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On Shimura’s isomorphism and (Γ, G)-bundles on the

upper-half plane

Claudio Meneses

Abstract. For a compact real form U of a complex simple Lie group G, and
an irreducible representation ρ : Γ → U of a Fuchsian group of the first kind Γ,
it is shown that the classical isomorphism of Shimura, for the periods of a cusp
form of weight 2 with values in g and the representation Adρ : Γ → Aut g, can
be interpreted as the differential at a point of the zero section, for a natural
map from the cotangent bundle of the moduli space of certain (Γ, G)-bundles
over H (in the sense of Seshadri) to an open set in the smooth locus of the
character variety Homg(Γ, G)/PG. Emphasis is put on analytic techniques.

Contents

1. Introduction 1
2. Lie algebra-valued cusp forms of weight 2 4
3. Character varieties for simple groups 5
4. Deformation theory of (Γ, G)-principal bundles on H 6
5. Shimura’s isomorphism 12
References 15

1. Introduction

Let G be a complex finite-dimensional simple Lie group with Lie algebra g,
U ⊂ G a compact real form, and ρ : Γ → U an irreducible representation of an
arbitrary Fuchsian group of the first kind Γ. A g-valued cusp form of weight 2
with the representation Ad ρ is a holomorphic function Φ : H → g satisfying the
functional equation

(1.1) Φ(γτ)γ′(τ) = Ad ρ(γ) · Φ(τ), ∀γ ∈ Γ, τ ∈ H,

where Ad ρ is the composition of ρ and the adjoint representation of G in g, such
that for every cusp τi ∈ R ∪ {∞},
(1.2) lim

τ→τi
Φ(τ) = 0,

where the limit is understood to be taken within a fundamental region F. The spaces
S2(Γ,Ad ρ) of cusp forms of weight 2 (and of arbitrary positive even weight) were
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2 MENESES

introduced by Shimura [Shi71], are finite dimensional, and thanks to the Killing
form in g, admit a Hermitian inner product generalizing the Petersson inner product
[Pet40, Pet48].

The author’s interest in the subject stems from the humble realization that
the theory of moduli of vector bundles with parabolic structures over Riemann
surfaces, as in the work of Narasimhan-Mehta-Seshadri [NS65, MS80], can be
fully understood in terms of complex analysis on the upper half-plane, and more
concretely, the harmonic theory for families of Cauchy-Riemann operators. Such
a complex-analytic approach, already implicit in the seminal work of André Weil
[Wei38], has been pursued, for instance, in [TZ08], and is sufficiently flexible
to allow the replacement of the groups U(r) ⊂ GL(r,C), by general simple pairs
U ⊂ G, and their corresponding geometric structures. These are the objects we
will concentrate our attention on in this paper.

Ideally, one wishes to associate, to every irreducible homomorphism ρ : Γ → U ,
some suitable geometric data consisting of

(i) A holomorphic principal G-bundle P over the compact Riemann surface
Γ \ H

∗, with additional data in the fibers of each cusp and elliptic fixed
point, generalizing the notion of a parabolic structure, and satisfying a
suitable notion of parabolic stability,

(ii) A reduction of the structure group of P to U , away from the cusps and
elliptic fixed points,

(iii) An irreducible singular flat U -connection on P , whose holonomy repre-
sentation corresponds to ρ.

One would then expect a correspondence between the set of U -conjugacy clases {ρ}
of irreducible representations ρ for which each parabolic and elliptic generator lies
in an a priori given conjugacy class in U , and the set of equivalence classes {P} of
stable parabolic G-bundles on Γ\H∗ with prescribed weight data, explicitly realized
by means of the existence of a singular irreducible flat U -connection in P . While
this is true for stable principal G-bundles [Ram75] (i.e., purely hyperbolic Fuchsian
groups), it turns out that such association is not possible in general for arbitrary
Fuchsian groups of the first kind, and only in the generic case when the weights (for
all parabolic and elliptic generators) lie in the interior of a Weyl alcove for a choice
of maximal torus in U . In general, the geometric structures suitable for this purpose
have been called parahoric G-torsors by Balaji-Seshadri (see [BS15] and references
therein), and indeed satisfy the previous uniformization principle, generalizing the
results in [NS65, MS80]. Due two the concrete objectives of the present work,
our perspective is based, instead, on working over H in terms of a complex-analytic
framework, and directly considering some induced spaces of global holomorphic
sections (in the sense of sheaf cohomology) with suitable asymptotic behavior, as
spaces of g-valued automorphic forms satisfying the cusp form condition.

In another stream of ideas, the study of arithmetic properties of automorphic
functions let Goro Shimura to generalize the work of Eichler to periods associated to
representations of Fuchsian groups on compact groups. For weight 2, the celebrated
isomorphism of Shimura [Shi71] reads

S2(Γ,Ad ρ)⊕S2(Γ,Ad ρ) ∼= H1
P (Γ, gAd ρ).
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One is undoubtedly left to notice that, on one hand, the parabolic cohomology
H1

P (Γ, gAd ρ) models the tangent space at a G-equivalence class {ρ} of representa-
tions in a complex character varietyKC, and on the the other, the spacesS2(Γ,Ad ρ)

and S2(Γ,Ad ρ) model, respectively, the tangent and cotangent spaces at a point in
a certain moduli space N of (Γ, G)-principal bundles over H [TZ08] (cf. [Iva88]).

The two previous pictures get connected after one notices it is possible to
associate, in a natural and injective way, an irreducible complex representation
χ : Γ → G to a pair consisting of an irreducible representation ρ : Γ → U , and
an element Φ ∈ S2(Γ,Ad ρ) (see section 4), in such a way that the (Γ, G)-bundles
over H induced by χ and ρ are holomorphically equivalent, although equipped with
nonequivalent singular flat connections.1 We refer to such correspondence as the
Narasimhan-Mehta-Seshadri map. Considering the zero section s0 of the cotangent
bundle T ∗N , induces a canonical splitting

s∗0 (T (T
∗
N )) ∼= T ∗

N ⊕ TN ,

as vector bundles over N . Thus, Shimura’s work on parabolic cohomology [Shi71]
admits a natural geometric interpretation in the previous setup (a fact observed by
Goldman [Gol84] for the group PSL(2,R), scalar cusp forms of higher weight, and
their Eichler periods). The main result of this work is the following theorem.

Theorem 1. With respect to the complex coordinates given by the choice of

an arbitrary basis in S2(Γ,Ad ρ)⊕S2(Γ,Ad ρ), the differential of the Narasimhan-
Mehta-Seshadri map F : T ∗N s → KC at the point {Pρ, 0} ∈ T ∗N s in the image
of the zero section s0 : N s → T ∗N s is given as

(1.3) dF{Pρ,0}(Ψ, ν) = LS (Ψ, ν) ,

where LS is Shimura’s isomorphism.

In other words, theorem 1 states that Shimura’s isomorphism [Shi71] between
complex parabolic cohomology and spaces of g-valued cusp forms of weight 2 with
the representation Ad ρ is essentially the infinitesimal version of the Narasimhan-
Mehta-Seshadri map F : T ∗N s → KC over s0, a fact that illustrates explicitly the
trascendental nature of F . In fact, it is possible to say more: F is a real-analytic
monomorphism, and F ◦ s0 is also a symplectomorphism onto its image, once the
unitary character variety K s is endowed with Goldman’s symplectic form, and the
natural Kähler structure induced from Petersson inner product is considered over
N s.

The contents of this work are organized as follows: section 2 presents the con-
ventions in which the present work is founded; section 3 describes the construction
of the character variety Homt(Γ, G)/G; in section 4, we develop the infinitesimal
deformation theory of (Γ, G)-bundles from a complex analytic perspective. Finally,
a proof of theorem 1 (and some corollaries) is presented in section 5.

I am deeply grateful to the Max Planck Institute for Mathematics in Bonn,
where the present work was developed, for its generosity and stimulating working
atmosphere, and to CIMAT in Mexico, where the manuscript was put in final form.
I would also like to warmly thank Indranil Biswas for pointing out an important
issue in the first version of this manuscript, and the referee for the useful comments
provided.

1A word of caution: χ is not the same than the induced representation considered in the
study of harmonic metrics when G = GL(r,C).



4 MENESES

2. Lie algebra-valued cusp forms of weight 2

Let Γ be a Fuchsian group (i.e. a discrete subgroup of PSL(2,R)) of the first
kind. It is a classical result [Hej83, Leh64] that Γ is finitely generated and admits
an explicit presentation in terms of 2g hyperbolic generatorsA1, . . . , Ag, B1, . . . , Bg,
m elliptic generators S1, . . . , Sm, and n parabolic generators Tm+1, · · · , Tm+n, with
relations

g
∏

i=1

[Ai, Bi] ·
m
∏

j=1

Sj ·
n
∏

k=1

Tm+k = e,

Sc1
1 = · · · = Scm

m = e,

for some integers 2 ≤ cj < ∞. When talking about a Fuchsian group, we will
assume to have fixed once and for all one such marking.

The signature of Γ is the collection of nonnegative integers (g; c1, . . . , cm;n),
j = 1, . . . ,m, subject to the hyperbolicity condition

2g − 2 +
m
∑

i=1

(

1− 1

ci

)

+ n > 0.

The equivalence relation on Fuchsian groups is conjugation in PSL(2,R). Γ ad-
mits a fundamental region F of finite hyperbolic area, bounded by a finite num-
ber of geodesic arcs and vertices determined by the fixed points of the generators
{S1, . . . , Sm, Tm+1, . . . , Tm+n}. We will denote by {e1, · · · , em} ⊂ H the set of el-
liptic fixed points (Si(ei) = ei), and by {p1, · · · , pn} ⊂ R ∪ {∞} the set of cusps
(Tm+i(pi) = pi) in the fundamental region F. We follow Shimura’s convention
[Shi71] on the construction of the compact quotient

S = Γ \H∗

with local elliptic (resp. parabolic) coordinates ζi = ζci ◦ σ−1
i (resp. qi = q ◦

σ−1
i ) where q = e2π

√
−1τ , ζ : H → D is the Cayley mapping, and σ1, . . . , σm+n ∈

PSL(2,R) satisfy

ζ
(

(σ−1
i Siσi)(τ)

)

= e2π
√
−1/ci · ζ(τ), i ≤ m(2.1)

(

σ−1
i Tiσi

)

(τ) = τ ± 1, i > m.(2.2)

2.1. Spaces of g-valued cusp forms. Let ρ : Γ → U be irreducible with
induced complex representation Ad ρ : Γ → Aut g, p, q ∈ {0, 1}, and let us denote
by C p,q

c (Γ,Ad ρ) the space of smooth, g-valued functions onH, compactly supported
within a fundamental region F for Γ, that satisfy

Φ(γτ)γ′(τ)pγ′(τ)q = Ad ρ(γ) · Φ(τ) ∀ τ ∈ H, γ ∈ Γ.

For any Φ1,Φ2 ∈ C p,q
c (Γ,Ad ρ), their Petersson inner product is defined as

(2.3) 〈Φ1,Φ2〉P =

∫∫

F

〈Φ1,Φ2〉 y2p+2q−2dxdy

where τ = x +
√
−1y, and 〈Φ1,Φ2〉 = −K

(

Φ1,Φ2

)

is, pointwise, the Hermitian
inner product in g determined by the Killing form K and the Cartan involution
X 7→ X defined by complex conjugation of the realization g ∼= uC (for u the Lie
algebra of U) [Hel79]. A fundamental property of the Petersson inner product
is its invariance under the induced action of Γ in C p,q

c (Γ,Ad ρ). Let us denote
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by H p,q(Γ,Ad ρ) the completion of C p,q
c (Γ,Ad ρ) to a Hilbert space under the

Petersson inner product. In terms of the Cauchy-Riemann operators

∂̄p,q : H
p,q(Γ,Ad ρ) → H

p,q+1(Γ,Ad ρ),

it is also possible to define the spaces of g-valued cusp forms of weight 2 as

S2(Γ,Ad ρ) = ker ∂̄1,0.

3. Character varieties for simple groups

We recall the construction of the smooth locus of a character variety for a
Fuchsian group Γ and a simple group G. For details, the reader is referred to
[Gol84] and references therein.

Let T ⊂ U be a choice of maximal torus for U ⊂ G, and let t ⊂ u denote its Lie
algebra. Let us fix, for each parabolic and elliptic generator of Γ, an element gi ∈ T .
Each such gi has an induced adjoint orbit in G, Oi = [gi] ⊂ G, i = 1, . . . ,m+n. We
will denote g = {gi}m+n

i=1 . Consider the subset Homg(Γ, G) ⊂ Hom(Γ, G) consisting
of representations χ : Γ → G with χ(Si) ∈ Oi, χ(Ti) ∈ Oi. The smooth locus P in
Homg(Γ, G) is the collection of representations χ : Γ → G satisfying

dimH0(Γ,Adχ) = dim gAdχ = dim gAdG = 0,

which is an open condition. More specifically, Homg(Γ, G) = ψ−1(I), where ψ is
the map

ψ : G2g ×
n+m
∏

i=1

Oi → U,

(M1, N1, . . . ,Mg, Ng, R1, . . . , Rn+m) 7→
g
∏

i=1

[Mi, Ni]

n+m
∏

i=1

Ri,

and the smooth locus is the subset P ⊂ ψ−1(I) of regular points of ψ, consisting
of representations χ for which dimZ(χ) = dimZ(G) = 0. Even though the action
of PG = G/Z(G) on P by conjugation is locally free and generically free, it is not
proper in general. The Zariski open set Hom0

g(Γ, G) in P where G acts freely and
properly is the space of χ whose image in G does not lie in a group of the form
P × Z(G), for P a parabolic subgroup of [G,G] = G. Such a restriction leads to
the construction of the smooth locus

KC = Hom0
g(Γ, G)/PG

of the character variety Homg(Γ, G)/PG. Since G is simple, if nonempty, KC is a
complex-analytic manifold of dimension

2(g − 1) dimCG+

n+m
∑

i=1

dimC Oi,

where dimC Oi = rank(Ad(gi)− I) on g. The infinitesimal deformations of a given
χ ∈ Hom0

g(Γ, G), leaving fixed the conjugacy classes of its elliptic and parabolic

generators, are determined by the space of parabolic 1-cocycles Z1
P (Γ, gAdχ), con-

sisting of maps z : Γ → g satisfying

z(γ1γ2) = z(γ1) + Adχ(γ1) · z(γ2), ∀ γ1, γ2 ∈ Γ

and
z(Si) ∈ (Adχ(Si)− I)g, z(Tj) ∈ (Adχ(Tj)− I)g.
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The infinitesimal deformations tangential to the PG-orbit of χ in Hom0
g(Γ, G) are

precisely the 1-coboundary maps z(γ) = (Adχ(γ) − I)X , X ∈ g, and hence the
tangent space at the equivalence class {χ} ∈ KC is modeled by the first para-
bolic cohomology space H1

P (Γ, gAdχ) (see [Shi71] for details on these spaces; their
dimensions were calculated by Weil [Wei64]).

Remark 1. In general, a representation χ ∈ Hom0
g(Γ, G) need not be irre-

ducible. The collection of equivalence classes of irreducible representations (without
inner automorphisms in PG) forms an open set in KC.

Repeating the previous construction with U instead, we conclude that there
is a real-analytic manifold K s of real dimension dimC KC, consisting of orbits of
irreducible representations ρ : Γ → U with prescribed conjugacy classes of parabolic
and elliptic generators (where PU acts freely and without adjoint invariants in u),
since it readily follows that an irreducible representation ρ : Γ → U cannot have
inner automorphisms in PU . In such case, the possible values of parabolic and
elliptic elements are parametrized by the generalized flag manifolds F i = U/Z (gi),
together with an inclusion K s →֒ KC. In turn, the tangent space at an equivalence
class {ρ} ∈ K s is modeled by the space H1

P (Γ, uAd ρ).

4. Deformation theory of (Γ, G)-principal bundles on H

Given a representation χ : Γ → G, the induced (Γ, G)-bundle on H is the trivial
bundle H×G with χ acting as bundle automorphisms commuting with the right G-
action [BS15, Ses10]. Hence, two (Γ, G)-bundles induced by χ1, χ2 are equivalent
if there exists a holomorphic map f : H → G, satisfying f(γτ) = χ1(γ)f(τ)χ2(γ)

−1

∀γ ∈ Γ, τ ∈ H, and whose limit exists at every cusp.2 In particular, the harmonic
theory implies that a (Γ, G)-bundle induced by χ is isomorphic to at most one in-
duced by a unitary representation ρ : Γ → U , up to conjugation in U . Let {Pρ}
denote the class of (Γ, G)-bundles on H induced by a class of irreducible represen-
tations {ρ} ∈ K s. Our aim is to introduce complex coordinates and a manifold
structure over the set N s = {{Pρ}{ρ}∈K }. The results of the present section are
a generalization of the analysis developed in [TZ08] for stable parabolic bundles
to (Γ, G)-bundles on H, and are, in turn, inspired by the theory of quasiconformal
mappings of Ahlfors-Bers. Thanks to [BS15], the resulting complex manifold corre-
sponds to the moduli space of stable parahoric G-torsors with prescribed parabolic
structure whose automorphism group is equal to Z(G).

On the analytic side, by considering open sets in H invariant under Γ, one can
define the sheaf Pρ on H, of holomorphic G-valued maps which are automorphic
with respect to ρ, and are bounded at the cusps. By the general deformation theory
of Kodaira-Spencer, its infinitesimal deformations are encoded in the cohomology

H1(H,EAd ρ),

where EAd ρ is the sheaf of holomorphic g-valued maps on H which are automorphic
with respect to the composition Ad ρ = Ad ◦ρ and bounded at the cusps. Such co-
homology is naturally isomorphic, by Serre duality, to the dual space S2(Γ,Ad ρ)

∨,
and models the holomorphic cotangent space at {Pρ} (cf. [Men17], where the
proof for the unitary case is sketched in detail; the argument for a general simple

2Observe that, in particular, the conjugacy classes of χ1 and χ2 at every parabolic and elliptic
generator are necessarily the same.
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group G is essentially the same, at least when the parabolic and elliptic weights are
generic, and there is an underlying principal bundle with parabolic structure over
S = Γ \H∗).3

We have pointed out that the space S2(Γ,Ad ρ) of cusp forms of weight 2
corresponds to the kernel of the Cauchy-Riemann operator over the Hilbert space
H 1,0(Γ,Ad ρ). After consideration of duality and the Petersson inner product,
such fact is consistent with the Dolbeaut isomorphism of sheaves

H1(H,EAd ρ) ∼= H0,1

∂̄
(H,EAd ρ).

Moreover, thanks to the Petersson inner product, the previous isomorphism can be
enhanced if one considers the Hodge Laplacian ∆ = ∂̄∗ over H 1,0(Γ,Ad ρ); there
is an additional isomorphism of the previous spaces with the space of harmonic
(0, 1)-forms with values in g, which are Ad ρ-invariant and vanish at the cusps.

Since the family of (Γ, G)-bundles on H that we are considering is parametrized
by the space K s, for every ρ, there is an induced Kodaira-Spencer map

H1
P (Γ, uAd ρ) → H1(H,EAd ρ),

and the former space is, by the classical theorem of Shimura, isomorphic to the space
S2(Γ,Ad ρ). Note that, as stated, Shimura’s isomorphism is a real isomorphism.

The following diagram summarizes and illustrates the role that the cusp forms
of weight 2 and Shimura’s isomorphism play in this dual set-up:

H1
P (Γ, uAd ρ) H1 (H,EAd ρ)

S2 (Γ,Ad ρ)

H0,1

∂̄
(H,EAd ρ)oo

Kodaira-Spencer
//

uu

Shimura

55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧ ��

Čech+Serre

OO

oo
Dolbeaut

//

ii

Hodge+Serre

))❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘

Remark 2. Let R = {α} be the set of roots associated to the abelian Lie
algebra t, and R = R+ ⊔R− a choice of positive and negative roots, which we will
fix once and for all. The choice of positive roots R+ determines the so-called Weyl
alcove, defined as

A (t) = {t ∈ t : 0 ≤ 〈α, t〉 ≤ 1 ∀α ∈ R+}

The Weyl alcove satisfies exp (2πA (t)) = T . Therefore, for each 1 ≤ i ≤ m + n,
there exists an element ti ∈ A (t) in A (t), which will be called a choice of parabolic
and elliptic weights in u, satisfying exp(2πti) = gi.

The generalized flag manifolds F i introduced in section 3 possess an induced
complex structure in terms of the model F i ∼= G/Pi, where Pi ⊂ G is the parabolic

3The geometric interpretation of g-valued cusp forms of weight 2 as global holomorphic
sections of the sheaf E∨

Ad ρ
⊗KS enables the computation of the dimension of the space S2(Γ,Ad ρ)

by means of the Riemann-Roch theorem (cf. [Men17]).
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group with Lie algebra

pi = zg(ti)⊕





⊕

α∈R+

i

gα



 = zg(ti)⊕ ni.

and R+
i ⊂ R+ is the subset of positive roots α for which α(ti) > 0. In turn, the

centralizer zg(ti) coincides with the Lie algebra

tC ⊕





⊕

α∈R0
i

gα





where R0
i ⊂ R is the subset of roots for which α(ti) = 0 and corresponds to the

Levi complement Lie algebra of the unipotent radical Lie algebra ni.
For every choice of parabolic generator Ti, let Ui ∈ G be such that ρ (Ti) =

Ad (Ui) · gi. For the parabolic weight ti, let us define the auxiliary holomorphic
map Fi : H → G as

Fi(τ) = Ui exp
(

2πtiσ
−1
i (τ)

)

which satisfies the automorphic relation

(4.1) Fi (Tiτ) = ρ (Ti)Fi(τ).

For any cusp form Φ ∈ S2(Γ,Ad ρ), the induced map Ad
(

F−1
i

)

·Φ is 〈Ti〉-invariant,
and consequently, there exist a holomorphic Fourier series expansion

(4.2) Ad
(

F−1
i (σi(τ))

)

· Φ(σi(τ))σ′
i(τ) =

∞
∑

k=0

Bi(k)q
k, Bi(k) ∈ g.

It follows that the cusp form condition (1.2) is equivalent to

Bi(0) ∈ ni,

a condition which is seen to be independent of the choice of representative Ui

in the corresponding ZU (gi)-torsor. In fact, similar asymptotic formulas hold in
the neighborhood of every elliptic fixed point, and are relevant in the study of
the explicit deformations of parabolic and elliptic generators within the conjugacy
classes Oi. However, since they are not important in the determination of the cusp
form condition, we will not consider them here.

Lemma 1. Let {ρ} ∈ K s.

(i) For every Φ ∈ S2(Γ,Ad ρ), there is a function fΦ : H → G, holomorphic
and regular at each cusp, solving the differential equation fτf

−1 = Φ, and
satisfying

(4.3) fΦ(γτ) = ρ(γ)fΦ(τ)χ(γ)
−1 ∀ γ ∈ Γ, τ ∈ H,

for an irreducible representation χ ∈ Hom0
g(Γ, G). More specifically, for

every m+ 1 ≤ i ≤ m+ n, let Ui ∈ U and Gi ∈ G satisfy

ρ (Ti) = Ad(Ui) · gi, χ (Ti) = Ad(Gi) · gi.
Then

fΦ(σiτ) = Ui

(

Ad (exp(2πtiτ)) · f i
Φ(σiτ)

)

G−1
i ,
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where f i
Φ(τ) : H → G is holomorphic and 〈Ti〉-invariant, and satisfies

(4.4) lim
τ→τi

f i
Φ(τ) = fi ∈ Pi

The set {fΦ} of all such solutions is a torsor for the right action of G.
(ii) Conversely, given any function f : H → G as above, satisfying (4.3)–(4.4),

the function Φ = fτf
−1 belongs to S2(Γ,Ad ρ), and is obviously invariant

under the right G-action in f .

Proof. The existence of holomorphic solutions fΦ : H → G of the differential
equation fτf

−1 = Φ, regular at the cusps, is standard [MN84]. Because of the
holomorphicity of fΦ and the Ad ρ-automorphicity of Φ, a simple computation
shows that the functions

χ(γ, τ) = fΦ(γτ)
−1ρ(γ)fΦ(τ),

are constant in τ , and satisfy χ(γ1γ2) = χ(γ1)χ(γ2). Hence

fΦ(γτ) = ρ(γ)fΦ(τ)χ(γ)
−1, ∀ γ ∈ Γ, τ ∈ H,

for some χ : Γ → G. Moreover, we have that χ(Si) ∈ Oi and χ(Ti) ∈ Oi, since it
readily follows from the holomorphicity and regularity of fΦ that

χ(Si) = fΦ(ei)
−1ρ(Si)fΦ(ei), χ(Tj) = fΦ(pj)

−1ρ(Tj)fΦ(pj).

Since fΦ is holomorphic and regular at the cusps, it determines an isomorphism of
sheaves Pχ

∼= Pρ, implying the irreducibility of χ. Moreover, the group elements
fi in (4.4) are related to the constant Fourier coefficients Bi(0) ∈ ni in (4.2) as

(4.5) Bi(0) = (I −Ad(fi)) · ti,
and consequently, equation (4.5) is nothing but a reformulation of the cusp form
condition at each cusp pi in terms of the asymptotic behavior of the map fΦ. There-
fore, it follows that fi ∈ Pi. Finally, uniqueness of solutions is granted provided
that a given value f(τ0) is fixed at some τ0 ∈ H, and hence fΦ is defined up to right
multiplication by an element in G.

The converse statement is immediate, in view of the reformulation of the cusp
form condition in (4.5). �

Remark 3. The right G-action on fΦ induces an effective PG = G/Z(G)-
action in χ by conjugation, determining a full class {χ} of equivalent represen-
tations. Each function fΦ induces a holomorphic equivalence of (Γ, G)-principal
bundles which is invariant if ρ (and consequently Φ) is replaced by an equivalent
representation, under conjugation in U . The residual right multiplication of fΦ
by elements in Z(G) corresponds to the holomorphic automorphisms of Pρ. Thus,
lemma 1 determines a correspondence between the elements in S2(Γ,Ad ρ) and the
equivalence classes of irreducible representations {χ} whose induced (Γ, G)-bundles
satisfy Pχ

∼= Pρ.
4

4Note added in proof: A result analogous to lemma 1 first appeared in the work of
Florentino [Flo01] (lemma 2), in connection to the study of the existence problem for the so-
called Schottky uniformizations of vector bundles on Riemann surfaces. Although his result is
described in the case of G = GL(r,C), and purely hyperbolic Fuchsian groups, the principle and

ideas that make it work are essentially the same than the ones presented here. In particular, such
result is used in [Flo01] to characterize the set of all irreducible representations χ : Γ → GL(r,C)
that induce a given equivalence class {E → Σ} of stable vector bundles on a compact Riemann
surface Σ uniformized by Γ (lemma 3).
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Corollary 1. For every pair {Pρ,Φ}, Φ ∈ S2(Γ,Ad ρ) (up to conjugation in
U), there is a unique induced irreducible representation χ : Γ → G as in lemma
2, up to conjugation in G, such that Pχ

∼= Pρ. Conversely, for any holomorphic

map f : H → G satisfying (4.3) and (4.4) for some irreducible χ ∈ Hom0
g(Γ, G),

regular at each cusp, and inducing an isomorphism Pχ
∼= Pρ, it follows that fτf

−1 ∈
S2(Γ,Ad ρ). The map F : T ∗N s → KC, {Pρ,Φ} 7→ {χ} is 1-to-1.

Proof. Each map fΦ is essentially an isomorphism of (Γ, G)-bundles for Pρ

and Pχ. If for {Pρ,Φ}, {Pρ′ ,Φ′}, we have that {χ} = {χ′}, then after conjugation in
G, fΦ′(fΦ)

−1 is a regular G-valued ρ′ ⊗ ρ∨-automorphic function, hence a constant
lying in U . Hence ρ ∼= ρ′, or {ρ} = {ρ′}, which implies that Φ = Φ′ up to
conjugation in U , or {Φ} = {Φ′}. �

Let N s be the set of equivalence classes of (Γ, G)-bundles on H of the form Pρ,
for {ρ} ∈ K s. We wish to turn N s into a complex manifold, in such a way that
the holomorphic tangent space at a point {Pρ} ∈ N s is modeled by the spaces

S2(Γ,Ad ρ) ∼= S2(Γ,Ad ρ)
∨, for any representative ρ (observe that such spaces

are isomorphic under conjugation). In order to introduce complex coordinates in
N s, we need to provide a method of construction of local deformations of Cauchy-
Riemann operators. The fundamental result providing a complex-analytic descrip-
tion of the deformation theory of (Γ, G)-bundles is the following (cf. [MN84]).

Lemma 2. Let ρ : Γ → U be an irreducible representation in K s. For every

ν ∈ S2(Γ,Ad ρ) and ǫ ∈ C sufficiently close to 0, there is a function f ǫν : H → G
solving the differential equation f−1fτ̄ = ǫν, satisfying

(4.6) f ǫν(γτ) = ρǫν(γ)f ǫν(τ)ρ(γ)−1

for some irreducible representation ρǫν : Γ → U in K s, real-analytic and regular
at each cusp.The set {f ǫν} of such solutions is a torsor for the left action of U .
moreover, the conjugacy classes of parabolic and elliptic elements are preserved.

Proof. This is essentially the same argument as in [TZ08], p.124: existence
of antiholomorphic solutions f : H → G, regular at the cusps follows from lemma 1;
then the equation f−1fτ̄ = ǫν admits an antiholomorphic solution f−, depending
holomorphically in ǫ. Consider any such f−, and for any γ ∈ Γ, consider the
function χγ(τ ) =

(

f−1
− ◦ γ

)

ρ(γ)f−. Since ν is Ad ρ-automorphic,

∂

∂τ
χγ(τ ) = ǫ

(

f−1
− ◦ γ

)

ρ(γ)νf− − ǫ
(

f−1
− ◦ γ

)

(ν ◦ γ)γ′ρ(γ)f− ≡ 0.

Since χγ is antiholomorphic, it must be equal to a constant χ(γ), and clearly
χ(γ1γ2) = χ(γ1)χ(γ2). The function f− satisfies the functional equation f− ◦
γ = χ(γ)f−ρ(γ)−1 ∀γ ∈ Γ, τ ∈ H, for some representation χ : Γ → G, defined
up to conjugation. Following the main result in [BS15], and by the openness of
stability, for sufficiently small ǫ, the monodromy representation associated to f−
defines a (Γ, G)-bundle on H which is equivalent to an irreducible unitary one, and
consequently, there exists a holomorphic map f+ : H → G, regular at each cusp,
such that

f+f− = f ǫν : H → G

is a solution of (4.6), depending real-analytically in τ and ǫ, and satisfying f ǫν(γτ) =
ρǫν(γ)f ǫν(τ)ρ(γ)−1 for all γ ∈ Γ, with ρǫν : Γ → U irreducible. Clearly, such f ǫν is
defined up to left multiplication by an element in U .
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Finally, as in the proof of lemma 1, the regularity of f ǫν at the cusps and elliptic
fixed points implies that the conjugacy classes of such group elements are preserved
under deformations. This concludes the proof. �

Remark 4. Observe that the collection of solutions {f ǫν} in lemma 2 is a torsor
for PU , and is thus an invariant of the classes {ρ}, {ρǫν}. Such solutions define
a map of (Γ, G)-bundles, and by pull-back, allow to express the Cauchy-Riemann
operator of Pρǫν over Pρ as

(f ǫν)−1 ◦ ∂̄ ◦ f ǫν = ∂̄ + ǫν.

This is our set of complex coordinates in N s, analogous to Bers’ coordinates on
Teichmüller spaces. It can be verified [TZ08] that such coordinates transform
holomorphically, and thus turn N s into a complex manifold. Its complex dimen-
sion, which depends on the fixed set of group elements g = {gi}m+n

i=1 , is equal to

(g − 1) dimU +
∑m+n

i=1 dimC F i.

Corollary 2. Complex coordinates, analogous to the Bers’ coordinates on
Teichmüller spaces, can be introduced in N s. Given f ǫν as in lemma 2, the holo-
morphic structure corresponding to ρǫν is realized in the Γ-vector bundle over H

associated to the sheaf EAd ρ, by means of the ∂̄-operator (Ad f ǫν)
−1 ◦ ∂̄ ◦Ad f ǫν.

Lemma 3. Let ν ∈ S2(Γ,Ad ρ) and ǫ ∈ C sufficiently small. Then

(4.7)
∂

∂ε

(

(f εν)−1f εν
)

∣

∣

∣

∣

ε=0

=
∂

∂ε̄

(

(f εν)−1f εν
)

∣

∣

∣

∣

ε=0

= 0

where g 7→ g is the involution in G having U as its set of fixed points.

Proof. Since f ǫν is defined as a product of a holomorphic and an antiholo-
morphic function, it readily follows that the functions

∂

∂ε

(

(f εν)−1f εν
)

∣

∣

∣

∣

ε=0

,
∂

∂ε̄

(

(f εν)−1f εν
)

∣

∣

∣

∣

ε=0

,

are harmonic, and correspond to harmonic sections of the sheaf EAd ρ, thus equal
to an element in the center of g, which is necessarily zero since G is simple. �

Our previous construction determines a tautological real-analytic isomorphism
N s ∼= K s, and consequently, a real-analytic inclusion N s →֒ KC. As we will
see, the complex-analytic mechanism that we have implemented to deform a given
(Γ, G)-principal bundle Pρ can be used to extend the previous isomorphism to a
real-analytic monomorphism F : T ∗N s →֒ KC. However, the map F that we
will construct does not correspond, in general, to the monodromy of (restricted)
stable pairs [Hit87a, Hit87b]. The simplicity of the construction of the extension
of F that we will provide is an indicator of its naturality: the fibers over a given
{Pρ} ∈ N s are put in 1-to-1 correspondence with the classes of representations
{χ} ∈ KC inducing an equivalent (Γ, G)-bundle over H.

Let us consider the holomorphic cotangent bundle T ∗N s, whose points would
be denoted as {Pρ,Φ}. It follows that the tangent space at a point {Pρ, 0} ∈ T ∗N
in the zero section is isomorphic to the direct sum

H1 (H,EAd ρ)
∨ ⊕H1 (H,EAd ρ) ∼= S2(Γ,Ad ρ)⊕S2(Γ,Ad ρ).

In the next section, we will show that the differential of the map F is indeed
a bijection at any point.
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5. Shimura’s isomorphism

Definition 1. An Eichler integral of weight 0 with the representation Ad ρ,
for ρ : Γ → U , is a holomorphic function E : H → g satisfying

E (γτ) = Ad ρ(γ) · E (τ) + z(γ), γ ∈ Γ, τ ∈ H,

where z : Γ → g is an element in Z1
P (Γ, gAd ρ), and moreover, such that E ′ is a

g-valued automorphic form of weight 2 for Ad ρ, which is meromorphic at each
parabolic fixed point of Γ.

It follows that for every cusp form Φ of weight 2 with a representation Ad ρ,
any choice EΦ of antiderivative of it is an Eichler integral of weight 0,

EΦ(γτ) = Ad ρ(γ) · EΦ(τ) + zΦ(γ), γ ∈ Γ, τ ∈ H.

Since zΦ : Γ → g is a g-vaued parabolic 1-cocycle with the representation Ad ρ,
then, in particular, Re(zΦ) ∈ Z1

P (Γ, uAd ρ). It can be verified that, if a different
choice of antiderivative for Φ is made, the difference between the corresponding
u-valued 1-cocycles is in fact a coboundary. Therefore, it is possible to associate a
well-defined cohomology class in H1

P (Γ, uAd ρ) to every cusp form of weight 2 with
the representation Ad ρ. Shimura’s isomorphism [Shi71] is the statement of the
fact that the previous map is an isomorphism, that is,

S2(Γ,Ad ρ) ∼= H1
P (Γ, uAd ρ),

where the isomorphism is given explicitly by

LS(Φ) = the cohomology class of Re(zΦ).

Shimura’s isomorphism is an isomorphism of real vector spaces. Since g ∼= uC
implies the canonical identification H1

P (Γ, gAd ρ) ∼= H1
P (Γ, uAd ρ)C, and recalling

that for a complex vector space V , (VR)C ∼= V ⊕ V , it is also possible to formulate
Shimura’s isomorphism as an isomorphism of complex vector spaces, in the form

S2(Γ,Ad ρ)⊕S2(Γ,Ad ρ) ∼= H1
P (Γ, gAd ρ).

For fixed Φ ∈ S2(Γ,Ad ρ) and ν ∈ S2(Γ,Ad ρ), let us denote

ḟ+ =
∂fǫΦ
∂ǫ

∣

∣

∣

∣

ǫ=0

, ḟ− =
∂f ǫν

∂ǭ

∣

∣

∣

∣

ǫ=0

.

Lemma 4. For any Φ ∈ S2(Γ,Ad ρ), ν ∈ S2(Γ,Ad ρ) and ǫ ∈ C sufficiently

small, the functions ḟ+ and ḟ− are Eichler integrals of weight 0, satisfying

(5.1) (ḟ+)
′ = Φ, (ḟ−)′ = ν.

Proof. That ḟ+ is an antiderivative of Φ is automatic from (4.3) and the

holomorphicity of fǫΦ. The argument for ḟ− is only slightly more elaborate: first
of all, it follows from (4.6) that (ḟ−)τ̄ = 0, so ḟ− is holomorphic. Now, it follows
from lemma 3 that

∂f ǫν

∂ǫ

∣

∣

∣

∣

ǫ=0

=
∂f ǫν

∂ǭ

∣

∣

∣

∣

ǫ=0

but the left-hand side is an antiderivative for ν as a consequence of (4.6), and the
claim follows. �
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Proof of theorem 1. We have seen in section 4 that the tangent space at any
point {Pρ, 0} ∈ T ∗N s is modeled by the space S2(Γ,Ad ρ)⊕S2(Γ,Ad ρ). In turn,
the tangent space at {ρ} = F ({Pρ, 0}) ∈ KC is H1

P (Γ, gAd ρ).

The isomorphism (VR)C ∼= V ⊕ V is determined by the
√
−1 and −

√
−1-

eigenspaces of the map (v, w) 7→ (−w, v), v, w ∈ V , which are complex subspaces of
(VR)C spanned, respectively, by elements of the form (v,−

√
−1v) and (v,

√
−1v).

Under this identification, the isomorphism

LS : S2(Γ,Ad ρ)⊕S2(Γ,Ad ρ) → H1
P (Γ, gAd ρ)

is given explicitly as

(5.2) LS(Ψ, ν) = [zΨ + zν ],

where [·] denotes the cohomology class of an element in Z1(Γ, gAd ρ).
Choose an arbitrary representative ρ in its equivalence class, and let ǫ be suffi-

ciently small, and χǫΨ (resp. {ρǫν}) the associated irreducible representation in KC

(resp. K s). Then, the maps {ǫΨ} 7→ {χǫΨ}, {ǫν} 7→ {ρǫν} defined in corollaries 1
and 2 yield

dF{Pρ,0}(Ψ) = − ∂

∂ǫ
(χǫΨ)

∣

∣

∣

∣

ǫ=0

ρ−1, dF{Pρ,0}(ν) =
∂

∂ǫ
(ρǫν)

∣

∣

∣

∣

ǫ=0

ρ−1,

as g-valued parabolic 1-cocycles. On the other hand, lemma 4 states that ḟ+ is an

Eichler integral of weight 0 with the representation Ad ρ, satisfying (ḟ+)
′ = Ψ. Its

associated parabolic 1-cocycle is seen to be

z+(γ) = − ∂

∂ǫ
(χǫΨ(γ))

∣

∣

∣

∣

ǫ=0

ρ(γ)−1.

In turn, ḟ− is also an Eichler integral of weight 0, satisfying (ḟ−)′ = ν. From (4.6)
and (4.7), its associated parabolic 1-cocycle is

z−(γ) =
∂

∂ǭ
(ρǫν(γ))

∣

∣

∣

∣

ǫ=0

ρ(γ)−1 =
∂

∂ǫ
(ρǫν(γ))

∣

∣

∣

∣

ǫ=0

ρ(γ)−1,

where the last equality follows from the algebraic identity ρǫν = ρǫν by direct
computation.

Finally, since the conjugation of ρ induces a trivial change in the parabolic
1-cocycles, leaving their cohomology class fixed, we conclude

dF{Pρ,0}(Ψ, 0) = LS(Ψ, 0), dF{Pρ,0}(0, ν) = LS(0, ν),

which completes the proof. �

In particular, theorem 1 ensures that the restriction of F to the image of s0 is
a real-analytic diffeomorphism onto K s. Let π : T ∗N s → N s be the cotangent
bundle projection. In general, the vertical subbundle V → T ∗N s of T (T ∗N s),
defined as ker (dπ), is canonically isomorphic to π∗ (T ∗N s), and there is an induced
exact sequence of vector bundles over T ∗N s,

0 → π∗ (T ∗
N

s) → T (T ∗
N

s) → π∗ (TN
s) → 0,

even though for an arbitrary Φ ∈ S2(Γ,Ad ρ), there is no canonical splitting of
T{Pρ,Φ} (T

∗N s), and consequently no natural generalization of the result in the
complement of s0 on T ∗N s. Nevertheless, it readily follows that, indeed, the
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differential of F is a bijection over any point {Pρ,Φ} ∈ T ∗N s. To see this,
consider the map pr : F (T ∗N s) ⊂ KC → K s, defined by requiring

FU ◦ π = pr ◦ F ,

where FU = F ◦ s0 : N s → K s. We know that dFU is an isomorphism at any
point in N s, and consequently, d (FU ◦ π) is surjective at any {Pρ,Φ} ∈ T ∗N s,
and therefore, the same is true for d (pr ◦ F ). From this, it follows that the kernel
of dF at a point {Pρ,Φ} ∈ T ∗N s must be a subspace of V{Pρ,Φ} = ker

(

dπ{Pρ,Φ}
)

.
On the other hand, the isomorphism V ∼= π∗ (T ∗N s) implies that dF |V is given
at any point {Pρ,Φ} simply as

Ψ 7→ LS(Ψ, 0).

Hence dF |V{Pρ,Φ}
has maximal rank, and we have concluded the following corollary.

Corollary 3. The map

F : T ∗
N

s → KC,

is a real-analytic monomorphism. Its restriction to the zero section is in corre-
spondence with the inclusion ι : K s →֒ KC. The image F (T ∗N s) = K s

C
is the

Zariski open set in KC of equivalence classes of χ whose associated (Γ, G)-bundle is
isomorphic to an irreducible unitary one, without nontrivial automorphisms. There
is a foliation of K s

C
, parametrized by K s, whose leaves are given by the images of

each T ∗
{Pρ}N

s ∼= S2(Γ,Ad ρ) under F .

Remark 5. Altogether, the real isomorphisms S2(Γ,Ad ρ) ∼= H1
P (Γ, uAd ρ)

turn the smooth locus of the real character variety K into an almost complex
manifold. Theorem 1, restricted to N s, shows indirectly that this almost com-
plex structure on K s would be integrable (in the same spirit of [NS64]), thus
determining a complex structure over K s.

Remark 6. The Petersson inner product in each S2(Γ,Ad ρ) induces a Kähler
stucture in N s, which in terms of holomorphic normal coordinates, is given as

Ω

(

∂

∂ǫ(ν1)
,

∂

∂ǫ(ν2)

)

=

√
−1

2
〈ν1, ν2〉P .

Its imaginary part is a closed, real 2-form defining a symplectic structure in N s.
Since cup product in parabolic cohomology corresponds to wedge product (de-

fined in terms of the Killing form) in the space of cohomology classes of Ad ρ-
automorphic 1-forms on H with values in u and compactly supported within a
fundamental region of Γ, a space in turn isomorphic to H1(H,EAd ρ) (cf. [NS64],
Proposition 4.4), Shimura’s isomorphism is an isomorphism of symplectic vector
spaces, for the symplectic form on H1

P (Γ, uAd ρ) given as

H1
P (Γ, uAd ρ)×H1

P (Γ, uAd ρ) → H2(Γ,R) ∼= R,

(u1, u2) 7→ (u1 ⌣ u2)(γ1, γ2) = −K (u1(γ1),Ad ρ(γ1)u2(γ2)) .

The latter defines Goldman’s symplectic structure in K s [Gol84]. Thus, the map
FU is also a symplectomorphism between N s and K s.
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