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ABSTRACT. Let z € Q and let y be an ¢-adic path on PL \{07 1,00} from 01 to z.

For any ¢ € Gal(Q/Q), the element ~*(?)f,(c) € 7r1(Pé\{0, 1, 00}, Ol)pm,[
After the embedding of w1 into Q{{X,Y}} we get the formal power series
A, (o) € Q{{X,Y}}. We shall express coefficients of A, (o) as integrals over
(Zg)™ with respect to some measures Kr(z). The measures K, (z) are con-
structed using the tower (Pé\({& oo}ngn)neN of coverings of %\{0, 1,00}.
Using the integral formulas we shall show congruence relations between coef-
ficients of the formal power series A, (o). The congruence relations allow the
construction of f-adic functions of non-Archimedean analysis, which however

rest mysterious. Only in the special case of the measures Kl(lT)) and K1(—1)
we recover the familiar Kubota-Leopoldt f-adic L-functions. We recover also
¢-adic analogues of Hurwitz zeta functions. Hence we get also £-adic analogues
of L-series for Dirichlet characters.

0. INTRODUCTION

0.0 Review of results In [15] we have introduce ¢-adic Galois polylogarithms. For
each z € Q, lx(2) is a function from Gg to Qp. These functions I (z) are analogues
of the classical polylogarithms Liy(z) = > -, nk In the complex case it is natural
to replace k by an arbitrary complex number s and to study a function of two
variables z and s defined by the series > °° Notice that for z = 1 we get the

Riemann zeta function ((s) = > 0", .

nlns
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We would like to replace k in I;(z) by any s € Zy,. We shall be able to do it.
However the function we get remains mysterious to us. We would like to relate it
to an (-adic non-Archimedean analogue of the complex function > -, fl—: At least
we would like to relate its values at positive integers to f-adic non-Archimedean
polylogarithms. We are not able to do this. Only in a few special cases we do get

the expected results.

For z = 1_(>) the functions we get, are the Kubota-Leopoldt ¢-adic L-functions
(see [6]). The key point is the formula

I Boy, 2k
1 l21(10) = 1-
proved in [20], but stated already in [5]. In [10] there is another proof of the formula
(1). We get also familiar functions for z = —1.

The f-adic polylogarithm I;(z) is by the very definition the coefficient at Y X*~!
of the power series

logA, € Qu{{X,Y}},

where v is a path on P%J) \ {0,1, 00} from 01 to = (see [15, Definition 11.0.1.]). The
related function

lzk(z)
we define as the coefficient at Y X*~1 of the power series

log(exp(~1(2), X) - Ay) € Qu{{X.Y}}.

— — —

For z = 10 and ~ the canonical path on ]P’ql—g \ {0,1, 00} from 01 to 10, the power
series A was studied in [1] and [4].

In [9] H. Nakamura and the author have introduced a certain measure K;(z) on

Zy and shown that
1

m /ZZ (Ek_ldKl(Z).

It has been recovered in this way the Gabber formula of the Heisenberg cover (see

[2])-

In this paper, for any r > 1 we construct measures K, (z) on (Z;)” which gener-
alize the measure K;(z). Then we show that the coefficient at

XYy xXayxe. Xe-ltyXxer

lzk(z) =

of the power series

log((exp(—1(z), X) - A;) € Qu{{X,YV}}
is given by the integral

1 /(ZE)T(_UCl)ao (21 — 22)™ .. (Tpe1 — @) () d K (2) -

aolar!...a,!

(2)

Using this integral expression we shall be able to prove congruence relations
between coefficients of the power series log(exp(—1(z), X) - A,).

In the integral (2), after some modifications, we can replace the integers ao, . . . , a,
by arbitrary sg,..., s, in Zy;. However the obtained functions are mysterious. As
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we already mentioned, only for r =1 and z = ?0 we do get the familiar Kubota-
Leopoldt {-adic L-functions. The familiar functions we get also for r = 1 and
z=—1.

Let &, = e . We assume that ¢ does not divide m. Then using measures
K1(&,F) £ K1 (€F)) we get f-adic analogues of Hurwitz zeta function. Hence we get
also ¢-adic analogues of L-series for Dirichlet characters.

Below we fix notations and conventions used in the paper. We review also the
definitions of /-adic polylogarithms and measures.

0.1 Notations and conventions Throughout the paper we fix the following no-
tation and conventions.

We fix a rational prime £. If V is an algebraic variety over a number field K and
v and z are K-points or tangential points defined over K we denote by

™ (Vf(a 1))
the maximal pro-¢ quotient of the étale fundamental group of Vz based at v and
by

7(Vig;z,v)
the 71 (Vi,v)-torsor of ¢-adic paths on Vi from v to z. We recall that an ¢-adic

path v from v to z on Vz is an isomorphism of fiber functors v : F,, — F.
If « is an f-adic path from a to b and 8 from b to ¢ then

B
is an f-adic path from a to c.

When we speak about a multiplicative embedding E of 7; into an algebra of
formal power series we mean that

E(f-a) = E(B) - E(a).
We assume that K C C. Then we have the comparison homomorphism
m(V(C),v) = m(Vg,v)
and the comparison map
w(V(C); z,v) = 7(Vg; z,v) .

In this paper path, homotopy class of path and ¢-adic path mean exactly the
same. They mean an f-adic path as defined above. We usually shall say path if we
can take an element of 71 (V(C),v) or 7(V(C); z,v).

If o € Gk and 7 is a path then

o(7) = coyoa.

The action of m and Gi on germs of algebraic functions is the left action.
We define
fy(0) =77 0(7) € m(Vig,v).
We denote by
N

the set of positive integers and 0. For a € Q¢ and k£ € N we denote by
Cy
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the binomial coefficients. For any positive integer m we set
2my/—=1
Epi=e m

0.2 Algebraic preliminaries and /-adic polylogarithms We denote by
QA{X,Y}}

the Q-algebra of formal power series in two non-commuting variables X and Y.
The set of Lie polynomials in Q{{X,Y}} we denote by Lie(X,Y). It is a free Lie
algebra on X and Y. The set of formal Lie power series in Qu{{X,Y }} we denote
by L(X,Y’). The vector space L(X,Y) is a Lie algebra, the completion of Lie(X,Y")
with respect to the filtration given by the lower central series. We denote by

I

the closed Lie ideal of L(X,Y) generated by Lie brackets with two or more Y’s.
Let A, B be elements of a Lie algebra. We shall use the following inductively
defined short hand notation

[B,A”]:= B and [B,A"*V].=[[B,A™], 4] if n > 0.
If P is a formal power series without a constant term we shall write exp P or e t
denote the formal power series

o

Let A,B € L(X,Y). The formula
AQ B :=log(exp A -exp B)

defines a group multiplication in the set L(X,Y") and it is called the Baker-Campbell
-Hausdorff product. In the group L(X,Y’) one has

AQO(-A4)=0.
If a € Q¢ then one can raise elements of the group L(X,Y") to the power o and
A% =aA.
We denote by
Iy(X,Y)

the closed ideal of Q/{{X,Y}} generated by all monomials with two Y’s and by
monomials XY for i > 0.

The well known formulas
X
XOY=X+Y———— d Z,(X,Y
O + GXPX 1 mo 2( ) )

and
Xexp X

expX — 1
are easy consequences of the next lemma.

Lemma 0.2.1. Let o, 3 € Q) and let A and B belong to L(X,Y). We assume
that

A=aX +Y®(X) mod T4(X,Y) and B = BX + Y®y(X) mod Zj(X,Y),

YOX=X+4Y mod T4(X,Y)
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where ®1(X) and ®3(X) are power series in X. Then we have

exp(aX) — 165X+(I)2(X)exp(BX) - 1).

AOB=Y (91(X)— % X

(a4 B8)X
exp((a+ p)X)—1

( If the constant v = 0 then the power series

+(a+ B)X mod T4(X,Y).

EXP(;Y% is equal 1.)

Proof. We omit the proof of the lemma, which is the standard calculation on
formal power series. It is similar to the proof of the two well known formulas given
above. O

In the Lie algebra L(X,Y") we set
Z = —log(eXeY).

Then Z = - X — YCXPXT modulo Z4(X,Y).

We recall the definition of ¢-adic polylogarithms (see [15]). Let = and y be the
—
generators of the free pro-¢ group m (P%J) \ {0,1,00},01) as on Picture 1.

Picture 1
Let
B m (P {0,1,00},01) — Qef{X,V}}
be the continuous multiplicative embedding defined by
E(z) =expX and E(y)=expY .
Let z be a Q-point or a tangential point defined over Q of P!\ {0,1,00}. Let v be
an ¢-adic path from 01 to = on P4\ {0,1,00} and let o € Gg. We set

Ay(0) = E(f,(0)) € Qef{X,Y}}.

The formal power series logA, (o) is a Lie series. We defined ¢-adic Galois polylog-
arithms [,,(2), : Gg — Q¢ by the congruence

(3) logA+(0) = 1(2)4(0)X + > 1n(2)1(0)[Y, X" V] mod I,.

The (-adic logarithm [(z), is the Kummer character x(z) associated to z and
Li(2)y = k(1 —2).

Another version of ¢-adic polylogarithms

lin(2)y : Gg = Qp
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we define by the congruence

log(exp(—(z),(0)X) len )Y, X" V] mod I,.

The relation between these two versions of /-adic polylogarithms is given by the
equality of formal power series

exleX—l

which follows from Lemma 0.2.1.
The functions
ti(z)v :Go = Zg
are defined by the congruence

oo

(5) 27199 1 () = [[ (g, 2Dy @

i=1
modulo commutators with two or more y’s and where
(y,2) == yry a7, (y,20) =y and (y,20FV) = ((y,27), 2)
for i > 1 (see also [19], where these exponents are studied).

0.3 Measures In this subsection we collect some elementary properties of measures.
Let X be a projective limite of finite sets equipped with the limit topology. Further
we shall call such X a profinite set. We denote by

CO(X)

the set of compact-open subsets of X. A measure y on X is a bounded finitely
additive function

1 CO(X) = Q.

Let X and Y be profinite sets and let ¢ : X — Y be a continuous map. Let p
be a measure on X. We define a measure

d(p) : COY) = Qy
on Y by
() (U) = (o~ U)).

For any f € C(Y,Qy) — Qg-vector space of continuous functions from Y to Qg — we
have

(6) | sdton) = [ (o0

Let X and Y be profinite sets and let ¢ : X — Y be a continuous open injective
map. Let v be a measure on Y. We define a measure

P'v:COX) = Q
on X by
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For any f € C(Y, Q) we have

(7) /X (f o B)d(¢'v) = /Y (v v,

where x4 is the characteristic function of a subset A.

If ¢ is a homeomorphism then

P = (¢_1);V.

Let U be a compact-open subset of Y. Let i : U/ — Y be the inclusion. Then the
measure i'v we denote also by v For f e C(Y,Q) we have

[ o = [ Gt

For the profinite set
X =(Zo)'
we shall review several equivalent definitions of measure.
Definition 0.3.1. A measure p on (Z;)" is a family of functions
(W™ (Z/0D) = Q1) e
satisfying the distribution relations and which are uniformly bounded.

Therefore the values of all functions ,u(") are in gLNZE for some N > 0. For
simplicity we shall assume farther that these values are in Z,.
Observe that

(> 1) ey € M Ze[(Z/0°2)] = Za[[(Z0)"]).
LE(Z) L)
Hence we have the following definition.

Definition 0.3.2. A measure p on (Zg)" is an element
p € Ze[[(Ze)"])-

The Iwasawa algebra Z[[(Z¢)"]] is isomorphic to the algebra of commutative
formal power series Z¢[[A1, Az ... A,]]. The isomorphism of Z,-algebras

P Zy[(Zo)")] = Zo[[Ar, Az ... A]]

is given by T
P((al,a2 . .ar)) = H(l A,

for (a1, a2 ... o) € (Zg)" and is extended byii)ntinuity. If 1 € Zy[[(Z¢)"]] then

®) P(u)(Ay,..., Ay) =

S (] cmen. Crdua,. ) AP AL AT
n1=0 n,=0 (Ze)™
Let
F: Zo[[(Ze)™]] = Qe[[ X1, X2 X0

be given by
F(p)(Xq,...,X,) = P(u)(exp(X1) — 1,...,exp(X,) — 1) .
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Then we have

(9) F(U)(Xla---,Xr):

oo oo 1
E E 7(/ aPtah? L alrdp(e, . wy)) X7 XD X
nl!ngl...nrl (Zo)r
n,=0 /]

ni =0

(see also [9, pages 290 and 291])
Let
¢ (Ze)" — (Ze)"

be a morphism of Zy-modules. We denote by

o™ (L)L) — (Z)O" L)
the induced morphism. The morphisms ¢ induce morphisms of group rings

(") : Ze[(Z/072)") = Ze[(Z/0"Z)"]

and in consequence the morphism of the Iwasawa algebras

Gu  Zo[[(Z)"]] = Zo[[(Ze)"] -
Proposition 0.3.3. Let p be a measure on (Z;)". Then we have

Gr(p) = (1) -
Proof. The element
(1) = (")) (1)) e € i, Ze[(Z/0"Z)"].
We have
(@")u(1) = (") (™) = (") Y- p )= Y w0

WE(Z/enT)" WE(Z/enT)"
S S S
RE(Z/L"Z)T  1e(p™)~L(k)
Let 0 < ky,..., k. < ™. Therefore we get

(Gup) (k1o ) + 0(Z0)") = (")) (1)) (B, - . Kr) =
> P (@) = (@™ (ks k) +£4(Z0)7)) =
tE(p(M) =1 (ky,....kr)
(Do) (R, - k) + €7(Zg)") -
O
Corollary 0.3.4. Let A = (a; ;) be the matrix of ¢ : (Z¢)" — (Z¢)". Then we have

T T

P(g)(Ar,... Ar) = P(u) (T + A, T+ A)eer)

i=1 i=1
and

F(d)!,u)(Xl, .,XT) = F(ILL)(ZCLMX“ ..,ZCL“«Xi) .

If ¢ € Zy then (q) is a positive integer such that 0 < (¢) < £™ and (¢) = ¢ modulo
o
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Below we give an example of a measure on Z; which will frequently appear in
this paper.
Example 0.3.5. Let ¢ € Z,. The Bernoulli measure
Ere= (B 202 — Qi)
on Zg is defined by

() sy = L
El,c (7’) - m c m 2
for 0 <4 < fm.

1. ACTION OF THE ABSOLUT (GALOIS GROUP ON FUNDAMENTAL GROUPS

—
Let V := ]P’(l@ \ ({0,000} Upign). We recall that £ is a fixed prime and that w1 (V, 01)

—
is the maximal pro-¢ quotient of the étale fundamental group of V based at 01. We

.
describe the Galois action on generators of 71 (V,01). In contrast with our other

papers ([16], [17]), we are studying the action of Gg, not merely of Ggy,,.). First
—
we recall the construction of generators of 1 (V,01).
Picture 2
— —

— —
Let x € m(V,01), y, € m(V,£5.0) and let B) be a path from 01 to £5.0 as on
the picture. Let us set

vk =By B
Then
Ty Yo, Y1y--oy Yer—1
—
are free generators of m1(V,01).

—

Theorem 1.1. The Galois group Gg acts on 71 (V,01). For any o € Gg we have
o(z) = 2X(@)
and
a(yr) = ((Brio) " B ™ Whon(0) X+ (Brox(o)) ™" - o(Br))
for k=0,1,...,0" — 1.
Proof. The Galois group Gg permutes the missing points {0, 00} U pen. Hence it
follows that Gg acts on m1(V, (ﬁ) Let 2 be the standard coordinate on P*. Then
oy} o' transforms (1 — ZLkX(U)z)l% to (1 —&.52)7 | next to &l (1 — E,Fz)mm
and finally to fé‘,&g)(l - ;nkX(U)z)e%. Hence it follows that o(y;,) = (y;CX(U))X(“).
We have
alyr) = 0By " vk~ Br) = o(B; ") - oyk) - o (Br) =
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(@(Be) ™" Brox(e)) - Brex(e) ™= 0Wh) - Breox(o) - (Brx(o)) ™" - o(Br)) =
((Breoy(o)) " O’(ﬁk))_l (Yo (0)) X (Broyio)) ™ o (Br))-

2. MEASURES ASSOCIATED TO TOWERS OF PROJECTIVE LINES

In this section we construct measures on (Z;)", which generalize the measure
constructed in [9]. Next we generalize the principal result of [9] expressing the
¢-adic polylogarithms lig(z) as the integrals over Z.

For each n > 0 we set
V= P%J) \ ({0, 00} U pign).
Let
Frtm s Vein — Vi
be given by
far(z) =2

— —
Observe that f7*"(01) = 01. Hence we get a family of homomorphisms

(10) (™) 71 (Vg 01) = (Vi 01)

satisfying
M P) = (Fp 4D o ()

—
Observe that the Galois group Gg acts on each m1(V},,01) and that (f**"), are
Gg-maps. We choose generators

Tny Yn,00 Yn,1y---y Yntn—1

N
of m1(V,,,01) as in Section 1, i.e. z,, = = and y,; = y; in the notation of Section 1.
Then we have

(11) ( 7T+n)*($m+n) = (xn)lm and ( rTJrn)*(mern,k) =79y 1Y,
where k = k' + gf™ and 0 < k/ < £".
Let us set

Yo i ={Xn,Yn: | 0<i <™}

and let
Qe{{Ya}}
be a QQg-algebra of formal power series in non-commuting variables
X’n,a Yn,O, Yn,lv ey Yn,lnfl-
Let
—

E, :m(V,,01) = Q{{Y.}}

be a continuous multiplicative embedding given by

E,(zy) :=exp X, and E,(yn;) =expYy,, for 0 <i< ("

The action of Gg on 71 (V,,, (71) induces the action of Gg on Q¢{{Y,}}. The homo-
morphisms (10) induce Gg-morphisms

() Qef{Yimin}} = Qe{{¥Yn}}
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such that
(f™)w © Emn = En o (f7777).
and
m+n n m-+n+
(fp + er)* = (fp+p)* © (fn—i—p p)*'
It follows from (11) that
(12)
(fvTJrn)*(Xm-i-n) ={"X, and (fvTJrn)*(Ym-i-n,k) = exp(—gX)- Yo i -exp(gX),

ifk=FkK +gl™and 0 <k’ < (™

Let o € Zy. Then o = Z;’io ;' where 0 < o; < £. We define

n—1
a(n) = Z il
=0

Observe that £f, is well defined and (g, )= €2 Let g((ln) : V,, = V., be
given by g((ln)(z) = &5z
N —
Let 0 < ¢ < . Let s, be a path on V,, from 01 to 0§/, as on the picture.

Picture 3
We define

() ™ = Sa() - (2a) 72D,
Observe that

() 57) = ()7

Notice that (z,)7 (=) % ((z,,) 7)1,

Lemma 2.0. Let z be a Q-point or a tangential point defined over Q of P!\
{0,1,00}.

5
A) Let «y be a path on P%J) \{0,1, 00} from 01 to z. Then there is a compatible
family of paths

—

(’Yn)nGN S @W(Vn; 7"(1)7 01)

such that
i)
Yo =75
ii) if z is a Q-point then (”yn(l))neN is a compatible family of ¢"-th roots
of z;

iii) if z is a tangential point then (%1(1)) is a compatible family of

neN
tangential points, i.e. f7'" (4 (1)) = yn(1) for all n and m;
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iv) the compatible family of paths (v, )nen is uniquely determined by the
path ~.
B) Let us assume that a compatible family (277 ), ey of £"-th roots of z is given
or that a compatible family of tangential points is given. Then there exists
a compatible family of paths

—
(Yn)nen € T&nw(Vn;z@%,Ol) .

C) Let (277 )nen be a given compatible family of £"-th roots of z or a given
compatible family of tangential points lying over z. Let v be a path on
—
]P’ql—g \ {0,1,00} from 01 to z. Then there is a € Z; such that a compatible
family of ¢™-th roots of z or a compatible family of tangential points lying
over z determined by the path

0=~ a®

by the homotopy lifting property for coverings is the given family (z%" )neN
of £™-th roots of z or the given compatible family of tangential points lying
over z.

Proof. If v is a path on P!(C) \ {0,1,00} then the existence and the uniqueness
of the compatible family (vy)nen follows from the uniqueness of the homotopy
lifting property for coverings. If 7 is arbitrary then we use the fact that the set
7(P1(C)\ {0,1,00}; 2,01) is dense in 7(BL \ {0, 1,00}; 2,01). The points ii) and iii)
of A are clear. N

To show the point B) of the lemma observe that the profinite sets 7(V,,; 277, 01)
are compact and the maps

A

n+1y . e 0 P N
(FP ) s m(Vig; 2 ,01) = w(Vy;277,01)

—
are continuous. Therefore the set lim 7 (V,,; ze%,Ol) is not empty. Hence we get a
compatible family of paths. In fact we get infinite many of compatible families.

It rests to show C). Lifting the path « to the coverings V,, of Vi we get a new
compatible family of £"-th roots of z, which we can write in the form

oA
(fgnaz e )HGN

for some « € Zy. Then lifting the path § := ~ - x® to the covering V,, we get the
given family (ze%)neN. O

Let z be a Q-point or a tangential point defined over Q of P!\ {0,1,00}. Let v

—

be a path from 01 to z. Let

5
(Y )nen € im (Vo 277, 01)
be a compatible family of paths such that o = 7.
We take the Kummer character x(z) equal I(2),,. For ¢ € Gg, the Kummer
character evaluated at o, x(z)(0) € Z;. Let us set

n LK/ z)o
Tn,o = (9,&(;)(0)(%1)) : (xn)m =) )'

k(z)(o) A

Then ~, , is a path from 01 to &ym 277, For each n we have

( 777.l+1)*(7n+1,0’) = Tn,o-
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Hence it follows that
(/Yn,a)nEN S l'&nﬂ—(vn; fgrgz)(g)z"% } 01)
Definition 2.1. Let 0 € Gg. Let us set

2,,(0) = b - 0(m) € 71 (Va,01)
and
Ay, (0) = En(vh5 - 0(m)) € Q{{Ya}}.
For n = 0 we get
Any(0) = exp(=r(2)(0)Xo) - Eo(7g " - o(0)) = exp(—£(2)(0) Xo) - Ay (0)-
Observe that

(13) () (Dyp (0)) = Ay, (0)-

We denote by
M,

the set of all monomials in non-commuting variables belonging to Y,,.
Definition 2.2. Let z be a Q-point of P!\ {0, 1,00} or a tangential point defined

— —
over Q. Let v be a path from 01 to z on Vp. Let (yn)nen € ]'&nﬂ'(Vn;z%ﬂ,Ol) be
such that 79 = 7. The functions

An(z) and lif(2)
on G are defined by the following equalities

Ay (o) =1+ Y Ny(2)(0) w

weEM,y,
and
logA,, (o) = Y li(2)(0) - w.
wWEM,,
For integers 0 < 41,149,...,%4, < {™ we set

w(il,ig, . ,ir) = Yn,i1 Yn,iz .. -Yn,iT'

Proposition 2.3. Let r > 0. The functions
E{(2)(0) : (Z/€")" = Q¢

T

(resp. G (2)(0) : (Z/€")" = Qp )
defined by the formula

Kﬁn) (Z)(U>(i17 12, .. 7i7“) = li:};(il,h ..... “)(Z)(O')

(resp. GY(2)(0) (i1, 0, -+ ,ir) = N, iy iy (2)(0) ),
where 0 < i1,1is,...,1, < £™ define a measure

K.(z)(0) = (Kr(n) (Z)(U))neN

(resp. Gr(2)(0) = (GI(2)(9)) e )
on (Z;)" with values in Q.
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Proof. It follows from the formulae (12) and (13) that K, (z)(0) and G,(z)(c) are
distributions on (Z;)". Both distributions are bounded because we are in the fixed
degree r and therefore the denominators cannot be worse than (r!)". (]

We denote by
dr
the smallest positive integer such that the measures K,(z)(o) and G,(z)(c) have
values in £~ 7Z,.

Below we point out some elementary properties of the measures K,(z)(c). To
simplify the notation we shall omit o and write K,(2), I(2), lig(2),... instead of
K, (2)(0), I(2)(0), lik(2)(0), . .. unless it is necessary to indicate o.
Proposition 2.4.

i) We have

/ dK(z) =11(2), and / dK,(z) =0 for r > 1.
Ze (Ze)"
Let 0 <ay,...,a, <{" Then

/ dK,(2) = KM (2)(ar, . ., ar).
(a1,..,ar)+€" (Ze)"

ii) The measure (% K, (2) € Z[[(Z¢)"]] corresponds to the power series
P(t" K(2))(Ar,..., Ay) =

S CTLO%2 . Cord(th K,(2))) AT Ap? .. A"
n1=0 n,=0 (Ze)™
iii) We have
F(K(2))(X1,...,X,) =

- - 1 ni ,.n n n n n
Z Z_Om(/(ZZ)TxlleQ.“ITTdKT(Z))XllXQZ“'XTT

ni =0

in Qg[[Xl,XQ . XT]]

We recall that z is a Q-point of P!\ {0, 1,00} or a tangential point defined over

—
Q. We recall that v := ~g is a path on V) = ]P’(l@\{(), 1,00} from 01 to z. To simplify
the notation we denote Xy by X and Ypo by Y. Accordingly to Definition 2.2 we
have

logA, = Z 1i9(2) w and A, =1+ Z M (2) - w.

weMo weMo
In [9] there are calculated coefficients 13, () of logA,. Our next theorem
generalizes the result from [9].
Theorem 2.5. Let z be a Q-point of P*\ {0, 1, 00} or a tangential point defined over

— —

Q. Let v be a path from 01 to z on P\ {0,1,00}. Let (Yn)nen € Hm (Ve 277, 01)
be a compatible family of paths such that v = 7. Let

w=XYYXUYy Xy . X 1tYyXo.
Then we have

(14) 1i9,(2) =
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(H ai!)il / (—x1)% (21 — @2)™ (w2 — 23)*? ... (Tpo1 — @) d K, (2)

1

aoplar!...a,!

/ (—x1)% (1 — 22)™ .. (Tro1 — 2p) Y1227 dG(2).
(Ze)™

Proof. Tt follows from the formula (13) that for any n we have

(fo')«(ogA,, ) = logA,.
The term
110 (2) XY XY .. X1y X

is one of the terms of the power series logA,. We must see what terms of the
power series logA,, (o), after applying (f{')«, contribute to the coefficient at w of
the power series logA. Let

w(il, iQ, RN ,’L'T) = Yn,ilyn,iQ N Yn,ir-
It follows from (12) that the term
liZ(il,ig,...,iT)(Z)anilYn1i2 . Yn,iT
is mapped by (fJ'). onto

=T
llw(il,ig...u)

(z)(exp(—i1X) - Y - exp(ir X)) - (exp(—i2 X) - Y-

exp(iaX)) ... (exp(—i, X) - Y - exp(ir X)).
Hence these terms contribute to the coefficient at w of the power series logA, by

the expression

Lr—140m-1 -1

16) 33N it () (i)™ (in — i)™ (i1 — i) " (in)""

ag! a! ar_1! a,!
i1=0 35=0 in=0 0 1 r—1 r

There are also terms with X,, which contribute. But we have (fJ').(X,) = (" X.
Therefore the contribution from terms containing X, tends to 0 if n tends to oo.
Observe that if n tends to co then the sum (16) tends to the integral (14). O

The measures K,.(z), G,(z), the functions 130 (2), \) (2), 1i" (2), A" (z) depend

l )
on the path v, hence we shall denote them also by K.(2), Gy (2), li%(2), A%(2),
1 (2)as A (2)s.

Throughout this paper we are working over Q though without any problems the
base field Q can be replaced by any number field K. Only in Section 5 in the last
two propositions and in Sections 10 and 11 the base field is Q ().
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3. INCLUSIONS

In this section and in the next two sections we shall study symmetries of the
measures K, (z). The symmetries considered are inclusions, rotations and the in-
version. The symmetry relations are special cases of functional equations studied
in [15], [18] and recently in [10] and [11].

The inclusion
Lfﬁ” Votn = Vi
induces morphisms of fundamental groups
— —
(™), : 1 (Vipgn, 01) — m1(V,, 01)
and maps of torsors of paths
— —
()t 7(Vipgn; 2,01) — (Vi3 2,01) .
The morphisms (:21"), of fundamental groups induce morphisms of Q-algebras
(F™)s : Qef{Ypant} = Qe{{Yn}}.
All these maps are compatible with the actions of Gg. Observe that
(17) (szJrn)*(Xprn) = Xn, (LiJrn)*(Yern,i) =01if ¢#0 mod ¢
and (:27) (Ypin.eri) = Y-
Let

(Vn)nEN € @ T‘—(Vn; Zl/é",()_i)
and for any o € G, let

(Yo Imen € lim w(Vy; €211, 01)
be as in Section 2.
Let M be a fixed natural number. It follows from the equality

n+1 M4n+1 _ M+n M4n—+1
fn OLnJrl _Ln OfM+n

that the following diagram commutes

M 1
(.

T(Vir s (21016 01) (Visr; (/€)1 01)

(.| (2|
LM+" * n
A (Varam: (MO0 0y Cmm) e L uetye oy

as well as the analogous diagram of fundamental groups

S, -
T (VMr4nt1,01) — 71 (Vag1,01)
jrheam| (2|

— (Gvipl =
7T1(VM+n,01) — 7T1(Vn,01).
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Let us set

M+n M+n

an = (1 "")e(Yar4n) and ano = (4 ") (YM4n0)-

Observe that ao (resp. ag,) is a path on Vp = Pg \ {0, 1,00} from 01 to 21/¢"
(resp. tof 1/€M)

We deﬁne N

Oy, (0) = a;i, co(ay) € m(Vy,01)
and
Do, (0) = En(or - o(an)) € Qe{{Yn}}.
One shows that
(f’:Ln+n)*(Aa7n+n (0)) = Aq,(0).
We define functions
i (M) and A7 (2Y¢)
on Gg by the equalities
logA,, (o Z liy, 1/6 cwand A, (0) =1+ Z Al (z /e
weEMy, wEMo,

—r M —r
If z = 01 then 2'/*" we replace by 77 10.
Then as in Section 2 we get measures

K. (") and G, (zY*") on (Z,)".
The analogue of Theorem 2.5 holds for the power series Ay, (o) and logA,, (o).

Theorem 3.1. Let z be a Q-point of P! \ {0,1,00} or a tangential point defined
over Q. Let w = XY XY XY ... X% 1Y X%, Then we have

(18) 110 (21 =

1 — M
ol al —x1)* a (g — x)tatr d K, (21
aolai!...a !/(Z[)T( 21)* (21 — a2) (21 — 2) 20 d K, (2Y)

(19) A () =

1 — — M
alal . gl w0 @z — ) 2 dG (2.
aolal!...a !/(Ze)T( 1) (21 — 22) (xp_1 —ap)* (=14

The next result shows the relation between measures K, (z) and K, (21/").
Proposition 3.2. Let z be a Q-point of P!\ {0,1,00}. Then we have
KM () (6M iy, My, 0M4,)) = K™ (287 ) (iq, da, . . . iy)
and .
G (2) (M iy, Mg, .. 0M4,) = G (28T ) (in, da, - .-,y
—
For z = 10 we have

-
KM+ (10)(6Miy, M iy, ... 0Mi,) = K§">(£—M10)(z’1,i2,...,ir).

If0<i1,i2,...,i7« < ™ then

1 — —
K(”)(Wlo)(il,ig, i) = KM (10) (i1, 4, . . . iy) -

T
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Proof. From the very definition of paths a,, and a,, , we get that for each n
(tn™™)x (logA

Comparing coefficients on both sides of the equality and using the equalities (17) we
get the first two equalities of the proposition as well as the first equahty involving

=logA,,,.

’)’M+n)

10 The last equality follows from the fact that the path from 10 to E—Ml() is in an
infinitesimal neighbourhood of 1. O

4. INVERSION

We start with the special case of the measure Kl(ﬂ)) Let p,, be the standard
path from (ﬁ to 6%17) on V,. Let
h:V, =V,
be defined by
h(3) = 1/3
Let ¢, := h(pn)™!, let s, be a path from 1 10 to 1 1oo as on the picture and let
Iy i=aqn - Sn pn.

Picture 4

For o € Gg, let us define coefficients a;(c) by the congruence
1
logA,, (o) = Z ai(0)Y,,; mod T2L(Y,).
i=0
It follows from [14] that

frn = (p;l ’ S’r:l 'qrzl ' (h’*fpn)il “qn " Sn 'pn) ’ (p’;1 'fSn .pn) 'fpn .
Hence we get
logAr, = —log(h.A,,) +logAs, +logA,, mod T?L(Y,).

Observe that )
logAs, = X%Yn_yo

and
-1

—loghyAp, = — Z a;Yen_; mod I‘2L(Yn).
i=1
Hence it follows that
1

4
(20) logAr, = X% o+ 3 (ai — agn_i)Yy; mod T2L(Y,).
=1

We recall that for o € Q, and £ € N we denote by C}' the binomial coefficients.
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Lemma 4.1. For 0 < 7 < /™ we have
1

19

0(0) — (o) = (15— 1)~ (@) XD o1y = B .

me 2 o

—
Proof. Let 3 be the standard local parameter at 0 corresponding to 01.

=
u = 1/3 is the local parameter at co correspoding to col. Notice that
-1
= 11w 71 (V01
= Y., mod T'*my(V;,,01).

To calculate the coefficients ¢; we shall act on
1 e’!l
(1= &) Z /" (=€)
by the path fr (o) =T,'-0-T,-0~1. We have

1ot —ix(oc™ 1t 1T,
(1= &) T T (1 — £, Dgymm Iy

1 _ m 1 —1 o-*l 1
(=) 1/¢ (= — an( ))E}n

3 3

Z’n

a((— é—nz'x(ofl))1/em)u71/zm(1 _ {}ﬁnu)l/emi
—ix(oc™! m i m —i "
(=€ NVEY (—gh )V (1 — i) "
To fix the value of
_7; 0—*1 m i m
(21) o (=X Ny (gl )V

u (g M) (L g Dy

Then

—

we need to prolongate by analytic continuation (1—¢ [,fz)l/ " along ', and compare

with u= " (1 — &, u)/*"
We parametrize (a part of) the path s, by

[0,7] 3 ¢ —> 14 ee¥ 1T+

We get that (1 — (1 + eV~ 1T+ /L™ tends to eV (%)_1/67” (1-

¢ tends to w. Therefore
(57) (1 = 2 (1 =

Hence it follows that

Because of the importance of the lemma we gave a second proof.
Second proof. Let 0 < i < /. Let
— —
D, : (Vp,01) = (Vo,08,.)
be given by
Pi(2) = &'z
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Then we have
—1 _ ai(o) 2 —1
(22) () (P, - 0(pn)) = (P3)4(y:)*? mod 71 (Vo,08,.").

— —
Let t; € m(Vp;0€,.",01) be as on the picture.

Picture 5
Observe that

(23) o (@)u(@) i =, £ (Ra)e(yi) L=y
in wl(VO,(ﬁ). For any o € Gg and any 0 < ¢ < £" we have
(Pi)x 00 =00 (Pin(o-1)))x-
Hence we get
(@) Py - 0(pn) = (@)« (07 ) - (P01 () -

To simplify the notation let us set

i = (Pi)«(pn) /s end Qi :=gq;-t;.
Then it follows from (22) and (23) that

(24) Q7 "0(Qix(o-1y)) = ti a7 0 (Qix(o—1))) tity PO (tig(o-1yy) = y* (7" (7)

2 —
modulo I'*my(V,01)
for some r;(0) € Zy.

—
Let 3 be the standard local parameter at 0 corresponding to 01. Then t =
Aﬂi

. —1 . .
Zf(g )5 is a local parameter at 0 corresponding to Ofg_n”‘(a and t; = §}.3 is a
—

local parameter at 0 corresponding to O{;f. We calculate the action of ti_l SO

lix(o—1)) * o' on 3", We have

m m lixe=1)) foix (o~ )\ —1/€" 1 /em
1/¢ ’ x (zx(o )) / /e

ot i
3t T g o
—1

7, 0(( %(0*1))—1/”){1/4’" t_> 0((5%(0*1))—1/5"‘)(Qn)l/zmél/zm _

1/em 1/0my s e Le—ix(e™h)
Observe that t; (resp. t ) is real positive on €- &, (resp. on -§,, )
for e > 0. This fixes values (£},.)"/*" (resp. (5%(071))71” ) for 0 < i < £™ which
. —iv(o—1
are &, ,m (resp. Qniﬂi )).
Hence we get that

. . _1
i ix(o
(o) = o —x(o) X
Let h: Vi — Vj be defined by
h(z)=1/z.



ON ¢-ADIC GALOIS L-FUNCTIONS 21

The path 'y on V) we denote by I'. Observe that

(25) I ho(e) T=y o', T h(y) T=y
and
(26) (h(Q)- 1)1 Qi=y ' -2t

It follows from (24) and (25) that
1—‘71 . h(Ql)il . h(U(Q(iX(U—l»)) -I'= yai(g) . (yil ',Til)n(g) mod F27T1 (VQ, (Tl)

On the other side it follows from (26) and (24) that

P h(Q) ™ - Mo(Qixey)) - T =
(h(Q:)-T) ™ Qi (Q-i) ™" 0(Qix(o-1y) - o(x) -a(y) - (C7H-o(I)) ™" =
gl yei@) L gri@) px(0) L yx(@) =3 (@)-D od T2 (Vp, 01).
Hence comparing the right hand sides of both congruences we get

1

ai(0) —ri(o) = a_i(o) + §(X(U) -1).

Therefore we have
1 .
ai(0) —a—i(o) =ri(o) + Q(X(U) -1)= E1,X(a)(l)~

O
In [10] there is still another proof of Lemma 4.1. In the second part of the paper
we shall consider general case.

5. MEASURES K (z)

In this section we present some elementary properties of measures Ki(z). Most
of these properties are already well known and we just collect them.
If 1 is a measure on Z; we denote by p* the restriction of p to Z,, i.e.

X

P =i,
where i : Z, < Zj is the inclusion.
We define
m(n) 2Ly — Ly
by the formula m(n)(z) = (™.
Proposition 5.1. Let z be a Q-point of P!\ {0, 1, cc}. Ift ~ be a path from (Tl

to z. The measure K;(z) associated with the path 7 from 01 to z has the following
properties:

i)
F(K1(2)(X) = Y likga(2)y - XF5
k=0
i) .
P(K1(2))(A) = > tira(2)y - AF
k=0
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iii)
m(n) K1 (z) = K1 (™) ;
iv)
/ dK1(2) = 1(1 — 2"y
L7y
v)

/ 2"dK4(z) = Zﬁkm/ xdel(zl/lk)X for m>1.
Ze k=0 z;

Proof. It follows from (9) that

Observe that
lig1(2)y = 1i% i (2)5 -
Hence it follows from Theorem 2.5 that

1
ligy1(2)y = E/Z 2*dKy(z) for k>0.
: 13

Therefore we get the formula i) of the proposition.
We recall that the functions t,(z), are defined by the congruences (5). We

embed the group m; (]P’(lQ \{0,1, 00}, O_i) into Ze{{A, B}}* sending z to 1+ A and y

to 1 + B. Then the image of z~!(*)~ . fy is the formal power series
14 trg(2),B- AR+
k=0

where we have written only terms with exactly one B and which start with B.
Substituting exp X for 1 + A and expY for 1 + B we get the formal power series

(27) (exp(—1(2),X) - Ay(X,Y)) =1+ > liga(2), Y X5+ ...,
k=0
because taking the logarithm of this power series does not change terms of degree
1 with respect to Y. Observe that the terms on the right hand side of the formula
(27), which start with Y and of degree 1 in Y can be written Y - F(K;(2))(X). By
the very definition we have
F(K1(2))(X) = P(K1(2))(exp X — 1) .

Hence it follows that

P(E(2)(4) = 3t (2), - AP
k=0

Let 0 < i < ¢M. Then we have K;(z¥/¢")(i + (MZ;) = KM (V) 4) =
K£M+n)(z)(£"i) by Proposition 3.2. Calculating farther we get K£M+n)(z)(£"i) =
K1(2)(0i + M+ 7)) = Ky (2)(m(n)(i + (M Zy)) = m(n)' Ki(2)(i + €M Z). Hence
we have shown the point iii).
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To show the point iv) observe that Proposition 3.2 implies
n 0 "
/z () = KV E)(0) = K 0)
"l

Notice that Kfo) (21/£7)(0) is the coefficient at Y of the element A,,, hence it is
equal Iy (2 ") = — R - e recall that ag is ~y, considered on Pz
11D (217) = 1(1 = 2Y¢"),. (We recall th dered on P}

{0,1,00}.)
To prove the point v) we present Z, as the following finite disjoint union of
compact-open subsets

Zy=T7; UL U.. .ULZS UL, .
Observe that

xdel(z):/ (CFz)md(m (k) K1 (2))
A z¥

by the formula (7). It follows from the point iii) already proved that

/

Hence we get that

(CFz)md(m(k)' K (z)) = Ek’”/ ™ dKy (zl/fk) .

X X
12 Zl

n—1

/Z/Z 2" dK4(z) = kam/

MK (21 —l—f"m/ e K (217
k=0 z

Zg

X
14

Observe that the term ("™ [, ™ dK(21%") tends to 0 if n tends to co. Hence we

have
/ 2" dKq(z) = Zékm/ xdel(zl/Zk) .
Z, x

k=0 z
O

N
In the next proposition we indicate properties of the measure K;(10).
— —
Proposition 5.2. Let p be the standard path on P%@ \ {0, 1,00} from 01 to 10. Let
—
K1(10) be the measure associated with the path p. We have

i)
(m(n)' K1(10))* = K, (10)* ;
i)
— — 1
/Ze dK1(10) =0 and ~/Z"Z[ dK,(10) = “(g_n) for n>0;
i)

k Iy 1 k o
/ 2FdK (10) = —/ 2FdK,(10) .
Z L= 0k Jpx
I3

— —
Proof. The lifting of the path p = pg to V,, is the path p,, from 01 to élnlO. We
have

(m(n) K1 (10)) (i + £ Z) = I (10)(€% + M7 Zg) = KM (10) (¢74) |



24 ZDZISLAW WOJTKOWIAK

—
Observe that K{Mﬂl)(l()) (€™1) is the coefficient of logA,,, .. at Yarypn ;. Assume
that ¢ does not divide i. Then this coefficient is equal to the coefficient of logA,,, at

C o (M) Thy iy N M
Y4, which is K77 7(10)(3) = K1(10)(é + ¢ Zg). Therefore

— —
(m(n)' K1(10)) (i + (M Zg) = K1(10)(i + (M Zy)
for 4 not divisible by ¢. This implies the point 1).
5
The formal power series A, = A, has no terms in degree one, hence fZe dK;(10) =

—
11(10), = 0. We have
/ 4K, (10) = K, (10)(€"Z0) = K™ (0) .
YALYAY)

Observe that Kin)(O) is the coefficient of A,, = A,, at Y, o. Let ¢t be the local
—
parametre on V,, at 0 corresponding to 01. The element f,, (o) = p,* -0 -p, -0~ !

acts on (1 —t)7 as follows:

(1= 1) TH(1 — )7 2y (s o

()™ )5 "o () ™) () ™)1 - 7 = /1 -y,

—
where s = (1 —1t) is the local parametre on V,, at 1 corresponding to 2%10. Hence
we get that

n 1
K{™(10)(0) = #(5;)
—
and therefore [, dK1(10) = k()
Repeating the arguments from the proof of the point v) of Proposition 5.1 we
get

/ 2™ dK (10) Zemk/ 2" K (7 Zemk/ #"dK (10)
Zy

because the measures Kl(liklo) and Kl(lo) coincide on Z, . But the last series is
—
equal L [« ™dK1(10). O
14
In the next two propositions our base field is Q(tm,).

Proposition 5.3. Let m be a positive integer not divisible by ¢. Let &, be a
primitive m-th root of 1. Let (§f,; ")n en be a compatible family of ¢™-th roots of

&m such that {ﬁ;n € Uy, for all n € N. Let a be the order of £ modulo m. Let

—n
(’Yn)nGN € lglﬂ(vnagﬁz 701)
and let K7(&,) be the measure associated with the path ~y. Then we have:

a—1 ki
/ xdel(gm)zzlféka/x 2P (€8)% for k> 1,
=0
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ii)
lk(gf;;l)% = lik(gf;:l)% for 0<i<a,
iii) the functions

lk(gfnﬂ)%. : GQ(,um) — Zg(k)
are cocycles for all k£ and 0 < i < a.

Proof. Observe that

/ AR () = Y / AR (€)= Y 0 / R (€)=

Zy n=0L"L{ n=0 Zy

azl oo . a1 fki »
(memk/xxkdm(gg ) :Zm/xxkdm@; )*.

=0 =0 Z, 1=0 Z;

Hence we have shown the point i) of the proposition. _
Let 0 < i < a. Observe that [(£%,"),, = 0 because £"-th roots of £, " calculated
along v; are in pt,,. Hence it follows that A,, = A,, and in consequence

lk(ﬁﬁ:l)% = llk(ﬁﬁ:l)% :
It follows from [15, Theorem 11.0.9] that I (fﬁ;i)% are cocycles. O

The last result of this section concerns distribution relations of ¢-adic polyloga-
rithms. In [11] we proved the following result (see also [18, Theorem 2.1.]).

Theorem 5.4. Let m be a positive integer not divisible by £. Let z be a Q-point
—
of P*\ {0,1,00}. There are f-adic paths v on Pg \ {0,1,00} from 01 to ¢k for
—
k=0,1,...,m —1 and an f-adic path + from 01 to 2™ such that

m—1
mn_l( Z lin(éﬁzz)w) = lin(zm)'y
k=0

on the group G,,,) for all n. > 1.

The next result follows immediately from Theorem 2.5 and the theorem stated
above.

Proposition 5.5. We have the following equality of the formal power series in

Ql[x1]

m—1

Y F(E1(E,2),) (mX) = F(K1(2™),)(X).
k=0

6. CONGRUENCES BETWEEN COEFFICIENTS

Let w = X®Y X®Y . .Y X%. In Section 2 we have shown that

(28) 130 (2) =
1

aolal!...a,!

/ (—x1)* (1 —22)™ .. (Tpo1 — @)tz d K (2).
(Ze)m
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Let F: (Zy)" — (Z¢)" be given by F(x1,...,z,) = (x1 — T2, ..., Tr_1 — Tp, Ty).
Observe that F' is an isomorphism of Zy-modules. It follows from the formula (6)
that

(29) / (—x1)®(z1 — @2) " (12 — 23) "% ... (Tpo1 — xp) V2 d K, (2) =
(Ze)™

[t ) () e R (2),
(Ze)m i=1
To simplify the notation we denote

K.(2) = FK.(2).

Let us decompose (Z¢)" into a disjoint union of compact subsets

@) =] .- ] (I]emzy).
n1=0 n,=0 1=1

where bar over co means that the summation includes oo and ¢*°Z, = {0}. Observe
that the subsets

T

[1ez;
i=1
for ny # 00, ng # 00,...,n, # 00 are compact-open subsets of (Z;)".

Let ny # 00, ng # 00,...,n, # co. Let
m(ni,...,ne): (Z,) — (Zg)"

be given by
m(nl, . ,nr)(tl, ceey tr) = (gnltl, - ,gnrtr).

Lemma 6.1. We have
(30) / (= Z £)20 (1) (t2) 2 . (1)@ () T d K (2) =
= L o

T

(T i, / (= 37 )0 () (1) ... (8 d(mln, . me) Ko (2)).

zHr =
Proof. The lemma follows from the formula (7). O
Lemma 6.2. Let us assume that a; are positive integers for ¢ = 1,2,...,r. Then
we have
ey /< WO D)) (#2)" o (b)) A (2) =

Ze)" =1

T

oo fZ?:lami/ (=D 0mt) ™ (t1)™ (£2)™ .. (1) ()" d(K).

ni=0  n,—=0 ZHr =
where K = m(ny,...,n.) K.(2).
Proof. Observe that for any natural number M the set

{(n1,n2,...,n,) € N"| Zniai <M}

=1
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is finite. This implies that the series on the right hand side of (31) converges.
For a given M we have the following decomposition into a finite disjoint union of
compact-open subsets

M M r
Zo)" = (|| - L] (JTemzin| | @z
n1=0 n,=0 =1

Observe that
/ (=) t)™(t)™ (t2)* ... ()" dK,(2) = 0 mod (M+1=r,
(eM+17,,)r o
Hence it follows from (30) that the series on the right hand side of the equality (31)
converges to the integral on the left hand side of the equality (31). ([

Now we shall prove congruence relations between coefficients of the power series

logA,, = Z 139 (2) -w € Qu{{X,Y}}.

weMo

Theorem 6.3. Let a; and b; be non negative integers not divisible by £ for
i=1,2,...,r. Letw=YX“Y X%  YX%%andv=YX"YXb .  YXb Let M
be a positive integer. Let us assume that a; = b; modulo (¢—1)¢M fori =1,2,...,r.

— —
Let z be a Q-point of P*\ {0,1,00} or z = 10. Let « be a path from 01 to z. Then
for any o € Gg we have the following congruences between coefficients of the power

series logA, (logA,, if z = 1_(>))
(H ail)liy,(2)(0) = (H bi)1i%(2) (o) modulo ¢MF1=dr
i=1 pale}

Proof. One can find ¢; € Z such that
bi =a; + Cl(é - 1)€M

for i =1,2,...,r. Then for any z € Z; we have
i — i .x(ffl)cilM _ :c‘“yeM,
where y = z(=D¢ € 1 + (Z,. Tt implies that
2% = 2% modulo (M+!

fori=1,2,...,r. Hence it follows that

/ 19152 .t d(m(na, . .. ,n.) Ke(2)(0)) =
@

Q)

/ ) 0% b d(m(na, ... ,n.)' K.(2)(0)) modulo ¢M+1=dr
Lemma 6.2(Zieniplies that
/ t1t52 .t d K, (2)(0) =
(Ze)™
/(Z ) 1% P dK,(2)(0) modulo (MF1=dr
A

Therefore the theorem follows from the equality (29) and Theorem 2.5. O
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7. {-ADIC POLY—MULTI-ZETA FUNCTIONS?

In this section we attempt to define non-Archimedean analogues of multi—zeta

functions
q ) > S
S1y.e.38p) = 5153 S
Ny No~ ... Ny~
ni>nz>...>n,=1 1772 r

and poly—multi—zeta functions
z™
C(81,y.--y8r) = E TN —l
z T
(51, 8r) ni'ny?...ny"
ny>ng>...>n,=1

Let
w:iZl = L)
be the Teichmuller character. If z € Z;° we set

[2] =z - w(x)!.

Definition 7.1. Let 0 < 8; < £ —1 for i = 1,...,r. Let 8 := (B1,...,05),
let i :== (n1,...,n,) € N" and let (s1,...,8,) € (Z¢)". Let z be a Q-point of
P\ {0,1,00} or a tangential point defined over Q. We define

ZP(1—s1,... 1= s.12,0) =

/(ZX)T[tl]Sltlw(tl)ﬁl . [tr]slt’lw(tr)ﬁrd(m(nl, o nr)!KT(Z)(U) '

14

For z = 1_()) we should obtain ¢-adic non-Archimedean analogues of multi-zeta
functions. However before we should divide by polynomials in [x(c)]® in order
to get functions which do not depend on o. We do not know how to do this for
arbitrary r. Only for 7 = 1 we can guess easily the required polynomial. The case
r =1 is studied in the next section.

8. ¢-ADIC L-FUNCTIONS OF KUBOTA-LEOPOLDT

Now we shall consider the only case when we can show the expected relations
of the functions constructed by us in Section 7 with the corresponding ¢-adic non-
Archimedean functions. .

We shall consider the * case of r =1 and z = 10. We shall show that in this case
the functions Zg (1 —s;10,0) defined in Section 7 are in fact the Kubota-Leopoldt
L-functions multiplied by the function

s — w(x(0))’[x(0)]* — 1.

We start by gathering the facts we shall need and which are crucial in identifi-

cation of ZOB (1—s; 1_())7 o) with the Kubota-Leopoldt L-functions. It follows from
Theorem 2.5 and the definition of ¢-adic Galois polylogarithms in [15] that

(32) 1,(10) = ﬁ/z 1K (10) .
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It follows from Proposition 5.2, point iii) that

— 1 —
(33) / xkildKl(lo) - W/ $k71dK1(10)
Zy z}
for k£ > 1. For k > 0 and even we have the equality
— B — By &
(34) W(10) = A (¢ = 1)

(see [20, Proposition 3.1], another proof is in [10]).

In Section 7 we defined
B e 4 _ s —1 B 7
Z5(1 —5;10,0) = [z]°z™ w(z)”dK1(10)(0) .
zy
We shall use a modified version of the function.
Definition 8.1. Let 0 < 8 < ¢ — 1. Let o € Gg be such that x(o)1 # 1. We

define
121~ 510,0) . [ lale o) dr (1))
—s;10,0) := )’z w(x o).
w(X(@)Px(o)]* =1 J '
Theorem 8.2. Let 0 € G be such that y (o)1 # 1.
i) Let £ > 0 and let kK = 8 modulo ¢ — 1. Then we have

(35)

2
L'B(l—k;l_()),a)z

2 [ ki (1)) = X
5 / Aa()(0)

ii) Let £ > 0 and let 8 be even. Then we have

10 Nk-1) =
o 1:(10)(0r) .

8 T 1
(36) LP(1 - k;10,0) = —EBk7wﬁ—k .

iii) Let k and 8 be even and let k = 8 modulo ¢ — 1. Then we have

B

(37) LP(1 - k;10,0) = —(1 — £F1) = (1= G - ).

Proof. Let us assume that k¥ = 8 modulo ¢ — 1. Observe that then [x(o)]* =
x(0)fw(x(0))™? and ¢! = [2]Fz " w(x)?. Hence we get

2
L1 - k;10,0) = / LI (10)(0).
z;

x(o)k —1
Observe that

/ UKL (10)(0) = (1 — 6571 - (k — 1) (10)(0)
2

by the equalities (33) and (32). Now we shall prove the point ii). Let § be even.
Then we have
2

wO@) X (@)F — 1

It follows from Lemma 4.1 and the equality Ein;(a)

1
[ a et Ha1)) = 5 [ o) i o
7 4

LP(1—k; 1_()), o) = / xkilw(x)ﬁfdel(l_()))(o) .
z;

(e —i) = —E™

x(®) (i) that
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Hence we get that
1

w(x(2))[x(o)]F =1

Therefore L?(1 — k; 1_(>), 0) = —+ By w6+ by [8, Chapter 4, Theorem 3.2.],
It rests to show iii). If £ = 8 modulo ¢ — 1 then

2 /Z 14K (10)(0)

.
LP(1 = k;10,0) =

/X [t 2 ™ (@) Ay (o) -
Zl

L1 —k; 10
R S T

by the point i) already proved. Hence it follows from (32) , (33) and (34) that

2 L1 10) (o) — 201 — 1) L1 10) (o) —
7)((0_),_1/2; K (10)(0) = = / 4K (10)(0) =

21—+ (k= 1)1 = ;)
Tkl = =T

=1 =01 —k).
O

The ¢-adic L-functions were first defined in [7]. The other construction is given
in [6]. We shall use the definition which appear in [8]. Following Lang (see [8]) we
define the Kubota-Leopoldt ¢-adic L-functions by

! S.z7l. d(x 1ol
W/Z;[I] ®(z)dE1,(2),

Li(1—s;®):=
where @ is a character of finite order on Z, and ¢ € Z; .

We recall that
1
(38) Ly(1—k,wP) = — 3 Bl

for any positive integer k (see [8, Chapter 4,Theorem 3.2.]). In particular if k = S
modulo £ — 1 then we have
1 B
(39) Le(l = k,w’) = =4 By = —(1 - e’H)?’“ :
where 1: Z; — {1} denotes the trivial character of Z; .
Corollary 8.3. Let 8 be even and 0 < 8 < £ —3. Let 0 € Gg be such that

N
x(o)é_l # 1. The function LB(l —8;10,0) does not depend on o and it is equal to
the Kubota-Leopoldt f-adic L-function L,(1 — s;w?).

Proof. Let o1 and o5 belonging to G be such that y(o1)~! # 1 and y(02) ! # 1.
It follows from the point ii) of Theorem 8.2. that

— —
LP(1—k;10,01) = LP(1 — k310, 09)
for k a positive integer. Hence
— —
LP(1—5;10,01) = LP(1 — 5;10,09)

because the functions coincide on the dense subset of Zy. It follows from the point

iii) of Theorem 8.2 and (39) that L?(1 — s; 1_(>),0) is the Kubota-Leopoldt ¢-adic
L-function L,(1 — s;w?). O

Remark 8.4.
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— —
i) If 8 is odd then the functions L?(1—s;10,0) and Z°(1—s;10, ) do depend
on o.
ii) We can view the result of Corollary 8.3 as a new construction of the Kubota-
Leopoldt ¢-adic L-functions.

9. ¢-ADIC FUNCTIONS ASSOCIATED TO MEASURE Ki(—1)
In this section we identify ¢-adic functions
Z0(1 —s;-1,0)
constructed with an aid of the measure K;(—1). Let ¢ be a path on P%J) \ {0, 1,00}

—
from 01 to —1 as on the picture.

Picture 6

Let us set

(«%)
I
©
&
[

Proposition 9.1. We have
I(=1)s =0, lir(-1) =1l1(-1)s = k(2),
where £(2) is a Kummer character associated to 2,
: 1—2k1 -
(40) llk(—1)5 = lk(—1)5 = 2167711;9(10)1,
— —
for k > 1 (p is the standard path from 01 to 10).

Proof. The path ¢ is chosen so that I(—1)s = l(lT))p = 0. The formula (40) then

follows from the distribution relation
—

I
2" (16(10) + Uk (—1)5) = 1e(10),,
whose detailed proof can be found in [11]. O

From now on we assume that £ is an odd prime. Let ¢(™) be the path ¢g := ¢
considered on V,, = ]P’(lQ \ ({0,00} U ign ). Let us set
§ = o™ 212

for n € N (the loop z,, around 0 is as in section 2). Observe that the constant
family ((—1))nen is a compatible family of £"-th roots of —1.

Lemma 9.2. We have

(5n>n€N € ]glnﬂ(vn; _L (ﬁ) .
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Proof. Let f: C* — C* be given by f(z) = 2*. Then we have
FO) = flp-a?) = [(@) (@) =0T -t =p-at? =0

We can assume that all happens in a small neighbourhood of 0, as the image of the
interval [—1, —¢] (¢ > 0 and small) is the interval [—1, —¢‘]. O

It follows from Proposition 2.2 that for » > 0 we get measures
K.(-1).

Hence it follows from Theorem 2.5 (the polylogarithmic case was already proved in
[9]) that

(41) I(=1)s = lik(—1)s = ! 5 /Z I (1),

Finally it follows from Proposition 5.3, point i) or the careful examination of the
formula v) of Proposition 5.1 that

_ 1 _
(42) / Ik 1dK1(—1) = W /)< xk 1dK1(—1) .
Zy Z,

Definition 9.3. Let 0 < 8 < £ — 1. For 0 € Gg such that y(o)*~! # 1 we define

2 /ZZ [x]sxflw(x)ﬁdKl(—l)g(a) )

LP(1—s—1,0) =
w(x(a))P[x(o)]* — 1
Theorem 9.4. Let o € Gg be such that y(o) ! # 1.
i) Let k = 8 modulo £ — 1. Then we have.
2(1 — 1) - (k= 1)!
B(1 — fr — —
LP(1-k;—1,0) k=1

21— 1) (k-1 1-2k1 = -
x(o)k =1 e w10,

ii) Let k and § be even and let k = 8 modulo ¢ — 1. Then we have

Lo 12k LB (1 - gRly(1— 2k
LP(1—k;—1,0) = (1— 1. ST ST C(1—k).
Proof. The point i) follows from the formulas (42), (41) and (40). The point ii)

follows from the point i), the formula (34) and the equality (1 — k) = =2&. O

Corollary 9.5. Let 3 be even and 0 < 8 < £ — 3. Let 0 € Gg be such that
x(0)*~1 # 1. The function L?(1 — s;—1, ) does not depend on o and we have

_ 71&) B9]s
(43) LP(1—s—-1,0)= ! 2_21“)(2;?[2][82]

lk(—l)(; =

Le(1 - s,wP).

Proof. Let o1 and o2 belonging to Gg be such that x(o1) ! # 1 # x(o2)* L.
Then it follows from Theorem 9.4, ii) that the functions L%(1 — s;—1,07) and
LP(1 — 5;—1,03) coinside on the dense subset

(keN|k=4 mod £—1}

of Zy. Therefore
LP(1—s—1,00) = L°(1 — 5;—1,09)
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for any s € Zy. For k € N and k = 8 modulo ¢ — 1 it follows from (39) that
1 —27w(2)%[2)" 12kt
21w (2)8[2]* 2k—1

Hence the formula (43) of the corollary follows from Theorem 2.4, point ii), because
the both functions coinside on the dense subset {k € N | k= S mod ¢ — 1} of Zy. O

Lo(1 — k,wP) = (1 =1 -k).

10. HURWITZ ZETA FUNCTIONS AND DIRICHLET L-SERIES

Let m be a positive integer not divisible by ¢. In this section we identify functions
corresponding to measures K1 (¢! )(o) F K1(£m%) (o).
Let 0 <3 <¢—1andlet e € {1,-1}. Let us set

20— 5160 +2(€h).0) = [ e (@ d(K(6)(0) + eKa(gh)o)

— .
First we fix paths «; from 01 to &, for 0 < ¢ < m (see Picture 7).

Picture 7

Let us set

i
™

Bi=oa;-x
for 0 < i < m. Observe that then [(£!,)s, = 0. Hence we have

(44) g (X,Y) = 3 0(€,)5, Y X mod Zy(X,Y) .
k=1

Let h: P*\ {0,1,00} — P\ {0, 1,00} be given by

h(3) =1/;.
Let us define
z:=T"1"hz) T,

—
where I' =Ty (see Picture 4). Then z -y -z =1 in 7 (Vp,01).
Lemma 10.1. Let 0 <7 < 3. Then

ﬁm—i = h(ﬁl) F . Zi l‘ﬁ .
Proof. We have

Bmei = Qi - X 7 = Qi - T L g = h(a;) T.zm =

We shall prove the following result.
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Theorem 10.2. Let m be a positive integer not divisible by £. We have

(€Y + (“DI(E)s, = = Br(—) - (1 - ).

= 7 Bl

i
m
To prove Theorem 10.2 we shall need several lemmas. It follows from Lemma

10.1, [14, Lemma 1.0.6] and the commuting of h with the action of Gg (see also
[15, formula 10.0.1]) that

fﬁm—i = fh(ﬁl)l“z#z#
i (z’# ) (Ffl - ha(fs,) - F'fr) cym 'fz#) cxm 'fx% .
We recall that Z = —log(exp X - expY’). Therefore we get the equality of formal
power series

(45) Ag, (X,Y) =
e X (e w2 (Mg (Z,Y) - An(X,Y)) - em? . A L (X,Y)) cem X L em( DX

m

Taking logarithm of both sides of the equality (45) we get

(46) logAg,, ,(X,Y) = [e-m¥.
_i i i 1
((em=7-[logAg, (Z,Y)OlogAr (X, Y)]-emZ)OlogAz% (X, Y))-emX}OE(X -1)X.
We shall calculate successive terms of the left hand side of the equality (46)
modulo the ideal Z4(X,Y).

Lemma 10.3. We have

(47) logAz% (X,Y) =
exp( (1 = X)X) — exp(— 5 xX) X iy,
Y[( eXpX—l +exp(XX)_1.(emX_1))
exp(f((llijé))j(() — J + %(1 —x)X modulo Z4(X,Y).

Proof. We have
Fa(o)=2"m o(zm)=(z-y)m - (o(z) oy) m = (z-y)7 - (@7 yX@)~m

modulo commutators with two or more g’s. Hence we get

logA_, (X,Y) = %(X 0Y)O(

. ~Lax o)) =

1 i —ixX ,
—X+Yy —m ——xX+Yy—r— d Z,(X,Y).
(m + epr—l)O( mX + exp(xX)—l) mod T5(X,Y)

Applying the formula from Lemma 0.2.1 we get the congruence (47) of the lemma.
O

Lemma 10.4. We have

_ 1 X y
Ap(X,Y) 1_1/(6){1))(_1 exp(xX)—l) mod Z5(X,Y) .
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Proof. Observe that I' = h(p)~! - s-p. Hence we have
fo=T"" h(f ") Tp" fsopfp-
Therefore after the embedding of m (]P’é \ {0, 1, 00}, (Tl) into Qe{{X,Y}} we get
Ar(X,Y) = Ay (Z, V)t e2ODY LA (XY,

Hence it follows from the congruence (3) that

logAr(X,Y) = (~logh,(Z,Y)) O (5(x ~ 1)Y) Ologh,(X,Y) =

oo

(D (=1)Fu( 10 VX1 O (

k=2

(x—1Y)O (ilk(ﬁ))pyxk—l) =
k=2

N | =

1 oo
SO- DY+ 25,(10),Y X251 mod T4(X,Y).
k=1
In [20] we have shown that

- B
I (10), = ——2%

1— 2k
> X
(see also [10, Proposition 5.13]). Therefore we get

— B
logAr(X,Y) =Y k—f(l — MY X* L mod T4(X,Y).
k=1
It follows from the definition of the Bernoulli numbers that the right hand side of
the last congruence is equal
(—t Ly oy x Ly L X__ )
expX -1 X exp(xX)—-1 X expX —1 exp(xX)-1
It is clear that Ap(X,Y) — 1 = logAr(X,Y) modulo Z4(X,Y). Hence the lemme
follows. O

Proof of Theorem 10.2. Let us set

)= le(€h)p X
k=1

Observe that

1
logAs,(Z,Y) O logAr(X,Y) = Y(Ai(—X) + - exxx_ 1) mod Z,(X,Y)

and
(48) e~ mZ (loghs, (Z,Y) O loghr(X,Y))em? =

1 X
expX —1 exp(xX

Y(Ai(—X)—i— 7= l)e—%x mod Ty(X,Y).

Let us denote by
S5(X)

the formal power series in the square bracket of the congruence (47) of Lemma 10.3,
i.e. we have

logh_; (X,Y) = YS(X)+ —(1-x)X mod Tj(X,Y).
m
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It follows from the congruences (48) and (47) and Lemma 0.2.1 that
(49)

e X ((e*#Z - (logs,(Z,Y) O logAr(X,Y)) - e 7) O logh_ (X, Y)) emX =

m

1 X _ i
v ((A(-x - X
(A )+6XpX—1 exp(xX)—l) ¢
exp(s (1 — ) X) - (1 - x)X
exp(7; (1 =x)X) -1
Following the equality (46) it rests to calculate the (O-product of the right hand
side of (49) with (1 — x)X. Using once more Lemma 0.2.1 we get

+ S(X)) cemX 4 %(1 ~ )X mod Z,(X,Y).

exp(X)  xexp(zxX)
expX —1 exp(xX)-—1

(50) logAs, ,(X,Y) EY(Ai(—X)—i— ) mod Z4(X,Y) .

We recall that the Bernoulli polynomials By (t) are defined by the generating func-
tion

Xexp(tX) < Bult)
—_— = X"
expX —1 kZ:o k!
Therefore finally we get the following congruence
(51) Y (O (&n s, X =
k=1
= _1\k—1 i k—1 = Bk(%) (1 k) vh—1
Y( (=D (&) X+ > (1= X)X )
k=1 k=1 )
Comparing the coefficients we get
—i i Bk(%)
o) s + (1P (&) 5, = A= xX*).
O
Proposition 10.5. Let m be a positive integer not divisible by £. We have
1 - —i i B, %
(52) 2 / 2P (K (E,) + ()R EL(E)) = ()
1-— X Zse k

for0<i<mand k > 1.

Proof. For 0 < i < % the proposition follows immediately from Theorem 2.5 (see
also [9, Proposition 3]). If % < i < m then we use the equality Bp(l1 — X) =
(—=1)*Br(X) (see [3, page 41]). O

We recall here the definition of Hurwitz zeta functions. Let 0 < x < 1. Then

one defines
oo

((s,2) = 3 (0 +2)~°
n=0
(see [3, page 41]). The function (s, z) can be continued beyond the region R(s) > 1.
One shows that
By (z)

n

C(l—n,x):—



ON ¢-ADIC GALOIS L-FUNCTIONS 37

for all n > 0 (see [3, Section 2.3, Theorem 1]). We shall construct f-adic non-
Archimedean analogues of the Hurwitz zeta functions using measures K1 (§,,%) £

K (&5)-
Let a = ¢ be a rational number and let a and b be integers. We assume that

b and m are relatively prime. Then we define the integer (o) by the conditions
0 < {a) <m and (o) = @ modulo m.

Proposition 10.6. Let m be a positive integer not divisible by ¢. Let a be the
order of £ in (Z/mZ)*. Let 0 < o < m be such that (o, m) = 1. Then we have

(53) = [+ ot ) -
% (Bk( <ail_p>) _ fk_lBk( <O‘€;:_l> ))

forp=0,1,...a—1.
Proof. Observe that
/ KL (%) = “z‘:l = / T
Ze m — 1 — ¢(k—1)a z m
by Proposition 5.3. Hence it follows from Proposition 10.5 that
1 (al=7)

1 —¢k—DayZ— B =
(1-¢ )7 Br(——)
1 X . L o
2 / (K + (DR RE)
i=0 Zy

for j = 0,1,...,a — 1. Multiplying the (p + 1)th equation by /*~! and next sub-
tracting from the pth equation and dividing by (1 — £(*~1%) we get the equalities
(53) of the proposition. O
Remark 10.6.1 A similar formula as the right hand side of equalities (53) appears
in [12, Theorem 1].

Let € € {1,—1}. We define

B1—s; (&) +e(&), o) = 2P = s (& +e(€l ), o) =

1 stflw T B L —q o . i o
W(X(O'))'@[X(U)]S_l/zex[ ] ( ) d(K (fm )( )—FE‘K (gm)( ))

Proposition 10.7. Let 0 < 8 < £ — 1 and let 0 € Gg be such that y(o)*~! # 1.
Then for £ = S modulo £ — 1 we have

LP(1—k; (6.) + (—1)P(€L,),0) = %(Bk(%) - gk_lB’“(@Zl )

~

Proof. The proposition follows immediately from Proposition 10.6. (|

Corollary 10.8. Let ¢ and o1 be such that (o)~ # 1 and x(01)*~! # 1. Then
we have

LP(1=s; (&) + (=DP(&,),0) = LP(1 = 5: (&) + (=17 (&1,), 1) -
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Proof. Both functions take the same values at the dense subset of Zy, hence they
are equal. (I

Remark 10.8.1. Notice that the function L#(1 —s; (£,7) 4 (—1)%(£,), o) does not
depend on the choice of o such that x(c)*~! # 1. This function is then an f-adic
non-Archimedean analogues of the Hurwitz zeta function ((s, -%).

Let ¢ : (Z/qZ)* — Q* be a primitive Dirichlet character. The L-series attached
to ¢ is defined by

n

L(s, ) = Z ¢(7Z)

for R(s) > 1. Then one shows that

q

L(s:9) =D w(a)a™¢(s, )

a=1

and for n > 1 one has
1 1 a
L =ny) = ="' > _v(@)- Ba()
a=1

(see [13, Chapter 4, page 31 and Theorem 4.2.]).

Having f-adic non-Archimedean Hurwitz zeta functions we shall define ¢-adic
Dirichlet L-series. Let m be a positiveinteger not divisible by £. Let

¥ (Z)/mZ)* — @ZX

be a primitive Dirichlet character. Let 0 < 8 < £ — 1 and let € € {1,—1}. Let
o € G be such that x(0)*~ # 1. We define

Li(1 = s;¢,2,0) = —w(m)’[m]"m™" Y (@)L (1 = 5 (£,") +£(€h), 0)

a=1

Proposition 10.9.

i) The function Lf(l —5;9,(—1)?,0) does not depend on a choice of & € Gg.
ii) For k = 8 modulo £ — 1 we have

L](1 =59, (=1),0) = (1 = (O L1 -k, ¢).

Proof. We calculate

Li(1=s;9,(=1)%,0) = —w(m)’[m]*m™" Y (@)L (1-k; (€,")+(=1) (), 0) =

m

—m* 1y " 4p(a)

a=1

(3 W) B — Y p(Ow(at ) B
a=1 a=1

(al™?)

m

) =

(Bk(%) — F1 B

> =

(al™t)

m

) =
L(1 =k, ) = " () L1 =k, ) = (1= () ) L(1 = k, ).

Hence we have proved the point ii). The first statement is now clear. O



ON ¢-ADIC GALOIS L-FUNCTIONS 39

Remark 10.10. If ¢ # (—1)? then the functions Lf(l — s;1,¢,0) do depend on
o € Gg. We think that the measure

§jw 2)(0) +eK1(€8)(0))

N
can be called ¢-adic Dirichlet L-series of the character ). The measure K;(10) is
then /-adic zeta function. In fact these measures can be considered as measures on
Z not only on Zy (see [9] and also [21]).

11. ¢-ADIC L-FUNCTIONS OF Z[1/m]

The functions Ly(1—s; —1, o) considered in Section 9 can be view as the £-adic L-
function of Z[1/2]. Let p1,pa, ..., p, be different prime numbers. Below we propose
to define an f-adic L-functions of Z[1/m)].

Lemma 11.1. Let py,po, ..., p, be different prime numbers. Let m = p1ps ... p,.

Then we have
m—1 . T k—1
) (1 ;)
> Bl(=) = (IT—2—) B
. - _ m - D
i=1,(i,m)=1 J=1 J

Proof. The distribution formula for Bernoulli polynomials implies the equality

m—1
(54) mt (Y Bi() =
=0

Let P:={p1,p2,...,pr}- U A={pa,,...,Pa.} is a subset of P we set

Ny = bip2...Dr '
PaiPay - - - Pa,
Then we can write the equality (54) in the form
m—1 Na—1 i
k—1 —
(55) m ( Z + ) > Bk(N_A)) = By.
=0, (i,m)=1 P#ACP i=0, (i,Na)=1

The equality (54) implies immediately the formula of the lemma for » = 1. Let us
suppose that the formula of the lemma is true for all ¢ < r. Then we get from the
equality (55) the following equality

m—1 .
(56) m*! Z Bk(%) + Z ( H PP ( H (1-p""))Br = By .
=0, (i,m)=1 PA£ACP peA peP\A

Let r be the set {1,2,...,7}. Let us write the Taylor formula for the polynomial
X1X5...X, at the point (plf LR, We get

XX Xe=py o5 > (T oY (] (X +HX —pEh).
@#Bcr jETr\B i€B
Setting (X1,...,X,) = (1,...,1) we get

(57) [Ta-pih+ 3 CIT #70- (TJa-ph) =1

B;r jEr\B i€B
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Comparing the equalities (56) and (57) we get the equality of the lemma. O

For 0 < 8 < ¢—1and ¢ € Gg such that x(o)*~! # 1 we define
1
LP(1—s,Z]—]),0) =
(1-5,2[]0)
m—1

5 _
| et w(x)fd K1(8,")(0)) -
w(x())P[x(0)]? —1 /ZZ (izl,(i,m):1 )

Let us assume that [ is even and £ = 8 modulo ¢ — 1. From the very definition of

the function L?(1 — s, Z[1], 5) we have
PO-kZ o)=Y POk + (1 E)0).

i=1, (i,m)=1
Hence it follows from Proposition 10.7 and Lemma 11.1 that

o) = (1 (- B [y~ ).

Jj=1

LP(1—k,2Z]

m
Hence it follows from the equality (39) that

T

1 _ _
(58) LP(1—- k. Z[—],0) = Le(1 — k) [T (slps) Fw(py) ™ = 1).
j=1
Proposition 11.2. Let pi,p2,...,p, be different prime numbers and let m =
p1-p2...pr. Let B be even and let 0 < 8 < £ —1. Let 0 € Gg be such that

x(o)~1 # 1. Then we have

T

1 s _
LP(1 = 5,2[—],0) = LT (ilps) ™ - wpy) ™ = 1) Le(1 = s,07) .
j=1
Proof. The proposition follows immediately from the equality (58). O

Proposition 11.3. Let p be a prime number. Then we have

p—1
[ el ) 3 516 )) = ) 0).

Proof. The integral is equal Zf;ll 11 (a) = U(p) (o). O

p
Notice that

, , -
| imi&ie) =10 - 6)e) - 10 - (o).
14
hence [, d(S07) K (6 7)(e)) = 0.
In view of Proposition 11.2 and 11.3 we can consider the measure 7_ K; &)
as an f-adic zeta function of the ring Z[}—lj]. However if m is a product of r different
prime numbers with > 1 then the integral [, d(zf;i (imy=1 K1(621)(0)) =0,
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but dimg, H*(Z[L];Q¢(1)) = r. We can replace the measure 327~ Ki(&9)

1
o i=1, (i,m)=1

by the measure P~ K, (£;,7). Then Iz, d( S K (67)(0)) = I(m)(o) and

2
w(x(0))?[x(a))? =1
(m[m]*w(m)=? — 1) L1 — 5,w?)
if B is even and x(c)*~! # 1. We do not know which choice is better if any.

p—1
[ aaw@ d(E K@) -

The results of this paper were presented in the international meeting on polyloga-
rithms in June 2012 in Nice and in the poster session of the Iwasawa 2012 conference
in Heidelberg.
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