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DERIVED CATEGORIES OF GRADED GENTLE ONE-CYCLE

ALGEBRAS

MARTIN KALCK AND DONG YANG

Abstract. Let A be a graded algebra. It is shown that the derived category of dg

modules over A (viewed as a dg algebra with trivial differential) is a triangulated

hull of a certain orbit category of the derived category of graded A-modules. This

is applied to study derived categories of graded gentle one-cycle algebras.
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1. Introduction

Discrete triangulated categories are, roughly speaking, those Krull–Schmidt trian-

gulated categories which do not admit ‘continuous’ families of isomorphism classes

of indecomposable objects (see [36, 12] for various notions of discreteness). A spe-

cial class of such categories called locally finite triangulated categories (e.g. those

with finitely many isomorphism classes of indecomposable objects) were intensively

studied, in particular, their Auslander–Reiten quivers are classified, see [37, 1]. For a

finite-dimensional algebra (over an algebraically closed field), Vossieck’s theorem [36]

states that its derived category is discrete if and only if it is derived equivalent to a

hereditary algebra of finite representation type (namely, the path algebra of a Dynkin

quiver) or it is a gentle one-cycle algebra which does not satisfy the clock condition

(see Section 7). The Auslander–Reiten quiver was determined in the former case

by Happel in [18] and in the latter case by Bobiński–Geiss–Skowroński in [7]. See

[8, 4, 10, 11, 30] for further study on discrete derived categories.

Recently, certain discrete triangulated categories of geometrical origin have been

studied, e.g. the triangulated category generated by a d-spherical object [24] and the

relative singularity category of the Auslander resolution of the nodal curve singularity

[13]. They turn out to be derived categories of dg modules over certain graded gentle

one-cycle algebras, more precisely, k[x]/x2 with deg(x) = d and the path algebra of
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the graded quiver 1
α // 2
β

oo with both arrows in degree −1, respectively. Moreover,

derived categories of graded hereditary algebras of type Ãn are triangle equivalent

to partially wrapped Fukaya categories of graded annuli, see [17, Sections 1.2 and

6.3] and [26, Section 2.1]. Our Theorem 1.2 below gives a representation theoretic

description of these triangulated Fukaya categories and gives a partial answer to the

following question.

Question. When is the derived category of dg modules over a graded gentle one-cycle

algebra (viewed as a dg algebra with trivial differential) discrete and what does the

Gabriel/Auslander–Reiten quiver look like?

In this paper we are not able to define derived discreteness for graded algebras,

but with Theorem 1.2 we believe that the graded algebras Γ(p, q, r) (r ∈ Z\{0}) and
Γ′(q, r) (r ∈ Z) in Theorem 1.1 are derived discrete for a reasonable definition of

derived discreteness.

Theorem 1.1. Let A be a graded gentle one-cycle algebra.

(a) If A has finite global dimension, then there is a triple (p, q, r) of integers with

p, q ∈ N
1 and r ∈ Z such that A is derived equivalent to the path algebra

Γ(p, q, r) of the graded quiver

p+ qαp+q

||②②
②②

·oo · p+ 2oo

1 p+ 1,

αpyyrrr
rr
r

αp+1ee▲▲▲▲

2
α1

bb❊❊❊❊❊
·

α2

oo · poo

where deg(αi) = δi,p+qr.

(b) If A has infinite global dimension, then there are integers q ∈ N and r ∈ Z

such that A is derived equivalent to the quotient algebra Γ′(q, r) of the path

algebra of the graded quiver

q // · · // i+ 1
αi

""❊
❊❊

❊

1

αq BB☎☎☎
i,

αi−1
||②②②
②

2
α1

]]✿✿✿

·
α2

oo · i− 1oo

modulo all paths of length two, where deg(αi) = δi,q(q − r).

For a dg algebra A, let Dfd(A) denote the full subcategory of the derived category

of A consisting of those dg A-modules with finite-dimensional total cohomology.

Theorem 1.2. Let p, q ∈ N and r ∈ Z\{0}.
1
N is the set of positive integers.
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(a) The Auslander–Reiten quiver of Dfd(Γ(p, q, r)) has 3|r| connected compo-

nents: X 1
i of type ZA∞, X 2

i of type ZA∞ and Pi of type ZA∞
∞, where 0 ≤ i ≤

|r|−1. The suspension functor defines cyclic permutations of order |r| on the

sets {X 1
i }, {X 2

i } and {Pi}, respectively. For X ∈ X 1
i we have τ pX = ΣrXand

for X ∈ X 2
i we have τ qX = Σ−rX. In other words, objects in X 1

i and X 2
i are

fractionally Calabi–Yau of dimension p+r
p

and q−r
q
, respectively.

(b) The Gabriel quiver of Dfd(Γ
′(q, r)) has 2|r| connected components: Xi of type

ZA∞ and Yi of type linear A∞
∞, where 0 ≤ i ≤ |r|−1. The suspension functor

defines cyclic permutations of order |r| on the sets {Xi} and {Yi}, respectively.
The triangulated subcategory generated by objects in Xi has Auslander–Reiten

triangles. For X ∈ Xi we have τ qX = Σ−q+rX. In other words, objects in Xi

are fractionally Calabi–Yau of dimension r
q
.

(c) The Gabriel quiver of Dfd(Γ
′(q, 0)) consists of Z tubes Xi of rank q and Z

cyclic quivers Pi with q vertices. The triangulated subcategory generated by

objects in Xi has Auslander–Reiten triangles. For X ∈ Xi, we have τ
qX = X.

In other words, objects in Xi are fractionally Calabi–Yau of dimension q
q
.

From Theorem 1.2 (a) we deduce by a straightforward calculation that Γ(p, q, r)

and Γ(p′, q′, r′) are derived equivalent if and only if (p, q, r) = (p′, q′, r′) or (p, q, r) =

(q′, p′,−r′). If (p, q, r) = (q′, p′,−r′), the two graded algebras are actually graded

equivalent. Similarly, Γ′(q, r) and Γ′(q′, r′) are derived equivalent if and only if

(q, r) = (q′, r′).

Part of the strategy to prove Theorem 1.1 is to find a graded version of the old

results and push them forward to the dg version. To this end, we investigate the

relationship between various derived categories associated to any graded algebra A.

These results are interesting in their own right. More precisely, we study the following

diagrams of triangle functors, which forms the main ingredients of the homological

Koszul duality [31]:

D(GrmodA)

Tot

{{✇✇
✇✇
✇✇
✇✇
✇

F

&&▲▲
▲▲

▲▲
▲▲

▲▲
Hb(grprojA)

Tot

{{✈✈
✈✈
✈✈
✈✈
✈

F

&&▲▲
▲▲

▲▲
▲▲

▲▲

D(A) D(ModFA) per(A) Hb(projFA)

where F is the functor of forgetting the grading, D(A) is the derived category of dg

A-modules, per(A) is the triangulated subcategory of D(A) generated by the free dg

module of rank 1. A complex of graded A-modules can be viewed as a bicomplex.

The functor Tot takes such a complex to its total complex. The right hand sides,

which deals with the forgetful functor, has been intensively studied in the literature,

see for example [27]. So our attention is focused on the left hand side.

Theorem 1.3. (a) Let A be a graded algebra. The functor Tot : Hb(grprojA) →
per(A) induces a fully faithful functor Tot : Hb(grprojA)/Σ ◦ 〈−1〉 → per(A),

where Hb(grprojA)/Σ◦ 〈−1〉 is the orbit category of Hb(grprojA) with respect
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to the auto-equivalence Σ◦〈−1〉, so that per(A) becomes a triangulated hull of

Hb(grprojA)/Σ ◦ 〈−1〉. When A is graded hereditary, Tot is an equivalence.

(b) Let A and B be two graded algebras, and T be a complex of graded B-A-

bimodules. The following assertions are equivalent

(i) ?
L
⊗B T : D(GrmodB) → D(GrmodA) is a triangle equivalence,

(ii) ?
L
⊗B Tot(T ) : D(B) → D(A) is a triangle equivalence,

(iii) ?
L
⊗FB F (T ) : D(ModFB) → D(ModFA) is a triangle equivalence.

The equivalence between (i) and (iii) in (b) is part of [27, Theorem 2.4].

The paper is organized as follows. In Section 2 we recall results on derived cate-

gories and their dg enhancements. Section 3 is devoted to the study of orbit categories

and Section 5 to proving Theorem 1.3. In Section 4 we give a sufficient condition

for the formality of a bigraded dg algebra and its totalization, which will be used

in Section 6. In Section 6 we study a condition under which derived equivalent

graded algebras are still derived equivalent after a compatible change of gradings.

In Section 7 we recall the definition of gentle one-cycle algebras and recall results

by Assem–Skowroński, Vossieck and Bobiński–Geiss–Skowroński. In Section 8 the

derived category of the path algebra of a graded quiver of type Ã is investigated and

Theorem 1.2 is proved in Sections 8.3.2 and 8.4.1. In Section 9 we prove Theorem 1.1.

Acknowledgements. The second-named author thanks Zhe Han for some helpful con-

versations. He expresses his deep gratitude to Bernhard Keller for answering various

questions on graded algebras, pre-triangulated dg categories and orbit categories.

The authors thank the referee for very helpful comments, including pointing out an

error in the description of the Gabriel quiver in Section 8.1.2 and pointing out that

in Theorem 9.4 the assumption ‘k is algebraically closed’ is not necessary.

2. Derived categories

By abuse of notation, we will denote by Σ the suspension functor of all triangulated

categories. Throughout, k will be a field and ⊗ = ⊗k. All categories in this paper

are k-categories and all functors are k-linear.

2.1. Generators of triangulated categories. Let C be a triangulated category.

For a set {Xi|i ∈ I} of objects of C, we denote by thickC(Xi|i ∈ I) the smallest

triangulated subcategory of C containing all Xi and closed under taking direct sum-

mands, and by TriaC(Xi|i ∈ I) the smallest triangulated subcategory of C containing

all Xi and closed under taking all existing direct sums in C. If it does not cause

confusion, we will omit the subscripts. If C = thick(Xi|i ∈ I), we call {Xi|i ∈ I} a

set of generators of C and we say that {Xi|i ∈ I} generates C.
Assume that C has infinite (set-indexed) direct sums. An object X of C is compact

if HomC(X, ?) commutes with all direct sums. A set of objects {Xi|i ∈ I} is a set of

compact generators of C if all Xi are compact and C = Tria(Xi|i ∈ I).
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Theorem 2.1 ([19, Theorem 5.3]). Assume that C has a set of compact generators

{Xi|i ∈ I}. Then X ∈ C is compact if and only if it belongs to thickC(Xi|i ∈ I).

It is well-known that if C has a set of compact generators {Xi|i ∈ I} then a set

{Yj|j ∈ J} of compact objects of C is a set of compact generators if and only if

thickC(Yj |j ∈ J) = thickC(Xi|i ∈ I) if and only if HomC(Yj,Σ
pZ) = 0 for all j ∈ J

and all p ∈ Z implies that Z ∼= 0. A proof is given using [28, Theorem 2.1], [19,

Theorem 5.2] and [29, Theorem 9.1.16 and Proposition 9.1.19].

2.2. DG categories and dg enhancements. We follow [9].

LetA be a dg category, i.e. a category in which all the k-vector spaces HomA(X, Y )

are endowed with the structure of a (cochain) complex such that the compositions

HomA(Y, Z)⊗ HomA(X, Y ) → HomA(X,Z)

are chain maps of complexes. We defineH0A (respectively, Z0A) to be the k-category

whose objects are the same as A and whose morphism space HomH0A(X, Y ) is the 0-

th cohomology of the complex HomA(X, Y ) (respectively, the set of closed morphisms

from X to Y of degree 0). A dg functor F : A → B between dg categories is a functor

such that each morphism F (X, Y ) : HomA(X, Y ) → HomB(FX, FY ) is a chain map

of complexes. We define H0F to be the k-linear functor H0F : H0A → H0B such

that H0FX = FX and (H0F )(X, Y ) = H0F (X, Y ).

The category Cdg(k) whose objects are complexes of k-vector spaces and whose

morphism space HomCdg(k)(X, Y ) is Homk(X ,Y ) given by

Homn
k (X ,Y ) =

∏

m∈Z

Homk(X
m ,Y m+n)

with d(f) = dY ◦f−(−1)nf ◦dX for f ∈ Homn
k (X ,Y ) is a dg category. We denote by

[1] : Cdg(k) → Cdg(k) the shift functor, which is a dg functor mapping a homogeneous

morphism f of degree n to (−1)nf .

Let A be a dg category. For any object X of A, the functors HomA(X, ?) : A →
Cdg(k) and HomA(?, X) : Aop → Cdg(k) are dg functors. Let X be an object of A, we

define a dg functor FX : Y 7→ HomA(Y,X)[1]. For f : X → Y a closed morphism of

degree 0, we define a dg functor Ff : Z 7→ Cone(HomA(Z, f)). The dg category A is

said to be pre-triangulated if it has a zero object and the dg functors FX (X ∈ A)

and Ff (f closed morphism of degree 0) are representable, that is, there are objects

X [1] and Cone(f) of A with isomorphisms of dg functors FX
∼= HomA(?, X [1]) and

Ff
∼= HomA(?,Cone(f)).

Theorem 2.2. ([9, Proposition 3.2]) Let A be a pre-triangulated category. Then

H0A carries a natural triangle structure with the suspension functor being Σ = H0[1].

The triangle associated to a morphism f : X → Y in H0A is

X
f→ Y → Cone f̃ → X [1],

where f̃ is a lift of f in A and the last two morphisms are canonical morphisms

associated to Cone(f̃).
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Let C be a triangulated category and A be a dg category. We say that A is a

dg enhancement of C if A is pre-triangulated and C is triangle equivalent to H0A
endowed with the above natural triangle structure. For C′ a triangulated subcategory

of C, letA′ be the dg subcategory ofA consisting of objects in the essential image of C′

in H0A. Then A′ is a pre-triangulated dg subcategory of A and is a dg enhancement

of C′.

Let A and B be two pre-triangulated dg categories and F : A → B be a dg

functor. Then F canonically commutes with [1] and Cone, and induces a triangle

functor H0F : H0A → H0B.

2.3. Derived categories of abelian categories. Let A be an additive category.

For ∗ ∈ {b,+,−, ∅}, let H∗(A) (respectively, C(A)) be the homotopy category (re-

spectively, the category) of complexes of objects in A satisfying the corresponding

boundedness condition.

For X and Y two complexes of objects in A, we define HomA(X ,Y ) to be the

complex whose degree n component is

Homn
A(X ,Y ) =

∏

m∈Z

HomA(X
m ,Y m+n)

and whose differential is given by

d(f) = dY ◦ f − (−1)nf ◦ dX
for f ∈ Homn

A(X ,Y ). For ∗ ∈ {b,+,−, ∅}, we define C∗
dg(A) to be the category

whose objects are complexes of objects in A satisfying the corresponding bounded-

ness condition and whose morphism spaces are HomC∗

dg
(A)(X, Y ) = HomA(X ,Y ).

The dg shift functor [1] : C∗
dg(A) → C∗

dg(A) takes value the complex shift X [1] on an

object X and sends a homogeneous morphism f of degree n to (−1)nf . For a closed

morphism f : X → Y of degree 0, the dg functor Ff is represented by the mapping

cone of f .

Proposition 2.3 ([9]). The category C∗
dg(A) is a pre-triangulated dg category such

that Z0Cdg(A) = C(A) and H0C∗
dg(A) = H∗(A).

Let A be an abelian category. For a ∗ ∈ {b,+,−, ∅}, the derived category D∗(A) is

the triangle quotient of the homotopy category H∗(A) by its subcategory of acyclic

complexes of objects in A. Following [35], we say that an object X of Cdg(A) is

H-projective if HomA(X , ?) preserves acyclicity. Complexes of projective objects

bounded from the right are H-projective.

Assume further that A has enough projectives, direct limits exist in A and taking

direct limit is exact. Then

Proposition 2.4 ([35, Theorem 3.4 and Corollary 3.5]). Every object M of Cdg(A)

has an H-projective resolution, i.e. a quasi-isomorphism pM → M with pM beingH-

projective. Moreover, each H-projective object is isomorphic in H(A) to a cofibrant
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object, i.e. an object F which admits a filtration

0 = F0 ⊆ F1 ⊆ . . . ⊆ Fp ⊆ Fp+1 ⊆ . . . ⊆ F

such that

(F1) F is the union of the Fp, p ∈ N ∪ {0},
(F2) the inclusion morphism Fp−1 ⊆ Fp splits in every degree, for any p ∈ N,

(F3) the subquotient Fp/Fp−1 is isomorphic in Z0Cdg(A) to a direct summand of a

direct sum of shifts of projective objects in A, for any p ∈ N.

As a consequence, the quotient functor H(A) → D(A) admits a left adjoint

D(A) → H(A), which is fully faithful and identifies D(A) with the full subcate-

gory of H(A) consisting of H-projective objects.

2.4. Derived categories of dg algebras. This subsection is parallel to the pre-

ceding subsection. We follow [19, 23, 20].

Let A be a dg algebra, i.e. a dg category with one object. More precisely, A =⊕
i∈Z A

i is a graded k-algebra endowed with a differential dA of degree 1 such that

the graded Leibniz rule holds

dA(aa
′) = dA(a)a

′ + (−1)|a|adA(a
′),

where a is homogeneous of degree |a|. A (right) dg A-module is a complex M (of

k-vector spaces) endowed with an A-action from the right

M i ⊗Aj → M i+j , m⊗ a 7→ ma

such that the graded Leibniz rule holds

dM(ma) = dM(m)a+ (−1)|m|mdA(a),

where m ∈ M is homogeneous of degree |m|.
For two dg A-modules M and N , we define HomA(M ,N ) to be the subcomplex

of Homk(M ,N ) whose degree i component is the subspace

Hom i
A(M ,N ) = {f ∈

∏

j∈Z

Homk(M
j , N i+j)|

f(ma) = f(m)a for any m ∈ M and any a ∈ A}
= HomGrmodA(M,N〈i〉).

Let Cdg(A) denote the category whose objects are dg A-modules and whose morphism

spaces are HomCdg(A)(M,N) = HomA(M ,N ). For a dg A-module M , one checks that

the complex shift X [1] is still a dg A-module with the A-action unchanged. Actually

[1] : Cdg(A) → Cdg(A) a dg functor, it sends a homogeneous morphism f of degree n

to (−1)nf . For a closed morphism f : M → N of degree 0, it is easy to check that

the mapping cone of f is again a dg A-module and it represents the dg functor Ff .

Proposition 2.5. The category Cdg(A) is a pre-triangulated dg category.
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The triangulated category H(A) = H0Cdg(A) is called the homotopy category of dg

A-modules. Then the derived category of dg A-modules (or the derived category of

A), denoted by D(A), is defined as the triangle quotient ofH(A) by the (triangulated)

subcategory of acyclic complexes. We will denote per(A) = thickD(A)(A), and denote

by Dfd(A) the triangulated subcategory of D(A) consisting of those dg A-modules

whose total cohomology is finite-dimensional. When A is a finite-dimensional alge-

bra viewed as a dg algebra concentrated in degree 0, we have triangle equivalences

D(A) = D(ModA), Db(modA) ≃ Dfd(A) and Hb(projA) ≃ per(A).

A dg A-module M is said to be H-projective if the dg functor HomA(M , ?) :

Cdg(A) → Cdg(k) preserves acyclicity.

Theorem 2.6 ([19, Theorem 3.1]). Any dg A-module admits an H-projective reso-

lution, i.e. a quasi-isomorphism pM → M with pM being H-projective. Moreover,

each H-projective dg module is isomorphic in H(A) to a cofibrant dg module, i.e. a

dg module F which admits a filtration

0 = F0 ⊆ F1 ⊆ . . . ⊆ Fp ⊆ Fp+1 ⊆ . . . ⊆ F

such that

(F1) F is the union of the Fp, p ∈ N,

(F2) the inclusion morphism Fp−1 ⊆ Fp splits in every degree, for any p ∈ N,

(F3) the subquotient Fp/Fp−1 is isomorphic in Z0Cdg(A) to a direct summand of a

direct sum of shifts of A, for any p ∈ N.

As a consequence, the quotient functor H(A) → D(A) admits a left adjoint

D(A) → H(A), which is fully faithful and identifies D(A) with the full subcate-

gory of H(A) consisting of H-projective dg A-modules.

Theorem 2.7 ([19]). (a) The free dg A-module of rank 1 is a compact generator

of the triangulated category D(A).

(b) A dg A-module is compact in D(A) if and only it belongs to per(A), and it is

a compact generator if and only if it is a generator of per(A).

Lemma 2.8. A derived equivalence D(B) → D(A) of dg algebras restricts to triangle

equivalences per(B) → per(A) and Dfd(B) → Dfd(A).

The following well-known result is a consequence of [19, Lemma 6.1 (a)].

Proposition 2.9. (a) Let M be a compact generator of D(A) and assume that M

is H-projective. Let B = EndA(M) = HomA(M ,M ) be the dg endomorphism

algebra of M . Then the derived functor ?
L
⊗B M : D(B) → D(A) is a triangle

equivalence.

(b) For a quasi-isomorphism of dg algebras A → C, the induction functor ?
L
⊗AC :

D(A) → D(C) is a triangle equivalence.
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Proposition 2.10. Let T ∈ D(A) be a tilting object, i.e. a compact generator such

that HomD(A)(T,Σ
nT ) = 0 for n 6= 0. Then D(A) and D(EndD(A)(T )) are triangle

equivalent.

2.5. Formal dg algebras. Let A be a dg algebra. Then its total cohomologyH∗A =⊕
n∈Z H

nA admits the induced structure of a graded algebra. We view it as a dg

algebra with trivial differential. The dg algebra A is said to be formal if it is related

by a zigzag of quasi-isomorphisms to H∗A.

Lemma 2.11. Let A be a formal dg algebra. Then D(A) and D(H∗A) are triangle

equivalent.

Proof. This is a consequence of Proposition 2.9 (b).
√

3. Orbit categories

In this section we study orbit categories. We define large orbit categories for

categories with infinite (set-indexed) direct sums with an auto-equivalence, establish

the universal property and compare compact objects of a category and its orbit

category.

3.1. The orbit category. Let A be a category and Φ : A → A be an auto-

equivalence. We define the orbit category A/Φ ([21]): it has the same objects as A,

and the morphism space from X to Y is defined by

HomA/Φ(X, Y ) =
⊕

p∈Z

HomA(X,ΦpY ).

Let π : A → A/Φ denote the projection functor. If a functor F : A → B satisfies

the condition F ◦Φ ∼= F , then there is a functor F̄ : A/Φ → B such that F = F̄ ◦ π.
Assume the following three conditions:

(1) A is idempotent complete,

(2) indecomposable objects in A have local endomorphism algebras,

(3) any indecomposable object X is not isomorphic in A to ΦpX for any p 6= 0.

It follows that B is also idempotent complete and an object is indecomposable in A
if and only if it is indecomposable in A/Φ. Moreover an indecomposable object in

A/Φ also has local endomorphism algebra.

One checks that for two indecomposable objects X and Y

(a) X and Y are isomorphic in A/Φ if and only if X is isomorphic in A to ΦpY

for some p ∈ Z,

(b) radA/Φ(X, Y ) =
⊕

p∈Z radA(X,ΦpY ), and rad2A/Φ(X, Y ) =
⊕

p∈Z rad
2
A(X,ΦpY ).

The auto-equivalence Φ on A induces an automorphism ϕ on the Gabriel quiver ΓA

of A. It follows from (a) and (b) above that the Gabriel quiver ΓA/Φ of A/Φ is

exactly the orbit quiver of ΓA with respect to ϕ.

Assume that A is triangulated and Φ is a triangle equivalence. The orbit category

A/Φ is in general not triangulated. We say that a triangulated category B is a
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triangulated hull of A/Φ if there is a triangle functor F : A → B such that F ◦Φ ∼= F ,

the induced functor F̄ : A/Φ → B is fully faithful and B = thick(im F̄ ). This

definition is weaker than the one in [21].

Assume now that A is a triangulated category and Φ is a triangle equivalence,

that both A and A/Φ are Hom-finite Krull–Schmidt and that A/Φ is triangulated

such that π : A → A/Φ is a triangle functor. If A has Auslander–Reiten triangles,

then so does A/Φ and π preserves Auslander–Reiten triangles.

3.2. The large orbit category. Let A be a category with infinite direct sums and

Φ : A → A be an auto-equivalence. We define the large orbit category A//Φ: it has

the same objects as A, and the morphism space from X to Y is defined by

HomA//Φ(X, Y ) = HomA(X,
⊕

p∈Z

ΦpY ).

Let f ∈ HomA//Φ(X, Y ) and g ∈ HomA//Φ(Y, Z). For each p ∈ Z, we have a morphism

Φp(g) : ΦpY → Φp(
⊕

q∈Z Φ
qZ) =

⊕
q∈Z Φ

qZ. Let g̃ ∈ HomA(
⊕

p∈Z Φ
pY,

⊕
q∈Z Φ

qZ) =∏
p∈ZHomA(Φ

pY,
⊕

q∈ZΦ
qZ) be the morphism whose p-th component is Φp(g). The

composition g ◦ f of g with f in A//Φ is the composition g̃ ◦ f in A.

3.3. The universal property. Let A be a category with infinite direct sums and

Φ : A → A be an auto-equivalence. Let π : A → A//Φ denote the canonical

projection functor. It satisfies the following universal property.

Lemma 3.1. Let B be a category with infinite direct sums. If F : A → B is a functor

which commutes with all direct sums such that F ◦ Φ ∼= F , then there is a functor

F̄ : A//Φ → B such that F = F̄ ◦ π.

Proof. For X ∈ A, define F̄ (X) = F (X). Let µ : F ◦ Φ → F be the natural

isomorphism. For f ∈ HomA//Φ(X, Y ) = HomA(X,
⊕

p∈ZΦ
pY ), define F̄ (f) as the

following composition:

F (X)
F (f)

// F (
⊕

p∈Z Φ
pY ) =

⊕
p∈Z F (ΦpY )

⊕pµp //
⊕

p∈Z F (Y )
diag

// F (Y ),

where µp is the composition

F (ΦpY )
µΦp−1Y// F (Φp−1Y ) // . . . // FΦ(Y )

µY // F (Y ).
√

We say that a functor F : A → B commuting with all direct sums is Φ-orbitally

fully faithful if F ◦ Φ ∼= F and the induced functor F̄ : A//Φ → B is fully faithful.

3.4. Compact objects. Let A be a category with infinite direct sums and Φ : A →
A be an auto-equivalence. It is easy to see that A//Φ has infinite direct sums and

the projection functor π : A → A//Φ commutes with all direct sums.

Lemma 3.2. Let X be an object of A. Then X is compact in A//Φ if and only if X

is compact in A.
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Proof. Let {Yi|i ∈ I} be a set of objects of A.

Assume that X is compact in A. We have

HomA//Φ(X,
⊕

i∈I

Yi) = HomA(X,
⊕

p∈Z

Φp
⊕

i∈I

Yi)

= HomA(X,
⊕

i∈I

⊕

p∈Z

ΦpYi)

=
⊕

i∈I

HomA(X,
⊕

p∈Z

ΦpYi)

=
⊕

i∈I

HomA//Φ(X, Yi),

showing that X is compact in A//Φ.

Assume that X is compact in A//Φ. We have an injective map
⊕

i∈I

HomA(X, Yi) →֒
⊕

i∈I

HomA(X,
⊕

p∈Z

ΦpYi)

=
⊕

i∈I

HomA//Φ(X, Yi)

= HomA//Φ(X,
⊕

i∈I

Yi)

= HomA(X,
⊕

p∈Z

Φp
⊕

i∈I

Yi),

whose image is identified with HomA(X,
⊕

i∈I Yi). This shows that X is compact in

A.
√

Let Ac be the full subcategory ofA consisting of compact objects. Then Φ restricts

to an auto-equivalence φ : Ac → Ac. The embedding Ac → A induces a fully faithful

functor Ac/φ → A//Φ, which, by the preceding lemma, identifies Ac/φ with (A//Φ)c.

3.5. Orbit categories of triangulated categories. Let C and D be triangulated

categories with infinite direct sums and let Φ : C → C be a triangle equivalence of C.

Lemma 3.3. Let F : C → D be a Φ-orbitally fully faithful triangle functor. Assume

that C has a set of compact generators {ΦpT |p ∈ Z} and that F (T ) is a compact

generator in D. Let X be an object of C. Then {ΦpX|p ∈ Z} is a set of compact

generators of C if and only if F (X) is a compact generator of D.

Proof. By Theorem 2.1, Cc = thickC(Φ
pT |p ∈ Z) and Dc = thickD(F (T )). Moreover,

{ΦpX|p ∈ Z} is a set of compact generators of C if and only if thickC(Φ
pX|p ∈ Z) =

Cc, and F (X) is a compact generator of D if and only if thickD(F (X)) = Dc.

Assume that {ΦpX|p ∈ Z} is a set of compact generators of C. Then F (X) ∈
thickD(F (T )) and F (T ) ∈ thickD(F (X)). So F (X) is a compact generator of D.

Assume that F (X) is a compact generator of D. Then X is compact in C//Φ. So
ΦpX , by Lemma 3.2, are compact in C for any p ∈ Z. Further, let Y be an object
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of C such that HomC(Φ
pX,ΣqY ) = 0 for all p, q ∈ Z. Then HomC//Φ(X,ΣqY ) =⊕

p∈Z HomC(X,ΦpΣqY ) = 0 for all q ∈ Z, i.e. HomD(F (X),ΣqF (Y )) = 0 for all

q ∈ Z. So F (Y ) = 0. It follows that Y ∼= 0 in C//Φ and hence Y ∼= 0 in C. This

shows that {ΦpX|p ∈ Z} is a set of compact generators of C. √

3.6. Orbit categories of dg categories. Let A be a dg category with infinite

direct sums and Φ be a dg auto-equivalence. Then A//Φ is also a dg category and

the projection functor π : A → A//Φ is a dg functor. Moreover, H0Φ is an auto-

equivalence of H0A and H0(A//Φ) = H0A//H0Φ. The projection functor π induces

the projection functor H0π : H0A → H0A//H0Φ. In Lemma 3.1, if F is a dg functor,

then F̄ is also a dg functor.

Assume that A is pre-triangulated, then H0A is a triangulated category and H0Φ

is a triangle auto-equivalence of H0A.

Lemma 3.4. Let B be a pre-triangulated dg categories with infinite direct sums. If

F : A → B be a Φ-orbitally fully faithful dg functor, then H0F : H0A → H0B is an

H0Φ-orbitally fully faithful triangle functor.

4. Bigraded dg algebras

The notion of group-graded dg algebras was introduced in [27]. In this paper, we

will call Z-graded dg algebras graded dg algebras and call Z× Z-graded dg algebras

bigraded dg algebras. Results in this section will be used in Section 6.

4.1. Graded dg algebras. By a graded dg algebra we mean a dg algebra with an

extra grading (often called the Adams grading). More precisely, a graded dg algebra

is a bigraded algebra endowed with a differential d of bidegree (1, 0) such that the

following bigraded Leibniz rule holds

d(aa′) = d(a)a′ + (−1)|a|1ad(a′),

where a is homogeneous of bidegree (|a|1, |a|2).
Let A be a graded dg algebra. We can construct from A two (ordinary) dg algebras.

One, denoted by FA, is obtained from A by forgetting the Adams grading: (FA)n =⊕
j∈Z A

n,j. This is a dg algebra with differential and multiplication inherited from

A. The other one, denoted by TotA, is obtained from A by taking the total complex:

(TotA)n =
⊕

i,j:i+j=n

Aij and dTotA(a) = (−1)jd(a)

for a homogeneous of bidegree (i, j). However, in order to make it into a dg algebra,

we need to introduce a twisted multiplication:

a ∗ a′ = (−1)ij
′

aa′

for a and a′ homogeneous of bidegree (i, j) and (i′, j′), respectively.

Lemma 4.1. With the twisted multiplication ∗ the total complex TotA is a dg alge-

bra.
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When we say that TotA is a dg algebra, we always mean TotA equipped with

this twisted multiplication. If A is a graded algebra, viewed as a graded dg algebra

concentrated in degrees (0, ∗), the dg algebra TotA is exactly A viewed as a dg

algebra with trivial differential.

Proof. Let a and a′ be homogeneous elements of A of bidegree (i, j) and (i′, j′),

respectively. Then the graded Leibniz rule holds:

dTotA(a ∗ a′) = (−1)ij
′

dTotA(aa
′)

= (−1)ij
′

(−1)j+j′d(aa′)

= (−1)j(−1)(i+1)j′d(a)a′ + (−1)j+j′+i(−1)ij
′

ad(a′)

= (−1)jd(a) ∗ a′ + (−1)i+j(−1)j
′

a ∗ d(a′)
= dTotA(a) ∗ a′ + (−1)i+ja ∗ dTotA(a′).

√

Let H∗,∗A =
⊕

i,j∈ZH
i,jA be the total cohomology of A, which is naturally a

bigraded algebra. We view it as a graded dg algebra with trivial differential.

Lemma 4.2. We have FH∗,∗A = H∗FA and TotH∗,∗A = H∗TotA.

The two operations F and Tot extend naturally to functors from the category

of graded dg algebras to the category of dg algebras. Both functors detect quasi-

isomorphisms. The graded dg algebra A is said to be formal if A and H∗,∗A are

related by a zigzag of quasi-isomorphisms of graded dg algebras.

Lemma 4.3. (a) If A is formal, then both FA and TotA are formal.

(b) If FA has cohomology concentrated in degree 0, then A is formal.

(c) If TotA has cohomology concentrated in degree 0, then A is formal.

Proof. (a) is clear in view of Lemma 4.2.

(b) For j ∈ Z, let A∗,j =
⊕

i∈Z A
ij . Then A∗,j is a complex and as a complex

FA =
⊕

j∈Z A
∗,j. Define σ≤0A as the bigraded subspace of A such that (σ≤0A)∗,j =

σ≤0(A∗,j), the standard truncation of A∗,j at degree 0. It is easy to check that σ≤0A

is a graded dg subalgebra of A. Moreover, that FA has cohomology concentrated

in degree 0 implies that A has cohomology concentrated in bidegrees (0, ∗), which
implies that the inclusion σ≤0A →֒ A is a quasi-isomorphism. Further, the canonical

projection σ≤0A → H∗,∗(σ≤0A) = H∗,∗A is also a quasi-isomorphism.

(c) Similar to (b). As a complex TotA =
⊕

j∈ZA
∗,j [−j]. Let A′ be the bigraded

subspace of A such that (A′)∗,j = σ≤−j(A∗,j). Then A′ is a graded dg subalgebra

of A. That TotA has cohomology concentrated in degree 0 means exactly that

the cohomology H∗,∗(A) of A is concentrated in degrees (i,−i), i ∈ Z. Therefore

the inclusion A′ →֒ A is a quasi-isomorphism. Further, the canonical projection

A′ → H∗,∗(A′) = H∗,∗(A) is a also a quasi-isomorphism.
√
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Remark 4.4. The idea of proving formality by considering a second grading has been

used for a long time in geometry, for example see [15]2.

4.2. Bigraded dg algebras. A bigraded dg algebra is a dg algebra with two extra

gradings. Precisely, a bigraded dg algebra is a trigraded algebra endowed with a

differential d of tridegree (1, 0, 0) such that the following trigraded Leibniz rule holds

d(aa′) = d(a)a′ + (−1)|a|1ad(a′),

where a is homogeneous of tridegree (|a|1, |a|2, |a|3). We will refer to the three grad-

ings respectively as the complex grading, the first Adams grading and the second

Adams grading. Let F1A denote the graded dg algebra obtained from A by forgetting

the first Adams grading, and let F2A denote the graded dg algebra obtained from A

by forgetting the second Adams grading. Let H∗,∗,∗A =
⊕

i,j,l∈ZH
i,j,lA be the total

cohomology of A. It is naturally a trigraded algebra. We view it as a bigraded dg

algebra with trivial differential.

Lemma 4.5. We have TotF1H
∗,∗,∗A = H∗TotF1A and TotF2H

∗,∗,∗A = H∗TotF2A.

The bigraded dg algebra A is said to be formal if A is related to H∗,∗,∗A by a

zigzag of quasi-isomorphisms of bigraded dg algebras.

Lemma 4.6. Let A be a bigraded dg algebra. If TotF1A has cohomology concentrated

in degree 0, then A and TotF2A are formal.

Proof. The proof is divided into two steps: (1) if TotF1A has cohomology concen-

trated in degree 0, then A is formal; (2) if A is formal, then TotF2A is formal. The

proof for step (1) is similar to that for Lemma 4.3 (c) and the proof for step (2) is

similar to that for Lemma 4.3 (a).
√

5. Graded algebras as dg algebras

This section deals with the relation between the derived category of the abelian

category of graded modules over a graded algebra and the derived category of dg

modules over the graded algebra viewed as a dg algebra with trivial differential.

For a graded algebra A we will show that per(A) is a triangulated hull of the orbit

category Hb(grprojA)/Σ ◦ 〈−1〉.
Let A be a graded k-algebra.

5.1. The functor Tot of taking total complexes. Let GrmodA (respectively,

GrprojA, grprojA, grmod0A) denote the category of graded A-modules (respectively,

graded projective A-modules, finitely generated graded projective A-modules, finite-

dimensional graded A-modules). GrmodA is an abelian category, so we can form the

dg category Cdg(GrmodA) of complexes of graded A-modules, see Section 2.3. The

dg category Cdg(GrmodA) has two natural dg automorphisms: the complex shift [1]

and the degree shifting 〈1〉. They commute with each other.

2We thank Wolfgang Soergel for this reference.
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Viewing A as a dg algebra with trivial differential, we consider the category Cdg(A)
of dg A-modules, see Section 2.4.

There is a natural dg functor from Cdg(GrmodA) to Cdg(A) constructed as follows.

Any object of Cdg(GrmodA) is of the form M =
⊕

i,j∈ZM
ij , where M i,∗ =

⊕
j∈ZM

i,j

is a graded A-module, and d : M i,∗ → M i+1,∗ is a differential (i.e. d is of bidegree

(1, 0)). We can view M as a bicomplex and take the total complex TotM

(TotM)n =
⊕

i,j:i+j=n

M ij and dTotM(m) = (−1)jdM(m) for m ∈ M ij .

It is easy to check that TotM , with the twisted A-action

m ∗ a = (−1)ij
′

ma for m ∈ M ij and a ∈ Aj′,

becomes a dg A-module. For a homogeneous morphism f ∈ HomCdg(GrmodA)(M,N)

of degree p, we define Tot f ∈ HomCdg(A)(TotM,TotN) so that on each component

M ij it coincides with (−1)pif . In this way, we have defined a dg functor

Tot : Cdg(GrmodA) −→ Cdg(A).
It induces a triangle functor

Tot : H(GrmodA) −→ H(A).

Since Tot preserves acyclicity, this in turn induces a triangle functor

Tot : D(GrmodA) −→ D(A).

It is easy to check that we have an equality Tot ◦[1]◦〈−1〉 = Tot of dg endofunctors

of Cdg(GrmodA). Moreover, Tot commutes with infinite direct sums. Thus we have

an induced dg functor

Tot : Cdg(GrmodA)//[1] ◦ 〈−1〉 −→ Cdg(A).
On objects TotM = TotM and on morphisms Tot is defined by

HomCdg(GrmodA)(M,
⊕

p∈ZN [p]〈−p〉) Tot //

Tot

((❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘
❘❘❘

❘
HomCdg(A)(TotM,

⊕
p∈Z TotN [p]〈−p〉)

HomCdg(A)(TotM,
⊕

p∈ZTotN)

diag
∗

��
HomCdg(A)(TotM,TotN).

See also [14, Lemmas 3.2 and 3.4] for the statement (d) of the following corollary.

Theorem 5.1. Tot : Cdg(GrmodA) → Cdg(A) is a ([1] ◦ 〈−1〉)-orbitally fully faithful

dg functor. We have the following consequences.

(a) Tot : H(GrmodA) → H(A) is (Σ ◦ 〈−1〉)-orbitally fully faithful.

(b) Tot : D(GrmodA) → D(A) is (Σ ◦ 〈−1〉)-orbitally fully faithful.
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(c) Tot induces a fully faithful functor Hb(GrprojA)/Σ ◦ 〈−1〉 → D(A). If A has

finite global dimension, Tot induces a fully faithful functor Db(GrmodA)/Σ ◦
〈−1〉 → D(A).

(d) per(A) is a triangulated hull of the orbit category Hb(grprojA)/Σ ◦ 〈−1〉.
(e) If A is graded hereditary, then Tot induces triangle equivalences

D(A) ≃ D(GrmodA)//Σ ◦ 〈−1〉
≃ Db(GrmodA)/Σ ◦ 〈−1〉,

per(A) ≃ Hb(grprojA)/Σ ◦ 〈−1〉,
≃ Db(grmodA)/Σ ◦ 〈−1〉,

Dfd(A) ≃ Db(grmod0A)/Σ ◦ 〈−1〉,

where grmodA is the category of finitely presented graded A-modules.

We remark that on these orbit categories Σ ◦ 〈−1〉 is the identity on objects but

as a functor it is not isomorphic to the identity, see [22].

Proof. For a graded A-module X and i ∈ Z, we define a new graded A-module X⋄i

by twisting the A-action on X :

x ⋄ a = (−1)ijxa for a ∈ Aj .

In generalX ′ is not isomorphic toX , but there is an identification HomGrmodA(X, Y ) =

HomGrmodA(X
′, Y ′).

For an object M of Cdg(GrmodA), notice that as a graded A-module TotM is

precisely the direct sum
⊕

i∈Z(M
i,∗)⋄i〈−i〉. Therefore for M and N objects in

Cdg(GrmodA) we have

Homn
Cdg(A)(TotM,TotN) = Homn

A(TotM ,TotN )

= HomGrmodA(TotM, (TotN)〈n〉)
= HomGrmodA(

⊕

i∈Z

(M i,∗)⋄i〈−i〉,
⊕

j∈Z

(N j,∗)⋄j〈−j〉〈n〉)

=
∏

i∈Z

HomGrmodA((M
i,∗)⋄i〈−i〉,

⊕

j∈Z

(N j,∗)⋄j〈n− j〉)

=
∏

i∈Z

HomGrmodA(M
i,∗〈−i〉,

⊕

j∈Z

N j,∗〈n− j〉)

=
∏

i∈Z

HomGrmodA(M
i,∗,

⊕

j∈Z

N j,∗〈i+ n− j〉).
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On the other hand,

Homn
Cdg(GrmodA)(M,

⊕

p∈Z

N [p]〈−p〉) = HomGrmodA(
⊕

i∈Z

M i,∗,
⊕

p∈Z

(N [p]〈−p〉)i+n,∗)

=
∏

i∈Z

HomGrmodA(M
i,∗,

⊕

p∈Z

(N [p]〈−p〉)i+n,∗)

=
∏

i∈Z

HomGrmodA(M
i,∗,

⊕

p∈Z

N i+n+p,∗〈−p〉)

j=i+n+p
=

∏

i∈Z

HomGrmodA(M
i,∗,

⊕

j∈Z

N j,∗〈i+ n− j〉).

This shows that Tot : Cdg(GrmodA)//[1] ◦ 〈−1〉 → Cdg(A) is fully faithful. Therefore,

Tot : Cdg(GrmodA) → Cdg(A) is ([1] ◦ 〈−1〉)-orbitally fully faithful, as desired.

(a) This follows from Lemma 3.4.

(b) It is easy to see that Tot sends cofibrant objects in Cdg(GrmodA) to cofibrant

dg A-modules and preserves homotopy equivalences. Therefore, it restricts to a ([1]◦
〈−1〉)-orbitally fully faithful dg functor Chp

dg (GrmodA) → Chp
dg (A). Here Chp

dg (GrmodA)

is the dg subcategory of Cdg(GrmodA) of H-projective objects and Chp
dg (A) is the dg

subcategory of Cdg(A) of H-projective dg A-modules. They are dg enhancements of

D(GrmodA) and D(A), respectively. Thus it follows from Lemma 3.4 that taking

H0 yields (b).

(c) We view Hb(GrprojA) as a triangulated subcategory of D(GrmodA). For ob-

jects M,N ∈ Hb(GrprojA), the space HomHb(GrprojA)(M,ΣpN〈−p〉) vanishes for al-

most all p ∈ Z. Therefore the embedding Hb(GrprojA) → D(GrmodA) induces a

fully faithful functor Hb(GrprojA)/Σ ◦ 〈−1〉 → D(GrmodA)//Σ ◦ 〈−1〉. Now the first

statement follows from (b). If A has finite global dimension, then Db(GrmodA) =

Hb(GrprojA) as a triangulated subcategories of D(GrmodA), which implies the sec-

ond statement.

(d) It follows from (c) that the induced functor Hb(grprojA)/Σ ◦ 〈−1〉 → per(A)

is fully faithful. The image contains A and hence generates per(A).

(e) Suppose that A is graded hereditary. Consider the following commutative

diagram of fully faithful triangle functors

D(GrmodA)//Σ ◦ 〈−1〉 Tot // D(A).

Db(GrmodA)/Σ ◦ 〈−1〉

OO 66❧❧❧❧❧❧❧❧❧❧❧❧❧❧

By [24, Theorem 3.1], the functor H∗ : D(A) → GrmodA of taking total cohomology

induces a bijection on the sets of isomorphism classes of objects. It follows that

any object in D(A) is isomorphic to its total cohomology, which is viewed as dg

A-module with trivial differential. Thus all the above three functors are dense,

and hence are equivalences. The equivalence Tot : D(GrmodA)//Σ ◦ 〈−1〉 → D(A)
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restricts to an equivalenceHb(grprojA)/Σ◦〈−1〉 → per(A) on the full subcategories of

compact objects (Lemma 3.2 and Theorem 2.7). Since by definition every dg module

in Dfd(A) has finite-dimensional total cohomology, it follows that the restriction

Db(grmod0A)/Σ ◦ 〈−1〉 → Dfd(A) is also an equivalence.

Finally, because A is graded hereditary, the category grmodA is abelian, and the

canonical functor Hb(grprojA) → Db(grmodA) is a triangle equivalence. Therefore

we have an equivalence Db(grmodA)/Σ ◦ 〈−1〉 → per(A).
√

Remark 5.2. For bounded complexes M and N in Cdg(GrmodA), we actually have

HomCdg(GrmodA)//Σ◦〈−1〉(M,N) =
⊕

p∈Z

HomCdg(GrmodA)(M,N [p]〈−p〉)

∼= HomCdg(A)(TotM,TotN).

The orbit category Hb(grprojA)/Σ ◦ 〈−1〉 is in general not triangulated. For an

example, let A be the path algebra of the graded quiver

1
α //

2
β

oo

modulo the ideal generated by the path αβ, where deg(α) = 1 and deg(β) = 0. We

claim that Hb(grprojA) (≃ Db(grmod0A)) is triangle equivalent to Db(repQ), where

Q is the quiver of type A∞
∞ with alternative orientation. In particular, Hb(grprojA)

and hence Hb(grprojA)/Σ ◦ 〈−1〉 are discrete. On the contrary, by Proposition 9.1,

A is derived equivalent to the path algebra B of the Kronecker quiver, implying

that per(A) ≃ per(B) is tame. The difference between Hb(grprojA)/Σ ◦ 〈−1〉 and

its triangulated hull per(A) is surprisingly large. This phenomenon was observed by

Amiot–Oppermann in the case of cluster categories, see [2].

Let us prove the claim. By covering theory we have grmod0A ≃ modC, where is

C is the quotient of the path category of the quiver

· βi−1// 1i−1
αi−1 // 2i

βi // 1i
αi // ·

modulo the ideal generated by αiβi, i ∈ Z. Let T i
1 = Σ−i−1S1i and T i

2 = Σ−iP2i,

where S1i is the simple module at 1i and P2i is the projective module at 2i. Then

T = {T i
1, T

i
2|i ∈ Z} is a tilting subcategory of Db(grmod0A). So Db(grmod0A) ≃

Db(mod T ). It is easy to see that T is isomorphic to the path category of Q, and

consequently modT ≃ repQ. Therefore Db(grmod0A) ≃ Db(repQ).

For a bounded complex M of graded A-modules, we form the graded dg endomor-

phism algebra GEA(M), which is a graded dg algebra, by putting

GEA(M)ij = Hom i
GrmodA(M ,M 〈j 〉).

Lemma 5.3. There is an isomorphism of dg algebras EndA(TotM) ∼= TotGEA(M).
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Proof. For a graded dg algebra Ã, denote by Tot′ Ã the dg algebra obtained from Ã

by taking the total complex:

(Tot′ Ã)n =
⊕

i,j:i+j=n

Ãij and dTot′ Ã(a) = (−1)jd(a)

with a twisted multiplication:

a ⋆ a′ = (−1)(i+j)j′aa′

for a and a′ homogeneous of bidegree (i, j) and (i′, j′), respectively. One checks that

the morphism a 7→ (−1)
j(j+1)

2 a is an isomorphism of dg algebras Tot Ã ∼= Tot′ Ã.

Now it is straightforward to check that

EndCdg(GrmodA)//[1]◦〈−1〉(M) =
⊕

p∈Z

HomCdg(GrmodA)(M,M [p]〈−p〉)

is Tot′ GEA(M). It follows that EndA(TotM), being isomorphic to EndCdg(GrmodA)//Σ◦〈−1〉(M)

by Theorem 5.1, is isomorphic to TotGEA(M).
√

6. Derived equivalences of graded algebras

In this section we study derived equivalences of graded algebras, viewed as dg

algebras with trivial differential.

6.1. From graded derived equivalence to derived equivalence. Let A be a

graded algebra and let FA denote the algebra obtained from A by forgetting the

grading. We also have the forgetful functor on graded modules

F : GrmodA −→ ModFA.

Let A and B be two graded algebras. We say that A and B are graded equivalent

if there is a decomposition A = P1 ⊕ . . .⊕ Pn and integers a1, . . . , an such that as a

graded algebra B is isomorphic to
⊕

i∈Z HomGrmodA(P1〈a1〉 ⊕ . . .⊕Pn〈an〉, (P1〈a1〉 ⊕
. . . ⊕ Pn〈an〉)〈i〉), they are graded derived equivalent if there is a triangle equiva-

lence D(GrmodA) ≃ D(GrmodB) commuting with the degree shiftings, and they

are derived equivalent if D(A) and D(B) are triangle equivalent (here A and B are

considered as dg algebras with trivial differential).

Graded derived equivalence admits an analogue of Rickard’s theorem [32, 33]. An

object T in D(GrmodA) is called a graded tilting complex if {T 〈i〉}i∈Z is a set of

generators of Hb(grprojA) and
⊕

i∈Z HomD(GrmodA)(T,Σ
nT 〈i〉) = 0 unless n = 0.

This definition is different from the one in [27, Section 2.2]. That they are equivalent

is hidden in the proof of [27, Theorem 2.4].

Theorem 6.1. ([27, Theorem 2.4]) Let A and B be two graded algebras. Then the

following statements are equivalent:

(i) A and B are graded derived equivalent;

(ii) there is a graded tilting complex T over A whose graded endomorphism algebra⊕
i∈Z HomD(GrmodA)(T, T 〈i〉) is isomorphic as a graded algebra to B;
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(iii) there is a complex of graded B-A-bimodules T such that the triangle functor

?
L
⊗B T : D(GrmodB) → D(GrmodA) is an equivalence.

(iv) there is a complex of graded B-A-bimodules T such that the triangle functor

?
L
⊗FB FT : D(FB) → D(FA) is an equivalence.

The complexes T in (iii) and (iv) can be taken the same complex. It is clear that

graded equivalent graded algebras are graded derived equivalent. We remind the

reader that there exist triangle equivalences of graded module categories which do

not commute with the degree shiftings. See [3, Example 8.8] for examples.

For a graded algebra A, it is known that {A〈i〉|i ∈ Z} is a set of compact generators

of D(GrmodA). Recall from Theorem 2.7 that A is a compact generator of D(A).

Theorem 6.2. Let A and B be two graded algebras, and let T be a complex of graded

B-A-bimodules. The following statements are equivalent

(i) ?
L
⊗B T : D(GrmodB) → D(GrmodA) is a graded triangle equivalence,

(ii) ?
L
⊗B TotT : D(B) → D(A) is a triangle equivalence,

(iii) ?
L
⊗FB FT : D(FB) → D(FA) is a triangle equivalence.

Proof. The equivalence between (i) and (iii) is part of Theorem 6.1. We prove that

(i) and (ii) are equivalent. By [19, Lemma 4.2] we have

?
L
⊗B T : D(GrmodB) → D(GrmodA) is a triangle equivalence

⇔ {ΣpT 〈−p〉|p ∈ Z} is a set of compact generators of D(GrmodA) and

HomD(GrmodB)(B,ΣiB〈−p〉) → HomD(GrmodA)(T,Σ
iT 〈−p〉) is an isomorphism

for any i, p ∈ Z

⇔ TotT is a compact generator of D(A) and

HomD(B)(B,ΣiB) → HomD(A)(TotT,Σ
i TotT ) is an isomorphism for any i ∈ Z

⇔ ?
L
⊗B TotT : D(B) → D(A) is a triangle equivalence.

Here the second ‘⇔’ uses Lemma 3.3 and Theorem 5.1.
√

In view of Theorem 6.1 and Theorem 6.2 we have an easy and useful corollary.

Corollary 6.3. Let A and B be two graded algebras. If they are graded derived

equivalent, then they are derived equivalent. In particular, if FA and FB are derived

equivalent via a gradable tilting complex, then A and B are derived equivalent.

6.2. Grading change. In this subsection, we study the following question: if two

graded algebras A and B are derived equivalent and if we change the grading on A

to obtain a new graded algebra A′, is there a graded algebra B′ obtained from B

by changing the grading so that A′ and B′ are derived equivalent? We will give a

partial answer in Proposition 6.7.
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Let A be a bigraded algebra, and let GrmodA denote the category of bigraded

A-modules. We fix a bounded complex M of finitely generated bigraded projective

A-modules, and form the bigraded dg endomorphism algebra BEA(M)

(BEA(M))ijl = Hom i
GrmodA(M ,M 〈(j , l)〉).

For ε ∈ {1, 2}, FεM is a bounded complex of finitely generated graded projective

modules over the graded algebra FεA.

Lemma 6.4. Let ε ∈ {1, 2}. As a graded dg algebra

GEFǫA(FǫM) = FεBEA(M)

and as a dg algebra

EndFεA(TotFεM) ∼= TotGEFǫA(FǫM) = TotFεBEA(M).

Proof. The first equality is clear from definition, and the second one follows from

Lemma 5.3.
√

We remind the reader that in EndFεA(TotFεM) we view FεA as a dg algebra with

trivial differential.

Corollary 6.5. We have an isomorphism of graded algebras
⊕

p∈Z

HomD(FεA)(TotFεM,Σp TotFεM) ∼= TotFε

⊕

i,j,l∈Z

HomD(GrmodA)(M,ΣiM〈(j, l)〉),

where ε = 1, 2.

Proof. This is a consequence of Lemma 4.5 and Lemma 6.4 because there is an

isomorphism of graded algebras
⊕

p∈Z

HomD(FεA)(TotFεM,Σp TotFεM) ∼= H∗EndFεA(TotFεM)

and an isomorphism of trigraded algebras
⊕

i,j,l∈Z

HomD(GrmodA)(M,ΣiM〈(j, l)〉) ∼= H∗,∗,∗BEA(M).

√

Lemma 6.6. If EndF1A(TotF1M) has cohomology concentrated in degree 0, then

EndF2A(TotF2M) is formal.

Proof. This follows immediately from Lemma 6.4 and Lemma 4.6.
√

Proposition 6.7. Assume that {M〈(i, j)〉|i, j ∈ Z} is a set of compact generators

of D(GrmodA). If TotF1M is a tilting object in D(F1A), then the two graded al-

gebras F2A and H∗EndF2A(TotF2M) are derived equivalent. In other words, if the

trigraded algebra B =
⊕

i,j,l∈ZHomD(GrmodA)(M,ΣiM〈(j, l)〉) is concentrated in tride-

grees (i, ∗,−i) (i ∈ Z), then the two graded algebras F2A and TotF2B are derived

equivalent.
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Proof. Since {M〈(i, j)〉|i, j ∈ Z} is a set of compact generators of D(GrmodA),

it follows that {F2M〈i〉|i ∈ Z} is a set of compact generators of D(GrmodF2A).

So {ΣiF2M〈−i〉|i ∈ Z} is a set of compact generators of D(GrmodF2A). Applying

Lemma 3.3 to the functor Tot : D(GrmodF2A) → D(F2A), we obtain that TotF2M is

a compact generator of D(F2A). Now by Proposition 2.9, F2A and EndF2A(TotF2M)

are derived equivalent.

That TotF1M is a tilting object in D(F1A) means that EndF1A(TotF1M) has

cohomology concentrated in degree 0. By Lemma 6.6, EndF2A(TotF2M) is formal,

and hence by Lemma 2.11 it is derived equivalent to H∗EndF2A(TotF2M). This

completes the proof.
√

Briefly speaking, Proposition 6.7 says the following: if a graded algebra A is derived

equivalent to an (ordinary) algebra B via a nice tilting object, and A′ is a graded

algebra obtained from A by changing the grading, then there is a suitable graded

algebra structure B′ on B such that A′ and B′ are derived equivalent.

7. Gentle one-cycle algebras

In this section we recall results on gentle algebras of Assem–Skowroński [5], Vossieck [36]

and Bobiński–Geiss–Skowroński [7].

7.1. Gentle algebras. Let Q be a finite quiver and I a set of minimal relations.

We call the algebra kQ/(I) a gentle algebra if the following conditions hold

(1) for each vertex of Q there are at most two incoming arrows and at most two

outgoing arrows,

(2) for each arrow β of Q, both the number of arrows α with t(α) = s(β) and

βα /∈ I and the number of arrows γ with s(γ) = t(β) and γβ /∈ I are not

greater than 1,

(3) for each arrow β of Q, both the number of arrows α with t(α) = s(β) and

βα ∈ I and the number of arrows γ with s(γ) = t(β) and γβ ∈ I are not

greater than 1,

(4) all relations in I are paths of length 2.

Example 7.1. The path algebra of 1
α //

2
β

oo
γ

// 3 modulo the relations αβ and

γα is a typical example of gentle algebras.

The repetitive algebra of a gentle algebra is special biserial ([34, Proposition 4]),

which is always tame. It follows that the bounded derived category of a gentle algebra

is tame, since the bounded derived category of an algebra is triangle equivalent to a

full subcategory of the stable category of its repetitive algebra ([18, Theorem 4.9]).

7.2. Gentle one-cycle algebras and derived discrete algebras. A gentle one-

cycle algebra is a gentle algebra whose underlying graph contains exactly one cycle.
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It satisfies the clock condition if it has the same number of clockwise and counter-

clockwise oriented relations on the cycle. For example, the algebra in Example 7.1

is a gentle one-cycle algebra which does not satisfy the clock condition.

Two algebras A and B are tilting-cotilting equivalent if there is a sequence of

algebras A0 = A,A1, . . . , As = B and Ai-modules Ti+1 such that EndAi
(Ti+1) ∼= Ai+1

and Ti+1 is a tilting Ai-module of projective dimension at most 1 or a cotilting Ai-

module of injective dimension at most 1. Gentle algebras are Gorenstein [16], so

co-tilting modules over gentle algebras are tilting modules. Therefore two gentle

algebras which are tilting-cotilting equivalent are derived equivalent.

Theorem 7.2 ([5, Theorem (A)]). A gentle one-cycle algebra satisfying the clock

condition is tilting-cotilting equivalent to the path algebra of a quiver of type Ãp,q for

some p, q > 0.

This result was stated in [5] under the assumption that k is algebraically closed,

but its proof is field-independent.

Let Ω = {(r, n,m) ∈ Z
3|n ≥ r ≥ 1, m ≥ 0}. In [7], the authors construct a

family of gentle one-cycle algebras not satisfying the clock condition: Λ(r, n,m) =

kQ(r, n,m)/I(r, n,m) for (r, n,m) ∈ Ω, where Q(r, n,m) is the quiver

1
α1 // · ·αn−r−2// n−r−1

αn−r−1

$$■
■■

■■
■

(−m)
α−m// · · α−2// (−1)

α−1 // 0

α0
==⑤⑤⑤⑤⑤⑤

n−r

αn−rzz✉✉✉
✉✉
✉

n−1

αn−1

aa❇❇❇❇❇❇
·

αn−2

oo · n−r+1
αn−r+1

oo

and I(r, n,m) is the ideal of kQ(r, n,m) generated by the paths α0αn−1, αn−1αn−2,

. . ., αn−r+1αn−r. Notice that the algebra Λ(r, n,m) is of finite global dimension if

n > r and is of infinite global dimension if n = r.

Theorem 7.3 ([36, Theorem 2.1] and [7, Theorem A]). Assume that k is algebraically

closed. Let A be a finite-dimensional algebra not derived equivalent to a Dynkin

quiver. Then the following are equivalent

(i) A is derived discrete,

(ii) A is a gentle one-cycle algebra not satisfying the clock condition,

(iii) A is derived equivalent to Λ(r, n,m) for some (r, n,m),

(iv) A is tilting-cotilting equivalent to Λ(r, n,m) for some (r, n,m).

We remark that the proof of the implication (ii)⇒(iii) in [7] is field-independent.



24 MARTIN KALCK AND DONG YANG

8. The derived category of a graded Ãp,q

Let Π = {(p, q, r) ∈ Z
3|p ≥ 0, q > 0}. For (p, q, r) ∈ Π, let Γ(p, q, r) be the

complete path algebra of the graded quiver

p+ qαp+q

||②②
②②

·oo · p+ 2oo

1 p+ 1,

αpyyrrr
rr
r

αp+1ee▲▲▲▲

2
α1

bb❊❊❊❊❊
·

α2

oo · poo

where deg(αi) = δi,p+qr. This is a graded hereditary algebra. In this section we

study GrmodΓ(p, q, r) and the derived category of Γ(p, q, r) which is viewed as a dg

algebra with trivial differential. We start with recalling some well-known facts.

8.1. Representations over a quiver of type A∞
∞. The descriptions of indecom-

posable representations and Auslander–Reiten quivers in this subsection can be ob-

tained using results in [6, Section 5].

Let Q be a quiver of type A∞
∞ whose vertices are indexed by Z and i is adjacent

to i− 1 and i+ 1:

. . . i− 1 i i+ 1 . . . .

For a, b ∈ {−∞} ∪ Z ∪ {+∞} with a > b, we construct a representation of Q by

setting the k-vector space Ma,b(i) associated to a vertex i as

Ma,b(i) =

{
k if b ≤ i ≤ a− 1

0 otherwise

and setting the k-linear map Ma,b(α) associated to an arrow α : i → j as

Ma,b(α) =

{
idk if b ≤ i, j ≤ a− 1

0 otherwise.

These representations are indecomposable with endomorphism algebra isomorphic

to k and every indecomposable representation is isomorphic to one such. The simple

representations are precisely the Mi+1,i’s (i ∈ Z) and the finite-dimensional indecom-

posable representations are precisely the Ma,b’s with a, b ∈ Z and a > b.

8.1.1. The linear orientation. Let Q = Ql be the quiver of type A∞
∞ with linear

orientation:

. . . // i− 1 // i // i+ 1 // . . . .

Let s denote the unique automorphism of Q induced by i 7→ i− 1.

The Gabriel quiver of RepQ consists of four connected components:

· the Ma,b, a, b ∈ Z, a > b, form a component X of type ZA∞,

· the M+∞,b, b ∈ Z, form a component Y of type Q (these are the projectives),

· the Ma,−∞, a ∈ Z, form a component Z of type Q (these are the injectives),

· the representation M+∞,−∞ forms a component A of type A1.
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The first component X is the Gabriel quiver of repQ. This category has Auslander–

Reiten sequences, and the Auslander–Reiten translation τ = s−1
∗ sendsMa,b (a, b ∈ Z,

a > b) to Ma+1,b+1.

8.1.2. The generalized zigzag orientation. Let p ≥ q be positive integers. Let Q = Qz

be the quiver of type A∞
∞ with the following generalized zigzag orientation:

· · ·

·

·

·

−p− q + 1

−p− q + 2

−q

−q + 1

−q + 2

0

1

2

p

p+ 1

p+ 2

p+ q

p+ q + 1

· · ·

��✆✆
✆✆
✆

��✆✆
✆✆ ��✾

✾✾
✾

��✾
✾✾
✾

��✾
✾✾
✾

��✆✆
✆✆

��✆✆
✆✆

��✾
✾✾

✾

��✾
✾✾

✾

��✆✆
✆✆

��✆✆
✆✆

Let s denote the unique automorphism of Q induced by i 7→ i+ p+ q.

All indecomposable projective (respectively, injective) representations are finite-

dimensional. The Gabriel quiver of RepQ consists of nine connected components:

· the preprojective indecomposable representations form a component P of

type NQop,

· the representations
⊔

n∈Z s
n
∗{Mp+2,1,M1,0, . . . ,M−q+3,−q+2} and the iterated

extensions of them form a regular component X 1 of type ZA∞,

· the representations
⊔

n∈Z s
n
∗{M2,−q+1,M3,2, . . . ,Mp+1,p} and the iterated ex-

tensions of them form a regular component X 2 of type ZA∞,

· the M+∞,b, b ≡ −q + 2, . . . , 1 (mod p+ q), form a component Y1 of type Ql,

· the M+∞,b, b ≡ 2, . . . , p+ 1 (mod p+ q), form a component Y2 of type Ql,

· the Ma,−∞, a ≡ 1, . . . , p (mod p+ q), form a component Z1 of type Ql,

· the Ma,−∞, a ≡ p + 1, . . . , p + q (mod p + q), form a component Z2 of type

Ql,

· the preinjective indecomposable representations form a component I of type

(−N)Qop,

· the representation M+∞,−∞ forms a component A of type A1.

The components P, X 1, X 2 and I form the Gabriel quiver of repQ. This category

has Auslander–Reiten sequences, and on the two regular components X 1 and X 2 the

Auslander–Reiten translation acts respectively as

τMp+2,1 = M1,0, τM1,0 = M0,−1, . . . , τM−q+3,−q+4 = M−q+3,−q+2,

and τM−q+3,−q+2 = M−q+2,−p−q+1 = s−1
∗ Mp+2,1.

τM2,−q+1 = M3,2, τM3,2 = M4,3, . . . , τMp,p−1 = Mp+1,p,

and τMp+1,p = Mp+q+1,p+1 = s∗M2,−q+1.

In particular, on X 1 and X 2 we have τ q = s−1
∗ and τ p = s∗, respectively.
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8.2. Graded modules over Γ(p, q, r). Fix a triple (p, q, r) ∈ Π and let Γ(p, q, r)

be the graded algebra defined in the beginning of this section. If r = 0, it is a tame

hereditary algebra and GrmodΓ(p, q, 0) is the direct sum of Z copies of ModΓ(p, q, 0).

In the sequel of this subsection, we assume r 6= 0. Let Q be the following quiver

· if p = 0, Q is the disjoint union of |r| copies of Ql defined in Section 8.1.1;

· if p > 0, Q is the disjoint union of |r| copies of Qz defined in Section 8.1.2.

The vertices are labeled by {(j, i)|0 ≤ j ≤ |r| − 1, i ∈ Z}. Define σ to be the unique

automorphism of Q which takes the following values on vertices:

σ(j, i) =





(j − 1, i) if 1 ≤ j ≤ |r| − 1,

(|r| − 1, ssgn(r)(i)) if j = 0 and p 6= 0,

(|r| − 1, sq·sgn(r)(i)) if j = 0 and p = 0,

where s was defined in Section 8.1, and sgn(r) is the sign of r, i.e.

sgn(r) =

{
1 if r > 0;

−1 if r < 0.

In particular, σr is an automorphism on each connected component and

σr =

{
s if p 6= 0

sq if p = 0.

Lemma 8.1. There is an equivalence C : GrmodΓ(p, q, r) ≃ Rep(Q) such that C ◦
〈1〉 = σ∗ ◦ C, which restricts to an equivalence grmod0 Γ(p, q, r) ≃ repQ.

Proof. This is standard in covering theory. The functor C takes a graded module

M =
⊕

n∈Z M
n to the representation V with the vector space V (j, i) associated to

the vertex (j, i) being M−⌊ i−1
p+q

⌋r+jei−(p+q)⌊ i−1
p+q

⌋r. Here for a rational number x, we

denote by ⌊x⌋ the greatest integer smaller than or equal to x.
√

8.3. The derived category of Γ(p, q, r). Let (p, q, r) ∈ Π. Assume r 6= 0. As

Γ(p, q, r) is graded hereditary, all indecomposable objects in D(GrmodΓ(p, q, r)) are

shifts of indecomposable graded modules. We have a commutative diagram of trian-

gle functors

Db(GrmodΓ(p, q, r))/Σ ◦ 〈−1〉 // D(Γ(p, q, r))

Hb(grprojΓ(p, q, r))/Σ ◦ 〈−1〉 //

OO

per(Γ(p, q, r))

OO

Db(grmod0 Γ(p, q, r))/Σ ◦ 〈−1〉 //

OO

Dfd(Γ(p, q, r)),

OO
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where the horizontal functors are equivalences by Theorem 5.1(e) and the vertical

functors are fully faithful. When p > 0, the two lower vertical functors are equali-

ties; when p = 0, they are not dense. The Gabriel quiver of Db(GrmodΓ(p, q, r)) (re-

spectively, Hb(grprojΓ(p, q, r)), Db(grmod0 Γ(p, q, r))) admits a Z-action via Σ◦〈−1〉.
The Gabriel quiver of D(Γ(p, q, r)) (respectively, per(Γ(p, q, r)), Dfd(Γ(p, q, r))) is the

corresponding orbit quiver. See Section 3.1. The category Db(grmod0 Γ(p, q, r)) has

Auslander–Reiten triangles, so does Dfd(Γ(p, q, r)). The Auslander–Reiten quiver

of Db(grmod0 Γ(p, q, r)) admits a Z-action via Σ ◦ 〈−1〉, and the Auslander–Reiten

quiver of Dfd(Γ(p, q, r)) is the corresponding orbit quiver.

8.3.1. The case p = 0. By Sections 8.1 and 8.2, the Gabriel quiver ofDb(GrmodΓ(0, q, r))

consists of 4|r| × Z connected components:

· Xj,i of type ZA∞,

· Yj,i of type Ql,

· Zj,i of type Ql,

· Aj,i of type A1,

where 0 ≤ j ≤ |r| − 1 and i ∈ Z. For C ∈ {X ,Y ,Z,A}, the suspension functor

Σ acts as ΣCj,i = Cj,i+1, and the degree shifting 〈1〉 acts as Cj,i〈1〉 = Cj−1,i. The

Gabriel quiver of Hb(grprojΓ(0, q, r)) is formed by the components Xj,i and Yj,i. The

category Db(grmod0 Γ(0, q, r)) has Auslander–Reiten triangles, and its Auslander–

Reiten quiver is formed by the components Xj,i. On each Xj,i, the Auslander–Reiten

translation satisfies τ q = 〈−r〉.
Therefore the Gabriel quiver of D(Γ(0, q, r)) ≃ Db(GrmodΓ(0, q, r))/Σ ◦ 〈−1〉 con-

sists of

· |r| components Xj (0 ≤ j ≤ |r| − 1) of type ZA∞,

· 2|r| components Yj , Zj (0 ≤ j ≤ |r| − 1) of type Ql,

· |r| components Aj (0 ≤ j ≤ |r| − 1) of type A1.

The suspension functor acts as ΣCj = Cj−1 (0 ≤ j ≤ |r| − 1) for C ∈ {X ,Y ,Z,A}.
The Gabriel quiver of per(Γ(0, q, r)) ≃ Hb(grprojΓ(0, q, r))/Σ ◦ 〈−1〉 is formed by

the components Xj and Yj, 0 ≤ j ≤ |r| − 1. The category Dfd(Γ(0, q, r)) ≃
Db(grmod0 Γ(p, q, r))/Σ ◦ 〈−1〉 have Auslander–Reiten triangles and the Auslander–

Reiten quiver of Dfd(Γ(0, q, r)) is formed by the components Xj, 0 ≤ j ≤ |r|−1. For

each object X in Xj , we have τ q(X) = X〈−r〉 = Σ−rX .

8.3.2. The case p 6= 0. By Sections 8.1 and 8.2, the Gabriel quiver ofDb(GrmodΓ(p, q, r))

consists of 8|r| × Z connected components:

· Pj,i of type ZA∞
∞ (properly glued from N(Qz)op and (−N)(Qz)op),

· X 1
j,i of type ZA∞,

· X 2
j,i of type ZA∞,

· Y1
j,i of type Ql,

· Y2
j,i of type Ql,

· Z1
j,i of type Ql,
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· Z2
j,i of type Ql,

· Aj,i of type A1,

where 0 ≤ j ≤ |r| − 1 and i ∈ Z. For C ∈ {P,X 1,X 2,Y1,Y2,Z1,Z2,A}, the sus-

pension functor Σ acts as ΣCj,i = Cj,i+1, and the degree shifting 〈1〉 acts as Cj,i〈1〉 =
Cj−1,i. The category Hb(grprojΓ(p, q, r)) = Db(grmod0 Γ(p, q, r)) has Auslander–

Reiten triangles and its Auslander–Reiten quiver is formed by the components Pj,i,

X 1
j,i and X 2

j,i. On each X 1
j,i, the Auslander–Reiten translation acts as τ q = 〈−r〉, and

on each X 2
j,i, the Auslander–Reiten translation acts as τ p = 〈r〉.

Therefore the Gabriel quiver of D(Γ(p, q, r)) ≃ Db(GrmodΓ(p, q, r))/Σ ◦ 〈−1〉 con-
sists of

· |r| components Pj (0 ≤ j ≤ |r| − 1) of type ZA∞
∞,

· 2|r| components X 1
j , X 2

j (0 ≤ j ≤ |r| − 1) of type ZA∞,

· 4|r| components Y1
j , Y2

j , Z1
j , Z2

j (0 ≤ j ≤ |r| − 1) of type Ql,

· |r| components Aj (0 ≤ j ≤ |r| − 1) of type A1.

For C ∈ {P,X 1,X 2,Y1,Y2,Z1,Z2,A}, the suspension functor acts as ΣCj = Cj−1

(0 ≤ j ≤ |r| − 1). The category per(Γ(p, q, r)) = Dfd(Γ(p, q, r)) has Auslander–

Reiten triangles. Its Auslander–Reiten quiver is formed by the components Pj, X 1
j

and X 2
j , 0 ≤ j ≤ |r|−1. For each object X in X 1

j , we have τ
q(X) = X〈−r〉 = Σ−rX .

For each object X in X 2
j , we have τ p(X) = X〈r〉 = ΣrX .

8.4. The Koszul dual side. Let (p, q, r) ∈ Π. To each vertex i of the graded quiver

of Γ = Γ(p, q, r), we associate a one-dimensional simple graded module Si which is

concentrated in degree 0. It is easily seen that

Db(grmod0 Γ) = thickD(GrmodΓ)(Si〈j〉|i = 1, . . . , p+ q, j ∈ Z).

Therefore

Dfd(Γ) = Db(grmod0 Γ)/Σ ◦ 〈−1〉 = thickD(Γ)(Si|i = 1, . . . , p+ q).

Moreover, each Si belongs to per(Γ), so Dfd(Γ) ⊆ per(Γ).

Let Γ∗ be the Koszul dual of Γ, that is, the dg endomorphism algebra of an H-

projective resolution of
⊕p+q

i=1 Si.

8.4.1. The case p = 0. In this case, Dfd(Γ) ⊂ per(Γ). Therefore by [19, Lemma

10.5, the ‘symmetric’ case], we have an embedding D(Γ∗) → D(Γ). The essential

image of D(Γ∗) is TriaD(Γ)(Si|i = 1, . . . , q), the smallest triangulated subcategory of

D(Γ) containing the simples and closed under taking all direct sums. If we take the

following H-projective resolutions of simple modules

ei−1Γ[−δi,1r + 1]⊕ eiΓ, d =

(
0 0

αi−1 0

)

(where the indices are taken modulo q), then it is straightforward to check that Γ∗

has a dg subalgebra which has trivial differential and which is the quotient of the
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path algebra of the graded quiver

q // · · // i+ 1 α∗

i

""❊
❊❊

❊

1

α∗

q BB☎☎☎
i,

α∗

i−1

||②②②
②

2
α∗

1

]]✿✿✿

·
α∗

2

oo · i− 1oo

modulo all paths of length two, where deg(α∗
i ) = 1 − δi,qr. It is clear that Γ∗ is

graded equivalent to the quotient Γ′(0, q, q − r) of Γ(0, q, q − r)op modulo all paths

of length two. Notice that Γ′(0, q, q− r) = Γ′(q, r), which is defined in Theorem 1.1.

If r 6= 0: In this case the embedding D(Γ∗) → D(Γ) restricts to triangle equiv-

alences per(Γ∗) → Dfd(Γ) and Dfd(Γ
∗) → thickD(Γ)(Homk(Γ, k)). So per(Γ∗) has

Auslander–Reiten triangles and its Auslander–Reiten quiver consists of |r| compo-

nents X ∗
j (1 ≤ j ≤ |r|) of type ZA∞ (where τ = Σ−r on objects). All indecom-

posable objects of TriaD(Γ)(Si|i = 1, . . . , q) belong to thickD(Γ)(Homk(Γ, k)), whose

Gabriel quiver consists of the components Xj and Zj (1 ≤ j ≤ |r|). So all indecom-

posable objects of D(Γ∗) belong to Dfd(Γ
∗), whose Gabriel quiver of consists of X ∗

j

(1 ≤ j ≤ |r|) and |r| components Z∗
j (1 ≤ j ≤ |r|) of type Ql.

If r = 0: The embedding D(Γ∗) → D(Γ) restricts to a triangle equivalence

per(Γ∗) → Dfd(Γ), which is exactly the bounded derived category of the standard

tube of rank q. Therefore the Auslander–Reiten quiver of per(Γ∗) consists of Z con-

nected components, each of which is a tube of rank q. The indecomposable objects

of TriaD(Γ)(Si|i = 1, . . . , q) are shifts of indecomposable finite-dimensional Γ-modules

and of the Prüfer modules, the injective envelopes of the simple modules. As a con-

sequence, the projective Γ∗-modules have to be sent to the Prüfer modules. It follows

that all indecomposable objects of D(Γ∗) belong to Dfd(Γ
∗), whose Gabriel quiver

consists of Z tubes of rank q and Z cyclic quivers with q vertices.

8.4.2. The case p 6= 0. In this case, we have per(Γ) = Dfd(Γ). Therefore by [19,

Lemma 10.5, the ‘finite’ case], we have triangle equivalences D(Γ) ≃ D(Γ∗) and

per(Γ) ≃ per(Γ∗) = Dfd(Γ
∗).

9. Graded gentle one-cycle algebras

In this section we show that a graded gentle one-cycle algebra is derived equivalent

to a graded quiver of type Ãp,q. In particular, with the results in Section 8, this gives

a new approach to the description of the Auslander–Reiten quiver of the derived

category of a gentle one-cycle algebra by Bobiński–Geiss–Skowroński [7].

Recall that there is an index set: Ω = {(r, n,m) ∈ Z
3|n ≥ r ≥ 1, m ≥ 0}. We

first introduce graded (respectively, trigraded) versions of Λ(r, n,m) and bigraded

versions of Γ(p, q, r).



30 MARTIN KALCK AND DONG YANG

– For (r, n,m) ∈ Ω and d ∈ Z (respectively, d ∈ Z
3), let Λ(r, n,m, d) be the

graded (respectively, trigraded) algebra whose underlying algebra is Λ(r, n,m)

and whose grading is defined by deg(αi) = δi,n−1d (−m ≤ i ≤ n− 1).

– For integers p, q, r1, r2 with (p, q, r1), (p, q, r2) ∈ Π, let Γ(p, q, r1, r2) be the

bigraded algebra whose underlying algebra is the complete path algebra of

the quiver in the beginning of Section 8 with deg(αi) = δi,p+q(r1, r2). We

have F1Γ(p, q, r1, r2) = Γ(p, q, r2) and F2Γ(p, q, r1, r2) = Γ(p, q, r1).

Proposition 9.1. Let d ∈ Z and (r, n,m) ∈ Ω.

(a) If n > r, the graded algebra Λ(r, n,m, d) is derived equivalent to Γ(n− r,m+

r, r − d).

(b) If n = r, the graded algebra Λ(n, n,m, d) is derived equivalent to the quotient

Γ′(0, n+m,m+ d) of Γ(0, n+m,m+ d)op modulo all paths of length 2.

Proof. (a) Let p = n− r and q = m+ r, and let Γ be the bigraded algebra Γ(p, q, r−
d, r). Then F1Γ = Γ(p, q, r) and F2Γ = Γ(p, r, r − d). We will apply Proposition 6.7

to this bigraded algebra. We construct as follows a complex of bigraded Γ-modules

such that forgetting the first grading we obtain a tilting object in D(Γ(p, q, r)) whose

endomorphism algebra is isomorphic to Λ(r, n,m). Let Pi denote the indecomposable

projective Γ-module corresponding to the vertex i and generated in bidegree (0, 0),

and let Si be the simple top of Pi. Let T =
⊕n−1

i=−m Ti be the complex of finitely

generated projective bigraded Γ-modules given by (where r = (−r + d,−r))

Ti =





Cone(Pn
αn+m+i···αn−→ Pn+m+i+1)〈r〉, if −m ≤ i ≤ −1,

Cone(Pn〈r〉
αn+m···αn−→ P1) if i = 0,

Cone(Pn−r+2−i ⊕ Pn〈r〉
(α1···αn−r+1−i,αn+m···αn)−→ P1), if 1 ≤ i ≤ n− r,

Σn−r−i Cone(P2n−r−i
α2n−r−i−→ P2n−r+1−i)〈r〉, if n− r + 1 ≤ i ≤ n− 1.

For n− r + 1 ≤ i ≤ n− 1, the Ti’s are ΣSn〈r〉, Σ2Sn+1〈r〉, . . . , Σr−1Sn−r+2〈r〉. For
−m ≤ i ≤ −1 the composition series of the Ti’s are:

(n + 1)〈r〉 ,
(n+ 2)〈r〉
(n+ 1)〈r〉 , . . . ,

(n+m)〈r〉
...

(n+ 2)〈r〉
(n+ 1)〈r〉

.

For 0 ≤ i ≤ n− r the composition series of the Ti’s are:

1

2 (n+m)〈r〉
...

...

n− r (n+ 1)〈r〉
n− r + 1

,

1

2 (n +m)〈r〉
...

...

n− r (n+ 1)〈r〉
, . . . ,

1

2 (n+m)〈r〉
...

(n+ 1)〈r〉
,

1

(n +m)〈r〉
...

(n+ 1)〈r〉
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Direct computation shows that the trigraded endomorphism algebra of T inD(GrmodΓ)
⊕

i,j,l

Hom(T,ΣiT 〈(j, l)〉)

is isomorphic to Λ(r, n,m, r,−r+d,−r). It satisfies the condition required in Propo-

sition 6.7, so Γ(p, q, r−d) = F2Γ(p, q, r−d, r) is derived equivalent to Λ(r, n,m, d) =

TotF2Λ(r, n,m, r,−r + d,−r).

(b) Let Γ′ = Γ′(0, n + m,m + d,m). Let Pi be the indecomposable projective

Γ′-module corresponding to the vertex i and generated in degree 0. We construct

a complex of bigraded Γ-modules such that forgetting the first grading we obtain a

tilting object in D(Γ′) whose endomorphism algebra is isomorphic to Λ(n, n,m). For

−m ≤ i ≤ 0, let Ti be the complex (the rightmost term is in degree 0)

Pm+i+1

αop
m+i // Pm+i

αop
m+i−1 // . . . // P2

αop
1 // P1,

which in composition series is

m+i+1
m+i+2

// m+i
m+i+1

// . . . // 2
3

// 1
2
.

For 1 ≤ i ≤ n−1, let Ti = Pm+1+i〈d+m,m〉. Put T =
⊕n−1

i=−m Ti. Then the tigraded

dg endomorphism algebra of T in D(GrmodΓ′)
⊕

i,j,l

Hom(T,ΣiT 〈(j, l)〉)

is isomorphic to Λ(n, n,m,−m,m+d,m). So Γ′(0, n+m,m+d) = F2Γ
′(0, n+m,m+

d,m) is derived equivalent to Λ(n, n,m, d) = TotF2Λ(n, n,m,−m,m+ d,m).
√

We give a simple example to illustrate Proposition 9.1 (a).

Example 9.2. By Proposition 9.1, the hereditary algebra Γ(1, 1, 0), the path algebra

of the (ungraded) Kronecker quiver is derived equivalent to Λ(1, 2, 0, 1), the graded

path algebra of the graded 2-cycle

0
α0 //

1
α1

oo

with α0 in degree 0 and α1 in degree 1, modulo the graded ideal generated by the

path α0α1. The graded hereditary algebra Γ(1, 1, 1), the graded path algebra of the

graded Kronecker quiver with one arrow in degree 0 and the other arrow in degree 1,

is derived equivalent to Λ(1, 2, 0), obtained from Λ(1, 2, 0, 1) above by forgetting the

grading.

Recall from Lemma 2.8 that a derived equivalence of dg algebras restricts to tri-

angle equivalences on the perfect derived category per and the finite-dimensional

derived category Dfd. Combining Proposition 9.1 and the results in Sections 8.3

and 8.4, we obtain

Corollary 9.3. Let d ∈ Z and (r, n,m) ∈ Ω.
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(a) If n > r and d 6= r, the Auslander–Reiten quiver of Dfd(Λ(r, n,m, d)) has

exactly 3|r−d| components Pj , X 1
j , X 2

j (1 ≤ j ≤ |r−d|) of type ZA∞
∞, ZA∞

and ZA∞, respectively. For X ∈ X 1
j , we have τm+rX = Σ−r+dX and for

X ∈ X 2
j , we have τn−r = Σr−dX.

(b) If n = r and d 6= n, the Gabriel quiver of Dfd(Λ(n, n,m, d)) has exactly

2|n−d| components Xj , Zj (1 ≤ j ≤ |n−d|) of type ZA∞ and Ql, respectively.

per(Λ(n, n,m, d)) has Auslander–Reiten triangles and its Auslander–Reiten

quiver consists of Xj (1 ≤ j ≤ |n − d|). For X ∈ Xj, we have τn+mX =

Σ−n+dX.

When d = 0 we have Λ(r, n,m, 0) = Λ(r, n,m). In this case, Corollary 9.3 recovers

[7, Theorem B]. In fact, we obtain a bit more. We also know the Gabriel quiver of

D(ModΛ(r, n,m)) and that ofH(InjΛ(r, n,m)), the homotopy category of complexes

of injective Λ(r, n,m)-modules. For the former category, we have

D(ModΛ(r, n,m)) ≃
{
D(Γ(n− r,m+ r, r)) if n 6= r,

D(Γ′(0, n+m,m)) if n = r.

For the latter category, we have H(InjΛ(r, n,m)) ≃ D(Γ(n − r,m + r, r)). Indeed,

by [25, Appendix A] (see also [38, Remark of Corollary 4]) we haveH(InjΛ(r, n,m)) ≃
D(Λ(r, n,m)∗): if n 6= r, this is triangle equivalent to D(Γ(n − r,m + r, r)∗) ≃
D(Γ(n − r,m + r, r)); if n = r, this is triangle equivalent to D(Γ′(0, n +m,m)∗) ≃
D(Γ(0, n+m,n)) (see Section 8.4 for the last two ≃). The categoryD(ModΛ(r, n,m))

is also described in [4].

When we say a graded gentle one-cycle algebra, we mean a gentle one-cycle algebra

with a grading defined on each arrow. Observe that a graded Λ(r, n,m) is graded

equivalent to Λ(r, n,m, d) for some d ∈ Z.

Theorem 9.4. 3 Let A be a graded gentle one-cycle algebra.

(a) If A has finite global dimension, then it is derived equivalent to Γ(p, q, r) for

some (p, q, r) ∈ Π.

(b) If A has infinite global dimension, then it is derived equivalent to Γ′(0, q, r)

for some q ∈ N and r ∈ Z.

Proof. A tilting module T over FA is a direct sum of string modules, which are

always gradable. Thus on EndFA(T ) there is a natural graded algebra structure B,

making T a graded tilting B-A-module. So by Theorem 6.1, A and B are graded

derived equivalent. As a consequence, it follows from Theorems 7.2 and 7.3 that A

is graded derived equivalent to some graded algebra B, where B is

· Γ(p, q, r) for some (p, q, r) ∈ Π, if FA satisfies the clock condition;

3In Theorem 9.4 the field k was assumed to be algebraically closed. This assumption was needed

only when we apply Theorem 7.2 and Theorem7.3(ii)⇒(iii). The referee pointed out that the proof

of Theorem 7.2 in [5] and the proof of Theorem 7.3(ii)⇒(iii) in [7] are field-independent and hence

the assumption on k is not necessary. We thank the referee for pointing this out to us.
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· Λ(r, n,m, d) for some (r, n,m) ∈ Ω with n > r and some d ∈ Z, if FA does

not satisfy the clock condition and has finite global dimension;

· Λ(n, n,m, d) for some (n, n,m) ∈ Ω and some d ∈ Z, if FA does not satisfy

the clock condition and has infinite global dimension.

Thanks to Corollary 6.3, A is derived equivalent to B. Now applying Proposition 9.1,

we finish the proof.
√

Let A = kQ/I be a graded gentle one-cycle algebra. We define d+ (respectively,

d−) as the difference between the number of clockwise (respectively, counterclock-

wise) oriented relations and the sum of the degrees of the clockwise (respectively,

counterclockwise) oriented arrows. We say that A satisfies the graded clock condi-

tion if d+ = d−.

Conjecture 9.5. A graded gentle one-cycle algebra satisfies the graded clock con-

dition if and only if it is derived equivalent to Γ(p, q, 0) for some p, q > 0 or to

Γ′(0, q, q) (which is Koszul dual to Γ(0, q, 0)) for some q > 0.
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