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DYSON’S RANKS AND APPELL-LERCH SUMS

DEAN HICKERSON AND ERIC MORTENSON

For Freeman Dyson in honour of his 90th birthday

ABSTRACT. Denote by p(n) the number of partitions of n and by N(a, M;n) the number
of partitions of n with rank congruent to a modulo M. We find and prove a general
formula for Dyson’s ranks by considering the deviation of the ranks from the average:

D(a, M) := ni (N(a,M;n) - %) e

Using Appell-Lerch sum properties we decompose D(a, M) into modular and mock mod-
ular parts so that the mock modular component is supported on certain arithmetic pro-
gressions, whose modulus we can control. Using our decomposition, we show how our
formula gives as a straightforward consequence Atkin and Swinnerton-Dyer’s results on
ranks as well as Bringmann, Ono, and Rhoades’s results on Maass forms. We also apply

our techniques to a variation of Dyson’s ranks due to Berkovitch and Garvan.

0. DEFINITIONS

Let ¢ be a complex number with 0 < |g| < 1 and define C* := C — {0}. We have

@ = @0 = [[0 - a), (2o = ) = [[0 - g'0),
J(250) = (@)ec(@/0) (@) = > (—1)q(2)am, (0.1)

and  j(x1,22,..., %, q) == j(2159)J (225 q) - - §(Tn3 q).

where in the middle line the equivalence of product and sum follows from Jacobi’s triple
product identity. Identity (0.1]) defines a theta function. A partial theta function is half of
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a theta function, for example

Z(—l)"q(g)x"- (0.2)
n=0
Let a and m be integers with m positive. We further define
Jam = 3(0% ™), Tam = j(=q%q"), and J, = Jpzm = [ [(1 = ¢™). (0.3)

i>1
1. INTRODUCTION

Freeman Dyson conjectured a beautiful combinatorial description of Ramanujan’s con-
gruences for the partition function using a statistic which he called the rank. The rank
has further intrigue due to its connections with Ramanujan’s mock theta functions. Atkin
and Swinnerton-Dyer proved Dyson’s conjectures and gave additional examples of how the
rank relates to theta and mock theta functions. Later, Bringmann and Ono generalised
Atkin and Swinnerton-Dyer’s results by using the theory of harmonic weak Maass forms,
a theory which generalises mock theta functions. In this paper, we use Appell-Lerch sum
properties to give an explicit formula for Dyson’s ranks which then yields as straightfor-
ward consequence results of Atkin and Swinnerton-Dyer [3] as well as Bringmann, Ono,
Rhoades, and Zagier [6), [7), 26].

In Ramanujan’s last letter to Hardy, he gave a list of seventeen functions which he called
“mock theta functions” [23]. Each mock theta function f(q) was defined as a g-series,
convergent for |g| < 1, such that for every root of unity (, there is a theta function 6(q)
such that the difference f(q) — 0:(¢) is bounded as ¢ — ( radially; moreover, there is no
single theta function which works for all ¢ [13]. Ramanujan also stated identities relating
mock theta functions to each other as well as to modular forms, which suggested that mock
theta functions live inside of a vector space, which has a subspace consisting of modular
forms. Later, more mock theta identities were found in the Lost Notebook [24] [16].

The Lost Notebook is the Rosetta Stone of g-series. Indeed, numerous entries expand
g-hypergeometric series in terms of theta functions (Rogers-Ramanujan type identities),
Appell-Lerch sums (mock theta functions), or partial theta functions. Partial theta func-
tions play roles in areas outside of number theory such as quantum invariants of 3-manifolds
[19]. Appell-Lerch sums appear in the context of black hole physics [9]. Long-standing
problems have been to determine the modularity of the mock thetas and to understand
how various types of g-series representations relate to each other.

In Zwegers’ breakthrough work [27], he solved the modularity question for mock theta
functions. Although mock theta functions are not modular [25], he showed that they can
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be completed to non-holomorphic functions which are modular. As a result, mock theta
functions may be viewed as holomorphic parts of harmonic weak Maass forms [5], 6] 8 26].

1.1. Dyson’s ranks. One way to study mock theta functions is through partitions. A
partition of a positive integer n is a weakly-decreasing sequence of positive integers whose
sum is n. The partitions of 4 are (4), (3,1), (2,2), (2,1,1), (1,1,1,1). We denote the number
of partitions of n by p(n). Among the most famous results in partitions are Ramanujan’s

congruences:
p(bn+4)=0 (mod 5),
p(Tn+5)=0 (mod 7),

p(1ln+6) =0 (mod 11),

for which there are many proofs and generalisations. To study partition congruences, one
often constructs a function, called a statistic, which assigns an integer value to a partition.
Dyson [I0] gave insight into the first two congruences with such a statistic, which he called
the rank. He defined the rank of a partition to be the largest part minus the number of
parts. In particular, the ranks of the five partitions of 4 are 3,1,0, —1, —3, respectively,
giving an equinumerous distribution of the partitions of 4 into the five distinct residue
classes mod 5. In general, one defines

N(a, M;n) := number of partitions of n with rank = a (mod M),

which has the symmetry property N(a, M;n) = N(M — a, M;n). Dyson conjectured [10],
[3, (2.2)-(2.11)]:

N(1,5;5n+ 1) = N(2,5;5n + 1), (1.1a)

N(0,5;5n+2) = N(2,5;5n + 2), (1.1b)

N(0,5;5n +4) = N(1,5;5n + 4) = N(2,5; 5n + 4), (1.1¢)
N(2,7:7n) = N(3,7;n), (1.1d)
N(1,7;7n+1) = N(2,7;7n+ 1) = N(3,7,Tn + 1), (1.1e)
N(0,7,7n+2) = N(3,7:Tn + 2), (1.1f)

N(O,7:7Tn+3) = N2, 7;Tn +3), N(1,7;7n+3) = N(3,7:7n + 3), (1.1g)
N(0,7;7n+4) = N(L,7;Tn +4) = N(3,7: 7n + 4), (1.1h)
N(O,7;7n+5) = N(L,T;Tn+5) = N(2,7;Tn +5) = N3, 7: Tn +5),  (L1i)
N(0,7;7n+6)+ N(1,7;7n+6) = N(2,7,7n+ 6) + N(3,7; Tn + 6). (1.1j)
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In particular, indentities (I.1d) and (I.1il) with the symmetry property give the first two of
Ramanujan’s congruences.
We define the general rank-difference

R(a,b, M,c,m) := Z (N(a, M;mn+c¢) — N(b, M;mn + c))q", (1.2)
n=0

where a,b,c,m, M are integers with 0 < a,b < M and 0 < ¢ < m. Dyson’s conjec-
tures (LIa)—(LIi) can be written as rank-differences that are equal to zero. Atkin and
Swinnerton-Dyer not only proved Dyson’s conjectures but also determined rank-differences
[3, Theorems 4, 5] which are equal to theta and mock theta functions. As an example
of Atkin and Swinnerton-Dyer’s other results, they proved for modulus 5 [3, Theorem 4],

slightly rewritten,
R(172757075) = qg(Quq5>v )
R(0,2,5,0,5) + 2R(1,2,5,0,5) = J1J5/ J 5, )
R(0,2,5,1,5) = JZ/Jy 5, (1.3c)
R(1,2,5,2,5) = JZ/ o5, (1.3d)
)
)

R(0,2,5,3,5) = —qg(¢*, ¢°),
R(0,1,5,3,5) + R(0,2,5,3,5) = J1.J3/ J3 5,

where

gle.q) == (_ 1+Z (% Qnta q/x Dn ) (14)

is a universal mock theta function.
Many of Ramanujan’s mock theta functions can be written in terms of rank-differences.
For two fifth order mock theta functions [16]:

— 4 J2J
) :Z(q - =2+349(0,) - ;25—2+R(10505) (1.52)
n=0
— " ) s JEIs
(@)= 3 oy = 309(0",0%) + Tt = R(2,0,5.8.5) + R(2,1,5,35). (150)
n=0 )

Most results about rank-differences have m = M, see (I.2)), but for the mock theta f(q):

- =2-29(~1,q) = R(0,1,2,0,1). (1.6)

o
—~
|
()
~—
3

3

So we see that the n-th Fourier coefficient of f(q) is equal to the number of partitions of n
with even rank minus the number of partitions of n with odd rank [5].
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1.2. The Main Theorem: a special case. We give an example of how our Main Theorem
B yields Dyson’s conjectures and Atkin and Swinnerton-Dyer’s results. For integers 0 <
a < M, define

_ N oy P
D(avM)_D(a7M7Q) _;<N(Q7M7n) M)q : (17)
In terms of our definition (T.2I)
R(a,b,M,0,1) = D(a, M) — D(b, M). (1.8)

The Main Theorem B.Il decomposes (L7) into modular and mock modular components.
For modulus M = 5, the Main Theorem specialises to

D(0,5) = —2¢°9(¢°, ¢*°) (1.9)
4 J-J3 4 J2 2 J? 2 J5J3
— . 5325_|__.q1.—25__.q2.i_|__.q3. 5325
5 Jgps B Js25 D Jiozs D Ji0,25
D(1,5) = D(4,5) = ¢°9(¢", ¢*°) — ¢*9(d"°, ¢*°) (1.10)
1 J-J3 1 J2 3 J?2 3 J5J3
ot 5325___(]1. 25_|__‘q2_ 25 ___q3_ 5325
5 J5os D Js25 O Jio2s O Ji0.25
D(2,5) = D(3,5) = ¢*g(¢", ¢*) (1.11)
1 JJ3 1 J2 2 J2 2 NAE
L 5325__.q1_ 25___q2_ 25 _'__.q3_ 5325.
5 Jios B Js25 5 Jio2s O Ji0,25

The general form of the Main Theorem has twelve cases depending on a and M modulo 3.

Identities (LTa)—(LId) and (L3a)-(L3f) are now immediate. Because of definitions (4]
and (Q.I)), the terms in the Fourier expansions from the ¢g’s and J’s will be in terms of
powers of ¢°. Given that there are no ¢***4 terms in the expansions (L9) — (L.II)), it is easy
to see the first of Ramanujan’s congruences (LId). We also see that (IIa) follows from
(LI0) and (IIT) since the coefficients of the g parts do not involve any powers of ¢ of the
form ¢%! and the theta parts for those powers are both equal to —1/5 - ¢' - J3/J525. We
even see rank-differences (L5al) and (LL5D)).

To prove and use our Main Theorem, we will need a building block finer than the universal
mock theta function g(z,q). Although all of the mock theta functions from Ramanujan’s
letter [23] can be expressed in terms of the universal mock theta function g(x, ¢) [25] 16, [17],
many mock thetas found in the Lost Notebook [24] cannot. In [I§], we demonstrated that
all of the classical mock theta functions [23 24] can be expressed in terms of Appell-Lerch
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sums [20] defined as follows. Let x, ¢, and z be nonzero complex numbers with |¢| < 1 and
neither z nor zx equal to an integral power of ¢, then

L& g
= _—. 1.12
m(% q, Z) j(Z, q) T;OO 1— qr_lxz ( )
From [16, Theorem 2.2] and [I§], we can express g(z, q) in terms of m(z,q, z) :
J2 ; . (e 43
ole,4) = = m(qr™ ¢ %) (g g e 4 B ONET) g g

J(2;9)j (2 9)j (%25 ¢%)
where the right-hand side is actually z-independent.
The Main Theorem can be used to determine the arithmetic progressions A for which

> (N(a, M;n) — ZM)@I”‘”24 (1.14)
neA, n>0 M

is modular. To sketch an example, take expansions ([L9) — (LII). The mock modular
contributions are supported on arithmetic progressions of modulus 5, e.g. for (I.9) the mock
contribution is supported on the g-terms of the form ¢°". As a consequence, an arithmetic
progression modulo 5 from (9] not containing the terms ¢° will give a weakly holomorphic
modular form. Identity (LI3]) and an Appell-Lerch sum property [18, Theorems 3.5], which
we recall in Section [2 allows us to control the modulus of the progression on which the
mock modular component is supported. A detailed discussion is found in Section 2L

1.3. Harmonic weak Maass forms. It turns out that our Main Theorem gives as a
straightforward consequence recent celebrated results of Bringmann, Ono, and Rhoades [6,
7,26], in which they employ the theory of harmonic weak Maass forms in order to produce
far-reaching generalizations of Dyson’s and Atkin and Swinnerton-Dyer’s observations on
rank-differences. To give examples of their results we recall notation. For an integer ¢ > 0,
define §; := [ := lem(2t2,24), and [, = [;/24. Define the group I'. by

(DG D)

Bringmann and Ono showed that the deviation of the ranks from the average value is a

2t
ged(t,6)°

mock theta function:

Theorem 1.1. [0, Theorem 1.3] If 0 < r <t are integers, then

> (Ve tim) — 220 e (1.16)

n=0 t
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is a holomorphic part of a weak Maass form of weight 1/2 on I'y. Moreover, if t is odd,
then it is on I'y (144 7 ft)

They found arithmetic progressions of the deviation that are modular:

Theorem 1.2. [0, Theorem 1.4] If 0 < r < t are integers, where t is odd, and P { 6t is

prime, then

Z (N(r,t;n) — ]@)qlmﬁ% (1.17)

n>1
(24[,5'”7[,5 ) _ ( —241; )
P - P

is a weight 1/2 weakly holomorphic modular form on F1(144 2 I, 734).

Remark. One could rewrite (LI7) as a sum over n with (£=21) = —1.

Bringmann, Ono, and Rhoades, also found generalisations of Atkin and Swinnerton-Dyer’s
results on rank-differences, see also Zagier [26]:

Theorem 1.3. [7, Theorem 1.1] Suppose that t > 5 is prime, 0 < ry,re <t and 0 < d < t.
Then the following are true:
(1) If (=224) = —1, then
Z(N(rl, t;tn +d) — N(rq, t;tn + d))c124(m+d)_1
n=0
is a weight 1/2 weakly holomorphic modular form on T'1(576t°).
(2) Suppose that (F=224) = 1. If ri,rs # 2(£1+ ) (mod t), where a is any integer for
which 0 < o < 2t and 1 — 24d = o (mod 2t), then
Z(N(rl, titn +d) — N(ry, t;tn + d))g? -1

n=0

is a weight 1/2 weakly holomorphic modular form on T'1(576t%).

To obtain their results, Bringmann et al. first complete an expression similar to (.14
to a weight 1/2 harmonic weak Maass form. They then use a generalisation of quadratic
twists (see for example Proposition 22 of [I5]) in order to obtain an expression in which the
non-holomorphic terms are supported on a certain arithmetic progression. Using quadratic
twists again they eliminate the non-holomorphic terms to obtain that, say, (LI7) is a
weakly holomorphic modular form. Using orthogonality of Dirichlet characters they then
refine their results to, for example, [7, Theorem 1.1(1)].
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1.4. Results. We obtain more explicit results without appealing to the theory of harmonic
weak Maass forms. Where Bringmann et al first complete (.14 to a weight 1/2 harmonic
weak Maass form, we use Appell-Lerch sum properties to decompose (LI4)) into modular
and mock modular components, similar to (L9) — (LII). Thus the Main Theorem is
stronger version of [6, Theorem 1.3]. To construct an arithmetic progression of terms
from (LI4]) which is a weakly holomorphic modular form, one applies quadratic twists and
orthogonality of Dirichlet characters to the modular component. One then checks that the
mock modular component of the decomposition is supported on a disjoint progression.

In Section 2l we discuss the role Appell-Lerch sums and their properties [18, Theorems
3.9, 3.5] play in the proof the Main Theorem and in its applications. In Section Bl we state
the Main Theorem and give additional specializations relevant to Dyson’s rank-differences
[3, 10]. In Section B we prove the Main Theorem using classical methods. In Section [6] we
demonstrate how the Main Theorem yields results of Bringmann et al [6, [7, 26] on Dyson’s
ranks and Maass forms. In Section [7] we apply our techniques to the M; rank of Berkovitch
and Garvan [4], which is based on work of Dyson [11, [12].

2. THE ROLE OF APPELL-LERCH SUMS
We first recall well-known Appell-Lerch sum properties.

Proposition 2.1. [20] I8, 27) If x, q, z, 20, and z satisfy the appropriate conditions of
definition (I13), then

m(z,q,2) = m(z,q,qz), (2.1a)
m(z,q,2) =27 'm(z7 g, 27, (2.1b)
m(anQ>Z) =1- Zlfm(!lf,q, 2)7 (2 10)
203521/ 20; q)J (w2021
m(x7qul> - m(x,q, ZO) = 0 1]( 1/ 0 q)]( 01 q) (2 1d)

J(20: ) (215 @) (w203 ) (w213 0)

In our work [18], we introduced a heuristic relating partial theta functions to Appell-
Lerch sums. The heuristic suggests that identities involving partial theta functions have
analogous identities in terms of Appell-Lerchs sums; one just needs to add a theta function
[18, Section 3], [22]. So for example, trivial identities such as

S (1)ranglE) = 3 (1) (el =—2x2 "(—a2)g'), (2.2)

Z(_l)nan(’z’) =) (~1)(—a*q)" xz ¢)"q'5), (2.3)
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where we sum over roots of unity or break up the summation index modulo some num-
ber, e.g. 2, have non-trivial analogs in terms of Appell-Lerch sums. The analog of (2.2))
generalises to

Theorem 2.2. [I8, Theorem 3.9] Let n and k be integers with 0 < k < n. Let w be a
primitive n-th root of unity. Then

n—1
S wttm(w'e, ¢, 2) = ng™(3) (—a)tm (= ¢B) (=), ¢, ) + W, 2, 25 ),
t=0
where
(e, 2.2 q) = (2.4
l.kzk+1J3 nz:l q(t;1)+kt(_z)tj( . q(n;l)—l—nk—l—nt( ) /Z q ) (qu”z”z’ q )
](Z q — ]( _ q(g)_"k(_x)nz/7 qntxnzn; an) '

Let (yr := €™M we have from [6] (3.13)]:

M-1

Do, M) = 223 G (1= ¢) (1 + ool )- (25

7=1

where the g(z,q) is the universal mock theta function (L4]). To decompose D(a, M) into
modular and mock modular components, we first expand (2.5]) in terms of the m(z,q, 2)
function, see (L.I3). Once expanded, we can use Thereom to collapse the sum over
roots of unity. We then use (LI3) again to write the resulting m(z, ¢, z) functions in terms
of the universal mock theta function g(z,q). This method gives our Main Theorem.
Producing generalisations of rank-differences such as [6, Theorem 1.4] and [7, Theorem
1.1] requires another Appell-Lerch sum property from [18]. Let us consider (LII). We
remind the reader of the various ways of producing new modular forms from old ones such
as by taking the twist by a Dirichlet character or by restricting the index of summation
of the Fourier expansion to terms that lie in certain arithmetic progressions. With this in

1/24 that we can restrict the right-hand

mind we see that up to multiplication by a factor ¢~
side (LTT)) to the sequences ¢°", ¢°"™!, or ¢°2, and obtain a weakly holomorphic modular
form. In particular, we point out that these are the sequences to which ¢3g(¢'°, ¢*°) does
not contribute. If we wish to consider sequences modulo M instead of modulo 5, we rewrite
the ¢®g(q'°, ¢*°) in terms of the m(x, q, z) function, see (LI3)), and use the following theorem

with n = M and 2/ = —1:
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Theorem 2.3. [18 Theorem 3.5] For generic x, z, 2" € C*

m(x,q, z Zq (3 (—2)"m (—q() (=), ", 2

z J3 "Zf q\2 (5) 2)7 (- q(g)w(—x)"zz’; q")j(qm ="/ q")
](I’Z q — ]( _ q(g)(_x)nzl’ qTZ; qn)

Instead of only allowing sequences module 5 to which ¢®g(¢*°, ¢*°) does not contribute, we
now avoid contributions from terms of the form g% m/(qg™e, ¢™ “br —1). Here a,, b,, and d,
are integers. By definition (ILI2)) the Appell-Lech sums contribute only powers of ¢ to
the Fourier expansion, so we just need to avoid g-exponents congruent to d, modulo M.

We list a few more facts which will be useful in the paper. We note the z = 27! and
z = —x 3 specialisations of identity (LI3):
g9(w,q) = —a~'m(®a™>, %, 2%) — 2 Pm(qa ™0, ¢, 2?), (2.6a)
g9(z.q) = —o7?m(q2™>, ¢°, 1) — a7 'm(¢®x 7%, %, 1) + Al q), (2.6b)
where
Awig) = - A 27)

J(7;0)7(—a2% ¢3)j (—a*a% ¢*) Jos
For computing examples involving ¢(z, q), we recall an identity [24], p. 32], [2], (12.5.3)]:
JoJ3

g(z,q) = =27 + gz g(—qz 2, ¢") — q9(—q2, ¢") + — . : (2.8)
zj(z; q)j(—q2% ¢?)
as well as two properties:
9(z,q) = glq/z,q) and g(qz,q) = —x — 2* — 2°g(z, q). (2.9)

3. THE MAIN THEOREM
Theorem 3.1. If0 < a < M, then
D(a, M, q) = d(a, M, q) + T, n(q)

where



d(a, M, q)
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;

2m((=1)MHgMM=1)/6 M?/3 ) if a =0and M =0 (mod 3)
(_1)a q—a(a+1)/6 m((_l)M+1 qM(M—2a—1)/6’qM2/3’Z)
+(_1)a+1 q—a(a—l)/6 m((_l)M-i-l qM(M—2a+1)/6’qM2/3’Z)
if a =0 (mod3), M =0 (mod 3), and a # 0
(_1)a q—a(a—l)/6 m((_l)M+1 qM(M—2a+1)/67qM2/37Z)

if a =1 (mod 3) and M =0 (mod 3)

0 ifa=0and M =1
242 (_1)M+1 qM(M—l)/G g((_l)M-i-l qM(M—l)/6’qM2)
if a=0, M =1 (mod 3), and M # 1
(_1)aq—a(a+1)/6 + (_1)M+a+l q(M(M—2a—1)—a(a+1))/6 g((_l)M+1qM(M—2a—l)/6’qM2>
+ (_1)M+a+1 q(M(M+2a—1)—a(a—1))/6 g((_l)M+1qM(M+2a—1)/6’qMQ)
if a=0 (mod3), M =1 (mod3),a#0, and M # 2a+1
(—1)eqe(Tatd/6 g(q2aM/3 ¢M7) if a=0 (mod3),a#0, and M =2a+1
(_1)M+a+1 q(M(M+2a+1)—a(a+1))/6 g((—l)M+1 qM(M+2a+1)/6’qM2)
+(_1)a+1 q(2M2—a(a—1))/6 g((_l)M+1 qM(3M+2a—1)/6’qM2)
if a =2 (mod 3) and M =1 (mod 3)

2 (—1)M gMOEENIS g((—1)MHE gMOTEN/S M)
if a=0and M =2 (mod 3)
(_1)a+1 q—a(a—l)/6 + (_1)M+a q(M(M—2a+1)—a(a—1))/6 g((_l)M—l—l qM(M—2a+1)/6’qM2)

+ (_1)M+a q(M(M+2a+1)—a(a+1))/6 g((—l)M+1 qM(M+2a+1)/6’qM2)
if a=0 (mod3), M =2 (mod 3), a#0, and M # 2a — 1

(_1)a+1 qa(7a—5)/6 g(q2a]\/1/37 qMQ) if @ = 0 (mod 3) and M = 2a — 1
(_1)M—|—a q(M(M+2a—1)—a(a—1))/6 g((_l)M—l—l qM(M+2a_1)/6,qM2)
+(_1)a q(2M2—a(a+1))/6 g((_1>M+l qM(sM—za—l)/G qMZ)

)

if a =1 (mod 3) and M =2 (mod 3)

\

and T, v (q) is a theta function. For M =0 (mod 3), T, a(q) also depends on the z.
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We have removed the cases determined by D(a, M) = D(M — a, M'). We note that the
case a = 0 is almost a special case of a = 0 (mod 3); we just have to add 1. This is related
to the empty partition of 0, whose rank Atkin and Swinnerton-Dyer leave undefined. We
have defined it to have rank 0.

For a theta function f(¢) (and for many other functions) there is an associated fractional
exponent b/a such that ¢*/¢- f(q) is, in some ways, simpler than f(q). Modular properties of
theta functions are easier to state when you multiply by ¢%¢. Let us call b/a the multiplier
exponent or A\. The X\ for both J,,, and J,., is (m — 2a)?/8m. For m(q® ¢™,2), X\ is
—(m — 2a)?/8m. We note that the \’s for all of the cases and summands therein of the
theorem are equal to —1/24. When multiplied by ¢~/?*, the term T, ;(q) becomes a weight
1/2 weakly holomorphic modular form.

In Section B, we see that we can write Tj, p/(¢) in terms of the theta function j(z;q).
We explain the arbitrary z as well as how and when T, y/(¢) depends on it. When using
Theorem 221 we have an arbitrary 2’ in both the resulting m(zx,q, z) function and the
quotients of theta functions. For M =1, 2 (mod 3) we specialise the 2’ in order to form
g(z,q) terms as in (LI3). For M =0 (mod 3), we cannot obtain g(z, ¢) terms, so we leave
the 2 arbitrary for the reader to decide; this situation is not unlike identity (L.I3]) in which
the right-hand side is z-independent.

4. EXAMPLES OF FORMULAS FOR D(a, M)

We state formulas for small values of M and give examples of proofs for some of the
individual D(a, M, q)’s.

4.1. Case M=2:

N
D(0,2) =2q9(—q,q") + 5 - == (4.1)
2 J;
4 1 J12,2
D(1,2) = —=D(0,2) = —2q9(—q,q") — 5 - == (4.2)
2
To prove D(0,2), we use (2.8) to obtain
1 J3
—1,9) =1-2q9(—q,¢") — = - =.
9(—=1,q) q9(—q.q") 2 T2

Using (2.5]) we arrive at

D0.2) = 31+ (1= (~1))- (= g(-1.0) = 2ag(0.6") + 5 - 5
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4.2. Case M=3:

1 J?
D(0,3) = 2m(q,¢%, 1) — - - == (4.3)
3 J13
3 1 J12
1,3

For D(0,3), we specialize M = 3 and 2’ = —1 in (5.4) and note straightforward facts
such as j(¢3;¢) = (1 — ¢3)J5 and j(—C:a' q) = (1+(3)J7 Js/ JaJs. Tt follows that

(
G- A+ QR | (G-G) 1+,

D(0,3) =2 1)+ 5
( ’ ) m(Q>q ) )_l_ 3J01 [( C3) J2J3 (1 — Cg)Jg J2J3
J2J,
—9 3 -1) — 2
m(qvq ) ) BJSJ??’

where the last line follows from the fact 1 + (3 + (3 = 0 and some simplifying.
4.3. Case M=T:

D(0,7)=2+2¢"9(q",¢") (4.5)
_ § . J221’49 + 9 . ql J429 — 2 q2 . J124’49 + % q3 . Jfg + g . q4 . —Jfg J— é . q6 . J$’49
T J; 7 J? 49 7 J7 7 Jiaag 7 Jorag 7 J7
D(1,7)=D(6,7)=-1—q"9(¢".¢") + ¢"°g(¢*', ¢*) (4.6)
§ . J221’49 — } ql J49 § 2 J124’49 — § q3 . Jfg _I_ g . q4 . Jfg _I_ § . q6 . J$’49
7 J7 7 J7 49 7 J7 7 J14,49 J21,49 7 J7
D(2,7) = D(5,7) = ¢"g(¢", ¢"°) — ¢"°9(¢**, ¢*) (4.7)
1 Jhe 1 . Jig 2 o J%449+§ ;. J2 Y J2, R T2 49
T J 7 Jrag T J7 7 Jiaag 7 Jorag 7 J7
D(3,7) = D(4,7) = —¢"g(¢"", ") (4.8)
— 1 J221’49 — } . ql . Jfg 2 . q2 . J124’49 — § q3 . JZQ + 2 . q4 . JZQ — é . q6 . J$’49
7T J7 7 Jrag T J7 7 Jiaa9 T Jora9 T J7

Dyson’s (LId)-(T.Ij) and Atkin and Swinnerton-Dyer’s [3, Theorem 5] are immediate.
Dyson’s conjecture (LI1) is clear as there are no terms of the form ¢™*>. Considering
coefficients of respective g(z, q) terms easily leads to identities such as (ILT€). In particular,

the g expressions in D(1,7) only contribute to the ¢™ and ¢™*? progressions, so for the

¢ terms we only have

Lo iy

7 1 ']749.
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5. PROOF OF THE MAIN THEOREM

The proofs of the twelve cases are similar, so we give only a few as examples. For the
sake of brevity, we do not write out an explicit theta function for each T, /(q). However,
we point out that our arguments are effective in that we can easily keep track of the various

summands of quotients of theta functions that arise from using (2.1d)) and Theorem 2.2
We recall that ¢y := e*™/M 5o by (Z.5):

Z <N(a, M,n) — (W) Z Cort (1 — C}g) (1 + ¢l q))

n>0
1 M-1 ‘ ' . .
= > G (1= ) (L= ml@GP ¢ -1) = GimlaG a 1) + A a)
=1
1 ;4‘1 . .
= M C aj( (q<M>q 7_1) _C]\_J]m(qgj\_/[g]>q37_ ) CMm(qCMaq a_l)
=0

M-—1
m(aGi 1)) + 17 30 G (1 ¢l ) (G (5.1)
j=1

where the second equality follows from (2.6D) and the third equality follows from (2.11)
and (ZId). Note the change in the lower limit of the first summation symbol in the last
equality.

We consider the case a =0, M =0 (mod 3), and recall that T, »(¢) will depend on an
arbitrary z. We write 7 = t(M/3) +r, where 0 <t < 2 and 0 <r < (M/3) — 1. The first
summand in (51)) is then

1 M-—1 1 2 (M/3)-1
_ t(M/?» 3

M . (qCquv_ _MZ m M/3 7q7_1)

7=0 t=0 r=0

3 (M/3)—1
=37 Z m(qq/[/gaq37 —1)
r=0
= m((—1)MHGMM=D/6 M3y g (g, -1, 25 ¢P), (5.2)

where the last equality follows from Theorem with £ = 0, n = M/3, z = —1. The
fourth summand is similar. For the second summand,

(M/3)—

1 = t T
—7 2 Gim(ay 1) = =120 D C“M/“ m(aGrs 7 1)

j=0 t=0 r=0
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1,2 (M/3)—
- _M(th> Z Cim (95 a* —1) = 0. (5.3)
t=0
The third summand is similar and the result follows. So for M =0 (mod 3) and a = 0:
D(0,M,q) = 2m((—1)M+1qM(M—1)/6’ qM2/3 z')

M/3)—1 t+1Y | M/3+1
Jj?/ﬂ/g (M/3) q3( 2 )]( . q3( )-}—tM/ M2/3)j((_1)M/3th+M/3Z,;qu/g)
0,3

j(zf’ (—1)M/3+1q3(M2/3)+M/3Z/, (—1)M/3gMt+M/3. qM2/3)

t=0
1L« : W NI3i(=Cq)
+ — 1-¢] : 3 . 5.4
M ;< CM>j(<§w;q) (—qCats 4)J (— 2037 4%) o (5:4)

where the theta quotients are from (5.2) using ([2.4]), and (5.10) using (2.7).
We consider the case a = 1 (mod 3), M =1 (mod 3), M # 2a — 1. Here a = 3b + 1,

M =3R+1,s0 a=3b—3R (mod M). The first summand in (5.1]) is then

1 M-1 1 3(M71 a
— 37 3 _
T EO qC]\/][aQa_l)_ME_O CM ? (QCM>q>_ )
a —ala 2 a —M2/2—Ma— 2
( ) (a+1)/6—2M*/3—2Ma/3—M/3 ((_1)M+1q M?/2—M M/2,Q3M ’_1)

+ Ulnays(a —1,-1;¢°)
a —ala —M? a 2- —2a— 2
_ (_1)M+ +1q (a+1)/6—M?2/6+M /3+M/6m((_1)M+1q2M M(3M-2 1)/2’q3M ’_1>

+\Dé‘gM—i—a)/3(Q>—]—>_]—;q3)a (55)

where the second equality follows from Theorem with k = (2M + a)/3 and the third
equality follows from (2.1D). For the second summand in (BI) we write a = 3b + 1,
M=3R—-2,s0oa+1=3b+2=3b+3R (mod M). Here

Z T jv q37 - - Z g_3(a31+M+2 (qc 7q y )
=0
= (=

—a(a 2 a = T ’
1)q~(at1)/6-2M%/3+2Ma/3+M/3 ((_1)M+1qM M@EM=2a=1)/2  (3M 7_1) (5.6)

- \Ilé‘gM—a—l)/?)(Cb _]-7 _]-a q3)7

where the second equality follows from Theorem with £k = (2M — a — 1)/3. For the
third summand in (5.I]) we write a = 3b+ 1. Here

o 1 M-1 B ai
_MZCM( R (QCM>q>_ ):_MZ<M3( (q<M>q>_ )
- =0
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= (_1)aq—a(a—1)/6m((_1)M+1qM2+M(M—2a+1)/2
— Wiy (g, —1,—1;¢%)

_ (_1)aq—a(a—1)/6 _ (_1)aq—a(a—1)/6m((_1)M+1sz2—M(M—2a+1)/27 q3M2’ _1) (5.7>
— Uy sl =1, =15 ¢%),

where the second equality follows from Theorem with £k = (a — 1)/3 and the third
equality follows from (Z.Id) and then (2.1D). For the fourth summand in (G1I), we use
k= (M — a)/3 to obtain

) q3M2a _1>

| M1 .
17 2 G lm(aCy” a 1)
M s
a,—ala— - —2a 2 —2a 2
= (—1)M+ag-ale=D/6-M-2e+1)/6p, (| \MHLMP=M(M=2041)/2 (3M° _1) (5.8)

+ \I]%—a)/3(q7 _17 _17 q3)

With (2.6D) in mind, combining (5.5) and (5.6)) yields
a 2—[1 a —2a0— 2
(1)1 g@M—alat1))/6 g (1) M+1MGM—2a-1)/6 _(M?) (5.9)

_ (_1)a+1q(2M2—a(a+1))/6A((_1)M+1qM(3M—2a—1)/6; qM2)
+ \PgM—Fa)/ZS(qv _17 _1; q3> o \IlgM—a—l)/ii(qv _17 _1; qg)'
Combining (5.7)) and (5.8)) and using (2.6D) yields

(—1)%g @ D/6 4 (1) Mtatl (MO =20t 1)-a(a=1)/6 g ((_)MF1gM(M=2a41)/6 (M) (5 1)

_ (_1)M+a+1q(M(M—2a+1)—a(a—1))/6A((_1>M+1qM(M—2a+1)/6; qM2)
— W50 =1, =16 + Wiy s(e, =1, =15 ¢%).
Combining (5.9) and (510) gives
D(a, M, q) = (=1)q /0
+ (_1)M+a+1q(M(M—2a+1)—a(a—1))/6g((_1)M+1qM(M—2a+1)/67 qM2)
+ (_1)a+1q(2MZ—a(a+1))/6g((_1)MJrqu\J(:J,M—Qa—l)/ﬁ7 qM2) + T%M(q)7

where

Ta,M(Q) _ —(—1)a+1q(2M2_a(a+1))/6A((—1)M+1qM(3M_2a_1)/6;qu) (511)

. (_1)M+a+1q(M(M—2a+1)—a(a—1))/6A((_1)M+1qM(M—2a+1)/6; qu)

+ U onrays(@ =1 =1¢%) = Uy anys(a, —1, - 1)
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— W (0 =1, =1¢%) + Uy (e, —1,—15¢%)
p M= N .
+ > G (1= d ) iAo
j=1

Setting up for (2.6a) instead of (2.6D) in (5.5)-(5.8) gives an alternate form:

Ta,M (q) = ‘;[]é‘gM+a)/3 (q7 _17 q—M(3M—2a—1)/3; q3) - \I]é‘gM—a—l)/3 (q7 _17 qM(3M—2a—1)/3; qg)

. \Iff‘f_l)/g(q, -1 q—M(M—2a+1)/3; q3) + ‘I’%_a)/g(q, -1 qM(M—2a+1)/3; qs)
p M=t N .
+ > G (1- ¢ ) dia s ). (5.12)
j=1

6. ON GENERALISATIONS OF DYSON’S RANK-DIFFERENCES

In [26, Sections 7, 5], Zagier obtains a statement slightly more general than [6l, Theorem
1.4]. He states that for all M > 0 and all a € Z/MZ that the function (I.I4]) is a weight
1/2 weakly holomorphic modular form for any arithmetic progression A C Z not containing
any number of the form (1 — h?)/24 with h = 2a + 1 (mod 2M). Zagier points out that
this holds if A is the set of n with % = —1 for some prime P > 3, and in this case
A is actually supported on a collection of arithmetic progressions.

It is straightforward to read such results from Theorem Bl We first focus on [0, Theorem

1.4]. Take the case M =0 (mod 3), a =2 (mod 3) of Theorem BTt
D(a, M, q) _ (_1>a+1 q_a(a+1)/6 m((_1>M+1 qM(M_2a_1)/6,qM2/3,Z) +Ta,M(Q), (6.1)

where T, 1(q) is a theta function which depends on the arbitrary z. Using Theorem 23]
with n =P and 2z’ = —1 (note that n is from Theorem 23] and not an n € A), we have

P-1
a —a(a _ M2 (r41 M(M—2a-1)\ "
D(a7M7q>:(_1) +1q (+1)/62q 3(2)<(—1)Mq 6 ) .
r=0

(=g T EPI () TP g )]+ T, (62)

where T7 ,/(q) is T, nm(q) after having absorbed the theta functions which appear when
using Theorem 2.3 With the Appell-Lerch sum definition (LI2)) in mind, we can write
P-1 o0
D(CL, M, Q) — (_1>Mr+a+1 q—a(a+1)/6 Zq—%(rgl)-i-;wj(]wg%il) Z ar(m>q7>m + T(;M(q).
r=0

m=my

(6.3)
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Multiplying by ¢~/

makes T, ,,(q) a weight 1/2 weakly holomorphic modular form. We
again remind the reader of the various ways of producing new modular forms from old ones
such as taking the twist by a Dirichlet character or restricting the index of summation
of the Fourier expansion to terms that lie in certain arithmetic progressions. So to ensure
modularity, we only want the terms determined by the set A to be contributed from T}, ,,(q);
in other words, we only have to worry about picking up ‘mockness’ from the m(z,q, 2)

portion in (6.3]) when we have for some n € A:

_@_%2(7"—2#1) rM(M;2a—1)En (mod P). (6.4)
Condition (6.4]) implies
1—24n=(2rM +2a+1)*> (mod P). (6.5)
The other subcases for the case M =0 (mod 3) imply
1—24n=(2rM +2a+1)> (mod P), (6.6)

where the sign depends on a. So when

(1 _7)24”> — 1, (6.7)

then we have nothing to worry about. The other cases M = 1,2 (mod 3) are similar. Here
one needs Theorem 2.3 as well as (LI3).

We consider [7, Theorem 1.1]. Here, M > 5is prime. For a given summand ¢™¢(q
if m=d (mod M), it is easy to check that 1 — 24d = (2a + 1)? (mod 2M) where the sign
depends on M and a. For example, in the first summand in the case M =2 (mod 3),a =1
(mod 3), the condition

Mk’qu)’

M(M+2a—-1)—a(a—1)

G =d (mod M) (6.8)

implies
1—24d = (2a —1)* (mod 2M). (6.9)
If (1=244) = —1, we will never have an m = d (mod M), so any rank-difference can be

taken. If (1_—]\244‘1) = 1, then we may encounter m’s with m = d (mod M), so one must be
careful to avoid the rank values a determined by (6.9]).
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7. ON My RANK-DIFFERENCES FOR PARTITIONS WITHOUT REPEATED ODD PARTS

There are also variations of rank-differences. Take for example the M, rank of Berkovitch
and Garvan [4], which is based on work of Dyson [I1| [12]. Here

My — rank(\) := [6(2—)‘)—‘ —v(\)

where ¢()) is the largest part of A and v(A) is the number of parts of A\. The M, rank
of a partition is also the number of columns minus the number of rows in the 2-modular
diagram [21], where, for example the partition A = (10,7,2, 1) has 2-modular diagram:
2 2 2 2
2 21

N NN

Similar to the rank-differences of Dyson [10] and Atkin and Swinnerton-Dyer [3], Lovejoy
and Osburn [21, Theorems 1.1, 1.2] proved results on M, rank-differences for partitions
without repeated odd parts.

Let Ny(m,n) denote the number of partitions of n without repeated odd parts whose M,
rank is m. We have the following nice generating function [21], (1.1)]:

ZNQ (m,n)z f: 7 (7.1)

= — (2¢%, q2/z q)

Define Ny(a, M;n) to be the number of partitions of n without repeated odd parts whose
M, rank is congruent to @ mod M, and define p,(n) to be the number of partitions of n
without repeated odd parts. Furthermore we define the M, rank-difference

[e.e]

Ry(a,b, M, c,m) Z( (a, M;mn+c) — Ng(b,M;mn+c)>q". (7.2)
=0

Lovejoy and Osburn showed [21,, Theorem 1.1] for M = m = 3, slightly rewritten:
Ry(0,1,3,0,3) = —1 4 3m(¢", 4%, ¢°) + 3¢ °m(q ™%, 4%, ¢*") + T hra/Je  (7.3a)
Ry(0,1,3,1,3) = Ty.65.12/ (7.3b)

Ry(0,1,3,2,3) = J3J5/ JuJie (7.3¢)
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We briefly sketch how we prove results for My rank-differences similar to our Main Theo-
rem. We define the following:

Ds(a, M) := Dy(a, M, q) ; <N2 a, M;n) p(}\(p)qn. (7.4)

From [24, 1], [22, (2.13)]:

— (D" @) (e, q.— JZ,
0 (=21 ¢*)nt1(—a*/2; ¢*)n o .

n=

SO we can write

Z No(m,n)2"q" = (1 — z) (m(—z, —q,—1) + ,71’2 ) (7.6)

n>0
meZ

It follows that

71 2
Z ( ) ( i 2]((?\4,61))
Using (7)) and Theorem 2.2 we obtain

Theorem 7.1. If0 < a < M, then

a+1 M)_

Ds(a, M, q) = (—q)~ (2 )m( — (—g)(3)Me, (_Q)M2>ZO>
_ (_q)_(;)m< — (—q)(g)_M(a—l)’ (_q)MQ, zl) + Ta,M(Q)>

where T, 1(q) s a theta function which depends on zy and z;. Here zy and z, are arbitrary.

When multiplied by ¢~'/%, the term T, 5/(q) becomes a weight 1/2 weakly holomorphic
modular form.

Theorem [Tl is useful for understanding results of Lovejoy and Osburn [2I, Theorems
1.1, 1.2]. For the case M = 3 we can use Theorem 2.3 with n = 2 to show

D5(0,3) = =14 2m(q",¢*, ¢") + 2¢7°m(q %, ¢*, ¢*")
2 J9 183,12 . 2 Jo.18J9.36 ey 2 J§ 36
3 J6 3 Jg 3 J12
Dy(1,3) = —m(q",¢%,¢°) — ¢ "m(q~®, ¢*°, ¢°")
b Jg 18312 1 Jo.189 36 o 1 J§ 36
3 JZ 73 Js 3 Ji3i2



DYSON’S RANKS AND APPELL-LERCH SUMS 21

Identities (7.3al)—(7.3d) are immediate. For M = 5, we use Theorem 23] with n = 2 to show
0 25
7))

75) ’qlo
2 2 (2 J2J30.100 5J10,100J225)
5

— 2 (g™

4
J50

D2(O> 5) =—-1- 2q_55m(q_557 q100’ q

2
6 J55030,10010,100

4
5 J5J 50,200/ 100 5 Jios0J25 100 J10,25J50 Js.25J50
g 2 T dsan g 2 hodioodiss
i) J20,50 5 J5J50,100J40,100

D2(1,5) — _q—lm(q357q1007q25> - q—Gm(qL’)’quO,q%)

. q—55m(q—557q1007q75) 4 q—15m(q—5’q100’q25)

4 J§,50J30,100J40,100 1 Ja o 1 JET50.100 5 J10.100 35
5 J57507200J100 s J10,50J25 J100 — 5 < J10,25J50 —34 J5.25J50 )
ey 3 Jo5.50J95.100 s 2 J10J100J125,50 ’
5 J20,50 5 J5J30,100J40,100
Ds(2,5) = ¢~ 'm(d®, ¢, ¢®) + ¢~ °m (g, ¢, ¢*°)
1 J250J50,10040,100 1 Ji o 1 1 J%J30.100 5 J10.100 55
5 J5J 50,200 J100 5 Tsodes oo 75 < J10,25J50 T2 J5.25J50 )
3 2 Jo5.50 25,100 43 J10J100J125,50
5 J20.50 5 J5J30.100710.100

It is straightforward to make generalisations on M, ranks similar to [6, Theorem 1.4] and
[7, Theorem 1.1]
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