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Abstract

We show that there is no Diophantine quadruple, that is, a set
of four positive integers {a1, as, as,as} such that a;a; + 1 is a square
for all 1 <1 < j <4, consisting of Fibonacci numbers.

1 Introduction

A set of m positive integers {ai,...,a,} is called a Diophantine m-tuple
if a;a; + 1 is a perfect square for all 4, j with 1 <7 < 7 < m. In the
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century after Fermat gave the first example {1,3, 8,120} of an Diophantine
quadruple, Euler found that any Diophantine pair {A, B} can be extended
to a Diophantine triple {4, B, C} with C = A+ B+2r, where r = \/AB + 1,
and further to a Diophantine quadruple {A, B,C, D}, where D = 4r(A +
r)(B + r). A Diophantine triple of the form {A, B, A+ B + 2r} with r =
VAB + 1 is called regular.

The set {1,3,8} of the first three elements in Fermat’s quadruple has
been showed to be uniquely extended to a Diophantine quadruple, namely
{1,3,8,120}, by Baker and Davenport (see [3]). This result has been gener-
alized to several directions. For example, if {k—1,k+1, 4k, D} is a Diophan-
tine quadruple with & > 2 an integer, then D = 16k® — 4k (see [11, Theorem
1]), and if {For, Fopyo, Forra, D} is a Diophantine quadruple with k a posi-
tive integer and Fj the kth Fibonacci number, then D = 4F5; 11 FopioFopis
(see [12, Theorem 1]). In fact, these results have been further generalized
to results concerning extensions of the Diophantine pairs {k — 1,k + 1} (see
[5, Theorem 1], [15, Theorem 1]) and {Fy, Foryo} (see [14, Theorem 1.7])
to Diophantine quadruples.

The largest elements in all the quadruples mentioned above are of the

form

D=A+B+C+2ABC +2/(AB+ 1)(AC + 1)(BC +1).

Such a Diophantine quadruple is called reqular. It is conjectured that any
Diophantine quadruple is regular (see [2], [18]). Although this conjecture
has not been settled yet, the weaker conjecture stating that there is no
Diophantine quintuple has recently been proved by He, Toghé and Ziegler
(see [20]).

Our interest in this paper is in how large Diophantine m-tuples of Fi-
bonacci numbers can be. In this direction, He, Togbé and the second author
proved the following.

Theorem 1.1. ([19, Theorem 1|) Assume that n and k are positive integers
and { Fop, Fonyio, Fi.} is a Diophantine triple. Then k = 2n+4 or k = 2n—2
(when n > 1) except when n = 2, in which case k =1 is also possible.

They also conjectured the following in [19].

Conjecture 1.2. There are no four positive integers a, b, ¢, d such that
{F., Fy, F., Fy} is a Diophantine quadruple.

In our recent work [16], we did not quite prove Conjecture 1.2 above,
but got close to it by proving the following result.
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Theorem 1.3. There are only finitely many Diophantine quadruples con-

sisting of Fibonacci numbers.

The method of proof from [16] uses the Subspace theorem so it is not ef-
fective. Here, we use a different strategy and we solve completely Conjecture
1.2.

Theorem 1.4. There is no Diophantine quadruple consisting of Fibonacci
numbers.

This paper is organized as follows. In Section 2, we give a restriction for
regular Diophantine triples of Fibonacci numbers, and show that there is
no regular Diophantine quadruple of Fibonacci numbers by using Theorem
1.1 and by finding integral points on certain quartic elliptic curves. Section
3 is devoted to showing that there is no irregular Diophantine quadruple
of Fibonacci numbers. The proof of this result goes along a similar line
to the proof of [19, Theorem 1] for part of the way. To be more precise,
let {F,, I}, F., Fy} be an irregular Diophantine quadruple with a < b <
¢ < d. Firstly, we give an upper bound for the index m of the sequence
{vm }m>0 expressing the solutions z to certain simultaneous Pellian equations
involving F,, F,, F. as coefficients, in terms of b (see Proposition 3.3) by
using Baker’s method on linear forms in three logarithms (see Theorem 3.2).
Secondly, we use Baker’s method on linear forms in two logarithms (see
Theorem 3.5) to give an upper bound for a in terms of m (see Proposition
3.6). In the proof of [19, Theorem 1] a similar procedure to the above gave
an upper bound for b in terms of the index of some recurrence sequence, and
hence an absolute upper bound for b. In contrast, by the end of this step, we
do not yet obtain an absolute upper bound for b. Therefore, as a third step,
we apply yet again of Baker’s theory on linear forms in two logarithms. At
the end of this step we are able to get absolute upper bounds for b and m
(see Proposition 3.8). Finally, using continued fraction expansions “twice”,
we obtain a much smaller upper bound for b, namely b < 540. Together
with ¢ < 4b 4 10 which follows from [10, Theorem 1.4], we are in a range
where we can perform the actual computations and prove that the quadruple
{F,, F, F., F;} cannot be irregular.

2 Regular Diophantine triples and quadru-
ples

The goal in this section is to prove the following propositions.
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Recall that a Diophantine triple {A, B,C} with A < B < (' is called
reqular if C = A+ B + 24/ AB + 1. In this section, we prove the following

results.

Proposition 2.1. Assume that {F,, Fy, F.} is a reqular Diophantine triple
witha <b<c. Thenb=a+2 and c = a+ 4.

Proposition 2.2. There does not exist a reqular Diophantine quadruple of

Fibonacct numbers.

Before beginning to prove the propositions, we recall some proprieties of
the Fibonacci numbers. Let (o, ) = ((1 +v/5)/2, (1 — v/5)/2) be the two

roots of the characteristic equation of the Fibonacci sequence 22 —x—1 = 0.
Then the Binet formula for F,, is

O{n—ﬁn

(2.1) Fo= =05

The Binet formula allows us perform various calculations in algebraic ex-

forall n>0.

pressions involving Fibonacci numbers. It also allows us to estimate the size
of F,, via the inequality

(2.2) Q"2 < F, <a™! valid for all n > 1.

The Fibonacci sequence has a Lucas companion {L,},>0 given by Ly =
2, Ly=1and L, =L,1+ L, for all n > 0. Its Binet formula is

(2.3) L,=a"+p" forall n>0.

There are many formulas involving Fibonacci and Lucas numbers. One

which is useful to us is
(2.4) L2 —5F? =4(—1)" forall n>0.
The following easy result is also useful.

Lemma 2.3. Ifn > 2 and F,F, .o+ 1 or F,F,14+1 is a square, then n s

even.

Proof. If n is odd, then F,F, o —1 = F?, and F,F,q — 1 = F2,,. If
additionally one of F,,F,.o + 1 or F,F,.4 + 1 is also a square, then we
would get two squares which differ by 2, a contradiction. O]

In order to prove Proposition 2.1, we need the following lemma in addi-
tion to Theorem 1.1.
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Lemma 2.4. Let k € {1,3}. If F,F,+x+1 is a square for a positive integer
n, then k=1 and n = 4.

Proof. Using formulas (2.1) and (2.3), we get

1 1
FoFy+1= g(an — B (™R — gty 41 = = (Longr — (=1)"Ly +5) .

Thus, if (n, k) satisfy F,,F,,,x+1 = 2 for a positive integer z, then Ly, =
52% + ((—1)"Ly — 5). Inserting this into formula (2.4) (with n replaced by
2n + k) and setting y := Fy, 11, we get

(2.5)

5y? = L2, —4(—1)% = 2527410 ((—1)" Ly, — 5) 2>+ ((—=1)" Ly, — 5)>—4(—1)".

Assume first that & = 1. If n is even, then the above equation (2.5) re-
duces to y? = bzt — 822 + 4. It is easy to find from the Magma func-
tion “IntegralQuarticPoints” (cf. [6]) that all the positive integer solu-
tions to the above Diophantine equation are (z,y) = (1,1), (4,34). Since
y = Fy,01 = 1 implies n = 0 which is not convenient, it follows that
y = Fopp1 = 34, so n = 4. If n is odd, then equation (2.5) reduces to
y* = bx' — 1222 + 8, which has only the positive solution (z,y) = (1,1).
This implies n = 0, which again is not convenient for us.

Assume next that k& = 3. Then the equation (2.5) is one of 5y* = 25z —
2022 + 8, or 5y? = 252* — 8022 4 68, depending on whether n is even or odd,
respectively. However, these equations are impossible modulo 5, so there are

no solutions in this case. O
The following lemma is useful in the proof of Proposition 2.2.
Lemma 2.5. If F,,+ 1 is a square for a positive integer n, thenn € {4,6}.

Proof. Let F, +1 = 2? for a positive integer z. Inserting F,, = 22 — 1 into
formula (2.4) and setting y := L, we get

(2.6) y? =52 +4(—1)" = 52* — 1027 + (5 £ 4).

Magma shows that the Diophantine equation (2.6) has only the positive
solutions (z,y) = (1,2), (2,7), (3,18) when the sign is plus, and has no
solutions when the sign is minus. Since n is positive, this means that F,, =
3, 8 corresponding to n = 4, 6. ]

Remark. The result of Lemma 2.5 is certainly now new. It can be deduced,
for example, from the main result of [7]. We included a short proof of it here

for the convenience of the reader.
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Proof of Proposition 2.1. Since F, = F, + F, + 2¢/F,F}, + 1, one has F, <
F. < 4F, < Fyy4. Thus, ¢ = b+ k with k € {1,2,3}. Since FyF. + 1 is a
square, if k # 2, then Lemma 2.4 shows that £k = 1 and b = 4; that is,
F, = 3 and F. = 5. However, neither of A € {1,2} satisfies the property
that {4, 3,5} is a Diophantine triple. Hence, we must have £ = 2. In this
case, since b > 2, Lemma 2.3 shows that b is even. Now Theorem 1.1 shows
that a = b — 2, except if b = 4 for which a = 1 is also possible. At any rate,
this completes the proof of Proposition 2.1. n

Proof of Proposition 2.2. Assume that {F,, [}, F.., F} is a regular Diophan-
tine quadruple with a < b < ¢ < d. By Lemma 2.5, we may assume that
F, > 2; that is, a > 3. It follows from Theorem 1.1 and Lemma and 2.4
that b>a+4>7and c>b+4 > 11. Since

F.AF,Fy+ 1) < Fy < AF,(F,F, + 1),

onehasd>a+b+c—2>19 and

4 1 1\! 1 1 5 0w
) () ((-2) (-3) + 3)
d—a—b—c 4 1 1 - 1 1 —a—b
< <g 1+a20 l_ﬁ 1+ﬁ 1+ﬁ +50[ s

which implies that 0.76 < a9=%~%=¢ < 0.88. However, since a~! < 0.62, such
inequalities cannot hold for any integers a, b, ¢, d. This completes the proof

of Proposition 2.2. O

3 Irregular Diophantine quadruples

Assume that {F,, Fy, F..} is an irregular Diophantine triple and that { F,,, F}, F., Fy}
is an irregular Diophantine quadruple with a < b < ¢ < d. Lemma 2.5 al-

lows us to assume that a > 3. By [9, Lemma 3.4] one has F; > 4000, which
implies b > 19, and by [21, Lemma 4], one gets that F, > 4F, F, + F, + F},
which yields F. > F,9F, so ¢ > a + b+ 1. Furthermore, [17, Theorem

1.4] shows that F, < 200F} < Fi3Fy,_o < Fyy111, which yields ¢ < 4b + 10.
Finally, we assume for technical reasons that b > a + 5 until the final step

of the proof. To sum up, we assume the following:

a>3, b>max{a+5,19}, a+b+1<c<4b+ 10.
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Let A:=F, B:=F, C :=F, D := Fy and let r, s, t, x, y, z be the

positive integers satisfying
AB+1=7r% AC+1=s* BC+1=t
AD+1=2* BD+1=y4y* CD+1=2°

Eliminating D from the last three equations, one has the following system

of Pellian equations:

(3.1) A - Cr*=A-C,
(3.2) Bz* -~ Cy*=B - C.

By the standard method (see, e.g., [13]), one can write z = v,, = w,, where
{vm}m>0 and {wy, },>0 are the binary recurrences defined by

v = 29, U1 =520+ Cxg, Upmio=25U511 — U, for all m >0,

wy =21, wy =tz +Cy;, Wyio =2tw,1 — Wy, for all n >0,

where (29, zo) and (z1, y1) are some some integer solutions to (3.1) and (3.2),
respectively. Thus, it suffices to solve the following system of equations:

(3.3) Uy = W,

(3.4) m___ —D=F,

Consider first equation (3.3). In view of [17, Theorem 1.3] and [10, Lemma
2.3], one may assume that either

(20, To,21,¥1) = (£1,1,£1,1) with both m and n even,

or
(20, To, 21,y1) = (£t, 7, £s,7)  with both m and n odd,

where in either case we have zpz; > 0. Moreover, since

vy = (8A2C* + 8AC + 1)z + 4(2AC + 1)Csy,
Wy = <2BC + 1)21 + QOtyl,

it follows that if (29, zo, 21,91) = (£1,1,£1,1), then vy > 8C? > w,. Fur-
thermore, from [10, Lemmas 2.5, 2.6], it follows that

min{m,n} >4

in all cases.
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Secondly, consider equation (3.4). Equation (3.4) can be expressed as

{(mo\/_ + 20V A)(s + VACY™ + (20V/C — 20V/C)2(s + VAC) 2™ — 2(C — A)}

4AC’
ad _ ﬁd
3.5 —
(3.5) 7
Define now the linear form A in logarithms by
A 2
A :=2mlog(s + VAC) — dlog o + log V(20v/C + 20V A) :
4AC
Lemma 3.1. 0 < A < 8.1AC(t + VAC)™?
Proof. Putting
1
P = 4Ac(x0\/_+zo\/_) (s +VAC)*™, and Q@ := %ad,
one can transform equation (3.5) into the equation
C-A2,,_C-A (= 1)d 1
Prfepest ~ a0 =95 9
Since C' > 4AB + A+ B, (¢, |20]) € {(1,1),(r,t)} and m > 4, one has
P_Q> 2B (20VC — 29V/A)? 1 1  AB+1 1

— > — — — >0,
C4AC(t+VAC)m  \Bad T C A(4AC)™  \/5ad
which together with zo < r and C' > 4AB > 4 -3 - 4000 shows that

P-Q C—-A_,
P<2ACP

<
<s(1+75) (142
It follows that

0 < log (g) = —log (1 _ P Q) < LOL(P = Q) < 8.1AB(s + VAC)™

2(220V/C)? H2OVOS L JAC)

0< - A

) AB(s + VAC)™®™ < 0.01.

P P
U

Let

o =5+ \/E, Qg =, Q3= \/g(xg\/@—i— ZO\/Z)Q.
4AC
Our immediate goal is to prove that oy, as, as are multiplicatively indepen-
dent. We write AC' = gX? for some squarefree integer g and some integer
X and distinguish the following cases:



There are no Diophantine quadruples of Fibonacci numbers 9

(i) g = 1. In this case, X* +1 = AC 4+ 1 = s?, a contradiction since no

two squares of positive integers are consecutive.

(i) g = 5. In this case, 5X*+1 = AC+1 = s Thus, (25)*—5(2X)* =4. It
is known that all the positive integer solutions (U, V') of the equation
V2 — 5U% = +4 are of the form (U,V) = (F}, L) for some positive
integer k. We thus get that 2X = F} for some positive integer k.
Hence, 5F? = 4 -5X? = 4F,F,. Clearly, k < ¢, for if k > ¢, then
S5F7 > 5F% > 4AF,F,. This shows that every prime factor p of F, is
either 5 (so, it divides Fj), or it divides Fj. However, more than 100
years ago Carmichael [8] (see also [4] for a more general result) proved
that any Fibonacci number F, with n > 12 has a primitive prime
factor, that is a prime factor p which does not divide F;,, for any m < n.
Since from what we have said above F,. does not have primitive divisors
although ¢ > 23, we get a contradiction with Carmichael’s theorem.
Thus, this case is not possible.

Hence, g ¢ {1,5}. Note next that of € L := Q(,/g). Further, computing

the norm of a2 from L to Q, we get

5%(x3C — 25 At 5*(C — A)!
(@AC)  (4A0)

Nyjg(a3) =

Since C' = F, and ¢ > 23, it follows, again by Carmichael’s theorem, that
C has a primitive prime factor p. This prime factor divides neither A = F,
nor 5 = F5. Thus, Ny g(a3) is a rational number whose denominator (in
reduced form) is a multiple of p. Thus, a3 is not an algebraic integer.

We are now ready to prove that oy, as, as are multiplicatively indepen-
dent. Assume, by contradiction, that they are not. Then there exist integers
x,y, 2 not all 0 such that

(3.6) ajadal = 1.

If z # 0, then we may assume that z > 0, and write o = a; “ay . Since o
and ay are units (that is, ; and o ! are algebraic integers for both i = 1,2),
it would follow that o is an algebraic integer. Since z > 0, we get that as
is an algebraic integer, which is false. Thus, in (3.6), we must have z = 0.
Thus, of = o, ?. However, of € L, while a,? € K := Q(v/5). Since g # 5,
it follows that KNL = Q. Thus, of = a,? € Q, showing that = = y = 0.
This is a contradiction because in multiplicative dependence relation (3.6)
we cannot have all exponents z, y, z equal to zero.
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Thus, indeed a7, s, a3 are multiplicatively independent.
Therefore, we can appeal to the following theorem due to Aleksentsev to
obtain a lower bound for A.

Theorem 3.2. (cf. [1, Theorems 1 and 2]) Let A be a linear form in loga-
rithms of nonzero multiplicatively independent totally real algebraic numbers
ay, ..., an with nonzero integer coefficients by, ..., by. Let h(a;) denote the
absolute logarithmic height of o; for 1 < 57 < N, and D the degree of the
number field Q(ay, ..., ay). Then,

log |A] > —5.3¢ NY2(N+1)(N48)*(N+45)(31.44)N D? A, Ay As(log E) log(3N D),
where

. : _ il , bl
A; = max{Dh(a;),|loga;|,1} for 1<j< N and E:= max{lg}?%v{z + A 30

J

We apply Theorem 3.2 with N :=3, D =4, by :=2m, by := —d, b3 :=
1. One has

Ay =2loga; =2log(s + VAC)

(3.7)
> (a+ c)loga + log (il (1 - L) (1 - i)) > (a+c—1)loga
5 ae a2¢ ’
(3.8)
Ay =2loga.

Put v := as/+/5. Since 7 is a root of the equation
16A2C*X? — 8AC(Cxf + A25) X + (C — A)* =0,
the leading coefficient ay of the minimal polynomial of v satisfies

202
loAc 5 <ag < 16A%C2.

(3.9) C—ar

If (xo,20) = (1,%1), then

le(
4

<
0<7=""c

Ly
VA VO ’
which together with (3.9) shows that

log(4A) < h(y) < log(4AC).
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Since h(y) — h(v/5) < h(as) < h(y) 4+ h(v/5), and

4 1
4log(4A) — 2log 5 > 4alog o + 4log (5 (1— 5 ))
aa

> (4a — 4) log «;

4 1 1
4log(4AC)+210g5§4(a+c)logoz+4log(% (1+ 5 ) (1—1— 2))
st o

< (4a + 4c + 6) log v,
one obtains that
(3.10) (4da — 4)loga < Az < (4a + 4c + 6) log a.

If (zg, 20) = (r, —t), then

1 c-A __ 1 __
C4AC O HtVA T 8ALVA T

Hence, one also obtains estimate (3.10). If (xg, z9) = (,t), then

2
1 AB +1 \/BC+1
_ >
7 4(\/ A VT )>B—1’

and v < (AB+1)/A = B+ 1/A. It follows, from (3.9), that

0<y

log(4AVB) < h(7) < log(4.01ACVB).
Hence,
(3.11) (da+2b—1)loga < Az < (4a + 4c + 2b — 3) log a.

Moreover, in each case one has

v2 —1 1
ad_2<Fd: mC <4AC(ZL‘0\/C+Z()VA)2<S+ VAO)Qm
1 m 1 m
Since

1 by [+ al—2b 1 b1
B+Z<Oé < \/3 +aa+b—3 <o 7,

o+ a372a72c 1

\/5 + aa—l—c—?

one can deduce that a? 2 < a™@tetD+0=1 which yields

4AC—|—4 S 4aa+c—2 ( ) < aa-‘rc-i-l’

(3.12) d<m(a+c+1)+0.
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Now we are ready to bound the value of F. It is clear that

E’—m i+2_m i+i
T A T A A, A

From (3.7), (3.8) and (3.12), one has

d 2m<m(a+c+1)+b m
A A (a+c—1)loga  loga

2 b m
1 =2
(3:13) ( +a+c—1+m(a+c—1)>loga<5m’

where we further used the inequalities @ > 3 and ¢ > a+ b+ 1. If (¢, 20) €
{(1,£1), (r,—t)}, then, noting the inequality ¢ < 4b + 10, one sees from
(3.8), (3.10) and (3.12), that

1 +d _ 1 +m(a—|—c—|—1)—|—a
Ay As  2loga 4(a —1)log «
1 a+11 b m
3.14 < |z < 1.3bm.
(3:.14) <2m+4(a—1)+4m(a—1)) log « "

If (zg,20) = (r,t), then (3.8), (3.11) and (3.12) together show that

1 d 1 m(a+c+1)+0b
— +— < +
Ay Az 2loga (4da+2b—1)loga
1 5a + 11 b m
3.15 <|— < om.
(3.15) _(2m+4a—|—2b—1+m(4a+2b—1))loga "

It follows from (3.13), (3.14) and (3.15) that £ < 1.3bm holds in all cases.
Therefore, by Theorem 3.2, one has

logA > —1.722- 10" A, Ay Aslog E
(3.16) > —2-2.21-10"%blog(s + VAC) log(1.3bm).

Comparing (3.16) with the inequality
log A < —2mlog(s + vV AC) + log(8.1AB)

(a direct consequence of Lemma 3.1), one obtains the following proposition.

Proposition 3.3. If (3.4) has a solution with (xo,29) € {(1, £1), (r, £t)},
then

m < 1.3 - 10"%blog(1.3bm).



There are no Diophantine quadruples of Fibonacci numbers 13

In order to get an upper bound for a, we rewrite the logarithms in A in

terms of a whenever possible. Since

_ 1 2 (a+o)2
s+ VAC 2\/A_C(1+2\/AC(\/AC+1+\/AC)> 7° 81
with

1 1/2 1 1/2 1
= (1 N (—a2)“) (1 N (—oﬂ)C) (1 " 2VAC(VAC +1 + \/AC)> ’
we get

log(s + VAC) = log <%) + (a—l—c) log a + log 6.

2
One has the estimate
1 1 1 1 1
| 1—— —1 11— — 1 14+ —
% < <—a2>b>‘ Tl ( <—oﬂ>c)‘ s ( i 4AC>

1 1 1
<--103a+=.10la®*+ — <aq 2
2 @ty Y TR

where we used the inequalities a > 3 and c—a > b+1 > 20. We now rewrite

|log 61| <

N |

(3.17)

the third logarithm in A separately according to the values of xq and zy. If
(20, 20) = (1,%1), then

VE(WVC £VA? 5 1\ 1\
WTe = o (1— ) <1i )

If (zo,20) = (r, 1), then

VE(r/C + tVA? 5B I Y
4ac 4 <\/1+E+\/1+B_C’>

(—a?)

If (zg, 2z0) = (r, —t), then

SBVO —tVA?E VB (C— AP NG A\? 1 T\
1AC TIAC (/T 1 sVAR  4AB? (1 B 5) (\/1 Tap” \/1 " B_C>

B o) () (-8 (SRS
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Let Ay be the linear form in logarithms given by

((a+c)n—d—a)loga— (m—1)log(5/4), if (o, 20)
A=< ((a+e)n—d+b)loga —mlog(5/4), if (zo,20)
((a+c)n—d—2a—0b)loga— (m —2)log(5/4), if (xg,20)

(1,:]:1);
(r,1);
(r, —t).

Lemma 3.4. |A;| < 2.2ma™, where a’ := min{2a, b/2}.

Proof. Put Ay :== A — Ay —2mlogdy. If (zg, 20) = (1, £1), then

log(l—@)‘JrQ log<1i\/g>

1 ,
<1.0307% +2-1.01— < 2.67a",
VAB

where o’ := min{2a, b/2}. If (z9,29) = (r, 1), then

1 1
1 1]— — 21 14+ —
Og( <—a2>b)‘+ 6\ T AB

1
<1.0la”® + — < 6.9507 %",
« +AB o

[ Ao| <

| Ao| <

If (zg, 20) = (r, —t), then

1 1 A / 1
lOg(l—m>’+IOg(l—m>’+210g<1—6)‘+210g 1+E

1 "
<2-1.03a" % +1.0la"*+2-1.01- Z—lofb” +a v < 4.060",

|[Ao| <2

where a” := min{2a, b}. Moreover, Lemma 3.1 together with m > 4 and
b<c—a—1<c¢—4shows that

8.1B 8.1

—3c
< 4mAm—IC’m < 44a3+4(0—2)—c+5 < 0.01la .

0< A

Since |A;| < A+ |Ag| + 2n|log d;|, the desired inequalities can be deduced
from the above inequalities with (3.17). O

We continue with a linear form in two logarithms due to Laurent, Mignotte,
Nesterenko (see Corollaire 2 in [22]).

Theorem 3.5. Assume that oy, ag are real, positive and multiplicatively

independent algebraic numbers in field K of degree D. Put

A = by log as — by log ay,
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where by, by are positive integers. Let Ay, Ag be real numbers > 1 such that

log ;| 1 .
(3.18) log A; > max {h(ai), | olg)a ’,5} (1=1,2).
Put
b/ bl b?

~ Dlog A,  Dlog A,
Then,

21 1)°
log A > —24.34D* <max {log b +0.14, o 5}) log A; log As.

We apply Theorem 3.5 to A; in order to find a lower bound for its
absolute value. Assume that o’ > 2.11log(2.2m). Then, |A;| < 1 by Lemma
3.4. It then follows that if we write

Ay = bylogag — by logay  with (e, aq) = (a,5/4),
then by < m — 1 for otherwise, since b; € {n —2,n — 1,n}, we would have
that
Ay > mloga —mlog(b/4) = mlog(a/(1.25)) > 1 since m > 4,

in contradiction with the fact that |A;| < 1. Note that «; and s are real,
positive and multiplicatively independent. Thus, max{b;, by} < m. Further,
K= Q(\/g) contains ay, as and has D = 2. We take log A; = log Ay = 1/2
and then inequalities (3.18) hold. Finally,

by by

v = =by + by < 2m.
DlogA2+DlogA1 L bz em
Then Theorem 3.5 says that
(3.19) log | Ay] > —24.34 - 22 (max{log(2m) + 0.14,10.5})>.

Comparing (3.19) with the inequality in Lemma 3.4, we get the inequality
(3.20) a'log o — log(2.2m) < 93.36(max{log(2.4m), 10.5})%.
If log(2.4m) < 10.5, then m < 16000. Furthermore, in this case
a'log a < 93.36 x 10.5% 4 log(38400),
so a’ < 21500. Assume next that log(2.4m) > 10.5. Then m > 15000, and

thus,

S - (93.36(log(2.4m))? + log(2.2m)) - (log(2.4m))?
log a - log a

< 195(log(2.4m))>.

(93.36 N log(2.2 - 15000) >

(log(2.4 - 15000))2

Combining the above inequality with the inequality from Proposition 3.3,

we get the following.
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Proposition 3.6. a’ < 195 {log(5.6 - 10'2blog(1.6bm))}?, where a’ := min{2a, b/2}.

Note that the right-hand side of the inequality in Proposition 3.6 is larger
than 21500, since b > 19 and m > 4. One can rewrite log(s + vV AC) as

log(s + VAC) = %log (%) + glogoz + log 0,

where

1

5y = (|1 (1+ ! )
2 (—a2)e 2/AC(VAC +1+AC))

Sincec>a+b+1>a+9, one has

log (1— )| +1og (1+ —
©8 (Ca2) )| T80 T 1AC

1
-1.01a72%¢ + Z—la*a*‘:*‘* < 1.72a7%¢,

1
| log 02| < B

(3.21) <

N | —

If (xo,20) = (1,%1), then

VB(VC£VA? V5

» 1\’
4AC 5 (24) (HE\/;)‘

If (zg, 2z0) = (r,t), then

BT (1 L) Vi1
1AC T Cap 2 '

If (o, 20) = (r, —t), then

-2

VB(ry/C — 1/A)? oAV (VA Y e
ST AR5 ab(l_(_%ﬂ)b) <1_5> (V ; 2% c)

Now, let

(m — 1) log(4A4/v/5) — (d — cm) log o if (zo,20) = (1,£1);
Ay = < mlog(4A/v/5) — (d — cm — b) log a if (xo,20) = (r,1);
(m — 2)1log(4A/V/5) — (d — em +b)loga  if (g, z9) = (1, —t).

Lemma 3.7. |A}| < ma™"/2.
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Proof. Put Ay = A" — A} — 2mlog dy. If (20, z0) = (1,£1), then
|A)| < 2-1.01(4B)" Y2 < 1.64a7 %2,

1 1
1 1— — 21 14+ —
Og( <—a2>b) ‘ TESVA T aB

1
<1.0la 4+ — < 4.33a7“".
If (xo, 20) = (r, —t), then

AB
log (1 — 1 +21lo 1—A +2lo 1+ L
& (—a2) & C &\ T AB

1
<1.0la"®+2.1.01- Zofb“ +a % < 9295070,

If (zg, 2z0) = (r,t), then

4] <

4] <

Since Lemma 3.1 together with m > 4 and = F, < F._5 < a“* implies
8.1B 8.1
0< A < < < 0.0la™%
g AmICm S 4138 C3 4.3 ‘o
the desired estimates follow from |A]| < A+ |Aj| +2m|log ds| together with

the above inequalities and (3.21). O

Let a; := a and ay = 4A/ V5. We claim that «; and ay are mul-
tiplicatively independent. Assume that afay = 1 for some integers z, y
not both zero. Taking norms in Q(v/5), and using that Nowsyom = —1,
Nowm o2 = —16A42/5, we get (—16A4%/5)Y = (=1)*. If y # 0, we get
16A% = 5, a contradiction. Thus, y = 0, therefore af = 1, which implies
that x = 0 as well, a contradiction since (x,y) # (0,0). Hence, oy and aq
are multiplicatively independent.

Assume that b > 5logm. Let us express 4] as

Al =bylogas — by loga;  with  (ag, aq) := (4A/\/§, Q).

Then, Lemma 3.7 implies that |A}| < ma="? < 1, which shows that by <
m — 1, for otherwise, since b; € {m — 2, m — 1, m}, we would have

4A 4-3
AL >mlog [ —= ) —mloga > mlog | —= | > 1,
: g(ﬁ) ¢ g(a\/ﬁ)

which contradicts |A}| < 1. Thus, max{b;, b} < m in all cases. It is clear
that K = Q(1/5) contains oy, ap and has D = 2. We also have

1
h(al) = 5 log «,

1 16A
h(OéQ) = ilog (T) < 1.03 10gA7
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which enable us to take log A; = 0.5log «, log A, = 1.03log A. Hence,

b b
! 2 mo LM 95om.

b = + <
Dlog Ay  DlogA; — 2.06log A  loga

It follows from Theorem 3.5 that

log |Ay] > 24.34 - 2* (max{log(2.52m) + 0.14,10.5})* - 0.5(log @) - 1.03log A

(3.22)
> 201 (max{log(2.9m), 10.5})” (log o) log A.

Comparing (3.22) with the inequality in Lemma 3.7, we get the inequality
b
2 log a — logm < 201 (max{log(2.9m), 10.5})” (log &) log A.

If log(2.9m) < 10.5, then

21
(3.23) b < 402 -10.5% log A + logm < 213284 + 4.16 log m.
og o
If log(2.9m) > 10.5, then
2logm

(3.24) b < 402 (log(2.9m))*log A + < 194a (log(2.9m))>.

og o

Consider first the case where a’ = b/2. By Proposition 3.6 one has
(3.25) b < 390 {log(3.2 - 10'2hlog(1.3bm))}” .
If m > 10%, then we deduce from Proposition 3.3 that

m < 1.3 - 10"%blog(1.3b) log m.

1/12

Since logm < m in our range for m, one has

(3.26) m < {1.3-10blog(1.3p) }**/* .
which together with (3.25) yields b < 8.5 - 105. However, Proposition 3.3
then implies m < 6.6 - 10!, which contradicts m > 10%°. Therefore, one
obtains m < 10%.
Consider second the case where ¢’ = 2a. Then, Proposition 3.6 shows
that
a < 97.5 {log(3.2- 10plog(1.3bm))}* .

If log(2.9m) < 10.5, then m < 13000, and (3.23) implies that

(3.27) b < 2.08 - 10° {log(3.2 - 10'%b1og(1.3bm))}* + 4.16 log m,



There are no Diophantine quadruples of Fibonacci numbers 19

which together with m < 13000 yields b < 6.4 - 10°. If log(2.9m) > 10.5,
then (3.24) implies that

(3.28) b<1.9-10" {log(3.2- 10121;1og(1.3bm))}2 (log(2.9m))? .

Assuming m > 10?° we obtain from (3.28) and (3.26) that b < 2.8- 10" and
m < 3.2 - 10%. We have thus proved the following result.

Proposition 3.8. Let a' := min{2a,b/2}. If a’ = b/2, then m < 10%°; if
a' = 2a, then m < 3.2 - 10%°.

We now return to the estimate in Lemma 3.4 on A; = by log ais — by log ay
and divide both sides of it by b log as, getting

m 9.15

b2 log (03] <
(m —2)(loga)ab/2 ~ ab/2’

by logas

(3.29)

where we used the fact that m < 2(m — 2) because m > 4. The number
by /by is a rational number whose denominator in reduced form is at most
m.

Suppose first that @’ = b/2. Then, one has m < 10* by Proposition 3.8.
Assume b > 395. Then

b/2

(63
—— >2.1-10% > 2(10%°)2 > 2p?
9'15> 0™ > 2(10°")* > 2b7,

so inequality (3.29) shows that

1
203

by  logay

by logas

(3.30)

By a well-known criterion of Legendre, we get that by /by is a convergent of
n := log a1/ log aa. Denoting by px/qx the kth convergent of 7, we have that
qq7 > 10%' > by. Further, if n = [0,2,6,...] = [ag, a1, as, .. .] is the continued
fraction expansion of n, then

max{ay : 0 < k <46} = 49.

Thus, by the properties of continued fractions, we have that the inequality

(3.31)

by ‘ 1 1

- > >
b 7 5162 = 5ime

holds. Comparing (3.31) with (3.29), we get that a/? < 9.15 - 51m? <
467(10%)2, giving b < 408. Hence, b < 408 in the case where a’ = b/2.
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Suppose second that a’ = 2a. Then, one has m < 3.2-10%° by Proposition
3.8. If a > 126, then

2a

9.15

> 5(3.2-10%°)% > 2b7,

and inequality (3.30) follows from (3.29). Hence, by /by is a convergent of
n :=log ay/log as, and the kth convergent py/qy of n satisfies gzg > 10%6 >
by. Since denoting n = [ay, as, as,...] one has max{ay;0 < k < 57} = 49,
one obtains estimate (3.31). Combining (3.29) with (3.31) shows that a®* <
9.15 - 51m? < 4.78 - 10°3, which gives a < 128.

Consider then the estimate in Lemma 3.7 on A} = by logas — by logay,
where (ag, 1) = (44/+/5, ). Dividing both sides of the estimate by by log oy
we get

m 4.16

b1 log [6%) o <
~ (m—2)(loga)ab/z = ab/2’

(3.32)

by logay

The denominator of the rational number b; /by in reduced form is at most
m. We know by Proposition 3.8 that m < 3.2-10%°. Assuming b > 497, one
has

ob/2

—— >20.6-10°" > 2(3.2- 10*°)* > 2b3,

4.16
which implies that by /b is a convergent of n :=logasy/logay. For 3 <a <
128, let | be the minimal integer such that the denominator ¢; of the [th
convergent of 7 satisfies ¢ > 3.2 - 10% > by. Denoting n = |ag, a1, as, . . ],
one sees that the maximum of a; with 0 < k <[ for all ¢ with 3 <a < 128

is 67091, which is attained by as4 in the case of a = 61. Hence, one has

by 1

3.33 AR BN > .
(3:33) by 77‘ 67093(by)2 = 67093m2

From (3.32) and (3.33), one deduces that a*/? < 4.16-67093m? < 2.86-10°,
which yields b < 540. Therefore, b < 540 holds in all cases.

We ran a Mathematica code which tested all values 3 < a < b < 540
such that F,F, + 1 is a square. The only instances with b — a > 5 found
were (a,b) € {(3,12),(4,19)}. Since F, > 4000, only the instance (a,b) =
(4,19) is convenient. Since ¢ < 4b + 10, it follows that ¢ < 100. Another
Mathematica code verified that there is no ¢ € [20,100] such that FyF, + 1
is a square. Thus, b —a < 4. The cases b —a = 1, 3 do not lead to any
convenient solutions by Lemma 2.4. The case b—a = 2 together with Lemma
2.3 leads, after repeated applications of Theorem 1.1, to the conclusion that
a is even and that (a,b,¢,d) = (a,a + 2,a +4,a+ 6), in contradiction with
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the results of Dujella [12] and Jones [21] because F, ¢ # 4Fu1Fui0F, 3.
Thus, only the case b = a+4 is left and, by Lemma 2.3, a must be even. We
ran another Mathematica code which tested that there is no even a < 540
and ¢ € [a+5,4(a+4)+10] such that {F,, F, 14, F..} is a Diophantine triple.
This finishes the proof of Theorem 1.4.
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