Maxcumanavroe nodzpynny xaaccuseckur epynn, Tpynot Mock.
Mar. O6mecrsa 1 (1952), 39-166. Engl. transl.: E. B. Dynkin, Mazimal sub-
groups of the classical groups, AMS Transl. 6 (1957), 245-378.

[EW1] B. Elias, G. Williamson, The Hodge theory of Soergel bimodules, Ann. of Math.
180 (2014), 1089-1136.

[EW2] B. Elias, G. Williamson, Soergel calculus, Represent. Theory 20 (2016), 295-374.



THE NERON-SEVERI LIE ALGEBRA OF A SOERGEL MODULE 1089

V. Ginsburg, Perverse sheaves and C*-actions, J. Amer. Math. Soc. 4 (1991),
483-490.

E. Looijenga, V. A. Lunts, A Lie algebra attached to a projective variety, Invent.
Math. 129 (1997), 361-412.

H. Matsumura, Commutative Ring Theory, Cambridge Studies in Advanced
Mathematics, Vol. 8, Cambridge University Press, Cambridge, 1986.

W. Soergel, Kategorie O, perverse Garben und Moduln iber den Koinvarianten
zur Weylgruppe, J. Amer. Math. Soc. 3 (1990), 421-445.

W. Soergel, On the relation between intersection cohomology and representation
theory in positive characteristic, J. Pure Appl. Algebra 152 (2000), 311-335.

W. Soergel, Kazhdan—Lusztig-Polynome und unzerlegbare Bimoduln tber Poly-
nomringen, J. Inst. Math. Jussieu 6 (2007), 501-525.

G. Williamson, Singular Soergel bimodules, Int. Math. Res. Not. 20 (2011), 556—
587.

Acknowledgments Open access funding provided by Max Planck Society.

Open Access This article is distributed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org /licenses/by/4.0 /),
which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide alink to

the Creative Commons license, and indicate if changes were made.



