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GENERALIZED WEYL MODULES FOR TWISTED
CURRENT ALGEBRAS

EVGENY FEIGIN AND IEVGEN MAKEDONSKYI

ABSTRACT. We introduce the notion of generalized Weyl modules for
twisted current algebras. We study their representation-theoretic and
combinatorial properties and connection to the theory of nonsymmetric
Macdonald polynomials. As an application we compute the dimension
of the classical Weyl modules in the remaining unknown case.

INTRODUCTION

Let g% be an affine Lie algebra. It has a natural Z-grading g% =
Dr. . 9(k); in particular, g(0) = go & CK & Cd, where go is a finite-
dimensional simple Lie algebra, K is central and d is the degree element.
Consider the subalgebra g;{) = g0 ® Dr; 9(k) (g;{) coincides with a max-

imal parabolic subalgebra modulo K and d). If g%/ is untwisted, then g;];
is the Lie algebra of polynomial currents: g;]; ~ go @ C[t]. If g%/ is twisted,
then gi{) is called twisted current algebra. Let A be the root system of g,

A, (A_) be the set of positive (negative) roots and § be the basic imaginary
root. We fix a Cartan decomposition go = n_ @ hdn,, where h is the Cartan
subalgebra, ny (n_) is the linear span of all positive root vectors (negative

root vectors). Then all real roots of g%/ are of the form lo + kd, a € A,
keZ,1 e {1,2} (note that I = 1 unless g%/ is of type Agz)). We fix a vector

n
eq from each real a-root space. We denote by his C g% the (imaginary)
root space corresponding to the root k§. The classical Weyl modules are la-
beled by dominant weights A of gy (see I[CEFS, [FK]). The module W ()
is defined as the cyclic g%—module with a generator v and the following set

of relations:

hrsv = 0,k > 1; hv = A(h)v for all h € b;
(¥ A)+1

eat+ksV? =0,k > 0; e, v=0foralla € A,.

These modules for untwisted affine Lie algebras were extensively studied
(see [FL2]). For simply-laced algebras Weyl modules are
isomorphic to level one Demazure modules. Weyl modules for twisted Lie
algebras were introduced in [CES].

It was proven in [S| [IL [CI] that the characters of Weyl modules coincide
with the specializations of nonsymmetric Macdonald polynomials at ¢ = 0.
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We introduce the following generalization of Weyl modules. The general-
ized Weyl modules are modules over the algebra n* spanned by all root
vectors eg corresponding to positive roots 3 of g/, Assume that g is of
dual untwisted type and let A® (A!) be the set of short (long) roots of A.
We define len(a) = 1 for a € A® and len(a) = j for a € Al] where j is
the ratio of squared lengths of long and short roots. For an element ¢ in
the Weyl group W of gg and o« € A, we define the action of o on the set
AL U(AS +6) U (AL + 56) as follows:

5a) = {J(a), if o(0) € Ay
o(a)+len(a)s, ifo(a)e A_.’

o(—a) +len(w)d, ifo(—a)e A_
o(—a), if o(—a) € Ay

o(—a+len(a)d) = {
For B € AL U (A% +6) U (AL + j6) we define 5(eg) = e5().-

Definition 0.1. Let g®f is not of type Afn) Then for an arbitrary gg-weight
w let us write p = o(A\), 0 € W, X is antidominant. Then the (general-
ized) Weyl module W, is the cyclic n® module with a generator v and the

following relations:

brsv =0,k > 1;
(@ N+, =0, a € AL

We also define the generalized Weyl modules in types Afn) (see Definition
2.2)). In this there exist two definitions of the classical Weyl modules, cor-
responding to two natural choices of the maximal parabolic subalgebra (see
[CFS| [CIK] [FK]).The family of the generalized Weyl modules include both
types of classical Weyl modules.

Dimensions of classical Weyl modules were computed in [CL, [N, [FK] [CTK].
In these papers the dimensions were computed using a link to the theory of
Demazure modules. The only remaining unknown case was g% of type Afn)
and (\, ay,) € 2Z. Using our approach we compute the dimensions in this
remaining case.

The properties of generalized Weyl modules are closely related to the
theory of nonsymmetric Macdonald polynomials F)(z,¢,t) [Chll [Ch2, [OS].
More precisely, we prove the following Theorem (see [FM3] for the untwisted
case).

F(e_atlen(a)s)v = 0; (o(ea))”

Theorem A. Let A be an anti-dominant go-weight, o € W, g%/ is not of
type Agn) Then:
(i) dim Wa()\) = dim W)\.
(ii) chWyor = woEx (2,71, 00).
(iii) For any i = 1,...,1k(g) such that (A, o;") < 0 the module W) can
be decomposed into subquotients of the form Wiy yu,), s € W. The
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subquotients are labeled by certain alcove paths and the number of
subquotients is equal to the dimension of the fundamental classical
Weyl module W (w;).
Theorem A with minor modifications holds in types Agi) as well. In
particular, we prove the following new dimension formula for the classical
Weyl modules:

0.1) i@ W(S 5 ) ﬁ<2n+1>mi
. im miw; + 2mpwy) = . .
i=1 i=1 !

We note that all the Weyl modules we consider in the paper are local.
However it is straightforward to define the global generalized Weyl modules
over twisted current algebras analogous to the untwisted case [FMO]. These
modules can be studied in same way as in [FMO] using the results of this
paper.

The paper is organized in the following way. In Section [Il we recollect all
the needed material on alcove paths [RY] [GL] and combinatorial formula
of Orr and Shimozono [OS]. In Section 21 we define the class of generalized
Weyl modules in the twisted settings and study their properties. The proof
of the main theorem is reduced to the case of rank one and rank two level
zero algebras go. In Section [3] we work out the case of low rank twisted
algebras.

1. ORR-SHIMOZONO FORMULA

1.1. Twisted Quantum Bruhat Graph. Let A = A, LUA_ be the root
system and X be the weight lattice of a finite-dimensional simple nonsimply-
laced Lie algebra go, W = W(X) be its Weyl group. We denote by «; and

wi, © = 1,...,1tk(go) simple roots and fundamental weights of go. We write
X = X, UX_, where X, is the positive cone spanned by w; and X_ = —X.
Let s1,...,8,, n =rk(go) be the set of simple reflections in W. For a root «

we denote by s, the reflection at this root. For w € W let I(w) be the length
of the element w. The twisted quantum Bruhat graph [Lu, BEP] (tQBG for
short) is the labeled graph whose set of vertices is W with edges w 25 wsq
such that

e [(wsy) = Il(w) + 1: an edge of the usual Bruhat graph;
o [(wsy) = l(w) — (2pY,a) + 1: a quantum edge.
Here 2p" = 37 ca .
standard quantum Bruhat graph for the dual Lie algebra gy. The difference

between the QBG and tQBG is the interchange of roots and coroots in the
second condition (the QBG version contains (2p, a")).

oV, the sum of positive coroots. Note that this is the

1.2. Alcove paths. Our first goal is to define the notion of the twisted
quantum alcove path. Let W® and W€ be the affine and the extended affine
Weyl groups for gy. In particular, W¢ = W xII, Il = W¢/W* and we have



4 EVGENY FEIGIN AND IEVGEN MAKEDONSKYT

the natural embedding X C W€ (see [OS| [EM3]). For A € X we denote by
t) the corresponding element in W€. Each element w € W€ defines the set
of affine roots f1(w),..., [ (w), | = l(w). Given a starting point u € W€,
each subset J C {1,...,l} produces an alcove walk p;, which is a sequence
of elements (og,...,07) of W€ o9 = u. Now a walk p; defines an alcove
path (zg,...,2.), see e.g. [FMO], formula (2.3). In particular, we denote
zo = uw and z, =: endp;. We denote the resulting path by the same symbol
pJ-

Recall that W is the semi-direct product of the finite Weyl group W
and the lattice X. For w € W¢ we write w = Tty () dir(w), where m € II,
dir(w) € W. We thus have a natural projection dir : W¢ — W.

Let us define the set tQB(u,w) of the twisted quantum alcove paths. We
say that a path py is a twisted quantum alcove path if the projection dir(p)
is a path in the twisted quantum Bruhat graph of W.

Now let us define the set tQB(u, w) for types Afn) and Agiﬁ. We take W

to be the Weyl group of type B,, and the tQBG of type D1(124)-1- Then we say

that p; is a twisted quantum alcove path if its projection onto the tQBG of

type Dﬁﬁl is the path in this graph and for Agi) (Aéz)T

.. ) there is no quantum
(Bruhat) edges coming from §;’s with odd imaginary part (see [OS]).

We say that a path p; € tOB(u, w) if the projection to tQBG is a path in
the reversed quantum Bruhat graph of W. Let J~ C J be the set of j,, € J
such that the root Re(2,0;,,) is negative (here Re denotes the real part of
an affine root). We note that j € J~ if and only if the corresponding edge
in the quantum Bruhat graph is quantum.

Let § be the basic imaginary root. For any element of the affine root
lattice u + NJ, where u € X we denote deg(pu + NJ) = N. For an alcove
path p; we define qwt(py) = EjeJ* B;.

Definition 1.1. For any u,w € W€ we define:
C¥(z,q) = Z xwt(end(m))qdog(qwt(pj))‘
pyELOB(u,w)
In the rest of this section we describe the properties of the function C}.
One has CfY, = 2" Cy.
Theorem 1.2. [OS| Let A € X be an antidominant weight. Then
(i) Ex(z;¢,0) = CL.
(11) E\ (x; q_17 oo) = szet@E(A) xwt(e”d(pJ))qdog(th(PJ))’
(ili) Ex(w;q 1, 00) = woCLy.
Let r; = I(t_,,) and let B;- =Bi(t—w;), J=1,...,7.

Lemma 1.3. For any A € X_ the sequence of roots [3;(tx_w,) is equal to
iV

61—1_( 1 7A>57767Z‘1 +<B7Z*ZV7)\>57 617--'7ﬁa7
where B, ..., By is the sequence of B’s for ty.
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Recall that for an affine root 5 we write 8 = Re(5) +deg(8)d. For v € A
we denote by len(v) the normalized length of v, so len(vy) = 1,2,3 (1 for
short roots 7).

Proposition 1.4. a). For any reduced decomposition of t_.,, the roots B;(t_.,)
satisfy the following properties:
o {Refj} = {v € A_[(y",w;) <0},
o [{j[Ref; =7} = — (v, wi),
e For any v the set {6j|Reﬁ; = v} is equal to {vy + len(y)d,...,v —
len(y){y", wi)d}.

b). There exists a reduced decomposition of t_,, giving the following or-
der on B’s. We set iy = i, and let i, kK = 2,...,n, be some ordering of
the set {1,...,n}\{i}. Let us write (8})" = —aj,;, — - — ai, ) + Dd.
Then the order on B’s is given by the lexicographic order on the wvectors
(len(ReﬁJi)%, Zi? e ‘Z’; ).

Proof. The proof is completely analogous to the proof of Proposition 1.15
in [FM3]. O

Corollary 1.5. i) i = —a; + len(a;)d,
i) if v =71+mn, 7,n € AL, (Ref})” = —, then

[{kl(Ref})” = =7,k < 5} =
[{E|(ReB,)" = —7.k < j} + [{k|(Refy)” = —n, k < j}].
iit) Let 7,m € AY be roots such that TV + 2n¥ € AY. Consider a subse-
quence ﬁ]i-k, k=1,...,p consisting of all roots with the property —(Reﬂ]i-k)v €

{r,n, 7 +n,7 4+ 2n} (jr < jr+1). Then the subsequence —(Reﬂ}k)v,k =
1,...,p is a concatenation of copies of two following sequences:

(1.1) T, 7T+2n,7+n,7+2nand n,7 +n,7 + 2n.

Recall 7; = t_,,,. We denote by tQB(u, A, 5*) all alcove paths of type
BiA = (8% + len(RefB})( {V,)\>5,...Bﬁi + len(ReB1)(B1", A)8) starting at
uty_y,. In other words, instead of getting the sequence of roots 3; from
a reduced decomposition of ¢_,,,, we start with the fixed sequence 5.

Theorem 1.6. Let A € —X . Then for u e W the following holds:
Ixw; deg(qwt t
o — Z q g(q (p))cezd(p)tiy
pELQB(u,\,B5N)
Further, if u € W, then
CZAwi _ Z qles(@vt(p) ota pwtlend(p))—A

dir(end(p))
PELOB(u,\,B1*)
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2. GENERALIZED WEYL MODULES

2.1. Definitions and basic properties. Let g be a finite-dimensional sim-
ple Lie algebra and let 7 be an automorphism of its Dynkin diagram of order
. .. . . i—1

j. We fix a primitive root of unity ¢ of degree j . Let g = @) _ 0k Tlgx = ek
and let gj4; ~ g5 for any k € Z. We consider the twisted current algebra

o]V = Par @t
k=0
By definition we have the following inclusion:

(2.1) glt]?  gt].

The space g is a simple Lie algebra. Let go = n_ & h®ny be the Cartan
decomposition of gg. Let A be the root system of gg. Denote by A® the set of
short roots and by Al the set of long roots in A. For a positive root o € A
let e € ny and f_, € n_ be the Chevalley generators. The weight lattice
X contains the positive part Xy; in particular, the fundamental weights
wi,...,wy belong to X;. For A\ € X, we denote by V) the irreducible
highest weight gg-module with highest weight A. The subalgebra

o0
n =n o Puet* Colt
k=1

will play a crucial role in the constructions below.

Here is a list of diagram automorphisms: g = Ag,—1 and j =2, g = Dy41
and j = 2, g=Fgand j =2, g = Dgand j =3 and g = Ag,,j = 2
(see Figure [I). In all the cases except for the last one the gy module g;
has the following property: wtpo(g1) = A® U {0}, i. e. the set of nonzero
weights of g; is equal to the set of short roots of gg. Let § be the basic
imaginary root. We note that g contains the nontrivial weight k£d subspace
brs. For each o € A the weight o 4 k6, k > 0 subspace of gU)[t] is at most
one dimensional (this subspace is trivial for « long and k ¢ jZ). We fix a
generator of this vector space (if nontrivial) and denote it by eqyrs. So the
set of real roots of the affine twisted Lie algebra (except for A;i)) is equal
to (Al + jZ>0d) U (A® + Z>(d). In the case g = Agy,,j = 2 (Agn)) the go
module g; is the highest weight module Va,,,. The set of its nonzero weights
is equal to {aja € A} U {2a]la € A®}, i. e. all the roots of gy and doubled
short roots of go.

The classical Weyl modules W(\), A € X for twisted Kac-Moody Lie
algebras were defined in [CFS]: W () is a cyclic g[t]¥) module with generator
v subject to the following defining relations:

(2.2) hv=0,h € bis, k > 1; hv = A(h)v for all h € b;

(2.3) eatksv =0,k > 0; fﬁo,;v’/\Hlv =0, forall a € Ay.
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Let g be of dual untwisted type. Let W be the Weyl group of gg. In
what follows we use the following notation. For a root a let len(a) be
its normalized length, i. e. 1 for short and 2 or 3 for long roots. For
an element o € W and a € Ay we define the action o of ¢ on the set
AL U (A% +6) U (AL +56) as follows:

5a) = {a(a), if o(a) € Ay,
o(a) + len(a)d, if o(a) € A_,

o(—a+len(w)d), ifo(—a)e A_,
o(—a), if o(—a) € Ay

o(—a+len(a)d) = {

We also define the corresponding action on the root vectors eg, f € A; U
(A% +6) U (AL + jo): Teg = ez(p)-

Using this action we define the generalized Weyl modules for dual un-
twisted types analogously to the untwisted definition from [FM3].

Definition 2.1. For pp € X write up = o(\), 0 € W, A € X_. Then the
(generalized) Weyl module W), is the cyclic n% module with a generator v
and the following relations:

(2.4) hv =0,k € brs, k > 1;
(2.5) (G(e—atien(@)s)v = 0;
(2.6) (Gleq)) @Mty =0

for any av € Ay

2.2. Mixed type. In this subsection we consider types Agl) In this case

go is of type B,. Then real roots written in terms of orthonormal vectors
€1,...,€n are te; +ké, £e; £ e+ k6, £2¢; + (2k+1)4, 4,5 € 1,...,n, k € Z.
Let A be the root system of type B,. We define the action of the Weyl
group on the set Ay U (AL + §) U (2A% +6), i.e. on the following set:

{e}Ula£eli> g} U{—aFe+dli > 5} U {26+ 6}
The action is defined by the formulas
e +e;) = ole; e;) +6, %f oe; £ej) € A |
o(e £ €), if o(e; £¢j) € Ay

3(—6¢:Fej+6) — {U(_Ei:‘:q)"‘é, if U(_Ei:FEj) cA_

o(—€ Fej), if o(—e; Tej) € Ay
5(e:) 20(e;) +9, ifo(e) e A
ol\€;) = )

o(€), if o(e;) € Ay

—20(€;) +0, ifo(—e¢) e A
o(—¢), if o(—€) € AL’
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We define oeg = ez(g) for f € Ay U (AL 4+ 6) U (2A% +6).

Definition 2.2. For p € X write u = o(\), 0 € W, A € X_. Then the
(generalized) Weyl module W), is the cyclic n% module with a generator v
and the following relations:

(2.7) ho=0,h € hs, k> 1;

(2.8) (0(e—ats))v=0,a € Al+ U2A%;

(2.9) F(eq)) Ny =0, a € A},

(2.10) G (es)) @ Ny =0, a e AF and o(a) € Ay
[ .

(2.11) (0(eq)) 2 v=0,a € AT and o(a) € A_.

Remark 2.3. The restriction of W(\) to uif is isomorphic to W_y, A € X
(since wg\ = — A for non simply-laced algebras).

2.3. Dual mixed type. Let us consider the Dynkin diagram of affine type
AP

n

a9 a3 Qp—3 Qp—2 Qn—1 (e 7%

aQ a1
X U & o b 6 o == o

We have two natural possibilities to choose a special vertex. If we call the
leftmost vertex special, then we obtain the usual Afn) picture with gg = B,,.
Denote by A the root system of this zero level algebra. If we call the
rightmost vertex special, then the underlying simple Lie algebra is of type
(', and will be denoted by gg. The corresponding twisted current algebra was
considered in [CIK] (the algebra is referred to as the hyperspecial parabolic
subalgebra). In the second case we have gJ{ ~ Vi, gg ~ Vi, gzﬂ) ~ Vi,
gZT+4 ~ QZ as gg—modules. Let AT be the root system of gg. Then the weights
of V,,, can be identified with halves of the long roots of gg and the weights

of V,,, can be identified with short roots of gg. Therefore the roots of affine
algebra can be written in the following way:

1
(AT + 476} U {AT + (2 +47)5} U {§A“ + (1 4 22)6}.
For a dominant A\ we denote by WT()\) the hyperspecial Weyl modules
from [CIK]. So WT()) is the cyclic module with the following relations:
brsv = 0,k > 15 €ayanst = 05 €120+ (142m50 = 0,00 € A [k > 0
Cat2ksv =0, a € A%,k > 0; fﬁo,;/\Hlv =0,a € A_.

One can define the generalized Weyl modules in this case as well. However
it does not make sense because the generalized Weyl modules of dual mixed
type are isomorphic to the generalized Weyl modules of mixed type. To
prove this claim, we consider the element w’ of the Weyl group of type B,
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sending a; to a4, 1 <7 <n—1 and wia, = —a3 — - — ay, (wJr sends ¢;
to —€nt1-i)-
Let [x] denotes the floor function of x.

Proposition 2.4. Let A = — > 1" myw;, AT = —ZZ 1 Miwn—i — [%2] wo.

Proof. We have that ag = —2(a1+ - +an)+6 and ag = wT(ozn) Moreover
Al = wT(A+) and wT(aZ) =ap_i,t=1,...,n—1. Using (2.I1]) we have:

mn]gq
6([102 I+ v =0.
This completes the proof of the Proposition. O

2.4. Properties of W, (,). It is easy to see that the generalized Weyl mod-
ules are well defined, i.e. W, does not depend on the choice of o and A such
that o(A) = p (see Lemma 2.2 in [FM3]).

We note that the algebra n® does not contain the finite Cartan subalgebra
h. However, sometimes it is convenient to add extra operators from b acting
on W,.

Definition 2.5. For v € X we define W to be the n% @ h-module where the
action of b is defined by hv = v(h)v for all h € h and the cyclic vector v. If
v = j1, we omit the upper index and write W, for W

The modules W), are naturally graded by the Cartan subalgebra b and
carry additional degree grading defined by two conditions: deg(v) = 0 and
the operators e,ys increase the degree by k. We define the character by
the formula:

chW}) = Z dim W[, klx7 ¢k,

where W/ [, k] consists of degree k vectors of go-weight ~. In particular, we
write chW), for the character of W}

2.5. Fusion-like construction. Our first goal is to define the action of n®/
on the Weyl modules of the corresponding untwisted algebra g[t]. Let A be
an antidominant weight of g and let W (wgA) be the (classical) Weyl module
over g[t] with a lowest weight vector v (where wy is the longest element of
the Weyl group of the algebra g). Recall the inclusion (2I]). Let z be some
nonzero complex number. For u € W (o)), eq ®t* € g[t]¥) we consider the
shifted action:

ea @t u=e, @ (t+ 2)ku

Let o be an element of the Weyl group of the algebra gg. Since gg C g, the
Weyl group of gy acts projectively on the irreducible g module Vy, C W (wpA).
We consider a vector ov € W (wg\) defined up to a scalar. Then it is easy
to see using the Vandermonde determinant that the cyclic n® -submodule
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FIGURE 1. Subalgebras X2 C X,

U(n*)o(v) coincides with the whole module W (wo)). We consider the
following filtration on this module: Fy = Co(v) and

F, =span{(z; @t ...2; @t%).0(v)}, 51 + -+ 5 < 1,2, D% € 0},

Let W7, be the corresponded graded module.

To stress the difference between the weights of g and gg we denote by
w; the fundamental weight of g and by wq;, i = 1,...,n, n = rk(gp) the
fundamental weights of go. We use this notation in this subsection only.

Lemma 2.6. Let A = — > | mw; be an antidominant weight of the algebra
g. Let \g be the antidominant weight of gy defined by: Ao = — > i miwo;

Cn C A2n—1

B, C Dn+1

GQCD4
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for dual untwisted types and \g = — 2?2—11 mWo; — 2MypWwor for types A( )
(see Figure [ for the numbering). We consider the g[t]-module W(wo)\)
Then for any element o of the Weyl group W of the Lie algebra gy we have:

(2.12) dim Wo()\o) > dim W (wp).

Proof. We show that there exists an epimorphism W,\,) = W7 . So we
need to prove that all the defining relations of the module W, hold in
the module W; - For a diagram automorphism 7 and a simple root vector

(2)

e; except for the root e, of A;~ we have:

lei, Te;] =0,

(see Figure [I). In type Agi)
algebra.

Let v be the lowest weight vector of W (wgA). Note that any orbit of the

group generated by 7 contains exactly one element e; such that i < n. We

)

the vectors ey, Ten, [e;, Te;] form a Heisenberg

have 7(eq1s).0(v) =0, a € A_. For all cases except for i = n in type A(2

we have:
m;+1
ke
(Zk 0 Z) 2w =0.
J

Analogously for A( we have: (e, + Te, .v = 0. Hence for any positive

root v € A
e Poa)Hl yy — 0,

67

Thus using the action of the Weyl group we obtain
_<,\O,QV>+1.0(U) —o.

o(a)
Thus rank-one computation shows that
5 (eq)” P00 M (1) = 0

and

|:_ <>‘Ov2av>:| +1

o(eq) .o(w) =0
(2)

if g is of type Aj,, a is a short root and o(a) € A_.

So we have proved that the defining relations of W5,y hold in W (woA)
with the shifted action. Hence they also hold in W* o~ This completes the
proof of the Lemma. O

2.6. tQBG and Weyl modules. In the following lemma we give a criterion
of the existence of edges in the twisted quantum Bruhat graph. In part i)
by a long root we mean a root such that there exists another root of a smaller
length.
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Lemma 2.7. Consider the dual untwisted case. For o € W, v € Ay the
two following statements are equivalent:

i) there is an edge in the twisted quantum Bruhat graph o SN 05y}
i1) there are no elements o, B € A4 such that o, # v, a+ = 2%7,

ola) +0(B) = 2%3(7); if oy € A_, then additionally v is not a long

nonsimple root contained in a rank two subalgebra, generated by roots from
AN

Proof. The proof is analogous to the proof for untwisted algebras by inter-
changing roots and coroots (see [FM3], Lemma 2.12). O

Definition 2.8. Let 3 = (B1,...,0B,) be a sequence of affine roots. Consider
a weight o()), where 0 € W, A € X_. Then the generalized Weyl module
with characteristics W, (y) (B,m), m=0,...,ris the cyclic n* module with
a generator v and the following relations: hv = 0,h € his, k > 1 and for all
a€Ay: g(e_qrs)v =0 and

F(ea)l 71T

v =0, if g of type Agi),a(oz) € A_, «is short;

G (eq)lem Ty =0, otherwise,

where lom = —(a¥,\) — |[{Bi|ReBi = —a, i < m}|.

Remark 2.9. If m = 0, then WJ(A)(B,O) ~ Wy(y). Now assume that m =
l(t_w,;) and the sequence of roots B comes from a reduced decomposition of
t_y,;. Then according to Proposition [.4] part a), we have an isomorphism

W) (Bsm) ~ Wy (rsuwy)-

Let 71,79 € AL be two roots from the root system of go. Let Lo be
the semisimple Lie algebra with the root system A’ C A spanned by roots
T1,79. Let n®f " be the subalgebra of n% generated by the elements of the
form e,1xs € n®/, where vy € A’ U2A', k > 0.

Remark 2.10. The set 2A’ shows up only in the Agn) case.

Lemma 2.11. For the n® -module Woin) (B,m) we define nef’ _submodule
My = U(n“f/)v C Wy (B,m), where v is the cyclic vector and m satisfies
o(ReBm+1) € Z(m1,12). Then My is a quotient of some n%" module of the

form W&(X) (B,m), where &, \, 8, m are parameters for naf’ In addition,

oReBmy1 = oRefBmq1-

Proof. Without loss of generality we assume that 71,75 is a basis of A’ =
Z{71,72) N A. We have several possible cases for A’ and n%/ ' The first case:
A’ is the root system of type A; & Ay (this happens when 7 is orthogonal
to 7o and [er,,e5,] = 0). In this case the claim is obvious. The second case
is Ly ~ G5 and n%f ' isomorphic to the positive affine nilpotent algebra of
type Df). So we have n% = n%" and hence there is nothing to prove. The
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third case is A’ being the root system of type Ag; then n®f "is the positive
affine nilpotent algebra of type Aél). This case was worked out in [FM3],
Lemma 2.17. The two remaining cases are A§2) and AEE) (so A’ is either of

type Cq or of type Bs). The A§2) is equivalent to the untwisted Cs situation
from [EM3]. The only difference is that we apply Corollary [[L5] iii), to the

roots instead of coroots. Finally, the last Af) case is equivalent to the A§2)
thanks to the recipe from [OS] (see also subsection [[.2]). O

2.7. The decomposition procedure. In order to describe the generalized
Weyl modules we follow the same strategy as in [FM3]. Namely, we consider
the sequence of surjections

Wo‘()\) = Wcr()\) (/8170) - Wo(A) (Bla 1) — Wcr()\) (Bivr) = Wo(>\+wi)7

B" = B(t_w,;), (\,a)) # 0 and describe the kernels. The description is
given in terms of the twisted quantum Bruhat graph for the twisted affine
Kac-Moody algebra.

Remark 2.12. The type Aéff

is of type Dgzl. Second, in what follows we will be interested in the paths
along the edges of tQBG. More concretely, given a vertex o of tQBG and
an affine root 3 we will check if there is an edge 0 — osgeg. The existence
of such an edge allows us to move along the graph. However, ONLY in
types Agl), there is an additional restriction (see [OS]). Namely, even if an
edge does exist, we are not allowed to use it if the edge is quantum and

degfl, .1 + (ﬁfnﬂv, A+ w;) is odd (see Subsection [[.2] Lemma [L.3]).

Theorem 2.13. Let ¢ = (Bi,...,) be the sequence of B’s for some re-
duced decomposition of the element t_,,,. Then we have:

R ﬁ’f”
or in type Agi) the edge o g1

is very special. First, the tQBG in this case

. . Reﬁ:rﬂrl
(i) If there is no edge 0 —="" OSReB, 41
OSRefi, ., is quantum and degﬂ;ﬁ:ﬁwi = deglﬁrin—i-l + <ﬂ7in+1v7)‘ +w;) is odd,
then o _.
Wi (B 1m) = Wi (3, m + 1),

Ref?,
(13) Assume there is an edge o gt OSReBmyi- Lhen we have the exact
sequence
Wostes, 1 ) (B, m+1) = W, (B, m) = Wy (B, m +1) — 0.
Proof. As in [FM3], we reduce the proof to the rank two case using Lemmas
2.7 and 2111 O
Corollary 2.14.

deg(qw wt(end(p))
hWoiniwy < Y K B D e o )
PpEQB(0,A,B4*)

ChWU()\) < CZ;A ,
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where inequalities mean the coefficient-wise inequalities.
Proof. The proof is the same as the proof of Corollary 2.19 from [FM3]. O
Theorem 2.15. The inequalities of Corollary[2.17) are in fact the equalities.

Proof. According to [I] in dual untwisted types dimW_,, = E_,,(1,1,0)

for all fundamental weights w;. In type Agi) M implies dim W_,+,, =
E_,, ,(1,1,0), i # n and dim W_ = F_,,(1,1,0). Now the rest of

the proof follows the same lines as in [FM3]. The only special case is Agn)

and i = n. Then inequality (2.12)) is valid only for A such that (\, o,’) is even.
So we are forced to use double decomposition procedure (i.e. we consider
the filtration such that all the subquotients are isomorphic to Wi (\jau,,))-
However, since we know that inequalities of Corollary 214l become equalities
after the double application of the decomposition procedure, we obtain the
equalities at each application.

wt 2wy,

Theorem 2.16. Let A be an antidominant weight, 0 € W. Then chWy () =
Cix. In addition, the sequence

0—W H()\)(Bi,m + 1) — WU(A)(Bi,m) — WU(A)(Biym + 1) —0

osRcﬁm
1s exact.

Proof. The proof is similar to the proof of Theorem 2.21, [FM3] modulo the
following equality

(2.13) len(Refly 1)l _nogi = deg By
(in the untwisted settings the factor len(Ref!, ) is missing in the left hand
side). O

As a consequence, we obtain an alternative proof of the following claim

(see [CI)).

Corollary 2.17. Let X\ be a dominant weight. Then for any twisted current
algebra E_y(z,q,0) = chW (\).

We also obtain the representation-theoretic interpretation of the special-
ization of nonsymmetric Macdonald polynomials at ¢ = oc.

1

Corollary 2.18. Let A be an antidominant weight. Then E\(x,q ", 00) =

ChW_)\.

Proof. We use Theorem [[.2](ii) and the following result (see e.g. [LNSSS2]):
the element wy € W inverses arrows in the twisted quantum Bruhat graph.
O

Corollary 2.19. Consider the twisted current algebra of type Agi) Then
for any o0 € W one has

] o2n + 1\
dlm WU(Z?;E miwi+2mnwn) = H < ’l > :

n
=1
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In particular, we obtain the dimension (Ol for the classical Weyl modules.

Proof. The decomposition procedure tells us that

n—1
dim WJ( n-l miwi+2m”w”) = (dim W—2wTwn)m" H (dim W_wfwi)mi.
i=1

However using Proposition 2.4land [CIK], Theorem 3 we know that dim W_,1,, =
(*™ 1), i < nand dim W_g,5,, = (). O

3 n

Remark 2.20. Assume that (\, /) € 2Z + 1. Then the dimension of W,

depends on o (this already happens in type Agz), see subsection (3.1])). For
o = id this dimension is known (see [FK]).

3. LOW RANK CASES
In this section we work out the case of rank one and rank two level zero
algebras. The corresponding twisted affine algebras are of types Agz), D32 ,
Af) and Df’). We first prepare several facts to be used in the proofs.

Remark 3.1. In what follows we use the relation in W,y (B

a€ A andn >0

,m): for any

la,m+1 _ O
€5 (a)+nsV = V-

Remark 3.2. Let g be a simple Lie algebra and n C g its nilpotent subalgebra.
Let V be a cyclic n module with cyclic vector v such that eg’j“?) =0
for any simple root «;, m; > 0. Then for any positive root « one has

v
Wi, 1
e((mew av)+ v =0.

Lemma 3.3. (i)Let g be of arbitrary type. Let T be a positive root and for

m >0 let n = —RefBl, ;. Assume that n and s,7 are simple. Then m =0
and
(3.1) a5y (er) G (e, ) mmy = 0.

(i) If m = 0 and there exists a subalgebra N C n% isomorphic to the finite
dimensional nilpotent subalgebra ng C go containing n and s,7, then relation

BI) holds.

Proof. Let us first prove (i). Consider the subalgebra spanned by &(e,) and
o (es,r). Then this subalgebra is isomorphic to ng and we obtain the needed
conditions because the module generated by 7(e;) and o(es, ) from v is
isomorphic to the (restriction of) simple module over go. This completes
the proof of (7). The proof of (i7) is completely analogous. O
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3.1. Type Ag). In this subsection we consider the case of twisted affine
algebra of type Ag). So we start with g = sl3 and consider the twisted
current algebra g[t](?). The roots system of gg = so3 is equal to A = {a, —a}
and the real roots of g[t]®) are of the form +a+kd, k > 0 and £2a+(2k+1)4,
k > 0. The imaginary roots are of the form kJ and each weight space his
is one-dimensional. The tQBG contains two vertices labeled by id and s
and two arrows pointing in both directions. The element § acts as the
transposition of roots a and —2a + § and of root vectors e, and e_oq15.

The sequence 3' is of length one, i.e. 3! = () and 3 = —a + 4. In
particular, deg8 = 1. For an antidominant weight A = —mw one has
degB'* = degf + (—a,mw) = m. For m > 0 the defining relations of
the module W_,,, are

hv=0, h €bgs, k>1,

€_atksv =0, €_2a+(2k—1)6V = 0,k >0, eran—l-lv =0,
and the defining relations of the module W,,, = Wy(_,,, are

hv =0, h € by, k> 1,
[5]+1

_ _ el _
€a+ksV = 0, €204 (24160 =0,k >0, 25, sv=0.

By definition, Wag, =~ Wgg41),- This proves Theorem R2.T3] (i), since the
edge from s to id is quantum and Remark 212 tells us that if degB"* is odd
(ie. A= (—2k — 1)w for some k), then Wy(\) =~ Wyr10)-

Let us prove Theorem I3l (i7). Let v be the generator of the module
W_inw, m > 0. Then direct computation shows that

m
2

(e—2a+s) 2 env =0, m is even,
(e_2a+5)m7+legbv =0, m is odd.
Now let v be the generator of the module W,,,, m > 0. Then

en(e—2a+5) 5]y = 0.

This completes the proof of Theorem 2.13] (i7).
Here are the characters of the first several Weyl modules (x = 2¢):

chWy =1, chW, =z, chW_, =z + 2, chWa, = 2% + ¢ + ¢22,
chW_o, = 272 + 1+ 22, chWs,, = zchWha,,,
chW_ s, =23 + 27 (1 +q) + (1 +q) + 23,
Wiy =" + (¢ + )2 + ¢+ ¢ + ¢ + (¢ + ) + o,
chW_yy =2t +272(1+2¢) + (14 q) + 22(1 + q) + =%,
chWs,, = xchWy,,.
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FIGURE 2. tQBG of type D§2)

The dimensions of the generalized Weyl modules are given by the formula

3"™/2 m is even and nonnegative,
. 37™M/2 m is even and negative,
dim Wiy, = 1)/2 . s
3(m=1/2 " is odd and positive,

2. 3(=m+1)/2 "y is odd and negative.

3.2. Type Déz). The goal of this section is to prove Theorem 2.13] for g of
type Déz).

We denote by «j the short simple root, by as the long simple root,
Ap = {aq, 2,3 + a1, a2 + 201} and the set of corresponding coroots is
{af, oy, 20y + of , a3 + af}. We have the following sequences of §’s:

B = —a1+0,8 = =201 —as + 20,83 = —ay — as + 5
Bl = —as+25,05 = —a; —az +25, 85 = —201 — s +20, ] = —a1 —az + 9.

The twisted quantum Bruhat graph is shown on Figure

Proposition 3.4. Let 5 be the sequence of B’s for some reduced decompo-

ReBm
sition of the element t_,,,, 1 = 1,2. If there is no edge o CB—>+1 TSReBma1s
then B B
LlCT(A)([31777l) = L‘CT(A)(%32777L + 1)'
Proof. Let v be the cyclic vector of W) (B%,m). We need to prove the
relation
(3.2) (/O.\e_ReBmH)LRcBerLmU =0

. . R0ﬁ7 1
assuming that there is no edge ¢ —% ' 05Reg,, i
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Lemma[2.7] tells us that we need to consider two cases. Assume that there
are elements 7,m € Ay such that:

N 7£ _Reﬁm—l-la

<7—7 Reﬁm+1>
<Reﬁm+1 ) Reﬁm+1>

<T7 Re/Bm-i-l >
<Re/8m+la Re/Bm+l>

Then —RefB,+1 is equal to ag + a1 or ag + 2c1. Assume that —Ref,,11 =
as + ;. Then 7 = a1, 7 = ag or 7 = 201 + @z, = ao. We con-
sider the first case, then ez(_re)s,,,, 15 an element of the Lie algebra with
simple root vectors €z(a,), €5(ay)- Using Corollary [L3] 4ii) we have that
IReBpi1,m > lag,m + 2lay,m- Consider the Lie algebra spanned by vectors
€5(an)s €5(ar)s €5(a1+az)s (€5 (a1 +a2)€5(ar)]- This subalgebra is isomorphic to
the (finite-dimensional) Borel subalgebra of type C. Thus using Remark
we obtain that &(ereg,,,,)!*2m 2e1m*ly = 0. The second case (1 =
201 + ag, 1 = a) can be worked out in a similar way by the brute force
computations.

Now assume that —Ref,+1 = @ + 2a1. Then 7 = a1, = as + 3.
Then either the linear span of Teq,,0€ny+2a1 0€astars 0€ay OF the linear
span of Geq,, T€ays+2a;, 0Cas+ars 0€—ay+s 1S closed under the Lie bracket. If
the subspace spanned by e, , T€ay+20150€as+ays 0€ay 1S closed under the
Lie bracket then we can analogously to the previous case use Remark
Conversely, if the subspace spanned by

TH+n=2 RefBm+t1,

o(r) +a(n) =2 oRefm1.

0€aq50€as4+2a170€as+ars T€—as+6

is closed under the Lie bracket, then the needed equation is equivalent to

(36_a2+6)la2,m+la1,m+1(/O.\ea2+a1)la2+a1,7n+1v = 0.
The remaining case is 6(—Refm+1) € A_, —Refm+1 = 201 +as. However

in this case 0(2a1 + a3) = d(a1 + ag) + dag or 0(2a1 + ag) = o (g + a2) +
cai1+0. If (201 +az) = 0(a1+ag)+0aq, then we are in the situation of the
previous paragraph. Now assume that o(2a1 + ag) = 0(a1 + a3) + dag + 0.
We know that exactly one of the elements o(ay), o(a; + ag) is negative. We
work out the case o(ag) € A4, the second case is very similar. So assume
that o(a1) € Ay, o(ag + o) € A_. Then the subalgebra of n® generated
by the root vectors corresponding to roots

o(ag) + 20, o(a1 + az) + 9, 7(201 + ag), d(aq)

is isomorphic to the nilpotent subalgebra of type Cs. Now the desired rela-
tion ([B.2)) follows from the Remark B.I] and Remark O

Proposition 3.5. Let 5 be the sequence of 3’s for some reduced decompo-
sition of the element t_, , i = 1,2. Put n = —ReBp+1. If there exists an
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edge o SN osy, then there exists a surjection

Wos, () (B',m +1) - Un)5(e,)nmo.
Proof. We need to prove the following equalities:
(3.3) 75y (er) G (e, ey = 0.

Note first that if both n and 7 are long roots then Z(n,7) ~ A; @ A;.
Therefore we can use Proposition 2111

If n and s, 7 are simple then we obtain the needed relation using Lemma
3.3

Assume now that 7 is a short simple root and 7 is nonsimple short root.
Then the only cases not covered by Lemma B.3] ii) are 0 = s, and 0 =
wp. In these cases [0(€_ay+6);0(€as+as)] = 0(€q,). Applying operators
G (€ayt+ay)0(6_ayts) and G (eq, ) to the vector G(eq, +ay)™ T2 1y we obtain
that the vectors 7 (ea; +a,)™ 7215 (€q, Jv and G (ea; +ay)™ 720 (€201 +ay )V
are equal to zero. Continuing such computations we obtain the needed
relations. In the same way we obtain the needed relations for the remaining
cases, namely for 7 and 7 both simple roots.

Let n be nonsimple. Then we obtain the needed relations by the weight
reasons. We work out one case in details, the other cases are very similar.

Let n = 2a1 + a9 and 7 = a3 + a9. Then
(3.4)
wt(G(e,) TG (e)) ) = 0(A) + l2ar +asm0 (201 + @2) + g +asmo(—a1).
However, we know that there is no such weight space in W) (B%,m). In
fact, the module Wy (', m) is generated by n® from v. The maximal
number of times we can apply o(as) is equal to ln,m. Therefore all the
weights of WJ()\)(Bi, m) are of the form o(\) + kyo(aq) + kao(aq + a2) (for
some integer ki and kg) with k1 > —la, m. But the right hand side of (3.4))
does not satisfy this condition, since lo, +as,m > 2a;+a2,m + lag,m- O

3.3. Type AEE) . Consider now type Af). Then the tQBG and the sequences
)

B, 5% are the same as in type D§2 . Let us fix an antidominant A and
i = 1,2 such that (A, a;) < 0. Assume that o(—Ref;, ) is negative short

and degﬁf,fflwi = | is odd. Recall (ZI3) that | = |_g.s . m- Therefore

by definition the only difference between Wy (B, m+1) and Wo0n (B, m)

is the relation (Ge_g.gi H)[%]Hv = 0 instead of (Te_gggs H)[%]Hv = 0.

However for odd I these relations coincide. Thus if 5(—Ref3, ) is negative

short and degﬁszlwi = [ is odd, then W) (B, m+1) ~ Woin (B%,m). The
proof of all other conditions from Theorem 213 (i), is straightforward.

Proposition 3.6. Theorem[2.13, (ii) holds for twisted current algebra Af).
Proof. If —Ref3!, 41 is nonsimple then analogously to type Déz) we obtain
the needed result by the weight reasons. Thus we only need to consider the
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case m = 0. Put n = —Reﬁﬁnﬂ. If n = a9 and 7 = ag + 2a1, then we can
use Lemma [2.T7] to complete the proof. Note that the vectors 7 (e, ) and
0(eq,) generate the Lie algebra isomorphic to the nilpotent subalgebra of
type Cy (the short and the long roots can be interchanged). Thus if s, (7) is
simple, then one can use Remark All remaining cases can be obtained
by a direct computation. O

3.4. Type Df’). Let g%/ be the affine Lie algebra of type Df’). Then the
subalgebra gg is of type Go2. Denote by a; the short simple root and by
a9 the long simple root of gg. The tQBG of type G5 can be obtained from
QBG of type G2 (see e.g. [LL], p.19, figure 2) by interchanging s; and s
in the labels of all vertices and keeping all the arrows unchanged. In words,
the twisted quantum Bruhat graph looks as follows: there are Bruhat edges
from any element of length p to any element of length p+ 1, 0 < p < 5.
There is quantum edge from any element with the reduced decomposition
(ITsi,)s; to the element (I]s;,), j,ix € {1,2}, from any element with the
reduced decomposition (] s;,)s2s1s2 to the element ([]s;,) and from any
element with the reduced decomposition (][] s;, )sis2s15251 to the element

(H Sik)' .
Using Proposition [ we obtain the following sequences ', 32:
(3.5) Bl = —ai 46,05 = —3a; —as + 36,65 = —2a1 — ag + 20,
ﬁi = -3 —20&24—35,65} = —q9o — Q1 —I—5,ﬁé = 201 — ag + 6.

(3.6)
B = —ap+30, 82 = —as—a1+36, B2 = —3a1—2a9+60, 7 = —an—201+36,

B2 = —ag— a1 + 26,3 = —3a; —ag + 35,82 = —2a; — ag + 26,
ﬁg = —3a1 — 209 +35,6§ = -9 — 1 —1—5,6%0 = 201 — gy + 4.

Proposition 3.7. Assume that there is no edge w —— WSRegi - Then

WJ()\) (/827 m) = WJ()\) (sz m+ 1)

Proof. Lemma 2.7 tells us that we need to consider two cases. Assume that
there exist elements 7,n € A, such that

TN # _Reﬂfn—i-la
(T, Reﬁ¢n+l>
<Reﬁfn+1 ’ Reﬁan)

(r, Re/B7in+1>
(Ref3, 41 Ref, 1)

T+77:2 Reﬁ:n-i—lv

a(t)+a(n) =2 GRef, 1.
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Then we have two cases:

T+Nn= _Reﬂfn-‘rla

(1) +3(n) = ~0Ref, 14

or

T+ 1= —3Ref, 1,

5(1) +0(n) = —36RefL, 1.

Let us work out the first case (in the second case 3, is short nonsimple
and this case can be worked out by the brute force computation). Assume

that —ReﬂﬁnJrl = a1 +ag. Then m > 0 and I_g.gi m > 3lasm + lag,m-

But using Remark [3.2] we have:

(0(e_Regi +1))3la1,m+la2,m+1v =0.
m

Now assume that —Reﬁfnﬂ = 21 + ag. Then —Relﬁi m > loy+as,m +
lag,m- If the set [0(fay);0(far)] = (far+as), then using Remark we
have:

= lag+ag,mtlag,m,
(6 (e—regy, ) reamoamy =0,

Conversely we have that [(€5(_a,+6)); 0(€as+as)] = T(€a,) and using this

fact we obtain:

= . la +a ,m+la2,7n+1 —
J(E—Reﬁfnﬂ)) 1oz v =0.
In the similar way we prove the claim for —ReS? 41 = a1 + 3az or

—ReBl, 11 =201 + 3as.

Now assume that there do not exist such 7 and n that —Ref!,,; is
nonsimple long and &(—Ref!,,;) € A_. Then the only possible cases
are 0 = Wy OF 0 = S$90,+3ay- Lhen using the direct computation we ob-

l i .. . .
tain that (de_g.g +1) “Rfmi1™ lie in the left ideal generated by (Geq )™,

o # —Ref! ;. O

Proposition 3.8. We consider a module W) (B%,m). If there exists an
edge

RoﬁfnJrl
(o — USRCﬁfrH,l

lfr{ezai

in the quantum Bruhat graph, then U(n“f)?i(e_ReBi ) m+1"y is the quo-

m—+1
tient module of VVO.SR s )
© m—+1

l i ; o
Proof. Let v1 = 6(e_geg +1) “Refmirmy I (Refl,,1,m) = 0, then it is easy

to see that [e_p.g +1,677] = 0 and thus Z(Ref!,, 1, 7) N A is the root system

of type A1 @® Aj. Therefore the claim is a consequence of the Lemma 211
If Ref;,, is long, then for any long root 7 # —Ref;,,; we have that
Z({Ref,,1,7) N A is a root system of type As. Indeed, the Lie algebra
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spanned by all long roots of Go is isomorphic to A,. Hence the claim is a
consequence of the Lemma [2.17]

Consider the following cases: 1) — Ref%, 1 = as + 2a1, 2) — Refi, ; =
209 + 31, 3) —Reﬁfnﬂ =aytaq, T # aq, 4) —Reﬁan = as+3a1,T # as.

Then the needed condition holds because of the weight reasons in the same

way as in the proof for Déz).

Now assume that —Ref!,,; = as. Then m = 0. Note that the cases of
long 7 or 7 orthogonal to a; are already covered. The case 7 = a1 + ag is
covered by Remark 2aq + ao is orthogonal to ag. Thus it remains just
to consider case 7 = a;. We need to prove the following equation:

a(eaH—aQ )m1+1/0_\(ea2 )mz,U =0.

This and all remaining cases can be proven by a direct computation. O
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