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We consider for integers k > 2 the k-generalized Fibonacci sequences F(F) .=
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1. Introduction

The Fibonacci sequence (Fy,)n>o starts with Fy = 0, F; = 1 and satisfies the
recurrence Fp o = F,41 + F,, for all n > 0.
Bravo and Luca [4] solved the Diophantine equation

F,+F, =2% with n>m>2 and a>1, (1.1)
showing that its solutions are (n,m,a) = (4,2,2),(5,4,3) and (7,4, 4). Motivated by

their paper, Pink and Ziegler [19] fixed a non—degenerate binary recurrence sequence
(tn)n>0 and studied the Diophantine equation

Up + Uy, = wpit -+ pZe, for n>m >0,

where w is a fixed non—zero integer and p1, ps, ..., ps are fixed distinct prime num-
bers. The unknowns are the positive integers m and n and the nonnegative expo-
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nents zi, . .., zs. Under mild technical restrictions they proved an effective finiteness
result for the solutions of the above equation. For the particular case of the Fibonacci
sequence they obtained the following numerical result.

Theorem 1.1. Consider the Diophantine equation
F, + F,, =27 -3%2...199%¢

in non-negative integer unknowns n,m,zi,...,z4 with n > m. Then there are
exactly 325 solutions (n,m, z1,. .., 246). All of them have n < 59.

A well-known generalization of the Fibonacci sequence is the k—generalized F'i-
bonacci sequence F®) .= (F,(Lk))nzg,k, where k > 2 is a fixed positive integer. This
satisfies the k—th order linear recurrence

k K
Fy(er)k:Fr(wr)k—1+'“+Fr(Lk) (n=2-k),

with the k initial values Fy‘&%) = Fik&ig) =...= Fo(k) =0 and Fl(k) = 1. Notice
that the “initial values” are indexed in such a way that the last 0 of the string
of kK — 1 zeros is at the index n = 0 and all the previous zeros are in the past.
We shall refer to the number Fék) as the nth k— Fibonacci number. Bravo, Gémez
and Luca [5] and Marques [15] investigated independently an equation analogous
to (1.1) when the sequence of Fibonacci numbers is replaced by the sequence of

k—Fibonacci numbers. To be more precise, they studied the Diophantine equation
F®) 4 pkF) = 9o (1.2)

in positive integers n, m, k and a with k > 3 and n > m. The complete solution of
this equation appears in [5]. Here is that result.

Theorem 1.2. Let (n,m,k,a) be a solution of the Diophantine equation (1.2) in
non-negative integer unknowns. If n = m, then (n,m,a) = (t,t,t — 1) for all 2 <
t<k+1or(nma)=(1,1,1). If n >m and a # n — 2, then the only solution is
(nym,a) = (2,1,1), while if n > m and a = n — 2, then all the solutions are given
by

(n,m,a) = (k+242" +0 -1,k +2° - 2), (1.3)

where £ is a positive integer such that 2°4+0—2 < k. In particular, we have m < k+1
andn <2k + 1.

In the present paper, we extend the study of the Diophantine equations (1.1)
and (1.2) to Diophantine equations involving S—integers (instead of powers of two),
which are representable as the sum of two k-Fibonacci numbers with non-negative
subscripts. Our work is inspired by the work of Pink and Ziegler [19].
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2. The Main result

We investigate mainly the largest prime factor of the term on the left-hand side of
(1.2), that is to say, we study the growth of

P(FT(L’“) 4 Fr(f)), for n>m>0 and k>2,

where P(m) is defined, for an integer m > 2, as the maximal prime factor of m
with the convention that P(0) = P(1) = 1.
We have the following result.

Theorem 2.1. The inequality

1
P(E® 4 PRy > %\/lognlog logn.

holds for allm>m >0, n>k+2 and k > 2 except when k+2 <n < 2k+2 and
m < k+2 are part of the solutions to (1.2) of the form (1.3) described in Theorem
2 (for some £).

Numerical result. A consequence of Theorem 2.1 is that given a finite set of
primes S = {p1,...,ps}, the S—integers which can be written as a sum of two k—
Fibonacci numbers with non-negative subscripts, where k is also unknown, comprise
a finite effectively computable set.

As an example, we found all the sums of two k—Fibonacci numbers whose largest
prime factor is less than or equal to 7. That is, we determined all the solutions of
the Diophantine equation

FR) 4 gk —ga.3b . 5¢.79  with n, m, k, a, b, ¢, d (2.1)
non—negative integers such that n >m > 2, k£ > 2.
The case k = 2 was treated by Pink and Ziegler, and is a particular case of The-

orem 1. Their result is that all the non-negative integer solutions of the Diophantine
equation

Fo4 F, =2%-3".5°7% satisfy max{n,m,a,b,c,d} <59.

These solutions are in the bellow table 1.
We complete this picture by proving the following result which deals with all
k> 3.

Theorem 2.2. Let (n,m,k,a,b,c,d) be a solution of Diophantine equation (2.1)
withn >m >2, k>3 andbed #0. Ifn < k+1, thenn—m € {1,2,3}. Otherwise,

k <320 and max{n,m,a,b,c,d} <775.
More exactly, the equation has

(1) 84 solutions withm <k+1 andk+2<n<2k+1;
(it) 7 solutions with m < k+1 and n > 2k + 2;
(#i1) 14 solutions with k+2 <m < n.

The actual solutions appear at the end of the paper.
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Table 1. Solutions for F,, + F,, = 2% -3b.5¢. 74,

F34+F,=3 Fy+ Fy =22 Fs+F,=2-3
F6+F2=32 Fr+Fy=2-7 Fg+Fy=5-7
Fio+ =237 Fii+F=2-32.5 Fiu+F,=2-3.7
Fy1+ F3=5 Fs+F3=7 Fs+F3=2-5
F;+F3=3-5 Fo + F3 =22 .32 Fs 4+ Fy =23

Fr + Fy =24 Fs+F4=2%-3 Fio+Fy =372
Fi7 4+ Fy =26 .52 Fs+ F; =232 Fio+F5=2%2.3.5
Fr+Fs=3-7 Fo4+Fs=2-3-7 Fio+Fs=32-7
Fig+ Fg =25 .34 Fig+ F; =23.53 Fig+Fg=2%-32.7

Fyy + Fig =24 32 Fi3 + Fyp =25 .32 Fiy+ Fyg=2*.38

3. The proof of Theorem 2.1

We begin by assuming that n > m > 2, kK > 2 and ay,...,as are non—negative
integers satisfying the following equation

FR) 4 plk) — parpda . ppas (3.1)
If n = m, then the Diophantine equation (3.1) reduces to
2F " = pitps? i (3.2)

It is easy to see that the first k£ + 1 nonzero terms in F*) are powers of two (see
Cooper and Howard [9]). Some authors even work with a shift of our sequence,
namely the one for which Fl-(k) =0for0<i<k-—2and Flgﬁ)l = 1. However,
we find it more convenient to work with the sequence we defined in the previous
section. For us, we have

Fl(k) =1 and Fék) =on—2 for all 2<n<k+1.

Solutions of Diophantine equations with k—generalized Fibonacci numbers involving
these k + 1 powers of 2 will be called trivial solutions.

Bravo and Luca [2], showed that there are no nontrivial powers of 2 in the k-
generalized Fibonacci sequence F®) for any k& > 3 and that the only nontrivial
power of 2 in the Fibonacci sequence is FéQ) = 8. This completes the analysis of
(3.2), when S = {2}. Otherwise, n > k + 2. Bravo and Luca [3], showed that the
inequality

P(F®) >0.01y/lognloglogn holds for all k> 2.

Using the above inequality, they concluded that (3.2) has only finitely many nontriv-
ial solutions and they are all effectively computable. The case m < n with S = {2}
was studied by Bravo, Gmez and Luca in [5], who obtained the solutions given in
Theorem 1.2.

If m<n<k+1, then Fff% Fék) are powers of two and

P(FR 4+ FR)y = p(2n=™ 41) > 2(n —m) + 1. (3.3)
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The largest prime factor of 2¢ 4 1 for positive integers ¢ has been studied by many
authors.

Considerations on our Diophantine equation. From now on, we suppose that
(n,m,k,a1,...,as) is a solution of (3.1) withn > m > 2, n > k+2 k > 2
and s > 2. Furthermore, in order to distinguish the problem treated here from the

problem studied in [5], we assume that as,as,...,as are not all zero. It is easy to
see that
m<n<k+1 if and only if ER) 4 pk) — gn=2 4 gm=2 (3.4)

The if statement is easy and the only if statement follows because F,(lk) < on—2
holds for all n > 1, with equality if and only if n < k + 1.

Let us recall some properties of the k—Fibonacci numbers which are necessary
in order to study the Diophantine equation (3.1). As a linearly recurrence sequence,
it has an associated characteristic polynomial. This is the polynomial Wy (X) =
XF - Xxk=1 ... X —1. It has only one positive real zero o := (k) and is located
in the interval [1,2]. Furthermore, in Lemma 2.3 in [14] and later in [20], it was
shown that the containment a € (2(1 — 27%),2) holds for all k¥ > 2. In particular
{a(k)}r>2 converges to 2 as k tends to infinity. Miles [17] and Miller [18], showed
that Wy (X) has only simple roots and all roots different from «(k) are inside the
unit circle. In particular, Uy (X) is an irreducible polynomial over Q[Xg. We omit
the dependence on k of a. By induction one can prove that a2 < Fnk) < "t
holds for all n > 1 (see [4]). In fact, FM < 9n=2 for all p > 2 (see [2]), a fact
mentioned before.

Bellow, we give an inequality between the exponents a; for i = 1,2,...,s and
the index n. Combining (3.1) with the fact that Ft(k) < 2t=2 for all t > 2, one gets

2ai § Hp;lz — Fqgk) + FT(n{C) S 27’7,72 + 2m72 — 27’L72(1 +2mfn) < 27171.
i=1

So,
a; <n—2, for all i=1,2,...,s. (3.5)

3.1. An upper bound on n in terms of k and/or s
We study equation (3.1) withn > m > 2, n > k+2, k> 2 and s > 2. We
distinguish the cases:
m<k+landk+2<n<2k+1;
m<k+1andn>2k—+2;
k+2<m<n.

We use some transcendental arguments from the theory of Baker’s linear forms in
logarithms of algebraic numbers to give an upper bound on n in terms of k and/or
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s. Our main tool is the following consequence of a result of Matveev (see [16] or
Theorem 9.4 in [6]).

Lemma 3.1. Let K be a number field of degree D over Q, ~1,...,7: be positive
real numbers in K, and by, ..., by be integers. Put

A=Abrqb 1 and B > max{|b1],...,|be|}

Let A; > max{Dh(v;), |log~;|,0.16} be real numbers, fori=1,...,t. Then, assum-
ing that A # 0, we have

|A| > exp(—1.4-30""3 . 135 . D?(1 + log D)(1 + log B)A; - - - Ay).

In the above and in what follows, for an algebraic number 7 of degree d over Q
and minimal primitive polynomial f(X) := ag H?:1(X*77(i)) € Z|X], with ag € Z™,
we write h(n) for its logarithmic height, given by

d
h(n) := % <log ag + Zlog (max{|77(i)|7 1})) .

i=1
In particular, if n = p/q is a rational number with ged(p,¢q) = 1 and ¢ > 0, then
h(n) = log max{|p|, ¢}.

Case m<k+1land k+2<n<2k+1.
We recall a formula for F\*) due to Cooper and Howard [9]:
L) -1
FM =2n=24 N" Cp 272 for n> k42 and k>2, (3.6)

j=1

= (57 ()

In the above, we denoted by |z] the greatest integer less than or equal to  and

where

used the convention that (Z) = 0 if either a < b or if one of a or b is negative. Since
k+2 <n < 2k+2 one obtains that | (n+k&)/(k+1)] = 2. From the above formula,

(k) — 2n—2 _ (

one concludes that Fy n — k)2"~k=3_ Hence, in this case equality (3.1)

is equivalent to
=2 4 9m2 _ ( — k)2 RT3 = plipda L pas (3.7)
which, after dividing both sides of it by 2772, becomes

s . 1 n—Fk 2
P py < gt o <3
with v := min{k/2,n — m}. For inequality (3.8), we used the fact that

n—k k+1 1
9k+1 < 92k+1 < 2k/2’

a;—n+2

S (3.8)
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which holds in our range for n versus k when k > 2.

Next, we use a linear form in ¢ := s logarithms (Lemma 3.1) to give a lower bound
of the left—hand side of the above inequality (3.8). We put (vy1,b1) := (p1,a1 —n+2)
and (v, b;) := (ps,a;) for i =2,..., s and

Ag = pir 2oz pas (3.9)

Note that Ag is zero only in the case when 272 = (n — k)2"~%=3. This gives

n=k+2 m = 2"+ —1, which is the excluded situation (1.3). Thus, Ag # 0.

We take K:=Q, D:=1, A;:=logp,foralli=1,...,¢tand B :=n (according to
(3.5)). We get, from the application of Lemma 3.1, the following inequality

|Ao| > exp(—1.4-30°"3 . s75(1 + logn)(log ps)*®)
> exp(—75600 5*°(60log s)* logn), (3.10)
where we have used the facts that p, < s2 for all s > 2 and 1 + logn < 2logn. We

combine the above inequality with (3.8) and take logarithms on both sides of the
resulting inequality to obtain

v < 109068 s*°(6010g 5)° log n. (3.11)

If k/2 < n —m, then v = k/2. Thus, from the above inequality we deduce that
k < 2.2-10°s5(601log 5)® log n. Since in this case n < 2k + 1, we get

L 45.10°5%3(601og 5)° (3.12)
logn ' '

We use the following result of [13].

Lemma 3.2. If z and T are real numbers such that for y > 1 we have

T > (4y*)Y and

T
T, th 29T (log T)Y.
oz 2)? <T, en < (log T')

Putting z :=n, y := 1 and T := 4.5-10°s*5(60 log s)*, we conclude, from (3.12),
via Lemma 3.2, that

n <2 x4.5-10°s*%(601log s)* log (4.5 - 10°s*?(601og 5)*) . (3.13)
We now estimate logT. It is easy to see that the three inequalities
log(4.5-10°) < 9.4 slogs, 4.5logs < 2.3slog s, slog(60logs) < 5.4slogs,
hold for all s > 2. Thus, logT < 17.1slog s and from (3.13), we get
n < 1.6-10"s°%log s. (3.14)
If n —m < k/2, then v = n — m. Hence, from inequality (3.11) we get
n —m < 109068 s*(601og s)* log n. (3.15)
We now return to equality (3.7). Dividing both sides of it by 272 +42™~2 we obtain

14 9gm—n -1, a1—n+2  _az as _ q L 3.16
(1 + )" Py Py P < Sz (3.16)
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We use again linear forms in logarithms on inequality (3.16). We take
t:=s+1, (71,01) := (1 +2™"" 1), (72,b2) := (p1,a1 — 1+ 2),
and
(i, bi) == (pi—1,i-1) for 1=3,...,t.
Thus,
Ago = (14 2m—m)~L.piamnt2 gtz pas

Since m < k+1 and k+ 2 <n < 2k + 2, we note, by remark (3.4), that Aoy # 0.
Indeed, if Agg = 0, we first get, by looking at the exponent of p; = 2, that a; = n—2,
next that p3? - - p% = 27~™ 4 1. Hence,

Fr(Lk) + FT(ric) — ptlllpgz .. .pgs _ 2n—2(1 + 2m—n) — 9n—2 + 2m—27

and, by (3.4), we know that the above relation is not possible for n > k + 2. As in
the previous application of Matveev’s result to |Ag|, we take K:=Q, D :=1, 4; :=
2logs for all i = 2,...,s (because p; < s2 for all s > 2) and B := n. Furthermore,
since

h(1+2m7") =log(1+2""™) < (n—m)log3,

we take A; := (n —m)log3 > 6.3-1055°°(601og s)* log k where this last inequality
holds by (3.15). After a new application of Lemma 3.1 to the left—hand side of
(3.16), we get that |Ag| is bounded below by

exp(—1.4 x 30°T*(s + 1)*5(1 + logn)((n — m)log 3)(2log 5)*) (3.17)
> exp(—6.7 - 10"5'°(601og 5)?* (log k)?).

In the above, we have used the fact that 1+logn < 4.1log k for all £ > 2 which holds
because n < 2k + 2. So, we conclude from inequality (3.17) above and inequality
(3.16) that

(log2/2)k < 6.7-10"5'(6010g 5)**(log k)?,

which implies

Tz h)? < 2-10"51°(6010g 5)%°. (3.18)

Then, by Lemma 3.2, we get
k< 4(2-10%5'9(601og s)**) (log(2 - 10*°5*°(6010g 5)**))?
< 8-10%5'9(6010g 5)?*(log(2 - 10*®) + 101log s + 2slog(601og 5)))?
< 5.4-1075'%(601og 5)** (log(601og 5))>.
In the above inequality, we used the fact that
log(2 - 10%%) 4 101og s + 2s1log(60log s) < 8.2s1og(60 log s)
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which holds for all s > 2. Hence, since n < 2k + 2, we conclude that

n < 1.1-10"%s'2(601og 5)?*(log(60log s))>. (3.19)
Cases m < k+ 1 and either n > 2k +2 or k+2 <m < n.
Dresden and Du proved in [10] that

k
_ n— 1
FP =3 fuleal™  and B — fi()a | < g, (3.20)

where fi(z) = (2—1)/ 2+ (k+1)(z — 2)) and a := a1, ag, ..., oy, are all the zeros
of Ur(X). The expression on the left—hand side is known as the Binet formula for
.

We use identity (3.20) to replace F,gk) by its approximation fi(a)a" ! and
deduce from equation (3.1) the inequality
Hp _flc a1 <« = +F(k)< +am 1
2 2
The above inequality leads us to the useful inequality
Iot a0 (™ -1 < (3.21)
J D; k (bn—m ’ :

where ¢ := a(2) = (1 + v/5)/2. Here, we have used the facts that fy(a) > 1/2 and
a = a(k) > a(2), for all k£ > 2. We now use Lemma 3.1 with ¢ := s+ 2 and the
parameters

(71,b1) := (fr(@), =1), (72,b2) := (o, —(n — 1)),

(’yi,bi) = (pi_g,ai_g) for 7 :3,...,t,
for which

= (fk(a))_l o~ (1) Hp;zl 1
i=1

We begin noting that the algebraic number field containing all the numbers ~;, for
i =1,2,...,t, is K:= Q(«a), so we can take D := k. The left-hand side of (3.21)
is not zero. Indeed, otherwise fi(«) would be an algebraic integer (because « is a
unit in K), so

1 < |Ng/o(fr(@)| = H\fk ()] (3.22)

However, a straightforward verification shows that 9, fx(z) < 0. Indeed,

1—-%
O fr(x) = 21 kD@2 <0 for all k> 2.
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From this, we conclude that

1 k=1 _1

5 = fe(@) < fule) < i 20 -279)) = F——

5 <3/4, for k>3,

while fo((14++/5)/2) = v/5(1++/5)/10 = 0.72360 . ... On the other hand, as |o;| < 1,
we have |a; — 1] < 2 and |a; — 2| > 1, so

24 (k+1)(a; —2)| > (k+1)]ay —2|—2> k-1,

therefore

= <1 f 11 k>3.
2t Do —2)] ~h—p =t foral k=3

| fr (i)

For k = 2, we have fo((1 —/5)/2) = 0.2763.... Hence, all conjugates fx(a;) of
fr(a@), for i = 1,...,k, have absolute value smaller than 1 and this is true for all
k > 2. Thus, (3.22) is not possible, and consequently A; # 0.

Now, from [12], we have that h(vy1) < 2logk, for all k > 2 and by the properties
of the roots of ¥y (z) we obtain

logae  log2 0.7

K Sk Sk
Furthermore, h(~;) = log ps, for i = 3,...,t. Thus, we can take the following values
for our parameters:

h(vy2) =

Ay :=2klogk, Ay:=0.7, A;:=klogps for i=3,...,¢,
and B :=n (by (3.5)). Applying Lemma 3.1, we get

|A1] > exp(—1.4-30°5 - (s +2)*° - k?(1 + log k)
- (1+logn)(2klog k)(0.7)(klogps)?®).

Comparing the above inequality with inequality (3.21), we conclude after performing
the respective calculations, that

n—m < 6-10%30°(s + 2)*% k3 (log k)? (log ps)* log n. (3.23)

Assuming that we are in the case m < k+ 1 and n > 2k + 2, then n — m > n/2.
So, from inequality (3.23), we get

n < 1.2-10%30%(s + 2)*°k* T3 (log k)? (log ps)* log n.
Another application of Lemma 3.2, together with the inequalities
ps < 5%, s+2<2s and logk < 0.4k
valid for all s > 2 and all k£ > 2, allow us to deduce that

n < 2.2-10"s>5E5%5(60 log 5)* log max{s, k}. (3.24)
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We next continue under the assumption that £+ 1 < m < n. Once again we use
(3.20) to replace both k-Fibonacci numbers appearing in equation (3.1) by their
leading terms in the Binet formula and deduce from the resulting equation that

[To oD (@ ramm) " -1 <2 @)
i=1

We apply a second linear form in ¢ := s + 2 logarithms. We put

(y1,01) = (fr(@) (1 +a™77), =1), (72, b2) := (a, =(n = 1)),

(7i7 bl) = (pi_g, ai_z) for i=3,...,t,

and
Ay = (fr@(1+a™ ™) o~ [Tz -1
1=1

Again, we can take K := Q(«) and D := k. Also, Ay := 4klogk + 0.7(n — m) (see
[5]), A2 :=0.7, A; :=klogp, for i =3,...,t and B := n. In order to apply Lemma
3.1, we need to show that the left-hand side of (3.25) is not zero. Otherwise, we
would get the relation [[;_, p{" = fr(a)(@" "t + a™ ). Conjugating the above
relation by some automorphism of the normal closure of K, which sends « into «;
for some 2 < j < k (so, |a;| < 1), we obtain the relation

[T v = filag) (@~ o).
i=1

The absolute value of the right hand side above is smaller than 2. But this is not
possible, because n > m >4 and [[}_, p{* > 2 from (3.1). Thus, the left-hand side
of inequality (3.25) is nonzero.

By Lemma 3.1, we obtain the following expression as a lower bound to |As:

exp(—1.4-30°"5 . (s +2)*° - k2(1 + log k) (1 + log n)

-(0.7)(klogps)®(4klogk 4+ 0.7(n — m))). (3.26)

Using the inequality for n — m given in (3.23) as well as (3.25), we deduce from
(3.26) that

n < 1.3-10'730%% (s + 2)%k* %5 (log k)3 (log ps ) ** (log n)?. (3.27)

We now use that py < 52, s +2 < 2s for all s > 2 and logk < 0.4k for all k > 2, to
deduce the above inequality (3.27) that

Tlogn)? < 4.3-10"85%%%8(60 log 5)**. (3.28)

Using Lemma 3.2 on inequality (3.28) with  := n, y := 2 and T := 4.3
101859k 8(60 log 5)%*, we conclude that
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n < 4(4.3-10"%s°k%78(60 log 5)%°) (log (4.3 - 10'¥s°k>T5(6010g 5)2°))* . (3.29)
We now estimate log T":

log T = log(4.3 - 10"®) + 9log s + (2s + 8) log k + 2slog(60 log s)

43 91
<s <s + ng + 2log(601og s) +(2+8/3)103k>

< s(46log s + 6logk)
< 52.3slog max{s, k}.

Thus, from (3.29), we have
n < 4.7-10%2sM k257860 1og 5)?* (log max{s, k})%. (3.30)

Bellow we record what have just proved in inequalities (3.14), (3.19), (3.24) and
(3.30).

Lemma 3.3. Let (n,m,k,a1,...,as) be a solution of (3.1) withn >m > 2, n >
k+2, k>2and s> 2, and a; > 0 for some i > 2.

(@) Ifm<k+1andk+2<n<2k+1, then
n < 1.1-10'85'2(601og 5)** (log(60log 5))?.
(ii) fm<k+1andn>2k+2 ork+2<m<mn, then

n < 4.7-10*2s" k278(601og 5)** (log max{s, k})%.

3.2. Considerations on s and k

In this subsection, we use several times the following inequality
ps > slogs forall s> 1. (3.31)
Ifm<k+1and k+2<n<2k+ 1, we have from Lemma 3.3(i) that
n < 1.1-10'%5'2(601log s)** (log(60log s))?.
So, taking logarithms on both sides of this last inequality, we get

logn < log(1.1-10'®) + 121log s + 2slog(60log s) + 2log(log(60log s))
< 45slog s.

Hence, if m < k41 and k+2 <n < 2k + 1, we conclude from (3.31) that

1
P(F® + F{)) = ps > logn. (3.32)
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We continue under the assumptions that m < k+1and n > 2k+2or k+2 < m < n.
Taking logarithms on both sides of inequality given by Lemma 3.3(ii), we get

logn < log(4.7-10%%) + 11log s + (2s + 8) log k
+ 2slog(60log s) + 2loglog max{s, k}
< 45slog s + 6slog k 4 2loglog max{s, k}.

Hence, inequality
logn < 45slog s + 6slog k + 2loglog max{s, k} (3.33)
holds for all s > 2 and k& > 2.
Case s > k.
From inequality (3.33), one can conclude that logn < 52slogs holds for all
s > 2, so, by (3.31),
P(F,(Lk) + F,(f)) =ps > slogs > %log n. (3.34)

Case k > s.
Fom inequality (3.33), we get
logn < 52slog k. (3.35)
We now distinguish two cases according to the size of log k relative to n.
Case logk < 1\/lognloglogn.
Then, from (3.35) we have that

1 logn
> — /.
13\ loglogn

Supposing that n > 104000

slo s>i 1Oilo i IO& >L\/lo nloglogn
& 13'\/ loglogn &\ 13 log logn 150 v OB I0BI0B T

Thus, by (3.31), we have that

) 4 p®) L ognioslonn
P(E)Y + F) =ps > 150 log nloglog n. (3.36)

The above inequality also is valid for n < 10%°% because in this case

, we get

1
150 lognloglogn < 2.

Case logk > %\/log nloglogn.
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We assume that k£ > 1700. Thus,

logn < (logk)? < 8(log k)? holds for all n>k+2.

loglogn

Furthermore
n < e8008R)* < 9k/2  for all k> 1700. (3.37)
By Cooper and Howard’s formula (3.6), we can write
FP =2""2 (14 ((n, k),

where

n,j
IC(n, k)| < Z 9(k+1)j < Z 2(k+1)jj!
jz1

j=1

_ ifl (n/Q.k—H)];—l <% n/2k+1.
2 (- 1) 2

Since n < 2F/2 < 2% (by 3.37), we have en/2" < e1/2 < 2. Thus,

2n 2
IC(n, k)| < ok < o2
We have showed that if n < 25/2 then

FF) = on=2(1 4 ¢(n, k), where |((n,k)| < (3.38)

2
2k/2"
In particular, if m < k + 1, then F%) = 22 and ¢(m, k) =0.

We use the above identity (3.38) to get from (3.1) a new inequality. Recall that
we are in one of the cases m < k+1landn > 2k+2or k+ 2 < m < n. In both
situations, the following inequality holds:

[p1* e = (2072 4 27 72)] < 2772(C(n, )|+ 22 (C (m, K|

2n71 + 2m71
Dividing both sides of above inequality (3.39) by 2”72, we obtain
[ g = (1427 <
It follows that
3 1 4
a1 —n—+2 a as
|1011 “po? g _1|<2]€T+W<277 (3.40)

with v := min{k/2,n — m}.
According to Theorem 2, in any of the two situations m < k 4+ 1 and either

n>2k+2or k+2<m<n, we can conclude that p{* =" . p3>...p2 — 1 2£0.
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We note that the expression on the left—hand side of the above inequality (3.40)
is |Ag| given in (3.9). Hence, from inequalities (3.10), (3.35) and (3.40), we get

4
exp(—75600 s*5(601og 5)* logn) < TR
which implies
v < 5.7-10%5%5(60log s)* log k. (3.41)

If v = k/2, from inequality (3.41) we get
k
—— < 1.2-10"s°(601og 5)°. 42
logk < 05”2 (601og s) (3.42)

Next, we use Lemma 3.2, with
x =k, y:=1 and T:=1.2-10"s°5(601og s)".

Note that log T < 16.4+ 5.51log s + slog(60log s) < 20slog s holds for all s > 2. So,
we get from inequality (3.42) that

k < 4.8-10%s%°(60log s)* log s.
Hence,
log k < log(4.8 - 10%) 4 6.51og s + slog(601og s) + loglog s
< 25slogs. (3.43)
If v = n — m, then from inequality (3.41) we deduce that
n—m < 5.7-10%s°°(601og 5)* log k. (3.44)

Dividing both sides of inequality (3.39) by 2"~2 + 2™~2 we obtain
m—n\—1 a]—n+2 as as 2
[(L+277")7" - py PP — 1 < g (3.45)

Note that if the term on left—hand side of above inequality is zero, then from equality
(3.1)

Fék) + Fv(riﬁ) — pibl ,pgz .. .pgs —_ 277472 + 2m72.

Thus, by remark (3.4), we have that m < n < k + 1, in contradiction to the cases
that we are considering namely m < k+ 1 and either n > 2k+2or k+2 <m < n.
Hence, (1 +27m")~1. pirnH2 502 e 1 2L,

We will use the procedure performed for |Aggl|, together with inequalities (3.44)
and (3.35). We get that the left—-hand side of (3.45) is bounded below by

exp(—1.4-30°T*(s + 1)*5(1 4 logn)(6.3 - 10°5°°(60log 5)* log k)(2log 5)*)
which in turn is at least as large as

exp(—1.4-10'%s'(601og 5)** (log k)?).
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We conclude from the above inequality and inequality (3.45) that
(log2/2)k < 1.4 105 (6010g 5)**(log k)? + log 2,

which implies

Togh)? < 4-10'°s(6010g 5)%*.
By Lemma 3.2,
k< 4(4-10"s"(6010g 5)%%) (log(4 - 10'°s1 (601og 5)**))?

< 1.6 - 105" (6010og s)** (log(4 - 10'%) + 111log s + 2s1og(601og 5)))?

< 1.1-10"5'3(6010g 5)?*(log(60log 5))?.
In the above inequality, we used the fact that

log(4 - 10'%) 4 111og s + 2slog(601log s) < 8.2s1log(60 log s)

which holds for all s > 2. Finally,

logk < log(1.1-10') 4 131og s 4 2slog(60 log s) + 2loglog(60log s)
< 50slog s. (3.46)

Recall that we are assuming m < k + 1, either n > 2k +2or k+2 < m < n, and
logk > (1/4)v/log nloglogn. We conclude from inequalities (3.43), (3.46), that

) | p(o) L Aoenlozlosn
P(F)Y) + F)) =ps > 200 log n loglog n. (3.47)

We note that the above inequality was obtained under the assumption that k >
1700. However, when k < 1700 is easy to see that

1 1
200 lognloglogn < %logk < 2.

Thus, inequality (3.47) holds for all £ > 2. Comparing inequalities (3.32), (3.34),
(3.36) and (3.47), we obtain that if (n,m,k,a1,...,as) is a solution of Diophantine
equation (3.1) with n > m, n > k+2, k> 2, s > 2 and a; > 0 for some i > 2,
then

1
(k) (k)
P(EYY + Fy7) > 200\/10gnlog10gn.

This completes the proof of Theorem 3.

4. Numerical result

In this section, we determine all the {2, 3,5, 7}-integers which are the sum of two
k-Fibonacci numbers. That is, we find all solutions of the Diophantine equation

E® 4 pk) —g9a.3b.5¢. 74 with n, m, k, a, b, ¢, d (4.1)
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non-negative integers such that n > m > 2, k > 3 (the solutions for k = 2 were
presented in the Section 2).

Trivial solutions 2 <m <n <k-+1.

From equality (4.1), we get P(2"~™+1) = 7. By Carmichael’s theorem on primitive
divisors of Lucas sequences (see [7], and the newer [1] for the most general case),
we have P(2! +1) = P(2%* —1) > 2t +1> 7 for all t > 4. Thus, n —m = 1,2,3. In
this case, for all £ > 3, the solutions are given by

Fol + W =2m=2.3 F, + F =om=2.5  F¥ 4+ F#) =om=2.32,

4.1. Absolute bounds on k and n

We continue under the assumption that n > k+ 2. Furthermore, we use the inequal-
ities obtained in the previous section with (p1,p2,p3,p4) = (2,3,5,7) (and s = 4),
in order to obtain absolute numerical bounds on the non-negative integer unknowns
of the Diophantine equation (4.1).

Case m<k+land k+2<n<2k-+1.

If in (4.1) we have b = ¢ = d = 0, then we arrive at Diophantine equation (1.2),
which has the infinite family of solutions given by (1.3) in Theorem 2.
Continuing with (b, ¢, d) # (0,0,0), we obtain from (3.8) and (3.11) that

|02 80 5¢. 79— 1| <277F and < 2.7-10%logn,  (4.2)

with v := min{k/2,n — m}. If ¥ = k/2, then n < 2k +1 < 1.2 - 10'6logn, which
leads to n < 5-10'7. If vy = n — m, then from (3.16) and (3.18), we get

|(142m—m)~t.gamnd2 30 5e.7d _ ] < 97k/2 (4.3)

and k/(logk)? < 51035, which leads to k < 4.4 - 10%°. Thus, in either case, we
obtain that n < 9 - 100,

Cases m<k+land n>2k+2ork+2<m<n.
For these cases, we rewrite (3.21) as
20.3".5¢. 7.0 L (fr(a) Tt =1 <297 (T™), (4.4)
So, by inequality (3.23), we get
n—m < 4-10"%k"(log k)*log n. (4.5)
We now use inequalities (3.25), (3.26) and the above inequality (4.5), to obtain
2030 .57 74 o~ D L (fi(a)(1 +a™ ™))" —1‘<2¢ (n=1) (4.6)
and

n < 6.8 107k  log k log n(4klog k 4 0.7(n — m)) (4.7
< 8.2-10%k**(log k) (logn)?.
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Following arguments similar to those used before based on Lemma 3.2, we get
a bound analogous to (3.30):
n < 4-10"%3(log k)®. (4.8)

Assuming that k > 320, it is easy to see using inequality (4.8) that n < 20-8%.
Hence, as in inequalities (3.38), one can show that

F® = om=2(1 4 ¢(n, k),  with  [C(n, k)| <2702+,

Using the above identity in equation (3.1), we obtain in a manner similar to (3.40),
that

207 ¥2.8b5e. 7 — 1| <2707 with 4 =min{0.2k,n —m}. (4.9)

By using (3.10) and (4.8), we get v < 1.3 - 10'6logk. If v = 0.2k, then we get
k <2.8-10'8. If v = n — m, then

n—m < 1.3-10"%logk. (4.10)
As in inequality (3.16), we can rewrite (3.1) as
|(142m—n)~t.ga-nt2 gb. 5e. qd _ 1| < 9= 0-2k+1 (4.11)
which together with inequalities (3.17), (4.8) and (4.10) leads to the conclusion that
k< 3.7-10"(n —m)logn (4.12)
< 3.7-10"(1.3- 10" log k) (148log k)
< 7.3-10%(log k).

This gives k < 6 - 1038, From (4.8), we conclude that n < 3 - 10554
We record what have just proved.

Lemma 4.1. Let (n,m, k,a,b, c,d) be a solution of Diophantine equation (4.1) with
bed # 0.

(@) Ifm<k+1andk+2<n<2k+1, then
max{m,k} <n < 9-10%. (4.13)
(65) Ifm<k+4+1andn>2k+2ork+2<m<n, then
E<6-10%®  and  max{m,k} <n<3-10°% (4.14)

4.2. Reductions on k and n

We need better upper bounds for n and k than the ones given in Lemma 4.1. In order
to reduce the bounds of Lemma 4.1, we use a result of the geometry of numbers on
a lower bound for linear forms with bounded integer coefficients.

Let ag,...,a; € R. We consider linear forms in integer variables as follows:

xio1 + oo + -+ 1y with x| < X (4.15)
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Also, we consider the lattice Q = (v1,...,14),, with vectors v; given by
vi=-e;+ [Cajle for 1<j<t—1 and v =|Ca:]ey,

where C' is a sufficiently large positive constant. Our main tool at this stage is the
following result (see Proposition 2.3.20 in [8, Sectién 2.3.5]).

Lemma 4.2. Let Xi,...,X; be positive integers such that X := max{X,;} and
C > (tX)! is a fized constant. With the above notation on Q, we consider a reduced
base {b;} to Q and its associated Gram—Schmidt base {b}} . We set

o~ Pl bl
Pz |op|]

t
QZZX? and T:ZXZ-/Q.
j i=1

If the integers m; satisfy that |x;| < X;, fori=1,...,t and 6> > T? + Q, then we
have
t

E Lil
i=1

Below we use the arguments cited above on inequalities (3.8), (3.16), (3.21),
(3.25), (3.40) and (3.45). In order to apply the previous Lemma 4.2, we consider
the following argument. For a nonzero real number I we have:

if ef =1/ <1/2, then <2 and T <elllel -1 (4.16)

>

JE 0T
e

Case m<k+1land k+2<n<2ktk-+1.
Fixing
Io:=(a—n+2)log2+blog3+ clogh+ dlog7,

we conclude, by (3.8), that |elo — 1| < 277+2 with v := max{k/2,n — m}. Thus,
assuming that v > 3 we obtain by (4.16) that

0 < |(a—n+2)log2+blog3+ clogh+ dlog7| < 27712, (4.17)
Below we estimate a lower bound for |[I'g| via Lemma 4.2. We take the parameters
(alvxl) = (10g27a_n+2)3 (a27x2) = (log?’vb)a (a37x3) = (10g57C),

and (ay,4) := (log7,d). Further, X :=9-10%" as an upper bound ton—a—2, b, c
and d, according to (3.5) and Lemma 4.1 (7). We put C := (4X)* and consider the
lattice €y generated by

v :=(1,0,0,|Clog2]), vs:=(0,1,0,[Clog3]),

V3 1= (0701 1, LCIOg5J)7 Vy = (07070a \_ClOg?J) :

Using Mathematica, we find a reduced base {b;} (LLL algorithm) for Qo and its
associated Gram—Schmidt base {b}}. We also calculate

¢ :=1.06959..., §:=259398.0041, Q :=2.43-10'°, T :=180001.
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By Lemma 4.2, we have that [Tg| > 1.6 x 107!® and combining this inequality with
(4.17), we conclude that v < 61. Hence,

k <122 or n—m < 61.

Next, we work under the assumption n —m < 61 (this is the case when n —m <
k/2). Updating the bound on n — m and the value of s in inequalities (3.17) and
(4.3), we conclude first that k < 7.7 - 1017(log k)?, and later that k < 1.9 - 10%L. So,
we get n < 2k +1 < 4-10%.

We now consider

Too := (a—m+2)log2+blog3 + clogh+ dlog7 —log(2" ™™ + 1).

We note that I'gg # 0 because Agg # 0. Moreover, since we also have P(2"~™+1) >
2(n—m)+1>7forn —m >4, we take n —m € [4,61].
We get, by (4.16), that

0<|(a—m+2)log2+ blog3 + clogh
+ dlog7 —log(2"™™ 4+ 1)| < 27F/2H1, (4.18)

Applying now Lemma 4.2 to the above inequality (4.18), for n — m € [4,61], with
the new parameters: X := 4 - 102! (the best upper bound on n obtained so far),
C = (13X)® and a suitable lattice, we get
min  [Tgg| > 6-107L.
n—me[4,61]

Thus, together with (4.18), we conclude that k¥ < 602. We now have that n <
2k +1 < 1205.

Returning to inequalities (4.17) and (4.18) and using the LLL-algorithm accord-
ing to Lemma 4.2 (making the appropriate choices for X, C, etc. in each case), we
run our reduction cycle, obtaining

k <102 and n < 205.

Cases m<k+landn>2k+2ork+2<m<n.
Returning to (4.9), we assume that v > 3. Thus, by (4.16),
0<|(a—n+2)log2+blog3+clogh+dlog7|:= |T'y| <277+, (4.19)

The linear form in logarithms on the left—hand side of the above inequality is I'g.
Thus, we do once again the calculations with the new parameters X := 1.5 - 10549,
according to Lemma 4.1 (ii) and C := (4X)*. We obtain that |T';| > 1.5 x 1071643,
and together with (4.19), we conclude that v < 5486. So, k < 27431 or n—m < 5486.

Assuming that v = n — m, we continue under the assumption n — m < 5486.
From inequality (4.12), we conclude that k < 2.6- 10?3 (using the bound to n given
in Lemma 4.1 (ii)). So, by (4.8), we get n < 4.4 - 10353,
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We now return to (4.11). By (4.16),

0<|(a—m+2)log2+blog3 + clogh
+ dlog7 —log(2"™™ + 1)| := [Ty < 27022, (4.20)

This time T's is T'gp. Applying now Lemma 4.2 to the above inequality (4.20), for
n—m € [4,5486], with the new parameters: X := 4.4 10353 (the best upper bound
on n obtained so far), C':= X% and a suitable lattice, we get

min  |Ty| > 1.4 1071697,
n—mg(3,5234]

Thus, together with (4.20), we conclude that k¥ < 28190. Hence, by (4.8), we now
have that n < 3.2 - 10193,

Returning to inequalities (4.19) and (4.20) and using the LLL-algorithm accord-
ing to Lemma 4.2 (making the appropriate choices for X, C, etc. in each case), we
get v < 983 and finally k < 6496. This last bound on k£ determines a better upper
bound for n, namely from inequality (4.8) we get n < 3.45 - 1094, Restarting our
reduction cycle on inequalities (4.19) and (4.20), we conclude that

k < 6296 and n < 2.25-10%

Hereinafter, we work to reduce the bound on n and k given above. The arguments
used below are similar to those used in reducing the upper bound on k (based on
LLL-algorithm). In order to avoid repetition of the arguments, we present only
what is strictly necessary.

We consider the linear form

I's :=alog2+ blog3 + clogh + dlog7 — (n — 1) log a — log(fx(cx)).
Assuming n —m > 3, we obtain by (4.4) that

0 < l|alog2 + blog3 + clogh + dlog 7
— (n—1)loga —log(f(a))| < 4-a~ =™, (4.21)
For each k € [3,6296], we carry out a new application of the LLL-algorithm to
the above inequality (4.21). Here, we set the parameters X := 2.25- 109 (the best

upper bound on n so far), C := X40 and the suitable lattice. After several hours of
computation in Mathematica, we obtain

59-1073M6 <« min T4 <4-a” ™),
k€[3,6296]

This inequality leads to n —m < 12941.
Returning to inequality (4.6), we note that
0 < |T4] :=]alog2 + blog 3 + clogh + dlog 7
— (n—1)loga — log(fr()) (4.22)
—log(1+a™™))| <4 -a™".
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For k € [3,6296] and n —m € [4,12941], we find computationally a minimum lower
bound to |T'y|. For this, we apply again the reduction method of Lemma 4.2 with
the parameters X := 6.5 - 108 (according to 4.7) and C := X?3. After many hours
of computation we have together with inequality (4.22), that

3.59-10719%1 <« min Ty <4-a™"
ke[3,6296]
n—me[4,12941]

which leads to n < 4363. In summary, we have reduced the bounds on k£ and n,
given in Lemma 4.1, to the following bounds:

k42 <n <4363.

Finally, we performed another reduction cycle, from inequality (4.19) to (4.22).
One more time, we started in inequality (4.19), where now X := 4363 and C := 7X*.
This time we obtain from the LLL-algorithm and inequality (4.19) that 1.19-1071% <
Iy < 20—, Thus, v < 47. Continuing with the assumption v = n —m < 47,
we return to inequality (4.20) and apply the LLL-algorithm for n — m € [4,47]
with the parameters X := 4363 and C := (3X)°. By Lemma (4.2) and inequality
(4.20), we conclude that 2.38 - 10717 < |Ty| < 27(/272) 50 k < 290. However,
we recall that in Section 4.1 have assumed that k& > 320. Therefore, we have just
showed that & € [3,320]. Now, the application of Lemma (4.2) in inequality (4.21),
for k € [3,320], X := 4363 and C := (5X)%6, reveals that

1.67-107 < min |[Dg] <4-a~ ™™™ 50 n—m < 785.
k€(3,320]

Given that k € [3,320], n—m € [4,785] and n € [k + 2,4363], we return one last
time to inequality (4.22) and apply Lemma 4.2 with X := 4363 and C := X°°. By
Lemma 4.2 and inequality (4.22), we get

28-107% < min [Ty <4-a™™, so n <775
k€[3,320]
n—me[4,785]

The following result summarizes the final bounds on n and %k obtained above.

Lemma 4.3. Let (n,m, k,a,b, c,d) be a solution of Diophantine equation (4.1) with
bed # 0.

(@) Ifm<k+1andk+2<n<2k+1, then
k <102 and n < 205.
(5) fm<k+4+1andn>2k+2ork+2<m<n, then

k <320 and n < 775.



March 21, 2017 21:49 WSPC/INSTRUCTION FILE GL-IJNT

Sum of two k—Fibonacci numbers and S—integers 23

4.3. Final computations
Case m<k+land k+2<n<2k-+1.
By the Cooper and Howard identity, we have that
ER) 4 k) — gm=2 4 gn=2 _ (p _ f)2n—k=2
Further, by Lemma 4.3(i),
k € [3,102], m € 2,k + 1] and n € k+1,2k+1]. (4.23)
Bellow, we find the triples (n,m, k) that satisfy (4.23) and
2< P24 2 (n—k)2" R <7

by finding the factorization of F,E’“) + F,Sf ), since the ranges for n and k are small.
A computer search with Mathematica revealed that the solutions to Diophantine
equation (4.1), are the following:

Table 2. Solutions for F\*) + F{F) = 2a.3%.5¢.74 with k € [3,102], m € [2,k+1] and n € [k+1, 2k+1].

FP 4 R® =2.7 F® 4 5 = 52 F® 4+ F® =3.2

FP +F® =35 F® 4 p® =927 FY 4+ Fr® =235
FY 4R —22.3.5 F® 4 W =947 FO 4 F®) —5.7

FP + P =32.7 FY 4+ F® =24.3.5 F 4+ F® =02.32.7
Fl(f)+Fé5>:25'3'5 F9<6>+F2(6):2~32~7 F1<g)+F§6):2_53
FQ+F® —22.32.7 FO+F® —93.5.7 FO 4+ 79 =925
FO+F® =02.5.72 FO+ P©® —ot.32.7 FO 4+ p® =933
FO 4+ R =335 FO 4R —04.32.7 FO 4 R —95.32.7
FD 4+ FD =255 P40 =2.34.72 F{I) 4 {7 = 26.53
FO 4 F® =3.52.7 FS 4+ F® =93.33.5 F& 4 R —2.31.52
P+ F® =929.32.7 FY+F® =3.73 FO+F =24.3.52.7

FQO 4 F{10 =94 .3.73

The Cases m<k+landn>2k+2or k+2<m<n.

In this cases, we have from Lemma 4.3(ii) that & < 320 and n < 775. We cannot
use the factorization of F,(Lk) + F&k ), given that this can take a long time. Instead,
we extract the largest power of 2,3, 5,7 which divide F,(Lk) + F,(f) and check if there
is a cofactor larger than 1 left. Therefore, if the resulting cofactor is greater than 1,
then we conclude that P(F,Sk) + F,Sf)) > 7.

For k> 5, m € [2,k+ 1] and n € [2k + 2, 775] we obtained that

P(EW® + F®y > 7,

while for k£ = 3,4, the only solutions to equation (4.1) are
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Table 3. Solutions for FT(Lk) +FT(,A{€) =20.30.5¢.70 with k =2,4and k+2 < m < n.

B+ =325 FY + ¥ =2.3.52 F¥ 4 F® =243
FP+r®M=2.357 F94+Fr" =23 F“" F(4) 31.5
FD 4+ F® —96.32.5

For k € [3,320] and k£ + 2 < m < n, we obtained that the only solutions to
equation (4.1) are

Table 4. Solutions for F\F) + F{¥) = 20.3b.5¢. 74 with k € [3,320] and k +2 < m < n.

PO+ 5 — 92 5 O+ 357 FO 1+ 5 — 593

F(3) + F(S) —9.34 F(3) + F(3) 04 .33 .7 Fl(g) + F(S) 97 .97
(4) +F<4> _oT.sd 2 (4) +ng) 36 .5 PO +F(f)) C3.52.7

Fl(f) + ng) —22.5%.7 F{i) +F =355 F“’) + F(ﬁ) 29.3.5

FOU +FGY =28.3.53.72 FY 4 F2(§1> — 2105372
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