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Abstract

Given a locally finite leafless tree T', various algebraic groups over local fields might appear
as closed subgroups of Aut(7"). We show that the set of closed cocompact subgroups of Aut(7")
that are isomorphic to a quasi-split simple algebraic group is a closed subset of the Chabauty
space of Aut(7T"). This is done via a study of the integral Bruhat-Tits model of SLy and
SUg/ K, that we carry on over arbitrary local fields, without any restriction on the (residue)
characteristic. In particular, we show that in residue characteristic 2, the Tits index of simple
algebraic subgroups of Aut(7T) is not always preserved under Chabauty limits.
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1 Introduction

Ta vague monte avec la rumeur d’un prodige
C’est ici ta limite. Arréte-toi, te dis-je.
(Victor Hugo, L’année terrible, 1872)

According to well-known rigidity results of J. Tits (see | , Theorem 5.8], together with
[ , Théoréme 2] or | , Theorem 27.6]), a Bruhat—Tits building of rank > 2 determines
uniquely the simple algebraic group and the underlying ground field to which it is associated.
In particular, two simply connected absolutely simple algebraic groups of relative rank > 2 over
a local field have isomorphic Bruhat-Tits buildings if and only if they are isomorphic as locally
compact groups. This contrasts drastically with the rank 1 case, where infinitely many pairwise
non-isomorphic simple algebraic groups of relative rank 1 can have the same Bruhat—Tits tree.
Therefore, given a locally finite leafless tree T, the set Sub(Aut(7")) of closed subgroups of the
locally compact group Aut(7) may contain infinitely many pairwise non-isomorphic algebraic
groups. For example, the Bruhat—Tits tree of the split group SLo(K) is completely determined
by the order of the residue field of K, while the isomorphism type of SLy(K) depends on the
isomorphism type of the local field K. Since Sub(Aut(7)) carries a natural compact Hausdorff
topology, namely the Chabauty topology, we are naturally led to the following question: what are
the Chabauty limits of algebraic groups in Sub(Aut(T))? The goal of this paper is to initiate the
study of that problem. In particular, we provide a complete solution in the case of quasi-split
groups.

In order to be more precise, for T a tree, let us define a topologically simple algebraic group
acting on T to be a locally compact group isomorphic to H(K)/Z, where K is a local field, H is an
absolutely simple, simply connected, algebraic group over K of relative rank 1 whose Bruhat—Tits
tree is isomorphic to T, and Z is the centre of H(K).

The first thing to observe is that, given a topologically simple algebraic group G acting on T',
the action homomorphism G — Aut(T) is not canonical, but depends on some choices. There is
however a natural way to resolve this issue of canonicity, explained in | ]. Following that paper,
we shall denote by St the space of (topological) isomorphism classes of topologically simple closed
subgroups of Aut(T") acting 2-transitively on the set of ends. According to [ , Theorem 1.2],
the space Sy endowed with the quotient topology induced from the Chabauty space Sub(Aut(7"))
is compact Hausdorff.

We can therefore reformulate the question mentioned above as follows. Let S;lg be the set of
isomorphism classes of topologically simple algebraic groups acting on T'. What are the accumu-
lation points in St of the elements of S;lg ? It seems reasonable to conjecture that S;lg is closed
in Sp. Our main theorem is a partial result in this direction.

Theorem 1.1. Let T be a locally finite leafless tree, and let S%S'alg be the set of isomorphism
classes of topologically simple algebraic groups acting on T that are furthermore quasi-split. Then
S%S'alg is closed in Sy.



As recalled in Section 2.1, absolutely simple, simply connected, quasi-split algebraic groups
over K of relative rank 1 are of the form SLo(K) or SUé/K(K) (see Lemma 2.3). So that in effect,
the main goal of the paper is only to dispose of those two “types” of groups.

Since the Bruhat—Tits tree of SLy(K) or SUg/K(K) for L a ramified extension of K (respec-
tively SU§/ K(K) for L an unramified extension of K) is isomorphic to the (p™ + 1)-regular tree
(respectively the semiregular tree of bidegree (p3™ +1;p™ +1)), where p™ is the order of the residue
field of K, the space S%S'alg is empty unless T is one of those trees.

It should also be noted that for some trees T', every algebraic group having T as Bruhat—Tits
tree is actually quasi-split. According to the classification tables in [ , 4.2 and 4.3], this is
the case if and only if T is the regular tree of degree p + 1 or the semiregular tree of bidegree
(p®™ + 1;p™ + 1). Combining this observation with Theorem 1.1, we get the following corollary.

Corollary 1.2. Letp be a prime number, and let T' be the (p+1)-regular tree, or the (p3"+1;p"+1)-
semireqular tree. Then the set Sn® coincides with ST, so that it is closed in Sr.

In fact, our method yields an explicit description of the topological space S%S'alg. To ease the
statement of the explicit form of the main theorem, let us introduce some terminology. Recall that
a countable totally disconnected topological space X is classified by two invariants (see [ ,
Théoreme 1]). More precisely, let N be the one point compactification of N (or in other words, a
topological space homeomorphic to {1, %, %, ...,0} C R). If X is the last non-empty Cantor-
Bendixson derivative of X, and if X (%) has n connected components, then X is homeomorphic to
Nk x{1,...,n}. In the statement of the following theorems, we use the notation K for the residue
field of a local field K, and for any group G, we write G/Z as a shorthand for the group G modulo
its centre (so that the same letter Z stands for the centre of various groups). We also make a slight
abuse of notation: we represent a point in S, which is an isomorphism class, by a representative
of that class. This abuse should not cause any confusion, and will simplify notations throughout
the rest of the paper.

Theorem 1.3. Let p be an odd prime number, and let T be the (p"™ + 1)-regular tree. Consider
the following subsets of S%S'alg :

Sst, = {SLa(K)/Z | K a local field with K = Fyn '}

S§un = {SUg/K(K)/Z | K a local field with K = Fpn and L/ K (separable) quadratic ramified}

Then S%S'alg = SsL,USSYs is a countable set. Furthermore, Ss, (respectively S7%) is a clopen

subset of S%S'alg which is homeomorphic to N, the accumulation point being SLa(Fpn (X)) Z
(respectively SU;U/FP" ((X))(Fpn (X)/Z, where Ly is a (separable) quadratic ramified extension of
Fpn (X))

Let us summarise Theorem 1.3 informally. For p an odd prime and T the (p™ + 1)-regular tree,
the set ST*'% inside Sub(Aut(T")) can be pictured as follows:

@mescsccso s o o o o o o o o o

@mescsccsc e o o o o o o o o o

« groups of type SLy(K) e SLy(Fpn (X))
char(K) =0, K = Fpn

« groups of type SUL/"(K) o SU;O/F’J" ((X))(Fpn (X))
char(K) = 0, K = Fpn, L/K ramified Ly/Fpn (X)) ramified

Illustration of Theorem 1.3



The case of SUg/ K for L /K an unramified extension presents a similar behaviour.

Theorem 1.4. Let p be any prime number, and let T be the (p>* + 1;p™ + 1)-semiregqular tree.
Then S%S_alg is homeomorphic to N. More precisely, the countable set

Sae — (SUL/K(K) /7 | K a local field with K = F

and L (separable) quadratic unramified}

has a unique accumulation point, namely SUL/F n((X))( F,»(X))/Z, where L is the (separable)
quadratic unramified extension of Fun (X)).

Let us summarise Theorem 1.4 informally. For p any prime and T the (p®* + 1;p" + 1)-
semiregular tree, the set SE!# inside Sub(Aut (7)) can be pictured as follows:

@meecscccc e o o o . . . . . .

L/K( ) F 2n (X))/F "((X))

* groups of type SU * SU,” (Fpn (X))

char(K) = 0, K 2 Fpn, L/K unramified

Ilustration of Theorem 1.4

The only remaining case when SE'# is not empty is the case of the regular tree of degree

(2™ 4 1). In this case, the topological space S%S‘alg cannot be cut into two copies of N. Indeed, it
exhibits a much richer structure.

y .2
Theorem 1.5. Let T be the (2" + 1)-regular tree. Then SE™ is homeomorphic to N™. More
precisely,

SI0IE — (S, (K)/Z | K a local field with K = Fan}
u {SUg/K(K )/Z | K a local field with K = Fan and L separable quadratic ramified}

is a countable set. The first Cantor-Bendizson derivative of SE™# is
{SUg/FW ((X))(an (X)/Z | L is separable quadratic ramified} U {SLy(Fan (X)))/Z}

while its second Cantor-Bendizson derivative contains the single element SLa(Fan (X)))/Z. Also,
the subset {SLo(K)/Z | K a local field with K = Fon} is closed in SE™&, homeomorphic to N
and with accumulation point SLy(Fan (X)))/Z.

We also draw a picture illustrating Theorem 1.5. Let T be the (2™ + 1)-regular tree. The set
S8 inside Sub(Aut(T')) can be pictured as follows:

. . . e oo oo
. . . e oo oo

o o o o oo coeg

. . . o o000
. . . YT
. . . e o0 cee
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é é I | m——csoses s o o o . . .



. groups of type SLa(K) SLa(Fa (X))
char(K) =0, K = Fan

*+ groups of type SUg/K(K) ® groups of type SU§/F2" ((X))(an (xy)
char(K) =0, K = Fy., L/K ramified L/Fan (X)) separable ramified

Iustration of Theorem 1.5

It is also important to note that in the statement of Theorem 1.3, Theorem 1.4 and Theorem 1.5,
we do not describe precisely S%S'alg as a set. Indeed, we do not give the criterion allowing one
to know when two equivalence classes are the same, or in other words when two given groups
appearing in those theorems are topologically isomorphic. A precise criterion could be easily
stated using the work of J. Tits on abstract homomorphism of algebraic groups (this is discussed
in more details in the proof of those theorems). For example, let L and L’ be the two quadratic
ramified extensions of F,» ((T") for p an odd prime. Then the pairs of fields (Fp»((T"), L) and
(Fpn((T)), L’) are isomorphic (in the sense of Definition 6.24, see also Remark 6.27). This explains

why in Theorem 1.3, the accumulation point SUQL,O/ For ((T))(Fpn (7)) is represented by any (of the
two) quadratic ramified extension Lo of Fyn (7).

As one can see from Theorem 1.5, we face a more complex situation in residue characteristic
2. Indeed, this theorem implies that the split group SLa(Fan (X)))/Z is a limit of unitary groups,
thereby illustrating the fact that the Tits index need not be preserved under Chabauty limits in
residue characteristic 2. In other words, the map associating to an isomorphism class in S;lg its
Tits index is not continuous. The specific features of Chabauty limits in residue characteristic 2
highlight the complexity of the aforementioned conjecture, which will be addressed in full generality
in a forthcoming paper, but with different methods.

Despite the fact that S%S'alg depends very much on T, the strategy to prove our results is the
same for all T and for all algebraic groups under consideration (i.e. SLa or SUs). Let us outline
it in the SLo case (our notational conventions for local fields are spelled out at the beginning of
Section 2).

1. In Definition 3.1 and Section 4.1, we recall the definition of the Bruhat—Tits tree:
T =SLy(K)x R/~

2. In Lemma 4.20, we observe that after renormalising the valuation so that w(mx) = 1, the
ball around 0 of radius r in Z is:

Bo(r) = {l(g,2)] € T | g € SLa(Ok), @ € [~w(7k), w(mg)] C R}

3. In Definition 4.11, we define a local version (around 0 and of radius ) of the Bruhat—Tits
tree:

I%" = SLy(Ok /my) X [~w(mk ), w(mhe)]/~o,r

and we show in Theorem 4.22 that the homomorphism SL2(Og) — SL2(Ok /m) induces
an (SL2(Of) — SLa(Ok /m%,))-equivariant bijection By(r) — Z07.

4. Following an idea dating back to M. Krasner (see | ] for references, this idea is also
used in e.g. | ]), we define a metric d on the space K of (isomorphism classes of)
local fields by declaring that for » € N and Ky, K> € K, d(K1; K2) < 2% if and only if
Ok, /my = Ok, /mf, (see Lemma 4.27). We observe in Proposition 4.30 that the space

Kpn of (isomorphism classes of) local fields having residue field F,» is homeomorphic to N.

5. Points 1 to 3 imply that if K7 and K» are close to each other in Kpyn, then SL2(Ok,) and
SL2(Ok,) are close to each other in the Chabauty space of Aut(Tpn41) (Where Tpn4q is the
(p™ 4 1)-regular tree). Indeed, up to isomorphism, they act in the same way on a large ball
centred at 0. This is the key step in the proof of Theorem 4.33.



6. We are then able to conclude effortlessly, using a rigidity argument, that the map Cpn —

S;Lgnﬂ : K+ SLy(K)/Z is a homeomorphism onto its image.

In light of this outline, it seems natural to consider Theorem 4.22 (together with its variants
for other types of groups) as the central result of this paper.

A key tool to implement our strategy is the existence of good functors from Og-algebras
(such as Ok /mY) to groups (like SLy(Ok/m’)). The integral model provided by Bruhat-Tits
theory plays the role of this good functor. In the SLjy case, this is just the algebraic group SL,
considered over Ok . But a description of the integral model is not always so straightforward, and
an important feature of this article is an explicit computation of Bruhat—Tits models for SUgL,/ K
especially in the more delicate case when the residue characteristic is 2 and L is ramified.

3

The complexity of the integral model of SUg/ K When the residue characteristic is 2 and L
is ramified also explains why we get a different behaviour for regular trees of degree 2™ + 1
in Theorem 1.5. As often in the theory of algebraic groups, the characteristic 2 case is more
involved to work out (and in our situation, it is again because of the presence of orthogonal groups
in characteristic 2 lurking in the background, see Remark 6.16). However, one should always
make the effort of including this case, if only to avoid the wrath of J. Tits (see for example the
introduction of | D-

It also appears that studying convergence of groups isomorphic to SLa(D)/Z (where D is a
finite dimensional central division algebra over a local field K) can be done in parallel to the
SLo(K) case. Hence we decided to treat this case as well in this paper. We stress that this is
only an opportunistic choice, and that the other cases should be settled by first considering similar
questions in arbitrary rank for quasi-split groups, and then by applying a descent method.

Nevertheless, thanks to this treatment, we get the following results as well.

Theorem 1.6. Let T be a locally finite leafless tree, and let S?LQ(D) be the set of isomorphism
classes of topologically simple algebraic groups acting on T that are furthermore isomorphic to

SLa(D)/Z for some central division algebra D. Then S;LZ(D) is closed in St.

Hence, for the reasons explained before Corollary 1.2 and according to the tables in | 4.2

and 4.3], we obtain the following strengthening of Corollary 1.2.

)

Corollary 1.7. Let p be a prime number, and let T be the (p"™ + 1)-regular tree where n is
not divisible by 3, or the (p>™ + 1;p™ + 1)-semireqular tree. Then the set S;lg coincides with

S%S_alg U S;IQ(D), so that it is closed in St.

Again, just as for the quasi-split case, we are actually able to describe explicitly the topological
space S;LQ(D) and all the convergences in this space. In the following theorem, D denotes the
residue field of a finite dimensional central division algebra D over K. We also make the same
abuse of notations than in the previous theorems (in particular, the same letter Z denotes the
centre of various groups).

Theorem 1.8. Let T be the (p™ + 1)-regular tree.

1. The topological space S;LZ(D) is homeomorphic to N x {1,..., ("T'H}} The first Cantor-

Bendizson derivative of S;LQ(D) is the set

{SL2(D)/Z | D = Fpn and D is of characteristic p} C Sr,

which contains [%] elements.

2. Fori € N, let D; (respectively D) be a finite dimensional central division algebra over K;
(respectively K) having residue field of cardinality p™. Let d; (respectively d) be the degree of
D; (respectively D), so that |K;|%= p™ = |K|?, where K; (respectively K) denotes the residue
field of K; (respectively K). Let r; (respectively r) be the Hasse invariant of D; (respectively
D), as in Definition B.2. If (SLa(D;)/Z)ien converges to SLa(D)/Z in the Chabauty space
Sub(Aut(T)), then for all i large enough, r; = +r and d; = d, so that |K;|= |K| as well.




We conclude this introduction by mentioning the recent work of M. de la Salle and R. Tessera
[ ], who used independently closely related ideas in their study of the space of Bruhat-Tits
buildings of type A,, (with n > 2) endowed with the Gromov—Hausdorff topology.
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2 Definitions of the algebraic groups under consideration

For the rest of the paper, K will denote a local field (all our local fields are assumed to be non-
archimedean), and D will denote a finite dimensional central simple division algebra over K. Let
us spell out our notational conventions for the objects associated with K (respectively D): the
ring of integers is denoted Ok (respectively Op), its maximal ideal by mg (respectively mp),
a uniformiser by 7x (respectively mp) and K (respectively D) denotes the residue field. The
valuation of K (respectively D), and also its unique extension to any finite extension of K, is
denoted by w. We use the notation Q,n» for the unique (up to isomorphism) unramified extension
of Q, of degree n.

Also, in order to avoid the repetition of long lists of adjectives, in this section, by an algebraic
group, we mean an absolutely simple, simply connected algebraic group over an arbitrary field k
(in this paper, we only work in the case when k is a local field, but nevertheless, we prefer to state
Lemma 2.3 over an arbitrary base field).

2.1 Quasi-split groups of relative rank 1

As mentioned in the introduction, the Bruhat—Tits building of an algebraic group G over a local
field is a tree if and only if G is of relative rank 1. Instead of giving the general definition of
quasi-split algebraic groups, and then specialising to those that are of relative rank 1, we take
a practical approach and give an explicit description of those groups, the result being that they
are all of the form SLs or SUjs (and this is the case over any field). We begin by recalling the
definition of SUs. It is customary to choose a presentation of SUs using the transposition along
the anti-diagonal, that we denote °(.) so that explicitly, if g is a 3-by-3 matrix , (%g)_; —; = gij,
fori,j € {—1,0,1}.

Definition 2.1. Let k£ be a field, let [ be a separable quadratic extension of k, and let o be the
nontrivial element of Aut(l/k), whose action by conjugation on [ is denoted x — Z. We define

SUY¥(k) = {g € SLa(1) | Sgg = 1d}

We denote SUlS/ k (or simply SUs when the pair of field (k,!) is arbitrary or understood from the
context) the corresponding algebraic group over k. Note that the equations det(g) —1 and °gg—Id
(together with the embedding | < Ms(k)) realise SUé/ " as a closed subspace of the affine space
A}, where n =4 x 32. Using this, it is readily seen that SUs is an algebraic group over k.



Remark 2.2. The group SU; defined above is the special unitary group with respect to the
following hermitian form of 13:

((z—1,20,21), (Y=1,%0,Y1)) = T—191 + ToYo + T1y—1

The advantage of taking this peculiar hermitian form is that the associated involution preserves
the group of upper triangular matrices. As Lemma 2.3 shows, up to isomorphism, there is only
one “type” of non-split, quasi-split algebraic group of relative rank 1 (and this is the case over any
base field). Hence, choosing the above hermitian form is in fact not restrictive.

We can now describe quasi-split algebraic groups of relative rank 1 (recall that by the convention
of this section, all our algebraic groups are absolutely simple, simply connected, algebraic groups
over a field k).

Lemma 2.3. Let k be a field and let G be a quasi-split algebraic group of relative rank 1 over k.
Then G 1is one of the following groups:

1. SLg over k.
2. SUé/k, where 1 is as in Definition 2.1.

Proof. If G is quasi-split, then by definition, its anisotropic kernel is trivial. Hence, by [ ,2.7.1,
Theorem 2], G is entirely determined (up to k-isomorphism) by its Dynkin diagram together with
the *-action on it (or in other words, G is determined by its index). Also note that the number
of orbit under this *-action is the relative rank, so that according to | , Table II], the only
possibilities for the index are

or ®

The first index is the index of the quasi-split group SUé/ k, where [ is any separable quadratic
extension of k, while the second index is the index of the split group SLs. O

2.2 Definition of the algebraic group SLy(D)

As outlined in the introduction, treating the case of the group SLy(D) (where D is a finite dimen-
sional central division algebra) is very close to treating the case of SLo(K), so that we decided to
include this case as well. Let us recall the definition of the group SLa(D).

Definition 2.4. Let D be a finite dimensional central division algebra over K, and consider
D? as a right D-vector space. We define the group SLa(D) = {u € Endp(D?) | Nrd(u) = 1},
where Nrd(u) stands for the reduced norm of u (we recall the definition of the reduced norm in
Definition B.4).

Let us stress again that the case of main interest is the case of quasi-split groups, and that
SLo(D) is quasi-split if and only if D = K. We advice the reader to consider only this case in
a first reading, and to encourage this attitude, the facts needed when D # K are relegated to
Appendix B and Appendix C.

When D = K, the group SLy(K) is the group of rational points of a closed subspace SLoy of
the affine space A}, defined by the polynomial equation det—1. It is then straightforward to check
that SLs is indeed an algebraic group over K.

For arbitrary D, it is well-known that SLa(D) can be seen as the group of rational point of an
algebraic group over K. We recall in Appendix B the standard facts about division algebras, and
we also discuss in Appendix C the representation of SLy(D) as an algebraic group over K.



3 The Bruhat—Tits tree of a group

In their fundamental paper | ], F. Bruhat and J. Tits show how to construct an affine building
given a group G with a valued root datum, see especially | , 7.4.1 and 7.4.2]. In rank one, this
affine building is a tree, and their construction only uses a collection {(P,).cr, N} of subgroups
of G together with a homomorphism v: N — Aff(R), which are carefully constructed using the
valued root datum on G. Since this construction is the central object of this paper, we begin by
recalling it. We use the same notations than in loc. cit., except for PZ that we denote P, instead.

Definition 3.1 ([ , 7.4.1 and 7.4.2]). Let G be a group with a valued root datum of rank one,
and let {(Py)zer, N} be a collection of subgroups of G and v: N — Aff(R) be a homomorphism.
Assume that they are obtained from the valued root datum as prescribed in | , 86 and §7].
Define an equivalence relation on G x R as follows: (g, x) ~ (h,y) if and only if there exists n € N
such that y = v(n)(z) and g~'hn € P,. The Bruhat-Tits tree of G is Z = G x R/~. We write
[(g,2)] for the equivalence class of (g,z) in Z. The group G acts on Z by multiplication on the
first component.

In this paper, we take a practical approach bypassing the valued root datum. In each case
that we need it, we construct the Bruhat-Tits tree by giving directly the groups (Pi)ser, NV
and the homomorphism v: N — Aff(R). We can fortunately easily ensure that the given groups
(together with the homomorphism v) are indeed obtained from a valued root datum as prescribed
in [ , §6 and §7] thanks to the explicit computations made in | , §10].

Remark 3.2. For g € G, the map f;:R — Z:x — g¢.[(Id, x)] is injective, by the discussion in
[ ], below Definition 7.4.2. An apartment of 7 is a subset of the form f,(R) for some g € G,
and we can endow Z with a metric which gives the usual metric on R when restricted to any
apartment. The action of G on its Bruhat—Tits tree preserves such a metric. Furthermore, in view
of | , Proposition 7.4.4], P, is in fact the stabiliser of [(Id, z)] € Z.

Remark 3.3. Note that in Definition 3.1, it is equivalent to say that (g,z) ~ (h,y) if and only
if for all # € N such that v(72)(z) = y, we have g~ 'hi € P,. Indeed, if there exists n € N
such that v(n)(z) =y and g~'hn € P,, let i be any element of N such that v(f)(x) = y. Then
g thiv = g~ thnn~1h. But n~17 stabilises [(Id, z)], and hence belongs to P, by Remark 3.2. Thus,
g 'hnn~'7 belongs to P, as well, as wanted.

We end this section by recalling two facts about Bruhat—Tits trees that will be needed later
on.

Lemma 3.4. Let g,h € Py, and let z,y € R. If (g,x) ~ (h,y), there exists n € N N Py such that
v(n)(z) =y

Proof. Recall that Py is the stabiliser of [(Id,0)] € Z in G (see Remark 3.2). Since G acts by
isometries on Z, and since g, h € Py, we have

|z = dz([(1d, 2)]; [(1d, 0)]) = dz([(g, )]; [(1d, 0)])
lyl = dz([(1d, y)]; [(1d, 0)]) = dz([(h, »)]; [(1d, 0)])

where dz denotes the distance in the metric space Z (see Remark 3.2). But if (g,2) ~ (h,y),
we have in particular dz([(g,2)];[(I1d,0)]) = dz([(h,y)]; [(Id,0)]), and hence |z|= |y|. Thus, the
existence of n € NN Py such that v(n)(z) = y follows from the fact that v(N N Fy) is the (spherical)
Weyl group of G. O

Remark 3.5. Again, we only use this proposition when G is a group of the form SLy(D) or
SUg/ K. In each case, we will see explicitly that there exists an element n in N N Py such that
v(n):R—- Rix— —uz.

Lemma 3.6. Let G be a group having a valued root datum of rank one and let T be the corre-
sponding Bruhat-Tits tree. Then T = {[(g,x)] €L | g€ Po}



Proof. Let [(g,x)] € Z. Since G acts strongly transitively on Z (] , Corollaire 7.4.9]), there
exists h € Py such that h.[(g,z)] = [(Id,y)], for some y € R. Hence, [(g,z)] = [(h~!,y)] and
h~! € P,, as wanted. O

4 Convergence of groups of type SLy(D)

We recall the reader that our notational conventions for local fields and their finite dimensional
central division algebras have been spelled out at the beginning of Section 2.

4.1 Construction of the Bruhat—Tits tree

The aim of this section is to give a streamlined definition of the Bruhat-Tits tree associated with
SLo(D), together with the action on it. As outlined in the introduction, our definition of the
Bruhat—Tits tree follows | , 87

In order to be as efficient as possible, we only describe concretely the objects needed, and give
unmotivated definitions. Our description is easily obtained from the explicit description given in
[ , §10], and we give in Appendix A more details about the connection with | .

Recall from Definition 3.1 that the Bruhat—Tits tree Z of SLy(D) should be isomorphic to
SLa(D) x R/~. For x € R, we define a group P, < SLy(D) which will eventually turn out to be
the stabiliser of [(Id, )] € Z (see Remark 3.2).

Definition 4.1. Let D be any valued division algebra with valuation w, and let g be a n X n
matrix with coefficients in D. Given a n X n matrix m with coefficients in R, we say that g has a
valuation greater than m if w(g;;) > my; (for all4,j € {1,...,n}), and we denote it by w(g) > m.

Definition 4.2. For z € R, we define

Py ={g € SLy(D) | w(g) = (3 )}
Definition 4.3. Consider the following subsets
o T = {(gmgl) | x € D*} < SLo(D)
o M={(,% )| zeD*}CSLy(D)
and let N =TUM.
Definition 4.4. Let v: N — Aff(R) be defined as follows: for m = ( 0 %) € M, v(m) is the

z7t 0

reflection through —w(x), while for t = (¥ %) € T, v(t) is the translation by —2w(z).

Then the Bruhat-Tits tree Z of SLo(D) is the one obtained by applying Definition 3.1 to the
collection of subgroups {(P.).cr, N} appearing in Definition 4.2 and Definition 4.3, together with
the homomorphism v: N — Aff(R) of Definition 4.4. We discuss in Appendix A why our groups
P, and N coincide with the groups P, and N appearing in the definition of the Bruhat-Tits
building in [ , 7.4.1 and 7.4.2]. We also check in Appendix A that v: N — Aff(R) coincides
with | ]. Hence, the given data is indeed obtained from a valued root datum of rank one on
G, so that the above construction does indeed give rise to the Bruhat-Tits tree of SLa(D).

Remark 4.5. Note that the construction of the Bruhat—Tits tree of SLy(D) depends on D. When
needed, we keep track of this dependence by adding the subscript D to the objects involved. This
gives rise to the notations (P,)p, Tp, Mp, Np, vp and Zp.

Remark 4.6. The Bruhat-Tits tree of SLy(D) is actually the regular tree of degree | D|+1. Indeed,
this follows from the fact that our definition of Z agrees with the one given in | , 7.4.1 and
7.4.2], and from the tables in | , 4.2 and 4.3].
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4.2 Local model of the Bruhat—Tits tree

We now aim to give a local description of balls of the Bruhat-Tits tree, together with the group
action on it. Recall that the ball of radius 1 around [(Id,0)] € Z (together with the action of
Py on it), is in some sense encoded in Py considered over the residue field, i.e. over Ox/mg (or
more precisely in the reductive quotient of this group, see | , Théoréme 4.6.33] for a precise
meaning). It is then natural to think that more generally, the ball of radius r around [(Id,0)] € Z
(together with the action of Py on it) is encoded in Py considered over the ring O /m7.. We
give all the definitions in this section, and we then prove in the next section that those definitions
behave as expected (see Theorem 4.22).

Our techniques only allow to describe balls or radius rd, where d is the degree of D over K
(note that d = 1 when D = K'). We just mimic the definition of the Bruhat—Tits tree, except that
the coefficients of all groups under consideration are now taken in the ring Op /mgi. All groups
defined in this section are adorned by the superscript 0,rd to reflect the fact that they are local
version around 0 of radius rd.

Let us introduce some notations for the following definition of local stabilisers. In the rest of
the paper, d denotes the degree of D over its centre K. The valuation w on D induces a well-
defined map on Op/m%¢, that we still denote w. Finally, recall that 7p denotes a uniformiser of
D.

Definition 4.7. Let r € N and = € [—w(77), w(7hd)]. We set
P = {g € SL2(Op /mY) [ w(g) = (2 ")}

Remark 4.8. See Definition C.2 for the definition of SLy(Op/m7¢). When D = K, we obtain
the group SLy(Ok /m’ ) in its usual meaning, i.e. the group of 2 x 2 matrices with coefficients in
Ok /m}; having determinant 1. We remark that Definition 4.7 parallels Definition 4.2.

We also need the local version of the subgroup N.
Definition 4.9. We define
o HUMd = {(g Igl) € SLQ(OD/mBi) | w(z) =0}

o MO ={( % ") €SLy(Op/m¥) | w(x) =0}
And we set NO7d = gord | pford
We can also easily define an action of N%"? by affine isometries on R.

Definition 4.10. We let H%"? act trivially on R, and we let all elements of M%7 act as a
reflection through 0 € R. This gives an affine action of N%"¢ on R, and we denote again the
resulting map N%"? — Aff(R) by v.

We are now able to give a definition of the ball of radius rd around [(Id,0)] € Z which only
depends on the ring Op/ mgi, and not on the whole division algebra D.

Definition 4.11. Let r € N. We define an rd-local equivalence on Py x [—w(ntd), w(x7d)] as

follows. For g,h € P> and z,y € [~w(n}d), w(mh)]
(9,%) ~o.ra (h,y) & there exists n € N such that v(n)(z) = y and g~ hn € P2

The resulting space Z07% = P2 x [—w(ntd), w(x54)] /~o ra is called the local Bruhat-Tits tree of
radius rd around 0, and [(g,x)]%" stands for the equivalence class of (g, z) in Z%"¢. The group
Pé) T acts on 7074 by multiplication on the first component.

Remark 4.12. Note that the construction of the local Bruhat—Tits tree of SLy(D) depends on
D. When needed, we keep track of this dependence by adding the subscript D to the objects
involved. This gives rise to the notations (P%"%)p, H%Td, M%Td, N%Td and Z%’Td.
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Remark 4.13. Note that as for Definition 3.1, it is equivalent to say that (g,z) ~orq (h,y) if
and only if for all # € N%"? such that v(7)(x) = y, we have g~ 'hfi € P%"¢. Indeed, if there exists
n € N%"4 such that v(n)(z) = y and g~'hn € P27 let i be any element of N®™® such that
v(7)(x) = y. We have g~'hii = g~ hnn~'7, and a case-by-case analysis shows that n=1n € P27,
Hence g~ 'hnn~!'7 belongs to PY"? as well, as wanted.

4.3 Integral model

We have just defined the space Z0"%, (recall that throughout this section, d is the degree of D). In
order to show that it encodes the ball of radius rd together with the action of Py on it (as will be
done in Theorem 4.22), we need to prove that the projection Op — Op/m% induces a surjective

homomorphism Py — Py rd,

We solve this problem by defining a smooth Og-scheme SL, , such that SL, ,(Ok) = Py
and SLy p(Ok /m}) = P ™ Then the desired surjectivity follows by an application of Hensel’s
lemma for smooth schemes (that we recall in Theorem 4.17).

This smooth Og-scheme is in fact the Bruhat-Tits integral model QAS@ associated with a stan-
dard valuation ¢ (see | , 4.6.26]), and in this case, it is just the straightforward model one
would consider.

Definition 4.14. When D = K, the integral model SL, ;, is the group SLy considered over
Ok. Concretely, this is the Ox-scheme which is the spectrum of the Og-algebra O [SL,| =
Ok [X11, X12, Xo1, X02]/(X11 X22 — X12X21 — 1). In the case of a central division algebra of degree
d > 1 over K, the integral model SL, j, over Ok is defined in the appendix (see Definition C.3).

Theorem 4.15. SL, , is a smooth Ok -scheme.

Proof. When D = K, smoothness of SL, j, over Ok (and in fact of the algebraic group SL,, over
any ring) is easily checked using the infinitesimal lifting criterion (see | , Tag 02H6]). The
case of an arbitrary D is relegated to the appendix (see Theorem C.4). O

We now spell out what the group SLy (O /mf) is, along with the homomorphism p;.q: Py —
Py,

Lemma 4.16. SL, ,(Ok) = Py and SL, p(Ok /m}) = P> Following the identifications

SLy p(OK)= SLy2(Op) = Py

J J

SLy p(Ox /M) = SLy(Op /mid) = PO

the homomorphism prq: Py — POO’Td is the one induced by the projection of the coefficients Op —
(’)D/m’bd

Proof. When D = K, by definition, SL,(Ok) = Morp, (Ok[SL,], Ok), which is clearly iso-
morphic to SLa(Of). Furthermore, SLy ,(Ox/my) = Moro, (Ok[SL;y pl, Ok /mY), which is
clearly isomorphic to SLa(Ok /m’), as wanted. The general case is treated in the appendix (see
Lemma C.5). O

The fact that SL, ;, is a smooth scheme over Ok allows us to deduce the surjectivity of

Py — Pg 74 For this, we use a well-known generalised version of Hensel’s lemma for smooth
schemes, that we now recall.

Theorem 4.17 (Hensel’s lemma for smooth schemes). Let X be a smooth Ok -scheme, and let
r € N. The map X(Ok) — X(Ok/mY) is surjective.
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Proof. For r = 1, this is | , Théoréme 18.5.17]. For r > 1, note that as remarked below
[ , Définition 18.5.5], (S, Sp) is a Henselian couple if and only if (Syed, (So)red) is so. We
deduce that (Spec O, Spec Ok /m’.) is a Henselian couple. Thus the proof of Théoréeme 18.5.17
applies verbatim to our situation, upon making one change: replace the reference to 18.5.11(b) to a
reference to 18.5.4(b) (taking S = Spec Ok and Sy = Spec O /m’; in the notations of 18.5.4). O

Corollary 4.18. The homomorphism p,q: Py — P(?’Td is surjective, for all r € N.

Proof. This is a direct consequence of the commutative square involving Py — POO ord given in
Lemma 4.16, together with the fact that the integral model is smooth by Theorem 4.15, so that
Theorem 4.17 applies to the left hand side of the diagram. O

Along with the surjectivity of the restriction map p,q: Py — P(g) ’Td, one of the key result in our
local description of the ball of radius rd is that p,.q4 is also somehow injective enough. This result
can be seen as a natural generalisation of | , Corollaire 4.6.8].

Lemma 4.19. Letr € N and let x € [~w(r'3), w(ri)]. Then p,} (PO C Py.

Proof. Belonging to p;dl (PY274) implies that the valuation of the off diagonal entries are big enough.
Hence, the result follows directly from Definition 4.2. O

We finally arrive at our main result: the ball of radius rd together with the action of SL2(Op)
is encoded in Pé) 74 We first need an adequate description of the ball of radius rd around 0 in Z.

Lemma 4.20. Renormalise the distance on R so that dr (0;w(wp)) = 1, and put the metric dz on
T arising from the distance dgr (see Remark 3.2). Let Bo(rd) = {p € T | dz([(1d,0)];p) < rd} be the
ball of radius rd around 0 in T. Let Bo(rd) = {[(g,x)] €T | g € Py, x € [~w(m}),w(mh)] C R}.
Then Bo(rd) = Bo(rd).

Proof. If [(g, )] € Bo(rd), then dg(0;z) < rd by our normalisation of the distance on R. So we
get rd > dr(0;2) = dz([(1d,0)]; [(Id, z)]) = dz([(1d,0)]; [(g,x)]), where the last equality follows
from the fact that G acts by isometries on Z. Conversely, assume dz([(Id,0)]; [(g,z)]) < rd. By
Lemma 3.6, there exist h € Py and y € R such that [(g,z)] = [(h,y)]. But dz([(1d,0)]; [(g,7)]) =
dz(((1d, 0)); [(h, ) = dz([(1d, 0)}; [(1d, )]) = dra(0;). Hence [(h,p)] € Bo(rd), as wemted. O

Remark 4.21. The distance dz that we introduced in Lemma 4.20 is also the combinatorial
distance on the tree. Indeed, looking at when P, is inside P, for z,y € R, we see that [(Id, )]
is a vertex of Z if and only if € w(mp)Z (note that this argument uses the fact that a simple
algebraic group acts on a tree without edge inversion).

Theorem 4.22. Let r € N. The map Bo(rd) — I%74: (g, 2)] = [(pra(9), 2)]>"? is a (pra: Py —
Pé) ’Td)—equivariant bijection.

Proof. The map is well-defined by Lemma 3.4.

e Injectivity: let [(g, )], [(h,y)] € Bo(rd) be such that they have the same image in Z"¢. By
Remark 4.13, it means that for all i € N%"¢ such that v()(z) = y, pra(g) *pra(h)7 € PYTL
So, we can assume that 7 is either equal to Id, or is of the form (_01 (1)) Hence, there

exists n € N such that p.q(n) = #i. But v(n)(z) =y, and g~'hn € p} (PO79) C P, by
Lemma 4.19. Hence, [(g,2)] = [(h, y)], as wanted.

e Surjectivity: follows directly from the surjectivity of p,.q: Py — PO0 ord (Corollary 4.18).

e Equivariance: h.[(g,z)] = [(hg,z)] = [(pra(hg), z)]*"® = pra(h).[(pra(g), 2)]*7¢ n
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Remark 4.23. Theorem 4.22 shows that the ball of radius rd in the Bruhat—Tits tree of SLa(D)
only depends on Op/ mgd. This result alone could be obtained more easily using the description of

Bruhat—Tits buildings as (admissible) lattices, see [ ]. Using precisely this strategy, the fact
that the ball of radius rd in the Bruhat-Tits tree of SLa(D) only depends on Op/m’¢ is obtained
by M. de la Salle and R. Tessera in | , Corollary 2.2]. However, for our purpose, we need to

control the local action, and in particular we crucially rely on Corollary 4.18 to study Chabauty
convergences (see the proof of Theorem 4.33). Hence, we believe that an approach relying on
lattices would not spare the need for a smooth integral model.

4.4 Arithmetic convergence

Definition 4.24. Let K be the set of local fields up to isomorphism. Let D be the set of finite
dimensional division algebras D over their centre Z(D) and such that Z(D) is a local field. We
also consider this set up to isomorphism. We set Kyn = {K € K | |K|= p"} and Dyn = {D €
D | |D}=p"}.

Note that X can naturally be seen as a subset of D, so that Ky» C Dp». Following an idea
dating back to Krasner (see | ] for references, this idea is also used in e.g. | 1), we define
a metric on the space D.

Definition 4.25. Let Dy, Dy € D. We say that D; is r-close to Ds if and only if there exists an
isomorphism Op, /m}, = Op, /m}, .

Remark 4.26. Note that being r-close is an equivalence relation, and that if » > [ and D; is
r-close to Do, then D1 is I-close to Ds.

Observe that this notion of closeness induces a non-archimedean metric on D. Let
1
d:D x D — Rxp:d(D1;Ds) = inf{y | D is r-close to Da}

Lemma 4.27. d(- ; -) is a non-archimedean metric on D.

Proof. It d(Dy; D3) = 0, then Op, and Op, are isomorphic. Hence, their field of fraction are
isomorphic, so that D1 = D5 in D, as wanted. The fact that this distance is non-archimedean is
a consequence of Remark 4.26. O

A crucial fact about the space Dp» (for a fixed prime power p”, as in Definition 4.24) is that
it is a compact space. This is one of the key observation to prove that S;LQ(D) is closed in Sr. In
fact, it is even possible to give an explicit description of the metric space Dyn. The corner stone
in this description is Theorem 4.28 which is certainly well known to experts (this is for example
used implicitly in | ]). While working on this paper, we learnt that it had also been obtained
and used independently in | , Lemma 1.3]. Given its importance, we decide nevertheless to

include our own proof.

Theorem 4.28. Let K be a totally ramified extension of degree k of Qun. The distance between
K and Fpn (X)) is 2% More explicitly, let {as}ser,. C Ox N Qpn be a set of representative of
K. Then the bijection

Or: O = Fpn[X]
Zaziﬂ}-( — ZziXi
i=0 i=0

(which depends on a choice of uniformiser of K) induces an isomorphism of rings

Pyt Oxc/mie — Fpn [X]/(X")
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Proof. Let {as}.ser,» C Ok be a set of representative of K. Since Q,» < K is totally ramified,
we can and do choose the a,’s so that they all lie in Q,». Now, we have ay + a, — az+y € (p) and
a3y — Ay € (p). Furthermore, since K is totally ramified, (p) = m%.. Hence, this implies that the
map pr, (which is always a bijection, by the general theory of local fields) is a homomorphism
modulo m% and (XF).

To conclude that K and Fy» (X)) are at distance 5, it suffices to observe that O/ mh ! is not

P
isomorphic to Fp« [X]/(X*+1). But this is clear, since p ¢ m%, hence > 1 # 0in O /mirt. O
i=1

We need to transpose the situation of Theorem 4.28 to division algebras.

Lemma 4.29. Let D1 € D be the cyclic algebra (E1/K1,0™, 7k, ) (respectively Dy € D be the
cyclic algebra (Eq/Ka,0™,TK,)). Assume that D1 and Dy are of the same degree d over their
respective centre, that ry = ro =1 € (Z/dZ)*, and that K; is e-close to Ko. Then D is ed-close
to DQ

Proof. Note that the isomorphism type of D; does not depend on the choice of the uniformiser
TK,;, 0 that we can and do assume that the given isomorphism Of, /m% = Ok, /mf. maps
Tk, t0 mk,. The (non-commutative) ring Op, /m% is actually isomorphic to the cyclic algebra
((Og,/m%)/(Ok, /m%,),0", TK,), so that the result follows. O

It is then quite straightforward to work out the homeomorphism type of D,». As in the
introduction, let N denote the one point compactification of IN.

Proposition 4.30. Let p be a prime number. Then Dy~ is homeomorphic to N x {1,2,...,n},
and Kyn C Dpn is a clopen subset homeomorphic to N.

Proof.

Claim 1. Let K be a local field. If |[K|= p", then K is a totally ramified extension of Qun, or it
is isomorphic to Fpn (X)).

Proof of the claim: By the classification of local fields, K is either a finite extension of Q,, or
isomorphic to Fyn (X)) for some prime power p™. Since Fpn (X)) = Fpn, the latter case is clear.

For the first case, K = Fp» if and only if the maximal unramified subextension of K is Q,». W

Claim 2. Let K}, and K; be totally ramified extension of Qpn such that [Ki : Qpn] = k < [K; :
Qpn] = 1. Then d(Kk;Kl) = 2%

Proof of the claim: We observed in Lemma 4.27 that D is a non-archimedean metric space, and
hence every triangle is isosceles. Thus, the distance between K and K is either 2% or 2—11 (taking
in each case Fpn (1) as a comparison point, and using Theorem 4.28). But in the latter case,
since being I-close is an equivalence relation, we would conclude that K} is [-close to Fpn (X)),

which would contradict Theorem 4.28. |

Claim 3. There are only finitely many totally ramified extension of degree < k of a local field of
characteristic 0.

Proof of the claim: This is just a well-known corollary of the so called Krasner’s Lemma. A proof
of Claim 3 can be found in | , Chapter II, §5, Proposition 14]. |

Claim 4. Let D € Dyn. If D is of characteristic 0, it is isolated in Dpn.
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Proof of the claim: D is isomorphic to the cyclic algebra (E/K, ", 7 ) (see Definition B.1), where
[E : K| = d divides n, r € (Z/dZ)* and |K|= pi. Let D; = (E1/K1,0™,7k,) (respectively
Dy = (Ey/K»3,0™,mK,)) be of degree d; (respectively dz). Using the explicit description of cyclic
algebras, it is easily seen that if D; is 2-close to Do, then dy = da, |Ki|= |K3| and 71 = ro.
Furthermore, if D; is edi-close to Dy for some e € N, then K is e-close to Ko, since OKi/(wIe(i)
is the centre of ODi/(ngii)- Hence, the result follows from Claim 2 and Claim 3. |

Claim 5. D,» is a countable space.

Proof of the claim: By Claim 3 and the classification of division algebras over local fields, there
are only countably many division algebras of characteristic 0 in D,». Furthermore, the number of
division algebras of characteristic p in Dy~ is finite. |

We are now able to deduce the homeomorphism type of Dy»: division algebras of characteris-
tic 0 are isolated by Claim 4, and every division algebra of positive characteristic is an accumulation
point in D, by Theorem 4.28 and Lemma 4.29. Hence, by | , Théoréme 1], Dpn is homeomor-

phic to z disjoint copies of N, where z is the number of division algebras of positive characteristic
in Dy, ie. © =3 ,,[(Z/dZ)*|= n. The subspace Kp» C Dpn consists of division algebras of

degree 1, and hence accounts for one copy of N. o

4.5 Continuity from division algebras to subgroups of Aut(7T)

In this section, we start to vary the division algebra D, and look at the variation it produces on the
Bruhat—Tits tree of SLa(D). Recall that we introduced a notation to keep track of the dependence
on D of many of the definitions we made in this section (see Remark 4.5 and Remark 4.12).

Proposition 4.31. Let Dy and D5 be two elements in D, with respective degree di and do. Assume
that D is rdi-close to Do, with rdy > 2. Then di = do = d, (POO’MZ)D1 o (POO’Td)D2 and Z%’:d is

equivariantly in bijection with Z%Zd.
Proof. The isomorphism Op, /m7 = Op,/m}l induces a group isomorphism ¢: (P T =

SLy(Op, /mis) = SLy(Op, /mi) = (P p,. Define a linear map f:R — Riz — pTD2)

“‘J(T"D1) ’

is clear that for all z € [~w(73l ), w(nfs )], ¢ restricts to an isomorphism (P"%)p, = (P]?&;’;)DQ.

Furthermore,

@(T07Td)D1 = (TO’Td)D2
(M) p, = (M*")p

2

and for all n € N%™ f(na) = ¢(n).f(z). Hence, the map I%’lrd — I%’;d:[(g,x)]o’m >
[((g), f(2))]°7? is a p-equivariant bijection. O

We can finally go back to our original problem, which is to study convergence of algebraic groups
in the Chabauty space of Aut(7T'). We first discuss the homomorphism SLy(D) — Aut(Zp).

Proposition 4.32. Let T = Ip be the Bruhat-Tits tree of SLa(D). The homomorphism given by
the action of SLa(D) on its Bruhat-Tits building” : SLa(D) — Aut(Z) is continuous with closed
image, and the kernel is equal to the centre of SLa(D).

Proof. In each case, the group P, is really the stabiliser of [(Id, z)] € Z (see Remark 3.2). Since a
basic identity neighbourhood in Aut(Z) is given by intersecting finitely many vertices stabilisers,
the continuity follows. The fact that the image is closed follows from the general argument in
[ , Lemma 5.3]. Finally, the kernel can also be seen directly from the explicit description of
P,. Indeed, if g is in the intersection [\ P, then g is diagonal. But also, the conjugation action

z€R
of g on root groups needs to be trivial, so that g is in the centre of SLy(D). Conversely, the centre
of SLy(D) clearly acts trivially on Z, which concludes the proof. O
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The convergence is then a more or less direct consequence of Theorem 4.22.

Theorem 4.33. Let (D;)ien be a sequence in D which converges to D, and let G; = SLa(D;)
(respectively G = SLa(D)). For N big enough and for all i > N, there exist isomorphisms
Ip, =2 Ip such that the induced embeddings G; — Aut(Zp) make (éi)izN converge to G in the
Chabauty topology of Aut(Zp).

Remark 4.34. The convergence depends on a choice of specific isomorphisms Zp, = Zp, or in
other words it depends on choosing how G sits in Aut(Zp). This dependence is not problematic
since for two isomorphic closed subgroups H, H' of Aut(Zp) both acting 2-transitively on 0Zp,
there exists g in the fixator of ey such that gHg=' = H’', where eq is any edge of Zp (see
[ , Proposition A.1], and recall also that H acts transitively on the edges of Zp). Hence, for
other choices of embeddings, the sequence converges to a conjugate of G in Aut(Zp). Recall also
that we introduced the space St in the introduction precisely to avoid this dependence.

The main step of the proof is to establish that the sequence of stabilisers ((150) D, )i>N converges
to the stabiliser (Py)p in Aut(Zp). From there, we can conclude that (G;)i>n converges to G
from general theory.

Proof. The Bruhat-Tits tree Zp, is the regular tree of degree p™ + 1 if and only if D; belongs to
D,r. Hence there exists N such that for all i > N, Ip, = Ip.

Passing to a subsequence, we can assume that D; is (di)-close to D, where d is the degree of
D over its centre. Hence, for ¢ > 2, D; is also of degree d over its centre. We now define an
explicit isomorphism f;:Zp, — Zp (for i > 2) as follows: let Z%:iz = Z%dz be the isomorphism
given by Proposition 4.31. By Theorem 4.22; this gives an isomorphism on balls of radius di:
Ip, D Bo(di) & Bo(di) C Ip (recall that by Lemma 4.20, By(di) is really the ball of radius di on
the tree Zp). As Ip, is a regular tree of the same degree than Zp, we can extend this isomorphism
of balls to an isomorphism f;:Zp, — Zp (this extension is of course not unique, but we choose
one such). By means of f;, we get an embedding G — Aut(Zp).

We claim that ((Py)p,)ien converges to (Py)p. According to | , Lemma 2.1], there are
two things to verify.

1. Let (h;) be a sequence such that h; € (Py)p,, and assume that h; converges to h in Aut(Zp).
We have to show that h € (Py)p. For all i, let h; € (Py)p, be an inverse image of h;
under ": G; — Aut(Zp). Let h; = pai(hi) € (Pg " .. Let i (P p, = (Py™)p be the
isomorphism given in Proposition 4.31. By Corollary 4.18; there exists h; € (Py)p which is
an inverse image of ¢4;(h;) under pg;: (Py)p — (POO ’di) p. Now, because all the identifications
were equivariant, the action Qf h; on the ball of radius di around 0 is the same than the action
of h; on this ball. Hence, (ﬁl) converges to h as well. But (150) p is a closed subgroup of
Aut(Zp) (by Proposition 4.32), hence h € (Py)p, as wanted.

2. Conversely, given an element i € (Py)p, we have to find a sequence (h;) of elements in (Py)p,
such that (h;) converges to h in Aut(Zp). It suffices to follow the path of identifications in
reverse: let h be an inverse image of i under " : G — Aut(Zp). Let h; = pai(h) € (P> *)p,
and let ¢g;: (Poo’di)D = (Poo’di)Di be the isomorphism given in Proposition 4.31. For all
i, let h; be an inverse image of ¢4i(h;) under pg; : (Po)p, — (PY*)p,, which exists by
Corollary 4.18. Now, because all the identifications were equivariant, the action of /; on the

ball of radius di around 0 is the same than the action of h on this ball. Hence, (h;) converges
to h, as wanted.

Finally, from the convergence of ((Po)p,)isn to (Py)p, we can formally deduce the convergence
of (Gl)l>N to G. Indeed, (Gz)zzN subconverges to a topologically simple group H, by | ,
Theorem 1.2]. But since ((Fy)p,)i>n converges to (Py)p, H has an open compact subgroup

isomorphic to (150) p. Hence, by | , Corollary 1.3], H is algebraic. And hence, by | ,
Corollary 0.3], H = G. Since by the same argument, any subsequence of (G;);>n subconverges to
G we conclude that (Gz)zzN converges to G. O
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We then deduce the proof of the main theorem announced in the introduction for groups of
type SLa(D). To shorten the notations, we set Gp = SLa(D) in the following proof.

Proof of Theorem 1.8. Let T be a regular tree and let Dr = {D € D | the Bruhat-Tits tree of
Gp is isomorphic to T}. By Remark 4.6 and Proposition 4.30, Dr is a compact space. Now, by
Theorem 4.33, the map Dy — Sr: D — G p is continuous. Let Dy and Dy be central division
algebras over Ky and K> respectively, with respective degree di,d> and Hasse invariant 71,72 (as
defined in Definition B.2). We claim that GD1 = GD2 if and only if K1 = Ks, di = ds and
r1 = £ry. Indeed, if GDI is abstractly isomorphic to GDQ, then by | , Corollaire 8.13], the
corresponding adjoint algebraic groups Ad G; and Ad Gy are algebraically isomorphic over an
isomorphism of fields K = K. Now, according to | , Remark 26.11], this is only possible
if D1 & Dy or Dy & D3P, which is equivalent to the conditions we gave.

To summarise, let Dy /~,}, be the space Dy modulo the equivalence relation Dy ~, D3 if and
only if Dy 2 Dy or Dy = D3P, We proved that Dr/~cp— Sr: D +— Gp is an injective continuous
map whose source is a compact space, hence it is a homeomorphism onto its image. Now, the
explicit description given in Theorem 1.8 follows from Remark 4.6 and Proposition 4.30.

To be able to conclude that for T the (p™ + 1)-regular tree, SSLZ(D)
Nx{1,... , [2£L1}, one has to count the number of division algebras in Dy /~y, of characteristic p.
But there is only one such division algebra in Dy /~,, of degree 1 over its centre, one such division
algebra in Dr/~qp of degree 2 over its centre if 2 divides n, and for all 3 < d dividing n, there

are @ such division algebras in Dy /~, of degree d over their centre (where ¢ denotes Euler’s

is homeomorphic to

totient function). Hence, if n is even (respectively odd), we have 2+ 3, ;=5 @ (respectively

2

L+ anaz3 eld )) division algebras of characteristic p in Dr/~op. Using that 3, ¢(d) = n, we
readily get the conclusion. O

5 Convergence of groups of type SUg/ K, L unramified

We keep our notations for local fields (see Section 2). Furthermore, throughout this section, L
is an unramified quadratic extension of the base local field K. Note that such an extension is
automatically separable. Also note that wg is equally well a uniformiser of L. We carry out the
same program than in Section 4, replacing all occurrences of SLa(D) by SUL/ X The comments
made all along Section 4 also apply here, but we do not repeat them to not lengthen too much
the paper.

5.1 Construction of the Bruhat—Tits tree

In the following definition of point stabilisers, we again use the notation introduced in Defini-
tion 4.1.

Definition 5.1. For x € R, we define P, = {g € SUL/K( K) | w(g) > ( '

] N ©

|

N|8 OI\?l”Z

I

Culs &

N—
—

Definition 5.2. Consider the following subsets

0 0
o« T = {(om z o)|xeLX}<SUL/K( )
0o z!

o M= {(1 zz O)|xeLX}CSUL/K( )

and let N =T U M.

0 0 T
Definition 5.3. Let v: N — Aff(R) be defined as follows: for m = ( 0 -~z 'z 0> € M, v(m) is
b 0 o0
z 0 0
the reflection through —w(z), while for ¢t = (0 'z 0 > € T, v(t) is the translation by —2w(x).
0 0 &
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Then the Bruhat-Tits tree Z of SUg/ K (recall that in this section, L is unramified) is the one
obtained by applying Definition 3.1 to the collection of subgroups {(P;).cr, N} appearing in Def-
inition 5.1 and Definition 5.2, together with the homomorphism v: N — Aff(R) of Definition 5.3.
We show in Appendix A that our definitions agree with [ , 7.4.1 and 7.4.2], so that the given
data is indeed obtained from a valued root datum of rank one on G

Remark 5.4. Note that the construction of the Bruhat—Tits tree of SUg/K depends on the pair
(K,L). When needed, we keep track of this dependence by adding the subscript (K, L) to the
objects involved. This gives rise to the notations (P)x 1), T(k,5), Mk,), N(x,L)» V(k,r) and
Lix,)-

Remark 5.5. The Bruhat-Tits tree of SUg/K is actually the (|K|>+1;|K|+1)-semiregular tree.

Indeed, this follows from the fact that our definition of Z agrees with the one given in [ ,7.4.1
and 7.4.2], and from the tables in [ , 4.2 and 4.3].

5.2 Local model of the Bruhat—Tits tree

We now proceed to define a local model for the Bruhat—Tits tree of .S U3L /K \yhen L is unramified.
The same remarks as in the SLy(D) case apply, so that we go quickly through the definitions.
Note that the valuation w (respectively the Galois conjugation x +— Z) on L induces a well-defined
map on Or/m’ that we still denote w (respectively z — Z).

Definition 5.6. Let r € N and = € [—w(n}),w(n])]. We set
0 x
P2 = {g € SLaOL/m) | g9 =Thwl) = (£ 0 <2 ).
T 2
Definition 5.7. We define

o 107 = (e 3, ) € SLa(On/mp) (o) =0)

0 0 x
o mor = {( 8, =) € SLaOL/my) | wle) =0)
1 0 o0
And we set NO™ = HO" |y MO,

Definition 5.8. We let H%" act trivially on R, and we let all elements of M%" act as a reflection
through 0 € R. This gives an affine action of N%” on R, and we denote again the resulting map
NO™ — Aff(R) by v.

We are now able to give a definition of the ball of radius r around [(Id,0)] € Z which only
depends on the ring Or/m’, and not on the whole field L.

Definition 5.9. Let 7 € N. We define an r-local equivalence on Py x [—w(7} ), w(n} )] as follows.
For g,h € Py and z,y € [—w(n}),w(x})]

(9,2) ~or (h,y) < there exists n € N*" such that v(n)(x) =y and g~ 'hn € P>

The resulting space Z0" = PY" x [—w(x}),w(n})]/~o. is called the local Bruhat-Tits tree of
radius  around 0, and [(g, )]%" stands for the equivalence class of (g,z) in Z°". The group Po""
acts on 7" by multiplication on the first component.

Remark 5.10. Note that the construction of the local Bruhat-Tits tree of SU§/ K depends on
the pair (K, L) (which is assumed to be unramified in this section). When needed, we keep track
of this dependence by adding the subscript (K, L) to the objects involved. This gives rise to the

notations (PY") kL), HO A0 N0 and

(K,L)? "7(K,L)’ “"(K,L) (I,;L)'

Remark 5.11. Also, Remark 4.13 holds equally well in this case, with exactly the same proof,
upon replacing all d’s by 1.
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5.3 Integral model

We now proceed to define an integral model, and compare its rational points with our local model
for the Bruhat—Tits tree of S U3L /K when L is unramified. Again, the same remarks as in the
SLo(D) case apply, so that we go quickly through the definitions.

Definition 5.12. Let S_Ug/ X be the group SUj considered over Ok. We omit the superscript
L/K when it is understood from the context.

Concretely, SU; is the Og-scheme associated with the Og-algebra O [SUs] = Ox[X[1]/1
(i,7 € {1,2,3}, k,l € {1,2}), where T is the ideal generated by the following equations

XP = X3
22 _ y1l 21
Xij = Xij —l—aXij

3
Z [(—1)som() HXia(i)] -1

o€Sym(3) i=1

Xss 323 XIS X11 Xi12 X3
X32 Xa2 X2 X21 Xoo Xa3 | — (

X31 Xo1 X11 X1 Xz2 Xas

For all i,j € {1,2,3}, {

(=l
oo
—OO

)

Here o and j3 are elements of Ok such that L = K[T|/(T? — oT + f3), so that the first equations
encode the ring embedding O, «— M>(Ok). In the other equations, X;; stands for the 2 x 2

11 12

S X 11 12 —_— 22 12
i i . (MY M _ M -M .
Xf;l ij? ) Also, for a 2 x 2 matrix M = (Mm 2 ), we denote M = (4%21 jy:t! ) (this

operation reflects the conjugation on Op). Finally note that a 1 (respectively a 0) in the above
equations denotes the 2 x 2 identity matrix (respectively the 2 x 2 zero matrix), i.e. it corresponds
to the 1 € L (respectively 0 € L).

matrix (

Theorem 5.13. S_Ug/K is a smooth Ok -scheme.

Proof. We prove that the base change of S_Ug/ Kto0 1, is isomorphic to SL3 (as an algebraic group
over Op). Since SL3 is smooth over any base ring, the result is then a consequence of faithfully
flat descent.

Let 7: O — Op, be the Galois conjugation. Note that since Op, is unramified over Ok, the map
V:0LR0, 0 = O xOr: x®y — (xy,xy) is an isomorphism of Op-algebras. Indeed, this follows
from the fact that L is unramified, so that Ox — Op is etale, and since local fields are henselian,
the corresponding morphism of schemes is a Galois covering (see | , 6.2, Example B] for
more details). But in this simple case, one can also just check by hand that ¢ is an isomorphism.
This implies that for any Op-algebra R, the map ¢: R ®p, O = R x R:r @ x — (ra,rT) is an
isomorphism of Op-algebras.

Furthermore, let 7: R x R — R X R: (r,7") — (r',7) be the natural involution on R x R. Then
forany r@x € R®p, O, o(r®z) = 7(p(r ®x)). It follows that for any Op-algebra R, we have

(SUS Mo, (R) = {g @z € SL3(R®o, O1) | 5(9© 7)(g ® x) = 1d}
= {(g,h) € SL3(R x R) | (°hg, ®gh) = (1d,1d)}
=~ SL3(R)

Since the above isomorphisms are natural in R, this indeed shows that (S_UQL,/ K)o . = SL3 as group
schemes over Op,, which concludes the proof. O

We now compare the rational points of the integral model with our local model.

Lemma 5.14. SU;(Ok) = Py and SU,4 (O /wh.) = PY". Following the identifications
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S_Ud(OK) >~ P < SL3(OL)

!

SU5(Ok fm) = Pé” < SL3(Or/m})

the homomorphism p,: Py — P(?’T is the one induced by the projection of the coefficients O —
OL/mE

Proof. Let t be any element in OZ \ Ok. Using the fact that O, = Ok @ t.Ok, one can check
that Morep, (Ok[SU;], Ok ) = {g € SL3(0y1) | ®gg = 1d}, as wanted.

Furthermore, since L is unramified, Op/m} = Ok /m% @ t.Ok /m}, and one can check that
Moro, (O [SUs], Ok /m%) = {g € SL3(Or/m%) | ®gg = Id}, as wanted. O

And we can then deduce the surjectivity of the map p;.
Corollary 5.15. The map p,: Py — P(?’T is surjective, for all r € N.

Proof. This is a direct consequence of the commutative square involving Py — P(? " given in
Lemma 5.14, together with the fact that the integral model is smooth by Theorem 5.13, so that
Theorem 4.17 applies to the left hand side of the diagram. O

We also need a kind of injectivity result:
Lemma 5.16. Letr € N and x € [—w(nh),w(n?)]. Then pY(PY7) C P,.

Proof. Belonging to p; }(P%") implies that the valuation of the off diagonal entries are big enough.
Hence, the result follows directly from Definition 5.1. O

We finally arrive at the result corresponding to Theorem 4.22: the ball of radius r together

with the action of SUg/ K(K ) is encoded in POO ", We first need an adequate description of the ball
of radius r around 0 in 7.

Lemma 5.17. Renormalise the distance on R so that dgr(0;w(wy)) = 1, and put the metric dz
on T arising from the distance dg (see Remark 3.2). Let Bo(r) = {p € T | dz([(Id,0)];p) < r} be
the ball of radius r around 0 in Z. Let Bo(r) = {[(g,2)] € T | g € Po,z € [~w(n}),w(r})] C R}.
Then Bo(r) = Bo(r).

Proof. The proof is word for word the same than the proof of Lemma 4.20, upon replacing all d’s
by 1’s. O

Remark 5.18. The distance dz that we introduced in Lemma 5.17 is also the combinatorial
distance on the tree. Indeed, looking at when P, is inside P, for z,y € R, we see that [(Id, z)] is
a vertex of Z if and only if x € w(nz) Z. Furthermore, x is a vertex of degree |[K |41 if and only
if x € 2.w(mp) Z.

Theorem 5.19. Let 7 € N. The map Bo(r) — Z°":[(g,2)] = [(pr(9), 2)]%" is a (p,: Py — Py")-
equivariant bijection.

Proof. The map is well-defined by Lemma 3.4.
e Injectivity: let [(g,2)],[(h,y)] € Bo(r) be such that they have the same image in Z°". By
Remark 5.11, it means that for all 7w € N%" such that v(n)(z) =y, p.(9) " 'p-(h)7 € PO".
So, we can assume that n is either equal to Id, or is of the form § ) Hence, there exists

n € N such that p.(n) = f. But v(n)(z) =y, and g~*hn € p, (P,
Hence, [(g,z)] = [(h,y)], as wanted.

01
00
0.7) € P, by Lemma 5.16.

e Surjectivity: follows directly from the surjectivity of p,: Py — Pg " (Corollary 5.15).

e Equivariance: h.[(g,z)] = [(hg,z)] = [(pr(hg),2)]°" = p.(h).[(pr(g), 2)]"". [
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5.4 Arithmetic convergence

Definition 5.20. Consider the set of unramified pairs (K, L) where K is a local field and L is an
unramified (separable) quadratic extension of K. We say that two unramified pairs (K7, L) and
(K3, L) are isomorphic if there exists a conjugation equivariant isomorphism between L; and Lo,

and we let £"" be the set of unramified pairs, up to isomorphism. For each prime p, let us also
define £ = {(K,L) € L" | [K|=p"}.

As in Section 4, we define a metric on the space L. For L € L" and r € N, the Galois
conjugation induces an automorphism of O, /m7 that we still call the conjugation.

Definition 5.21. Let (K1, L1) and (K3, Lg) be in £". We say that (K71, L) is r-close to (K2, L2)
if and only if there exists a conjugation equivariant isomorphism Or,, /m} — Or,/m} .

Remark 5.22. A conjugation equivariant isomorphism O, /m}  — Opr,/m’ always induces an
1 2
isomorphism O, /m} — Ok, /m}_, since O, /mf is the invariant subring of O, /m7 .

Remark 5.23. Note that being r-close is an equivalence relation, and that if » > [ and (K7, L1)
is r-close to (Ka, La), then (K7, Ly) is I-close to (K2, La).

Again, this notion of closeness induces a non-archimedean metric on £"*. Let
1
d: LM x LM %Rzoid((Kl,Ll);(KQ,Lg)) :1nf{§ | (Kl,Ll) is r-close to (KQ,LQ)}

Lemma 5.24. d(- ; -) is a non-archimedean metric on L.

Proof. If d((K1,L1); (K2, L2)) = 0, then Op, and O, are equivariantly isomorphic. Hence, the
pairs of field of fraction are isomorphic in £%*, as wanted. The fact that this distance is non-
archimedean is a consequence of Remark 5.23. o

Actually, by the uniqueness of unramified quadratic extension over a given local field, £ is
isometric to the space K introduced in Definition 4.24.

Proposition 5.25. The map L% — K:(K,L) — K is an isometry, which maps Lp to Kpn.
Hence, Ly} is homeomorphic to N, the accumulation point being (Fpn (X)), Fpen (X))

Proof. The given map is indeed a bijection, by the uniqueness of unramified quadratic exten-
sions. We prove that it is an isometry. Let (Ki,L1),(Ks2,L2) € L". By Remark 5.22, if
d((Kl,Ll); (KQ,LQ)) <e (fOI‘ some € € R>0)), then d(Kl,KQ) <e.

To prove the converse, assume that K7 and Ks are r-close with » > 1 (note that there is
nothing to prove for 7 = 0). Then K; = Ky = Fyn. Let T? — T + 3 be an irreducible separable
quadratic polynomial in Fy,n [T]. For i = 1,2, let «; (respectively ;) be a lift of a (respectively §)
under Ok, /mf, — K;. Then O, /m} = (O, /wy )[T]/(T? — a;T + f3;) (for i = 1,2).

Since this is true for any lifts «; and 3;, we can assume that «; (respectively 81) maps to
g (respectively B2) under the given isomorphism f: O, /my = O, /m} , so that f extends to
a conjugation equivariant isomorphism of rings Or,/m} = Or,/mj . We conclude that £ is

homeomorphic to N in view of Proposition 4.30. O

5.5 Continuity from unramified pairs to subgroups of Aut(7)

In this section, we start to vary the unramified pair (K, L), and look at the variation it produces

on the Bruhat-Tits tree of SUg/ K Recall that we introduced a notation to keep track of the
dependence on (K, L) of many of the definitions we made in this section (see Remark 5.4 and
Remark 5.10).

Proposition 5.26. Let (Ki,L;) and (K2, Ls) be two elements in L. Assume that (K, L)
is r-close to (Ko, Ls), for some r € N. Then, (P(?’T)(Kl,Ll) = (Pg’r)(KLLZ), and (i(rl,Ll) 18

equivariantly in bijection with I? I’(TZ La)"
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Proof. The isomorphism Or, /m} = Op,/m}  induces a group isomorphism ¢

SL3(Op, /m},) = SL3(Or,/m},)
\Y V

0,r 0,r
(Po )(K17L1) P (PO )(K27L2)

W(”TLQ )

Define a linear map f:R — Riz — x24It is clear that for all z € [—w(ry, ), w(mr, )], ¢

restricts to an isomorphism (PY")x, 1,) = (P?&;))(KZ,LQ). Furthermore,

@(TO’T)(K1,L1) = (TO,T)(KQ,Lz)
@(MO’T)(K1,L1) = (Moyr)(KmLz)

and for all n € N%", f(n.x) = p(n).f(z). Hence, the map I(}( Ly Z?Kl L9, z)]07

[(¢(9), f(2))]OT is a p-equivariant bijection. O
We again discuss the homomorphism SUg/K(K) — Aut(Z(k,1))-

Proposition 5.27. Let T = Tk 1) be the Bruhat-Tits tree of SUL/K( K). The homomor-
phism = 'SUg/K( K) — Aut(Z) is continuous with closed image, and the kernel is equal to the
centre of SUL/K( K).

Proof. The proof is word for word the same as the proof of Proposition 4.32, upon replacing
SLa(D) by SUS/™(K). O

The convergence is then a more or less direct consequence of Theorem 5.19.

Theorem 5.28. Let ((K;, Li))ien be a sequence in L which converges to (K, L), and let G; =
SUL'/K'( K;) (respectively G = SUL/K( K)). For N big enough and for all i > N, there exist iso-
morphisms Lk, 1,y = Lk, 1) such that the induced embeddings G; — Aut(Z (k1)) make (Gz)zzN
converge to G in the Chabauty topology of Aut(Zix,1))-

Proof. The Bruhat-Tits tree Z(k, 1,) is the semiregular tree of bidegree (p®™ + 1;p™ + 1) if and
only if (K, L;) belongs to L. Hence there exists N such that for all i > N, Tk, 1,) = (k1)
Passing to a subsequence, we can assume that (K, L;) is (i)-close to (K, L). We now define
an explicit isomorphism f;: Z(k, .,y — Z(k,1) as follows: let I?K L) ~ I(K L) be the isomorphism
given by Proposition 5.26. By Theorem 5.19, this gives an 1somorphlsm on balls of radius i:
Tk, ;) O Bo(i) = Bo(i) C Ik, (recall that by Lemma 5.17, Bo(i) is really the ball of radius
i on the tree Z(x 1)). As Ik, 1,) is a semiregular tree of the same bidegree than I(k,1), We can
extend this isomorphism of balls to an isomorphism f;: Tk, 1.,y — Z(k,r) (this extension is of course
not unique, but we choose one such). By means of f;, we get an embedding Gi — Aut(Zix,1))-
Now the end of the proof is word for word the same as the corresponding end of the proof
of Theorem 4.33, upon making the following changes: replace D; with (K;, L;), replace D with
(K, L), replace d with 1, and replace all references to results in Section 4 by their corresponding
results in Section 5. O

We then deduce the proof of the main theorem announced in the introduction for groups of

type SU§/K when L is unramified. To shorten the notations, we set Gk ) = SUé/K(K) in the
following proof.

Proof of Theorem 1.4. Let T be a semiregular tree and let L} = {(K, L) € £"" | the Bruhat-Tits
tree of Gk, is isomorphic to T'}. By Remark 5.5 and Proposition 5.25, L} is a compact space.

Now, by Theorem 5.28, the map L} — Sr:(K,L) — CAY'(KL) is continuous. Let (K71, L1) and
(K2, Ls) be unramified pairs in £"". We claim that CAT'(KLLI) = CAT'(KLLZ) if and only if (K1,L1) =
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(K2, Lo). Indeed, if CAT'(KIVLI) is abstractly isomorphic to CAY'(K%LZ), then by [ , Corollaire 8.13],
the corresponding adjoint algebraic groups Ad G; and Ad Gs are algebraically isomorphic over
an isomorphism of fields K7 & K. Since Ad Gy (respectively Ad G2) is quasi-split, there exists
a smallest extension splitting it ([ , 4.1.2]), namely L; (respectively Lo). Hence, (K7, L) &
(K3, L), as wanted.

To summarise, LY — Sp: (K, L) — CAT'(KL) is an injective continuous map whose source is a
compact space, hence it is a homeomorphism onto its image. Now, the explicit description given
in Theorem 1.4 follows from Remark 5.5 and Proposition 5.25. o

6 Convergence of groups of type SUé/ K, L ramified of odd
residue characteristic

We keep our notations for local fields (see Section 2). Furthermore, throughout this section, L is
a ramified quadratic extension of the base local field K, and the residue characteristic is not 2.
Note that such an extension is automatically separable (because of the assumption on the residue

characteristic) and we have L = K[T|/(T? + ) with 3 a uniformiser of K. The results are very
close to those of Section 5.

6.1 Construction of the Bruhat—Tits tree

In the following definition of point stabilisers, we again use the notation introduced in Defini-
tion 4.1.

0 -3 —x
Definition 6.1. For z € R, we define P, = {g € SU§/K(K) | w(g) > (% 0 —%)}

z 5 0
Definition 6.2. Consider the following subsets

z 0 0
o T:{((o)zolzzol) | x € L™} <SU§/K(K)

0 0 T
D M{< Ol—zle) |x€LX}CSU§/K(K)
L

and let N =T U M.

0 0 T
Definition 6.3. Let v: N — Aff(R) be defined as follows: for m = ( 0 -~z 'z 0> € M, v(m) is
b 0 o0
z 0 0
the reflection through —w(x), while for ¢t = (0 'z 0 > € T, v(t) is the translation by —2w(x).
0 0 &

Then the Bruhat-Tits tree Z of SUg/ K (recall that in this section, L is ramified and the residue
characteristic is not 2) is the one obtained by applying Definition 3.1 to the collection of subgroups
{(P:)zer, N} appearing in Definition 6.1 and Definition 6.2, together with the homomorphism
v: N — Aff(R) of Definition 6.3. We show in Appendix A that our definitions agree with | ,
7.4.1 and 7.4.2], so that the given data is indeed obtained from a valued root datum of rank one
on G.

Remark 6.4. Note that the construction of the Bruhat—Tits tree of SUg/K depends on the pair
(K,L). When needed, we keep track of this dependence by adding the subscript (K, L) to the
objects involved. This gives rise to the notations (P)(x 1), T(k,5), Mk,), N(x,L)» V(k,r) and

L1y

Remark 6.5. The Bruhat-Tits tree of SUé/K is actually the (|K|+1)-regular tree. Indeed, this
follows from the fact that our definition of Z agrees with the one given in | , 7.4.1 and 7.4.2],
and from the tables in | , 4.2 and 4.3].
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6.2 Local model of the Bruhat—Tits tree

We now proceed to define a local model for the Bruhat-Tits tree of S U3L /K When L is ramified
and the residue characteristic is not 2. The same remarks as in the SLy(D) case apply, so that we
go quickly through the definitions. Note that the valuation w (respectively the Galois conjugation
x + %) on L induces a well-defined map on Or,/m} that we still denote w (respectively x — ).

Definition 6.6. Let r € N and = € [—w(n]),w(n])]. We set
0 T
P2 = {g € SLaOL/m) | g9 =Thwl) = (£ 0 <3 ).
T 5

Definition 6.7. We define

x 0 0
o HOT = {<8 x*oli 01) € SL3(Or/m}) | w(z) = 0}

0 0 x
o 0= ({8, 2150 ) € SLa(O1/m) | we) = 0)
T 0 0
And we set NO™ = HO" |y MO,

Definition 6.8. We let H%" act trivially on R, and we let all elements of M%7 act as a reflection
through 0 € R. This gives an affine action of N%” on R, and we denote again the resulting map
NO™ — Aff(R) by v.

We are now able to give a definition of the ball of radius r around [(Id,0)] € Z which only
depends on the ring Or, /m’, and not on the whole field L.

Definition 6.9. Let 7 € N. We define an r-local equivalence on Py" x [—w(7} ), w(n% )] as follows.
For g,h € Py" and z,y € [~w(n}),w(n})]

(g,%) ~o. (h,y) & there exists n € N*" such that v(n)(z) =y and g~ 'hn € PO"

The resulting space Z0" = Py x [—w(x}),w(n})]/~o. is called the local Bruhat-Tits tree of
radius  around 0, and [(g,)]%" stands for the equivalence class of (g,z) in Z°". The group P.""
acts on 7" by multiplication on the first component.

Remark 6.10. Note that the construction of the local Bruhat—Tits tree of SU§/ X depends on the
pair (K, L) (which is assumed to be ramified of odd residue characteristic in this section). When
needed, we keep track of this dependence by adding the subscript (K, L) to the objects involved.
This gives rise to the notations (PY") 1), H(OI’QL), M(OI’;L), N(Oi(T,L) and I?I’QL).

Remark 6.11. Also, Remark 4.13 holds equally well in this case, with exactly the same proof,
upon replacing all d’s by 1.

6.3 Integral model

We now proceed to define an integral model, and compare its rational points with our local model
for the Bruhat—Tits tree of S U3L /% Wwhen L is ramified and the residue characteristic is not 2. Again,
the same remarks as in the SLa(D) case apply, so that we go quickly through the definitions.

Definition 6.12. Let S_Ug/ X be the group SUs considered over Ox. We omit the superscript
L/K when it is understood from the context.

Concretely, SU; is the Og-scheme associated with the Og-algebra Og[SU;] = OK[XZ-’}Z] /1
(1,5 € {1,2,3}, k,l € {1,2}), where I is the ideal generated by the following equations
12 _ 21
Xij = —BXGj

For all 4,5 € {1,2,3}, { 59 11
Xij = Xjj
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3
Z [(—1)som() HXw(i)] -1

oc€Sym(3) i=1
X33 X23 X13 X11 Xi12 Xai3 10
X32 Xa22 X12 Xo1 X2z Xao3 | — (01 )
Xgl X21 Xll X31 X32 X33 00

Here 3 is a uniformiser of O such that L =2 K[T]/(T? + 3) (L is always of this form because it
is a ramified extension and the residue characteristic is not 2), so that the first equations encode
the ring embedding Or — M>(Ok). In the other equations, X;; stands for the 2 x 2 matrix

X1 x}2 - MY M M M= M2 i
(X?J.l ng). Also, for a 2 x 2 matrix M = (]MZI M22), we denote M = (—MZI et ) (this
5 Xis

operation reflects the conjugation on Op). Finally note that a 1 (respectively a 0) in the above
equations denotes the 2 x 2 identity matrix (respectively the 2 x 2 zero matrix), i.e. it corresponds
to the 1 € L (respectively 0 € L).

—OO

12

Theorem 6.13. S_Ug/K 18 a smooth Ok -scheme.

Proof. 1t suffices to prove that it is flat and that the fibres are smooth. The generic fibre is SUg/ K,
and is a form of SL3, hence is smooth over K. The closed fibre is the K-functor (SUs)% which
associates to any K-algebra R the group

(SUs)x(R) = {g ® € SL3(R @5 Or/m]) | (9@ 7)(g ®2) = 1d}

Let SOz be the special orthogonal group associated with the quadratic form (x_1,20,71) —
x_121 + 23, considered over K. More explicitly, for a K-algebra R,

(SO3)%(R) = {g € SLs(R) | ®9g = 1d}

Recall that throughout this section, we are assuming that the characteristic of K is not 2. It is then
well known that SO3 is isomorphic to PGLy over K, hence is smooth and connected of dimension
3. The homomorphism of K-algebra Op, /m2 — K induces a homomorphism of algebraic groups
f:(SU3)%z — (SO3)%. The kernel of this map can be computed by hand, and we obtain that for
any K-algebra R,

1
ker f(R) = {g € SL3(R@x O /mi) | g = (géig) (_{qg?) (ggg) }
0

This description makes it clear that ker f is of dimension 5 and connected. Hence, using | ,
II, §5, Proposition 5.1] (note that it does not use smoothness), we conclude that dim(SUs )% = 8.
But we can also easily compute that the Lie algebra of (SUj)4 is

(sus)z = {g € M3(Or/m7) | °g+ g = 0, trace(g) = 0}

This is readily seen to be of dimension 8 (recall that the residue characteristic is not 2), and hence,
we conclude that (SUj)z is smooth, as wanted. Also note that the homomorphism f: (SUg)7 —
(SO3)7 is surjective onto a connected algebraic group, with connected kernel, hence (SUs)7% is
also connected (and hence irreducible).

It remains to prove flatness, which is always a delicate matter. Since we already know that
the fibres of SU; over Spec O are smooth, irreducible and of the same dimension, it suffices to
give a closed embedding A%QK — SU; (see Lemma 6.14). Let 77, be a uniformiser of L such that

7, = —mnr. The morphism of schemes A}QK — SUz:z — (é g I'(;JTL) is such a closed embedding,
which concludes the proof. O
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Lemma 6.14. Let K be a local field, let X be an affine scheme of finite type over O and let
A}QK be the affine line over O . Assume that X and X7z are smooth and irreducible of the same
dimension. Further assume that there exists a closed embedding of O -schemes A}QK — X. Then
X is flat over Of.

Proof. Let Y be the schematic adherence of Xy in X. By definition, Y is flat with X = Yk,
and it suffices to prove that Y= = X+.

Since A%QK is flat, (A%QK)K is dense in A}QK, so that Y7 is non-empty. Now, flatness of Y’
implies that the irreducible components of Y7z have the same dimension than Yx = Xk (see for

example | , Tag 02NM]). Also, these irreducible components are closed subschemes of X4,
which is a smooth irreducible (hence integral) affine scheme. Hence, by Lemma 6.15, we conclude
that Y= = X4, as wanted. O

Lemma 6.15. Let k be a field, and let X be an integral finite type affine k-scheme of dimension n.
LetY be a closed subscheme of X and assume thatY has an irreducible component Z of dimension
n. Then Z =Y = X (as k-schemes).

Proof. We follow the argument given in [GE]: the composite k[X]| — k[Y] — k[Z] has its kernel
contained in the nilradical of k[X] (by Krull’s principal ideal theorem), which shows that R — k[Z]
is injective as well (because being a domain, R has in particular a trivial nilradical). O

Remark 6.16. In passing, note that the group (S_Ug/ K)f is not a reductive group over K (as
predicted by [ , 4.6.31]). In fact, we have just showed in the above proof that its reductive
quotient is naturally described as the orthogonal group in 3 variables. Again, this might be seen
as a reason for the complication of the ramified, residue characteristic 2 case, since philosophically,
it involves orthogonal group in characteristic 2. Also note that (SUs)e, is not isomorphic to SLg
over Op, as opposed to what happens in the unramified case. Indeed, if it were, then the closed
fibre (SUs)7 would be isomorphic to SL3 over K = Op/my, which is not true, as we have just
seen in the above proof.

We now compare the rational points of the integral model with our local model.

Lemma 6.17. SU;(Of) = Py and SU4(Ok /m%.) = PY*". Following the identifications

S_Ug(OK) > P < SLg(OL)

L]

SU3(Ok /m) =2 P)?" < SL3(Or, /m3")

the homomorphism pa,: Py — POO’QT is the one induced by the projection of the coefficients O —
OL/m%T.

Proof. Let my, be a uniformiser of Oy, such that w% = —f is a uniformiser of Ok. Using the fact
that Of, = Ok @ 71,.Ok, one can check that More, (Ok[SUs], O ) = {g € SL3(0y) | gg = 1d},
as wanted.

Furthermore, since L is ramified, O /m?" = Ok /m% @ 71,.O /m’, and one can check that
More,. (Ok[SUs], Ok /m%) = {g € SL3(Or/m?") | gg = 1d}, as wanted. O

And we can then deduce the surjectivity of the map pa,..
Corollary 6.18. The map par: Py — Pg’% is surjective, for all r € N.

Proof. This is a direct consequence of the commutative square involving Py — P(? 27 given in
Lemma 6.17, together with the fact that the integral model is smooth by Theorem 6.13, so that
Theorem 4.17 applies to the left hand side of the diagram. O

While this is not necessary for our work on Chabauty limits, we nevertheless give a proof that
the map p, is also surjective for odd r.
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Corollary 6.19. The map p,: Py — POO’T is surjective, for all r € N.

2 1
P (r+1) _, po2r+L

Proof. By Corollary 6.18, it suffices to prove that is surjective for all » € N.

Note that the composite POO’Q(TH) EN P2t In, pORT g surjective for all € N, and that the
groups are finite. Hence, it suffices to prove that |ker(f, o g,.)|= |ker(f,)|.|ker(g,)|. For a ring R,
let M3(R) denote the 3-by-3 matrices with coefficients in R. Now, for r > 1, we have

ker(f, o g,) = {g € M3(Op/m?) | °g + g = 0, trace(g) = 0}
ker(f,) = {g € M3(Or/my) | °g = g, trace(g) = 0}
ker(g,) 2 {g € M3(Or/mz) | g+ g = 0, trace(g) = 0}

Since the residue characteristic is not 2, the result holds. Finally, the surjectivity of Pg - P(g) -
is a direct consequence of the splitting of the ring homomorphism O, /m% — Oy /my,. o

We also need a kind of injectivity result:

Lemma 6.20. Letr € N and x € [—w(nh),w(n?)]. Then pY(PY7) C P,.

x

Proof. Belonging to p; }(P%") implies that the valuation of the off diagonal entries are big enough.
Hence, the result follows directly from Definition 6.1. O

We finally arrive at the result corresponding to Theorem 4.22: the ball of radius r together
with the action of SUgL,/ K(K ) is encoded in P(? . We first need an adequate description of the ball
of radius r around 0 in 7.

Lemma 6.21. Renormalise the distance on R so that dgr(0;w(wr)) = 1, and put the metric dz
on I arising from the distance dg (see Remark 3.2). Let Bo(r) = {p € T | dz([(Id,0)];p) < r} be
the ball of radius r around 0 in T. Let Bo(r) = {[(g,x)] € T | g € Py, € [~w(7}),w(r})] C R}.
Then Bo(r) = Bo(r).

Proof. The proof is word for word the same than the proof of Lemma 4.20, upon replacing all d’s
by 1’s. O

Remark 6.22. The distance dz that we introduced in Lemma 6.21 is also the combinatorial
distance on the tree. Indeed, looking at when P, is inside P, for z,y € R, we see that [(Id, z)] is
a vertex of Z if and ouly if x € w(rwy) Z.

Theorem 6.23. Let r € N. The map Bo(r) — I%":[(g,2)] = [(p-(9), 2)|>" is a (py: Po — Py")-
equivariant bijection.

Proof. The proof is word for word the same than the proof of Theorem 5.19, upon replacing all
references to results in Section 5 with their analogues in this section. o

6.4 Arithmetic convergence

Definition 6.24. Consider the set of ramified pairs (K, L) where K is a local field of odd residue
characteristic and L is a ramified (separable) quadratic extension of K. We say that two ramified
pairs (K7, L1) and (K2, L) are isomorphic if there exists a conjugation equivariant isomorphism
between Ly and Lo, and we let L% be the set of ramified pairs in odd residue characteristic, up
to isomorphism. For an odd prime power p", we also define £ = {(K,L) € L33 | |[K|=p"}.

As in Section 4, we define a metric on the space £144. For L € L%} and r € N, the Galois
conjugation induces an automorphism of O, /m7 that we still call the conjugation.

Definition 6.25. Let (K7, L1) and (K2, La) be in L1274, We say that (K7, L) is r-close to (K, La)
if and only if there exists a conjugation equivariant isomorphism Op, /m} — Or,/m} .
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Remark 6.26. A conjugation equivariant isomorphism Or, /m} — Or,/m}  always induces an

isomorphism O, /mEJ — Ok, /mE], since (’)Ki/m%_] is the invariant subring of Or, /m7 .

Remark 6.27. For any uniformiser 3 € Fpn (X)), the pair (Fpn (X)), Fpu (X)[T]/(T? + B)) is
isomorphic to the pair (Fpn (X)), Fpr (VX)) (because Fyn (X)) has many automorphisms). Hence,
despite the fact that there are two non-isomorphic quadratic ramified extensions of Fyn (X)), there
is only one ramified pair of positive characteristic in £5™.

Remark 6.28. Note that being r-close is an equivalence relation, and that if » > [ and (K3, Ly)
is r-close to (K3, L), then (K1, L1) is I-close to (K2, Lo).

Again, this notion of closeness induces a non-archimedean metric on £3}. Let
. e L .
d: Eg‘:lrg X 52?11211 — Rzo: d((Kl, Ll); (KQ, LQ)) = 1Df{§ | (Kl, Ll) is r-close to (KQ, LQ)}

Lemma 6.29. d(- ; -) is a non-archimedean metric on L35,

Proof. If d((K1,L1); (K2, L2)) = 0, then Of, and O, are equivariantly isomorphic. Hence, the
pairs of field of fraction are isomorphic in L%}, as wanted. The fact that this distance is non-
archimedean is a consequence of Remark 6.28. O

We now go on to prove that £;%" is homeomorphic to N. Again, the key ingredient in this
identification is Theorem 4.28. We further need a variation for ramified quadratic extension in
odd residue characteristic.

Corollary 6.30. Let K be a totally ramified extension of degree k of Qpn, where p is an odd
prime, and let L be a ramified quadratic extension of K. The distance between (K,L) and

(Fp (X)), Fpr (VX)) i o3

Proof. Let t be a uniformiser of L such that t> = 7x is a uniformiser of K (such a t exists because
the residue characteristic is odd). Since we have the following equivariant isomorphisms of rings

OL/m%k = (’)K/m];( D t.(’)K/m’;(
By [VXT/(VX™) 2 By [X]/(X¥) © VX F, [X]/(X5)
it is clear (in view of Theorem 4.28) that (K, L) is 2k-close to (Fpn (X)), Fpn (VX))).

To conclude that the distance is 53 it suffices to note that if (K, L) and (Fyn (X)), Fpn (VX))

were r-close for r > 2k, then K and Fy» (X)) would be [ ]-close as well by Remark 6.26, contra-

dicting Theorem 4.28. (]
We deduce the homeomorphism type of L35,

Proposition 6.31. Let p be an odd prime number. Then L5™ is homeomorphic to N.

Proof.

Claim 1. Let (K, L) € Li™. If K is of characteristic 0, (K, L) is isolated in L™,

Proof of the claim: If (K1, Ly) is r-close to (Ko, Ly), then K is [§]-close to K> by Remark 6.26.
Hence, the result follows from Claim 2 and Claim 3 in the proof of Proposition 4.30. ]
Claim 2. L™ is a countable space.

Proof of the claim: By Claim 3 in the proof of Proposition 4.30, there are only countably many
pairs of characteristic 0 in £}%™. Furthermore, there is only one ramified pair of characteristic p
in L5 by Remark 6.27. |

We are now able to deduce the homeomorphism type of £5™: ramified pairs of characteristic 0
are isolated by Claim 1, and the ramified pair of positive characteristic is an accumulation point
in L37™ by Corollary 6.30. Hence, by [ , Théoreme 1], L7 is homeomorphic to N. O
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6.5 Continuity from pairs in £%} to subgroups of Aut(7)

In this section, we start to vary the ramified pair (K, L), and look at the variation it produces

on the Bruhat-Tits tree of SUgL,/ X Recall that we introduced a notation to keep track of the
dependence on (K, L) of many of the definitions we made in this section (see Remark 6.4 and
Remark 6.10).

Proposition 6.32. Let (K1, L1) and (K3, L) be two elements in LY. Assume that (Kl,Ll)
is r-close to (Ka,La), for some r € N. Then, ( VL = (PO ")(Ka2,Ls), and Z(OK D)

equivariantly in bijection with I(O K2 La)"

Proof. Parallel the proof of Proposition 5.26. O

Proposition 6.33. Let T = Ik ) be the Bruhat-Tits tree of SUL/K( K). The homomor-

phism ~ SU§/K( K) — Aut(Z) is continuous with closed image, and the kernel is equal to the
centre of SUL/K( K).

Proof. The proof is word for word the same as the proof of Proposition 4.32, upon replacing
SLy(D) by SUM¥ (k). O

Theorem 6.34. Let ((K;,L;))ien be a sequence in L2345 which converges to (K,L), and let
G; = SULi/K'( K;) (respectively G = SUL/K( K)). For N big enough and for all i > N, there
exist isomorphisms I(K L) = Lk 1) such that the induced embeddings G; — Aut(I(K L)) make
(Gl)l>N converge to G in the Chabauty topology of Aut(Zix,1))-

Proof. The Bruhat-Tits tree Z(k, 1,) is the regular tree of degree p" + 1 if and only if (K, L;)
belongs to L£7™. Hence there exists IV such that for all i > N, Tk, 1.,y = Lk 1)
Then the end of the proof parallels the proof of Theorem 5.28. O

We then deduce the proof of the main theorem announced in the introduction for groups of
type SUg/ K when L is ramified and of odd residue characteristic. To shorten the notations, we
set G (k1) = SUY X (K) and G = SLa(K) in the following proof.

Proof of Theorem 1.3. Let T be the (p™ + 1)-regular tree. Paralleling the proof of Theorem 1.4,
we see that the maps L3 — Sr:(K,L) — (A}’(KL) and Cpn — S K — Gx are injective
continuous maps whose source is a compact space, hence they are homeomorphisms onto their
respective image. Now, the explicit description given in Theorem 1.3 follows from Remark 6.5 and
Proposition 6.31. O

7 Convergence of groups of type SU§/ K, L ramified of residue
characteristic 2

We keep our notations for local fields (see Section 2). Furthermore, throughout this section, L is
a separable quadratic ramified extension of the base local field K, and the residue characteristic
is 2. We carry out the same program than in previous sections, but with more technicalities to
overcome. The comments made all along Section 4 also apply here, and we do not repeat them to
not lengthen too much the paper.

7.1 Construction of the Bruhat—Tits tree

The definition of P, is less straightforward in this case. Following [ , 4.3.3], we define a
parameter that handles the complication.

Lemma 7.1. Let L/K be as in this section. There exists t € L and o, 8 € K such that:
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1. L=K]|t] and t> — at + 3 = 0.
2. B is a uniformiser of K.
3. a=0, or0<w(f) <wla) <w(2).
Proof. See | , Lemme 4.3.3, (ii)]. O

Note that a = 0 implies 2 # 0 in K, since L is assumed to be a separable extension.

Definition 7.2. Let L/K be as in this section, and let t, a, 3 be asin Lemma 7.1. Let [ = ta~! € L
ifa#0,and [ = % € L if a =0, where « is as in Lemma 7.1. We then define v = —%w(l) cR.

Remark 7.3. Note that since the residue characteristic is 2, v > 0.

In fact, the parameter 7 associated with the extension L/K only depends on the normalisation
of the valuation on K.

Proposition 7.4. Let L/K be as in this section. Then the parameter v introduced in Definition 7.2
does not depend on the choices of t,a and 3. We call v the parameter associated with the extension
L of K.

Proof. This is a direct corollary of the work of Bruhat—Tits. Indeed, according to | , Propo-
sition 4.3.3, (ii)], the element [ appearing in Definition 7.2 has a maximal valuation amongst
elements of L of trace 1. O

In the following definition of point stabilisers, we again use the notation introduced in Defini-
tion 4.1.

Definition 7.5. Let v be the parameter associated with the extension L of K as in Definition 7.2.
For z € R, we define

0 —5—-v -=x
P = (g€ UM [wlg) 2 (40 b <))
T 3= 0

Definition 7.6. Consider the following subsets

z 0 0
. T{(gzolx 01> |ZE€LX}<SU§/K(K>

0 0 x

D M{< Ol—zle) |x€LX}CSU§/K(K)
z 0 0

and let N =T U M.

0o 0
Definition 7.7. Let v: N — Aff(R) be defined as follows: for m = ( 0 —z 'z
0

~—1
T

o OR

> € M, v(m) is

the reflection through —w(x), while for t = (§ zi)li 81 ) € T, v(t) is the translation by —2w(x).

Then the Bruhat-Tits tree Z of SUg/ K (recall that in this section, L is ramified of residue
characterisitic 2) is the one obtained by applying Definition 3.1 to the collection of subgroups
{(P:)zer, N} appearing in Definition 7.5 and Definition 7.6, together with the homomorphism
v: N — Aff(R) of Definition 7.7. We show in Appendix A that our definitions agree with | ,
7.4.1 and 7.4.2], so that the given data is indeed obtained from a valued root datum of rank one
on G.

Remark 7.8. Note that the construction of the Bruhat—Tits tree of SUg/K depends on the pair
(K,L). When needed, we keep track of this dependence by adding the subscript (K, L) to the
objects involved. This gives rise to the notations vk 1), (Pz)(x,1), T(x,L)s M(x,L), Nk,1)> V(K,L)
and I(K,L) .

Remark 7.9. The Bruhat-Tits tree of SUé/K is actually the (|K|+1)-regular tree. Indeed, this
follows from the fact that our definition of Z agrees with the one given in | , 7.4.1 and 7.4.2],
and from the tables in | , 4.2 and 4.3].
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7.2 Local model of the Bruhat—Tits tree

We now proceed to define a local model for the Bruhat-Tits tree of .S U3L /% Wwhen L is ramified of
residue characteristic 2. In fact, there are two kinds of local models: when the radius is small, the
local action degenerates to an SLo-type action, whereas for large radii, the local action is (similar
to) an SUsz-type action. We introduce a new parameter which controls the meaning of small in
this case.

Definition 7.10. Set ip = min{r € N | w(7r}) > 7v}. Equivalently, let a be as in Lemma 7.1. If
a = 0 (respectively if o # 0), 4¢ is such that w(m}}) = w(2) (respectively w(my?) = w(a)).

Note that since v only depends on the normalisation of the valuation on K, ig is an intrinsic
parameter of L/K (not even depending on the normalisation of the valuation).

Lemma 7.11. Let z be in Or. Then x + T € W}QOK.

Proof. Let t,a, 8 be as in Lemma 7.1, so that O, = Ok © t.0k. Let x1,72 € O such that
r =x1 + tre. Then  + & = 221 + axs, which belongs to 77}2(9;( by Definition 7.10. O

Hence, we can divide the trace of any element of Or, by ﬁ}? and still get an element of Ok.
Since this map plays a central role, we make a formal definition.

Definition 7.12. Let L/K be as in this section, and let iy be the associated parameter as in

Definition 7.10. Given a uniformiser 7g, we define a homomorphism of Og-module Tg :0p —
s

_ K
Ok:x +— L that we call the reduced trace map. More generally, for any Og-algebra R, the
TK

map R ®o, O - R®o, Ox:ir @z — rQ®
Tr
Q"

OL/m%T — (’)K/m}(

Ir (x) is also called the reduced trace map and
e
In particular, taking R to be Og/m’, we get a reduced trace map

is also denoted by

Tr .
0 *
TK

The reduced trace map depends on a choice of uniformiser in Og. However, its action on
Or,/m?" only depends on the uniformiser modulo m?‘l, as the following result shows. Technically,
this result is only going to be used much later, but we decided to place it here to illustrate

concretely how this reduced trace map acts on quotient.

Lemma 7.13. Let L/K and iy be as in Definition 7.12. Let mx and T be two uniformisers of

K such that mig — T € m?‘l. Then for all s < r and for all x € OL/m%s, le (x) = ~T£ ().
TK TK

Proof. Let x € O /m?® and let 2/ € Oy, be a lift of z. Let A and X be elements of O such that
TN =12’ + 2’ and 72\ = 2/ + 7. We have to show that A\ — X is in m%.

By assumption, there exists € € m?l such that 7x = mx + €. Hence w}l.er =1+ ﬂ}ls, SO
that there exists § € m} such that (1 + §)m" = 75'. We thus get that A = 7. (2’ + 2/), while

A= (1+8)n oz +77), so that A — X is in m}, as wanted. O

We now define local stabilisers. In case the radius is smaller than 2ig, local stabilisers somehow
degenerate to SLao-type stabilisers, which explains the surprising following definition. Ultimately,
this fact is responsible for Chabauty convergence of groups of type SUs to SLs.

Definition 7.14. Let i be the parameter associated to L/ K, let r € N and let z € [—w(7%"), w(73")].
e For 2r < 2i, we define P>?" = {g € SLo(Or,/m?") | w(g) > (2 ")}

e For 2r > 2ig, let t be a uniformiser of Oy, and let 8 = tt. We define

PO — {g e SL 2y 1 Sa( 6 o N g = (8500 S
e ={9 €SLs(Or/my) | "g(0so0)g=(0p00) wig)>| 3 ;
00 1 00 1 z 2 0
Tr Tr
Bio (g31911) = —N(g21), o (933913) = —N(g23) }-

When needed, we emphasize the dependence on ¢ by denoting this group P27 (t).
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Remark 7.15. It is not a priori clear that P)?" is a group when 2r > 2ig. This is a consequence
of our work on integral model, see Corollary 7.32.

Remark 7.16. We only give local models for an even radius. It seems a priori possible to give
local models for odd radius as well, but it would make this section even more technical than it
already is, so that we decided to not dwell on those complications.

Remark 7.17. If one defines P%2" by taking the second (more complicated) definition for all
r € N, then one can see (by carrying the kind of computations we perform later) that for 2r < 2i,
P22" is a kind of reductive quotient of P2".

We now show that P?"(¢) does not depend on t.

Lemma 7.18. Let 2r > 2ig, and let t,t’ be uniformisers of Or,. Then for allz € [—w(7?"), w(7?")],
PO (1) & POA(Y),

Proof. Those groups are actually conjugate. Indeed, the map

0,2r 0,27 (47, L —i 0/ i 0 ! i g—i 0
P (t) — P (t'):g — | 0t~ 0 Jg| otio@) 00
0 0 1 0 0 1

is readily seen to be an isomorphism. O

Remark 7.19. In Definition 7.14 and in the case 2r > 2ip, one could bypass the choice of a
uniformiser ¢ € O, by directly choosing a uniformiser § € Ok and proceed to make the same
definition. However, it would then not be clear that the definition does not depend on the choice
of B, because there are uniformisers of Ok that are not the norm of uniformisers of Oy, (see
[ , Chapter V, §3, Remark]).

Definition 7.20. Let » € N. For 2r < 2ig, we define
L H®* = {(¥ %) € SLy(Op/m¥") | w(z) =0}

9 02 — {(z91 _OZ) € SLo (O /m37) | w(x) = 0},

while for 2r > 24, we define
z 0 0
1. HO?r = {(0 7z 0 ) € SL3(Op/m3") | w(z) = 0}
o o z!

0 0 T
2. M2 = {(01 —10*1:5 8) € SL3(Or/m?7) | w(x) = 0}

And then for all r € N, we set N%27 = H0:2r || 0.2,

Definition 7.21. For all » € N, we let H%?" act trivially on R, and we let all elements of M?:2"
act as a reflection through 0 € R. This gives an affine action of N%2" on R, and we denote again
the resulting map N%2?" — Aff(R) by v.

We are now able to give a local definition of the ball of radius 2r around [(Id,0)] € Z. Since
the reduced trace is involved in the definition when 2r > 2ig, this local definition depends on a
bit more than O, /m?". Using Lemma 7.51, we prove in Proposition 7.52 that it only depends on
OL/miT”i".

Definition 7.22. Let r € N. We define a 2r-local equivalence on Py™" x [—w(n?"), w(n?")] as
follows. For g, h € Py and z,y € [~w(n3"),w(n3")]

(9,%) ~o.2r (h,y) & there exists n € N%?" such that v(n)(z) = y and g~ 'hn € P>

The resulting space Z%2" = PS*" x [~w(7?"), w(72")]/~o,2r is called the local Bruhat-Tits tree of
radius 2r around 0, and [(g,)]%?" stands for the equivalence class of (g,z) in Z%?". The group
P(? 2 acts on Z02" by multiplication on the first component.
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Remark 7.23. Note that the construction of the local Bruhat—Tits tree of SUg/ X depends on the
pair (K, L) (which is assumed to be ramified and of residue characteristic 2 in this section). When
needed, we keep track of this dependence by adding the subscript (K, L) to the objects involved.

This gives rise to the notations (io)(x,r), (Pe*")(k,L); H(OI’?TL), M(OI’?TL), N(OI’(QTL) and I?I’?TL).

Remark 7.24. Also, Remark 4.13 holds equally well in this case, with exactly the same proof,
upon replacing all d’s by 2.

7.3 Integral model

We now proceed to define an integral model, and compare its rational points with our local model

for the Bruhat—Tits tree of S U3L /K $hen L is ramified of residue characteristic 2. The construction
is more involved, because the naive integral model is not smooth in this case. In the following
definition, we denote by Rgi SL3 the Weil restriction from Op, to Ok of SLs.

Definition 7.25. Let L/K be as in this section, let ¢ be a uniformiser of L and let iy be as in
Definition 7.10. Consider the homomorphism of K-group schemes

io:SU5 X — [ROE SLy) ke

g11 t0g1o 913
gt | t70g21 ga2 t7'0gas

g31  t'0g3a  g33
We define S_Ug/K to be the schematic adherence of ¢;, (SUé/K) in Rgfc SLs.

Remark 7.26. Since two uniformisers of L differ by an invertible element of Oy, it follows from the
definition of the schematic adherence that S_Ug/ K does not depend on the choice of a uniformiser
t € Or. One can also check that directly using our explicit description of S_Ug/ X in Theorem 7.29.

Remark 7.27. The concrete description given here was derived from the general construction
made in | ], see especially section 3.9 and the Theorem in section 5 of loc. cit. In Theorem 7.29,
we give the defining equations of SU; inside Rgfc SL3. This allows us to prove in a direct way
that it is a smooth Og-group scheme, without referring to loc. cit.

Lemma 7.28. S_UgL,/K is an O -group scheme.

Proof. Since SL3 is smooth over O, Rgfc SL3 is smooth and hence flat over Ok . The result then
follows from [ , 1.2.7]. O

We are actually able to determine explicitly the equations defining S_Ug/ K Recall the reduced

trace T; : O, — Ok introduced in Definition 7.12.
TK

Theorem 7.29. Keep the notations of Definition 7.25 and let 8 = tt. For any Ok -algebra R,

1 00 1 00
SUS(R) = {g eRGL SLa(R) | *g(0 5700 )g = (0 e 0),
0 0 1 00 1
Tr Tr _
%(931911) = —N(g21), —Z_O(gg3gl3) = —N(g23)}
Furthermore, S_U§/K is smooth over Of.

Proof. Recall that in loose terms, for Z an Og-scheme and Yx a closed subscheme of Zy, the
schematic adherence of Y in Z is defined by all equations satisfied by Yy, where we “put the
valuation of the coefficients as low as possible” (while still remaining in O ). More precisely, let
I(Y) be the ideal of K[Z] defining Yx in Zg, and let j: Ox[Z] — K[Z] be the canonical map
(which is injective if and only if Z is flat). Then the ideal defining the schematic adherence of Yi
in Zis j7HI(Y)) (see | , 1.2.6]).
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. L/K 100 100 .
Hence, an element g in SU5" " (R) clearly satisfies ° (0 B O)g = (0 B 0). Moreover, since
00 1
g satisfies this equation we get in particular that gssgis + gggﬁ 9go3 + g13933 = 0, so that after

division by %, we get ,gm L (g33913) = —N(ga3). The remaining equation is obtained similarly.

Let X be the Og-closed subscheme of Rg; SL3 defined on the right hand side of the equality
in the theorem. We have just showed that X contains S_Ug/ K as a closed subscheme, and we
want to prove that they are actually equal. For this, let us study the fibres of X over Spec Ok.
Obviously, Xk is isomorphic to SU§/ K, and hence is smooth of dimension 8.

Claim. X5+ is a smooth irreducible scheme of dimension 8.

Proof of the claim: To prove those claims, we can assume that the residue field K is algebraically
closed. Note that modulo 7k, the Galois conjugation is trivial and ¢> = 0. Also note that K is of
characteristic 2, so that we do not need to use the minus sign for the moment. A direct application
of the definitions shows that

X#%(K) = {g € SL3(K[t]) | Sg(é § (0;)9 = (é (8) §) o (931911) = (g21)%, %(933913) = (923)°},

Let g € X7=(K). In particular, g satisfies the following equations:

933911 + 913931 = 1
933912 + 913932 =0
932911 + g12931 = 0

From this, we deduce that g2 = 0 as follows:

g12 = (g33911 + 913931)912 = 911933912 + 913912931
= 911913932 + 913932911 = 2(g11913932) =0

And using the same trick, we get g3o = 0 as well. Now since g € SL3(K[t]), its determinant is
1. But since g12 = g32 = 0, the equation det ¢ = 1 degenerates to g11922933 + 913922931 = 1. And
using again that gssgi1 + 913931 = 1, this implies that goo = 1.

We can summarise our results so far as follows:

X7(K) = {g € SL3(K[t]) | 922 =1, g12 =932 =0,

L (gaignn) = (921)% = (g33913) = (928)%).

- -
In fact, the right hand side is a subgroup of SL3(K][t]). To prove it, we write down two repre-

sentative examples of the computations involved. First, for g, h € SL3(K[t]) and satisfying the

conditions, we check that ;f; ((gh)33(gh)13) = ((gh)23)?. We have

(gh)33(gh)13 = (gs1h13 + g33haz)(g11hi3 + g13ha3)
= his931911 + hashiz + h33933913-

Hence, recalling that we are working in characteristic 2,

2((911)33(9h)13) = (h13)®

Bio (931911)

ﬂz ﬂz (h33h13) (h33)2%(933913)
= (h13)*(g21)? + (h23)? + (ha3)?(gas)”
= (g21h13 + goohaz + gashss)? = ((gh)2s)?

As a second example, for g € SL3(K[t]) such that g satisfies the given conditions, we check
that 55((97")s3(97)13) = ((971)23)>. We have (97" )a1(9™ )11 = gugis, while ((97")21)> =
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(911923 + g21913)%. Hence we want to show that %(911913) = (911923 + g21913)%. This goes as
follows:

Tr
EZ

—(q11913) = (911913(911933 + 913931))

ﬂ“
Tr
5 (911913933 + 911913931)

Tr Tr
= 951%(913933) + 953%(911931)
= 911953 + 913951 = (911923 + g21913)°,

as wanted (recall that we are in characteristic 2). Hence, X7(K) is indeed a group scheme over
K.

Now, let w:?[t]_% K be the quotient modulo ¢, and consider the following composition of
homomorphism of K-group schemes:

Xw(K )—> SLy(Kt]) & SLy(K)

911 0 g13
911 913 m(g11) 7(g13)
(B28) » @ ()
Note that ker f = {(921 ?923) | 9ij € K[t], (921)®> = 0= (g23)?}. Hence ker f is not reduced, but
the corresponding reduced K-scheme is irreducible of dimension 2 (recall that 2 = 0). On the

other hand, kerg = {(ptrgtfln 1i%222) | gij € K, gi1+ g2 = 0}, which is irreducible of dimension

3. Finally, note that SLy(K) is connected of dimension 3, and that f and g are surjective. Hence,

we deduce that X7(K) is connected. Furthermore, using twice | , I1, §5, Proposition 5.1]
(note that it does not use smoothness), Xz (K) is of dimension 8. To conclude, the tangent space
at the identity of X7(K) is {g € M3(K[t]) | g2 = 0,911 + g33 = 0,012 = g32 = 0, % B0 C(g31) =
0, %(913) = 0}, which is of dimension 8, as wanted. [ |

Since X3 is irreducible and smooth of the same dimension than Xz, we can prove that X is
flat over Ok simply by giving a closed embedding of Ok-schemes A%QK — X (see Lemma 6.14).
But finding such an embedding is easy enough: the elements in O having trace 0 form a free
Og-module of rank 1. Let 7 denote a generator of this Og-module. Now, the map A}OK —
Xz ( é g IOT) is the desired closed embedding.

We can finally conclude that SU. UL/ K= X. Indeed, both schemes are flat over O, and their
generic fibres are equal. But a flat subscheme of ROL SL3 is uniquely determined by its generic

fibre by [ , 1.2.6] (which also uses the fact that Roi SLs is (flat and hence) torsion free).
The last statement of the theorem follows from the fact that X is flat with smooth fibres. O

We now compare the rational points of the integral model with our local model.

Lemma 7.30. Let @;,: SU§/K — (S_Ug/K)K be the homomorphism introduced in Definition 7.25,
and let ;, (K) be the induced isomorphism on K -rational points. Then Py = <,0;01(K)(S_U§/K((9K)).

g1 t70g12 g
Proof. By definition, gai_ol(K): (S_Ug/K)(K) — SUL/K( K).g — <ti019121 92212 tiot;) is an iso-
gs1 t7"0gss  gs3

morphism. Since by Definition 7.10, ig is the smallest integer such that w(t®®) > «, the lemma

0—~0
follows from the fact that Py = {g € SUL/K w(g) >~ o v see Definition 7.5). O
0—~0
-

Lemma 7.31. Let r € N.

o For 2r < 2ig, we define a map far: SU3(Of /mY) — SLa(Or/m?"): g+ (511 912). The map far
18 a group homomorphism whose image s PS’QT
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o For 2r > 2iy, we have an isomorphism fo,: SU3(Ok /mY,) = POO’2T.

Proof. We begin with the case 2r < 2io. In this case, note that t** =0 in O, /m?", and that the
conjugation action is trivial in OL/m%T. Furthermore, 8% =0 and 2 = 0 in OL/m%T. Hence we
can reproduce the computations made in the beginning of the proof of the claim in Theorem 7.29.
We thus get

SU,(Ok /ml) = {g € SL3(Or/m7") | goo =1, g12 = g32 =0

%(931911) = (921)25 2(933913) = (923)2}'

10

This already shows that fa, is a group homomorphism. Now, to prove that fa, is surjective, there
just remains to prove that the map Or/m?" — Ok /m’:x — x? is surjective. Note that modulo
m?" 2 = tt = 3. Hence for & = z1 + txg € Or/m?" with z; € Ok /m’,, we have 2? = 2% + [a3.
Hence the result follows from the fact that O /m’, = Z::_Ol F3- 3%, and that squaring is a bijection
on the field Faon.

When 2r > 2ig, the assertion follows directly from Definition 7.14 and Theorem 7.29. O

Corollary 7.32. Let r € N and let x € [—w(n3"),w(n?")]. Then PY*" is a group.

Proof. Only the case 2r > 2i, requires a proof. By Lemma 7.28 and Lemma 7.31, POO’2T is a group.
0 —-% —x

Note that A, = {g € SL3(Or/m?") | w(g) > (’5 0 ’5)} is a subgroup of SL3(Or/m?"). But
z 5 0

P27 = P N A,. Hence the result follows. O

Definition 7.33. Let po.: Py — P(? 2" he the homomorphism such that the following square

commutes

SU,(Ox) —2 Py < SLy(Or)

L

SU, (O fmye) Loy po2r
Let m5,: O — O, /m%T denote the reduction modulo m%T.

g t7 g2 g3 )
o If2r < 219, p2r(<ti0921 922 t'0 gosg >) = (Fzr(gu) ﬂ'zr(gm))

7 T2r(g31) T2r(933)
gs1 t *0gsz gs3

) 911 t10g1s 913 mor(911) 72r(g12) m2r(913)
o If 2r > 210, pQT( t'0ga1  ga2  t'Ogas ) = | mar(g21) m2r(g22) m2r(g23) |.
gs1 t %0g3s  gss3 mor(g31) m2r(g32) m2r(g33)
And we can then deduce the surjectivity of the map ps,.

Corollary 7.34. The map par: Py — Pg’% is surjective, for all r € N.

Proof. This is a direct consequence of the commutative square involving Py — P(? 27 given in
Definition 7.33. Indeed, the integral model is smooth by Theorem 7.29, so that Theorem 4.17
applied to the left hand side of the diagram shows surjectivity there, and we proved in Lemma 7.31
that fs, is surjective as well. O

We also need a kind of injectivity result:

Lemma 7.35. Let 7 € N and x € [~w(7?"),w(7?")]. Then py,(P%?") C P,.
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Proof. For 2r > 2ig, belonging to png(PO’QT) implies that the valuation of the off diagonal entries

x
are big enough. Hence, the result follows directly from Definition 7.5.

0 —v —x
For 2r < 2ip, we have to show that if g € Py is such that w(g) > <'y 0 y >, then w(g) >
x —y
0 —5—-v -—=x
( g4y 0 —%4y > Let us for example prove it for z € [0,w(77")] (the other case being similar).
T 3= 0

11 t 0g12 @13
Let ¢, 3 be as in Lemma 7.1. Then there exists g;; € Op, such that g = <ti0921 g2z t'0gos ), with
gs1 t Ogss  gas

w(gs1) > x. Using °gg = Id (respectively g°g = Id), we get in particular gs1g11 + £°Go1t"go1 +

gi19s1 = 0 (respectively gsi1gss + %0 g32t™gaa + g3sgs1 = 0). Hence, %@11931) = —N(g21)
(respectively %(933@31) = —N(g32)), which implies that w(g21) > 5 (respectively w(gs2) > 5),
as wanted. O

We finally arrive at the result corresponding to Theorem 4.22: the ball of radius 2r together
with the action of SUg/ K(K ) is encoded in PO0 2" We first need an adequate description of the
ball of radius 2r around 0 in Z.

Lemma 7.36. Renormalise the distance on R so that dg(0;w(wr)) = 1, and put the metric dz on
T arising from the distance dg (see Remark 3.2). Let Bo(2r) = {p € T | dz([(Id,0)];p) < 2r} be the
ball of radius 2r around 0 in T. Let Bo(2r) = {[(9,x)] €T | g € Py, z € [~w(n?"),w(n?")] C R}.
Then Bo(2r) = Bo(2r).

Proof. The proof is word for word the same than the proof of Lemma 4.20, upon replacing all d’s
by 2’s. O

Remark 7.37. The distance dz that we introduced in Lemma 7.36 is also the combinatorial
distance on the tree. Indeed, looking at when P, is inside P, for z,y € R, we see that [(Id,z)] is
a vertex of Z if and ouly if x € w(rwy,) Z.

Theorem 7.38. Let r € N. The map Bo(2r) — Z%2":[(g, )] = [(p2r(9),2)]%?" is a (p2r: Po —
P(g) 2" )-equivariant bijection.

Proof. The map is well-defined by Lemma 3.4.

e Injectivity: let [(g, )], [(h,y)] € Bo(2r) be such that they have the same image in Z%?". By
Remark 7.24, it means that for all i € N%2” such that v(72)(x) = y, p2-(g) " 'p2- (k)7 € P22,

So, we can assume that n is either equal to Id, or is of the form ((1J —01 8). Hence, there
exists n € N such that ps,.(n) = 7. But v(n)(z) = y, and g"'hn € p;(PY?") C P, by

Lemma 7.35. Hence, [(g,2)] = [(h, y)], as wanted.

(=)

e Surjectivity: follows directly from the surjectivity of ps,.: Py — PO0 2T (Corollary 7.34).

» Equivariance: h.[(g,2)] = [(hg, )] =+ [(p2r(hg), 7)) = par (h).[(par g), 2)]°" o

7.4 Arithmetic convergence

In order to obtain a compact space of pairs of local fields, we need to break our convention that
L is separable and also allow inseparable extensions. Note that all inseparable ramified quadratic
extensions of Fan (X)) are isomorphic over an isomorphism of Fan (X)) (because Fan (X)) has
many automorphisms), so that it is actually enough for our purposes to consider only one form of
inseparable pair.

Definition 7.39. Consider the set of pairs of local fields (K, L) where K is of residue characteristic
2 and such that one of the following holds

1. K = F9u((X)) and L = Fan((v/X)) (endowed with the trivial conjugation action).
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2. L is a separable quadratic ramified extension of K.

Definition 7.40. We say that two pairs (K71, L1) and (K2, L) are isomorphic if there exists a
conjugation equivariant isomorphism between L; and La. Let £22 be the set of pairs of local
fields as in Definition 7.39, up to isomorphism. For each (non-zero) natural number n, let us also

define £5gm = {(K, L) € £ | [K|= 2"}

even

As in Section 4, we define a metric on the space £20. For L € L2 and r € N, the “Galois”
conjugation (which is trivial for an inseparable pair) induces an automorphism of Or /m} that we

still call the conjugation.

Definition 7.41. Let (Ki,L;1) and (K2, Ls) be in £, We say that (Ki,Lq) is r-close to

even*

(K2, L) if and only if there exists a conjugation equivariant isomorphism Or,, /m} — Or,/m}_.

Again, this notion of closeness induces a non-archimedean metric on £2% . Let

even-*

even even

1
d: LFAm o fram RZO: d((Kl,Ll); (KQ,LQ)) = 1nf{§ | (Kl,Ll) is r-close to (KQ,LQ)}

Lemma 7.42. d(- ; -) is a non-archimedean metric on L2 .

Proof. If d((K1,L1); (K2, L2)) = 0, then Of, and O, are equivariantly isomorphic. Hence, the
pairs of field of fraction are isomorphic in L35, as wanted. The fact that this distance is non-

archimedean is a consequence of Remark 7.43. O

Remark 7.43. Note that being r-close is an equivalence relation, and that if » > [ and (K7, L1)
is r-close to (Ka, La), then (K7, Ly) is I-close to (K2, La).

Lemma 7.44. Letr € N, and (K1, L1), (K2, L) € L2, A conjugation equivariant isomorphism
(’)Ll/m%T1 — OLZ/m%T2 induces an isomorphism (9;(1/111%1 — Ok, /mEQ.

Proof. Let (K, L) € Li2% . The proof of the lemma follows if we can characterise Ok /m’. inside
Op/m?" in an algebraic way. We claim that Ok /m7; is the subring of O /m3" generated by the
images of the norm and the trace map.

First assume that L is a separable extension of K, and let ¢,«, 3 be as in Lemma 7.1, so
that Op/m?" = Ok /mh & t.Og/m%. Let x = x1 + twa € Og/mY & t.Ok /m% and let ig be
the parameter associated to L/K as in Definition 7.10. Using z + Z = 2x1 + azq, we readily
see that the image of the trace map generates F;?.OK /m%-. Hence, we can work modulo (ﬂ}g)
In particular, in view of Lemma 7.1, we are in characteristic 2, and 2z = 22 + Bz2. Thus, the
claim follows because squaring is surjective in the finite field Fan, so that for » < ig, we have
Ok /mh. = {:C% +ﬂl‘% | z; € O /mi ).

To conclude, note that if (K, L) is an inseparable pair, the “norm” map is just squaring while
the “trace” map is trivial, and that in this case, Ox /m% = (O /m?")? as well. O

We now go on to prove that £5™ is homeomorphic to NQ. Again, the key ingredient in this
identification is Theorem 4.28. We further need a variation for ramified quadratic extension in
residue characteristic 2. We begin by refining our knowledge about separable ramified extensions
in characteristic 2.

Lemma 7.45. Let K = Fou (X)). Up to isomorphism, any separable pair of positive characteristic
in L5250 is of the form (K, K[T]|/(T? — oT + X)), for some non zero a € (X). Also, given i € N,
there are only finitely many extensions of K (up to isomorphism) of the form K[T]/(T?—aT + X)
where o € (X?) \ (X1).

Proof. By Lemma 7.1, any quadratic ramified extension of K is of the form K[T|/(T? — oT + B),
where 8 € (X) \ (X?) and a € (X). Now, because Fa» (X)) has many automorphisms, the pair
(K,K[T)/(T? — oT + B)) is equivariantly isomorphic to a pair of the desired form. For the last
statement, mimicking the proof of | , Chapter II, §5, Proposition 14|, the finiteness follows
directly from the compactness of (X*)\ (X*+1). O
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We can now give the variations on Theorem 4.28:

Corollary 7.46. (1) Let Fon (X))[T]/(T? — oT + X) be a separable quadratic ramified extension
of Fan (X)), with a € (X). Let K be a totally ramified extension of degree k of Qan, and let
rw: Ok — Fon[X] be the bijection defined in Theorem 4.28. Finally, let a = o5} (o) € O.
Then (K, K[T]/(T? — aT + 7)) is 2k-close to (Fan (X)), Fan (X)[T]/(T? — oT + X)).

(2) (Faon (X)), Fon (X)[T]/(T2 = X'T + X)) is at distance g from (Fon (X)), Fon (VX))).

Proof. (1) By Theorem 4.28, Ok /mk. = Fa.[X]/(X¥). Observing that for a ramified quadratic
extension L = K|t] of K with ¢ a uniformiser of L, we have O /m?" = O /m’, & t.Ox /m’,
we directly obtain the conclusion. We could also easily conclude that the distance is %, but
we do not need this information.

(2) To simplify notations, let L = Fan(X)[T]/(T? — X*T + X). Observe that the conju-
gation action is trivial on Op/m%, so that Op/m? = Fou[X]/(X?) © VX .Far [X]/(X?),
with trivial conjugation action. Hence, (Fan((X)), L) is 2i-close from the inseparable pair
(Fan (X)), Fan (VX))). Now, the conjugation action is non-trivial on Or,/m3""!, so that the

distance is 2% (]
We deduce the homeomorphism type of L5™.

.2

Proposition 7.47. The space L5™ is homeomorphic to N . Its first Cantor—Bendizson derivative

(ﬁg%m)“) consists of pairs of positive characteristic, while its second Cantor—Bendixson derivative

is the singleton consisting of the inseparable pair (Fan (X)), Fan (VX))).

Proof.
Claim 1. Let (K,L) € LE&™. If K is of characteristic 0, (K, L) is isolated in L5™.

Proof of the claim: If (K1, L1) is r-close to (Ka, L), then K is |§]-close to K> by Lemma 7.44.
Hence, the result follows from Claim 2 and Claim 3 in the proof of Proposition 4.30. ]

Claim 2. L5™ is a countable space.

Proof of the claim: By Claim 3 in the proof of Proposition 4.30, there are only countably many
pairs of characteristic 0 in £5™. Furthermore, there is only one inseparable pair by definition,

and there are countably many separable pair of characteristic 2 in £52™ by Lemma 7.45. |

We can now conclude the proof: since pairs of characteristic 0 are isolated by Claim 4, the first
Cantor-Bendixson derivative (£53™)() contains only pairs of positive characteristic, and (£53m)1)
contains all of them by Corollary 7.46 (1). Also, by Corollary 7.46 (2) and Lemma 7.45, separable

pairs are isolated in Eg?, and the inseparable pair is an accumulation point in (£™)™1). So that
<2
again by [ , Théoréme 1], we get LE2M™ 2 N . O

7.5 Continuity from pairs in £22 to subgroups of Aut(7)

even

In this section, we start to vary the ramified pair (K, L), and look at the variation it produces
on the Bruhat-Tits tree of SUg/ X Recall that we introduced a notation to keep track of the
dependence on (K, L) of many of the definitions we made in this section (see Remark 7.8 and
Remark 7.23).

Note however that in Section 7.4 we were forced to consider inseparable pairs, i.e. pairs of the
form (Fan (X)), Fon (vVX))), and that we have not yet associated any object to those pairs. The
definition of SUé K still makes sense for L an inseparable extension, but this K-group scheme is
not smooth. In fact, it is the Weil restriction from L to K of the naive split special orthogonal group
SOj3 in characteristic 2. Instead of SUg/ K, the algebraic group associated to the inseparable pair
(K, L) should be the algebraic group SLa(L). It is the group of K-rational point of R% SLo, the

40



Weil restriction from L to K of SLa (as an aside, note that R% SLs is the prototypical example
of a non-reductive pseudo-reductive group). The preceding discussion motivates the following
definitions.
Definition 7.48. Let (K, L) be an inseparable pair in L3, We set (Py) k1) = (P2)r, T(k,) =
TL, M(K,L) = ML, N(K,L) = NL, V(k,L) = VL and I(K,L) = IL, where objects appearing on the
right hand side of an equality were defined in Remark 4.5. And similarly for local objects, we set
r r 0,2r 0,2r 0,2r 0,2r 0,2r 0,2r 0,27 0,27
(P2 e,y = (P2N)e, Higely = HL™' Mgy = Mp™, Ny = Np™°and Zgch ) = 107,
where objects appearing on the right hand side of an equality were defined in Remark 4.12. Finally,
we set (i0)(x,L) = 00
Definition 7.49. Let (K,L) € £L}2m

e If (K, L) is separable, we set Gk ) = SUgL,/K(K) ={g€SLs(L) | 5gg = 1d}.
e If (K, L) is inseparable, we set G (1) = SLa(L).

As in the previous section, we now aim to prove that when two pairs in L1250 are close, their
local Bruhat—Tits tree are equivariantly isomorphic. The appearance of the reduced trace in the

local model makes it a bit less straightforward, so that we first need the following lemmas.

Lemma 7.50. Let (K1,L1) and (K3, La) be two pairs in L% and assume that that they are

r-close for some v € N. Ifr < (i0)(k,,1,), then r < (io)(k,,L,), while if 7 > (i0)(k,,1,), then
(iO)(Kz,I&) = (’L’O)(KlyLl)'

Proof. Note that the conjugation is trivial on Or,/m7 _if and only if » < (i0)(k,,1,), S0 that the
first assertion is clear. On the other hand, note that (io)x,,r,) is the largest integer such that
for all units x € Or,, x + 7 € m}% Indeed, for t;, a; and B; as in Lemma 7.1, we see that either
[Tr(1+t;) =24 ] or [Tr(1) = 2] belong to m}‘é \m}‘{"l Hence, the second assertion follows. [

We now give a lemma allowing us to control the reduced norm. Recall that the valuation w
on Oy, induces a map on Or/m7 that we still denote w. By a uniformiser of Or/m’, we mean
a non-invertible element of minimal image under w (amongst non-invertible elements of Or/m7).
Uniformisers of Ok /m’ are defined in a similar way.

Recall that by Lemma 7.13, given a uniformiser mx € Ok /m,, we get for every s < r a unique

map (not depending on the lift of 7x) L5: Of/m28 — Ok /m$.. We use this fact in the statement
sy

7,
K

of the following lemma.

Lemma 7.51. Let (K1, L) and (K3, L2) be two pairs in L30. Assume that (K1, L) is separable

even*

and let io = (i0)(ky,L,)- Assume that the two pairs are 2r + 2ig-close, and let : OLl/m%TI"_Qi” —

OLz/m%T;%" be the given conjugation equivariant isomorphism. We also denote ¢ the induced

equivariant isomorphism Or, /m7" — Op,/m7" . Finally let ng, be a uniformiser of Ok, /mzio
Then for all z € Or, /m7", we have @(WEUTI (1)) = S0(%:)10(50(@)
Proof. First note that ¢(mk,) is a uniformiser of OKz/m?j". Indeed, by Lemma 7.44, o(7k, )

is an element of Ok, /m}";;i“, and the fact that it is a uniformiser follows from the fact that

@(WKl )T+i071 7é 0 but @(WKl)TJriU =0.
To simplify notations, let A\ = L7 (). Let ' (respectively \') be a lift of z (respectively \) to

i

OLl/m%TIH“’ (respectively to Ok, /mgm). We claim that 72 A = 2’ + 2’ in OKl/m;(t“’. Indeed,
by the definition of

WTJ , there exists a lift 2" (respectively A", 7% ) of x (respectively A, 7, ) to

K1 )
Or, Eespectively to Ok, , Ok,) such that (7% )\’ = 2" 4 z”. But note that neither ﬂ}gl N nor
2’ 4+ 2’ depends on the chosen lifts ' and . Hence, letting pa,42i,: O, — OLl/m%TfQ“), we can

assume that &’ = pa,y24, (") and X = pay194,(A”), so that the claim holds.
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But now, we get o(mx, )0 o(N) = (@) +p(z') in O, /m”i0 Furthermore, ¢(z') (respectively
p(N)) is a lift of p(x) (respectively ¢(A)). We therefore conclude that () = (WTTT)O(QD(QU)), as
wanted. (|

Proposition 7.52. Let (K1, L1) and (K2, L2) be two elements in L0 . Assume that (K1, L1) is

even-*

2r-close to (K3, L), for some r € N. Let ig = (io)(k,,1,) be the parameter associated to (K1, L1)
(see Definition 7.10 and Definition 7.48).

1. If 2r < 2ig, then (P(?’2T)(K1,L1) o (P0072T)(K27L2)’ and I?I’?:Ll) 18 equivariantly in bijection

7 70,2
with I(K;h).
2. If 2r > 2ig, then (PO’2T72i°)(K17L1) ~ (Pg*QT*QiO)(KLLZ), and I?I?TL23“ s equivariantly in
bijection with I(OKQT Li;O

Proof. When 2r < 2ig, then 2r < (2ig)(x,,r,) as well by Lemma 7.50. In view of Defini-
tion 7.14 and Definition 7.48, the isomorphism Of, /m7" = Or, /m7" induces a group isomorphism

0,27 ~ 0,2r
¢: (P ) (s¢1,1,) = SL2(Or, /m7) 2 SLy(Or, /m¥,) = (Po )(Kz,Lz)'

When 2r > 2iy, then (io)(K2 Ls) = to by Lemma 7.50. If 2r < 4ig, then the isomorphism
Op,/m¥" = Or,/m7" induces a group isomorphism ¢: (P0 2= 2“))(;(1 L) = SLQ(OLl/m2T 2oy =~
SL2(Op, /mQT 2oy — (P2 210)(K27L2). On the other hand, if 2r > 44¢, then in view of Lemma 7.18
and Lemma 7.51, the isomorphism Oy, / m%Tl ~ 0,/ m%TZ induces a group isomorphism ¢

SLB(OLl/mQT 210) ~ SL3(0L2/m2r 2z0)

(Pg’% 220)(KI,LI) N (P(? QT 210)(K2,L2)

2r if 2r < 2%
Let e = " r N ‘0 ) . In both cases, define a linear map f: R — R:x — WEW“;.
2r — 2ig if 2r > 2ig Ly

It is clear that for all 2 € [—w(nf ), w(n§ )], ¢ restricts to an isomorphism (P€)g, 1,) =

(P)(‘)é) ) (K»,Lo)- Furthermore,

w(To,E)(K1,L1) = (TO’E)(K27L2)
SD(MO,E)(KLLI) = (MO7E)(K27L2)

and for all n € N%¢ f(n.x) = p(n).f(z). Hence, the map Z?KEI Ly I(K1 Lo L9, )]0
[(¢(9), f(2))]°¢ is a p-equivariant bijection.

O

We again discuss the homomorphism SUgL,/K(K) — Aut(Z(k,1))-

Proposition 7.53. Let T = Ik ) be the Bruhat-Tits tree of SUL/K( K). The homomor-

phism ~ 'SUg/K( K) — Aut(Z) is continuous with closed image, and the kernel is equal to the
centre of SUL/K( K).

Proof. The proof is word for word the same as the proof of Proposition 4.32, upon replacing
SLy(D) by SUX ¥ (K). O

The convergence is then a more or less direct consequence of Theorem 7.38.

Theorem 7.54. Let ((K;, L;))ien be a sequence in L% which converges to (K, L), and let G; =

even

G(k,,L,) (respectively G = G(g,1)). For N big enough and for all i > N, there exist isomorphisms
Iik,,1.) = Lk,1) such that the induced embeddings G; — Aut(Z k. 1)) make (éz‘)izN converge to
G in the Chabauty topology of Aut(Z(k 1))
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Proof. The Bruhat-Tits tree Z(k, 1,) is the regular tree of degree 2" + 1 if and only if (K, L;)
belongs to £5%™. Hence there exists IV such that for all i > N, Tk, 1,) = Lk 1)-

Let iy be the parameter associated to (K, L) as in Definition 7.10 and Definition 7.48. First as-
sume that i is infinite (or in other words that (K, L) is an inseparable pair). Then by Lemma 7.50,
the sequence (ig)(x,,z,) diverge, and hence up to passing to a subsequence, we can assume that
(i0)(x,,L,) > @ and that (K, L;) is 2i-close to (K, L). On the other hand, when i is finite, up to
passing to a subsequence, we can assume that (K;, L;) is 2i 4 2ig-close to (K,L). .

We now define an explicit isomorphism fi: Z(k, 1.,y — Z(x,1) as follows: let I(Oi’;i, Ly = I?I’;, L
be the isomorphism given by Proposition 7.52. By Theorem 7.38, this gives an isomorphism on
balls of radius i: Z(f, 1,) O Bo(i) = Bo(i) C Z(k,ry (recall that by Lemma 7.36, Bo(i) is really
the ball of radius 7 on the tree Z g 1)). As Ik, r,) is a regular tree of the same degree than
Z(k,1), we can extend this isomorphism of balls to an isomorphism fi:Z(k, 1,y — Z(k,1) (this
extension is of course not unique, but we choose one such). By means of f;, we get an embedding
éi — Aut(I(KﬂL)).

Now the end of the proof is word for word the same as the corresponding end of the proof
of Theorem 4.33, upon making the following changes: replace D; with (K, L;), replace D with
(K, L), replace d with 2, and replace all references to results in Section 4 by their corresponding
results in Section 7. O

We then deduce the proof of the main theorem announced in the introduction for regular trees
of degree 2" + 1. Recall the notation G (k1) introduced in Definition 7.49. Furthermore, as in
Section 4, we set Gx = SLa(K). Recall also the notation ICpn introduced in Definition 4.24. We
use this notation in the following proof with p = 2.

Proof of Theorem 1.5. Let T be the (2™ +1)-regular tree. Paralleling the proof of Theorem 1.4, we
see that the maps L5 — Sp: (K, L) — CAY'(KL) and Con — S7: K — GK are injective continuous
map whose source is a compact space, hence they are homeomorphism onto their respective image.
Now, the explicit description given in Theorem 1.5 follows from Remark 7.9, Proposition 7.47 and
Proposition 4.30. O

A Comparison with the original Bruhat—Tits definitions

The purpose of this appendix is to show that our definitions of the Bruhat-Tits tree agrees with
the one in | , 7.4.1 and 7.4.2]. Since the relative rank of SLo(D) and SUjz is 1, it is already
clear that the apartment A is indeed isomorphic to R. The main task is to show that our group
P, is the same as the group P, used to define the equivalence relation in [ , 7.4.1].

In the SLo(D) case, the explicit description of P, is given in [ , Corollaire 10.2.9], that we
take as a definition.

Definition A.1 (| , Corollaire 10.2.9]). Let {a;,az} be the canonical basis of R?, and let
aij = aj —a; (1,5 € {1,2}). Identify R with a vector space V, whose dual is the vector space
V* =R.aia. For z € R, we set P, = {g € SLa(K) | w(gij) > aji(x), for all 1 <i,j <2}

Note that we can omit the factor (r 4+ 1)~1d appearing in loc. cit. since by definition, § =
w(det(g)) = w(1) = 0.

This description obviously depends on the identification of R as the dual of V*. Now, if we
furthermore impose the condition a12 = Id: R — R, then P, is indeed equal to the group P, of

Definition 4.2. To end the comparison between | , Définition 7.4.2] and our definitions, one
has to show that N = T'U M and the maps v: N — Aff(R) are the same. This is easily obtained
by comparing | , Proposition 10.2.5 (ii)] with Definition 4.3 and Definition 4.4.

We now treat all the SU3 cases at once. As in Definition 2.1, we index the rows and the columns
of a 3-by-3 matrix by {—1,0,1}. Let a1 be a non-trivial element of R*, and set a_; = —a; and
ap = 0. We now take some time to spell out the definition of @;; as defined in | , 10.1.27].
This requires to extend the definition of 7y (see Definition 7.2) to all separable quadratic extensions.
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Lemma A.2. Let L be a separable quadratic extension of K. There existst € L and a,p € K
such that:

1. L=K[t] and t> —at + 3= 0.
2. w(B) =0 when L is unramified, and (5 is a uniformiser of K when L is ramified.
3. a=0, or0=w(f) =w(a) <w(2), or 0 <w(f) <w(a) <w(2).

Proof. See | , Lemme 4.3.3, (ii)]. The fact that « can be chosen so that w(«) = 0 in the
unramified case is a direct consequence of the theory of unramified extensions of local fields (see
for example | , Chapter II, Section 3.2, Proposition]). With this in mind, the equivalence with
[ , Lemme 4.3.3, (ii)] is clear. O

Remark A.3. To make Lemma A.2 possibly clearer, let us state what is the valuation of o on a
case-by-case analysis:

) . o = 0 if the residue characteristic is not 2
1. If L is unramified, ) . o
w(a) = 0 if the residue characteristic is 2

. . « = 0 if the residue characteristic is not 2
2. If L is ramified, . . Lo
a=0or0 < w(a) <w(2) if the residue characteristic is 2

The only difference between Remark A.3 and Lemma A.2 is that the latter allows the possibility
that a = 0 in the unramified residue characteristic 2 case. But this clearly cannot happen.

We can now extend our definition of the parameter v to any separable quadratic extension
L/K.

Definition A.4. Let L/K be a separable quadratic extension, and let ¢, o, 8 be as in Lemma A.2.
Let l =ta™' € Lifa#0,and | = 3 € L if @ = 0, where « is as in Lemma A.2 (note that
a = 0 implies 2 # 0 in K, since L is assumed to be a separable extension). We then define

v =—3w(l) €R.

Again, we can restate the fact that v does not depend on the choice of o and 3 as in Lemma A.2
in the following way.

Lemma A.5. Let L' ={z €L |2+Z=1} and L., = {z € L' | w(z) = sup{w(z) | x € L'}}.
The element | € L in Definition A.J belongs to L}

max

Proof. See | , 4.3.3 (ii)]. O

It is also important to note that v > 0, and that in view of Remark A.3, v > 0 if and only if
the residue characteristic is 2 and L is a ramified extension.

Definition A.6 (] , 10.1.20]). Let g be the pseudo-quadratic form associated with the her-
mitian form used to defined SUs (see Remark 2.2). Explicitly, for € L3, q(z) = If(z,x) + L,
where L0 = {z € L | z +Z = 0} (see [ , 10.1.1 (7), (8)]). For z € L, we define wy(x) =

Lsup{w(k) | k € ¢((0,2,0))} = S sup{w(k) | k € lzz + L°}.
We can actually compute explicitly the value of w.
Lemma A.7.
1. wy(x) = w(z) + wy(1)
2. wy(1) = 3w(l)
Hence, wq(x) = w(z) + gw(l)

Proof. The first property follows from the definition, and the second one is Lemma A.5. O
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Definition A.8 (] , 10.1.27]). Let {e_1, ep, €1} be the canonical basis of L3. For g € End(L?),
let (gi;) be the matrix of g in the basis {e_1,e9,e1}. For i,j € {—1,0,1}, we define @;;(g) =
C:Jz(gz]) — (:Jj(l), where &J:i:l = w, while C:JO = Wgq-

Remark A.9. One readily check that this definition agrees with the one given in | ,10.1.27].
Indeed, we can take advantage of the fact that X is one dimensional. Let us identify Hom(X}, X;)
with L, through the basis {e_1,ep,e1}, and define w; as in | , 10.1.27]. Then, for z € L and

a € Hom(X;, X;) & L, we have w;(a(ze;)) — wj(ze;) = wi((ax)e;) —w;(xe;) = &i(ax) — @;(x) =
@i(ar) — @;(1).

Definition A.10 ([ , Corollaire 10.1.33]). With these notations, P, = {g € SU3(K) | @;(g) >
a”b(x) - aj('r)vlv.] € {715 07 1}}

Note that we can omit the factor %wc(g) appearing in loc. cit. since by definition, ¢(g) is the
similitude ratio (see [ , Definition 10.1.4]) and is equal to 1 for g € SUs3.
Again, this description depends on the choice of a non-trivial element in R*. Now, if we choose

a;:R — R:xz — §, then for x € R, the group P, of Definition A.10 is the following group:

R 0 —%5-v -z
P = (g€ SUN () [wlg) 2 (40 b -0 )

T 5= 0
When v = 0, i.e. when L is unramified or when the residue characteristic is not 2, then this

indeed coincides with our definition of P, (see Definition 5.1 and Definition 6.1). Finally, when
v > 0, the group P, of Definition 7.5 also coincides with P,.

To end the comparison between [ , Definition 7.4.2] and our definitions, one has to show
that N = T U M and the maps v: N — Aff(R) are the same. This is easily obtained by com-
paring [ , Proposition 10.1.28 (iii)] with our definitions (see Definition 5.2, Definition 5.3,

Definition 6.2, Definition 6.3, Definition 7.6 and Definition 7.7).

B A review of the theory of CSA over local fields

Let D be a central division algebra of degree d over a local field K (recall that the degree of
D over K is the square root of the dimension of the K-vector space D). It is well known that
such division algebras are classified (up to isomorphism) by elements of (Z/dZ)* (see for example
[ , Corollary 17.7a and Corollary 17.8b]).

To be explicit, for r € (Z/dZ)*, the corresponding division algebra is the cyclic algebra
(E/K,o",7K) where

e F is the unramified extension of K of dimension d.
e 0 € Gal(E/K) is the element in Gal(E/K) inducing the Frobenius automorphism on E.
For the reader’s convenience, we recall the definition of a cyclic algebra.

Definition B.1. Let K be a field and let E/K be a cyclic extension of degree d. Let o be a
generator of Gal(E/K), and let a € K*. The cyclic algebra (E/K,0,a) is defined as follows:
-1
e (E/K,0,a)= P u'E
i=0

o ulzu=o0(z), forallz € £

Definition B.2. Asin | |, for a finite central division algebra D of degree d over K, we call
the corresponding element r € (Z/dZ)* the Hasse invariant of D.
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An important fact about such a division algebra D is that it splits over E. It is important
for us to describe explicitly the embedding of D inside My(FE), the algebra of d x d matrices with
coefficients in F.

Definition B.3. Let D be a division algebra isomorphic to the cyclic algebra (E/K,c", k) of
degree d over K. Consider the isomorphism of (right) E-vector spaces

d—1
f:Ed —D:v= (’Ul, . ,’Ud) — Zuivi—i-l
=0

Let ¢: D — My(E):x — (v f~Yz.f(v))). More explicitly,

1 mro(zg) TR (x4-1) ... TR (2)
de1 z2 o' (x1) o (xq) ... mroldTI(x3)
oS ) = |78 oTe2) M@)o )
i=0 : : : _ :
g 0"(xa—1) 0% (za—2) ... oTI(ay)

We can now properly spell out the definition of the reduced norm.

Definition B.4. Let D be a division algebra isomorphic to the cyclic algebra (E/K,o", k) of
degree d over K. We define the reduced norm Nrd as follows:

Nrd: M, (D) — K: g — det(¢(gi5))
where ¢(g;;) is seen as a dn x dn matrix with coefficients in E.
We end this discussion by an analysis of the ring of integers of D.
Lemma B.5. Let D, E, K be as in Definition B./, and let r € N U {oo}. Since E is unramified,
Op/mi, & O /mb @ ... O Ok /mh. Furthermore, Op /m7yd = (ﬁiui.OE/m%. This shows that

Op/m7 is a free Op/mY,-module (with the convention that m* = (0)), and that we can define
a map B: Op /md — My(Op/my,), which is compatible with the map ¢ of Definition B.3, in the
sense that the following diagram commutes

Op — MyOg)

J J

(’)D/mbd — Md(OE/mTE)

Proof. This is straightforward from the definitions. O

C An integral model of SLy(D)

Recall that the group SLa(D) consists of the 2 x 2 matrices with coefficients in D having reduced
norm 1 (Definition 2.4). Recall the definition of the embedding ¢: D — My(F) given in Defini-
tion B.3. In view of the definition of the reduced norm (Definition B.4), we arrive at the following
explicit definition of SLa(D).

Definition C.1. SLy(D) = {( 92) | g;; € D, det((;’jgg;g ggggg)) =1}

Mimicking this definition, we can define a similar group over Op /m"{.
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Definition C.2. Let D be a central division algebra over K of degree d, and let r € N U {co}.
Keeping the notations of Lemma B.5, we define
SLa(On /mig) = {(4 ) | 955 € Op/mi, det((Z0m) 202 )) = 1)
Let us now discuss the underlying algebraic group of SLa(D). Let My(D) be the algebra of
2 x 2 matrices with coefficients in D. Using the embedding D — My(E), we can identify My(D)
with a K-linear subspace of May(F). Now, SLa(D) is the closed subspace of Ma(D) = A‘}gz cut

out by the polynomial equation Nrd = 1. We can mimic this situation over the ring of integers to
define an integral model of SLa(D).

Definition C.3. Let D be a central division algebra of degree d over K, and let M>(Op) be the
Ox-algebra of 2 x 2 matrices with coefficients in Op. Using the embedding Op < My(OFg), where
E is the unramified extension of K of degree d, we can identify M>(Op) with a free Ok -submodule
of M24(Op). We define the Ok-scheme SL, p, to be the closed subscheme of M>(Op) = A‘(lgdi cut
out by the polynomial equation Nrd = 1.

Of course, the crucial point is to check that SL, p, is in fact smooth.
Theorem C.4. SL, , is a smooth Ok -scheme.

Proof. This is one of the main results in | ]. Let us explain how to extract it from there. Let ¢
be the valuation of GLy(D) defined in | , 2.2, display (4)]. The valuation ¢ is thus a point of
the enlarged apartment A;. The associated norm is defined as a.,(e121+e222) = inf{w(z1),w(x2)}
(following the definition in | , 2.8, display (9)]). The corresponding order .#,,, of Ms(D)
defined in | , 1.17) is {( 951 932) € Ma(D) | w(gij) > 0} (this is easily computed using the
description of End a(u) in | , 1.11, display (17)]). Note that .#,,, is isomorphic to the affine
space Agi)z (being a free Ox-module). Finally, following | , 3.6, let &, be the (principal)
open subscheme of the affine space .#,,, defined by the non-vanishing of the reduced norm (see
also [ , 3.2]).

®,, is actually an integral model for GLy(D), and the SLa(D) case is then treated in [ , 85].
Let ®1,, be the schematic adherence of SLa(D) in @, (following the definition in [ , 5.3]).
It is mentioned in [ , 5.5] that the group @, is the closed subgroup of &, defined by the
equation Nrd = 1, and hence it coincides with our group SL, . But by | , 5.5], @, is
smooth over O, concluding the proof. Note that to apply [ , 5.5], we should check that a
finite unramified extension of a local field is étale in the sense of | |. But this is clear in view
of | , 1.6.1 (f) and Definition 1.6.2]. O

We conclude our study of the SLy(D) case by identifying the rational points of SL, .

Lemma C.5. Let D be a central division algebra over K of degree d, and let r € NU{oc}. Then
SLy p(Ok /mY) = SLa(Op/myy) (where by convention, m> = (0)).

Proof. Because the diagram appearing in Lemma B.5 is commutative, we have
SL, (O /mic) 2={(§41 §33) € Ma(Op/m) | Nrd(g) = 1}
—{(f1 $22) € Ma(Op/mig) | det((Z001) £ ) = 1)

?(g21) P(g22)

as wanted. O
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