BRAUER-MANIN OBSTRUCTION AND FAMILIES OF GENERALISED
CHATELET SURFACES OVER NUMBER FIELDS

F. BALESTRIERI

ABSTRACT. Over infinitely many number fields & (including all finite Galois extensions k/Q of odd
degree unramified at 2), we give general sufficient conditions in order for the generalised Chatelet
surfaces X over k associated to the normic equation Ny =)/, (Z) = h(z), where deg(h) > 4 is even

and arbitrarily large, to have the property that X (A)B" = () but X (A}) # (). We also give general
sufficient conditions in order for the generalised Chételet surfaces X over k of the same form as
above to have the property that X (A)B" = X(A}) # 0 and Br X/ Brk # 0. As an application, we
prove that, for a certain family of generalised Chéatelet surfaces over Q, a positive proportion (but
not 100%) of its members exhibit a violation of the Hasse principle explained by the Brauer-Manin
obstruction.

1. INTRODUCTION

Let k£ be a number field, Q) its set of places, and Ay its adelic ring. We say that a family {X,},,
a family of smooth, projective, geometrically integral varieties over k satisfies the Hasse principle if
X, (Ay) # 0 implies that X, (k) # 0, for all w. Let X be a smooth, quasi-projective, geometrically
integral variety over k and let Br X := HZ (X, G,,) be the (cohomological) Brauer group of X. The
Brauer-Manin set of X, introduced by Manin in [Man71], is the set

X (AP = {(a:v) € X(Ag): Z inv, a(z,) =0 for all o € Br(X)} ,

vEQ

where inv, : Br(k,) — Q/Z are the Hasse invariant maps from local class field theory. One can
check that X (k) C X(A)P". If X(Ay) # 0 but X(A)P" = (), we say that X is a counterexample
to the Hasse principle explained by the Brauer-Manin obstruction.

The aim of this paper is to provide large classes of examples supporting the following conjecture
for the Hasse principle, which is a special case of the conjecture in |[CTS80| for weak approximation.

Conjecture 1.1 (Colliot-Thélene and Sansuc). Let X be a smooth, projective, geometrically
rational surface over a number field k. Then X (Aj)B" # 0 implies that X (k) # 0.

By a theorem of Iskovskikh (cf. [Isk79, Thm 1]), any smooth, proper, geometrically rational
surface over k is k-birationally equivalent to either a del Pezzo surface or a smooth conic bundle
surface (or both). Since the property “X(Aj)P" # 0 implies X (k) # 0" is birationally invariant
for smooth, projective, and geometrically integral varieties (see e.g. [CTPS16, §6]), it follows that
Conjecture needs only be verified for del Pezzo surfaces and conic bundle surfaces. In this
paper, we are concerned with the following types of (k-birational classes of) conic bundle surfaces.
Let K := k(v/d) be a quadratic field extension of k, and let {wy,ws} be a k-basis for K. Let
h(x) € klx] be a separable polynomial of degree deg(h) > 2. Let Xy C A3 be given by the
equation

Ngi(Z) = h(z),
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where Z := wy2; +wqzp. As explained in e.g. [Sko01}, §7.1], by making a change of variables in A3 if
necessary we can assume without loss of generality that deg(h) = 2n for some n > 1 and v/d is not
in the splitting field of h over k. A smooth proper model X of Xj that extends the map Xy — A}
given by (Z,z) — z to a map X — P} can be constructed as follows (see e.g. [VAV12, §2]).
Let £ := (@ZZZIOP}C) @ Op1(n) be a vector sheaf on P of rank 3. Let s, be the homogeneisation

h(z,t) = t*"h(x/t) in L(P}, Op1(n)®?) and let sy := Ngy(Z) € D(Py, Sym*(®7,Op1)). Then
X = V(s; — s2) C P& is a compactification of X,. Moreover, one can check that X is smooth
over k (using the fact that h(z) is separable), and that X becomes rational over k(v/d).

Definition 1.2. A generalised Chatelet surface over k associated to X, is the smooth compactifi-
cation X of X, as above.

Assuming Schinzel’s hypothesis (cf. [SS58]; see e.g. [VAV12] for the statement for number fields),
Conjecture holds for generalised Chatelet surfaces over any number field £ (cf. [CTSD94]).
We mention the following unconditional results in the literature. When deg(h) = 4, generalised
Chatelet surfaces are usually called Chatelet surfaces and their arithmetic has been studied ex-
tensively (see e.g. |[CTSSD87a] and [CTSSD87h]); in particular, the full Conjecture for weak
approximation has been verified for Chatelet surfaces over any number field. When deg(h) = 6
and h(z) = f(x)g(z) is the product of two irreducible polynomials over k£ with deg(f) = 2 and
deg(g) = 4, Conjecture has been verified by Swinnerton-Dyer in [SD99]. A detailed account
of these results can be found in [Sko01, §7]. For higher degrees of h(x), we also mention the work
[BMS14], which verifies the full Conjecture [1.1|for weak approximation when h(z) completely splits
over Q.

We focus here on the case when K := k(v/—1) and deg(h) > 4 is even. Our aim is to give large
classes of examples of generalised Chatelet surfaces for which the failure of the Hasse principle is
explained by the Brauer-Manin obstruction, and examples for which the Brauer-Manin obstruction
is empty and the Brauer group (modulo constants) is non-trivial. The first class of examples
provides direct evidence towards Conjecture [I.1l The surfaces in the second class of examples
conjecturally have a k-rational point and can be used, with the help of a computer algebra system,
as a testing ground for Conjecture [I.1} In general, to the best of our knowledge, such general
examples for large deg(h) have not yet appeared in the literature.

We now state our main results. Let Q3" be the set of even places of k and let szen# be the
subset of places v in Q" with [k, : Q2] odd. Let

2 := {k number field : vV—1 & k, Q'™ = Q""" and k,/Q; is unramified for all v € Qf'"}.

Remark 1.3. Examples of number fields k£ € £ are Galois extensions k/Q of odd degree unram-
ified at 2.

Our first main result is the following.

Theorem 1.4. Let k € ¢ be such that || is odd. Let f(x) = Y i, fiz" € Oklx] and
(A p,v) € O X O x Zsy satisfy Conditions (ELS) and (Br) in Section §4. Let X be the
generalised Chatelet surface over k associated to Xo : Ny=1x(2) = f(x)(X\ + pf(x)"). Then

Remark 1.5. For k = Q, f(z) = —2* + 3, and (\,u,v) = (1,—1,1), we retrieve Iskovskikh’s
famous counterexample to the Hasse principle (see |Isk71]).

For any £ € JZ and any even integer N > 4, we define .# y to be the family of generalised
Chatelet surfaces X over k associated to affine varieties of the form

Xo : Npy=yw(2) = f(@)(A+ pf(z)"),
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where f(x) € Ok[z] has even degree, \,u € O, v € Z>q, and deg(f-(A+pf")) = N. Specialising
to k = Q, we obtain the following corollary to Theorem [T.4]

Corollary 1.6. Let N > 4 be any even number such that N/2 is not an odd prime > 5. Then
there exist infinitely many generalised Chatelet surfaces X € Fqn such that X(Aq) # 0 and
X(AqQ)P =10.

For any variety X over k, we let Brg X := im(Brk — Br X)), where Brk — Br X is the natural
morphism induced by the structure morphism X — Speck. Our second main theorem is the
following.

Theorem 1.7. Let k € 2, f(x) = Y i, fix" € Oklz], and (A, p,v) € O x Oy X Zxy satisfy
Conditions (ELS) and (HP) in Section §4. Let X be the generalised Chatelet surface over k
associated to Xo : Ny =1x(2) = f(x)(A + pf(x)”). Then BrX/Brg X # 0 and X(Ay)* =
X (Ag) # 0.

Specialising to k = Q, we obtain the following corollary.

Corollary 1.8. Let N > 4 be any even number. Then there exist infinitely many generalised
Chatelet surfaces X € Fqn such that X(Aq) = X(Aq)®" # 0 and Br X/ Brg X # 0.

Remark 1.9. The generalised Chatelet surfaces constructed in Corollary don’t usually have
any “obvious” rational points.

As an application of Theorems and [L.7], one can prove positive density results of the following
kind: for a certain family of generalised Chatelet surfaces over Q, a positive proportion (but not
100%) of its members exhibit a violation of the Hasse principle explained by the Brauer-Manin
obstruction. See Theorems [7.1] and [7.2] and Remark [7.3] for more details.

Structure of the paper. In §§2, 3, we recall some useful results for computing the Brauer
group of generalised Chatelet surfaces and the Hilbert symbol. In §4, we prove the main theorems
of this paper, namely Theorems and [L.7} their proof is not difficult, but rather computational.
In §5, we specialise to k = Q and prove Corollaries [I.6] and [I.8] In §6, we give some examples of
many-parameters families of generalised Chatelet surfaces over a number field £ # Q satisfying
the conditions of Theorems and We conclude in §7 with an application (Theorems and

of Theorems [1.4] and [1.7]

General notation. We fix once and for all an algebraic closure Q of Q, and we take any algebraic
extension of Q to be inside Q. Let k be a number field. We denote by €, the set of places of
k, and by k, the completion of k at the place v € Q. We denote by QF and QF the real and
complex places of k, respectively, and we denote by Q¢"" and Q944 the finite places of k above
the rational prime 2 and above odd rational primes, respectively. If v €  is a finite place, we
write F, := Oy, /m, for the residue field at v, where m, is the maximal ideal of Oy, ; we write
red, : Oy, — F, for the reduction map. We further denote by QdeQR and QdeQNR the subsets of
places v € 294 such that red,(—1) is and is not, respectively, a square in F,, and by szen# the
subset of places v € Q¥ with [k, : Qq] odd. If f € k[z], we denote by Split,(f) the splitting
field of f over k. If X is a variety over a number field k, we denote by X the base-change of X to Q.
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2. THE HILBERT SYMBOL

We recall, for convenience, some of the explicit formulas for computing the Hilbert symbol. For
v e Q4 and a,b € kX, we have (see e.g. [Ser79, Chap. XIV,§3])

#Fy—1
v(b) 2
_ _qyp@em @
(a,b)y, = (redv (( 1) bv(a))>

Remark 2.1. If ¢ € FX, then ¢™ 3 is the Legendre symbol, which is equal to 1 if and only if ¢

is a square in F,,.

In particular, letting a = —1 yields the following.

Lemma 2.2. Let v € Q4. For b € k), we have (—1,b), = —1 if and only if v(b) is odd and

v
red,(—1) is not a square in F,.

Now let v € Q" Let a € k) and b € QJ, and write Ny, /q,(a) = 2%u, and b = 2°w,, where
Ug, Up € (962. By [Ben73, Theorem 1], the Hilbert symbol for k, descends to the Hilbert symbol
for Qs as

(a,b)k, = (N, /qu(a), b)q, = (—1) ()l ot iutu, (2.1)
where e(z) := % (mod 2), w(z) = ngl (mod 2), and where the right-most equality in (2.1)
follows from the well-known formula of the Hilbert symbol for Q.. In particular, letting b = —1

yields the following.

Lemma 2.3. Let v € Q3'". Fora € k;

v

we have (a,—1)x, = (Ni,/q,(a), —1)q, = (=1)).

Let v € € be a finite place. We briefly recall some results about the structure of the group of
units of k,. For any integer m > 1, we define the group of m-principal units of k£, to be

Ul =1+my,
and we define the set
UZ =—1+m.

For any integer r > 1, we denote by p,.(k,) the subgroup of O consisting of all r-th roots of unity
in k,. From these definitions, we immediately have the following.

Lemma 2.4. O,:U/Uév = F). Consequently, we can write any unit v € OF as u = euy, where
€ € pgr,—1(ky) and uy € U} .

_ 771
Remark 2.5. O0g, = Uy,
Lemma 2.6. Suppose that k,/Qy is an unramified (Galois) extension and let a = 2°Wu € kX,
where u € Op . Write u = curt?, where € € fionpy_(ky) and uy € U,iv are square-free, and
t€ O . If [k, : Qo] is odd and u, € Uzv, then (—1,a), = —1.
Proof. First, we note that Ny, /q,(a) = N, /q,(2"@Wu) = 2k Q@ N, 0 (u). By Lemma it
follows that
(_170’)1% = (_17Nku/Q2(a))Q2 - (_17Nkv/Q2(u))Q2'

Let f, := [F, : Fo] = [k, : Q] be the residue degree. Since Ny, q,(t*) is a square, by the

properties of the Hilbert symbol we have

(=1, Niyyq.(u)q, = (=1, Ny, /q.(€u1))q, -
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Since 2/ — 1 is odd and €21 =1, by the multiplicativity property of the Hilbert symbol it follows
that (—1, N, /q.(€))qs = ((—1, Ny, /q.(€))q,)?" ' = 1. Hence, by the multiplicativity property of
the Hilbert symbol we have

(=1, Nk, jq.(€u1))q, = (=1, Ni,/qQ.(u1))q.-

It remains to compute (=1, Ny, jq,(u1))q.- If w1 € Ui}, then we can write u; = —1 + 4h for
some h € Oy,. Then

Nk, Qs (w) = HaEGal(kv/QQ) o(uy)
= [Ioccai(r,/q,) o(—1 +4h)

= [sccaitre Q) (—1 +40(h))
= (= 1)k Q2] 1 4p/,

for some b’ € Oq,. If [k, : Q2] is odd, it follows that Ny, /q,(u1) € Uiv. Hence, by Lemma we
obtain (—1,a), = (—1)“ M/ = 1 as required. O

Remark 2.7. If u; € Ul?w then a similar proof as the above yields (—1,a);, = 1 for any degree
[l{iv . QQ]

3. THE BRAUER GROUP

Let X be a smooth, quasi-projective, geometrically integral variety over a number field k. As a
consequence of the fact that Br X injects into Br £(X') and of a result by Gabber (see |[dJ]), for such
an X we have that Br X is the same as the Brauer group defined in terms of Azumaya algebras.
We briefly recall the relations between Hilbert symbols, quaternion algebras, and evaluation of the
Hasse invariant maps, as we will use them in the subsequent sections; for more details, we refer
the reader to e.g. [Pool7, Chap. 1], |GS06, Chapters 1, 2, 4, 8], [KKS11, Chap. 8]. Let K be
a field of characteristic different from 2, let a,b € K*, and let Q(a,b; K) be the corresponding
quaternion (Azumaya) algebra. By definition of the Hilbert symbol, we have (a,b)x = 1 if and
only if Q(a, b; K) splits. Now let K := k, be the completion of a number field k at a place v of k.
Let 2 := [Q(a, b; k,)] be the class of Q(a,b; k,) in Br(k,). Then 2 is a 2-torsion element in Br(k,)
and the Hasse invariant map inv, : Br(k,)[2] — 1Z/Z sends 2 to 0 if and only if Q(a, b; k,) splits,
and hence if and only if (a,b)x = 1. In what follows, for any field K with char K # 2 and for
any a,b € K*, we will denote the quaternion algebra Q(a,b; K) by (a,b)x; hopefully this will not
cause any confusion.

In the subsequent sections, we will also need some results on the Brauer group of our generalised
Chatelet surfaces. Let X be the generalised Chatelet surface over a number field k associated to

Nk(\/jl)/k(g) = f(z)g(x),
where f and g are non-zero polynomials over k of even degrees deg f,degg > 2 and f(x)g(x) is
separable. Let o/ € Brk(X) be the class of the quaternion algebra (—1, f)xx). Since the class of

(=1, f)rx) is unaffected if we multiply f by a square or by a norm of k(X)(v/—1)/k(X), it follows
that @ = [(—1, g)rx))-

Lemma 3.1. Let X, k, and <7 as above. If moreover f and g are irreducible over k and neither
Split, (f) nor Split,(g) contain \/—1, then Br X/ Bro X = (& + Bro X) = Z/2Z.

Proof. By [VAV12, Theorem 3.2], we have an isomorphism

{(n1,ns) € (Z/2Z)* : nydeg f + nadegg =0 (mod 2)} ~ BrX

—
(1,1) BI‘QX
5




given by [(n1,n2)] — [(—=1, f(2)"g(2)"*)kx)] + Bro X. Since deg f and degg are both even, it
follows that n; deg f + nodegg = 0 (mod 2) for all (ny,ny) € (Z/2Z)* Hence, Br X/Bry X =
(of + Bro X) = Z/2Z. O

4. PROOFS OF THE MAIN THEOREMS

In this section we prove Theorems [1.4] and
Let k € . For any f(z) := >, fix" € Oklz] and any tuple (A, p,v) € O x Of X Zxq, we
define the following set of conditions, which we collectively call Conditions (ELS).

Condition 4.1 (ELS-f). We have n > 2 even, f - (XA + uf") separable, and f,, fo, A + ufy # 0.

Condition 4.2 (ELS-oddqgr). For any v € QdeQR, there is x, € k, such that v(f(x,)(\ +
pf(x,)”)) is even.

Remark 4.3. If f, = £1, v(u) =0 for all v € dedQR, and n > 2 is even, then for any v € dedQR

we can take x, = u,/m, where 7 is a uniformiser of Oy, and u, € (’),jv.

Condition 4.4 (ELS-oddgng). For v € ;%" we have v(f,) = v(A) = v(u) = 0.
Condition 4.5 (ELS-even). For v € Q5" we have (=1, fo)r, = (=1, A + puf)k, -

Condition 4.6 (ELS-R). If QF # (), then, for v € QF, there exists some z, € k, such that
f(xo) A+ pf(zy)”) > 0 in k.

We also define the following set of conditions, which we collectively call Conditions (Br).

Condition 4.7 (Br-k-f). Let x := lem,egeen {20F°Q2) — 1}
(1) If f; & 40, then x4li;
(2) both f and A + pf” have no zeros in k.
Condition 4.8 (Br-even). For v € Q" writing A\ = 2°Wuy, p = 2*Wy, and A + pfy =
20Oy, we have:
(1) if j is odd, then either f; =0 or v(f;) > 1;
(2) fo, fo, Urgugy € Uiv;
(3) Uy € U,?v;
(4) if v is odd, then u, € Uiv, while if v is even, then u, € U} ;
(5) either 017 fi € (i,% Jor Y fi € Uiv, or Y"1 fi € 40y, Moreover,
(a) if Y17 f; € Uy, then
(i) if v is odd, then v(p) = v(\) + 1;
(ii) iflz/ is even, then either v(p) = v(A) + 1 or v(\) = v(p) + 1;
(b) if Y07 fi € 40y, then v(pu) + v =v(A) + 1 and v < 2.
Condition 4.9 (Br-R). If QF = (), then, for v € QF, we have:
(1) if v is odd, then A > 0 and p < 0 in ky;
(2) if v is even, then A, u > 0 in k,.

Finally, we let Conditions (HP) be Conditions (Br-k-f) and (Br-R) together with the following
two conditions.

Condition 4.10 (HP-k-f). Both f and A + pf” are irreducible over k, and neither Split,(f) nor

Split, (A 4+ uf¥) contains v/—1.
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Condition 4.11 (HP-even). For v € Q') writing A\ = 2°Muy, p = 2°Way, and A + pufy =
20Oy, we have:
(1) if j is odd, then either f; =0 or v(f;) > 1;
(2) fus fo, urspgy € UL
(3) ux € UZ;
(4) if v is odd, then u, € Uiv, while if v is even, then u, € U} ;
(5) either Z?;ll fi € U}, or Z?;ll fi € Uiu, or Z?;ll fi € 40y, or Z?;ll fi € 2+ 40y,.
Moreover,
(a) if 207 f; € U2, then
(i) if v is odd, then v(p) > v(\) + 2;
(ii) if v is even, then either v(p) > v(X) + 2 or v(A) > v(p) + 2;
(b) if S0 fi € 40, then
(i) if v is odd, then either v(p) > v(A) + 2, or v(A) = v(p) + 1 and v > 3;
(i) if v is even, then either v(p) > v(A) +2, or v(p) +2 < v(A) < wv(p) +v —2;
(c) it S0 fi € 24+ 40, then
(i) if v is odd, then either v(u) > v(X) + 2, or v(A) = v(p) + 1 and v > 3;
(ii) if v is even, then either v(u) > v(A) + 2, or v(p) +2 < v(A) <v(p) +2v —2.

Before proving Theorems [I.4] and [I.7] we need some preliminary results.

Lemma 4.12. Let k be a number field with /—1 ¢ k. Let v € Q. be such that there exists v € k
with (=1,7)x, = —1. Then, for any a, 8 € k), there is a k,-solution z, to Ny =1)(?) = af if
and only if (—1, ), = (—1, D).

Proof. The “only if” direction is clear, by the definition and the multiplicativity property of the
Hilbert symbol. For the other direction, let us assume that (—1, ), = (=1, 8),. By multiplica-
tivity, this is equivalent to (—1,af);, = 1. By the definition of the Hilbert symbol, this implies
that there is a non-trivial k,-solution (z;,1,) to the equation Ny =, (%) = aft?. If we can show
that t, # 0, then clearly z,/t, is a k,-solution to Ny =), (%) = aB. By hypothesis, there exists

some y € k,* with (=1,7)g, = —1. Hence, there is no non-trivial k,-solution to Ny (/=14 (%) = 7t*.
In particular, there is no non-trivial k,-solution to N ,=;(Z) = 0. This is sufficient to rule out
the case t, = 0 in our solution (2, t,) to Ny —,4(Z) = aft*. O

Remark 4.13. If £ € % holds, then Lemma applies to all v € , with the exception of
v € QF and v € QM with red,(—1) € F2 (cf. Lemmal[2.2] and Lemma [2.6)).

The following lemma follows from deduced from e.g. [Neu99, Chap. V, §1, Cor 1.2] and by
using the fact that adjoining to a local field K a root of unity of order coprime to the residue
characteristic of K yields an unramified extension of K.

Lemma 4.14. Let k be a number field and let v € Q29. Then k,(v/—1)/k, is unramified. Conse-
quently, Ny /=1k, - Oy W=D~ O, is a surjective homomorphism.

Proposition 4.15. Let k € 2, f(x) == >, fiz" € Oklz], and (N, p,v) € O x O X Zx
satisfy Conditions (ELS). Let X be the generalised Chdatelet surface over k associated to Xy :
Nyy=nk(Z) = f(@)A + pf(x)”). Then X(Ay) # 0.

Proof. 1t suffices to show that Xo(k,) # 0 for all v € Q, since then § # [[,cq, Xo(k,) C
[Teo, X(k,) = X(Ay). For v e QF, it is clear that Xo(k,) # 0. For v € QR U Q"9 U QY™ we
use Lemma More precisely, if QF # (), then for v € QF there exists, by assumption, some

T, € k, such that f(x,), A+ pf(x,)” € kX and (=1, f(z,)(A + uf(2,)"))r, = 1. For v € QdeQNR,
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we can choose some z, € k, with v(z,) < 0 and f(x,), A + pf(z,)” € kY. Then, using that
A+ uf? € Oklz], that v(f,) = v(uf?) = 0, and that n is even, we deduce that both v(f(z,))
and v(\ + pf(z,)") are even. By Lemma [2.2] it follows that (—1, f(xy))k, = (=1, A + puf (2)" )i, -
For v € Q¢¥" we take x, = 0. Then, by assumption, we have (=1, fo)r, = (=1, A + uf¥)k,. In
order to prove that Xg(k,) # 0 for v € QdeQR, we take the x, € k, that, by assumption, has
v(f(xy)( A+ puf(xy)”)) even and use Lemma O

Proposition 4.16. Let k € ', f(z) =Y 1, fiz" € Olz], and (A, p,v) € O x Oy X Z>1 satisfy
Conditions (ELS-f), (ELS-oddqnr), and (Br-R). Let X be the generalised Chatelet surface over
k associated to Xy : Nk(ﬁ)/k(,?) = fx) A puf(x)). Let o = [(—1, flucy] = (=1, A f) e €
Br X. Then for any x, € Xo(k,) and for any v & Q5¥"*, we have inv, & (x,) = 0.

Proof. Since inv, 7 : X(k,) — Q/Z is continuous for the local topology for any v € €, by
deforming locally if necessary we may assume without loss of generality that f(z,), A+ puf(z,)” # 0
for all v & Q. Since & (x,) = [(f(zv), —1)k,] = [(A+ pf (x,)", —1)k,], it suffices to compute the
Hilbert symbols (f(xy), —1)k, = (A + pf(x,)”, —1)i, for each v € Q.

If v € QF, then (f(z,), —1)x, = 1, as —1 € k2. Hence, inv, & (x,) = 0. If QR # () and v € OF,
then f(z,) > 0 in k,: if f(x,) < 0, then by Condition (Br-R) we would have A + uf(x,)” > 0,
and thus that (f(z,), —1)k, # (A + pf(zy)”, —1)k,, which in turn, by the correspondence between
Hilbert symbols and quaternion algebras, would give inv, <7 (x,) = 1/2 and inv, &7 (x,) = 0, a
contradiction. Hence, f(z,) > 0 and inv, </ (x,) = 0.

If v € 2;°%" then by Lemma ﬁ we have (f(z,),—1)r, = 1 and thus inv, & (x,) = 0. If

odd .. . . . . .
veQ, U we need to distinguish some cases. We write z, = 7®u, where 7 is a uniformiser of

Or,, « € Z,and u € O; . If a < 0, we have already seen in the proof of Proposition that
(f(xy),—1)r, = 1 and thus inv, &/ (x,) = 0. If a > 0, then it easy to see that v(f(x,)) > 0 if
and only if v(fy) > 0, and, similarly, that v(A + pf(z,)”) > 0 if and only if v(A + pff) > 0. If
v(fo) > 0, then v(A + ufy) = 0 as v(\) = 0. Hence, either v(fy) = 0 or v(A + ufy) = 0, meaning
that either v(f(x,)) = 0 or v(A + pf(z,)) = 0. Using (f(zy), —1)k, = (A + pf(zy), —1)k, and
Lemma we deduce that inv, &7 (x,) = 0. Finally, if & = 0, then v(f(x,)) is even. Indeed, if
v(f(z,)) > 0 were odd, then v(A+puf(z,)") = 0 as v(A) = 0 and we would have by Lemma[2.2] that
(f(zy), =Dk, # A+ pf(xy)”, —1)k,, which in turn would give at the same time inv, 7 (x,) = 1/2
and inv, & (x,) = 0, a contradiction. Hence, by Lemma [2.2] inv, & (x,) = 0. O
Proposition 4.17. Let k € ¢, f(x) = >, fiz" € Oklz], and (X, p,v) € Ok x Oy X Zxy satisfy
Conditions (ELS-f) and (Br-k-f). Let X be the generalised Chdtelet surface over k associated to
Xo : Nyy=nyw(2) = f(@) A+ pf(2)"). Let o = [(—1, flrx)) = [(=1, A+ puf")ex)] € Br X. Then
for any z, € Xo(k,) and for any v € QL°", we have

{O if (HP-even) holds,

— _
inv, (2,) if (Br-even) holds.

N[

Proof. Since inv, &7 : X (k,) — Q/Z is continuous for the local topology, we may assume without
loss of generality that f(z,), A + uf(z,)” # 0 for all v € Q§¥". Since <7 (x,) = [(f(zy), —1)k,] =
[(A+pf (z,)", —1)g,], it suffices to compute the value of either (f(z,), —1)g, or (A+ pf(z,)", —1)k,
for each v € Q*". We remark that (f(z,),—1)r, = (A + pf(z,)", —1)k, as these two Hilbert
symbols represent the same element <7 (x,) € Br(k,). We give the proof for when (HP-even)
holds; the proof for (Br-even) is similar. We will show that either (—1, f(z,))s, = 1 or (=1, A +
pf(zy)" )k, =1 for each v € Q¥ thus implying that inv, @7 (x,) = 0 for each v € Q§¥".

If z, = 0, then by (HP-even)(2) we have (—1, f(z,))r, = (=1, fo)r, = 1 and (=1,\ +
pf (o) )k, = (=1, unippr)e, = 1. So let us assume that z, # 0. Write x, = 2%u, for some
a € Z and u € Of . We distinguish some cases depending on «.
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If & > 0, then by using (HP-even)(1),(2) we have f(z,) — fo € 40y, and thus that f(z,) € U .
Hence, by Remark [2.7] we have (-1, f(z,))k, = 1.

If a < 0, then by by using (HP-even)(1),(2) we have 27"*u~" f(x,) — f,, € 40, and thus that
27"y ~" f(x,) € UZ . Hence, since n is even and by Remark , we have inv, &7 (x,) = 0.

Finally, if & = 0, then we write x, = eu; for some € € pgr,.q,_;(k,) and some u; € U,gv. In
this case, by (Br-k-f) we have that f(z,) — > 1, fi € 40y,, since f; € 40 whenever x; fi (and
for those indices i such that x|i, we have fiz! = fi(eu;)’ = fiu!). We distinguish some subcases
depending on the value of Y f; mod 40y,

(1) Let us begin with the subcase 3.1 fi € Ui Jle. YU o fi € UR . Since f(z,) — Y0 o fi €
40y, we have f(x,) € U} and thus, by Remark. 2.7, that (—1 f(%))kv =1.

(2) Let us now deal with the subcase S0 f; € Uz, ie. El ofi € Uk We show that
(=L, A+ puf(xy)” )k, = 1. Write

A+ pfay)” = 2"Wuy + 20y, f(x,)".
(a) If v is odd, then by (HP-even)(5)(a)(i) we have that v(u) > v(A) + 2. Hence,
At f (w0)” = 20 (uy + 22007 W, f(2,)”).

Moreover, by (HP- even)(3) (4) we have uy € UZ . Since v(u) —v(\) > 2, we can
deduce that uy 4 2°W=*Wy,, f(z,)” € U} . By Remark , this implies that (—1, A\ +
Mf(xv) )kv = 1.

(b) If v is even, then by (HP-even)(5)(a)(ii) we have that either v(\) > v(u) + 2 or
v(p) > v(A) + 2. We will do the first subsubcase, the second subsubcase being very
similar. Assume that v(A\) > v(p) + 2. Then

A puf ()" = 220 2"y o, f (1))

Moreover, by (HP-even)(3),(4) we have uy,u, € UZ. Since f(z,) € Uiv, we de-

duce that 2°M =Wy, + u, f(z,)” € U} . By Remark [2.7, this implies that (—1, A +
Mf(xv)y)kv =1

As a side note, we remark that this subcase never occurs, that is, if Z?’:_ll fi € U,fv then

a # 0. Indeed, if @ = 0, then we have just shown that (=1, A + pf(z,)")r, = 1. But since

v

flz,)—=>"" fi € 40y, we have f(z,) € Uk and thus, by Lemma 6, (—1, f(zy))g, = —1.
Since (—1, f(2o))k, = (=1, A+ pf(2,)")k,, we obtain a contradiction. Hence, if >0 f; €
U then o # 0.

(3) Next, we deal with the subcase 320" fi € 404, i.e. S0 fi € 24 40y,. Since f(z,) —
oo fi € 40y, , we have that f(z,) = 2 + 4t = 2(1 + 2t) for some ¢t € Oy,. We will show
that (=1, A+ pf(xy)" )k, = 1. Write

A+ pf(a,)” = 2"Wuy +2°Way, f(x,)".

(a) If v is odd, then by (HP-even)(5)(b)(i) we have that either v(u) > v(\) + 2 or
v(A) =v(p) + 1 and v > 3. The first subsubcase is similar to the subsubcase in (2)(a)
above. For the second subsubcase, we have

A+ pf ()’ = 20 (uy 4277, (1 4 28)Y).
Since v — 1 > 2 and uy € UZ , we can deduce that uy 4+ 2" "'u,(1 4 2t)” € UZ. By
Remark [2.7] this implies that (=1, A + pf (z,)")x, = 1.

We remark that the condition v(A\) = v(u) + 1 is used, together with u, € Uiv and

fo € UZ,, to ensure that uyy,p € U? in (HP-even)(2) is satisfied.
9



(b) If v is even, then by (HP-even)(5)(b)(ii) we have that either v(u) > v(\) + 2 or
v(p) +2 > v(A) > v(p) + v — 2. The first subsubcase is similar to the subsubcase in
(2)(b) above. For the second subsubcase, since v(A) > v(u) + v — 2 we have

A+ Mf(ffy)l/ _ 21}()\)(u)\ + 2u+v(,u)—v()\)uu(1 + 275)1/).

Moreover, by (HP-even)(3),(4) we have uy € UZ . Since v 4+ v(p) — v(A)) > 2, we
can deduce that uy + 2V WMy (1 4 2t)” € Uz . By Remark , this implies that
(=L, A+ puf(xy)")k, = 1. We remark that the condition v(u) + 2 > v(\) is used to
ensure that uxy,pr € UZ in (HP-even)(2) is satisfied.
(4) Finally, let us deal with the case 320" f; € 2+ 40, i.e. .1 fi € 40y, Since f(z,) —
Yoo fi € 40, we have that f(x,) = 4t for some t € Oy,. We will show that (=1, A +
wf ()" )k, = 1. Write

A pf(zy)” = 2" Mgy + 2”(“)uuf(xv)”.

(a) If v is odd, then by (HP-even)(5)(c)(i) we have that either v(u) > v(A) + 2 or
v(A) =v(u) + 1 and v > 3. These subsubcases are similar to those in (3)(a) above.

(b) If v is even, then by (HP-even)(5)(c)(ii) we have that either v(u) > v(A) + 2 or
v(p)+2 > v(N) > v(p)+2v—2. These subsubcases are similar to those in (3)(b) above.
We remark that the condition v(u) +2 > v()) is used to ensure that uxi,p € U7 in
(HP-even)(2) is satisfied. O

Proof of Theorem [1./ - By Proposition [1.15] X (A}) # 0. Now let (x,) € X(Ay). We want to show
that (x,) & X (A})“, where o = [(—1 f) )] € Br X (cf. §3). Since X is smooth, by the Implicit
Function Theorem we have that X, (k, ) is dense in X (k,) for the local topology, for any v € .
Since moreover inv, &7 : X(k,) — Q/Z is continuous for the local topology for any v € Q, by
deforming locally if necessary we may assume without loss of generality that x, € Xy(k,) for all
v € Q. By Propositions [£.16] and .17}, inv, (<7 (x,)) = 0 if v & Q" and inv, (< (x,)) = 1/2 if
v € Q. Since by assumption [25"*"| is odd, it follows that

1
Z inv, o (x,) = 3
vEQ
implying that (x,) € X(Ay)?. Hence, X(A;)? = 0, which implies that X (A;)E" = 0. O

Proof of Theorem[1.7]. By Proposition [4.15] X (Aj) # 0. Now let (x,) € X (Ay). We want to show
that (x,) € X(Ay)P" = X(Ay)7, where & := [(—1, f)xx)] € Br X (cf. §3). Since X is smooth,
by the Implicit Function Theorem we have that X,(k,) is dense in X (k,) for the local topology,
for any v € . Since moreover inv, & : X(k,) — Q/Z is continuous for the local topology
for any v € (i, by deforming locally if necessary we may assume without loss of generality that

x, € Xo(ky) for all v € Q. By Propositions and [4.17, inv, (27 (x,)) = 0 for all v € . Hence,
Z inv, &7 (x,) =0,
vEQ

implying that (x,) € X(Ap)? = X(Ay)P. Since (x,) € X(Ay) was arbitrary, it follows that
X(Ay) = X(A)P. Finally, we recall that Br X/ Bry X # 0 by Lemma O

5. PROOFS OF COROLLARIES AND

As corollaries of Theorems [[.4] and [I.7] we can now prove Corollaries [I.6] and [I.8]
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Proof of Corollary[1.6. If N/2 is even and not equal to 2, we can let, for example, (A, pu,v) =
(1,—1,1) and f(z) := —aN/? +4x2 fain1x® + ZN/4 ' fur® + 3 € Zz], where f; € Z
for all j € {1,.. N/2} and ZNM lfzz = 1 (mod 4Z), or we can let (A, pu,v) := (1,—2,1) and
f(z) = —:BN/2+4$Z f22+1952@+ZN/4 ' foir® +3 € Z[x], where f; € Z for all j € {1,..., N/2}
and ZN/4 =1 (mod 47).

If N/2is odd and not equal to 3, then we let p be any prime dividing N/2. Since, by assumption,
N/2 is not a prime, it follows that N/(2p) # 1. In this case, we can let, for example, (A, u,v) :=
(2,1, N/(2p)—1) and let f(z) := —a? +4x 3" forna® + 307 fur® +3 € Z[z], where f; € Z for
all j € {1,...,2p — 1} and 327~/ fo; = 1 (mod 4Z), or we can let (\, u,v) := (1,2, N/(2p) — 1) and
fl) = =2 + 42 3P fora® + 071 foix® + 3 € Zz], where f; € Z for all j € {1,...,2p — 1}
and S fo; = —1 (mod 4Z).

If N =4, then we let (\, u,v) := (1,—1,1) and let f(x) := —2*+4f1x+ 3 € Z[z], where f; € Z.

If N =6, then we let (\,u,v) := (2,1,2) and let f(z) := —2® +4fiz + 3 € Z[z], where f; € Z.

In any case, we let the coefficients f; be such that both f and A\ + uf” have no roots in Q, and
such that f- (A + pf”) is separable. Let X be the generalised Chatelet surface over Q with affine
equation given by

Nyv=1(2) = fx)( A+ pf(z)").
By construction, deg(f - (A 4+ pf”)) = N. It is clear that the conditions on f(z) and A + pf(z)”
in the statement of Theorem are satisfied. For example, for the real place v = oo, we just note
that multiplying the leading and the constant coefficients of f gives (—1)-3 < 0 in R, which implies
that f has a root in R. Near such a root, we can find an Z € R such that f(Z)(A + pf(2)”) > 0.

Hence, we can apply Theorem to deduce that X (Aq) # 0 and X(Aq)® = 0. O
Proof of C’orollary | If N =0 (mod 4), let can let (\, p,v) := (1,—4,1) and let f(x) := 22 +
4ZN/2 ! -3 € Z[ ], where f; € Z for all j € {1,...,N/2}. Alternatively, if N = O (mod
4) with N > 4, we could also let (\, p,v) := (1,—4,1) and f(z) := 2™/? + 43:2 2i1 2% +

ZN/4 ' fux® — 3 € Z[x], where f; € Z for all j € {1,.. N/2} and ZN/4 "hi=1 (mod 47). 1t
N = 4, we could let (\, u,v) := (1,—4,1) and f(x) := 2*> + 2f; — 3 € Z[x], where f; € Z and
fi#0 (mod 27).

If N =2 (mod 4), let (\, u,v) := (1,4,(N —2)/2) and let f(x) := 2* + 4fix — 3 € Z[x], where
fieZ.

In any case, we let the coefficients f; be such that f- (X + puf") is separable, f and A + puf” are
both irreducible over Q, and Q(1/—1)/Q is not a subfield of the splitting fields of f and X + uf”
over Q. Let X be the generalised Chatelet surface over Q associated to

Niww(Z) = f(@) (A + pf(2)”).

By construction, deg(f - (A4 pf”)) = N. Tt is clear that the conditions on f(z) and A+ pf(x)” in
the statement of Theorem are satisfied. For example, for the real place v = 0o, we just note that
multiplying the leading and the constant coefficients of f gives 1-(—3) < 0in R, which implies that
f has a root in R. Near such a root, we can find an Z € R such that f(Z)(A+uf(Z)”) > 0. Hence,
we can apply Theorem [1.7] to deduce that X (Aq) = X(Aq)P" # 0 and Br X/ Bry X # 0. O

6. MANY-PARAMETERS EXAMPLES OVER A FIELD k # Q

In this section, we give examples of infinite families of generalised Chatelet surfaces over number
fields k # Q satisfying the conditions in Theorems and . (All the properties of the number

fields used in the examples have been check with a computer algebra system.)
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Example 6.1. Let & := Q(«) be the totally real cubic Galois extension where « satisfies o’ —
a* —2a+1=0. Then k € # and k has class number equal to 1 (so Eisenstein’s criterion works
over k). For any v € Q9" we have f = f, := [F, : Fo] = [k : Q] = 3. Consequently, the
number Y appearing in Condition (Br-k-f)(1) is x, = 2% — 1 = 7. For any n = 0 (mod 28), we
let £:= (f;)71"" € Zn/1% 1 and we let fop(z) := —2™/2 + 12771 27 4 3 € Z[z]. Let X, ¢ be
the generalised Chatelet surface associated to

Nyv=1)6(Z) = fas(x)(1 = for(z)).

We note that the rational primes 2 and 3 are inert in k. By Eisenstein’s criterion for 3 we deduce
that f, ¢(x) is irreducible over k. Similarly, by Eisenstein’s criterion for 2 we deduce that 1— f,, ¢(x)
is irreducible over k. Apart from those f € Z"/14~! for which f, ¢ (1— f.) is not separable, it is easy
to check that all the other hypotheses of Theorem are satisfied. Hence, the family {X,, ¢}¢cgn/2—1
of generalised Chatelet surfaces over k is such that X, ¢(Ax) # 0 and X, ¢(k) C X, ¢(Ar)P" = 0,
for all f € Z"/?~! such that f,¢- (1 — f.) is separable.

Example 6.2. We let k := Q(«) € # be as in Example For any n = 0 (mod 28), we let
f:= (j‘})"/14 L' e 2141 and we let frg(z) =22 +12.13 Z"/M ' fux™ — 3 € Z[x]. Let X, ¢ be
the generalised Chatelet surface associated to

Nyy=1y/6(2) = fus(2)(1 — 4, ¢()).

We note that the rational prime 13 is totally split in k; we fix some prime p;3 above 13. By
Eisenstein’s criterion for 3 and pi3, we deduce that both f,¢(z) and 1 — 4f, ¢(x) are irreducible
over k. Apart from those f € Z"'*~! for which fog+ (1 —4f.¢) is not separable or for which /—1
is contained in Split, (f,¢- (1 —4f,¢)), it is easy to check that all the other hypotheses of Theorem
are satisfied. Hence, the family {X,, ¢}gczn/2-1 of generalised Chatelet surfaces over k is such
that X, ¢(A)B" = X, ¢(A}) # 0 and Br X/ Brg X # 0, for all f € Z™/?~! such that f,¢- (1 —4f.¢)
is separable and v/—1 is not contained in Split,(f,¢- (1 — 4fnf)).

7. AN APPLICATION: SOME DENSITY CONSIDERATIONS FOR A FAMILY OF GENERALISED
CHATELET SURFACES OVER Q

For any even integer n > 2, consider the family of generalised Chatelet surfaces over Q

Yo = {Xcg: gen. Chatelet surf. associated to Ng(/=1),q(%) = fn@,f(x)(1_fn,e,f(x))}f::(fi);l:—olezn7ee{071},

where fce(z) = (—1)2" + 3207 fir? + fo. We define the counting function

_ #{Xﬁyf €9, maXop<i<n—1 !fz! < B and Xe,f(AQ) 7 ®>X€,f(AQ>Br = Q)}
#{Xcr € 9, : maxp<;<n—1 |fi| < B} .

NP(B)
Theorem 7.1. For any even integer n > 2, we have liminfg_, JKLBT(B) > 0,, where 0y :=
277> 0 and 6, =2~ "2tD > 0 for n > 4.

Proof. First of all, we note that, for any B > 1,
#{X1¢ €D, : maxo<i<n—1 | fi| < B and X1¢(Aq) # 0, X1¢(Ag)® =0}

JVBr JVBr

" ( ) #{Xefe g max0<z<n 1 |f2| < B} The= 1( )
and thus that liminfg_ ., o JKLBT(B) > liminfg | o JKZB; 1(B). So we just focus on those X, ¢ €
¢, with ¢ = 1 and look for a lower bound to liminfg , JI{LE’;I(B). Let X1¢ € ¥, with

12



maxXo<i<n—1 |fz| < B. Let f() € [—B,B] N Z be such that f() =3 (mod 8) Then 1 — f() = 2U1_f0
where u_y, € UQQQ. We have

1
#{foe|[-B,B]NZ: fo >0and fo, =3 (mod 8)} = §B+O(1).

If n = 2, then to get a lower bound it suffices to count the number of f; € [-B, B] NZ such
that f; € 4Z, which is B/2 + O(1). If n > 4, then to get a lower bound it suffices to count
the number of (f;)"=' € ([=B, BN Z)"! such that 37~ f; € 4Z and f; is even whenever i is
odd. This number has a lower bound of 2"/2=3B"~1 4 O(B"~2): indeed, if write fy;1 = 2go;4; for

G2j+1 € [=B/2,B/2]NZ and j =0,...,n/2 — 1, then ZZ?iz_lgng + 27421—1 f2; =0 (mod 4) can
be viewed as an equation in f, (where all the other parameters f; with j # 2 are free), and the
value of f is determined mod 4; hence, we get a lower bound of (2B)"/*~2B"/2(2B/4) + O(B"2).
We note that the number of (f;)}'=; € ([—~B, BJNZ)" such that f,;¢(x) and 1— f, 1 ¢(z) are either
not separable or have Q-roots, is negligible as B — +o0. Indeed, by [vdW63] (see also [Che63]) the
right order of magnitude of the number of monic polynomials of degree n with integer coefficients
bounded in absolute value by B which are reducible is O(B"!) if n > 4 and O(Blog B) if n = 2.
Hence, by an inclusion-exclusion argument, the number of (f;)7=) € ([~ B, B]NZ)" such that f, ¢
and 1 — f, 1 ¢ are both irreducible over Z is (2B)" — O(B"!) if n > 4 and (2B)* — O(Blog B)
it n = 2. By Gauss’ lemma, since f,1¢ and 1 — f,, 1 are both primitive, we have that their
irreducibility over Z is the same as their irreducibility over Q. It is clear that if f, 1 gand 1 — f,, 1 ¢
are both irreducible over Q, then they have no Q-roots (as n > 2) and they are both separable,
implying, since f,,1¢ and 1 — f, ;¢ are coprime, that f,1¢- (1 — f,1¢) is also separable. Hence,
putting everything together, we obtain that the number of (f;)}=) € ([~B, B]NZ)" such that X, ¢
satisfies Conditions (ELS) and (Br) is at least
271B2+ O(B logB) ifn=2,
2M2=6pn 4+ O(B™1)  if n > 4.
By Theorem , it follows that any such Xy satisfies X ¢(Aq) # 0 and X;¢(Aq)® = (. Hence,

since

li 274B? B log B 2. 2B+ 1)) =277 ifn=2

i () > {2 B OB g B (2 QB4 =27 =

B—too limp_ 4o (27/27B" + O(B™ 1)) /(2- (2B + 1)) = 2=(/247D) if n > 4,
we deduce that liminfp_, o AP (B) > §,, where &, := 277 and 6,, := 2-/>*7 for n > 4. O

We now define the counting function

‘: #{Xe’f - gn . maxogign_l |fz| S B,Xe,f(AQ) = X€7f(AQ)Br 7£ @, and BI‘ Xe’f/ BI"Q 7é 0}
. #{ X r € 9, : maxo<i<n—1 |fi| < B} .

Theorem 7.2. For any even integer n > 4, we have liminfp_, o A P(B) > 27(/248) > (),

A (B)

Proof. The proof is similar as that of Theorem [7.1], so we just give a sketch. For any B > 1,
> #{Xo,f € 9, maxXo<i<n_1 |fil < B, Xo,f(AQ) = XO,f(AQ)Br # 0, Br XO,f/ BrQ # 0}

NHP (B
o (B) = #{Xcr € 9, : maxo<;<n—1 |fi| < B}
= Nl (B)
and thus that liminfp o AP (B) > liminfp_, E/KLEZO(B). So we just focus on those X, ¢ €
%, with ¢ = 0 and look for a lower bound to liminfp, o A 12 (B). Let Xof € %, with
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maXop<i<n—1 |fz| S B. Let f() € [—B, B] N Z be such that f() =-3 (mod 16) Then 1 — f() = 4U1_f0
where u_g, € Ugb. We have

#{fo€e[-B,B]NZ: fy <0and fo =—3 (mod 16)} = 1—163 + O(1).

For n > 4, in order to get a lower bound it suffices to count the number of (f;)?~! € ([~ B, B]N
Z)"" such that 3'7' fi = —1 (mod 4) and f; is even whenever 7 is odd. As in the proof of
Theorem [7.1} we note that this number has a lower bound of 2"/2~3 B"~! + O(B"~2). Moreover, as
in the proof of Theorem we note that the number of (f;)?=; € ([~B, BJNZ)" such that f, ()
and 1 — f,o¢(x) are not both irreducible is negligible as B — 4o00. Hence, putting everything
together, we obtain that the number of (f;)"-) € ([~B, B|NZ)" such that X ¢ satisfies Conditions
(ELS) and (HP) is at least 2"/2~7"B™ + O(B"!). By Theorem it follows that any such X ¢
satisfies Xo¢(Aq) = Xos(Aq)?" # 0 and Br X,/ BrQ # 0. Hence, since

lminf A7 20 (B) > lim (2"277B" + O(B"™))/(2- (2B +1)") = 270/,

—+00

we deduce that liminfp_, o AT (B) > 27("/248) " as required. O

Remark 7.3. Theorem [7.2| shows that limsupp_, . A E5(B) < 1 — 272+ < 1. Moreover, if
we assume Schinzel’s hypothesis, Theorem also shows that a positive proportion of members
in ¢, satisfy the Hasse principle (and, more generally, weak approximation).
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