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Abstract

Upper and lower bounds, of the expected order of magnitude, are obtained for the
number of rational points of bounded height on any quartic del Pezzo surface over QQ
that contains a conic defined over Q.
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1 Introduction

A quartic del Pezzo surface X over Q is a smooth projective surface in P* cut out by
a pair of quadrics defined over Q. When X contains a conic defined over Q it may
be equipped with a dominant Q-morphism X — P!, all of whose fibres are conics,
giving X the structure of a conic bundle surface. Let U C X be the Zariski open set
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obtained by deleting the 16 lines from X and consider the counting function
N(B) =#{x e U(Q) : H(x) < B},

for B > 1, where H is the standard height function on P*(Q). The Batyrev—Manin con-
jecture [13] predicts the existence of a constant ¢ > Osuchthat N(B) ~ c¢B(log B)"~ L
as B — oo, where p = rank Picg(X) < 6. To date, as worked out by de la Breteche
and Browning [2], the only example for which this conjecture has been settled is the
surface

X0X] — XoX3 = X4 4+ x7 4+ x5 — x7 — 2x3 =0,

with Picard rank p = 5. For a general quartic del Pezzo surface the best upper bound
we have is N(B) = O, X(B%+‘9), for any ¢ > 0, which appears in forthcoming work
of Salberger.

In work presented at the conference “Higher dimensional varieties and rational
points” at Budapest in 2001, Salberger noticed that one can get much better upper
bounds for N(B) when X has a conic bundle structure over QQ, ultimately showing
that N(B) = O x(B I+e) forall e > 0. Leung [21] revisited Salberger’s argument to
promote the B? to an explicit power of log B. On the other hand, recent work of Frei,
Loughran and Sofos [15, Thm. 1.2] provides a lower bound for N (B) of the predicted
order of magnitude for any quartic del Pezzo surface over Q with a Q-conic bundle
structure and Picard rank p > 4. (In fact they have results over any number field and
for conic bundle surfaces of any degree.) Our main result goes further and shows that
the expected upper and lower bounds can be obtained for any conic bundle quartic del
Pezzo surface over Q.

Theorem 1.1 Let X be a quartic del Pezzo surface defined over Q, such that X (Q) #
@. If X contains a conic defined over Q then there exist effectively computable con-
stants c1, ¢, Bo > 0, depending on X, such that for all B > By we have

c1B(log B)’~' < N(B) < ¢2B(log B)* 1.

It is worth emphasising that this appears to be the first time that sharp bounds are
achieved towards the Batyrev—Manin conjecture for del Pezzo surfaces that are not
necessarily rational over Q.

Let X be a quartic del Pezzo surface defined over QQ, with a conic bundle structure
7 : X — P! There are 4 degenerate geometric fibres of 77 and it follows from work
of Colliot-Thélene [10] and Salberger [25], using independent approaches, that the
Brauer—Manin obstruction is the only obstruction to the Hasse principle and weak
approximation. Let 69 < 81 < 4, where § is the number of closed points in P! above
which 7 is degenerate and & is the number of these with split fibres. (Recall from [28,
Def. 0.1] that a scheme over Q is called split if it contains a non-empty geometrically
integral open subscheme.) It follows from [15, Lemma 2.2] that

0 =2+5. (1.1)

@ Springer



Counting rational points on quartic del Pezzo surfaces 979

For comparison, Leung’s work [21, Chapter 4] establishes an upper bound for N (B)
with the potentially larger exponent 1 + §;. This exponent agrees with the Batyrev—
Manin conjecture if and only if X — P! is a conic bundle with a section over Q, a
hypothesis that our main result avoids.

Our proof of the upper bound makes essential use of [29], where detector functions
are worked out for the fibres with QQ-rational points. Combining this with height
machinery and a uniform estimate [7] for the number of rational points of bounded
height on a conic, the problem is reduced to finding optimal upper bounds for divisor

sums of the shape
> I X (98, 12

(s,nez?  i=1dilAi(s,0)
max{|s|,|f]} <x

Here,n =6y and Ay, ..., A, € Z[s, t] are the closed points of P! above which 7 is
degenerate, with G1, ..., G, € Z[s, t] being certain associated forms of even degree.
Thus far, such sums have only been examined in the special case that G, ..., G, all

have degree zero. In this setting, work of la Bretéche and Browning [1] can be invoked
to yield the desired upper bound. Unfortunately, this result is no longer applicable
when one of G, ..., G, has positive degree.

Using [15], we shall see in Sect. 3 that our proof of the lower bound in Theorem 1.1
may proceed for surfaces X — P! of Picard rank p = 2. In this case the fibre above
any degenerate closed point of P! must be non-split by (1.1). Ultimately, following
the strategy of [15], this leads to the problem of proving tight lower bounds for sums
like (1.2) in the special case that none of the characters (M) are trivial. One of
the key ingredients in this endeavour is a generalised Hooley A-function. Let K /Q
be a number field and let ¥ be a quadratic Dirichlet character on K. We define an
arithmetic function on integral ideals of K via

A(a; Yx) = sup ‘ E
ueR
0la
0<v<l1
SUS e <Ng ogLett?

for any ideal a in the ring of integers o of K, where Ng denotes the ideal norm. When
K = Q this recovers the twisted A-function considered by la Bretéche-Tenenbaum
[3] and Briidern [9]. Our treatment of the lower bound requires a second moment
estimate for A(a; ¥k ) and this is supplied in a companion paper of Sofos [30].

Remark 1.2 Chatelet surfaces provide the other family of relatively minimal conic
bundle surfaces of degree 4. When they are defined over Q, the Batyrev—Manin con-
jecture also makes a prediction for the distribution of Q-rational points on them. Work
of Browning [6] shows that the relevant counting function satisfies an upper bound
of the expected size. Although we shall not provide any details here, if we suppose
that the Chételet surface has a QQ-rational point, then a lower bound of the proper size
follows from the work in this paper, on taking the forms Gy, ..., G, to have degree
0in (1.2).
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980 T. D. Browning, E. Sofos

The main novelty in our work lies in how we overcome the difficulty of divisor sums
involving characters without a fixed modulus in (1.2). In Sect. 2.2, drawing inspiration
from recent work of Reuss [24], we replace the divisor functions at hand by generalised
divisor functions which run over certain integral ideal divisors belonging to the number
field obtained by adjoining a root of A;, foreach 1 < i < n. Our proof of Theorem 1.1
then relies upon an extension to number fields of work by Nair and Tenenbaum [22]
on short sums of non-negative arithmetic functions. This is achieved in an auxiliary
investigation [8], the outcome of which is recorded in Sect. 2.1.

2 Preliminary results
2.1 Nair-Tenenbaum over number fields

Let K /Q be a number field and let 0 be its ring of integers. Denote by .#k the set of
ideals in ox. We say that a function f : Sx — R is pseudomultiplicative if there
exist strictly positive constants A, B, ¢ such that

f(ab) < £(a) min{A®K® B(Ng b)¢},

for all coprime ideals a, b € Yk, where Qg (b) = Zplb vp (b). We denote the class of
all pseudomultiplicative functions associated to A, B and ¢ by .#x = .#x (A, B, ¢).
Note that any f € .# satisfies the bounds f(a) <« A%k and f(a) < (Ng a)¢,
forany a € Jk.

We will need to work with functions supported away from ideals of small norm.
To facilitate this, for any ideal a € Y and W € N, we set

aw = [T 2.1)

plla
ged(Ng p,W)=1

We extend this to rational integers in the obvious way. Similarly, for any f € .#x,
we define fy (a) = f(aw).

Remark 2.1 We will always assume that W is of the form

w=T]r" (2.2)

p<w

for some w > 0 and v a positive integer. Throughout Sect. 3 we shall take v to be
a large constant depending only on various polynomials that are determined by X,
while in Sect. 4 we shall take v = 1. In either case we have gcd(Ng p, W) = 1 if and
only if p > w, if Ng p = p/» for some fp € N. Our notation is reminiscent of the
“W-trick” that appears in work of Green and Tao [16]. Whereas in their context it is
important that the parameter w tends to infinity, in our setting we shall choose w to be
a suitably large constant, where the meaning of “suitably large” is allowed to change
at various points of the proof.
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Counting rational points on quartic del Pezzo surfaces 981

Let
Pr={aCox:pla= fy=1} (2.3)

be the multiplicative span of all prime ideals p C o with residue degree f, = 1. For
any x > 0 and f € .#k we set

Ef(x; W) = exp > S®
— KPp
pe Py prime
w<Ng p<x
fp=1
if f is submultiplicative, and
f(a)
Ef; W)= ) :
Nk agx NK a
ac Py square-free
gcd(Ng a,W)=1
otherwise.
Suppose now that we are given irreducible binary forms Fi, ..., Fy € Z[x, y],
which we assume to be pairwise coprime. Let i € {1,..., N}. Suppose that F; has

degree d; and that it is not proportional to y, so that b; = F; (1, 0) is a non-zero integer.
It will be convenient to form the homogeneous polynomial

Fix,y) = b Fb7x, ). (2.4)

This has integ~er coefficients and satisfies F i(1,0) = 1. We let 6; be aroot of the monic
polynomial F;(x, 1). Then 6; is an algebraic integer and we denote the associated
number field of degree d; by K; = Q(6;). Moreover,

Nk, jg(bis — 0it) = Fi(bis, t) = b Fi(s, 1),

for any (s, 1) € VAR b;i = 0, so that F;(x, y) = cy for some non-zero ¢ € Z, we
take 8; = —c and K; = Q in this discussion. Our work on Theorem 1.1 requires
tight upper bounds for averages of fi w((bis — 611)) ... fn, w((bns — 6nt)), over
primitive vectors (s, 1) € Z?, for general pseudomultiplicative functions f; € ./ K;
and suitably large w.

For any k € N and any polynomial P € Z[x], we set

op(k) = g{x (mod k) : P(x) = 0 (mod k)}. (2.5)

Let p; (k) = pF,x,1)(k) if F;(1,0) # 0 and p; (k) = 1 if F;(1, 0) = 0. Moreover, put

— — -1
h*(k):H(l—pl(p)+';—1i_pN(p)> ' 2.6)
plk P
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982 T.D. Browning, E. Sofos

To any non-empty bounded measurable region Z C R?, we associate

vol(Z)

Ky =14 |Z|x + 3(%)log(1 + |Z +
% [Zloc + () log(1 + | %] o0) ¥ 12l

where [ Z]loc = sup, yyezflx], [y}. We say that such a region % is regular if its
boundary is piecewise differentiable, % contains no zeros of Fj--- Fy and there
exists ¢; > 0 such that vol(Z) > K%. Bearing all of this in mind, the following result
is [8, Thm. 1.1].

Lemma2.2 Let Z C R? be a regular region, let V. = vol(#) and let G C 7% be
a lattice of full rank, with determinant qG and first successive minimum Ag. Assume
that g < V2 for some cy > 0. Let f; € Mx,(A;, B, &;) for 1 <i < N and let

N
4 45+3
sozmax{1+—, (5 + 3maxiey EN})} Zdi&' .
‘1 i=1

C1

Then, for any ¢ > 0 and w > wo(f;, F;, N), we have

- V. hy@e) 1
> [1/wao (is —6:0)) <<W u [[Ev:w)
(s,0)€Z2,,NANG i=1 g 6 3
. K;j’—i-&‘o—}-&‘
rc

where the implied constant depends at most on c1, ¢2, A, Bi, Fi, e,&;, N, W.

Let 1 < i < n. In the statement of this result we recall the convention that the
function f; wg is defined in such a way that f; wy. (a) = fi(awyg) for any integral
ideal a C og;, where

AWgs = 1_[ p”.

pYlla
ged(Ng p,W)=1
ged(Ng p.ge)=1

2.2 Divisor sums over number fields

Let K /Q be a finite extension of degree d. We write 0 = 0x and N = Ng for the ring

of integers and ideal norm, respectively. Let oy, ..., 04 : K < C be the associated
embeddings and let {w1, ..., wg} be a Z-basis for 0. Let a C o be an integral ideal
with Z-basis {«1, ..., ag}. We henceforth set A(«xy, ..., aq) = | det(o; (Olj))|2, and
similarly for {wy, ..., wg}. According to [20, Satz 103], we have

Ay, ..., aq) = (Na)*Dg, 2.7)
where Dg = A(wi, ..., wg) is the discriminant of K.
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Counting rational points on quartic del Pezzo surfaces 983

Let F, G € Z[x, y] be non-zero binary forms with F irreducible, G of even degree
and non-zero resultant Res(F', G). We shall assume that F has degree d and that it is
not proportional to y. In particular b = F (1, 0) is a non-zero integer. Let W € N. For
any (s, 1) € Z2. such that F(s, t) # 0, we define

prim
hwis.n= Y (G(;’ ”) . (2.8)

k| F(s,t)
ged(k,W)=1

This is a modified version o~f the functions that appear in (1.2). We recall from (2.4)
the associated binary form F(x, y) = b4V F (b~ 'x, y), with integer coefficients and
F(1,0) = 1. We conclude that for all non-zero integer multiples ¢ of b, we have

hew(s D= Y (G(z’ ”>,

k| F (bs,t)
ged(k,cW)=1

since k | ﬁ(bs, t)ifand only if k | F(s, ).

We henceforth let 6 be a root of the polynomial f(x) = F(x,1). Then 6 is an
algebraic integer and K = () is a number field of degree d over Q. It follows that
Z[6] C o is an order of K with discriminant Ag = A(1,6,...,09"1). In view of
(2.7) we have

Ay = [0 : Z[0]1* Dk (2.9)

We now let L = K (y/g(@)), where g(x) = G(b~'x, 1) € Q[x]. We shall assume
that L/K is a quadratic extension and we let Dy /g be the ideal norm of the relative
discriminant Dy k. Let f = fL/k be the conductor of the extension L/K. Let J f be
the group of fractional ideals in K coprime to f and let P be the group of principal
ideals (a) such thata = 1 (mod f) and a totally positive. As explained by Neukirch [23,
§VII.10], the Artin symbol ¥ (a) = (#) givesrise to a character v : J/PT — {£1)}
of the ray class group J//Pf, with a (mod P) (L/TK). This has the property that
¥ (p) = 1 if and only if p splits in L, for any unramified prime ideal p € J7.

Let

D =2bDy/x Ag NT. (2.10)
Note that D is a non-zero integer. Recall the definition (2.3) of &% of the multiplicative

span of degree 1 prime ideals. We shall mainly work with the subset

P ={aC Pg :pip2| a= Ngpi # Ngprorp; =pa} (2.11)

cut out by ideals divisible by at most one prime ideal above each rational prime. It is
not hard to see that Zk has positive density in .#k. The proof of the following result
is inspired by an argument found in recent work of Reuss [24, Lemma 4].

Lemma2.3 Let W € N, let (s,t) € 72

rim such that F(s,t) # 0, and let D be given
by (2.10). Then the following hold:
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984 T.D. Browning, E. Sofos

(1) a € Pk for any integral ideal a | (bs — 0t) such that gcd(N a, DW) = 1;

(ii) there exists a bijection between divisors a | (bs — 0t) with Na = k coprime to
DW and divisors k | I:"(bs, t) coprime to DW, in which Q (k) = Qg (a) and
(480) =y (a);

(iii) we have

hpw(s,)=" Y ().

a|(bs—0t)
ged(Na,DW)=1

In particular, when G (s, t) is the constant polynomial 1 in (2.8), then L = K and
Y is just the trivial character in part (iii). We note that Qg (a) = Q(N a) and tx (a) =
T(N a) for any ideal a € Hk, where g (a) = Zbla 1. Similarly, if 2 : N — R is
any arithmetic function, we have

[Ta+rNp) =[] A+hrop),

pla pINa

for any a € k. We shall use these facts without further comment in the remainder
of the paper.

Proofof Lemma 2.3 Let (s,t) € Zgrim suchthat F (s, t) # 0. We form the integral ideal
n = (bs—6t). ThishasnormN n = |F(bs, t)|. Letk | F(bs, 1) withged(k, DW) = 1.
In particular ged(k, Ag) = 1.

Part (i) is proved in [8, Lemma 2.3]. Turning to part (ii), it follows from (i) that
(p, n)isaprimeideal for any p | k. Thus there is a bijection between each factorisation
|I:"(bs, t)| = ke, with gcd(k, DW) = 1, and each ideal factorisation n = ab, with
Na = k coprime to DW and N b = e. In order to complete the proof of part (ii) of
the lemma, it will suffice to show that

(G“’”) — ¥ ().
p

where p = (p, n). Since G has even degree we have

<G(s,t)> B (G(si, 1))
p ) p '

Recall the notation g(x) = G (b~ 'x, 1). We may suppose that p = (p, § —n), for some
n € 7/ pZ such that bst —n = 0 (mod p), and we recall from (2.10) that p { 2Dy /x.
We observe that p splits in L = K (4/g(0)) if and only if g(n) is a square in 0/p, since
g(0) = g(n) (mod p). But this is if and only if

(g(bs?)> _1
p
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Counting rational points on quartic del Pezzo surfaces 985

since n = bst (mod p) and Np = p. Noting that g(bst) = G(st, 1), this completes
the proof of part (ii). Finally, part (iii) follows from part (ii). O

We close this section with an observation about the condition a | (bs — 6t) that
appears in Lemma 2.3, the proof of which is found in [§, Lemma 2.4].

Lemma2.4 Leta € Pk suchthat gcd(N a, Dg) = 1. Then there existsk = k(a) € Z
such that a | (bs — 0t) < bs = kt (mod N a), for all (s, t) € Z>.

2.3 Uniform upper bounds for conics

Let Q € Z[y1, y2, ¥3] be a non-singular isotropic quadratic form. Denote its discrim-
inant by A and the greatest common divisor of the 2 x 2 minors of the associated
matrix by D. It follows from [26, §IV.2] that there is a quadratic Dirichlet character
X o such that

#{y (mod p) : Q(y) =0(mod p), pty}=p(p—1D(1+xo(p)+p—1,

for any prime p such that p | Ap and p t 2Dyp.
The main aim of this section is to establish the following result.

Lemma 2.5 Let w, By, By, B3 > 0 be given. Then
L
(B1B2B3)3 D,

2|y e Zin 0 =0, I < B} <o | 1+ yw
Q3

with an absolute implied constant, where

&
cw= J] & [] [D xe®*

PllAg Pilag \k=0
pI2Dg or pSw p>w
Pi2Do

Since C(Q, w) < t(Ag), this result is a refinement of work due to Browning and
Heath-Brown [7, Cor. 2]. In fact, although not needed here, one can show that for any
prime p 1 2Dy, the p-adic factor appearing above is commensurate with the p-adic
Hardy-Littlewood density for the conic Q = 0. Furthermore, if this curve has no
Q) -points for some prime p { 2D, then the constant in the upper bound vanishes.
Therefore, Lemma 2.5 detects conics with a rational point. This is the point of view
adopted in the work of Sofos [29].

Proof of Lemma 2.5 The proof of [7, Cor. 2] relies on earlier work of Heath-Brown
[17, Thm. 2]. The latter work produces an upper bound for the number of lattices
(with determinant depending on the coefficients of Q) that any non-trivial zero of Q
is constrained to lie in. For each prime p such that pf || A, it turns out that there are
at most L(pf) < cpr(pé) lattices to consider, where ¢, = 1 for p > 2.
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986 T. D. Browning, E. Sofos

3
prim

such that p¢ Ag, with p 12D and xo(p) = —1. On diagonalising over Z)ptH7z,
we may assume that

Suppose thaty € Z: . is a non-zero vector for which Q(y) = 0. Let p be a prime

ary? +ay3 + p*y3 = 0 (mod p* 1),

for coefficients aj,ap € Z such that p { ajaz. In particular, we have xo(p) =
(%) = —1. Hence L( ps) = 1 when £ is even, since then y is merely constrained
to lie on the lattice {y € Z3 : y; = y, = 0 (mod p¢/?)}. Likewise, when & is odd,
there can be no solutions in primitive integers y.

Note that
5 t(pf) if xo(p) =1,
ZXQ(P)k =11 if xo(p) = —1and§ is even,
k=0 0 if xo(p) = —1and§ is odd.

It follows that the total number of lattices emerging is

<1a) [T = [] =@ [] 0" =c w),

PollAg PollAg Pollag

pl2Dg 1)7[<w xo(p)=1
pR2Dg p>w

p2Dg

where 1(Ap) = 0 (resp. 1(Ag) = 1) if there exists Pt |Ag such that xo(p) = —1,
with & odd and p { 2D (resp. otherwise). This completes the proof of the lemma. O

2.4 Lattice point counting
We will need general results about counting lattice points in an expanding region. Let
2 C R?\ {0} be a non-empty open disc and put §(Z) = ||Z||so, in the notation of

Sect. 2.1. Let b, c,q € Z and x¢ € 72 such that q > 1 and ged(xp, g) = 1. For each
e € N such that gcd(e, g) = ged(b, ¢, e) = 1, we define the non-empty set

Ae) ={(s,1) € 7% bs = ct (mod e)}.

We then fix, once and for all, a non-zero vector of minimal Euclidean length within
A(e) and we call it v(e). We are interested in

Nx)=t#{xeZ2 NxZ2NAe):x=x(modq)},

prim

as x — o0o. We shall prove the following result.
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Counting rational points on quartic del Pezzo surfaces 987

Lemma 2.6 Let P, b, c,Xo, q, A(e), v(e), N(x) beas above, and assume that |v(e)| <
8(D)x. Then

vol(2)x2 ( 1)“ ( 1 )“
N(x) = —2" 1+ — - —
© = e e T [ P

rlg

1 §(D)x
0((ﬂ+y)x[(%d|v(e/d)|log<2+d| (/d>|)) ;'V(d)'l)

where

B @ ~ vol(2)
B=382)+ Y= S

The implied constant in this estimate is absolute.

For any d | e, let us denote v(e/d) by (xg, x1), temporarily. Then
e
7 | (bxg —cx1) = (dxg,dx1) € Ale),

whence
[v(e)| < d|v(e/d)|. (2.12)

Moreover, using the basic properties of the minimal basis vector, one obtains

—Zlv(d)| < - Zf 19 (T (2.13)

m € IV(E)I

These inequalities may be used to simplify the error term in Lemma 2.6.

Proof of Lemma 2.6 Our argument is based on a modification of the proof of [29,
Lemma 5.3]. We write § = §(Z) for short and put xg = (s, o). Since ged(so, fo, ) =
1, an application of M&bius inversion gives
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988 T. D. Browning, E. Sofos

N = > pm > 1

(u,v)ex PNA(e)
ged(u,v,e)=1
(u,v)=m(so,tp)(mod q)

meN
ged(m,eq)=1
on making the substitution s = mu and t = mv. The inner sum is empty if m is large
enough. Indeed, if it contains any terms then we must have

)
I<Iv(@)] =min{ly| -y € A@)\ (0}) < max flyl 1y e =97} < =
m m

Thus, on using the Mobius function to remove the condition ged(u, v, ¢) = 1, we find
that

No= Y um)) pd > L.

meN dle (u,v)eX ZNA(e)
gcd(m,e{sq):l dll’;, dlv
M o (u,0)=71(s0.1) (mod ¢)

Making the substitution # = ds and v = dt, and arguing as before we find that

N = Y wm Y, u@ > 1.

cd(anzeeN)—l dlc{;x (s,t)iﬁ@ﬂA(e/d)
& m<’ = A< NEm (s,t)=dm(s0,tp)(mod q)
S v(e)]

Now let n € Z be such that n = dm (mod ¢). Then we can make the change of
variables (s, 1) = n(so, fp) + g (s’, ') in the inner sum. Noting that A (e¢/d) defines a
lattice in Z? of determinant e /d, the inner sum is found to be

vol(2)x? 07 \ _ vol(2)x? x
dem?q? T © (1 * q|v(e/d>|) = dem?qz T ° (’3 md|v<e/d>|)’

with an absolute implied constant, since the upper bound on d implies that

Sx
1<— .
dmlv(e/d)|

In summary, we have shown that

vol(2)x2 X
Nxy= Y um > M(d)(WJrO(ﬂWe/d)l))‘

dmeN | dle
cd(m,eq)= 4.
ged (gc) dg\V(e/Z)lm
m< o

Sv(e)l
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The contribution from the error term is

1 1 1 ox
o ; avedl 2w < ; anve/dl (2 ! dlv(e/dﬂ) |

Sx
MS TN Ge/d

The main term equals

vol(2)x? (m) n(d)
el DI D D

d meN | dle
cd(m,eq)=
& ( q) dg \V(e/d)lm

since (2.12) implies that the extra constraint in m-sum is implied by the constraint in
the d-sum. But this is equal to

1(2)x? d 1@
v0(2)x ZH;) Z u’fin;)JFO VO( )X —ZIV(/d)I ’

eq dle meN dle
ged(m,eq)=1
which thereby completes the proof. O

2.5 Twisted Hooley A-function over number fields

Adopting the notation of Sect. 1, it is now time to reveal the version of the Hooley A-
function that arises in our work. Let K /(Q be a number field and let ¥ be a quadratic
Dirichlet character on K. We let A : g — R. be the function given by

A(a; Yk) = sup > vk (2.14)
ueR ola
0<v<l

e’ <Ng D<6u+v

for any integral ideal a € . We shall put A(a) = A(a; 1) for the corresponding
function in which ¥k is replaced by the constant function 1.

We begin by showing that A belongs to the class .#Zk of pseudomultiplicative
functions introduced in Sect. 2.1. For coprime ideals a;, a C ok, any ideal divisor
0 | ajap can be written uniquely as 0 = 010, where 9; | a;. Therefore

Yoo k@ =) yk@) > Yk ().

0lajaz 01]ay 02]az
e’ <Ng Dgeu+v euflogNK U] <Ng ngeuflogNK eV

Thus the triangle inequality yields A(ajap; ¥gx) < tx(a1)A(az; ¥k ), where tg is
the divisor function on ideals of 0k . This shows that A(-, Yk ) belongs to .#Zk and an
identical argument confirms this for A(-).

We shall need the following result proved in [30].
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Lemma 2.7 Define the function

’

- logloglog(16 + x)
e(x) = ]
oglog(3 + x)

for any x > 1 and recall the definition (2.3) of 7.

(1) There exists a positive constant ¢ = c¢(K) such that

A %
Z (@) < (10g)€)1+cs(x).

Nk a
ac Py square-free K

Nk agx

(ii) Let ¥k be a quadratic Dirichlet character on K and let W € N. There exists a
positive constant ¢ = c¢(K, Yg) such that

A a, 2 2
Z (N Iﬁf) « (log x)!+#W.
ae Py, square-free K
ged(Ng a,W)=1
Nk agx

The implied constant in both estimates is allowed to depend on K and, in the second
estimate, also on W and the character k.

3 The lower bound

In order to prove the lower bound in Theorem 1.1, we first appeal to work of Frei,
Loughran and Sofos [15]. It follows from [15, Thm. 1.2] that the desired lower bound
holds when p > 4. Suppose that p = 3. Then (1.1) implies that in the fibration
7 : X — P! there is at least one closed point P € P! above which the singular fibre
X p is split. Since the sum c(7) defining the complexity of 7w in [15, Def. 1.5] is at most
4 for conic bundle quartic del Pezzo surfaces, we infer that c(;r) < 3 when p = 3, so
that the lower bound in Theorem 1.1 is a consequence of [15, Thm. 1.7]. Throughout
this section, it therefore suffices to assume that p = 2 and §o = 0, so that X is a
minimal conic bundle surface.

Invoking [15, Thm. 1.6], the lower bound in Theorem 1.1 is a direct consequence
of the divisor sum conjecture that is recorded in [14, Con. 1], for the relevant data
associated to the fibration 7. Note that the principal result in [14] only covers cubic
divisor sums, since we still lack the technology to asymptotically evaluate divisor
sums of higher degree with a power saving in the error term. The goal of this section
is to estimate certain quartic divisor sums, with a logarithmic saving in the error term,
which turns out to be sufficient for proving the lower bound in Theorem 1.1. The divisor
sums relevant here shall involve complicated quadratic symbols whose modulus tends
to infinity, a delicate task that will be the entire focus of this section.
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We proceed to explain the particular case of the divisor sum conjecture that is
germane here. Assume that we have forms Fi, ..., F,, G1, ..., G, € Z[x, y] with

n
F; irreducible, F; 1 G;, 2 |deg(G;), and l_[ F; separable.

i=1

For each i such that F;(1,0) # 0, we define the associated binary form 17",- (x,y) =
bfl"_lF,- (bi_lx, y), asin (2.4), where d; = deg F; and b; = F;(1, 0). For such i we let
6; € @ be a fixed root of ﬁi (x, 1) = 0. If, on the other hand, F;(x, y) is proportional
to y, we define 0; = —F;(0, 1). We may assume that

Zd,- =4 (3.1)
i=1

andthat G; (6;, 1) ¢ (@(9,~)2 forevery i, because in the correspondence outlined in [15],
the binary forms F1, ..., F, are equal to the closed points Ay, ..., A, from Sect. 1.
Indeed, under this correspondence, the statement G;(6;, 1) ¢ (@(0,')2 is equivalent to
the singular fibre above A; being non-split, which holds for any i since we are working
with minimal conic bundle surfaces.

Let 5
f@=1] <1 - ;) . (3.2)

pld

We need to prove that there exists a finite set of primes Spag = Spvad (£, G;) such that
forall W € N, all (sg, tp) € Zgrim, and all non-empty compact discs ¥ C R2, which
together satisfy the conditions

(C) peSbaa=plW;

(C2) TTi=, Fi(so.10) #0;

(C3) (s,1) eRZNZ = [T, Fi(s, 1) # 0; and

(C4) forall (s,1) € Z>. NxZ withx > 1and (s, 1) = (s0, 7o) (mod W) we have

prim
( Gi(s,t) ) — 1
Fis,ow/)

we have the lower bound Dy (x) > x2, where

- Gi(s,
pww= Y [IlrEcow X <(T”)) RNEX)
(s,nezt. Nxg i=1 d|Fi(s,D)w

prim

(s.)=(s0.0) (mod W)
Here, we recall the notation my = [ W p”P(”‘) forall m, W € N.

We shall prove this conjectured lower bound when Spyq is taken to be the set of all
primes up to a constant w = w(F;, G;). In what follows we shall often write that we
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992 T.D. Browning, E. Sofos

need to enlarge w. This statement is to be interpreted as having already taken a very
large constant w at the outset of the proof of the conjecture, rather than increasing w
within the confines of the lower bound arguments. The primary goal of this section
is now to establish the following bound, which directly leads to the lower bound in
Theorem 1.1.

Proposition 3.1 Let F;, G;, f beasabove. Then there exists a constantw = w(F;, G;)
such for any W, (so, to), Z satisfying (C1)—(C4) as above, we have

Dy (x) > x°.
Here the implied constant depends on F;, G;, sg, to, 9, w and W, but not on x.
Suppose that v > v, (W) for all p | W and write Wy = leW p’. Then, since
every summand in (3.3) is non-negative and F; (s, t)w = F; (s, 1)w, forall 1 <i < n,

we conclude that Dy (x) > Dw,(x). In this way we see that it will suffice to prove
the lower bound in Proposition 3.1 under the assumption that W = [ | pw P with

v > max {v,(F;(so, .
1<i<n{ p(Fi(s0,10))}
pIw

In this case the identity F;(so + p" X, to + p"Y) = Fi(so, to) (mod p") guarantees

that v, (Fi (s, 1)) = v, (Fi(so, to)) for any (s, t) appearing in the outer summation of
(3.3) and any p | W. Hence, for such (s, #), we can always assume that

Fi(s,yw = |Fi(s, )| [ | p~r(FiGo0), (3.4)
pIw

3.1 Dirichlet’s hyperbola trick

Leti € {1,...,n}. Forany (s, t) € 7? appearing in (3.3), let
Gi(s,1)
ri(s, 1) = Z <T .
k| Fi(s,0)w

Then, possibly on enlarging w, it follows from Lemma 2.3 that

rs, = Y. %),
D|(bis—9il)
gcd(N; 0, W)=1
e,

where 0 runs over integral ideals of K; = Q(6;), N; denotes the ideal norm N, @
and &#; = Pk, in the notation of (2.11). Furthermore, for all (s, ¢) in (3.3), we have

N; 0 < Ni(bis — 6it) = |F(bis, )] < ¢ix,
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for some positive constant ¢; that depends at most on F; and &. We define
L L
X :xmax{cll,...,cf"},

so that the previous inequality becomes N; 9 < X4
On relabelling the indices we may suppose that d, = min|¢;¢, d;. In particular,
we have
d, < min deg(A;). 3.5
S min eg(Ai) (3.5)
Suppose that n > 1. Then for each i € {1,...,n — 1} and (s, t) appearing in (3.3),
we set

0 1
rPen= Y @, rPen= > Vi o).
0|(bjs—6;t), 0€Z; e|(bis—6;t), ecP;
ged(N; 0, W)=1 ged(N; e, W)=1
dj 4
N;o<X 2 N; 8<X_7 Fi(s,t)w

Dirichlet’s hyperbola trick implies that
rits,0) =r (s, 1) + Vs, 0). (3.6)

Indeed, if (b;s — 6;t)w denotes the part of the ideal (b;s — 6;¢) that is composed solely
of prime ideals whose norms are coprime to W, as in (2.1), then the sum in r; (s, t) is
over ideals 0, e such that 0e = (b;s — 6,¢)w. Recalling (C4), it follows from part (ii)
of Lemma 2.3 that y; ((b;s — 6;t)w) = 1. This concludes the proof of (3.6).

We proceed by introducing the quantity

L = (logx)“, (3.7
for some o > 0 that will be determined in due course. (When n > 1 we shall take o

to be a large constant, but when n = 1 it will be important to restrict to 0 < o < 1.)
For (s, t) appearing in (3.3), we proceed by defining

0 1
r’g )(S,I)z Z I//n(o)’ rrg )(S,t) = Z wn(e)
0|(bps—6,t), 0€2, ¢|(bus—6nt), e€ P,
ged(N, 0, W)=1 ocd(Ny e, W)=1
d, p!
N, <L Ix 3 Ny e <L X~ F Foy(s.0w
and
r 0 = > ¥ (0).
0|(bys—6,t), 0P,
ged(N, 0, W)=1

Lo dy
L7'X7 <N, 0<LX 2

@ Springer



994 T.D. Browning, E. Sofos

As before, we may now write
(s, 1) = (s, 0) +r 0, 0) + iV (s, 1). (3.8)

Foreachj = (ji, ..., jn) € {0, 1}", we define

n
Dj(x) = > [T/ 0w ..
(5.0} x g =1

(s,t)=(s0,t0) (mod W)

and
n—1
Doo(x) = > s, 0 [ rits. 0,
(5.0€L} XD i=1

(s,1)=(s0.t0) (mod W)

in which we recall the definition (3.2) of f. (Here, we recall our convention that
products over empty sets are equal to 1.) Injecting (3.6) and (3.8) into (3.3) yields

Dw(x) = Y Dj(x) < Doo(x).
Jjelo, 1"

The validity of Proposition 3.1 is therefore assured, provided we can show that
Dj(x) > x* (3.9)

and
Doo(x) = 0(x?). (3.10)

We shall devote Sects. 3.2-3.4 to the proof of (3.10) and Sect. 3.5 to the proof of (3.9).

3.2 The generalised Hooley A-function

In this section we initiate the proof of (3.10). Define

(s, 1) = (s0, o) (mod W)

30 € &, such that:

e 0| (bys —O,)w

o L7'X% <N, 0 <LX%

A )=, e, NxP:

prim

(3.11)

It immediately follows that

n—1
Do (x) = Z r,(loo)(s, ) 1_[ ri(s, t).

(5.0€A (%) i=l

@ Springer



Counting rational points on quartic del Pezzo surfaces 995

Defining
n—1
Box)= > []rits.0. (3.12)

(5,)€A (x) I=1

we use Cauchy’s inequality to arrive at

1
2

n—1
D) < B [ Y [ [T
i=1

(5,)€AT (x)

Recall the definition (2.14) of the twisted Hooley A-function A(a; ¥,) associated
to the Dirichlet character v, and any integral ideal a. Putting

n—1
Hoo(x) = > A((bns = 0u1); Yu)iy [ [ i€, ), (3.13)
(SJ)EZprimmX@ i=1

(s,1)=(s0,tp) (mod W)

dn dn P
and partitioning the interval (L' X2, LX) into at most O (log log x) e-adic inter-
vals, we deduce that

2 n—1
3 (r,§°°>(s, z)‘ [ it 1) < (loglog x)? Hoo ().
(5.0€AT (x) i=l

In summary, we have shown that

Do (x) < (loglog x)y/ Boo (x) Hoo (x).

Therefore, in order to prove (3.10), it will be sufficient to prove that there exists a
constant § > 0, that depends only on the data given at the start of Sect. 3, such that

Boo(x) < x%(logx)~° (3.14)

and
Hoo(x) < x%(log x)°D. (3.15)

We shall call By (x) the interval sum and Hyo(x) the Breteche—Tenenbaum sum.
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3.3 Theinterval sum

By recycling work of la Breteche and Tenenbaum [4, § 7.4], the case n = 1 is easy to
handle. Indeed, in this case F) is an irreducible quartic form and (3.12) becomes

(s, 1) = (50, tp) (mod W)

_ 4400 2 _ 30 € & such that:
Boo(x) = 8A17(0) S £ (5, 1) € Ly NX T 2~ 0 0 (15 — 01y

e X?/L <N;d < LX?

Note that assumption (C2) ensures that | F (s, t)| < 1 whenever (s, t) € 2. Increasing
w so that every prime factor of b; also divides W, shows that

Fibis, hw = G Fi(s, 0)w = Fi(s, Dw.

Thus it follows from (3.4) that l:"l (s,)w =< |F1(s,t)|, for implied constants that
depend on F1, 59, to, w and W. Hence

Ni((bis — 010)w) = Fi(bis, Hw = |Fi(s, )] =< x* < x*.

Therefore, on introducing ¢ through the factorisation 0¢ = (bys — 611)w, we can infer
that we must have either

X?/JL <« Njd < X?> or X?/L<Nje< X%

Without loss of generality we shall assume that we are in the former setting. Therefore
there exist constants cg, ¢; > 0 such that

Bo(x) < 8 {(s, 1) e Zgrim AxT - (s, 1) = (s0, fo) (mod W) } .

3d | Fi(s,t) s.t. cox?/L < d < c1x?
But now we can employ the bound [4, Eq. (7.41)], with
T=F, E=¢&=x, y|= coxz/L, Yo = c1x2, and 1 <Ko0,0 K 1.

This implies that for any n € (0, %), we have

Bao(r) < 12 ( loglogx )

(log x)Q(ZU) (log x)Q(l‘H])

where Q (1) = AlogA—A+1.Inparticular, Q(21) — lasn — O+and Q(1+n) > 0
for all n > 0. Recalling the definition (3.7) of L, this means that provided o« < 1, we
may choose n > 0 small enough (but away from 0), so as to ensure that (3.14) holds
when F is irreducible.

It remains to establish (3.14) when n > 1. In this case (3.5) implies that d,, =
deg(F,) < 2.Fixn € (0, 1). To estimate By, (x), drawing inspiration from [4, § 9.3],
we shall divide the terms in the sum (3.12) into two categories.
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First case: (bps — @,t) has many prime divisors

We denote by Béé) (x) the contribution to B, (x) from the set of vectors (s, ¢) for which
Qu((bys —0ut)w) > (14+n)loglog x, where ©2,,(a) = Q, (a) is the total number of
prime ideal factors of an ideal a C ok, . Recall that, as in Sect. 3.1, we denote Nk, (a)
by N, (a). We have

n—1
Béé)(x) < (logx)_(l+") log(14+1n) Z a+ 77)Qn((bnS—an)w) H ri(s, 1),
(5, €223 D i=l
(3.16)
since (1 4 p)~(+mloglogx —  (Jog x)=(IH+M g+ Our plan is now to apply
Lemma 2.2 for N = n, with fy(a) = (1 + 1) ©@W) and

filwy =Y ¥i(@),
DZ‘;},'

fori < N.Fix any ¢ > 0. It is easy to see that if i < N then there exists B > 0 such
that f; € Ak, (2, B, ). Thus, in the notation of Lemma 2.2, one can take

i<N=¢g =c¢. (3.17)

When i = N, however, we will show that for every ¢ > 0 there exists w such that if
W is given by (2.2) then

(L+ W) e gy (141, 1,¢).

Indeed, we have

A+ =TT a+nf< [ a+nd.
pélla péla
ged(N, p,W)=1 N, p>w

Taking w > 21/¢, so that (1 + ) < w?, yields

[T a+mi< J] w*< J] Nup® <Ny
pélla pélla pélla
N, p>w N, p>w Ny p>w

This means that in the notation of Lemma 2.2 one can take
EN = &. (3.18)
Furthermore, we shall take G = Z? and Z = x 2. Thus qc = 1, Z is regular and we

have V = x? and K5 = x logx, in the notation of the lemma. This means that for
large x we can take c; = 1, hence by (3.1), (3.17) and (3.18) we have
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998 T. D. Browning, E. Sofos

N
Zdisi = 4e¢.
i=1

Therefore, assuming that ¢ € (0, 1) is fixed, the relevant constant in Lemma 2.2 is
g0 = max{5, 20 + 12¢}4e < 199¢. This shows that if ¢ is fixed and 200e < 1/3 then

1+eo+e
K4

AG

14200e 32

< (xlogx) <L x

hence the secondary term of Lemma 2.2 makes a satisfactory contribution. The con-
tribution of the first term of Lemma 2.2 towards the sum in (3.16) is

n—1
1+1/fl<p> 1
—exp | YY) +(+m Y
(logx) i=1 pey pedy N p
N; p<x? N, p<x?
2
<K al exp((n — 1)loglogx + (1 + 1) loglog x)
(log x)"

&« x*(logx)".

The proof of these estimates is standard and will not be repeated here. (See Heilbronn
[18], for example.) Thus BSY (x) < x2(logx)~(1+mlog+m+n The exponent of the
logarithm is strictly negative for all n > 0, which is clearly sufficient for (3.14).

Second case: (b,s — 0,t) has few prime divisors

We denote by Bé%) (x) the contribution to By (x) from the set of vectors (s, t) for
which Q,((b,s — 0,1)w) < (1 + n)loglogx. Recall from the definition (3.11) of
Af,oo) (x) that there exists 0 € &, such that 0 | (b,s — 6,t), with gcd(N,, 0, W) = 1
and

1y dn dn
L7X2 <N,0<LX72.
Condition (C3) ensures that N, ((b,s —0,t)w) < X dn | Defining e via the factorisation
0e = (bys — O,1)w, we can then infer that gcd(N, e, W) = 1 and ¢ € &, with
L7'X 4 < Ne < LX dTn where the implied constants depend at most on & and
F,,. Note that
Q,(0) + €2,(e) = Q2 ((bps — Out)w) < (1 4 1) loglog x.

Thus, either €2,(0) < %(1 + n)loglogx, or ©,(¢) < %(1 + n)loglog x. We will
assume without loss of generality that we are in the latter case.
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It follows that

2
BR(x) < ) Be(x),
ec P,
fln dll
L7'X72 «N, e<LX 2
()<L (14+n) loglog x

ged(N, e, W)=1
where

n—1
Be(x) = > [TriG.o.
(D3, xP =1
(5,1)=(50,10) (mod W)
e|(bys—0nt)

This is a non-archimedean version of Dirichlet’s hyperbola trick, where instead of
looking at the complimentary divisor to reduce the size, we have tried to reduce the
number of prime divisors. Lemma 2.4 implies that the condition ¢ | (b,s —6,t) defines
a lattice in Z2 of determinant e = N, ¢, which we shall call G. Hence we may write

n—1
Be(x) = > [TriGs.o.

(s,n€Z%. Nx2NG =1

prim

(s,t)=(s0,t9) (mod W)

Let v € Z? be such that |v| = max{|v;], |va|} is the first successive minimum of G.
Lemma 2.2 can be applied with Z = x%, g6 = e, N =n — 1, and

fil@) =Y i (@),

0la

for 1 <i < n— 1.Forsuch f; one can take ¢; in Lemma 2.2 to be arbitrarily small,
whence

h*(e)  xlte
"o,

B.(x) < x? :
[v]

for any ¢ > 0, where

P 4+ B (P
h*(e):H(l— ) )
oIk p+1

(Note that /7, (e) = h*(e), since ged(e, W) = 1.)

We have ¢ = N, ¢ < LXdTn and so |v| K LX(% < VLX, since d, < 2.
Since F,, is irreducible, we note that d, = 1 when F,(v) = 0. Next, we introduce
gle) = tife € &, : N, e = e}. The second term is therefore seen to make the overall
contribution
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< xte Z |71| Z g(e)+x1+€ Z |‘11_| Z g(e)<<x%+26,

|v|<«vLX e|Fy(v) V|« LX e LVX
Fu(v)#0 Fp(v)=0

which is satisfactory.
Next, the overall contribution from the term x2/* (e) Jeis O (sz), where

g(©)h*(e)
Y= .
> p
dn dpn
L7'X 7 ek X2
Q(e)< 3 (141) loglog x
ged(e,W)=1
-1
Letting A = (#) > 1, we get
log A h*
T < (logx) & 3> 8O 40w,
e

] dn.
L7 X2 KekLX 2
ged(e,W)=1

Put

SM= Y g@h*(e)A %,
ey
ged(e,W)=1

Then it follows from Shiu’s work [27] that

S(y) < y exp A_lzg(p)h (p) <2 exp A_lzﬁn;p)

lo lo
gy Py P gy Py

piw ptw
1
< y(ogy)a~!.

Partial summation now leads to the estimate

log A
Bé%)(x) « x%(loglog x)(logx)%ﬂ%—l

= x2(loglog x)(log x)nT_l_(HTn) log( l;n).

The exponent of log x is strictly negative for all n € (0, 1), which thereby completely
settles the proof of (3.14).
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3.4 The Bretéche-Tenenbaum sum

We saw in Sect. 2.5 that the Hooley A-function defined in (2.14) belongs to .#,. The
stage is now set for an application of Lemma 2.2 with N = n and G = Z?, and with
fy(a) = A(q; 1//n)2 and fi(a) = Zb|a ¥i(0), fori < N. For such f; one can take ¢;
in Lemma 2.2 to be arbitrarily small, whence this gives

2
X 2
H, —FE 5. ;W
o(¥) K log x A(nghn)z(x )

in (3.13). The statement of (3.15) now follows from part (ii) of Lemma 2.7.

3.5 Small divisors

In this section we establish (3.9), as required to complete the proof of Proposition 3.1.
When n > 1, the proof follows from the treatment in [15] and will not be repeated
here. Thus, provided that one takes « to be sufficiently large in the definition (3.7) of L,
one gets an asymptotic formula for Dj(x) with a logarithmic saving in the error term.
The proof of (3.9) when n = 1 is more complicated. In this case F] is an irreducible
binary quartic form. In order to simplify the notation, we shall drop the index n = 1
in what follows (and in particular, we shall denote P, = | by &). Our task is to
estimate

Dj(x) = > FF (s ywrY (s, ),
(5.D€LY XD

(5,6)=(50,t0) (mod W)

for j € {0, 1}. Opening up the definition of f (F (s, t)w), it follows from parts (i) and
(ii) of Lemma 2.3 that

fFEeow = Y HorO_ 5 1RO

’

e Ne
e|F(s,t) e|(bs—0t)
ged(e,W)=1 ged(Ne,W)=1
ee?

since T(N¢) = 1k, (¢) = 7(e), say, for any ¢ € .
Let y > 0. The overall contribution to D;(x) from e such that Ne > y is

< Y —T(ei\'ﬁ(e)' > D

y<Ne<x* (8L Nx 7
gcd(ljeeb;l/)=1 e|(bs—0t)

The condition e | (bs — 0¢) defines a lattice in Z? of determinant N e by Lemma 2.4.
Thus we can apply Lemma 2.2, finding that
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1002 T. D. Browning, E. Sofos

NS g

D(s. 1
Z r(s,t) L x Ne + ,

(s,0)€Z2. NxP

prim

e|(bs—0t)

for any & > 0, where h* is given by (2.6) with N = 1. Hence we arrive at the overall
contribution

2
3 3 X
<xP Y N 4T Y (N « NG + e
Ne>y Ne<x? Y

from N e > y. Taking y = loglog x, we therefore conclude that

) 2
Djx)= Y %"e(e) > r</>(s,z)+o(ﬁ>.

N e<loglog x (s,)€Z2. NxD
ged(Ne, W)=1 e|(bs —01)
ec?

(s,1)=(s0,%p) (mod W)

Note that by enlarging w we may assume that any prime factor of b is present in the
factorisation of W.

We henceforth focus on the case j = 0, the case j = 1 being similar. First, we
define for any a € & with gcd(N a, W) = 1 the set

(@) ={(s,1) € Z* : a | (bs — O1)}.

By Lemma 2.4 there exists k = k(a) € Z such that a vector (s, ) € 7? belongs to
J(a) if and only if Na | bs — kt. Therefore, .77 (a) is a lattice in 7?2 of determinant
N a. Recalling the definition of r© s, 1) we obtain

o= Y "Ly oye Y

Nde(ﬁlogv%;))gxl NogL ™' x? (s,t)ezgrimr’\x@
8 e ged(Nd, W)=I (5.0 @)NA (¢)
<7 e et modwy G 19
Lo
JVIoglogx )~

In fact, for coprime integers s, ¢, part (i) of Lemma 2.3 ensures that we only have
(s, 1) € H0) N FH(e) if the least common multiple [0, ¢] of 0 and e belongs to
. It now follows from Lemma 2.4 that there exists k = k(9,¢) € Z such that
(s, 1) € H(0) N (e) if and only if bs = kt (mod M), where M = [ND, Ne] is
the least common multiple of N0 and N e. We let v(M) = v(M; 0, ¢) denote a fixed
non-zero vector (s, ) € Z? of minimal length such that bs = kt (mod M).

Note that ged(b, k, M) = 1, since gcd(M, W) = 1 and we chose W in such a way
that any prime factor of b also divides W. The inner sum over s, ¢ is now in a form
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Counting rational points on quartic del Pezzo surfaces 1003

that is suitable for Lemma 2.6, with ¢ = k, ¢ = M and
1€K@« 1, Byl

Arguing as in [15, Sects.4.3—4.5], once inserted into (3.19), the contribution from the

main term (denoted by My in [15]) in Lemma 2.6 is > x2. This is satisfactory for

(3.9). It remains to consider the effect of substituting the error term in Lemma 2.6.
Let

r*(m) =t{ae £2°:Na=m, gcdNa, W) =1},

for any m € N, where we recall that &7° is the multiplicative span of prime ideals
with residue degree 1. This function is multiplicative and has constant average order.
We claim that r*(cd) < r*(c)r*(d) for all ¢,d € N, which we shall keep in use
throughout this section. It is enough to consider the case ¢ = p“ and d = p” for a
rational prime p { W with r*(p) # 0. Letting py, .. ., pm+1 be all the degree 1 prime
ideals above p, we easily see that r*(p*) = (k;;'"). We therefore have to verify that

a+b+m < a+m\[(b+m
m S\ m m )
for all integers a, b, m > 0. This is obvious when m = 0. When m > 1 the inequality
is equivalent to

lﬁ[(a+l><b+z>
ila+b+1i)

i=1

the validity of which is clear.
The error term in Lemma 2.6 is composed of two parts. According to (2.13), the
second part contributes

< x Z T(¢)|M(e)| _Z‘/_

No«x?/L aim
Ne<loglogx

with M = [N, Ne¢]. Taking M > N0 = ¢, say, and

D Vd<t(NeWNe) V.,

dim dig
we conclude that the second part contributes

<x Y T’ W(e)'r*(q)Z«/E«xloglogx 3 r*(q)ZJE.

g<x?/L Y a dlq q<x?/L dlq
Ne<loglogx
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Writing ¢ = ¢d and recalling r*(cd) < r*(c)r*(d), this is

r(Or*(d)
< xloglog x _—
808 Zz Jd
cd<x”/L

* [ 2
< xloglog x Z rc(c) j_L

c&x?/L

< Lf%leoglogx.

This is satisfactory for any & > 0 in (3.7).
Finally, the overall contribution from the first part of the error term of Lemma 2.6
is

T )] 1 x
<x ) Ne 2 a1 <2 * u|v<M/u>|> '

No«x2/L ueN
Ne<log logx ulM
[0,e]leZ??

ged(NoNe, W)=1

Here we recall that v(M/u) is a vector (s,t) € Z? of minimal length for which
bs = kt (mod M /u). In particular it also depends on 0 and e since k does. Putd = N0

ande = Ne¢,sothat M = [d, e]. If u | [d, e] then we claim that there is a factorisation
11

u = u'u” such that u’ | d, u” | e and such that d/u’ divides [d, e]/u. To see this let
vp(d) = 8 and v, (e) = ¢ for any prime p. If u | [d, e] then v, (u) < max{§, ¢} for
any prime p. We take

U = l_[ pmin{v,a} and u” = 1_[ pvfmin{v‘a}.
pVllu pllu

It is clear that u’ | d and u” | e. Moreover, one easily checks that
vp(d/u’) =6 —min{v, §} < max{d, ¢} —v =v,([d, el/u),
for any prime p, whence d/u’ | [d, e]/u. In particular, this implies that
Iv(ld, el/u; 0, ¢)| > |v(d/u’; 2, ¢)].

Our argument so far shows that the term in which we are interested is

<r Y TS g (3.20)
e ’ ’
e<loglogx ee
Ne=e
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where

NOEEEDY

d<x*/L Q€
gcd(d,W)=1N?

1 1 X
NP VNS |v<d’>|1°g(2+|v(df>|)’

W <x?/L d'«x?/W'L)y deZ
gcd(u’,W)=1 ged(d',W)=1 No=d'u

N

g,

1 X
— log(24+—
MZ; Wivd/u) o ( u’IV(d/u’)|>

d

with the caveat that v(d") still depends on 0 and e. Moreover if there exists 0 € &2 with
gcd(N 0, W) = 1 such that N0 = d’u’ then there exists ' € & with gcd(N ', W) =
1 such that N9’ = d’. Hence 0" must divide (v(d’)| — 0v(d");) and so it follows that
d' | F(v(d")). Furthermore, we note that [v(d")| < ~/d’ < x/~/L in our upper bound
for S(e).

The contribution from d’, d for which |v(d’)| < x/(logx) T is seen to be

r*u’) 1 _
< log x Z " Z o r*(d') <« x(logx)~ Y10,
u'«x?/L v=(v1,v2)€Z? d'|F(v)
ged(',W)=1 0<|v|<x/(logx) ™

by [1]. Here we have used the fact that r*(d’) < 74(d’) and

3 ) o 3 KU < logU, (3.21)

u’ u’
u'<U u'<U
where rg are the coefficients in the associated Dedekind zeta function. Once inserted
into (3.20) this contributes

T+9

< xz(log X))~

2 %
« x2(log x)~THO Z T(e)r*(e)
e

e<loglogx

which is satisfactory, on taking Y sufficiently large.

In the opposite case, we plainly have d’ > |v(d)|*> > x?/(logx)*Y, whence
log(2 + x/|v(d")|) <~y loglogx. Moreover, the inequalities d’ < x2/(u’L) and
d’ > x?/(log x)*Y together provide us with u’ < (log x)>T. Thus it remains to study
the contribution

< loglogx Z i, Z Z IV(il’)l

u
w' <ogx)?T  x2/(logx)? Y «d'«x?/L NaE_fj/
ged(d’, W)=1 No=dw'
[v(d")|Zx/(log x)
1 1
< loglogx — — 1,
D S S S >
u' < (log x)2Y veZ? x2/(log x)*Y «d'«x?/L DEK?’; ,
Iv|<x /L ecd(d’, W)=1 No=d'u

bvi=kvy (modd’)
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1006 T. D. Browning, E. Sofos

where we recall that & depends on 0 and ¢. For any 9 € & with N0 = d'u’ and
gcd(N 0, W) = 1, there is a factorisation 0 = 070, with 01,0, € & such that
N?; =d/,N0o, = u’. Hence

Z 1< r* @) Z 1,

e 0P
No=d'u' No=d
bvi=kv, (modd’) 01](bv;—0v2)

by Lemma 2.4. On appealing to (3.21) to estimate the u’-sum, we are left with the
contribution

1
<~ (loglog x)? Z 3 Z 1.

veZ? 0,2
[vi<x/~/L 01[(bvi—0v2)
x?/(log x)*Y «N v «x2/L
gcd(N2 1, W)=1

We will need to restrict the outer sum to a sum over primitive vectors in order to
bring Lemma 2.2 into play. Let & = gcd(vy, v2) so that v = hw forw € erim. Then
(bvy — O0v2) = (h)(bw1 — Bwy), where (h) is the principal ideal generated by 4. By
unique factorisation, we have 01 | (h)(bw — Ow>) if and only if

7101 | (bwy — Own),

where f is defined to be the greatest common ideal divisor of 91 and (k). Writing
c= f_lbl, we see that

I SEED S

01e¥ fe? ce?
01[(bv;—0v2) FI(h) c|(bwi—0wy) )
x2/(logx)*Y «N o <«x2/L ged(NF.W)=1 __x°  oNew-2
/ ggcd(NDl’W):l / (1ogx>ZYNf<< <INy
ged(N e, W)=1

Splitting into e-adic intervals the inner sum is easily seen to be
L (loglog x)A((bwi — Ow2)w),

where A(-) = A(-, 1), in the notation of Sect. 2.5. Since there are at most r*(h) ideals
fe & suchthatf| (h) and ged(N f, W) = 1, we are left with the final contribution

r*(h) Z A((bwy —Ow2)w)

< (loglogx)*
" W]

2
weZpﬁm

Iwl<x/(hv/L)
Splitting into dyadic intervals, we now apply Lemma 2.2 with G = Z?, combined with

part (i) of Lemma 2.7. Noting that one can take &; > 0 in Lemma 2.2 to be arbitrarily
small, we deduce that the sum over w can be bounded by
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Counting rational points on quartic del Pezzo surfaces 1007

<e (1ogx)s/2hL

for any ¢ > 0. This leads to the overall bound

x(logx)g Z *(h) x(logx)g

which thereby completes the proof of (3.9).

4 The upper bound

This section is concerned with proving the upper bound in Theorem 1.1. Let X be
a quartic del Pezzo surface defined over QQ, containing a conic defined over Q. We
continue to follow the convention that all implied constants are allowed to depend in
any way upon the surface X.

We appeal to [15, Thm. 5.6 and Rem. 5.9]. This shows that there are binary quadratic
forms ql(’)l,ql(')z, qé’)z € Z[s, t], fori = 1,2, such that

NB<Y Y tlyezin 0w =0 Iyl < B}, @D
i=1.2 (5,1)eZ2.

‘prim

Is|,lt|<v/B
AD (5,1)£0

where |ly|s., = max{|s|, |¢]} max{|yi], |y2|} and
01y = q}"} (5. 037 + a1 (s, D12 + g3 5 (s, Y3 + 3.

Moreover, the discriminant A® (s, ¢) of Q(') is a separable quartic form. The indices
i = 1, 2 are related to the existence of the two complimentary conic bundle fibrations.
The two cases i = 1, 2 are treated identically and we shall therefore find it convenient
to suppress the index i in the notation. It is now clear that we will need a good upper
bound for the number of rational points of bounded height on a conic, which is uniform
in the coefficients of the defining equation, a topic that was addressed in Sect. 2.2.

4.1 Application of the bound for conics

Returning to (4.1), we apply Lemma 2.5 to estimate the inner cardinality. For any
(s, 1) € anm, an argument of Broberg [5, Lemma 7] shows that Dy, , = O(1). In our
work W is given by (2.2), with v = 1 and w a large parameter depending only on X,
which we will need to enlarge at various stages of the argument. In the first instance,

we assume that 2Dg , < w < 1. We deduce that
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1008 T. D. Browning, E. Sofos

B
NB)Y< Y. CQsnw) |1+ T ]
(S,I)EZIZ)rim |A(S, t)|"$ maX{|S|, |t|}3
Is|.|t|<~/B
As,1)£0

for any w > 0, where

§
CQswy< ] = [T [ xe. "

PEIAGs.) PElAG,) \k=0
p<w p>w

Since s, 1 < +/B and deg(A) = 4, we see that
1 2
|AGs, 0)]3 max({ls|, [¢]}3 < max{]s|, |¢[}* < B,

whence

B B

1 2 < 1 2°
[ACs, )3 max{[s], [¢]}3  |A(s, 0)|3 max{]s|, |r]}3

I+

Now let .
AGs, ) =]]AiGs. 1) “.2)
i=1

be the factorisation of A(s, t) into irreducible factors over Q. Each A; is separable and
Res(A;, Aj) # 0, whenever i # j. We suppose that X has 89 = m split degenerate
fibres and we re-order the factorisation of A (s, 7) in such a way that the split degenerate
fibres correspond to the closed points Ay (s, 1), ..., Ay (s, t), with the non-split fibres
corresponding to the closed points A,,11(s, ), ..., A,(s, t). We enlarge w so that

w > max | Res(A;, Aj)l.
i#]

Loughran, Frei and Sofos [15, Part (5) of Lemma 4.8] have shown that for each
i > m there exists a binary form G; (s, t) € Z[s, t] of even non-negative degree, with
Res(Gj, A;) non-zero, such that

B G,-(s,t))
XQM(p)—-<——7;—— ,

forall (s, 1) € Z2. with A(s, 1) # 0, and all primes p > w with p | A;(s, 1).

prim
We proceed by introducing the arithmetic functions

(s, 1) = Z 1, 1, 0) = Z 1, (1<i<m), 4.3)

d|AGs,1) d|A; (s.1)
AW gcd(d, W)=1
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and o
i(s,t
ris.= Y ( ’(; )>, (m <i <n). (4.4)
d|A(s,1)
ged(d,W)=1
We put
m n
&G0 =w 0 [[ue0n [ rits.n, 4.5)
i=1 i=m+1
for any (s, 1) € Zgﬁm. Note that G(s, t) > 0. Our work so far shows that
G(s,t
NB)<B Y - (s, 1) -
CRYC//- [A(s, £)|3 max{|s], |¢]}3
Is],|t1<~/B
A(s.1)#£0

Since we are only interested in coprime integers s, ¢, there is a satisfactory contribution
of O (B) to the right hand side from those vectors (s, ¢) in which one of the components
is zero. Hence, by symmetry, Theorem 1.1 will follow from a bound of the shape

> _ S8 (log By, (4.6)

1 2
A(s,1)|3|t]3
(s’t)ezrz)rim | ( )| | |

1<IsI<IILVB
A(s,1)#£0

since (1.1) implies thatm + 1 =p — 1.

4.2 Reduction to divisor sums
For B € Cand x, y > 0 we let

Y ={(s,0) e R 1< s| < il <, |s = Bl <y, Als, 1) #0).
Consider the divisor function

Dp(x.y)= Y &(s.1), 4.7

(s.)eV N7

prim

where G (s, t) is given by (4.5). In this section we shall establish (4.6) subject to the
following bound for Dg(x, y), whose proof will occupy the remainder of the paper.

Proposition4.1 Let B € C, let n € (0,1) and assume that x7 < y < x. Then
Dg(x,y) <gn xy (logx)™ .

We proceed to show how (4.6) follows from Proposition 4.1. Since A(s, ) is sep-
arable, it may contain the polynomial factor ¢ at most once. Therefore there exists
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1010 T. D. Browning, E. Sofos

co € Q" and pairwise unequal «;, «; € Q such that A(s, ) admits the factorisa-
tion cot 1_[1'3:1 (s — ;1) or ¢ ]_[?:1 (s — a;1) , according to whether 7|A(s, t) or not,
respectively. Putting

Ot:zglji,rlz{lai—ajl,lakl}, 4.8)
i#]
the set of integer pairs (s, ¢) appearing in (4.6) can be partitioned according to whether
or not (s, t) belongs to the set
o ={(s,1) € R? : |s — a;t| > alt], foralli}.

If (s, 1) € o then A(s, ) > |¢|* and it follows that

S(s, 1) S(s,1)
yoSo oy sl

1 2
ez 1A DB eanz

‘prim
1<IsI<I<VB 1<Is|<I1<VB
A(s,H)#0 A(s,H)#0

Breaking into dyadic intervals 7/2 < [t| < T and applying Proposition 4.1 with
x =y =T and B = 0, we readily find that the right hand side is O((log B)"*1),
which is satisfactory for (4.6).
It remains to consider the contribution to (4.6) from (s, ¢) € 72, \ «7. For each i
prim
we define

S(s, 1)
Si(B) = Z T
(D€L [A(s, D)]3]z]3

IR
A(s,1)#0
|s—ajt|<alt|

It now suffices to prove S;(B) = O((log B)"™*1) for each i and each «;. If (s, 1) is
counted by S; (B) then (4.8) implies that for any j # i we have

1
|s —a;t]| > E|Oli —ajllt],

thus |A(s, 1)] > |t]3|s — «;t| in S;(B). Likewise, we obviously have the reverse
inequality |A(s, 1)| < |t]3]s — a1].

We begin by dealing with the contribution of pairs (s, ) with |s — «;¢| > 1. For
given §, T satisfying 1 < § <« T K \/E, the overall contribution to S;(B) from
elements s, ¢ such that 7/2 < |[t| < T and S/2 < |s — ;1| < S is seen to be

1
< ﬁDa,‘(T’ S)’
S3T3
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in the notation of (4.7). If S > T then Proposition 4.1 shows that this is

S3lo B”’
« (g )
T%

Summing over dyadic S, T satisfying T &« § « T « /B gives an overall
contribution O ((log B)"t1). On the other hand, if § <« T%, we take &(s, 1) € T*
for any & > 0, by the standard estimate for the divisor function, so that Dy, (T, §) <
ST+, Taking ¢ = 3—10, we therefore arrive at the contribution

S?T?O Ty

< LT~ 5 10,

T3

from this case. Again, summing over dyadic S, T satisfying § <« T and | <K T K
/B, this shows that we have an overall contribution O (1), which is plainly satisfactory.

It remains to consider the contribution to S;(B) from s, with |s — a;t] < 1.
In fact for irrational ¢; there are infinitely many pairs of coprime integers s, ¢ for

which |s — a;t| < |¢|~!. The divisor bound gives G(s, 1) K |t|%, which leads to the

contribution 1
< ) “9)
(s.1)€Z2. | A(s,1)#0 |s — ait|3[t|37 10

‘prim*
1<s|<|t|I<VB
[s—at]<1

to S;(B). We now invoke a result of Davenport and Roth [12, Cor. 2], which shows
that .2 = O (1), where

s 1

P ——
t |t|2+m

Moreover, the implied constant is effective and only depends on the coefficients of
A(s, t). The contribution to (4.9) from . is therefore seen to be

{(s ) € anm :

10

LKL,
3

(s.0e.Z, As,)#0 |8 — ;t]3]t]
1<IsI<f]

since |s — o] > |A(s, 1)|]£]|3 > |¢|73. On the other hand, the contribution to (4.9)
outside of .Z is

< Y ﬁ« Z ;1«1,

(s,1)€Z2. \.& i

prim
1<sIKIHKVB
|s—a;t|<1
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since for given ¢ there are finitely many integers s in the interval |s — «;¢| < 1. This
completes the deduction of (4.6) from Proposition 4.1.

4.3 Small divisors

The function 7 (s, 7) in (4.5) is concerned with the contribution to S (s, ¢) from small
primes p < w. Our work in Sect. 2.2 only applies to divisor sums supported away
from small prime divisors. Hence we shall begin by using the geometry of numbers
to deal with the function (s, #), before handling the remaining factors in &(s, ¢).

Following Daniel [11], for any a € N we call two vectors X,y € 7?2 equivalent
modulo a if

ged(x,a) = ged(y,a) =1 and A(x) = A(y) =0(moda),

and, moreover, there exists A (mod a) such thatx = Ay (mod a). The set of equivalence
classes is denoted by 2(a) and the class elements as .<7. Letting

0" (@) =tt{(o, 1) (moda) : ged(o, 7,a) =1, A(o, ) =0 (moda)},
we find that 0™ (a) = ¢(a)i(a). Moreover, we clearly have

0" (a) < p@)(paw,1)(@) + pan,x) (@),

in the notation of (2.5). Since A(s, t) is separable, it follows from Huxley [19] that
PAG.1) (@) < 49@] disc(A)|2, and similarly for pa (1 v (a). Hence

#A(a) = i’o(—(j)) & 49@ (4.10)

For each (s, ) € ¥ NZ2. , write

prim’

r(s,t) =nti(s,t) 1_[ ri(s,t).
i=1

i=m+1

Then

Dgx. )< Y. Y. r(s.1)

g<xt (s,neV Nz

prim

AW g|AGs.1)

<Y ) > r(s, 1),

gt A €UG) (s,)eV NG (AN Ly,
qIwe
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where G(«/) = {x € Z?> : 3 € Z 3y € o/ st.x = Ay(modgq)} is the lattice
generated by the vectors in .o7. The determinant of this lattice is g. We shall establish
the following result.

Proposition4.2 Let n € (0, 1) and assume that x" < y < x. Then

(log x)™ 1
Z r(s, 1) Kg.n.N Xy + Goe¥ )
(5,)€V NG ()72 q g

prim

for any N > 0, where the implied constant is independent of q.

We now show how Proposition 4.1 follows from this result. Employing (4.10), we
deduce that

m 42(9) xy (q)

Dg(x,y) <p.y.n xy(logx) Z * (log )N Z 4.
g<x* g<x?
qlwee qlwe

The first sum is < (log w)* < 1. On the other hand, the second sum is

< [T t6logx + 0(1)) < (ogx)™™.
pPSw

Choosing N = m(w), we therefore conclude the deduction of Proposition 4.1 from

Proposition 4.2.

4.4 The final push

The aim of this section is to prove Proposition 4.2. Recall from (4.2) that we have a
factorisation

A(s,t):ﬁAi(s,t) ﬁ Ai(s, 1),

i=1 i=m+1

where each A; € Z[s, t] is irreducible and the fibre above the closed point A; is split
if and only if i < m. We now want to bring into play the work in Sect. 2.2, in order to
transform the sum in Proposition 4.2 into one that can be handled by Lemma 2.2.

Leti € {1, ..., n}. Recall from (4.3) and (4.4) that we are interested in the divisor
sum
Z Gi(s, 1)
d 9
d|Ai(s.1)
ged(d, W)=1

where G; (s, t) € Zl[s, t] is a form of even degree (and we allow G; (s, ) to be identi-
cally equal to 1). This is exactly of the form considered in (2.8). Letb; = A;(1,0) € Z
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1014 T. D. Browning, E. Sofos

and suppose for the moment that b; # 0. As previously, let 6; be a root of the polyno-
mial A;(x, 1), in the notation of (2.4), and write K; = Q(6;). Let 0; denote the ring
of integers of K;. We enlarge w to ensure that w > 2b; Dy, /k; Ag,, where Ay, is given

by (29)and L; = Ki(,/Gi(bflei, 1)). Thus

(L K] = 1 ifi <m,

R 2 ifios m.
Next, let ¥; be the quadratic Dirichlet character constructed in Sect. 2.2 (taking ¥; = 1
when G, (s, t) is identically 1). Let N; denote the ideal norm in K;. Then it follows
from part (iii) of Lemma 2.3 that for any (s, ) € Zgrim such that A;(s,t) # 0, we
have

Gi(s,t)
Z ( ld ) = Z Vi(a). 4.11)
d|A;(s,1) al|(bis—6;t)
ged(d,W)=1 ged(N; a, W)=1

Moreover, if 77, &; are defined as in (2.3) and (2.11), respectively, then part (i) of
Lemma 2.3 implies that a € &; for any a | (b;s — 6;1) such that gcd(N; a, W) = 1.

Suppose now that b; = 0, so that A;(s,t) = ct for some non-zero ¢ € Z. We
enlarge w to ensure that w > c. In this case we have

Gits. 1) Gits. 1) Gi(1,0)
2. < i >= ; ( i )= ; ( d )
t t

d|A;(s,t)
ged(d,W)=1 ged(d,W)=1 ged(d,W)=1

since G; has even degree and (s,?) € 72 But this is of the shape (4.11), with

prim”
b =0,6; = 1, K; = Q,and y; (d) = (242,
Leti € {1,...,n} and let ¢ C o; be an integral ideal. We define multiplicative

functions t;, v; € .#k;,, in the notation of Sect. 2.1, via

=) L A<i<m),

ae,@i
alc

and
(@) = Y i@, (m<i<n).
aeﬁ’;

alc

It follows that

m n
rs.) =] Jtwis —6it) [] viw(bis —6it)

i=1 i=m+1

2

in Proposition 4.2, for any (s, t) € Zprim.
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We are now in a position to apply Lemma 2.2 with Z = ¥, G = G(&) and
qG = q. In particular it follows that

xy LV =vol(#) < xy and xlogx < Ky < xlogx.

According to the statement of Proposition 4.2, we are given n € (0, 1) and x, y such
that x" < y < x. Thus Z is regular. Since ¢ < x*, it therefore follows that all
the hypotheses of Lemma 2.2 are met with each &; > 0 being arbitrarily small. On
enlarging w suitably, we deduce that

h* m n
Z r(s, 1) Ly w Xy M) l_[Et,-(xz; 1) l_[ Eq,(x%; 1)

log x)"
(s, eV NG (H)NZ2 (log x) 7 i i=m+1

prim

+x!t2,

Note that 2}, (¢) = 1, since g | W*. Moreover, since x!+3 <y xy(logx)~N, for
any N > 0, the second term here is plainly satisfactory for Proposition 4.2.
Finally, we have

t 2
Ey(z; 1) =exp Z ﬁ = exp Z o | K (logz)?,
Nl p Nl p
N; p<z N; p<z
pe? pe?

i i

fori € {1,...,m}, and

i 1+ i
Ey;(z;1) = exp Z ;(_p) = exp Z % < logz,

Nip<z Ni p<z !
pe? pe?
fori € {m + 1, ..., n}. Thus the first term makes the overall contribution
xy(log x)™
L —m,
q

which thereby completes the proof of Proposition 4.2.
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