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NEW AND OLD RESULTS ON SPHERICAL VARIETIES
VIA MODULI THEORY

ROMAN AVDEEV AND STEPHANIE CUPIT-FOUTOU

ABSTRACT. Given a connected reductive algebraic group G and a finitely generated
monoid I' of dominant weights of G, in 2005 Alexeev and Brion constructed a moduli
scheme Mr for multiplicity-free affine G-varieties with weight monoid I". This scheme
is equipped with an action of an ‘adjoint torus’ T,q and has a distinguished Taq-fixed
point Xg. In this paper, we obtain a complete description of the T,4-module structure in
the tangent space of Mr at X for the case where I is saturated. Using this description,
we prove that the root monoid of any affine spherical G-variety is free. As another
application, we obtain new proofs of uniqueness results for affine spherical varieties and
spherical homogeneous spaces first proved by Losev in 2009. Furthermore, we obtain a
new proof of Alexeev and Brion’s finiteness result for multiplicity-free affine G-varieties
with a prescribed weight monoid. At last, we prove that for saturated I" all the irreducible
components of Mr, equipped with their reduced subscheme structure, are affine spaces.

INTRODUCTION

All objects considered in this paper are defined over an algebraically closed field k of
characteristic 0.

Let G be a connected reductive algebraic group. A G-variety (that is, an algebraic
variety equipped with a regular action of G) is called spherical if it is normal and contains
a dense orbit for the induced action of a Borel subgroup B C G. Famous examples of
spherical varieties are toric varieties, flag varieties, and symmetric varieties. Due to a
combination of numerous works and methods, the structure theory of spherical varieties
is now well understood and has recently led to a full classification of these objects; see
[Tilll, Chapter 5] for a review.

In this paper we obtain new results and also recover a number of already known facts
on spherical varieties via one single approach—that of moduli theory, which does not
involve any classification results in the theory of spherical varieties. Specifically, we are
concerned with the moduli theory developed by Alexeev and Brion in [ABO05| for affine
spherical G-varieties and more generally for multiplicity-free affine G-varieties.

An affine G-variety X is said to be multiplicity-free if X is irreducible and the algebra
k[X] of regular functions on X, regarded as a G-module, contains every simple G-module
with multiplicity at most 1. By a theorem of Vinberg and Kimelfeld [ViK78§]|, an irreducible
affine G-variety is multiplicity-free if and only if it possesses a dense B-orbit. In particular,
affine spherical G-varieties are characterized as normal multiplicity-free affine G-varieties.

Given a multiplicity-free affine G-variety X, the G-module structure of k[X] is encoded
in the weight monoid I'x of X, consisting of all dominant weights A of G for which k[X]
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contains a simple G-submodule k[X ]|, with highest weight A. This monoid is known to
be finitely generated. Besides, X is normal if and only if ["x is saturated, that is, 'y is
the intersection of a lattice with a cone.

One more invariant of a multiplicity-free affine G-variety X is its root monoid =, which
arises from the ring structure of k[X]. By definition, Zx is generated by all expressions
A+ p—v with A, g, v € I'x such that the linear span of k[X] - k[X], contains k[X],. Let
=52 denote the saturation of Zy, that is, the intersection of the lattice generated by Zx
with the cone spanned by =x. An important property of the root monoid was discovered
by Knop in [Kn96], who proved that the monoid Z5* is free.

In [ABO5|, Alexeev and Brion constructed and studied a moduli scheme My for mul-
tiplicity-free affine G-varieties with prescribed weight monoid I'. This scheme is affine
and of finite type; it is equipped with an action of an adjoint torus T,q (the quotient of a
maximal torus of G by the center of () in such a way that the T,4-orbits of M bijectively
correspond to the G-isomorphism classes of multiplicity-free affine G-varieties with weight
monoid I'. Various examples of moduli schemes Mr were further studied under different
assumptions on the monoid I". The case of monoids generated by a single element was
worked out in [Ja07|; the paper [BCEF0§| dealt with free monoids that are G-saturated (the
latter means that the monoid consists of all dominant weights of G lying in a fixed lattice);
several other special instances of free monoids were studied in [CF09, [PVS12, [PVS16|. In
all these cases, Mr was shown to be an affine space (as a scheme). Finally, in [BVS16]
it was proved that for an arbitrary free monoid I' all the irreducible components of Mr,
equipped with their reduced subscheme structure, are affine spaces.

Given an arbitrary finitely generated monoid I' of dominant weights of GG, there always
exists a multiplicity-free affine G-variety Xy = Xo(I") with weight monoid I" such that
the linear span of k[Xo|y - k[Xo],, coincides with k[Xo]|x4, for all A, € I'. Such varieties
were first considered and studied by Vinberg and Popov in [ViP72]. It is known from
[ABO5] that the T,q-orbit in Mr corresponding to X is just a T,q-fixed closed point (still
denoted by Xj), hence the tangent space Tx,Mr of Mr at X is naturally equipped with
the structure of a T,g-module.

One of the main achievements of this paper is a complete description of the T,43-module
structure of T'x,Mr purely in terms of I' in the case where I' is saturated (see Theorem [B.1]).
In particular, we show that T'x,Mr is a multiplicity-free T,4-module whose weights, up
to a sign, belong to a certain finite set 3(G) depending only on G. The set ¥(G) turns
out to be a subset of the set of spherical roots of G that is well known in the theory of
spherical varieties.

As a first application of our description of T'x,Mr, we show that, given an arbitrary
affine spherical G-variety X, every indecomposable element of the monoid =y is primitive
in the lattice ZZx (see Proposition I0([b])). Combining this with the above-mentioned

—sat

result of Knop on the freeness of Z%', we derive that the monoid Zx itself is free (see
Theorem A.TT]).

As a second application, we obtain a new proof of the following uniqueness result for
affine spherical G-varieties: up to a G-isomorphism, every affine spherical G-variety X is
uniquely determined by the pair (I'y, X x), where X x is the set of spherical roots of X, that
is, primitive elements of the lattice ZI'x lying on extremal rays of the cone spanned by =x
(see Corollary B.16). This fact was first proved by Losev in [Lo09b|. It is worth noticing
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that the above-mentioned uniqueness result easily extends to arbitrary multiplicity-free
affine G-varieties (see Corollary [£.22]).

As a third application, we derive a new proof of a rule that enables one to determine
the set X x of free generators of the monoid Z5* of an affine spherical G-variety X starting
from the set ¥ x of spherical roots (see Theorem [I9]). This rule was first obtained by
Losev in [Lo09a]. (In fact, Losev’s result deals with a much more general situation.)

We point out that in all the three above-mentioned applications our proofs easily reduce
to checking certain combinatorial properties of the set of weights of the T,4-module T'x, Mr.

Using elementary additional material on spherical varieties, from the uniqueness result
for affine spherical G-varieties we derive the uniqueness property for spherical homo-
geneous spaces first obtained by Losev in [Lo09a]; see our Theorem for a precise
statement.

We note that Losev’s proofs of the above-mentioned uniqueness results for affine spher-
ical varieties and spherical homogeneous spaces use Lie-theoretical methods; the already
known classification of affine spherical homogeneous spaces comes into play in his ap-
proach. It is also worth mentioning that one more independent proof of the unique-
ness property for spherical homogeneous spaces follows from a combination of Luna’s
paper |[Lu01] and Cupit-Foutou’s one [CF09], the latter dealing with more complicated
aspects of moduli theory of affine spherical varieties than in this paper.

Making use of the uniqueness property for affine spherical G-varieties, we recover the
following result first obtained by Alexeev and Brion in [ABO5|: there are only finitely
many G-isomorphism classes of multiplicity-free affine G-varieties with prescribed weight
monoid I" (see Corollary [£.23); equivalently, M contains only finitely many T,4-orbits.
The initial proof of this fact given in [AB05| used a vanishing theorem of Knop [Kn94].

At last, combining some of the above-mentioned results, we establish the following prop-
erty suspected by Brion in [Brl3|: for saturated I, all the irreducible components of Mr,
equipped with their reduced subscheme structure, are affine spaces (see Corollary [A.I8]).
In the above statement, considering the reduced subscheme structure of the irreducible
components of M is essential: using the results of the present paper, in [ACF18| §7.6]
we construct examples of saturated monoids I' such that My is a non-reduced point.

This paper is organized as follows. In §[Il we fix notation and conventions used in
this paper. In §2 we gather some basic facts on multiplicity-free affine G-varieties and
moduli schemes Mr. In §[3 we obtain our description of the T,q-module structure in the
tangent space of Mr at X, whenever I' is saturated. Applications of this description
are presented in §4l Appendix [Al lists sign conventions for Chevalley bases of simple
Lie algebras used in §B.8l In appendix [Bl we present some information on invariants of
spherical homogeneous spaces; this material is needed in §§4.3H4.4]
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1. NOTATION AND CONVENTIONS

Throughout this paper, all topological terms relate to the Zariski topology. All sub-
groups of algebraic groups are assumed to be closed. The Lie algebras of algebraic groups
denoted by capital Latin letters are denoted by the corresponding small Gothic letters.
A wvariety is a separated reduced scheme of finite type. A K-variety is a variety equipped
with a regular action of an algebraic group K. A K-isomorphism of two K-varieties is a
K-equivariant isomorphism.

Zt={z€Z|z>0};

Q" ={¢eQ|q=0}

k* is the multiplicative group of the field k;

| X | is the cardinality of a finite set X;

(-,-) is the natural pairing between Homgz (L, Q) and L, where L is a lattice;

V* is the dual of a vector space V;

K is the connected component of the identity of an algebraic group K

K, is the stabilizer of a point x under an action of a group K;

X(K) is the character group of a group K (in additive notation);

kX is the value of a character x € X(K) at an element k of a group K;

Z(K) is the center of a group K;

Ny (K) is the normalizer of a subgroup K in a group L;

Y is the closure of a subset Y of a scheme X;

k[X] is the algebra of regular functions on a variety X;

k(X) is the field of rational functions on an irreducible variety X;

Quot A is the field of fractions of a commutative algebra A with no zero divisors;

Der A is the space of derivations of a commutative algebra A;

[[, 1] is the derived subalgebra of a Lie algebra [;

Oy is the structure sheaf of a scheme X;

T, X is the tangent space of a scheme X at a closed point x € X;

G is a connected reductive algebraic group;

B C G is a fixed Borel subgroup;

T C B is a fixed maximal torus;

U C B is the unipotent radical of B;

Toa =T/Z(G) is the adjoint torus;

(-,-) is a fixed inner product on X(7') ®z Q invariant with respect to the Weyl
group No(T)/T;

A C X(T) is the root system of G with respect to T';

AT C A is the set of positive roots with respect to B;

IT € AT is the set of simple roots;

a¥ € Homgz(X(T'), Z) is the dual root corresponding to a root o € A;

At C X(T) is the monoid of dominant weights with respect to B;

V(A) is the simple G-module with highest weight A € A™;

U(g) is the universal enveloping algebra of g.

The lattices X(B) and X(T") are identified via restricting characters from B to 7.

The lattice X(T,q) is canonically identified with ZII.

Highest weight vectors and lowest weight vectors of all simple G-modules are considered
with respect to B.
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For every A € X(T), we set \* = —wg\ where wy is the longest element of the Weyl
group Ng(T)/T.

If V is a vector space equipped with an action of a group K, then the notation V¥ stands
for the subspace of K-invariant vectors and, for every character x of K, the notation VX(K)
stands for the subspace of K-semi-invariant vectors of weight y.

Let K be a group and let K7, K5 be subgroups of K. We write K = K; X\ Ky if K is a
semidirect product of Ky, Ky with K; being a normal subgroup of K.

Let o € ZIT and consider the expression 0 = Y k,«, where k, € Z for all & € TI. The
a€cll
support of o is the set Suppo = {a € Il | k, # 0}. The type of o is the type of the

Dynkin diagram of the set Supp 0. When the Dynkin diagram of Supp ¢ is connected, we
number the simple roots in Supp o as in [Bo68| and denote the ith simple root by «;.

For every o € ZII \ {0}, the root subsystem of A with set of simple roots Suppo is
denoted by A,.

For every subset ' C X(T), we set F* = {a € II | (a¥,\) = 0 for all A € F}. By
abuse of notation, for a single element A € X(7') we write A* instead of {\}*.

For every o € A, the image of «¥ in t is denoted by h,.

For every a € A, we fix a nonzero root vector e, € g of weight o with respect to the
adjoint action of T'. Moreover, we assume that the set {h, | a € [} U{e, | o € A}
is a Chevalley basis of the semisimple Lie algebra [g, g] (for details on Chevalley bases
see [Ca89) §§4.1-4.2]).

For every o, 8 € A with a+3 € A we let N, 3 € {£1,£2, £3, 4} be the corresponding
structure constant so that [e,,es] = Nupgears. One has [N,z = p+ 1 where p is the
largest integer such that g — pa € A.

Let @ be a finite-dimensional vector space over Q.

A subset C C @ is called a (finitely generated convex) cone if there are finitely many
elements q;,...,q, € Q such that C = Q¢ + ...+ QTqg,.

The dimension of a cone is the dimension of its linear span.

The dual cone of a cone C C @ is the cone

C'={£eQ*|&(q) >0forallqecC}.

One always has (CY)" = C.
A face of a cone C C @ is a subset F C C of the form

F=Cn{ge@|&(g) =0}

for some & € CV. Each face of C is again a cone.
An extremal ray of a cone C is a face of dimension 1 having the form Q*¢ for some

q€Q\{0}.
2. BASIC MATERIAL

In this section, we collect basic material on multiplicity-free affine G-varieties and on
Alexeev and Brion’s moduli schemes.

2.1. Spherical G-varieties and multiplicity-free affine G-varieties.

Definition 2.1. A G-variety X is said to be spherical if X is normal and possesses a
dense (and hence open) B-orbit.
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It follows from the definition that every spherical G-variety is irreducible.
Given a G-variety X, the algebra k[X] is naturally equipped with the G-module struc-
ture given by (gf)(z) = f(g7'z) for all g € G, f € k[X], and z € X.

Definition 2.2. An affine G-variety X is said to be multiplicity-free if X is irreducible
and every simple G-module occurs in k[X] with multiplicity at most 1.

Theorem 2.3 ([VIK78, Theorem 2|). Let X be an irreducible affine G-variety. The
following conditions are equivalent:

(1) X is multiplicity-free.
(2) X possesses a dense B-orbit.
Corollary 2.4. Let X be an affine G-variety. The following conditions are equivalent:
(1) X s spherical.
(2) X is multiplicity-free and normal.
2.2. The weight monoid. Let X be a multiplicity-free affine G-variety.

Definition 2.5. The weight monoid of X, denoted by I'x, is the set of all A € AT such
that k[X] contains a simple G-submodule isomorphic to V().

Remark 2.6. As k[X] is an integral domain, the product of two highest weight vectors in
k[X] is nonzero and hence again a highest weight vector. It follows that I'x is indeed a
submonoid in AT,

For every A € I'x, we let k[X], denote the simple G-submodule of k[X] isomorphic
to V(A), so that

k[X] = @D K[X],.
Ael'x
Given a submonoid I' C X(7), let k[['] denote the “semigroup algebra” of I, that is, the
algebra with basis {uy | A € I'} and multiplication given by uyu, = uxy, for all \,u € I
We equip k[I'] with an action of T' given by the formula ¢ - uy = t*uy for all t € T" and
A € I'. Clearly, the multiplication of k[I'] is T-equivariant.

Proposition 2.7 (|[Po86, Theorem 2|). There is a T-equivariant isomorphism k[ XV ~
k[Tx].

Corollary 2.8. The monoid I'x is finitely generated.

Proof. As the algebra k[X] is finitely generated, so is k[X]Y by [Ha67, Theorem 3.1] (see
also [Po86l Corollary 4 of Theorem 4]). It remains to apply Proposition 2.7 O

Proposition 2.9. The algebra k[X] is integrally closed if and only if so is kK[ X]V.

Proof. This is a particular case of Vust’s normality criterion [Vu76, § 1.2, Theorem 1] (see
also [Po86l, Corollary of Theorem 6]). O

Definition 2.10. A monoid I' C X(7') is said to be saturated if it satisfies the equality
F=7ZrnQrin X(7) ®z Q.

Proposition 2.11. The following conditions are equivalent:
(1) X is normal (and hence spherical).
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(2) 'y is saturated.

Proof. By [KKMST73, Ch. I, §1, Lemma 1|, the algebra k[I'x] is integrally closed if and
only if 'y is saturated. Now the claim follows from Propositions .7 and 2.9 U

2.3. The root monoid and related invariants. Let X be a multiplicity-free affine
G-variety.

Definition 2.12. The root monoid of X, denoted by Zx, is the monoid in X(7") generated
by all expressions A + p — v with A, 1, v € I'x such that the linear span of k[X], - k[X],
contains k[X],.

It follows from the definition that Zy is a submonoid of ZTII. It is known that =x is
finitely generated, see [AB05l Proposition 2.13].
Let Z52* denote the saturation of Zy, that is, Z%' = Z=x N Q" =y.

Theorem 2.13 (see [Kn96, Theorem 1.3]). The monoid =% is free.
According to Theorem 2.I3| let ¥x C Z*II be the set of free generators of the

—sat

monoid =%, that is, the linearly independent set such that
=3t = 25y
Along with the set ¥ x, we shall also consider the set ¥ x consisting of primitive elements

o of the lattice ZI'x such that Q"o is an extremal ray of the cone QT=y C ZI'y ®7 Q.
Elements of X x are called spherical roots of X.

2.4. The G-variety Xy. From now on until the end of §2:8, I' C AT is an arbitrary
finitely generated monoid.
Fix an arbitrary finite generating system E C I" and consider the G-module

V=VE) =V’

AEE

For every A € E, fix a lowest weight vector vy € V(A)*. Put
x():ZUA, O=Gzry;, and X,=0CV.
AEE
Theorem 2.14 ([ViP72, Theorem 6|). The following assertions hold:
(a) up to a G-isomorphism, the G-variety Xy is independent of the choice of E;
(b) Xo is a multiplicity-free affine G-variety;
(C) FXO = F,’
) Ex, = {0}, that is, the linear span of k[ X\ - k[Xo], coincides with k[Xo|r1, for

all )\, [IRS Px.

2.5. The definition of M. Consider the G-module
(2.1) Ar =PV,
AeT

For every A € T, fix a highest weight vector uy € V(A). Then AY = @ kuy. We equip
AeT

AY with an algebra structure by setting

2.2 Uy - U, = Uy, forall \,uel.
p p
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Thus we get a canonical identification
(2.3) AY ~ K[T.

Every scheme S is naturally equipped with the sheaf of Og-G-modules Og ®y Ar.
We consider the contravariant functor

Mr: (Schemes) — (Sets)

assigning to each scheme S the set of Og-G-algebra structures on the sheaf Og ®y Ar
that extend the multiplication (2.2) on AY. By [ABO5], Proposition 2.10], this definition
of Mr agrees with that given in [ABO5, Definition 1.11], see also [Br13], §4.3|.

The following result is a consequence of [AB05, Theorems 1.12 and 2.7|, see also [Br13|
§4.3].

Theorem 2.15. The functor Mr is represented by an affine scheme My of finite type.

Let ML(Ar) denote the set of all G-equivariant multiplication laws on Ar extending
the multiplication (2.2) on AY.

Corollary 2.16. The set of closed points of Mr is in bijection with the set ML(Ar).

2.6. Relation of M1 to multiplicity-free affine G-varieties with weight monoid I'.
Consider a multiplicity-free affine G-variety X with weight monoid I'. In view of Propo-
sition [2.7], there is a T-equivariant algebra isomorphism

(2.4) 7 k[X]Y 5 K[I).

~

Identifying k[I'] with AY via (Z3)), we get a T-equivariant isomorphism k[X]V = AY.
Clearly, the latter isomorphism uniquely extends to a G-module isomorphism

(2.5) K[X] 5 Ar.

Transferring the algebra structure from k[X] to Ar via isomorphism (2.5]), we obtain a
G-equivariant multiplication law on Ar extending the multiplication of AY.

Let X7, X5 be two multiplicity-free affine G-varieties with weight monoid I' and fix
T-equivariant isomorphisms 7;: k[X;]V = K[['] (i = 1,2). We say that the pairs (X1, 1)
and (Xy, 73) are equivalent if there is a G-equivariant isomorphism k[X;] = k[X5] such
that the induced T-equivariant isomorphism k[X;]¥ = k[X,]Y fits into a commutative
diagram

K[X1]V — K[X,)V

\/

Combining the above material with Corollary 2216, we get

Proposition 2.17. The closed points of My are in bijection with the equivalence classes
of pairs (X, ), where X is a multiplicity-free affine G-variety with weight monoid I' and
7: kK[X]Y = K[[] is a T-equivariant algebra isomorphism.
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2.7. Basic facts on the action of 7,4 on Mr. Let Ar be as in §2.5 In view of (2.1]),
every multiplication law m € ML(Ar) can be expressed as the sum

_ v
m = E my

where each component mf ,: V(A) ® V(i) — V() is a G-module homomorphism.

Proposition 2.18 ([AB05, Proposition 2.11|). Modulo the identification of Corol-
lary .16, the action of T,q on the set of closed points of Mr is described as follows:

(2.6) (t-m)5, = t”_’\_“mﬁ,u for all t € Tha,m € ML(Ar).

Corollary 2.19. Modulo the identification of Proposition 217, suppose that (the equiv-
alence classes of ) two closed points (X1, 1) and (X3, T2) of Mr lie in the same Tyq-orbit.
Then X1 and X5 are G-isomorphic.

Theorem 2.20 ([AB05, Theorem 1.12 and Lemma 2.2|). The G-isomorphism classes of
multiplicity-free affine G-varieties with weight monoid I' are in bijection with the T,q-orbits
m MF.

The following result is a consequence of Corollary 2.19 and Theorem 2.20.

Corollary 2.21. Suppose that X 1s a multiplicity-free affine G-variety with weight
monoid I'. Then, modulo the identification of Proposition 217, the closed points of the
Taq-orbit in My corresponding to X are all (equivalence classes of ) pairs of the form
(X, 7).

According to Theorem [2.20], for every multiplicity-free affine G-variety X with weight
monoid I' we let C'x denote the closure of the T,4-orbit in Mr corresponding to the G-
isomorphism class of X.

Since Zx, = {0} by Theorem 2.I4|(d)), it follows from (2.6]) and Corollary 2.21] that the
Taq-orbit in Mp corresponding to Xy is a T,g-fixed (closed) point. In what follows, by
abuse of notation, we denote this point by Xj. In particular, Cx, = {Xo}.

Theorem 2.22 ([AB05, Theorem 2.7|). The T,q-fixed point X € Mr is the unique closed
T,q-orbit in Mr. Equivalently, Xy is contained in each Thq-orbit closure in Mr.

Theorem 2.23 ([ABO05, Proposition 2.13|). Let X be a multiplicity-free affine G-variety
with weight monoid I'. The T,q-orbit closure Cx C Mr, equipped with its reduced sub-
scheme structure, is a multiplicity-free affine T,q-variety whose weight monoid is Zx.

Corollary 2.24. Under the hypotheses of Theorem 2.23], the tangent space Tx,Cx is a
multiplicity-free T,q-module whose set of weights is

{=7| 7 is an indecomposable element of Zx}.

Proof. By Theorem [2.23] Cyx is a multiplicity-free affine T,q-variety with weight
monoid Zx, so that k[Cx] = @ k[C’X](Tad). Recall from Theorem [2.22] that X, is the

§€EX ¢
unique Tyq-fixed closed point in Mr, (and hence in Cx), therefore it corresponds to the
maximal ideal
I= P KCx™ ckCxl.
§€=x\{0}
Now the assertion follows from the T,g-equivariant isomorphism Tx,Cx =~ (I/1?)*. O
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2.8. Characterizations of 7Ty ,Mr. In this subsection we present general facts on the
T,q-module structure of the tangent space T'x,Mp.

Let E, V, vy (A € E), 2o, O, and X, be as in §24l Let af,: (g,v) — g*v be the natural
action of G on V. Given t € T, let t denote the image of ¢ in T,g.

According to [ABOS, §2.1], we define an action a’y: (£,v) — ¢ x v of T,q on V in the
following way. For every A € E and v € V(\)*, we set

txv=1tt"xv),
and then extend the action to the whole V. Note that

(2.7) Vi = Pk,

A€E

We introduce the semi-direct product G = GXTu given by fgf_j =t lgtforalltcT
and g € G. Then the actions af, and a},; extend to an action of G on V', which will be
denoted by a*. Observe that xy € V7= by (7)), and so the orbit Gz is Thg-stable and
hence G-stable. It follows that X is G-stable.

All actions of G (resp. T,q) that will be considered in the remaining part of this sub-
section are induced by the action a* (resp. a’,) on V and its restriction to Xj.

Let Qy, (resp. Q,) denote the sheaf of differential 1-forms on V' (resp. X;). Consider
the canonical closed immersion i: Xy < V and let Z be the corresponding ideal sheaf.
By [HaT7T7, Proposition I1.8.12] or [Li02, Proposition 6.1.24(d)]|, there is an exact sequence
of coherent sheaves of Ox,-modules

H(Z)T%) = i*Qy — Qk, — 0.

We note that i*Qj =~ Ox, @ V* as Ox,-modules. Applying Homo, (—,Ox,) to the
above exact sequence, we obtain an exact sequence of coherent sheaves of Ox, -modules

(2.8) 0— Tx, = Ox, @ V — Ny,
where
Tx, = Homo,, (Q_lxo, Ox,)

is the tangent sheaf of X (that is, the sheaf of k-derivations of the sheaf Oy,) and

Nx, = Homo,, (i*(Z/1?), Ox,)
is the n0r~mal sheaf of X in V. Taking global sections in (2.8)) yields an exact sequence
of k[X]-G-modules
(2.9) 0 — H°(Xo, Tx,) — H(Xo,Ox, @ V) — H°(Xo, Nx,) = T"(Xy) — 0,

where T (X)), called the space of infinitesimal deformations of Xy, is by definition the cok-
ernel of the map H%(X,, Ox, ®x V) — H°(Xo, Nx,) in (Z9) (see [Ha77, Exercise I11.9.8]).

The following characterization of the tangent space Tx,Mp, which is implicitly con-
tained in [ABO5], has already been mentioned in [Brl3l Subsection 4.3]. For the reader’s
convenience, we provide it together with a proof.

Proposition 2.25. There is a Tyq-module isomorphism Tx,Mr ~ T (X,)¢.
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Proof. Applying |[ABO5, Proposition 2.8|, we obtain an exact sequence of T,4-modules
0 — Der®(k[Xo]) — Der” (k[Xo]") — Tx,Mr — T"(Xo)% — T"(Xo//U)" — 0,

where Xo//U = Speck[X,]Y. By [ABO5, Proposition 1.15(ii)], T%(Xo//U)T is trivial.
Therefore it remains to prove that the map Der®(k[X,]) — Der” (k[X,]"), given by re-
stricting derivations from k[X,| to k[X(]Y, is surjective (and hence an isomorphism). To
this end, let B act on k|G] by right multiplication and on k[X,]V in such a way that
each T-eigenvector of weight A is multiplied by the character —\*. Then there is a G-
equivariant isomorphism of algebras

(2.10) k[Xo] ~ (k[G] @y k[Xo]Y)",

where B-invariants are taken with respect to the diagonal action of B and the action of
G on the right-hand side is induced by that on k[G]| by left multiplication. It is clear
from (ZI0) that every T-equivariant derivation of k[Xy)V extends to a G-equivariant
derivation of k[X]. O

Corollary 2.26. There is an exact sequence of T,q-modules
0 — H°(Xo, Tx,)% = H(Xo, Ox, @ V)¢ — H°(Xo, Nx,)¢ = Tx,Mp — 0.
Proof. This follows by taking G-invariants in (2.9) and applying Proposition 2.25] U

Given a smooth open subset Y C Xy, the restrictions to Y of all the sheaves appearing
in ([28) are well known to be locally free, hence they may be regarded as the sheaves
of sections of vector bundles on Y. More precisely, Tx,|y (resp. (Ox, @k V)ly, Nxoly)
will be regarded as the sheaf of sections of the tangent bundle of Y (resp. trivial bundle
Y x V, normal bundle of Y in V). If) in addition, Y is G-stable, then the three vector
bundles are G-linearized in a natural way.

Proposition 2.27. The exact sequence of Tnq-modules
0= H°(O, Tx,lo)® = H(O, (Ox, @ V)|p)® = H(O, Nx,|p)®
identifies with
0 — (go)%0 — V0 — (V/gag) %o,

Proof. As O is G-homogeneous, for every G-linearized vector bundle p: F' — O the space
of its G-invariant sections is canonically isomorphic to (p~(z())%0. Applying this to our
three vector bundles yields the claim. U

By [Brl3l Lemma 3.9|, for every coherent sheaf F on X, the restriction map
H°(Xo,G) — H°(0,§|y) is injective, where G = Homo, (F,Ox,). Combining this
with Corollary [2.26] and Proposition [2.27] we obtain the following result.

Proposition 2.28. There is a commutative diagram of T,q-modules

0 — HO(X(),TXO)G — HO(X(),OXO Ok V)G — HO(X(),NXO)G — TXOMF — 0
(2.11) 1 l l

0 — (grg)¥0 —— VG0 —— (V/gao)C=o

where the rows are exact and the vertical arrows are injective maps.
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Proposition 2.29. There is an exact sequence of T,q-modules
0 — H(Xo, Ny, )¢ = H(Xo, N, )¢ — T, My — 0.
Remark 2.30. H(Xo, Nx,)® = [H(Xo, Nx, ).

Proof of Proposition 2.29. The claim will follow as soon as we show that the image of the
map

(2.12) H(Xy, Ox, @ V)¢ = H(Xo, Nx, )¢

in (ZI)) coincides with H°( Xy, N Xo)é. Since G, contains a maximal unipotent subgroup
of G, it follows that the space V%o is just the linear span of all vectors vy with A € E,
which implies

(2.13) VGeo — 1/Taa

by 27). Therefore T,q acts trivially on V%o and hence on H %(Xo, Ox, @ V). Thus

the image of the map (2.12) is contained in H°(Xy, Nx,)%, and so there is a commutative
diagram of vector spaces

H0<X07 OXO Rk V)G — HO(X()?NXO)é
(2.14) ! 4

VG0 s [(V/gn) o]

where the vertical arrows are injective maps. Further, note that
H°(Xp,Ox, @ V) ~ k[Xo] @ V

and k[X,] ® V' contains V() @ V(A)* as a G-submodule for every A € E. Since
dim(V(\) @ V(A\)*)¥ > 1 for every A € AT, it follows that dim H%(X,, Ox, @, V)¢ > |E|.
On the other hand, it is clear that dim V%= = |E|. Consequently, the left vertical arrow
in (2.14) is an isomorphism. At last, the surjectivity of the natural map V7 — (V/gz)Tad
along with (213 implies that the lower horizontal arrow in (2.I4) is a surjective map.
The latter already suffices to conclude that the map given by the upper horizontal arrow
in (2.14]) is also surjective. O

Combining Proposition 2.29] with Remark [2.30] we obtain
Corollary 2.31. All T,q-weights of T'x,Mr are nonzero.

3. THE TANGENT SPACE OF Mr AT X

Throughout this section, we fix the following notation:

I' C A* is an arbitrary finitely generated and saturated monoid;

L = Homgy(Z1', Z);

Q =L ®; Q = Homgy(ZI',Q);

K C Q is the cone dual to QT T;

K! C K is the set of primitive elements ¢ in £ such that Qtq is an extremal ray of K;
t: Homgz(X(T),Q) — Q is the natural restriction map.

For every o € ZI" we define the set

(3.1) K'(o) = {e €K' | (0,0) > 0}.
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3.1. Statement of the main result. We first describe the set X(G). By definition, an
element o € X(T) belongs to ¥(G) if and only if ¢ € Z*1I\ {0} and the expression of
o as a linear combination of the simple roots in Supp o appears in Table [l (In row 3 of
this table, o and 3 are the two distinct simple roots in Suppo.)

TABLE 1. THE SET %(G)

No. Type of o I1, Note
Supp o
1 Al (0%} %)
2 A1 20(1 %)
3 A1 X A1 o+ ﬁ %)
@ for r = 2;
4 A, ar+a+ ...+, Qo, 3, ..., Q1 |7 >2
forr >3
5 A3 a1 + 20&2 + a3 a1, O3
@ for r = 2;
6 B, o+ o+ ...+ o, o, 3, ..., Qp_q | T >2
forr >3
7 B, 2000 + 2009 + ... + 200, Qo,Q3, ..., Q0 r>2
8 Bg oy + 2&2 + 3043 aq, Qo
9 C, a1+ 200 + 203 + ...+ 2001 + @ 3,04, ...,0, r>3
10 D, 2000 + 2000 + ...+ 20000 + tp_q1 + iy o, Q3, ..., Q0 r>4
11 F4 o1 + 20(2 + 30&3 + 20&4 aq, 09, (3
12 G2 a1 + Qo %)
13 Gy 4o + 20 o

Each element o € ¥(G) comes together with a certain subset II, C Supp o, which can
be defined as follows:

(3.2) I, ={y€Supponot|o—vy¢ AT or vy & Supp(c —7)}.

For the reader’s convenience, in Table [[l we listed all roots in II, for each o € ¥(G). We
note that
e II, = Suppo Not unless o is in rows 6 or 9 of Table [IL
o Il, ={y€SupponNot|oc—~¢ A"} unless o is in row 11 of Table [T
Observe that the set %(G) is finite and depends only on G.
We set
O(I') = {0 € X(Taa) | —0 is a Taq-weight of Tx,Mr}.
In other words, ®(T") is the set of T,4-weights in the cotangent space of Mr at Xj.
Note that 0 ¢ ®(I") by Corollary 2311

Theorem 3.1. The tangent space T'x,Mr is a multiplicity-free Toq-module. Moreover, an
element o € X(T,q) belongs to ®(T') if and only if the following conditions are satisfied:
(®1) 0 € ZT';
(®2) 0 € X(G);
(®3) I, C Tt
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(®4) if o =y + ...+, with Suppo of type B, (r > 2), then a,, ¢ T't;
(®5) ifo =a+ B with a, B €Tl and « L 3, then (a¥,\) = (BY, \) for all A € T;
(P6) if o = 2« for some o € 11 then (a¥, \) € 27 for all X € T;
(®7) if o ¢ 11 then for every o € K'(o) there exists § € 11\ 't such that 1(6V) is a
positive multiple of o;
(P8) if o = o € 11 then there exist two distinct elements 01, 0o € KNL with the following
properties:
(a) <lea> = <Q27a> =1
(b) (@) = b1 + baps for some by, by € Q1 \ {0};
(c) K'(a) C {o1, 02}

Remark 3.2. In condition (@) it is important that the elements g1, g2 be distinct.

Remark 3.3. Conditions (®1I)—(®6) depend only on the lattice ZI', whereas (®7)) and (28
are the only conditions involving the cone Q*I' C ZI' ®7 Q.

Remark 3.4. In the case where I is free, a result similar to Theorem [BIlis proved by Bravi
and Van Steirteghem in [BVSI16|; see Theorem 4.1, Corollary 4.2, and Corollary 2.17 in
loc. cit. Although our proof and that of loc. cit. follow the same general strategy, below
we point out two main differences between the two approaches.

(1) When proving (®2) for every o € ®(I"), Bravi and Van Steirteghem establish a
more general fact that (®2) holds for any nonzero weight of the T,q-module (V/gxq)%=o.
However, their arguments resort to an extensive case-by-case analysis of root systems. On
the other hand, in our proof of (®2)) for o € ®(I") we avoid long case-by-case considerations
thanks to Proposition B:24] which imposes strong restrictions on an element in (V/gzq)=o
arising from a T,4-eigenvector in T'x,Mp.

(2) To prove that every o € X(T,q) satistfying (@I)—(®8) belongs to ®(T") (for free I'),
Bravi and Van Steirteghem use Theorem and existence results for affine spherical
G-varieties X with I'x = I and |Xx| = 1, which trace back to the known classification
of so-called wonderful varieties of rank 1, see loc. cit. for details. In our proof, for every
o € X(Tyq) satisfying (®I)—-(P8) we explicitly construct an element in (V/gx)%=0 that
gives rise to a T,q-eigenvector in T'x,Mr of weight —o.

Remark 3.5. In [BVS16], elements of X(G) are referred to as spherically closed spherical
roots of G.

We now briefly describe the contents of the remaining part of this section. In §B.2] we
gather further notation and conventions needed for the proof of Theorem B.1Il In §§B.3-
3.6l we discuss several ingredients for the proof. The proof itself is divided into two steps
carried out in §B.7 and §B.8| respectively. At the first step we prove that the T,q-module
T'x,Mr is multiplicity-free and every element of ®(I") satisfies conditions (®I)-(P]). At
the second step we prove that every element o € X(T,q) satisfying (®I)—(®8) belongs
to ®(I).

3.2. Preliminaries for the proof of Theorem 3.1l In this subsection we set up an
additional notation and make several conventions that will be used in our proof of Theo-

rem [3.11
We fix an arbitrary finite generating system E C I'. For every o € K!, we set

E,= (A E[ (0. =0}.
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Next, for every A € E we fix a lowest weight vector vy € V(\)* and put
V=V x=Y v, O0=Gz, and Xo=0CV.

A€E A€E

From §2.8| recall the group G = G X Thq and the action ag, (resp. a’y, a*) of G (resp.

Taa, G) on V under which X is stable. Combining Propositions 228 and 229 we get a
diagram of T,4-equivariant maps

5.3 0 — H°(Xo,Nx,)¢ — H°(Xo,Nx,)¢ — Tx,Mpr — 0
3.3 i

(V/go) o

where the upper row is exact and the vertical arrow is an injective map. We identify Ty, Mp

with the unique T,q-submodule of H(Xy, Nx,)¢ complementary to H°(Xy, Nx,)¢ and
let T8 denote the image of Tx,Mr in (V/gzy)%=0, so that

TS ~ TXO MF

as T,q-modules.

For our computations with the T,q-module (V/gz)“*o, it will be more convenient to
replace the actions ag;, ajy, and a* with other ones as described below.

As in §2.8 we let ¢ denote the image in T,q of an element ¢t € T. Let 6 € Aut G be a
Weyl involution of G relative to T', that is, 6(t) = ¢! for all ¢ € T'. Tt is well known that
8(B) N B =T. We extend this involution to an involution of G by setting (7) =
all % S Tad- "

We define a new action a: ((g,t),v) — (g,t)-v of Gon V by (g,t)-v=60(g,t) xv. Let
ag (resp. a,q) denote the restriction of a to G (resp. Thq).

Here are the most important features of the new actions.

G

for

(1) The action a,q is opposite to the action a’,. In particular, the set ®(I") is exactly
the set of weights of the T,q-module T8 with respect to the action a.q.

(2) For every A € E, the subspace V(A)* C V|, regarded as a G-module with respect
to the action ag, is isomorphic to V() with vy, viewed in V(A), being a highest
weight vector.

From now on, we shall consider the diagram (3.3]) only with respect to the actions a,
ag, and a,q. According to (2), this implies the following changes in our notation:
o V=0 V()
AeE
e v, is a highest weight vector of V() for every A € E.
With the above new notation, ag becomes the usual action of G on V' and the action a.q
of T,q on V is given by

(3.4) t-o=t"t""'-v) forall teT, N€E, andv e V(\).

For every A € E, let py: V' — V() be the canonical projection.

For every v € V, let [v] denote the image of v under the natural map V — V/gu,.

Since the subspace gzg C V' is Thg-invariant, for every T,q-eigenvector ¢ € V/gxq there
exists a Thq-eigenvector v € V' (of the same weight) such that [v] = ¢. This observation
will be always used in our study of (V/gxq)%o.
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3.3. The role of saturatedness of I'. The saturatedness assumption on I' will be essen-
tial in our proof of Theorem B.Il Firstly, by Proposition 2.11] this assumption guarantees
that the variety Xy is normal, which is essentially used in the proof of Proposition [3.13]
in §B3.51 Secondly, our arguments will often require the following crucial property of
saturated I'.

Lemma 3.6. For cvery o € K, there exists i € E such that (o, ) = 1.

Proof. Tt suffices to prove that {v € ' | (o,v) =1} # &. Since I is saturated, one has
(3.5) I ={veZl| (kv)>0foral x € '}

As ¢ is primitive in £, there exists vy € ZI' with (g,14) = 1. If K! = {0} then vy € T
by ([B.5). Otherwise there exists an element n € ZTE, such that (k,n) > 0 for all
k € K'\ {o}. For each n € ZT consider the element v,, = 1y + nn. Clearly, (g, v,) =1 for
all n € Z*. In view of (3.3) one has v, € I' when n is sufficiently large. O

3.4. Basic properties of (V//gzy)“ and its T,q-weights. The material presented in
this subsection is more or less known.
The following lemma is obvious.

Lemma 3.7. Suppose that ' C E is a nonempty subset, x = > vy € V, and A is a
AEE!
G.-module. Then an element a € A is G,-fixed if and only if the following two conditions

hold:

(1) a is T,-stable;

(2) esa =0 for all 6 € AT U (A~ NZE").
Moreover, condition ([2)) is equivalent to

(2') esa =0 for all § € TTU (—E*).

Lemma 3.8. Suppose that o is a Tyg-weight of (V/gx)%. Then
(a) 0 € Z7II;
(b) o € ZI.

Proof. (@) This follows from (3.4]) and basic properties of T-weights in a simple G-module.
(b)) It suffices to show that t” = 1 for all t € T,,;. Assume the converse and take ¢t € T},

such that 7 # 1. Let v € V™ be such that [v] € (V/gxg)Co \ {0}. As t* = 1 for all
A € E, one has t-v =t"7v. Since T,, C Gy, it follows that [v] = [t-v] = t77[v] and hence
[v] = 0, a contradiction. O

Lemma 3.9. Suppose that o is a nonzero Tag-weight of V and v € VA" \ {0}. Then
there exists 0 € 11 such that esv # 0.

Proof. Assume that esv = 0 for all 6 € II. Then v is a sum of highest weight vectors in V.
As o # 0, it follows that v = 0, a contradiction. U

Lemma 3.10. Let o be a Tag-weight of (V/gxe)C=. Suppose that v € VA" is such that
[v] € (V/gxo)C=0. Then esv € V. M gag for every § € At U (A~ NZEL).

Proof. By Lemma 3.7 the condition § € AT U (A~ NZE"Y) implies esv € grg. Clearly, esv
is a T,q-eigenvector of weight o — §. O
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Lemma 3.11. Suppose that o € ZI1. Then
ke_,zo if o € AT

V(,(Tad) Ngry = < txg if o =0;
{0} otherwise.
Proof. This follows from the decomposition g = t® € kes and the fact that eszg = 0 for
dEA
all § € AT, O

Corollary 3.12. Let 0 be a nonzero Toq-weight of (V/gxo)%. Let v € VAT be such
that [v] € (V/gxg)C=o \ {0}. Suppose that § € At is such that § # o and esv # 0. Then

(a) o —d € AT,
(b) esv = ce_(y—g)xo for some ¢ € k*.
Proof. This is a direct consequence of Lemmas [3.10 and B.11] U

3.5. Extension of sections. For every open subset Y C Xj, we let My denote the
restriction of the sheaf Ny, to Y.

Proposition 3.13. For a section s € H°(O,Np), the following conditions are equivalent:

(1) s extends to Xo.
(2) s extends to O UO" for each G-orbit O' C Xy of codimension 1.

Proof. Let Y C Xy be the union of all G-orbits in X, of codimension at most 1. Then YV
is an open G-stable subset of Xy and codimy, (X, \Y) > 2. As Xj is normal, by [Brl3
Lemma 3.9| the restriction map H°(Xo, Nx,) — H°(Y,Ny) is an isomorphism. Thus a
section s € H°(O, Np) extends to Xj if and only if it extends to Y. But the latter is
obviously equivalent to (2). U

To describe all G-orbits in X of codimension 1, we need some additional notation.
First of all, we introduce the set

(3.6) P={oeK'|E-=E,}.

Note that every o € P is not proportional to an element of the form t(a") with o € II.
Next, for every o € P we consider the vector

(3.7) 2o = Z v eV

and its G-orbit O, = Gz,.
The following result is a consequence of [ViP72, Theorems 8 and 9|.

Proposition 3.14. The map o — O, is a bijection between the set P and the G-orbits
in Xo of codimension 1.

Corollary 3.15. Suppose that o is a nonzero T,q-weight of V and v € Vi) et
s € HY%(O,Np)% be the section defined by s(zo) = [v]. Then the following conditions are
equivalent:

(1) [v] € TS.

(2) s extends to OU O, for all o € P.
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Proof. This follows from the definition of T8 (see §B.2)) along with Propositions B.13]
and [3.14] O

In what follows, for every ¢ € P we regard the sheaf Moo, as the sheaf of sections of
the normal bundle of OUQO, in V. We denote the total space of this bundle by F, and let

Po: Fp, = 0OUO,
be the canonical projection.
Fix an arbitrary element p € P and let ¢,: k* — T be the one-parameter subgroup of

T corresponding to o, that is, (¢,(£))X = €% for all y € X(T) and ¢ € k*. For every
¢ € k, consider the vector z,(§) € V given by

K7 if £ =0;
%(8) = {qﬁg(f)xo otherwise.

Then we have 2,(¢) = z, + > &My, for all ¢ € k. Note that z,(1) = xo. It follows
AEE\E,

from Lemma [B.6] that the morphism k — OUO,, given by £ — z,() is a closed immersion;

we denote its image by Z,.

Lemma 3.16. Suppose that o € P. Then T,,Xo = gz, ® ku, where

(3.8) Up = Z Uy

peE:(o,u)=1

Proof. We have T (Gz,) = g2, and 1., Z, = ku,. Since Gz, has codimension 1 in X, and
Xy is normal, it follows that dim gz, = dim X, — 1 and z, is a regular point of X,. The
proof is completed by observing that u, ¢ gz,. U

Proposition 3.17. Let v € V be such that [v] € (V/gxg)%0 and let s € H°(O,Np)¢ be
the section defined by s(zo) = [v]. Given o € P, the following conditions are equivalent:

(1) The section s extends to O U O,.
(2) There exists %1_13(1) s(2,(£)), that is, the restriction of s to O N Z, extends to Z,.

Proof. Obviously, (Il) implies (2)). It remains to prove the converse implication. Put
s(zp) = ?H(l) s(2,(€)). Being in the closure of the ¢,(k*)-orbit of s(zy), the point s(z,)
—

is ¢,(k*)-fixed. Further, observe that Gy, = G, for all { € k*, which implies that
every point s(z,(€)) with £ € k* is G,,-fixed. Consequently, the point s(z,) is Gy, -fixed.
Next, as Q1E, is a face of codimension 1 of Q*I" and I' is saturated, it follows that
ZI' N Ker o = ZE,, which implies T,, = T, - ¢,(k*). Combining this and the equality
E* = E, with Lemma B7 we obtain G., = G, - ¢,(k*), hence s(z,) is G.,-fixed. The
latter enables us to extend s to O, by the formula s(gz,) = g(s(z,))-

To complete the proof it remains to show that the extended map s: O U O, — F, is a
morphism. First, as s(z,) = %1_{1(1] 5(z,(€)), it follows that the G-orbit G's(z,) is contained in

the closure of the G-orbit Gs(xy) in F,. Next, since the map p, is G-equivariant and the
point s(zg) is Ggy-fixed, it follows that Gy, = G, and hence G's(zy) ~ O. Similarly,
Gs(z,) ~ O,. In particular, dim Gs(z,) = dim Gs(zo) — 1, and so the set Gs(zo) UGs(z,)
is open in Gs(zg). Now the restriction of p, to Gs(xy) U Gs(z,) is a bijective morphism
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onto O U O,, whence an isomorphism since O U O,, is smooth. Consequently, our map
s: OUO, = Gs(zg) UGs(z,) is a morphism as required. O

The next proposition is an application of the previous one.

Proposition 3.18. Suppose that o € P and o € ZII. Let v € Vi) pe such that
[v] € (V/gxo)%0 \ {0} and let s € H°(O,Np)C be the section defined by s(xq) = [v].

(a) If (p,0) >0 and ) pa(v) & gz,, then s does not extend to O U O,,.
AEE,

)
(b) If (0,0) <0 then s extends to O U O,.
(¢) If > pa(v) = 0 and there exists v € E\ E, with p,(v) # 0 and {(p,0) > (o, V),

XEE,
then s does not extend to O U O,.
(d) If > pa(v) =0 and (0,0) =1 then s extends to O U O,,.

AEE,

Proof. Thanks to Proposition [B.I7], in all the cases it is enough to prove the corresponding
statement about the existence of %in(l] s(z,(€)). Before we proceed, let us make some
—

preparations.
Given w € V™) and ¢ € k, let [w]¢ denote the image of w in V/T. ) Xo. Then for
every £ € k* one has

5(20(€)) = 5(6o(E)ao) = €Y paW)le+ Y M, (v)]e.

AeE, HEE\E,

Let N7, denote the restriction of the sheaf Nouo, to Z,.
(@) Consider the section s’ € H°(Z,, Nz,) given by

(€)= 1D pa)e+ D £ buv)le.

A€E, HEE\E,

Clearly, s'(z,) = [ > pa(v)]o. It follows from Lemma BTG that ( @ V(X))NT.,Xo = g2,
XEE, AEE,

whence the condition Y p(v) ¢ gz, implies s'(z,) # 0. On the other hand, one has
XEE,

5(2,(€)) = €7@ 8/ (2,(€)) for all £ € k*. Since (g, 0) > 0, it follows that %ir% 5(z,(€)) does
—>

not exist.
1S easy to see that lim s(z exists and is given
It i v t tht%’o o ist d is gi by
—

> [pa(v)]o  if (0,0) = 0;

lim 5(2,(§)) = ¢ A<
=0 0 if (0,0) < 0.

(@) We may assume that (o, v) < (p, u) for all 4 € E\ E, with p,(v) # 0. Consider the
section s’ € H°(Z,,Ny,) given by

§'(2(8)) = > Py ()]e + > gem =@ [p, (v)]e.

REE\E,:(0,u)=(0,V) REE\E,:(0,1)>(0,v)
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Clearly, s'(z,) = > [pu(v)]o. Since (p,0) > (0,v) > 0, it follows that o # 0
HEE\E:(0,1)=(0,v)
and hence

Z pu(v) ¢ ku@'
REE\E,:(0,u)=(0,V)

Asku, = ( @ V(n) NT.,Xo by Lemma B.I6, we find that s'(z,) # 0. On the other
HEE\E,
hand, we have s(z,(£)) = £le =@/ (2,(€)) for all € € k*. Since {p,v) < (o, ), it follows
that %ir% 5(z,(€)) does not exist.
—>

(d) Clearly, %1_):(% $(z,(€)) exists and equals > [pu(v)]o. O

peE:(o,u)=1

Remark 3.19. In [PVSI6l Theorem 2.8] one can find a specialization of our Proposi-
tion B.I8 to the case where I is free.

3.6. Canonical representatives of T,4-eigenvectors in TS. The main results of this
subsection are Propositions [3.24] and [3.26]

Lemma 3.20. For every o € Z1I1\ {0} there exists 6 € Supp o such that (6, 0) > 0.

Proof. Assuming the converse we find that the angle between any two distinct elements
of the set {o} U Supp o is non-acute. Since the latter set is contained in a half-space of
the Q-vector space spanned by Supp o, the elements in {o} U Supp o have to be linearly
independent, which is not the case. 0

Recall from (B.1)) the set K'(o) C K' defined for every o € ZI'. As ®(T') C ZI' by
Lemma B.8|(B)), the set K!(o) is also defined for every o € ®(T).

Lemma 3.21. Suppose that o € ZI' N (ZTI1\ {0}). Then K'(0) # @.

Proof. By Lemma[3.20] there exists § € II with (6¥,0) > 0. Now assume K'(0) = &. Then
{0,0) < 0forall p € K hence o € —T". The latter yields (§V, o) < 0, a contradiction. [

Corollary 3.22. Suppose that 0 € ®(T'). Then K'(o) # 2.
Proof. This follows from Corollary 2.31] along with Lemmas 3.8 and B.21] 0
Recall the subset P C K! given by (B.6).

Lemma 3.23. Suppose that o € K' \ P. Then there exists 6 € 11 such that 1(§Y) is a
positive multiple of o.

Proof. Since ¢ ¢ P, it follows that E+ # EJ. Then there exist 0 € I and € E\ E,
such that (0¥, ) > 0 and (0¥, \) = 0 for all A € E,. Obviously, § possesses the required
property. O

Proposition 3.24. Let 0 € ®(T'), o € K'(0), v € Vi) and [v] € T8\ {0}.

(a) If o € AT then there exist v' € Vi) and ¢ € k such that v/ = v — ce_,xo and
pA(v") =0 for all A € E,.
(b) If 0 ¢ A™ then px(v) =0 for all A € E,,.
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Proof. Note that o # 0 by Corollary 231l Recall the vector z, given by (B.7) and set

w= >, pr(v). We consider two cases.
AEE,

Case 1: p € P. Since [v] € T8, it follows from Corollary and Proposition [3.18|(@)
that w € gz,. Applying an analogue of Lemma [3.1]] for AN g%,, We obtain the
following:

o if 0 ¢ AT then w = 0;
o if o € A" then w = ce_,z, for some ¢ € k.
In the latter case, the vector v’ = v — ce_,x¢ satisfies py(v') = 0 for all A € E,,.

Case 2: o ¢ P. Assume that w # 0. By Lemma [3.23] there exists § € II such that
t(8Y) is a positive multiple of p. Then (§¥,0) > 0 and (6¥,\) =0forall \€ E,. If 0 =§
then py(v) € ke_svy = {0} for every A € E,, which contradicts the assumption w # 0.
So in what follows we assume that o # 4. We have (0¥, A — o) = —(6¥,0) < 0 for all
A € E,, therefore esw # 0 and hence esv # 0. Corollary implies that 0 —0 € AT and
esv = ce_(,—5)To for some ¢ € k*. In particular, espa(v) = ce_,—s vy for all A € E.

Let b ~ sl, be the Lie subalgebra of g generated by e; and e_s. Fix A € E, such that
pa(v) # 0. Let R* C V(A) be the h-submodule generated by e_(,_gvy. Since (6¥,\) =0,
it follows that R* is a simple h-module with highest weight 2/ — {6V, o), where [ is the
maximal integer such that o — 1§ € AT. Note that py(v) € R* since otherwise the
inequality (6, X\ — o) < 0 would imply espy(v) ¢ R*, which is not the case. We conclude
that py(v) = de_sespa(v) for some scalar d € k* that depends only on ¢ and § (and not
on \).

It follows from the previous paragraph that

w = cd Z e_s€_(o—5)Ux = cd Z le_s,e_(o—8)|Ux.

AEE, AEE,
Recall that w # 0, therefore 0 € AT and w = ¢ > e_,v) for some ¢ € k*. Now the
AEE,
vector v' = v — e_,x¢ satisfies py(v) = 0 for all A € E,. Since the assumption w # 0
implies o € AT, the proof is completed. O

Lemma 3.25. Under the assumptions of Proposition B.24], suppose in addition that o =
a €Il and pr(v) =0 for all X € E,. Then

(a) (@Y, pu) >0 for all p € E\ E,;

(b) there exists ¢ € k* such that

Vv
e 1)
Proof. Consider the expression v = > c¢,e_4v,, where ¢, € k for all 4 € E \ E,.
HEE\E,

Combining Lemma with Corollary BI2|@) yields e v # 0. It then follows from Lem-
mas .10 and B.I1] that e,v = yxo for some y € t. In particular, for every A € E, the
condition py(v) = 0 implies A(y) = 0. Therefore the restriction of y (regarded as an
element of Q ®z k) to ZI' ®z k is proportional to o, and so

(3.9) cav=0c Y {(0,m)v,

HEE\E,
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for some ¢ € k*. On the other hand, one has

(3.10) eql = Z Cpal_oly = Z cula’, wyu,.

HEE\E, HEE\E,
Comparing ([3.9) with ([B.I0) we obtain the required results. O

Proposition 3.26. Suppose that o € ®(T') and o € K'(c). Then the following conditions
are equivalent:

(1) o€ P.
(2) o € 1L

Proof. Let v € VA" be such that [v] € TS \ {0}. Taking into account Proposition [3.24]
we may assume that py(v) = 0 for all A € E,.

()= (@) Thanks to Lemma there exists o € II such that e,v # 0. Assume that
o—a # 0. Then Corollary B.I2implies 0 —a € A" and e,v = ce_(,_q) 2o for some ¢ € k*.
It follows that ((c —a)¥,A) =0 for all A € E, and ((¢ — «)", u) > 0 for some p € E\ E,.
Consequently, Supp(c — ) C E, and Supp(c — o) ¢ E*, which contradicts (I). Thus
o= a.

2)=() Let 0 = o € II and assume that ¢ ¢ P. By Lemma there exists 6 € II
such that ¢(0Y) is a positive multiple of o. Then (6¥,a) > 0 and hence 6 = . Applying

Lemma B:28I[D) we obtain v = ¢ ). e_,v, = ce_,xo for some ¢ € k*, hence v € gz
HEE\E,
and [v] = 0, a contradiction. O

3.7. Proof of Theorem [B.1: Step 1. The goal of this subsection is to show that every
weight o € ®(I") satisfies conditions (®I)—(P8)) along with the following one:

(MF) the multiplicity of o in T8 equals 1.

For the rest of this subsection, we fix a weight o € ®(I') and a vector v € A
such that [v] € T8\ {0}. Recall the set K'(o) given by (31, which is nonempty by
Corollary [3.22]

Property (1)) has already been established in Lemma B.S([D).

Proof of (@7). Suppose that o € ®(T")\IT and take any ¢ € K'(c). Then Proposition 326
yields o ¢ P. By Lemma [B.23] there exists § € II such that «(§") is a positive multiple
of o. Clearly, § ¢ T't. O

It remains to establish properties (@2)—(®d), (Bg), and (ME]). We consider four cases.

3.7.1. Case 0 = « € II. Properties (®2) and (@3] hold automatically. Property (ME)
follows from Proposition B.24l@) and Lemma B25([b)). It remains to prove (®S).

Lemma 3.27. Suppose that o € K*(a). Then {p,a) = 1.

Proof. By Proposition B.24(@) we may assume that py(v) = 0 for all A € E,. Note
that o € P by Proposition .26l Then it follows from Corollary that the section
s € H%(O, No)® given by s(zy) = [v] extends to OUO,,. Taking into account Lemmas [3.25]
and .6 along with Proposition B.I8|@), we get (o, a) = 1. O

Lemma 3.28. There are inequalities 1 < |[K'(a)] < 2.
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Proof. As K'(a) is nonempty, we have |[K!(a)] > 1. To prove the second inequality,
assume that o1, 02,03 € K'(a) are three distinct elements. Since QTp; is an extremal
ray of IC for each ¢ = 1,2, 3, the elements o1, 02, 03 are linearly independent in Q. By
Proposition B24@), for each i = 1,2,3 there exist v; € Vi) and ¢; € k such that
Vi = U — ¢ie_ao and py(v;) = 0 for all A € E,,. In view of Lemma B.25(b), for each

i = 1,2, 3 there exists ¢, € k* such that e v; = ¢ > (0;, t)v,. Obviously, the vectors
neE
€aV1, €4V, and e,vg are linearly independent in V', hence so are the vectors vy, v9, and v3.

The latter contradicts the fact that vy, v9, v3 belong to the linear span of the two vectors
v and e_,Xp. O

Proof of (®8)). According to Lemma 328 we consider two cases.

Case 1: K'(a) contains a unique element gy. Then {gyg,a) = 1 by Lemma and
(0,a) <0 forall p € K'\ {00} Put o1 = 0o and 93 = () — 9. Proposition 3.26] yields
00 € P, hence gy is not proportional to (") and so g1 # 09. Further, o1, 0o obviously
satisfy conditions (®8)(@m). To complete the proof, it suffices to show that g, € K. For
that, take any u € E\E,,. Clearly, there is a unique expression a = 7+bu where 7 € QE,,
and b € Q. Since (gg, @) = 1, one has b = 1/{og, r). Then 7 = o — p1/{00, 11). One easily

checks that (o,7) < 0 for all p € K'\ {00}, hence there is an expression 7= — > )\
AEE,,

with ¢, € Q7 for all A € E,,. Consequently,

(02, 1) = (@' — 00, ) = (00, ) - (@" — 00, — T) =
(00, 1) - (14 (@Y, D aa\) = (g0, 1) > 0

AEE,,
and (09, A\) = (@ — go, A\) = (@Y, A) > 0 for all A € E,,. Thus g, € K.
Case 2: K'(a) consists of two distinct elements g, and g,. We claim that oy, 0, satisfy
conditions (®8) (@). By Lemma B.27 one has (o1, @) = (02, @) = 1, hence (®8)) (@) holds.
Condition (@8] (@) holds automatically. It remains to prove (®8)) (D).

Lemma 3.29. The cone Qo1 + Q1o C Q is a (two-dimensional) face of the cone K.

Proof. Since Q% p; is an extremal ray of K, there exists an element v; € Q1T such that
(o1,11) = 0, {09,11) = 1, and (g,11) > 0 for all p € K'\ {01, 02}. Similarly, there
exists an element vy € Q1T such that (oo, 1) = 0, (01,15) = 1, and (o, v5) > 0 for all
o€ K'\ {o1,02}. Put v =0y + 15 — . Then (g,v) = (02,v) = 0 and (p,v) > 0 for all
o€ K"\ {o1, 02}, hence QTp; + QT g, is a face of K. O

It follows from Lemma [3.29] that the space Q(E,, N E,,) has codimension 2 in QI'.
By Proposition B.24(@), there exist vy, vy € V%) such that [v1] = [v2] = [v] and

(3.11) pra(v;) =0 forall AeE,, i=12.

Lemma yields v; # vy, and so v; — vy € gzo \ {0}, which by Lemma BTl implies
V1 — Vg = ce_oTo for some ¢ € k*. It then follows from (B.II)) that (aY,\) = 0 for
all A € E,, NE,,, therefore ¢(a¥) = ajp1 + agpoe for some aj,as € QF. In view of
Lemma [B.25](@) one has (a¥, u) > 0 for all u € E\ (E,, NE,,), whence a; # 0 for i = 1,2,
which proves (@) (L). O
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3.7.2. Case 0 € A"\ II. We need to prove properties ($2)—([@4) and (ME]). In what
follows, we fix an arbitrary element o € K!(0).

Lemma 3.30. For every d € II there exist v’ € V%) and ¢ € k such that v’ = v —Cce_yTp
and esv’ = 0.

Proof. Take any ¢ € IT and assume that esv # 0. Then Corollary B.12] yields o — § € AT
and esv = ce_(,_g)xo for some ¢ € k*. Then the vector v' = v — cN(;_’Ege_oxo satisfies
651/ = 0. O

Lemma 3.31. The set {0 € Suppo | 0 —§ € AT} contains at least two elements.

Proof. Thanks to Lemma 3.9 there exists 5 € II such that egv # 0. Then 0 — f € At
by Corollary 312 Next, by Lemma B30 there exists o' € V2™ such that [v'] = [v] and
egv’ = 0. Again, there exists v € I such that e,v" # 0, which implies 0 —y € A*. Clearly,
B #~ and 8,7 € Suppo. O
Lemma 3.32. One of the following two alternatives holds.

(1) (6¥,0) >0 for all 6 € Supp o (that is, o is a dominant root of A,).
(2) Supp o is of type Gy and o0 = a1 + «s.

Proof. In view of Proposition 3.24l@), we may assume that
(3.12) pa(v) =0 for all A € E,.

Thanks to Lemma [3.9] there exists a € II such that e,v # 0. Then Corollary
yields 0 — a € A" and e,v = ce_(,_a)2o for some ¢ € k*. By (B.12) the latter implies
((c —a)¥,\) = 0 for all A\ € E,. Thus for every § € Supp(c — a) one has ¢ € E,, whence
t(0¥) is a non-negative multiple of p. As (p,o) > 0, it follows that (0¥,0) > 0 for all
d € Supp(o—a). Now assume that («¥,0) < 0. Then (a¥,0) < —1 and (o, 0—a) < —3.
The latter implies that Supp o has type Gy with a = a1 and 0 = a1 + as. O

Proof of (@2). Applying Lemma [B.31] we find that o cannot be the highest root of A,
unless the support of ¢ has type A,. (The latter can be seen, for instance, by inspecting
the extended Dynkin diagrams.) By the same reason ¢ cannot be the short dominant

root in type G,. All the other possibilities given by Lemma [3.32] are already contained
in ¥(Q). O

Proof of (@3]). Reasoning as in the proof of Lemma B.32] we find a simple root o € TI
such that ¢ —a € AT and «(6") is a non-negative multiple of ¢ for all 6 € Supp(c — «).
We claim that II, C Supp(c — ). Indeed, the inclusion (II, \ {a}) C Supp(c — «) is
obvious and the condition « € II, implies a € Supp(c — «) in view of (3:2). Thus, given
any 3 € Il,, the element ¢(3Y) is a non-negative multiple of o. As 3 € o+ and (o, 0) > 0,
it follows that «(3") = 0, whence 3 € I'*. O

Proof of (@4)). Suppose that ¢ = ay + ... + a, with Suppo of type B, (r > 2). Taking
into account Lemma we may assume that e, v = 0. For 2 < ¢ < r — 1, we have
o —a; ¢ AT, which implies e,,v = 0 by Corollary B.12|@). Now assume that «, € T't.
Since ; € T+ for 2 <4 < r — 1 by (@3), it follows that ((¢ — a;)¥,A) =0 for all A € E,
whence e_(y_q,)To = 0. In view of Lemmas and B.I1] the latter implies ey, v = 0. We
have obtained that esv = 0 for all 6 € Supp o and hence for all § € II, which contradicts
Lemma as 0 # 0. O
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Proof of (ME). Here we use a short argument from the proof of [BVS16, Proposition 3.16].
A case-by-case check of all relevant entries in Table [I]l shows that the set

{6ell|oc—-5e At}

contains exactly two elements, which will be denoted by 8 and ~. Let v/ € V%) e
another vector such that [v/] € T8\ {0}. By Lemma we may assume that egv =
egv’ = 0. It follows from Corollary that esv = esv” = 0 for all § € II'\ {7}
Consequently, e,v # 0 and e,v’ # 0 in view of Lemma B9 Then Corollary BI2(D) yields

€4V = Ce_(o—r)To and e,v’ = c'e_(,_xo for some ¢, € k*. It follows that the vector
c'v — cv' is annihilated by e, and hence by all e; with § € II. As 0 # 0, Lemma yields
dv—cv' =0. O

3.73. Case 0 = a+ [ with o, € 11 and o L 3. Properties ([@2) and (®3) hold auto-
matically. Properties ($®5) and (ME) follow from the lemma below.

Lemma 3.33. The following assertions hold:

(a) () = u(BY);
(b) the vector v is given by

1
vV=2c €_n€_3v
2 (¥, 1) o

neE:(aV,u)>0
for some c € k*.

Proof. Take any o € K1(0). Proposition yields o ¢ P. Then by Lemma [3.23] there
exists 0 € II such that ¢(0Y) is a positive multiple of 0. As (§¥,0) > 0, it follows that
0 € {a,B}. Assume without loss of generality that 6 = «. Proposition B24[h]) yields
pa(v) =0 for all A € E,. Next, for every u € E \ E, one has

(3.13) pu(v) = cue_ne_pv, = cue_ge_qv,

with ¢, € k. It follows that

(3.14) Cql = Z Cuobo€_pU, = Z cula’, pye_gu,.
REE\E, HEE\E,

On the other hand, since v # 0, there exists v € E\ E, such that p,(v) # 0, which implies

¢, # 0 and e_gv, # 0 in view of (BI3). It follows that e,v # 0, and Corollary B.I2(D)
yields

(3.15) el = Ce_gxy = CZ e_gux
AeE

for some ¢ € k*. Then (8Y,\) = 0 for all A € E,, whence (") and ¢(a") are propor-
tional. The equalities (a",0) =2 = (8Y,0) imply ¢(a") = ¢(8"), which proves (@). Now

comparing (3.14) with (3I5) yields (0. O
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3.7.4. Case o ¢ AT and o is not the sum of two orthogonal simple roots. We need to
prove properties ($2), (®3), ($6), and (ME). In what follows, we fix an arbitrary element
o€ K'(o).

The following lemma is similar to [BVS16, Proposition 3.9].

Lemma 3.34. There exists a unique 3 € Il such that o — € AT,

Proof. By Lemma 3.9 there exists 5 € II such that egv # 0. Then Corollary B.12l(@) yields
o — B € AT. The condition o ¢ A™ implies (6,0 — ) > 0, and so (8Y,0) > 2. Now
take any v € IT'\ {#} and assume that ¢ — v € A*. Clearly,

(8,0 —7) = (8",0) = (8",7) 2 2>0,
whence o — 8 — v € AT (note that ¢ # § + v by our assumptions). Let h C g be the
standard Levi subalgebra with set of simple roots {5, v} and regard g as an h-module. As
(BY,0—y+p) >4, one has 0 —vy+( ¢ A*. Consequently, e,_ is a highest weight vector
for h. Similarly, e,_s is another highest weight vector for b. Since e,_3_, is proportional
to both [e_g,e,_,] and [e_,,e,_g], it follows that e,_s_. is contained in two different
simple h-submodules of g, a contradiction. O

Until the end of this case, 8 stands for the unique simple root such that o — 8 € A™.

Lemma 3.35. The following assertions hold:
(a) egv #0;
(b) egv = ce_(,—p)To for some c € k*;
(c) t((c — B)Y) is a positive multiple of o.

Proof. By Lemma there exists § € II such that esv # 0. Corollary BI2|@) and
Lemma [3.34 then yield § = 8, whence part (@). Part (b)) is implied by Corollary B.I2([bl).
For every A € E,, one has py(v) = 0 by Proposition B.24[[)), hence ((¢ —53)¥, ) = 0. Thus
t((oc — B)Y) is a non-negative multiple of p. As egv # 0, it follows that «((c — 8)Y) # 0,
whence part (). O

Lemma 3.36. Suppose that v € 11\ {B} is such that 0 — f —~v € AT. Then (5Y,~) <0
(that is, p+~v € AT).

Proof. By Lemma B.35((b) one has egv = ce_,_pxo for some ¢ € k*. Assume that j
and v are orthogonal. Then S+ v ¢ AT, and so e,_g_,v = 0 by Corollary BI2(@m). As
B # 7, it follows from Lemma B.34] and Corollary BI2(@) that e,v = 0. Then e,_gv =

NV_;_B_VeVeJ_B_Vv = 0. Hence in view of Lemma [3.35([@) one has

0 = egeo_pV = €,—pesV = €r_g(Ce_(—p)To) = chy_pTo # 0,

a contradiction. U
Lemma 3.37. For every § € Supp o, the element 1(6Y) is a non-negative multiple of o.

Proof. By Lemma B35(@), the element ¢((c — 8)Y) is a positive multiple of p. Since

(c — B)Y = > ¢56Y with all the coefficients ¢s being positive, it follows that
d€Supp(o—p)

(0¥, A) = 0 for all 6 € Supp(c — ) and A € E,. Consequently, ¢(6) is a non-negative

multiple of p for all 6 € Supp(o — /3). It remains to show that Supp(c — ) = Supp o or,
equivalently, 5 € Supp(c — [3). Assume the converse and choose v € Supp(c — [3) such
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that 0 — f — v € A*. (The latter is possible because 0 — § ¢ II.) Then (8Y,7) < 0
by Lemma B30, hence (5,0 — ) < 0. The latter yields 0 = 5+ (60 — ) € AT,
a contradiction. O

Proof of ([@2)). The key idea of our proof is to reduce the consideration to the case where
V is a simple G-module, which has already been investigated in [Ja07].

Replacing GG with a suitable finite cover, we may assume that G = G x C' where Gy is
a simply connected semisimple group and C' is a torus. Let L denote the standard Levi
subgroup of G with set of simple roots Supp o and let L’ be the derived subgroup of L.
Put 7" = L' NT, so that T" is a maximal torus of L', and consider the natural restriction
map m: X(T) — X(T7).

Lemma [3.35[]) says that egv = ce_(,_g)xo for some ¢ € k*. By Lemma 3.6l there exists
v € E\E, such that (o, ) = 1. It then follows from LemmaB.35|(@) that ((c—5)",v) > 0,
whence e_(,_gyv, # 0. Consequently, egp,(v) # 0 and p,(v) # 0.

Let W C V(v) be the L-submodule generated by v,. Note that W N gv, = l'v,. Since
o ¢ ATU{0}, one has p,(v) ¢ l'v,, therefore the image of p,(v) in W/l'v, is nonzero. We
now show that this image is L -invariant.

First of all, we prove that

(3.16) espy(v) € l'v, forall 6 € A, with es € [}, .
Take any such ¢. It suffices to show that
(317) es € Gao)

because the latter implies esv € gz and esp,(v) € gv, N W = lv,. If § € At then (BI7)
holds automatically. Now assume that 6 € A~. Then Suppd C Suppo, hence ¢(6Y) is
a multiple of ¢ by Lemma 337 Since esv, = 0, it follows that (§¥,v) = 0. The latter
implies ¢(6¥) = 0, whence (B.17).

Next, we prove that

(3.18) t-pu(v) =py(v) forallteT, .
The latter claim will follow as soon as we prove that T} C T,,. Since
T, ={teT|t'=1forall A € Kerr + Zv},

it suffices to show that E C Kern + Zv. Observe that the lattice Ker 7 is generated by
all elements of X(C) and all fundamental weights of G corresponding to simple roots
in the set IT \ Suppo. Since § € Ej for all 6 € Suppo (see Lemma B3T), we have
E, € Kerm C Kerm + Zv. Next, for every u € E\ E,, there is a unique expression
p=r71+bv with 7 € QE, and b € Q. Since (p,v) = 1, we have b = (o, ) € Z and
T=p— (o, € ZI' NQE, = ZE,, which implies 1 € Ker 7 + Zv.

It follows from (3.16]) and (3.I8]) that the image of p,(v) in W/l'v, is a nonzero element
of (W/l'v,) w (compare with Lemma[3.7). Now results of [Ja07, § 1.3] (see Proposition 1.6

in loc. cit. and its proof) imply that o € ¥(G). O
Proof of ([@3)). Let § € II,. Then (6Y,0) = 0 by (8:2). Lemma 337 implies that +(§") is
a non-negative multiple of o. As (o, ) > 0, one has ¢(6¥) =0 and so § € I'*. O

Proof of (@6]). Suppose that 0 = 2« with a € II. Proposition B.26yields ¢ ¢ P. Hence by
Lemma 323 there exist 6 € IT and a positive integer n such that +(0") = np. In particular,
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we obtain (d¥,0) > 0, whence ¢ = a. Note that for every u € E\ E, one has p,(v) =
Cue_al_qv, with ¢, € k. Applying Lemma [3.9 we obtain e,v # 0. Then Corollary BI2/([)
yields e,v = ce_,x for some ¢ € k*. Consequently, for every 1 € E\ E, one has
eaPu(v) # 0 and hence p,(v) # 0, which implies e_,e_qv, # 0 and therefore (", u) > 2.
In view of Lemma [B.6, the latter yields n > 2. Since 4/n = (a"/n,2a) = (0,0) € Z, it
follows that n € {2,4}. In both cases we obtain («¥,ZI') C 27Z as required. O

Proof of (ME]). Here we again use a short argument from the proof of [BVS16, Proposi-
tion 3.16]. Let v/ € VA" be another vector such that [v'] € T8\ {0}. By Corollary B.12(m)
and Lemma [3:34] one has esv = esv’ = 0 for all § € 1T\ {#}. Next, by Lemma B.35]([D)
we have egv = ce_(,_p)To and egt’ = c'e_(,_p)wo for some ¢, € k*. Then the vector
v — v’ is annihilated by eg and hence by all es with § € II. As o # 0, Lemma [3.9 yields
dv—cv' =0. O

3.8. Proof of Theorem [3.1k Step 2. Our goal in this subsection is to prove the fol-
lowing

Proposition 3.38. Suppose that a weight o € X(T,q) satisfies conditions (PI))—(DS).
Then o € ().

In the proof of this proposition we shall need the following lemma.

Lemma 3.39. Suppose that o € ZI', v € VU(T“‘), esv = 0 for all 6 € T+, and esv € gy
for all § € I\ T+, Then [v] € (V/gxzo)T=o.

Proof. The claim will follow as soon as we check conditions (1) and ([2]) of Lemma B.71
As o € ZI', the vector v is T},-invariant, hence so is [v]. In view of the hypothesis it now
suffices to prove that e_sv = 0 for all § € ' = E+. But the latter holds because esv = 0
and (6V,\ — o) =0 for all 6 € E* and X € E. O

Proof of Proposition 338 for o € II. Suppose that 0 = « € II. Then by (®8) there exist
two distinct elements g1, 0o € L satisfying conditions (®8) (@). It follows from (PS)) (&, @)
that @ # K'(a) C {01, 02}. Further we consider two cases.

Case 1: |[K'(a)| = 1. Assume without loss of generality that K!'(a) = {01}. Then
condition (P8))(b) implies (", u) > 0 for all p € E\ E,,, and we put

. (anu)e v
P M o

HEE\Ey,

Clearly, v € VA" and egv =0forall f € [I\{a}. Ase,v=> (o01,1)v, € tzg C gxo,
HEE\Ey,

we obtain [v] € (V/gxo)%o by Lemma 339 Since t(a") is not proportional to g;, one
has [v] # 0 (see Lemma [B.11]). Applying Proposition BIS(Dl[d) and Corollary BI85 we find
that [v] € T8, whence a € ®(I).

Case 2: |K'(a)| = 2, so that K'(a) = {01,02}. According to (®8)(h), let by,by €
QT \ {0} be such that t(a") = byo1 + baoo. Put

vy = by Z <<Q1v7 4 e_qU, and vy = —by Z <Q2v’ 2 €_alp.
av, ) (¥, )
PEE\E,, LEE\E,,
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Clearly, v, vs € VA" As in Case 1, we see that [v1], [v2] € (V/gxg)Ce0 \ {0}. An easy
check shows that [v1] = [v3]. Applying Proposition BIS(DI) and Corollary we find
that [v1] = [ve] € TS and so a € O(I). O

Proof of Proposition B38 for o ¢ I1. Let 0 € X(T,q4) \ II and suppose that o satisfies

conditions (®I)—(DS).
Lemma 3.40. Suppose that v € V™ and [v] € (V/gxe)C=. Then [v] € T8S.

Proof. Let s € H°(O,Np)“ be the section defined by s(xg) = [v]. Recall from Corol-
lary that [v] € T8 if and only if s extends to O U O,, for each ¢ € P. We now fix any
0 € P and show that s extends to O U O,. Assume that (o,0) > 0. Then by (®7)) there
exists § € IT such that ¢(6") is a positive multiple of . It follows that § € E;\E*, which
contradicts the condition E* = E. Consequently, (¢, ) < 0, which implies [v] € T8 by
Proposition BI8(0). O

To complete the proof, by Lemmas [3.40] and it suffices to find a vector v € V{7
with the following properties:

(V1) v ¢ gxo;

(V2) esv =0 for all § € I';

(V3) esv € gag for all 6 € IT\ T'*.

In view of condition (®2)), it is enough to present such a vector v for each of the cases
in Table I This is done in the remaining part of the proof. In each case, the explicit
formula for v depends on the signs of the structure constants N, g of the Lie algebra [, (],
where [ C g is the standard Levi subalgebra with set of simple roots Supp o; we use the
choice of these signs specified in Appendix [Al

Case 1: 0 € A'. By Lemma [3.11] one has VT gro = ke_,xp.

Subcase 1.1: ¢ = a1+ ...+, with Supp o of type A, (r > 2). Then Supponeo® = II,.
Conditions (®1)) and (@3)) yield Suppo \ I't = {ay, a,}, hence there are yy, s € E such
that e_(5—qa,)0u, 7# 0 and e_(,_q, 0, # 0. Consider the element

f = € (ag+..4ar)C—aq + €—(az+...+tar)C—(ar1+as) +.oo+ €, C—(ai4..4ar_1) € U(g)'

Direct computations taking into account (@3 show that

\Y
€ay fU)\ = <a1 ’ >\>€—(o—a1)v)\7 €a1€—cUN = —€_(0—ay)Un,
— \ _ .
earfv)\ - ((ar ’ >\> +r— 1)6—(0—(17-)1])\7 €0, €—cUN = €_(0—a;)U);
esfun =0, ese_gUy =0

for every A € E and 0 € Suppo \ {a1,a,.}. We now put

. f+<ai/a)‘>e—0
o Z (@ N+ (A Fr—1"

Then eq,v = 0, €4,V = €_(5—q,)T0, and esv = 0 for all § € Suppo \ {a1,a,}. Clearly,
esv = 0 for all 6 € I\ Suppo, and we have proved (V2) and (V3]). Since p,,(€q,v) =
€_(o—an)Upy, 7# 0, we have v # 0. As py,(€a,6-6%0) = —€_(s—a,)Vu; 7# 0, the vector v is not
proportional to e_,xo, hence
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Subcase 1.2: 0 = ay + ...+ a, with Supp o of type B, (r > 2). Then Suppo Not =
I, U {a,}. Conditions (1)), [@3), and ([@4) yield Suppo \ 't = {ay,a,}, hence there
are fu1, jiz € E such that e_(,_q,) vy, # 0 and e_(;_q,)vy, # 0. Consider the element

f= €—(ag+..+ar)€—a1 T €—(az+..4a,)C—(artaz) T -+ T €, C—(aj4..Fa,_1) € U(g)'

Direct computations taking into account (®3]) show that

ear JUx = (], N)e_(o—a)Un, €a1€—oUN = —€_(s—a1)Ur,
ear U = ({0, A) + 21 — 2)e_(5—a,)Un, €arCoUx = 26_(g—a,)Vr,
esfuy =0, ese_,Uy =0

for every A € E and ¢ € Suppo \ {ay,a,.}. We now put

U:ZQ f+<041/,)\>6_0

Ux-
\eE <Oéi/,)\> + <Oé7\,/,)\> +2r -2

Then eq,v = 0, €4,V = €_(5—a,)T0, and esv = 0 for all § € Suppo \ {a1,a,}. Clearly,
esv = 0 for all 6 € II'\ Suppo, and we have proved (V2) and (V3). Since p,, (€q,v) =
€_(o—ar) U 7 0, we have v # 0. As p,,(€a,€—T0) = —€_(0—a1)Vpu, 7 0, the vector v is not
proportional to e_,xq, hence (VII).

Subcase 1.3: 0 = a1 + 209 + ... + 20,1 + «a, with Supp o of type C. (r > 3). Then
Supponot =T1I,U{a;}. Conditions (®1) and (®3) yield {as} C Suppo\I't C {1, as}.
In any case there is u € E such that e_(;_q,)v, # 0 and e_,_q,)v, # 0. Consider the
element

[ = €—(0—a1)—a1 T €—(0—a1—as)C—(a1tas) T -+ T €—(0—a1—..—ar_1)E—(a1+..4ar_1)
€—(0—a2)€—az — €—(0—as—a3)€—(aztaz) — -+~ C—(o—az—.—ar_1)C—(a2+..4a,_1) € U(Q)

Direct computations taking into account (@3 show that

V
ar for = (a1, A)e_(g—ay)Vn, Cay €—oUN = —2€_(5—a;)Vh,
\
Car fUN = —({a3, A) + 7 — 1)e_(5—as)Ur; CasC—oUN = —€_(g—as)Ux
esfuy =0, ese_gUy =0

for every A € E and ¢ € Suppo \ {ay,as}. We now put

2f + (o, Neo

v AEZE (@, N+ 20y, Ny +2r—2 "

Then eq,v = 0, €0, = —€_(5—ay)T0, and esv = 0 for all § € Suppo \ {a, a}. Clearly,
esv = 0 for all 0 € IT\ Supp o, and we have proved (V2)) and (V3)) regardless of whether oy
belongs to ['* or not. Since py(€ayv) = €—(o—as)tu # 0, we have v # 0. As p,(eq, 6_o0) =
—2€_(5—a)Vu 7 0, the vector v is not proportional to e_,x¢, hence

Subcase 1.4: 0 = oy + 205 + 33 + 204 with Supp o of type F4. Then Supponot = I1,.
Conditions (@) and (@3) yield Suppo \ I't = {ay}, hence there is y € E such that
€—(o—as)Vp # 0 and e_(s_a,)v, # 0. Consider the element

f =€ _(0—a4)€—ay T C—(0—az—as)C—(aztas) + € _(0—an—az—ay)C—(aataz+as) ™

€—(0—az—2a3—a4)C—(az+2a3+as) € U(g)
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Direct computations taking into account (®3]) show that

€as fUA = 0, CazCoUx = —2€_(5—a3)Vx,
V

€a4fv)\ = ((Oé4 ’ >\> + 5)6—(U—a4)v)\7 € €—0UN = —€_(0—a4)Ux

€ay fUr = €qy fuy =0, €y €Uy = €q,6_oU\ =0

for every A € E. We now put
f
v = E — ).

Then e,,v = e_(g—ayTo and €4,V = €4,v = eq,v = 0. Clearly, esv = 0 for all § €
IT\ Supp o, and we have proved (V2) and (V3). Since p,(€a,v) = €_(o—a,)Vu 7 0, we have
v # 0. As py(eas—oT0) = —2€_(5—a)Vu # 0, the vector v is not proportional to e_sxo,

hence (V1).

Subcase 1.5: 0 = oy + o with Supp o of type Gy. Then Suppo Mo+ = @. Condition
([@1)) yields Supp o \ T = {a1, a»}, hence there are pi1, 12 € E such that e_(y_a,)v,, # 0
and €_(;_q,)Vy, # 0. Consider the element

f=e_ae_a €U(g).
Direct computations show that
ar for = (), N)e_(o—a1)Un, €a1€—oUx = —3€_(g—a1)Vr;
asfUn = ({03, A) + 1)e_(5—a)Un, CasCoUn = €_(g—ay)UA
for every A € E. We now put

- Z 3f+ <Oéi/,)\>€_g v
T LY, A) + 3y, \) +3

A€E

Then e, v = 0 and €4, = €_(g_qa,)To. Clearly, esv = 0 for all § € II \ Suppo, and
we have proved (V2) and (V3). Since py,(€as?) = €_(o—as)Uu, 7 0, we have v # 0. As
Pps (€ar€—0T0) = —3€_(5—a1)Vu, 7 0, the vector v is not proportional to e_,z, hence (V).
Case 2: o ¢ AT, Tt follows from Lemma B.I1] that Vi) A gg = {0}, hence in this
case condition (V1)) is equivalent to v # 0.
Subcase 2.1: 0 = 2a with « € II. Condition (®6) yields («,\) € 2Z for all A € E.
Next, in view of (®I)) there exists u € E such that (o, ) > 0. Then the vector

1
P DA s v
AEE:{aV ,\)>0
evidently has properties (VII)-([V3]).
Subcase 2.2: 0 = a+ [ for o, f € I with o L 3. Condition (@3]) yields (a¥, ) = (8Y, \)
for all A € E. Next, in view of (@1l there exists p € E such that (o, u) > 0. Then the
vector

1
v = Z (Oz\/, )\> €_aC_pU)

AEE:(aV,\)>0

evidently has properties (VI)-([V3]).



32 ROMAN AVDEEV AND STEPHANIE CUPIT-FOUTOU

Subcase 2.3: 0 = a; + 2a5 + a3 with Suppo of type As. Then Suppo Not = II,.
Condition (1]) yields Supp o\ I'" = {a»}, hence there is p € E such that e_(y_q,)v, # 0
Consider the element

J = € (amtastas)€—as — €—(a1+a2)€—(az+az) € Ul(g).

Direct computations taking into account (@3 show that
arfUn = ({03, A) + 1)e_(pan)ta  and  eq, fuy = eqyfor =0
for all A € E. We now put
f
P N A
Then e,,v = €40 = 0 and €q4,v = e_(5_qa)Zo. Clearly, es;v = 0 for all 6 € II'\ Suppo,

and we have proved (V2) and (V3)). Since pu(€a,v) = €—(s—as)Vu # 0, we have v # 0,
hence (V1.

Subcase 2.4: 0 = oy + 205 + 33 with Supp o of type Bs. Then Suppo N ot = II,.
Condition (@1]) yields Supp o \T't = {a3}, hence there is p € E such that e_(,_qq)v, # 0.
Consider the element

J = (a1 +202+203)€—a5 — €—(a1+as+2a3)€—(aztas) T €—(a1+astas)E—(as+2as) € Ul(g).
Direct computations taking into account (@3] show that
asfUn = ({0, \) + 2)e_(r_ap)ta  and eq, fuy = €ny fvr =0
for all A € E. We now put
f
S N A
= (ag, A) +2

Then €4, = €_(5—ay)To and €4, v = €4,v = 0. Clearly, e;v = 0 for all 6 € II'\ Suppo,
and we have proved (V2) and (V3). Since py(€ayv) = €—(s—as)Vu # 0, we have v # 0,
hence (VIJ).

Subcase 2.5: 0 = 201 +. . .+2a, with Supp o of type B, (r > 2). Then Supp ocno* = II,.
Condition (@1]) yields Supp o \I'+ = {a}, hence there is 1 € E such that e_(y_q,)v, # 0.
Consider the element

J =4 ora€on T4 oia1tas€ (artan) T T 46 orart tar 1€ (art.tar_1)T
€ (a1 +..+or)€—(ar+..+ar) € U().
Direct computations taking into account (@3] show that
oy fr = (4{a], A) + 4r — 6)vy  and esfvy =0
for all A € E and § € Suppo \ {a1}. We now put

_ /
0_24(alv,>\)+4r—6

A€eE

Ux.

Then e,,v = e_(y—a)Zo and esv = 0 for all § € Suppo \ {ay}. Clearly, esv = 0 for all
d € IT'\ Supp o, and we have proved (V2) and (V3). Since p(€q,v) = €_(g—ay)Vu # 0, we
have v # 0, hence (VIJ).
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Subcase 2.6: 0 =2a1 + ...+ 20,9 + a,_1 + . with Supp o of type D, (r > 4). Then
Supp o N ot =1lI,. Condition (@1 yields Supp o \ 't = {a;}, hence there is ;1 € E such
that e_(y—qa,)v, # 0. Consider the element

J =€ ota€-a1 T €-otartasb—(or+as) T -+ T €otartitar 1€—(a1t..tar1) € Ul(g).
Direct computations taking into account (@3 show that
oy fUrn = ({af, Ny + 17— 2)e_si0,vn  and  esfuy =0

for all A € E and § € Suppo \ {a1}. We now put

_ !
P Iy e

AEE
Then e, v = e_(s—a,)To and esv = 0 for all § € Suppo \ {a;}. Clearly, esv = 0 for all

6 € IT'\ Supp o, and we have proved (V2) and (V3). Since p,(€q,v) = €_(g—ay)Uu # 0, we

have v # 0, hence (VIJ).
Subcase 2.7: o = 4oy + 2a, with Supp o of type Gy. Then Supp oNot = II,. Condition

([@1)) yields Supp o \ 't = {1}, hence there is y € E such that e_(,_q,)v, # 0. Consider
the element

f=deoia6-0 +4€ 51011026~ (a1+as) — 3€—(201+02)€— (201 +a2) € Ul(g).
Direct computations taking into account (@3] show that
ar fUr = (4{a], A) +18)€ 10, and eq, fuy =0

for all A € E. We now put
f
v = g 5 Ua
v 4(ay, \) + 18

Then e, v = €_(s—a,)%o and e,,v = 0. Clearly, e;v = 0 for all § € II\ Supp o, and we have
proved (V2) and (V3). Since py(€q,v) = €_(p—ay)tu # 0, we have v # 0, hence (VI). O

The proof of Proposition .38 is completed.

4. APPLICATIONS

Given a finitely generated and saturated monoid I' C AT, recall the set ®(I') and
Theorem B.1] from § BIl All results obtained in this section depend only on the following
parts of Theorem [B3.1t

o the T,q-module T'x,Mp is multiplicity-free;
e cvery element of ®(I") satisfies conditions (®I)—(DS)).

We point out that the existence part of Theorem B1] (see Proposition B.38]) is not used in
this section.
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4.1. Auxiliary results on ®(T"). Throughout this subsection, I' C AT is an arbitrary
finitely generated and saturated monoid.

Lemma 4.1. The set ®(T") contains no proportional elements.

Proof. Assume that 0,0’ € ®(T") are two distinct proportional elements. Thanks to ($2)),
one has 0,0’ € ¥(G). By inspecting Table [, we get the only two following possibilities
(up to interchanging o and o”).

Case 1: 0 = « for some a € 1T and ¢/ = 2a. Then condition (@8] for o contradicts
condition (7)) for o’

Case 2: 0 = a1 + ...+ «, with Suppo of type B, (r > 2) and ¢’ = 20. Then
condition (®4]) for o contradicts condition (P3]) for o’ O

Lemma 4.2. If a+ € ®(T') for some «a, 5 € 11 with a L 8, then ®(T") N {a, B} = @.

Proof. Assume without loss of generality that o € ®(T"). Then a € ZI' by (@1l). On the
other hand, 2 = (", a) # (8Y,a) = 0, which contradicts condition (@) for o+ 5. O

Lemma 4.3. Suppose that o € ®(I') \ II, o € Supp o, and (a¥,0) > 0. Then o ¢ O(I).

Proof. As (aV,0) > 0, by condition (&7) for o there exists ¢ € K! such that «(a") is a
positive multiple of p. Assume « € ®(T"). Then conditions (B8))([Dl@) for « yield o ¢ K,
a contradiction. O

Corollary 4.4. Suppose that o € ®(I') \ II. Then there exists a € Suppo such that
a¢ o).

Proof. This follows from Lemmas (4.3 and B3.20 U
Proposition 4.5. Every element of ®(I") is primitive in the lattice ZP(T').

Proof. Assume there exists an element o € Z®(I") such that no € ®(I") for some n > 2.
Since ®(T") C X(G) C Z™'II, it follows that ¢ € Z*II. An inspection of Table [ shows
that n = 2 and one of the three cases below occurs.

Case 1: 0 = a € II. Then 2« € ®(T") and condition (P4 yields

(4.1) (@ 1) €2Z forall 7€ ®().

Since o € Z®(T), there exists o, € ®(I') \ {2a} such that o € Suppoy. Then II,, C at
by (®3). A case-by-case check of all entries in Table [l together with (4.1]) and Lemma
yields only the following two possibilities for oy and «:

e 01 = a1 + ap with Supp o7 of type By and a = aw;

e 01 = a;+2as+2a3+. ..+ 20,1+ a, with Supp oy of type C,. (r > 3) and o = .
It is easy to see that oy is the unique element in ®(I') \ {2a} with @ € Suppo;. The
subsequent consideration is divided into three subcases.

Subcase 1.1: 01 = a1 + ap with Supp o; of type By and @ = «. Then there exists
o9 € ®(T') \ {2, 01} such that a; € Supp oy. Recall that ay ¢ Suppoy. As (o, 01) = 1,
one has oy # a1 by Lemmal3 and o5 # 2a; by condition (®6). Further, oo # a1+ for all
p € Il with oy L 3; otherwise one would have (o, 1) > 0 and (Y, 07) < 0, contradicting
condition (®3)). It follows that Supp oz is of type A, for some s > 2. Condition (P3)) for o9
yields I1,, C o1, whence s = 2 and 0y = ay + 3 for some 31 € IT\ {ay, as}. Note that oy
is the unique element in ®(I") \ {2«, 01} with ay € Supp os. Iterating the above argument
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leads to an infinite chain o3,04,... C ®(I') such that for every ¢ > 3 the following
properties hold:

e Supp o; is of type As;

® 0; = fi—a+ Bi—1 for some fi_1 € II\ {1, 0,51, . .., Bia}s
e 0; is the unique element in ®(I") \ {2a, 04, ...,0;-1} with §;_5 € Suppo;.

As ®(T") is finite, we have got a contradiction.

Subcase 1.2: 01 = aq + 2o + ag with Supp o7 of type C3 and o« = «;. Then there exists
oy € ®(I') \ {20, 01} such that as € Suppoy. Recall that ay ¢ Suppos. As gy € ZT
by (@®1) and II,, C I't by (@3), it follows that a3z € o5, which implies az € Supp o».
If Suppoy = {ag, a3} then o9 = k(g + a3) with k € {1,2}, hence (ay,02) # 0, which
contradicts condition ([@3]) for o;. Consequently, Supp oy # {2, az} and there exists
ay € TT\ {ay, az, a3} such that IT\ ay = {az, a4}, the set {ay, as, a3, a4} is of type Fy,
and Supp oy = {ag, ag, ay}. It follows that

09 € {OQ + ag + ay, 20 + 203 +—204,30Q‘+'2a3<+(14}.

Condition (ZT]) leaves the only possibility oo = 2 + 2a3 4+ 2c4. Condition (®3)) for o9
then implies ap € ', which is false because (o, a1) # 0.

Subcase 1.3: 01 = a1 + 2as + 2a3 + ... + 2,1 + «, with Supp oy of type C, (r > 4);
a = ay. Then there exists oo € ®(I') \ {2, 01} such that ap € Suppoy. Recall that
ay & Supp ay. As 0y € ZI' by (@1)) and I1,, C Tt by ([@3), it follows that a3 € o5, which
implies a3 € Supp 0. Iterating this argument yields ay, ..., a, € Supp go. It follows that
Supp 03 = {ag, ..., .}, so that Supp o is of type C,_; and 09 = as+2a3+. . .+20,_1+ .
Since ag € 11, and (g, 02) # 0, we obtain a contradiction with condition (®3)) for 0.

Case 2: 0 = a1+ ...+ «a, with Supp o of type B, (r > 2). Then 20 = 2a; + ...+ 20, €
®(T) and hence ao,...,q, € I't by ([@3)). In view of condition o € Z®(T") there exists
7€ &)\ {20} such that a; € Supp7. As 7 € ZI' by (1)), condition ap € 7+ implies
as € SuppT. Iterating this argument yields as,...,a, € Supp7, therefore Suppo C
Supp 7. Since ®(I') C X(G), an inspection of Table [l shows that conditions a; ¢ II, and
a, € 7+ cannot hold for an element 7 € ®(T") \ {20}, a contradiction.

Case 3: 0 = 2aq + ap with Supp o of type Go. Then 20 = 4a; + 2a5 € $(I") and hence
ag € Tt by ([@3). Since ®(T') C (@), an inspection of Table [ yields that there are
no elements 7 € ®(T') \ {20} such that ap € Supp7 and ay € 71, which contradicts the
condition o € Z®d(I). O

The following proposition is similar to [BVS16l Proposition 5.4].
Proposition 4.6. Every o € ®(I') satisfies the condition o ¢ Z+(®(I') \ {c}).

Proof. Fix an arbitrary o € ®(I') and assume that o € Z1T(®(T") \ {o}). Fix a subset
O, C O(I')\{o} such that 0 = > n,.7 with all the coefficients n, being positive integers.

T7€D,
Then Lemma [£1] yields
(4.2) Do | = 2.
Clearly, every 7 € ®, satisfies

(4.3) Supp 7 C Supp o;
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moreover,
(4.4) I, Cc 7+

by (®3). Assume that |Suppo \ II,| = 1. As II, C o, for each 7 € ®, condition (&)
implies that 7 is proportional to o, which is impossible by Lemma [l Thus in what
follows we assume that |Suppo \ II,| > 2. Then an inspection of Table [ leaves the
following five cases.

Case 1: 0 = ay + as with Suppo of type Ay, By, or Gy. Condition (£2]) yields
®, = {1, as}, which contradicts Corollary E.4l

Case 2: 0 = o+ 3 for some «, € II with a L . Condition (£2)) yields ®, = {«a, 8},
which contradicts Lemma [£.2]

Case 3: 0 = aj + ...+ «a, with Supp o of type A, (r > 3). An easy computation based
on conditions (L3) and ([@4]) shows that every element 7 € ®, has the form

(45) 1=k +(k+d)as+ ...+ (k+ (r—1)d)a,
for some k,d € Z with k > 0,k + (r —1)d > 0.

Since r > 3 and ®, C X(G), an inspection of Table [l yields ®, = &, which contradicts

condition (£.2)).

Case 4: 0 = a1+ ...+ «a, with Supp o of type B, (r > 3). The same computation as in
Case 3 shows that every element 7 € ®, has the form (&3]). Since r > 3 and ®, C X(G),
an inspection of Table [ yields &, = & for r > 5 and ¢, C {a,_2 + 2a,_1 + 3.} for
r € {3,4}. In any case we obtain a contradiction with (4.2]).

Case b: 0 = aj + 2as + 2a3 + ... + 2a,_1 + «, with Suppo of type C, (r > 3). It
follows from conditions (43]) and (€4]) that every element 7 € ®, has the form

T = ]{71041 + k2(2042 + 20&3 +...+ 20ér_1 + Oér)

for some non-negative integers ki, ky. Since r > 3 and ®, C X(G), an inspection of
Table [l yields ®, C {«;}, which contradicts condition (£.2). O

Lemma 4.7. Suppose that o € ZI' N 11 and 2a € ®(I"). Then « is primitive in ZI.
Proof. Property (@6l implies that «(a¥)/2 € L. As («V/2,a) = 1, the claim follows. O

Remark 4.8. Lemma A1l Proposition 5] and Proposition would follow easily if we
knew a priori that the set ®(I") is linearly independent.

The above remark leads to the following natural question.
Question 4.9. Is the set ®(I") linearly independent?

4.2. Applications to affine spherical G-varieties. Let X be an affine spherical G-
variety. Consider the corresponding T,q-orbit closure C'x C Mr, (see §2.7) and equip it
with its reduced subscheme structure. Recall the root monoid =y from Definition 2.12]

Proposition 4.10. Suppose that o is an indecomposable element of =x. Then

(a) 0 € ®(I'x);
(b) o is primitive in the lattice Z=x.
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Proof. (@) This follows readily from Corollary together with the inclusion Tx,Cx C

Tx,Mr,.
(b)) Part (@) yields Z=x C Z®(I'yx), which implies the required result in view of Propo-
sition O

Recall the monoid Z52* and the set Yx defined in §2.3]
Theorem 4.11. There is an inclusion Xy C Zx. In particular, Ex = =20 and the

monoid Zx 1S free.

Proof. Take any o € Yx. Since Z*Xx = =5 and the set Xx is linearly independent,
there exists a positive integer n such that no is an indecomposable element of Zx. It
follows from Proposition LT0I[R) that n = 1 and hence o € Zx. O

Corollary 4.12. There is an inclusion Yx C ®(I'y).
Proof. This follows from Theorem .11l and Proposition ELI0(@). O
Corollary 4.13. The T,q-orbit closure C'x C Myr, is an affine space of dimension |§X\.

Proof. Combining Theorems 2.23 and EL11] we find that Cx is a multiplicity-free affine
T.q-variety whose weight monoid is generated by the linearly independent set ¥ x. All the
claims follow readily. O

Corollary 4.14. Let I' C A be a finitely generated and saturated monoid. Then every
T.q-orbit closure in My, equipped with its reduced subscheme structure, is an affine space.

Proof. This follows from Theorem and Corollary E.13] U

Theorem 4.15. Up to a G-isomorphism, every affine spherical G-variety X is uniquely
determined by the pair (I'x, Xx).

Proof. Let X1, X5 be two affine spherical G-varieties with I'y, = 'y, and ) X, = ixz and
assume that X7, Xy are not G-isomorphic. Put I' =I'y, =I'y, and Y= ixl = in for
brevity. Consider the closed subsets C'x,, Cx,, and Z = Cx, UC%, in Mr and equip each
of them with its reduced subscheme structure. Thanks to Corollary T3]

dim Cy, = dim Cx, = dim Z = [3].
It follows from Theorem 2.201that C'x, # CYx,, hence Cx, and Cx, are distinct irreducible
components of Z. Consequently, X is a singular point of Z, which implies
(4.6) dim Tx,Z > |¥] + 1.

By Theorems 2.23 and B.11, Cx, and Cx, are isomorphic multiplicity-free affine T,4-
varieties with weight monoid Z*3, therefore all T,q-weights of the algebra k[Z] belong
to Z*Y. In particular,

{7 € X(Thq) | —7 is a Thg-weight of T, Z} C Z+X.

Since T'x,Z C Tx,Mr and Tx,Mr is a @ltiplicity—free T.q-module by Theorem B_:I:I, in-
equality (A.0]) implies that the set ®(I") \ ¥ contains an element that belongs to Z*3. The
latter is impossible by Proposition E.6l O
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Recall from §2.3] that to every affine spherical G-variety X one assigns the set Xx of
spherical roots of X.

The following result, which strengthens Theorem .15l was first obtained by Losev
in [Lo09bl Theorem 1.2].

Corollary 4.16. Up to a G-isomorphism, every affine spherical G-variety X is uniquely
determined by the pair (I'x, Xx).

Proof. Thanks to Corollary B12]and Proposition 5] the set Y x is uniquely determined by
the pair (I'x, X x) as the set of primitive elements v of the lattice Z®(I'x) such that Qv
is an extremal ray of the cone Q"X x C ZI'x ®7 Q. It remains to apply Theorem I 15 [

The following corollary is a particular case of Corollary below, which was first
obtained in [AB03, Corollary 3.4].

Corollary 4.17. Up to a G-isomorphism, there are only finitely many affine spherical
G-varieties with a prescribed weight monoid.

Proof. Let X be an affine spherical G-variety. Combining Corollary with condi-
tion ([@2)) yields Xx C 3(G). As the set X(G) is finite, the claim follows from Theo-
rem [4.15] O

Corollary 4.18. Suppose that I’ C A is a finitely generated and saturated monoid. Then
every irreducible component of Mr, equipped with its reduced subscheme structure, is an
affine space.

Proof. Tt follows from Theorem and Corollary d.17] that every irreducible component
of Mr is a Tyq-orbit closure. Now the claim is implied by Corollary F.TI4l O

Let X be an affine spherical G-variety. For every o € Yy, let & denote the unique
element in the set Z*o N Xx. The following result is a version of [Lo09al Theorem 2| for
affine spherical G-varieties.

Theorem 4.19. Under the above assumptions, € {o,20} for every o € Xx. Moreover,
o = 20 if and only if one of the following cases occurs:

(1) o ¢ X(G);
(2) 0 =a €1l and Qtu(aY) is an extremal ray of the cone K;
(3) o =a; + ...+ a, with Suppo of type B, (r >2) and o, € I'%;.

Proof. Fix any o € Yx. Corollary yields @ € ®(I'y ), which together with Lemma [4.]
implies that 7 is the unique element in the set Z*o N ®(T'x). Next, & € X(G) by (&2).
Since o € X(T'), an inspection of Table [[l along with Lemma .7l shows that the condition
o ¢ X(G) implies & = 20. Hence in what follows we assume o € %(G). Inspecting again
Table [I, we find that @ = o except for, possibly, one of the following two cases.

Case 1: 0 = a € II. Then 7 € {a,2a}. Comparing conditions (7)) and (28], we find
that & = 2« if and only if Q*¢(a") is an extremal ray of the cone K.

Case 2: 0 = aj+...+a, with Supp o of type B, (r > 2). Then 7 € {0, 20}. Comparing
conditions ([@3) and (®4)), we find that & = 20 if and only if o, € I'x. O
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4.3. Consequences for multiplicity-free affine G-varieties. In this subsection, using
a simple reduction, we extend some of the results of §[4.2] to arbitrary multiplicity-free
affine G-varieties. _

Let X be a multiplicity-free affine G-variety and let X be the normalization of X.
Clearly, X is an affine spherical G-variety and k[X] is naturally identified with a G-

invariant subalgebra of k[X].

Proposition 4.20. Up to a G-isomorphism, X is uniquely determined by X and I'y.
Proof. This follows from the fact that 'y uniquely determines k[X] as a G-submodule

and hence as a subspace of k[X]. O

Proposition 4.21. The following assertions hold:
(a) I's =ZI'x N Q' T'x (that is, I'g is the saturation of I'x);
(b) X5 = Ex.

Proof. (@) Since the algebra k[X] is integral over k[X], it follows from [Po86, Corol-

lary 2 of Theorem 4] that the algebra k[X]V is integral over k[X]Y. Taking into account
Proposition 29 and the equality k(X)Y = Quotk[X]Y (see [PoV94, Theorem 3.3]), we
conclude that k[X]V is the integral closure of k[X]V in Quotk[X]V. It remains to apply
Proposition 2.7

([b) Since X and X contain the same open G-orbit, the claim follows from Proposi-

tion [B.I] and the definition of the set of spherical roots (see §2.3)). U

Corollary 4.22. Up to a G-isomorphism, every multiplicity-free affine G-variety X 1is
uniquely determined by the pair (I'x, Xx).

Proof. Combining Proposition 21| and Corollary E10, we find that the pair (I'x,¥x)
uniquely determines X up to a G-isomorphism. It remains to apply Proposition [4.201 [

The following result was first obtained in [ABO5|, Corollary 3.4].

Corollary 4.23. Up to a G-isomorphism, there are only finitely many multiplicity-free
affine G-varieties with a prescribed weight monoid.

Proof. This is implied by Proposition d.21l@), Corollary 17, and Proposition [£.200 O

4.4. The uniqueness property for spherical homogeneous spaces. Given a spher-
ical homogeneous space G/H, recall its invariants Ag,pq, H‘g > Ya/u, and Dg g from
Appendix [Bl Our goal in this subsection is to give a new proof of the following theorem,
which is a reformulation of [Lo09a, Theorem 1].

Theorem 4.24. Up to a G-isomorphism, every spherical homogeneous space G/H is
uniquely determined by the quadruple #ay = (A u, H%/H, Ya/u,Dan)-

The main idea of our proof of this theorem is to perform a reduction to the uniqueness
property for affine spherical varieties (Corollary LT6]). The reduction itself uses tools that
go back to |[Lu01l §6]; see also [Br07, §3.2].

Recall that a subgroup H C G is said to be spherical if G/ H is a spherical homogeneous
space. In the proof of Theorem we shall need the following lemma.
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Lemma 4.25. Suppose that H and H' are two spherical subgroups of G such that H C
H'" C Ng(H). Then, modulo the inclusion Ag/m — Agyu, the equality QT YXq/m =
Q—l—ZG/H holds.

Proof. Restricting valuations along the chain k(G/H) D k(G/H') D k(G/N¢g(H)) yields
a chain of maps

(4.7) Van = Vaar — Va/Ne(H)-

As follows from |[LuV83|, §3.2, Corollary 1| or [Kn91l, Corollary 1.5], all the maps in (4.1)
are surjective, which induces a chain of inclusions

(4.8) QS ngm) = Q Xq/m — Q" Eq/n.

It was shown in [BP87, §5.4] that the composite map Vo/u — Va/ng ) in @D) is the
quotient by the vector subspace Vi N (=Vg/u). It follows that the composite map
Q" Xa/Ng) = QT Eq/n in (E8) is bijective hence so are all the maps in (8. d

Proof of Theorem [£.24]. Without loss of generality, we may assume that G is the product

of a simply connected semisimple group with a torus. Fix a spherical subgroup H C G.
Let H* C H be the common kernel of all characters of H. Clearly, H* is a normal

subgroup of H and the group S = H/H* is diagonalizable. Consider the natural map

(4.9) 0: H— S, hw~ hH.

The definition of H* implies that the induced map ¢*: X(S) — X(H) is an isomorphism.

Consider the homogeneous space Gi/H* and equip it with the natural action of the
group G x S given by ((g, hH*), zH*) > grh~'H*. One easily sees that the stabilizer in
G x S of the point eH* is the subgroup

H={(h,hH") | h e H} ~ H.
In what follows, we identify the algebra k[G/H!] with k[G]H".
The action of G x S on G/H* induces the (G x S)-module structure on the algebra
k[G]"* given by
(g, k) f1(w) = f(g™"wh),
where g,z € G, h € H, and f € k[G]#*. Tt follows from [ViK78, Theorem 1] that
the sphericity of H is equivalent to the condition that the (G x S)-module ]k[G]Hﬁ be

multiplicity-free. Let fg/H be the set of all pairs (A, x) € A* @ X(H) such that k[G]"*
contains a simple (G x.S)-submodule isomorphic to V (\)®k,, where k, stands for the one-

dimensional S-module on which S acts via the character x. The set fG /# 1s a submonoid
in AT @ X(H), called the eztended weight monoid of G/H; see [Av15l §2.2| for details.
The variety G/H* is quasi-affine (see, for instance, [AvI5, Lemma 2.4]). It is thus

identified with an open (G x S)-stable subset of the affine (G'x S)-variety X = Speck|[G]**.
By the definitions of I'¢/y and X, there is a (G x S)-module isomorphism

(4.10) kKX~ & V) ek,
(A€l
Now consider the subgroup H° C G, which is also spherical. Lemma yields
(411) @+2G/H == @+Zg/HO.
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By [BP8T, Corollary 5.2, the group Ng(H®)/H? is diagonalizable, hence so is H/H°. Tt
follows that

(4.12) H° = p7(5%),
where the map ¢ is given by (4.9).

Observe that the group G x S° acts transitively on G/H* and that the stabilizer in
G x S° of the point eH* is the subgroup H°. It follows from the sphericity of H® that

G/H?* is a spherical (G x S°)-variety, hence so is X. In particular, the algebra k[X] is a
multiplicity-free (G x S°)-module. Consequently, the natural map

(413) ¢3 /F\G/H — FX> ()‘aX) — ()\a X|So)a
is injective and hence an isomorphism.

It is easy to see that H® C HYx S® C Ngygo(H) and (GxS%)/(H°xS%) ~ G/H". This
together with Lemma implies Q"¢ /o = Q*E(GX s0y/770- Combining this equality

with (EIT)) yields
(4.14) Q" Ye/m = Q" Ex.
We are now ready to recover H from . Asshown in [Av15, §2.3|, the datum S,y

uniquely determines X(H) as an abstract group and I'g/y as a submonoid of A* @ X(H).
Then S is recovered as the diagonalizable group with X(S) = X(H). Next, the weight
monoid 'y is recovered by the formula I'y = @D(fg /i) Further, equality (4.14) together
with 'y uniquely determine the set ¥x. According to Corollary .16, the pair (I'x, Xx)
uniquely determines X up to a (G x S%)-isomorphism. As the map 1 is injective, the action
of G x 5% on X uniquely extends to an action of G x S satisfying (ZI0). Therefore X
is uniquely determined up to (G x S)-equivariant isomorphism. At last, up to conjugacy,
the subgroup H is recovered from X as the projection to G of the stabilizer in G x S of
a point in the open (G x S)-orbit in X. O

APPENDIX A. THE STRUCTURE CONSTANTS OF CHEVALLEY BASES

Computations carried out in §[B3.8 require the knowledge of signs of the structure con-
stants of Chevalley bases for the simple Lie algebras of types A,, B,, C,, D,, F4, and G,.
The goal of this appendix is to specify a particular choice of the signs for each of the
above-mentioned Lie algebras.

Let g be a simple Lie algebra and let {h, | @ € II} U{e, | @« € A} be a Chevalley
basis of g. The following relations for «, 8 € AT easily follow, for instance, from [Ca89]
Theorem 4.1.2]:

Na,g = —Nga;
N_a,—p = —Nag;
Nﬁ—a,aw if f—aeAt.

These relations show that the signs of all the structure constants of g are uniquely deter-
mined by the signs of the structure constants N, s with «, 5 € A*. In what follows we
specify these signs for all the Lie algebras in question.

For type F4, we use the signs presented in [VaP96l Table II].
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For type Gy, we use the signs extracted from [VaP96, Table IV].

For each of the types A,, B, C,, D,, a specific choice of the signs is presented below. It
can be obtained from explicit matrix realizations of the corresponding simple Lie algebras.

Type A, r > 2.

For1<i:<j<rseta;=a+...

Type B,, r > 2.

+ ;. Then AT ={a;; |1 <i<j<r}.

Condition

F=j+1

1=1+1

Sign of N,

i7 Okl

+

For1<i<j<rseta;=oa+...+q;
For 1 <i<j<rset B = aiy + aj.
TheHA+:{OéZ]‘1§Z§j§T}U{ﬁU‘1§Z<]§7’}

Condition kE=j+1li=Il+1|j=l=ri<k|j=l=rk<i
Sign of Nu, au + — — ¥
Condition 1=l+1|7=1l4+1k<i|j=1l+11<k
Sign of Ng,, oy, — + —
Type C,., r > 3.
For1<i<j<r—1seta;=0a;+...+q.
For1<i<rset i, =a;+ ...+ a,.
F0r1§i§j<rset Bij:ai,r—1+ar+aj,r—l-
Then A" ={a;; |1 <i<j<r—1}U{f;|1<i<j<r}
Condition k=j+1|i=101+1
Sign of Nu ay + -
Condition 1=1l+1|7=101+1
Sign of Ny, oy, — —
Type D,., r > 4.
For1<i<j<r—1seta;=0a;+...+q;.
For 1 <i<r—1set fi = a1+ (0 — p_q).
For1<i<j<r—1setf=a,—1+ (a0, —a_1)+a;_1.
Then AT ={a;; |1 <i<j<r—-1}U{8;|1<i<j<r}
Condition k=j4+1|i=10+1
Sign of Nu ap + -
Condition t=1l+1|7=Il+1k<t|j=1l+1i<k
Sign of Ny, oy, — + —

APPENDIX B. INVARIANTS OF SPHERICAL HOMOGENEOUS SPACES

In this appendix we recall combinatorial invariants of spherical homogeneous spaces and
their equivariant embeddings used in this paper. In what follows, G/H is an arbitrary

spherical homogeneous space.

Let P denote the stabilizer of the open B-orbit in G/H. Clearly, P is a parabolic

subgroup of G containing B. We set
¢,y ={a€ll|e_, €p}.
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The next invariants of G/H are the weight lattice
Aoy ={A € X(T) | K(G/H)” #{0}}
and the corresponding dual Q-vector space
QG/H = HomZ(AG/H> @)-

For every A € Ag/u, we fix a nonzero rational function fy € k(G/H)g\B). Since G/H

contains an open B-orbit, it follows that ]k(G/H)g\B) =kf\ for all A € Ag/n.

Every discrete Q-valued valuation v of k(G/H) vanishing on k* determines an element
pv € Qg/u such that (p,, A\) = v(fy) for all A € Ag/g. It is known (see [LuV83, 7.4
or [Kn91l, Corollary 1.8|) that the restriction of the map v — p, to the set of G-invariant
Q-valued valuations of k(G /H) vanishing on k* is injective; we denote its image by Ve p.
It was proved in [Br90, § 3] that Vi, g is a cosimplicial cone in Qg,5. Consequently, there
is a uniquely determined linearly independent set Xg,y of primitive elements in Ag /g
such that

Vom ={a€ Qa/u | (q,0) <0foralloeXgpu}

Elements of ¥,y are called spherical roots of G/H and Vg, is called the valuation cone
of G/H.

Let Dg/p denote the set of B-stable prime divisors in G/H. Elements of D¢,y are
called colors of G/H. For every D € Dg/u, let vp be the valuation of k(G/H) defined
by D, that is, vp(f) = ordp(f) for every f € k(G/H). Let pe/u: Do/u — Qayu be
the map given by pg (D) = py, for all D € Dg/g. We regard Dgi as an abstract set
equipped with the map pg/u.

For an arbitrary irreducible G-variety X containing G/H as an open G-orbit, one
defines the same invariants II5., Ax, Ox, Vx, x, Dx, and px of X as those of G/H.

For a multiplicity-free affine G-variety X, the set Xx defined right above coincides
with the set Xy defined in §2.3l This follows from the following proposition, which is a
particular case of [Kn96, Lemma 6.6, iii)].

Proposition B.1. Suppose that X is a multiplicity-free affine G-variety. Then the cone

T=x is dual to —Vx.
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