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Abstract

In this article, we provide a detailed construction and analysis of the mathematical conformal field
theory of the free fermion, defined in the sense of Graeme Segal. We verify directly that the operators
assigned to disks with two disks removed correspond to vertex operators, and use this to deduce analytic
properties of the vertex operators. One of the main tools used in the construction is the Cauchy transform
for Riemann surfaces, for which we establish several properties analogous to those of the classical Cauchy
transform in the complex plane.
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1 Introduction

In [Seg04], Graeme Segal proposed a new mathematical definition of conformal field theory. Under
Segal’s definition, a conformal field theory is a projective, monoidal functor from the cobordism category
of closed 1-manifolds and Riemann surfaces to the category of Hilbert spaces and trace class maps,
subject to certain additional axioms. We call conformal field theories in this spirit “Segal CFTs.”

In [Seg04, §8], Segal describes the first examples of Segal CFTs, the charged chiral fermion theories
(often called b-c systems in physics). In particular, there is one unitary charged chiral fermion theory,
which we will simply call the free fermion Segal CFT.

Many authors have explored mathematical aspects of the free fermion Segal CFT. The most detailed
study is [Kri03], in which Kriz studies the projective anomaly and partition functions of a class of
conformal field theories which includes the free fermion. While results concerning the analytic aspects of
the construction have appeared (e.g. [PS86, Pos03]), to our knowledge there has never been a complete,
rigorous analysis of the trace class operators assigned to surfaces with boundary. The first purpose of
this paper is to provide such a treatment (Sections 3 and 4).

The second purpose of this paper is to establish concretely the connection between the free fermion
vertex operator algebra and the free fermion Segal CFT. It has been understood for some time that the
operators assigned by Segal CFTs to spheres with three holes should correspond to vertex operators,
after slight modification. This connection was used by Huang [Hua03] to construct Segal CFTs in genus
zero from a general class of vertex operator algebras, but in the context of topological vector spaces as
opposed to Hilbert spaces. In Section 5, we provide an explicit formula in terms of vertex operators for
the operators assigned to a disk with two disks removed by the free fermion Segal CFT. As a consequence
of this formula, we are able to deduce analytic properties of the vertex operators (see Theorem B).

We now summarize the main results.

Let ¥ be a compact Riemann surface with boundary, with no closed components. One slight compli-
cation of the free fermion Segal CFT is that it is a spin conformal field theory, so we must assume that
is equipped with a spin structure. That is, we assume we have a holomorphic line bundle L — ¥, and an
isomorphism ® : L ® L. — K, where Kx is the holomorphic cotangent bundle. We also assume that the
boundary of ¥ comes with a family of parametrizations 8 from the two standard spin structures on the
unit circle S*. The collection of data X = (X, L, ®, 8) is called a spin Riemann surface with parametrized
boundary, and we use R to denote the collection of all such X.

We assign to each boundary component of ¥ the fermionic Fock space F assigned to the unit circle
S* C C and the disk D that it bounds. That is, if H = L*(S") and H?(D) is the classical Hardy subspace,
we define F to be the exterior Hilbert space

F = A(H?(D) & H*(D)"),

which is a super Hilbert space. Fermionic Fock space comes equipped with a representation of CAR(H),
the C* algebra generated by annihilation and creation operators a(f) and a(f)*, for f € H.

Now let X € R. The boundary T of ¥ is partitioned into incoming boundary components, I'°, on
which the parametrizing map 8 is orientation reversing, and outgoing boundary components, I'', on
which f is orientation preserving. We define the Hardy space

Hx)yc| @ rsH|e| @ LisH
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to be the closure of holomorphic sections of X, pulled back to L? (S 1) by the boundary parametrizations
8.

The free fermion Segal CFT assigns to X the second quantization of the Hardy space H?(X). That
is, it assigns the space E(X) of trace class maps Tx : @ e ooy F = @1y Which satisfy the

H?(X) commutation relations with the annihilation and creation operators:
a(f)Tx = Txa(f%),  forall (f*, f°) € H*(X) (L1)

and
a(g') Tx = —Txa(g°)", for all (¢*,¢°) € H*(X)*. (1.2)



If ¥ has both incoming and outgoing boundary, the H? (X) commutation relations are equivalent to
Tx implementing the unbounded operator whose graph is H?(X) as a Bogoliubov-like endomorphism of
CAR(H).

The basic properties of the assignment X +— FE(X) are summarized in Theorem A below, which is
stated more precisely as Theorem 4.5 in the body of the paper.

Theorem A. Let X € R. The maps E(X) assigned by the free fermion Segal CFT satisfy the following
properties:

1. (Ezistence) E(X) is one-dimensional, and its elements are homogeneous and trace class.

2. (Non-degeneracy) If every connected component of ¥ has an outgoing boundary component, then
non-zero elements of E(X) are injective. If every connected component of ¥ has an incoming
boundary component, then non-zero elements of E(X) have dense image.

3. (Monoidal) If Y € R, then E(X UY) = E(X)®E(Y), where X UY is the disjoint union and & is
the graded tensor product.

4. (Sewing) ]fX € R 1s obtained by sewing two boundary components of X along the parametrizations,

then the partial supertrace induces an isomorphism tr° : E(X) — E(X). In particular, composition
of cobordisms corresponds to composition of maps.

5. (Reparametrization) The Fock space F comes equipped with unitary representations of the auto-
morphism groups of the standard spin structures on the circle, and the assignment X — FE(X) is
covariant with respect to reparametrization of boundary components of X.

6. (Unitarity) E(X) = BE(X)*, where X is the complex conjugate spin Riemann surface, and E(X)*
denotes taking the adjoint elementwise.

The proof of Theorem A requires a careful study of the Hardy spaces H?(X). Our main tool for this
is the Cauchy transform for Riemann surfaces, which we study in Section 6. In particular, we obtain
analogs of the Plemelj formula and Kerzman-Stein formula.

The explicit description of EF(X) in terms of commutation relations (1.1) and (1.2) is useful for
computing operators assigned to particular surfaces. As a demonstration, we compute the operator
assign to a disk with two disks removed, and identify the result with free fermion vertex operators, which
we now describe in more detail.

The action of rotation on S* induces a one-parameter group of unitary operators acting on F, which
can be written as e2™£0? for a diagonalizable, positive operator Lo with eigenvalues in %Zzo and finite-
dimensional eigenspaces. We let F7° denote the algebraic span of eigenvectors of L°, which are called
finite energy vectors. The free fermion vertex operator algebra (often called the charged chiral fermion
vertex operator algebra) provides a ‘state-field correspondence.” That is, for every ¢ € F°, we have a
formal power series

Y(§2) = Z Enzinila
nez
where &, € End(F?).

In general, the &, are closable operators on F, but do not extend to bounded operators. If one tries
evaluating Y (&, z)n with n € FY and z a complex number instead of a formal variable, the resulting series
will converge in F in general only when |z| < 1. Even then, Y (£, z) is not generally a closeable operator
on F; in fact, its adjoint may be defined only on the vector 0. However, we show in Theorem 5.4 that
the trace class operators assigned by the free fermion Segal CFT to disks with two disks removed are
closely related to vertex operators.

Theorem B. Let Py r, be the Riemann surface obtained by removing from the closed unit disk the
open disk of radius r1 centered at w and the open disk of radius ro centered at 0. Give Py r, r, the spin
structure obtained by its embedding into C, and parametrize the boundary components via dilation and
translation of the unit circle. Then E(Py.r ) is spanned by the map given on € @n € F° @ F° by

E@nm Y (r & w)ry n =Y (18w """, (1.3)
nez
The operators (rfoﬁ)n extend to trace class operators on F, and the sum

D0y w "

nez



converges absolutely in operator norm, uniformly in r1,r2, and w on compact subsets of the configuration
space of pairs of pants Py vy ry-

Most of the content of this paper is adapted from the author’s Ph.D. thesis [Ten14].
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2 Background

2.1 Representations of CAR(H) and Diff(S?)
2.1.1 (Super) Hilbert spaces

Let H and K be complex Hilbert spaces. We write B(H, K) for the Banach space of bounded linear maps
x : H — K, equipped with the operator norm. We write B,(H, K) for the ideal of B(H, K) consisting of
x € B(H, K) which satisfy
2], = tr((z"z)"/*)"/? < co.

Elements of Bi(H, K) are called trace class maps, and elements of Bz (H, K) are called Hilbert-Schmidt
maps. The inner product (z,y) = tr(y*z) makes B2(H, K) into a Hilbert space.

When H = K we simply write B(H) and B,(H). In this case we define P(H) and U(H) to be the
set of projections (p* = p*> = p) and the group of unitary operators (u* = u~"') on H.

Trace class maps have a partial trace operation try : Bi(H ® L, K ® L) — Bi(H, K). The partial
trace is continuous for the trace norms on Bi1(H ® L, K ® L) and B1(H, K), and it is characterized by
the property that if 21 € B1(H, K) and z2 € B1(L) then

trr(z1 ® x2) = 21 tr(z2).
From this characterization one can deduce the tracial property
tro((1x ® w2)y) = tro(y(le ® =2))

forally e Bi(H® L, K ® L).

A super Hilbert space is a Hilbert space H with a Z/2-grading, i.e. a decomposition H = H° @ H".
Elements of H® (resp. H') are called even (resp. odd) homogeneous elements. A super Hilbert space
comes with a grading involution dz which acts by 1 on H° and by —1 on H'.

The tensor product of super Hilbert spaces H ® K is again a super Hilbert space, with

(HK) =H' 9K H' ®K"), HK) =H’9K")Y® (H'® K°).

. . 1 B .
Super Hilbert spaces have a symmetric braiding H @ K 5" KeoH , given on homogeneous elements
by
Brx(E@n) = ()", (2.1)
where p(€),p(n) € {0, 1} are the parities. Since 8 is symmetric, for every permutation o € S,, we have
unitary isomorphisms
H1®®Hn Bﬁ)Ho‘(l)@"'(gHa(n)

compatible with composition in S,.



The symmetric braiding allows us to talk about the unordered tensor product of super Hilbert spaces
&, Hi, over a finite index set I. A map of unordered tensor products

T ®H¢ — ®HJI
iel jed
is defined to be a family of maps between every ordered tensor product of the {H;} and {H}}, compatible
with the braiding. That is, for every pair of bijections o : {1,...,|I|} = I and &’ : {1,...,|J|} — J, we
have a linear map
Tasart Ha()y ® - Haqr)y = Hary ® -+ @ Hory @ -+ @ Hoo ),
and these maps should satisfy
maQ,a’Q = /B((O/l)_l o aé)xalya’lﬁ((o@)_l © 061).

for all bijections a; : {1,...,|I|} — I and all o] : {1,...,|J|} — J. There are obvious notions of sum,
composition and tensor product of maps of unordred tensor products obtained by applying the operations
to compatible representatives.

Note that every z : H1 ® --- @ H, - K1 ® -+ ® K,, is a representative of some map of unordered
tensor products, corresponding to the family 8(c’)z8(0), where o € S,, and ¢’ € S;,,. We refer to this
as the map of unoriented tensor products associated to x, and will denote it again by x when there is no
risk of confusion.

If H and K are super Hilbert spaces, then B(H, K) has a Z/2-grading corresponding to the invo-
lution z — dxxdg. We identify B(H1 ® H2, K1 ® K»>) with the graded tenmsor product of algebras
B(Hl,K1)®B(H2,K2) as follows.

If x; € B(H;, K;), define

1Rz 1= mldi,(fz) ® 2 € B(H1 ® Hay K1 ® Kz)
if the x; are homogeneous, and by extending linearly otherwise. If y; € B(K;, L;) we have
(11®y2) (21®w2) = (—=1)PVPED (123 Gy,

We denote by H* the continuous dual of H, and write £ — £* for the canonical conjugate linear
isomorphism.
There is a natural isomorphism pm,x : K @ H* — Bo(H, K) given by

pen = (,m . (2.2)
Observe that we have adopted the convention that inner products are linear in the first variable.
There is a natural B(K) — B(H™*)°? bimodule structure on K ® H*, and a natural B(K) — B(H)
bimodule structure on B2(H, K). We pause to observe an intertwining relation between these structures.
For z € B(H,K), let T € B(H*, K*) be given by T* = (x£)*.
Proposition 2.1. If € KQ H*, x € B(H) and y € B(K), then
prac (LOT)E) = di” e ()2, e (WEL)E) = y e (€):

Proof. Tt suffices to check the relations when £ = 1) @ n*, when ¥ € K and n* € H* are homogeneous
vectors. We then have

pi (AT @ 1*)) = (=17 pp e (§ @ (am)”)
_ (_1)17(11));0(1) (- an)
=& um k(P @07 )z"
which establishes the first relation. The second is calculated similarly:
pa k(Y1) ($ ® ")) = pn k(Y @ ")
= myy
=yprx®®n°).



Define the supertrace tr® : Bi(H) — C by tr®(z) = tr(zdm). Similarly, the partial supertrace
trs : Bi(H ® L, K ® L) — By (H, K)

is defined by tr} (z) = trz (z(1&dyL)).
More generally, if
2EBI(HI® - @Hpm, K1 ®--- Ky)

is a map of (ordered) tensor products and H;o = K;1 =: L, then we define tri0 (z) by using the braiding
to move H;o and K1 all the way to the right, and then applying the definition of trj, above. Specifically,
let

B:HI®: - ® Hp, —)Hl®~~~®Hio_1®Hio+1®~~~®Hm®Hi0

be the braiding, and similarly let 8’ be the braiding
BiK@ QK K ® - 9Ki ®Ki ® QK ®Kj.

Then we define
trio(z) == tr (8'z871). (2.3)
Now let = : &),c; Hi — ®].EJ K; be a trace class map of unordered tensor products, and fix i® € I
and j' € J with Hyo = Kji =: L. Then we can define a partial supertrace tr}1,0 (z) as a map of unordered

tensor products
triio(z) ® H; — ® K;
i€I\{i%} JEI\{s}
as follows. Given bijections o : {1,...,|I| =1} — I'\ {i°} and o : {1,...,|J] — 1} — I\ {j'}, extend
them to orderings & and &' of I and J, respectively, by putting i and j1 last. Now set

tr;qio ($)a’a/ = trL (m&,d/)-

It is straightforward to check that tr?lio (z) is a map of unordered tensor products, i.e., the maps
tr;1,0(2)q,a satisfy the appropriate compatibility with the braiding.

Straightforward computation yields the following basic properties of the partial supertrace.
Proposition 2.2. Letz € Bi(HQL,K® L).

1. If y1 € B(M,H) and y> € B(K, M), then

try (z)yr = tri(2(y1®1)),  and  yatri(z) =t ((1201)).

2. If z € B(L), then

try (1&2)z) = (=1)P™ tr} (2(1&2)) = (=1)PPE) 415 (2(182)).

The partial supertrace also enjoys the expected associativity property.
Proposition 2.3. Let v € Bi(H ® L1 ® L2, K ® L1 ® L2). Then tri, g, (x) = try, tri, ().

Finally, we observe that the partial supertrace implements composition of maps of unordered tensor
products.

Proposition 2.4. Let z1 € Bi(H,K ® L) and 2 € B1(L ® M,N). We then have the identity of maps
of unordered tensor products tI‘sL(.T2®.Z‘1) = (22®1k) 0 (1M®xl).

Proof. Note that z2o®x1 € B1(L ® M ® H,N ® K ® L), and so the partial super trace tr§ (ze®z1) is
defined by precomposing with a braiding as in (2.3). That is,

tri(:c2®x1) = tri((x2®x1)5) = tI‘L((ZE2®:E1)B(1M®H ® dL)),

where f: M @ H® L — L ® M ® H is the braiding.

Also observe that zo®@1k € B(L® M ® K,N ® K) and 1y®rz € BIMQH M@ K ® L). Thus a
representative of the composition of maps of unordered tensor products (z2®1x) o (1a®x1) is given by
(22®1x)B (1 &z1), where

B MKQL—-LM®K



is the braiding.
In light of the preceding discussion, we must prove that

trr, ((22971)8(Lmen ®dL)) = (2201k)8 (L &71) (2.4)

for all z; € Bi(H,K ® L) and z2 € B1(L ® M, N).
By the continuity of the partial trace, it suffices to check (2.4) when z; is given by

z1(n) =y1(n) ® Mt

for some homogeneous y1 € Bi(H, K) and a homogeneous A1 € L. Similarly, we assume

T2 (A ® p) = (A, Ao) y2(p)

for a homogeneous y2 € B1(M, N) and a homogeneous Ao € L.
For pe M, ne€ H and A € L, we have

(22821)B(Amen @ dr)(p@n @A) = (22} @ 21)f(Lven @ dL) (L@ ® A)
(_1)100\)(1-~-10(n)+p(u))-9—10(001)(p(%)+p(u))(QC2 ® :E1)()\ Qu® 7])

_ (_1)p(>\)(1+p(n)+p(u))+p(:v1)(p(/\)+p(u)) <>\’ )\0> y2(M) ® y1(77) ® A1
Hence
trr (22871)B(Laron @d)) (@) = (—1)POVEHPM+PE)+pEDEAD TR (N A0) 4o (1) Dy1 (7). (2.5)
On the other hand,
(228118 (L &ma) (1 © 1) = (22 @ 1) (d™) @ 1) (1 @ 1)
= (=17 (@ © 1) B (1@ ya () © M)

_ (71)17(051)P(u)+p(>\1)(17(y1n)+zﬂ(u)) </\1’ )\0> yz(u) ® y1(77)- (2.6)

It is clear that (2.5) and (2.6) agree up to sign.
We can simplify the sign in (2.5) by working mod 2, and we get

p(z1)p(p) +p(A1)(p(yin) + p(p) = (p(y1) + p(A1))p(k) +p(A1)(p(y1) + p(n) + p(K))
= p(A)(p(y1) + () + p(y1)p(1)- (2.7)
6

yields

On the other hand, simplifying the sign in (2.

p(A1)(L+p(n) + p(p)) + p(z1)(p(M) + p()) = p(A1) (1 +p(n) + p(p) + (P(A1) + p(y1)) (p(A1) + p(1))

= p(A)(p(y1) + (1)) + p(y1)p(w)- (2.8)
Since (2.7) and (2.8) agree, the signs in (2.5) and (2.6) agree, and thus we have established (2.4), as
desired. O

2.1.2 Fermionic Fock space

Given a complex Hilbert space H, the x-algebra CAR(H) is the universal unital C*-algebra with gener-
ators a(f) for f € H which are linear in f and satisfy the canonical anticommutation relations

a(f)a(g) + a(g)a(f) =0,
a(f)a(g)” + alg) a(f) = (f,9) 1.

Remark 2.5. The reader is welcome to replace C*-algebra with *-algebra in the above definition with
no loss of information, since the algebraic version has a unique C*-norm.



There is an irreducible, faithful representation of CAR(H) on the Hilbert space
AH =P A*H
k=0

densely defined by a(f){ = f A¢. These operators are bounded, and ||a(f)|| = || f||. The exterior Hilbert
space AH is naturally a super Hilbert space, with Z/2-grading inherited from the number grading. That

is,
oo

(AH)' = P A" 'H. (2.9)
k=0
The subspace A°H is spanned by a distinguished unit vector Q which satisfies a(f)*Q = 0 for all f € H.
There is a family of irreducible, faithful representations of CAR(H) indexed by p € P(H) given as
follows. Let H, = (pH)* ® (1 — p)H, and define the representation m, : CAR(H) — B(AH,) by

mo(a(f) = a((pf))" +al(1 - p) ).
We call AH), fermionic Fock space, and denote it by Fr p, or simply F, or F when the decorations are
clear from context. Note that m,(a(f)) is an odd operator on Fg p.
The distinguished unit vector €2, € AOHp is characterized, up to scalar multiples, by the equations
mp(a(f))Qp =0 for f € pH, (2.10)
mp(a(g)) Qp =0 forge (1 —p)H. (2.11)
In fact, the representation (Fp,7p) is characterized up to unitary equivalence by the existence of a cyclic

vector satisfying these equations (via the GNS construction). The relations (2.10) and (2.11) are called
“yacuum equations.’

Definition 2.6. Let (K, 7) be a representation of CAR(H), and let ¢ be a projection on H. A vector
Q4 € K is said to satisfy the g-vacuum equations if
m(a(f))2 =0 for f € qH,
m(a(g))*Qq =0 for g € (1 —¢)H.
A crucial property of the Fock space construction is that it takes (unordered) direct sums to (un-
ordered) tensor products.

Proposition 2.7. As super Hilbert spaces, we have natural isomorphisms
FHoK p0q = FHp @ FK,q-

The isomorphism Fm p @ Fi,q — Fr,q @ Fu,p induced by H O K = K @ H is the braiding of super Hilbert
spaces. The induced action of CAR(H @ K) on Fup ® Fk,q is

a(h+ k) — mp(a(h))®1 + 1@, (a(k)). (2.12)

Remark 2.8. The naturality of the isomorphisms from Proposition 2.7 make Frgk,pgq @ model for the
unordered tensor product. That is, maps to and from Frgx,paq are equivalent to maps to and from the
unordered tensor product @ {Fu,p, Fr,q}- As a result, we will not distinguish between Frgx, peq and
QR {Fr,p, Fr,q}- We will freely identify m,q, and the representation given in equation (2.12).

Since H1—p, = H,

», we have a natural unitary ® : 71, — F, given by

DETAAG) =G NG
for & € Hyp.
Proposition 2.9. For all f € H we have
omip(a(f))®" = mp(a((2p — 1)) dr;

and
om1p(a(f)) " = —mp(a((2p — 1)f))dr;.



Proof. The two identities are clearly equivalent for every fixed f € H. We prove the first for f € pH and
the second for f € (1 — p)H.
If f € pH, then the first identity reads

1y (a(f)®" = mp(a(f)) s

Applying the left-hand side to w* € (A"Hp)" yields (w A f*)*, and applying the right-hand side yields
(=1)"(f* Aw)*. The proof of the second identity when f € (1 — p)H is similar. O
The natural question of when 7, and 7, are unitarily equivalent is answered by the following theorem.
Theorem 2.10. The following are equivalent:
(i) (Fu,p,mp) and (Fu,q,7q) are unitarily equivalent representations of CAR(H).
(i) There exists a unit vector Qq € Fu,p, which will be unique up to phase, satisfying the gq-vacuum
equations.
(iii) p — q is a Hilbert-Schmidt operator on H.

This result is often called the Shale-Stinespring equivalence condition, and there are many proofs in
the literature. A simple version of the argument may be found in the textbook [Tha92, Thm. 10.7].
A more concise version of the constructive proof that (iii) implies (ii) and (i) is in [Was98, §3], and an
abstract proof using von Neumann algebra techniques is given in [dIHJ95, Thm. 8.23].

If w € U(H), the Bogoliubov automorphism ., of CAR(H) is characterized by a.(a(f)) = a(uf).
We say that an automorphism « of a C*-algebra A is implemented in a representation w : A — B(Hx)
if there is a unitary U € U(H~) such that AdU om = 7o . If 7 is irreducible then an implementing
unitary U will be unique up to phase.

Corollary 2.11. The Bogoliubov automorphism o, is implemented in mp, if and only if [u,p] is Hilbert-
Schmidt. If a,, is implemented by U, then USQ), = Qq for ¢ = upu™. In particular, Q, is an eigenvector
for U if and only if [u,p] = 0.

Definition 2.12. Define the restricted general linear group
GLyes(H,p) ={x € GL(H) : [z,p] € B2(H)}.
and the restricted unitary group
Ures(H,p) = GLres(H,p) NU(H).

We give U,.s the topology generated by the strong operator topology, along with the pseudometric
Illu — v, pl||, . With this topology, Urcs is a topological group, but we will not need this fact.

In light of Corollary 2.11, there is a natural projective representation of Ures(H, p) on Fu,p called the
basic representation, which we will write u — U. The basic representation is characterized by

Ump(a(f))U" = mp(a(uf)) (2.13)
for all f € H. The basic representation restricts to an honest representation on the subgroup of unitary
operators u commuting with p. On this subgroup, a lift to U(Fu p) is given by choosing U so that
UuQ=Q.

Theorem 2.13. The basic representation is strongly continuous (i.e. continuous as a map into the
projective unitary group PU(Fu,p) given the quotient topology of the strong operator topology).

A proof of this theorem is given in [Was98, §3].

Note that the grading operator dr, , for the Z/2 grading on F,, given by (2.9) implements the
Bogoliubov automorphism a_1. We will simply write d for this grading operator when the Fock space
that it acts on is clear.

Proposition 2.14. The vectors Qq from Theorem 2.10 are homogeneous. The parity of Qq is the parity

of dim (pH N (1 — q)H) +dim ((1 — p)H NgH).

Proof. The homogeneity of Qq follows immediately from the fact that qu again satisfies the ¢g-vacuum

equations, and thus {2, is an eigenvector for the grading operator. The parity can be read off from an

explicit formula for g (see e.g. [Was98, §3] or [Tha92, Thm 10.6]). O
The following proposition is an immediate corollary.

Proposition 2.15. If U implements the Bogoliubov automorphism ow in Fu,p, then U is homogeneous.
The parity of U is the same as the parity of Q1q, where ¢ = upu™.



2.1.3 Representations of Diff(S!)

We will use fermionic Fock space F,, primarily in the case where H = L*(S') and pH is the Hardy
space H?(D). Here S" is the unit circle in C and

H?*(D) = cl(span{z" : n > 0}).

Let Diff(S') be the group of diffeomorphisms of the circle, and let Diff4(S*) and Diff_(S*) be the
orientation preserving and orientation reversing diffeomorphisms, respectively. If 4 € Diff(S"), define
e(y) = £1 if y € Diff £ (Sh).

If f:S' — C is a smooth function, then we define the complex derivative f': S* — C by

ew:z)

Of course, if f extends to a holomorphic function in a neighborhood of S* then this definition agrees
with the usual complex derivative.

We now define a pair of central extensions of Diff(S') by Z/2, which are the groups of Ramond and
Neveu-Schwarz spin diffeomorphisms. They are given as subgroups of C*°(S')* x Diff(S*) b

£ = (g

Diff V¥ (") := {(¥,7) € C=(5")* % Diff(s") : 9 = (771"},
DIff"(5%) = {(w,7) € C™(8")" % Diff(8") : 4 = () | (4™")'|}-
In the following, let o € {NS, R}. One can see that the Diff? (S*) are non-isomorphic central exten-

sions, since Diff¥(S') is a split extension of Diff (S*) and Diff}*(S") is not.
Define the spinor representations u, : Diff? (S*) — U(H) by

ue (Y, ) f =1 (foy™H).

Proposition 2.16. For o € {NS, R}, u,(Diff5.(S")) C Ures(H,p). If DiffS(S") is given the C* topology
then the embedding of DiffS.(SY) into Ures(H,p) is continuous.

Proof. Tt is clear that if 0, — o in the C?® topology then u,, — u, in the strong operator topology. It
remains to show that ue (Diff7 (S')) C Ures(H, p), and that ||[uc, — uo,p]|, — 0.
The first assertion is proven in [Seg81, Prop. 5.3]. To see the second, observe that

o = ta,Pllly < ||, 00-1, 2|, + (e = o, ) [uo, plll, -

Since 0, 00~ — id in the C® topology, one may apply the estimate from the proof of [Seg81, Prop. 5.3]
to see that H (S 7p]H2 — 0. On the other hand, from [Seg81, Prop. 5.3] one can also see that [us, p]
is trace class, and thus can be factored as a product of Hilbert-Schmidt operators, say [uq,p] = zy. Then
(4 — Uo, )z — 0 in operator norm, and so

(uo — Uq, ) [tio,p] = (Uo — Uq, )Ty — 0

in Hilbert-Schmidt norm. O

In light of Proposition 2.16, one has a pair of projective representations U, : DiffS (S') — U(Fu,p)
by composing u, with the basic representation of Uyes(H, p).

Corollary 2.17. The representations U, are strongly continuous, and Us(1),y) is even for all (1,7) €
Diffg (S1).

Proof. Combining Proposition 2.16 with the continuity of the basic representation (Theorem 2.13) shows
that U, is strongly continuous. By Proposition 2.15 each Uy (3,v) is homogeneous. Any (¢,7) €
Diff%(S') can be connected via a path to (1,id) or (—1,id), and since U, (1,4d) and Uy (—1,id) are even,
so is Uy (1,7) for every (¢, ~) € Diff (Sh). O

Remark 2.18. If (v,v) € DiffZ (S"), then uy (1, ¥)puos(¥,v)* — (1 — p) is Hilbert-Schmidt, and conse-
quently one can define projective unitaries Uy (¢, ) : Fu,p — Fir,, which are compatible with the action
of orientation preserving spin diffeomorphisms on Fp , and Fj ,,.
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Let ro € Diff ¢ (Sl) be counterclockwise rotation by 0. Since ur(1,r¢) and uNs(efw/Q, T9) commute
with p, we obtain a pair of one parameter (honest) unitary groups acting on Fp ,, namely

Rotr(0) := Ur(1,7¢),  Rotns(6) := Uns(e /% rg).
By Stone’s theorem we can find self-adjoint operators L and LY® such that
Rotr(8) = 62W¢9L§, Rotns(0) = 2O
The generators of these one parameter groups are positive operators, which can be verified by diagonal-

ization.
Proposition 2.19. Let S be a finite subset of Z, and suppose that S = {ni,...,np,m1,...,mq}, where
ng<--<np<0<mp < - <mg.
Then the vectors
s = mp(a(z"") - -a(z")a(z™)" - a(z")")Q,

form an orthonormal basis for Fu,, consisting of eigenvectors for LE and LY®. Their eigenvalues are

given by
P q
LoRfs = (Z —n; + Zmz> €s
i=1

=1
and
p q
Ly ¢ = <Z —(ni+3)+ Y (mi+ é)) €s.
i=1 i=1
In particular, for all m € 7 we have

Lo %, mp(a(z")] = —(n + $)mp(a(z")), L5, mp(a(z"))] = —nmp(a(z")) (2.14)

and
[Lo®, mp(a(z")] = (n+ P)mpla(z")", (Lo, mpla(z"))"] = nmp(a(z"))". (2.15)

2.2 Spin structures
2.2.1 Spin structures on Riemann surfaces

Let ¥ be a compact Riemann surface with boundary. The complex structure on X induces an almost
complex structure J. That is, J is a smooth family of endomorphisms J, of the tangent spaces 1},3 such
that Jg = —1 for all p € ¥. In any local holomorphic coordinate z = = + iy, one has

0 0 0 0

oz 9y Tox oy

Set TS¢ = TY ®g C, and let THOS and TOYE be the bundles of eigenspaces of J for ¢ and —i,
respectively.
With respect to a local holomorphic coordinate z : U — C, we have sections

o _1(o oY . o _1(0 .o
0z 2\0x Oy)’ 0z 2\0x Oy

of THOU and TOVU, respectively.

We give TAOY and TOVY the complex structure J. For T this coincides with the complex
structure inherited from 7S¢, but on TV'Y the complex structure is conjugate to the inherited one. The
bundles 7MY and T(®VY are called the holomorphic and antiholomorphic tangent bundles, respectively.

Define the holomorphic cotangent bundle (or canonical bundle) Ks by

Ks = (TM9%)",

11



If (2,U) is a local holomorphic coordinate, a trivialization of Ky is given by the section dz = dz + idy.
We also have a trivialization of (T®YU)* given by dz = dx — idy. If u € C™(X), define a section du of
K in local holomorphic coordinates by

ou
Oou = &dz.
Similarly define a section du of (T*V%)* by
= Ou

The Dolbeault operators 8 and O are related to the de Rahm differential by d = 9 + 0.

Definition 2.20. A spin structure on X is a holomorphic line bundle L over ¥ along with a holomorphic
isomorphism ® : L ® L — Ky (that acts identically on the base space).

We will refer to a Riemann surface along with a choice of spin structure as a spin Riemann surface.

Remark 2.21. This definition of a spin structure is particular to Riemann surfaces. The equivalence of
this definition with the standard one is established in [Ati71, Sec. 3].

If L1 and L2 are spin structures on 31 and X2, then an isomorphism of spin structures L1 — Lo is a
holomorphic isomorphism of bundles B : L — L’ such that the diagram

Lol 222, oL,

w | |2

Blg, "

Kz}l — KZQ

commutes, where B|5; is the pullback.

Example 2.22. Let D be the closed unit disk in C. Then the (Neveu-Schwarz) spin disk (D, NS) is
given by the following spin structure. We take L = D x C. The spin structure ® : L ® L — Kp acts
on sections f ® g € C(D) ® C*°(D) by @.(f ® g) = fgdz. Up to isomorphism, this is the only spin
structure on D.

Example 2.23. Let A, denote the closed annulus
A ={zeC:r<|z| <1}

We define two spin structures on A,, called the Neveu-Schwarz and Ramond spin structures. Both
are given by the trivial bundle L = A, x C. For o € {NS, R} the spin structure ®, acts on sections

[(2)9()%, o=NS
dz

(o)« (f®9) = { f)9(z)7Z, o=R

We refer to these spin surfaces as the spin annuli (A, o).

Example 2.24. Let w € D and 71,72 € (0,1), and assume they satisfy r1 +r2 < |w| < 1 —r1. Define
the pair of pants

Puw,rre =D\ ((rllf)) + w) U 7'21]3)) ,

where D is the open unit disk. We define a pair of spin surfaces (Pw,ry,ro,0) for o € {NS,R} as in
Example 2.23. That is, we let L = Py, ,», X C and define spin structures ®, which act on sections by

(cba)*(f@g):{ f(Z)g(z)i’ Z:gs

12



2.2.2 Spin structures on circles

Let Y be a smooth, closed 1-manifold.

Definition 2.25. A spin structure on Y is a smooth, complex line bundle L and an isomorphism of
complex line bundles ¢ : L ® L — T*Y¢, where T"Ye = T"Y Qg C.

We will refer to the triple (Y, L, ¢) as a (smooth, closed) spin 1-manifold.

Remark 2.26. One could alternatively define a spin structure on Y via real line bundles and an iso-
morphism to the real cotangent bundle 7Y, and these definitions are equivalent since the real structure
on T™Yc induces a real structure on L. We have chosen the definition given above because it makes the
relationship with spin structures on surfaces more transparent.

Proposition 2.27. There is a natural identification Ks|r & T*T'c. Thus if ¥ is a compact Riemann
surface with boundary I’ and (L, ®) is a spin structure on X, then (L|r, ®|r) naturally becomes a spin
structure on T'.

Proof. First, observe that there is a natural R-linear isomorphism 7% — TAOY Indeed, TY sits
naturally as a real linear subspace of TY¢, and since TX N TOUY = {0}, the projection of T ¢ onto
TMOY with respect to the decomposition 74O @ TV is injective on T'S. By dimension counting,
this projection induces the desired R-linear isomorphism 7% = TLOy,

Now TT gives a l-real-dimensional subbundle of TX|r, and transporting along the isomorphism
constructed above gives a 1-real-dimensional subbundle of 7™ 3|

All that remains is to note that if W is a complexification of V', then W* is naturally a complexification
of V*, by embedding V* in W* as linear functionals taking real values on V. O

A morphism of spin structures (Y1, L1) — (Y2, L2) is a smooth bundle map 3 : L1 — L2 such that

L1 ® Ly 'ﬁﬁﬁ—% L>® La

o | Lo (2.16)

Bly, *
T*Yie +—2— T*Yac

commutes. Note that 3|y, * is a real linear bundle map T*Y> — T™Y7, and thus induces a unique complex
linear map bundle map between the complexifications.

Example 2.28. We define a pair of spin structures on S*, called the the Neveu-Schwarz and Ramond
spin structures. Both are given by the trivial bundle L = S* x C. For o € {NS, R}, the spin structure
$o is given on sections f ® g € C*(S') ® C*(S') by

[(2)g(2)% o =Ns
fR9()E o=R
We denote these spin circles by (S*, NS) and (S*, R).

Example 2.29. The restriction of the spin disk (D, N'S) to the boundary circle is isomorphic to (S*, NS).
For o € {NS, R}, the restriction of the spin annulus (A,, o) to either boundary component is isomorphic
to (S*, o). The restriction of (P, m,0) to the boundary circles S* and r2S* is isomorphic to (S*, o),
but the restriction to r1.5" + w is isomorphic to (S*, NS) in either case.

(¢)«(f®g) = { (2.17)

For o € {NS, R}, let Aut(S", o) denote the group of spin structure automorphisms of the spin circle
(Sl, o). Note that these automorphisms are not required to act identically on the base space.

Proposition 2.30. Aut(S', o) is naturally isomorphic to Diff°(S'). Under this isomorphism, diffeo-
morphisms (1, ) € Diff?(S') act on sections of the spin bundle via the spin representation .

Proof. Let L = S* x C and let 8 : L — L be an automorphism of Aut(S*, o). It suffices to show that
there exists a (¢,7) € Diff?(S") such that B, f = us(1,v)f for all sections f of L.
Let v = B|s1 € Diff(S') and let K = (T*S")c. By definition, the diagram

LeoL 22, Lol

o o

K L K
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commutes.
Since B : L — L is a bundle isomorphism, it acts on sections by

Buf =v(2)f(v ' (2))

for some 1 € C*(S')*.
Assume first that 0 = NS, and let f ® g be a section of L ® L. By definition we have

(pns)«(f R g) = —if(2)g(2)dz. (2.18)
Following the commutative diagram the other way around, we get
7 (¢ns)(B@ B)«(f © g) = —if(2)9(2)1(7(2))*+' (2)dz. (2.19)

Since the diagram commutes, (2.18) and (2.19) coincide for all f and g, and so we must have
P(y(2))72 = +/(2) for all z € S*. That is, > = (y~')". We now identify 8 with (¢,v) € DiffV¥(S"),
and (3 acts on sections by uns(¢,7) as was to be shown.

The case 0 = R is similar, except in this case the commutativity of the diagram is equivalent to the
condition

/
—2 2v'(2)
z = .
vl ()t =
The right-hand side is equal to e(y) |7/ (2)|, where €(v) = 1 if v € Diff+(S"). Hence ©* = e(v) [(v™")’|
and we have (1,v) € Diff?(S'). We now identify 8 with (¢,v), and 8 acts on sections by ug(¢,v). O

The automorphism corresponding to (—1,id) € Diff? (S') is called the spin involution.

Proposition 2.31. The Neveu-Schwarz and Ramond spin structures on S' are not isomorphic, and
every spin structure on S* is isomorphic to (S*, NS) or (S*, R).

Proof. Let (L, ) be a spin structure on S*. For every v € Diff(S'), (L, $) has an automorphism that
acts on S by «. Hence it suffices to classify spin structures on S* up to isomorphisms that act identically
on the base space.

Since every complex line bundle on S* is trivializable, we may assume L = S x C, in which case ¢ is
characterized by the non-vanishing section w := ¢, (1 ® 1) of K¢|g1, where 1 is the constant function. If
w1 and wa correspond to a pair of spin structures, then base space preserving isomorphisms between these
spin structures correspond one-to-one with non-vanishing smooth functions h € C*°(S 1) % such that wy
h2ws. Thus the isomorphism classes of spin structures on S' are a torsor for C*(S)* /(C*°(S)*)?
7./2. Since z~ ! is not a square of a smooth function, the spin structures defined by w; := % and wy :=
are not isomorphic, and form a complete set of representatives of isomorphism classes.

O8I R

2.2.3 Conjugate spin structures

Let ¥ be a Riemann surface, and let L be a complex line bundle over ¥. We denote by 3 the Riemann
surface obtained by taking the conjugate complex structure on ¥, and by L the line bundle obtained by
taking the conjugate complex structure on each fiber of L. If L has a holomorphic structure, then L has
a natural holomorphic structure over 3. As real bundles, we have Lr = an and a smooth section of Lgr
is a holomorphic section of L if and only if it is a holomorphic section of L.

Observe that TODY = TWOF, Complex conjugation on TS¢ exchanges 9% and T(OV%, and
thus induces a holomorphic isomorphism 7'(10% — TLOF, Dualizing, we get a holomorphic isomor-
phism Ky = K.

Now given a spin structure ® : L®L — Ky, there is a natural conjugate spin structure ® : LQL — Kg
given by

F-Tol %Ky - K.

Similarly, if (L, ) is a spin structure on l-manifold Y, we can define a conjugate spin structure by

allowing ¢ to act on the conjugate vector spaces. The conjugate spin structure (L, ¢) is given by
$=LoL -5 TV =5 TYe,

where the second arrow is complex conjugation.
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Proposition 2.32. Let (X, L, ®) be a spin Riemann surface. Then <I>Tr = Q|r.

Proof. Recall from Proposition 2.27 that we chose an isomorphism T(1’0>E|p — TT'¢ so that the diagram

TOOX|p , T(1’0)§|r

| !

TI'c —_— TI'c

commutes, where the top arrow is the isomorphism induced by complex conjugation on T3¢ and the
bottom arrow is complex conjugation on TTc.
The above diagram induces a diagram of isomorphisms of dual spaces

IreIlr —2ry &y Ks

| l

T*I'c ——— T*T'c

The two paths around this diagram are ¢7|r and ®|r

2.2.4 Conformal welding

One of the fundamental operations in Segal CFT is that of gluing two Riemann surfaces along boundary
circles. More generally, we will consider the operation of sewing a Riemann surface along a pair of
boundary circles, which may lie on the same connected component. One wants the (topologically) sewn
surface to again be a Riemann surface, and so one must construct a complex structure. It turns out that
if the sewing map is a diffeomorphism, then the sewn surface has a natural complex structure.

If ¥ is a Riemann surface with boundary, a holomorphic function on X is defined to be a smooth func-
tion on ¥ that is holomorphic in the interior. That is, we require that the function extend continuously
to 0%, and that the restriction to 0% be a smooth function.

Theorem 2.33 (Conformal welding). Let ¥ be a Riemann surface, and C1 and C3 be distinct connected
components of 0%, and let v : C1 — Cs be an orientation reversing diffeomorphism. Then the topological
manifold 33 obtained by sewing C1 to C2 along v has a unique complex structure such that the holomorphic
functions on 3 are naturally in one-to-one correspondence with holomorphic functions F' on ¥ such that
F|Cz O'Y:F|C1'

A survery of conformal welding is given in [SMOG6].

More generally, we are interested in the conformal welding of spin Riemann surfaces.

Theorem 2.34. Let (L, ®) be a spin structure on a Riemann surface ¥, and let C1 and Cs be distinct
boundary components of 3. Suppose that 8 : L|c, — L|c, is an isomorphism of spin structures, and that
v := Blc, is orientation reversing. Then the topological bundle L over S obtained by sewing along B is
naturally a spin structure, and the holomorphic sections ofL are naturally in one-to-one correspondence
with holomorphic sections F' of L such that 8" F|c, = F|c, .

Proof. As remarked in [Ati71, Sec. 3|, spin structures on ¥ are in one-to-one correspondence with
topological line bundles L along with continuous isomorphisms ® : L ® L. — Kx, as such a ® gives L a
natural complex structure making ® holomorphic.

Now observe that the projection ¥ — 3 induces a continuous isomorphism of the topologically sewn
bundle Kx /v with K. We thus get a continuous isomorphism

Ci):f/@f/—)Kz/’y—)Ki.

By the above discussion, the complex structure on K¢ gives L the structure of a holomorphic bundle,
for which & is holomorphic. The holomorphic sections of L are precisely those continuous sections which
are holomorphic away from the circle along which ¥ was sewn. O

One application of Theorem 2.34 is that one can easily embed a compact spin Riemann surface with
boundary in an open spin Riemann surface
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Corollary 2.35. Let (X,L,®) be a compact, connected Riemann surface with non-empty boundary I'.
Then (X, L, ®) can be embedded in an open spin Riemann surface (X, L, ®).

Proof. The restriction of L to each connected component of T is isomorphic to some spin circle (S*, o) for
o € {NS, R}. Thus one can embed ¥ in a new spin Riemann surface Y’ by welding a spin annulus (A, o)
to each boundary component via Theorem 2.34. The desired ¥ is any sufficiently small neighborhood of
¥ in Y. O

One of the advantages of embedding a spin Riemann surface with boundary in an open spin Riemann
surface is that we may apply the following result on triviality of holomorphic vector bundles.

Theorem 2.36. Fvery holomorphic vector bundle over an open Riemann surface is holomorphically
trivializable.

See [For81, §30] for an extended discussion of Theorem 2.36.

3 Spin Riemann surfaces and their Hardy spaces

3.1 Notation, definitions, and examples

The following notational conventions will be used throughout the remainder of the paper. Let (X, L, ®) be
a spin Riemann surface. Let I" be the boundary of ¥, and let mo(I") be the set of connected components
of I'. Let B := (Bj)jen,r) be a trivialization of the spin structure L|r. That is, we have a function
o :mo(T') — {NS, R} and isomorphisms of spin structures

Bj: (S',0(j)) = Ll;.

Note that ¢ is uniquely determined by the spin structure on X.

For j € mo(T), let v; be the isomorphism of 1-manifolds ;|1 : S* — j. Riemann surfaces have
natural orientations given by the complex structure, and we give I" the orientation induced by restriction.
Now the family -y; induces a partition of the boundary I' = I'° LIT" into closed connected submanifolds
by declaring that j € T'! if and only if v; is orientation preserving, where St is given the standard
counterclockwise orientation. For a fixed partition I' = I'* LU T the collection of compatible boundary

trivializations f is a torsor for the group [ Diﬂi(j)(sl) by Proposition 2.30.

Definition 3.1. A spin Riemann surface with boundary parametrization is a quadruple (3, L, ®, 8) as
above. That is, (3, L, ®) is a spin Riemann surface, and 8; : (S*,0(j)) — L|; is an isomorphism of
spin structures. We denote by R the collection of such (X, L, ®, 8) with the additional property that ¥
has no closed components. An isomorphism of spin Riemann surfaces with boundary parametrizations
(X1, L1, ®1, 01) — (32, L2, P2, B2) is an isomorphism of spin structures B : L1 — L2 such that Bof; = Bs.

Example 3.2. The spin disk (D, NS) defined in Example 2.22 has a boundary trivialization given by
the identity map S x C — S* x C.

Example 3.3. The spin annuli (A,,s) defined in Example 2.23 have families of standard boundary
trivializations. When ¢ = R, this family is parametrized by ¢ € rS* and the isomorphisms 3; : S* x C —
j x C, for j € mo(T"), are given by

_ _f (za) =5
Bi(z,0) = { (gz,a) j=rS"
We refer to this spin Riemann surface with boundary parametrization as (Ag, R).
When o = NS, the standard boundary trivializations depend on ¢ € rS* as well as a square root
q'/? of q. We then define

ﬂj(zva) = { (qz’(z’—olé)Qa) j: rst

We refer to this spin Riemann surface with boundary parametrization as (Aq’q1/27 NS), or by abuse of

notation simply as (A4, NS), leaving implicit the choice of q'/?.
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Example 3.4. Let w € D and r1,7r2 € (0,1), and suppose that r1 + r2 < |w| < 1 — 71, so that we have
spin pairs of pants (Puw,r, ry, NS) as in Example 2.24. We define boundary trivializations

(2, ) j=451
Bi(z,0) =4 (qz+w,q ?a) j=rS" +w
(g22, 05 ) j=r28"

We refer to this spin Riemann surface with boundary parametrization as (P IR VER VEY NS), or by
41,91° 192,92

abuse of notation as (Puw,q;,q2, NS), leaving the dependence on the choice of square roots implicit. The
moduli space of parametrized standard Neveu-Schwarz spin pairs of pants is

Mus ={(w,q1,01"% ¢2,0"%) € C°: 0 < |q| + |ga| < w] <1 |qa]}.

Let X = (X, L, ®,3) € R, and let I be the boundary of ¥. Define the pre-quantized boundary Hilbert

space Hr by
Hr= P L*SY)
j€mo(T)
and similarly for ¢ € {0,1} let
Hr= P r*s").
j€mo(T?)

Note that while Hr only depends on the manifold I, the partition ' = T°LT'!, and thus the decomposition
Hr = HR @ H{, depend on the spin structure L and the boundary trivialization j.

Let X € R and denote by O(X; L) the collection of sections of L which are holomorphic on the
interior of ¥ and restrict to smooth sections of L|r.

Definition 3.5. The Hardy space H?(X) C Hr is defined by
H*(X)=cl{B*F|r: F € O(3;L)}.

Remark 3.6. Elements of the closed subspace H?(X) have an explicit description in terms of holomor-
phic sections on the interior of ¥ with L? boundary values. The equivalence of these two descriptions is
given in the planar case in [Bel92, §6], and the same proof goes through in the case of Riemann surfaces.
We will not use this description of the Hardy space.

Proposition 3.7. Let X1, X2 € R and suppose that X1 and X2 are isomorphic as spin Riemann surfaces
with boundary parametrizations. Then H*(X1) = H*(X2).

Proof. Let B : X1 — X2 be an isomorphism. That is, B is an isomorphism of the spin structures of X;
and X2 such that B o 1 = 2. Then O(X1; L1) = B*O(X2; L2), and thus

{ﬂrFlFl Fe O(El,Ll)} = {BIB*F|F2 Fe O(ZQ,LQ)}
= {B;Fh“z Fe O(EQ;LQ)}‘

3.2 Operations on spin Riemann surfaces

‘We now introduce several operations on spin Riemann surfaces with boundary parametrizations, starting
with the most straightforward, disjoint union.

3.2.1 Disjoint union
Definition 3.8. Given X = (%,L,®,8) € R and X' = (X', L', ®', '), we define the disjoint union
XuX =CEuY,Lul’,oud’ Bup)er

in the obvious way.
Proposition 3.9. Let X1, X2 € R. Then H*(X1 U X2) = H*(X1) @ H*(Xa).

Proof. This is immediate from the definitions. O
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3.2.2 Reparametrization

In Proposition 2.30, we identified spin structure automorphisms ¢ : (S*,0) — (S', o) with (1,7) €
Diff?(S') in such a way that

buf =us(,7)f, fE€CT(SH). (3.1)
Now given X = (X, L, ®,8) € R and

(7/)77) = H (¢j7’7j) S H Diﬂ‘i(j)(sl)

jemo(T) jemo(T)

we define the action (¢,7) - 8 by
(,7) - B)s=Biod; '

where ¢; is the spin structure automorphism of (S*, o (5)) associated to (1;,7;) as in (3.1).

Definition 3.10. Let X € R and let (¥,7) € [[ic o Diffi(j)(Sl). Then the reparametrization of X

by (¢,7) is given by
(?/177) X = (27 L7 q>7 (1/}77) : /8)

Proposition 3.11. For X € R and (¢,7) € [];c.y 1 Difffj)(sl), we have

H((0,7)-X) = | D woin(@s,7) | H(X).

Jjemo(T)

Proof. Let ¢; be the automorphism of (S*,o(5)) corresponding to (1;,7;) as in (3.1) and Proposition
2.30, and let ¢ = HjeTr()(F) ¢;. From the definition of the Hardy space we have

H*((¢,7) - X) = (¢~ )" H*(X) = ¢ H*(X).

But ¢.H?(X) coincides with the desired expression for H?((1,v) - X) by construction. O

3.2.3 Conjugation

To formulate the unitarity condition for a Segal CFT, we need a notion of complex conjugation on R.
The involution sends a spin Riemann surface (X, L, ®) to the conjugate spin Riemann surface (X, L, @),
as defined in Section 2.2.3. It remains to define the involution 8 + B on boundary trivializations
Bt T jengm (81 0(7)) = Lir.

Let L = S* x C, and for 0 € {NS, R} let p, : L — L be the bundle isomorphism characterized by

pns. f(2) = 2f(2),  pr.f(2) = f(2). (3.2)

Caution 3.12. Fiberwise, the bundle maps p, give complex linear maps C +— C. The reader is cautioned
that our notation does not distinguish between elements of C and C (or, more generally, between elements
of V and V when V is a complex vector space). For example, we write the natural conjugate linear map
V — V by v — v. The notation o +— @ is used exclusively for complex conjugation, which in the
definition of p, we think of as a complex linear map C — C.

Moreover, whenever we write a map V' — V, we think of this as being the given map V — V,
composed with the (transparant) real isomorphism V — V. For example, if we define a map V — V by
v > iv, the complex structure is that of V, not V. If  : V. — W, we use the same symbol z to refer to
the induced map V — W. Thankfully, once we establish Proposition 3.15 we will no longer need these
considerations.

Proposition 3.13. p, : (S*,0) — (S1,0) is an isomorphism of spin structures.

Proof. To check that p, is an isomorphism of spin structures, we must verify that the following diagram
commutes
PoBpa T o T
Ll —— LQ®L

o] .

(&

(T*Sl)c E— (T*Sl)c
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where the map c: (T*S')c — (T*S1)c is complex conjugation with respect to the real subbundle T*S*.

Since df = % is a real section of T*S¢, we have

c*f(z)?—j :m%

Note that as described in Caution 3.12, the complex multiplication f(z) ‘Z—ZZ takes place in 7S¢ and not
T*S1c.
Recall that if L = S' x C and f ® g is a section of L ® L, then the action of the spin structures ¢ns

and ¢r on S are given by

ons.(f ©9)(2) = 2 /(9 T, on.(f @9)(=) = F(g(2) T

iz’
and using the convention of Caution 3.12 the action of (¢+). on sections of the conjugate bundle is given

by the same formula.
‘We can check that

c(bn5)+ (132). (f © 9)(2) = a2 (D)9 (2) 2

= f(2)9(2)

dz
= ¢ns.(f ®9)(2).

The argument when o = R is similar. O
Definition 3.14. If X = (%, L, ®, 3) € R, the conjugate X is given by X = (X, L, ®, §), where
2 N\ P TaT oy Pil T
B; = (8",0(j)) =% (51,0(j)) = LI;.
Note that X — X reverses the orientation of ¥, and so exchanges I'° and T'!.

The relationship between the Hardy spaces H*(X) and H?(X) is given by the following proposition.
Proposition 3.15. Let X = (3,L,®,8) € R. Then

H>(X) = {MNSF: f e H*(X)}
where MY € U(Hr) is given by multiplication by the function z on copies of L*(SY) indezed by j € mo(T')
with o(j) = NS, and the identity on copies of L*(S") indexed by j with o(j) = R.

Proof. Let F' € O(Z; L), and note that F is also a holomorphic section of the conjugate bundle L over

3. Then by construction -
Bi F = poBiF'=MNSB:F.

by the defintion of p,;y in (3.2). The desired result now follows from the definition of the Hardy
space. O

3.2.4 Sewing
Let X = (%,L,®,8) € R, let j° € T? and j' € T, and assume that o(j°) = o(j'). Then

Bji 0B i Lijo — L

is an isomorphism of spin structures that is orientation reversing on the base space. Sewing L|;o and L1
via this isomorphism yields a spin Riemann surface (3, L, ®) by conformal welding (Theorem 2.34). We
set §; = B; for j € mo(I") C mo(T"), where I is the boundary of X.

Definition 3.16. Let R. be the collection of triples (X, 5°,j'), where X € R and j* € mo(I"*), such that
a(5°) = o(5%) and the sewn surface ¥ has no closed components. We call such a (X, 5%, 5") a marked
spin Riemann surface with boundary parametrization.

Definition 3.17. Given (X, 5°, j') € R. we define the sewn spin Riemann surface X = (f], L,®, B) €R.
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We now observe basic properties relating sewing, conjugation and the Hardy space.
Proposition 3.18. Let (X,7° j') € R.. The subspace of H*(X) consisting of (f3)jenem) € H*(X)
which satisfy

o f; € C>®(SY) for all j € m(D),

o there exists a fjo = f1 € C(S") such that (f;)jenymr) € H*(X).
is dense in H*(X).

Proof. This follows immediately from the definition of the Hardy space, and the characterization of
sections of L given in Theorem 2.34. O

Proposition 3.19. Let (X, jo,j1) € R«. Then (X,;',7°) € Rw and H*(X) = H*(X).
Proof. Recall that by definition 8; = B; o py(j) Where p, : (S*,0) — (S',0) is a fixed isomorphism of
spin circles constructed in Section 3.2.3. Since o(jo) = o(j1), we have

-— —1 _ _ _
BjroBjo = Pj10opgi 1o ,0(,<1jo> © ﬂjol =pBno 5j01~

Let a = 81 0 5]._01. Recalling that a section of the holomorphic bundle L — ¥ is holomorphic if and

only if the corresponding section of L — ¥ is, we see by Theorem 2.34 that holomorphic sections of L

and L both correspond to holomorphic sections F of L such that Fl;1 0a = Fljo. The desired result
immediately follows. O

Proposition 3.18 gives the expected relation between H?(X) and H?(X), describing the compatibility
of the Hardy space construction with the sewing of spin Riemann surfaces. In Section 4 we will also require
the analogous compatibility relation between H 2(X )t and H2(X)*, where the orthogonal complements
are taken in Hp and Hr, respectively. This precise statement of the compatibility relation is given below
as Lemma 3.20.

The compatibliity for orthogonal complements is not a consequence of Proposition 3.18. The proof
of Lemma 3.20 requires the formula for H?(X) given in Theorem 6.1 using the Cauchy transform.

Lemma 3.20. Let (X,5°, ') € R.. The subspace of H*(X)* C Hy. consisting of (fi)jeng () € H*(X)*
which satisfy
o f; € C®(SY) for all j € (D),
o there ezist fjo = —f € C™(S") such that (f;)jenyr) € H*(X)™".
is dense in H?(X).
Proof. By Theorem 6.1, we have -
H*(X)" = ML H*(X), (3.3)

where My is given by multiplication by 1 on copies of L*(S") indexed by j € mo(I'!) and multiplication
by —1 on copies of L?(S') indexed by j € mo(I'°). Combining this with Proposition 3.19, we have

H*(X)" = MLH*(X). (3.4)

Applying Proposition 3.18 to X completes the proof. O

4 The free fermion Segal CFT
4.1 Definition of the free fermion Segal CFT

‘We continue to use the notation introduced at the beginning of Section 3.

The free fermion Segal CFT assigns to the circle a Hilbert space F, and to a spin Riemann surface
with boundary parametrization X = (X,L,®,3) € R a one-dimensional space of trace class maps of
unordered tensor products

EX)cB| & F Q F

JEm(TY)  jemo(T!)
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We will characterize the operators E(X) in terms of certain commutation relations derived from the
Hardy space H?(X), which we now describe.

Let H° and H* be Hilbert spaces, and let p; € P(Hi). From this data we construct the Fock spaces
Fi p, > which are super Hilbert spaces carrying representations mp, of CAR(Hi), as described in Section
2.1.

Definition 4.1. Given a closed subspace K C H' @ H°, we say that a homogeneous bounded operator

T : Fgo ,, — Fm1 p, satisfies the K commutation relations if

o (a(f)T = (=1)" D Ty (a(f°)) (4.1)

for all (f*, %) € K, and
o (a(g")' T = =(=1)" D Tmpg (alg”))” (4.2)
for all (g',¢°) € K*. We have written elements of H' @ H® as (f', f°) with respect to the given direct
sum decomposition. For non-homogeneous operators 7', we extend the K commutation relations by

linearity, so that an operator satisfies the K commutation relations if and only if its even and odd parts
do.

We now fix notation for the free fermion Segal CFT.

Notation 4.2. Let H = L*(S"), and let p € P(H) be the projection onto the classical Hardy space
pH = clspan{z" : n > 0}.

Given X = (X, L, ®,8) € R, we set

Hr=  H,

jeEmo(T?)
and Hr = H} @ H. Define p; € P(H}:) by

ri= P » (4.3)

jemo(T?)
Let Ft = Fri p,-
Remark 4.3. There is a natural isomorphism between Fi and the unordered tensor product
Q) Frn
jETO(HE)
via Proposition 2.7. In light of this, we identify bounded maps of unordered tensor products
Q Fur—s Q Fus
jemo(HY) jemo(HE)
with elements of B(F2, F&).

Definition 4.4 (The free fermion). The free fermion Segal CFT assigns to a spin Riemann surface with
boundary parametrization X € R the space of all trace class maps T € Bi(F2, Ft) which satisfy the
H?(X) commutation relations. We denote this space by E(X).

The following theorem, one of the main theorems of the paper, summarizes the most important
properties of the free fermion Segal CFT.

Theorem 4.5. Let X = (3,L,®,8) € R.
1. (Ezistence) E(X) is one-dimensional, and its elements are homogeneous and trace class.

2. (Non-degeneracy) If every connected component of ¥ has an outgoing boundary component, then
non-zero elements of E(X) are injective. If every connected component of ¥ has an incoming
boundary component, then non-zero elements of E(X) have dense image.

8. (Monoidal) If Y € R, then E(X UY) = BE(X)QE(Y).
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4. (Sewing) If (X,4°,7') € Ra, then the partial supertrace trio 1 induces an isomorphism E(X) —
E(X).
5. (Reparametrization) If (vj,7v;) € 1 Diﬁ"i(j)(Sl), then

jemo(T)

E((,) - X)=| Q@ Usiy@5,%) | EX) | & Usisy(¥s,7)"
j€mo(I1) j€mo(I0)
where Uy : DiffS.(SY) — U(Frp) are the spin representations (see Section 2.1.3).
6. (Unitarity) E(X) = E(X)*, where E(X)* denotes taking the adjoint elementwise.

As a result of the monoidal and sewing properties, we obtain the usual relationship between gluing
of surfaces and composition of operators.

Corollary 4.6. Let XY € R, and let S C wo(TY) and T C mo(TY). Suppose we have a bijection
s:8 = T such that o(s(j)) = o(j) for all j € S. Let Z be the spin Riemann surface obtained by sewing
boundary components of X andY along s, and suppose that Z has no closed components. Then elements
of E(Z) are compositions of elements of E(Y) and E(X). More explicitly, we have

E(Z) = {(y®17c)(z®1s<) : z € E(X),y € E(Y)}

where the composition is that of morphisms of unordered tensor products. Here 1re is given by

1re i = ® 1r

jemo(TXNT
and similarly for 1ge.

Proof. By Property (3) of Theorem 4.5, E(X UY) = E(X)®E(Y). Repeatedly applying Property (4)
yields
E(Z) = (H tr;,s(j>> E(X)QE(Y).
jes
By Proposition 2.3 the iterated partial supertrace is given by taking the partial supertrace over ®j6 sFHp

(identified with the corresponding factors of the codomain via s). By Proposition 2.4, this partial
supertrace corresponds to composition of operators, which gives the desired formula for E(Z). O

4.2 Verification of properties

In each subsection below, we will establish one of the numbered results from Theorem 4.5. The technique
we will use is to first establish a corresponding property for the Hardy space H?(X), and show that the
property of the CFT is a consequence. We continue to use the notation of Notation 4.2.

4.2.1 Existence/uniqueness
The main tool for establishing dim E(X) = 1 is the Segal equivalence criterion (Theorem 2.10), of which
the following is essentially a restatement.

Lemma 4.7. Let H° and H' be Hilbert spaces, and let p; € P(H"). Let K be a closed subspace of
H' @ H° and let gx be the corresponding projection. Then the following are equivalent.

1. (p1 ® (1 — po)) — gk is Hilbert-Schmidt.

2. There exists a non-zero Hilbert-Schmidt operator T € Ba(Fgo p, Frt,p,) which satisfies the K
commutation relations (Definition 4.1).

If the above conditions are satisfied, then the operator T is homogeneous and any other Hilbert-Schmidt
operator satisfying the K commutation relations is a scalar multiple of T. If (p1 ® (1 —po)) — gk s trace
class, then so is T'.
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Proof. First assume condition (1) holds. Let 7o := (1 — 2po) € U(H®) be reflection across 1 — po,
and set r := 1 ®ro € B(H' @ H®). Since [ro,po] = 0, the modified projection g := rqxr also satisfies
condition (1). Thus by Theorem 2.10 there exists a non-zero flq € FHeK,p1&(1—po) Satisfying the vacuum
equations for g (Definition 2.6). By Proposition 2.14, Qq is homogeneous. Identifying this Fock space
with Fg1 1 ® Fpo 1_p, as in Proposition 2.7, these vacuum equations read

(o (@(F1)@1 + 18T, (a(£°)))2 = 0
for all (f*, f°) € Im(q) and
(791 (a(g")* @1 + 1&m1—pg (alg")) )2 = 0

for all (g, ¢°) € Im(q)~.
Let @ : Fro (1-py) = ‘Fl*fo,po be the unitary defined in Section 2.1.2. By Proposition 2.9, we have

(mp2 (a(f1)B1 = L&y, (a(rof))*d) (1 ® ) = 0 (4.4)

and
(mp (a(g")" @1 + 187y, (a(rog?))d) (1 © €)= 0 (4.5)
where d is the grading involution. ~
Let p: Fy1 p ®Fpro . = B2(Fpo o, Fut p, ) be the natural isomorphism, and let Ty = p((1®@®)Q,).
Since Q, is homogeneous, so is T,. Applying Proposition 2.1 to Equation (4.4) gives

Tpy (a(fl))Tq =dTed Wp(a(rofo)) = (‘DMTQ)TQWP(“(TOJCO)) (4.6)

for all (f*, f°) € Im(q). By construction, (f',f°) € Im(q) if and only if (f*,r0f°) € K, and so T,
satisfies the first half of the K commutation relations, equation (4.1).
Similarly, if (g%, ¢°) € Im(q)*, then applying Proposition 2.1 to equation (4.5) yields

o (a(g") Ty = =(=1)" T T,y (a(rog”))" (4.7)

whenever (g', ¢°) € Im(q)*. Hence T} satisfies the second half of the K commutation relations, equation
(4.2). This completes the proof that (1) implies (2).

In fact, the proof shows that the grading preserving map Fp1 ,, ® Fyo q_p, — Ba2(Ho, H1) given by
£ — p((1&®)€) induces an isomorphism between the space of vectors satisfying the ¢ commutation and
the space of Hilbert-Schmidt maps satisfying the K commutation relations. By Theorem 2.10, the space
of vectors satisfying the ¢ commutation relations has dimension zero or one, with dimension one exactly
when (1) is satisfied. Thus (1) holds if and only if (2) holds.

It remains to show that if (p; @ (1 — po)) — ¢ is trace class, then T, = p((1 ® ®)Q,) is trace class.
From the explicit formula for €, in, e.g., [Tha92, Thm. 10.6] or [Was98, §3], there exist unit vectors
frogr, by € H' @ H° such that

Qg =y

8

(1 + \ez)(Q® Q), (4.8)

k=1

where

Tk = Tpre(1-po) (alfi)algr)™), ¥ =Tpaa-po)(a(h1) - a(hn)a(hni1)” - a(hm)”)

and A\, € R>q are distinct eigenvalues of |(p1 @ (1 — po)) — g|-

If f= (f17 f°) € H' @ H°, then Tpy@(1—po) (a(f)) = Tp, (a(fl))®1+1®7r1—po (a(fo)) Thusif || f| <1
and § € Fy1 ,, @ Fyo 1_p, is a linear combination of at most C' simple tensors, each with norm at most
a, then 7, ¢1-py)(a(f))§ is a linear combination of at most 2C' simple tensors, each with norm at most
a.

Hence, expanding the product (4.8) for Qq, we can write Qq € Fut p, @ Fpo 1_p, as a sum of vectors
&s indexed by finite subsets S C Z>1, such that s is a sum of at most 221SI+m
norm at most ZkES k.

If£ S le,Pl ®]:H0,1

simple tensors, each with

is a simple tensor, then so is (1&®)¢, and ||,u(1®'1>)§||1 = ||¢]|. Hence

(S llesl < 2mdoaT YA =27 [T+ 4n).
S S k=1

kes

—Po

172l = (1600,

The last term is finite because Y A\x < ||p1 @ (1 — po) — ¢l|,, and so Ty is trace class. O

23



Establishing that condition (1) of Lemma 4.7 holds for the Hardy spaces H?(X) C Hr is one of the
main results of Section 6, which allows us to establish the existence property for E(X).

Theorem 4.8. If X € R, then dim E(X) = 1 and the elements of E(X) are homogeneous and trace
class.

Proof. By Theorem 6.2, condition (1) of Lemma 4.7 holds for H* = Hf., with p; as in (4.3), and K =
H?(X). Moreover, from the same theorem, (p; ® 1 — po) — qx is trace class. Thus the conclusion follows
immediately from Lemma 4.7. O

4.2.2 Non-degeneracy

Before establishing the non-degeneracy property of the CET (Theorem 4.5 (2)), we need the corresponding
property of the Hardy space.
Proposition 4.9. Let X € R, and let S C mo(I'). Let Hr = @ ;e L2(SY), and let ps be the

projection of Hr onto the copies of L?(S') indexed by S. If each connected component of ¥ has a
boundary component not contained in S, then psH?(X) and psH*(X)" are dense in @g L*(S").

Proof. In light of Proposition 3.9, we may assume without loss of generality that X is connected. By
Corollary 2.35, we may assume that (X, L, ®) is embedded in an open spin Riemann surface (i, L, @)
By Theorem 2.36, we may assume that L is the trivial C-bundle. By Bishop’s approximation theorem
[Bis58, Cor. 2], every continuous function on | |;¢j can be uniformly approximated by holomorphic
functions on ¥, and thus ps H?(X) is dense in @g L*(S").

By Theorem 6.1, H?(X)* = My H*(X), where My is multiplication by 1 and —1 on copies of L?(S")
indexed by outgoing and incoming boundary componenents, respectively. Thus the density of ps H?(X )t
follows from that of ps H?(X). O

And now non-degeneracy of the CFT follows from Proposition 4.9.
Proposition 4.10. Let X = (3X,L,®,8) € R.

1. If every connected component of X has an outgoing boundary component, then non-zero elements

of E(X) are injective.

2. If every connected component of ¥ has an incoming boundary component, then non-zero elements

of E(X) have dense image.
Proof. Assume first that every connected componenet of ¥ has an outgoing boundary component. Let
T € E(X). That is, T € Bi(Fpo s Fui,p,) and satisfies the commutation relations for H*(X) C
Po oP1
Hi @ HP. We will show that ker T is invariant under CAR(HY), and since CAR(HY) acts irreducibly on
]:H?,po this will imply the desired result.

Applying Proposition 4.9 with S = mo(I'°), we get that the projection of H?*(X) onto H{ has dense
image. Call this subspace K. By definition, for every f° € K, there exists an f! € H{ such that
(F, %) € H¥(X).

Now let £ € ker T'. Since T satisfies the H?(X) commutation relations, we have

Ta(f°)¢ = (-1)"Pa(f)Te =0

for every f° € K. Since K is dense in HY, kerT is invariant under a(f) for all f € H2. A similar
argument, using the projection of H?(X)™ onto incoming boundary componenets, shows that ker T' is
invariant under a(f)* for all f € HY, which completes the proof of item (1).

The proof of item (2) is similar, or alternatively (2) follows from (1) and the unitarity property
Proposition 4.16. O

4.2.3 Monoidal property
Proposition 4.11. If X,Y € R, then E(X UY) = E(X)QE(Y).

Proof. By Proposition 3.9, we have H*(X UY) = H*(X) @ H*(Y). It is now a simple exercise to check
that if 77 satisfies the L1 commutation relations and T» satisfies the Lo commutation relations, then
T1®T> satisfies the L1 @ L commutation relations. This gives us an inclusion E(X)®E(Y) C E(XUY),
but since both spaces are 1-dimensional by Theorem 4.8, this is an equality. O
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4.2.4 Reparametrization

We saw in Proposition 3.11 that reparametrizing the boundary components of X € R acted on H*(X) by
unitary operators coming from the spin representations u, of Diff%.(S") (see Section 2.1.3). The following
proposition describes the corresponding action on maps satisfying the HZ(X) commutation relations.

Proposition 4.12. Let H° and H?' be Hilbert spaces, and let K C H' @ H° be a closed subspace. Let
pi € P(H;) and let u; € Ures(H®,pi). Let u; — U; denote the basic representation (see Section 2.1.2).
If T € B(Fgo p,, Fri,p,) satisfies the K commutation relations, then dPODHPU U TUE satisfies the
(u1 ® uo) K commutation relations.

Proof. Let (u1f',uof°) € (w1 ® uo)K. Then we have

Topy (a(u1f1))dp<U1)+p(U2)U1TU5 _ (f1)p<U1)er(UZ)dp(Ual(UZ)U17rp1(a(fl))TUg
— (f1)p<U1)+p(U2)+p(T)dp<U1)+p(U2)U1TU6‘7rp0 (a(uofo)).

Thus dp(U1)+p(U2)U1TU§ satisfies the first half of the (u1 @ uo)K commutation relations. The relations
for (u1g*, uog®) € (u1 ® uo) K+ are similar. O

In our case, the spaces H® will be given as a direct sum

H = EB H.

jemo(T?)

Thus we also need to know how the basic representation on Fy1 relates to the basic representation on
®j Fr under the isomorphism of Proposition 2.7.

Proposition 4.13. Let Hi and Hs be Hilbert spaces, with p; € P(H;). Suppose u; € Ures(H;,pi), and
U; € U(FH, p,;) is the image of u; under the basic representation. Let U € Ures(H1 @ Ha,p1 & p2) be
the image of u1 @ uz under the basic representation. Then, up to a scalar multiple, the isomorphism
Fry o props = Fiypy @ Fypy identifies U with Uy dP(Y2) @UadP V1),

Proof. 1t suffices to check that U d”(Y>)@U,d?Y1) implements the Bogoliubov automorphism correspond-
ing to u; @ uz in the representation of CAR(H:1 @ Hz) on Fu, ® Fu, (given by Equation (2.12)). This
computation is straightforward. (I

We can now prove the reparametrization property for the CFT.

Proposition 4.14. If (¢;,7;) € [1 Diffj_(j>(51), then

jemo(T)

E(W,7) - X) = @ Usn@i) | EX) | & Uois)(Wsv)"

j€mo(T'1) j€mo(TY)

Proof. By Proposition 3.11,

H((5,75) X) = | €D wo(n(@s,7) | HA(X).

JjEm(T)

Let U, be the image of ®j€ﬁo(Fi) Ug(;y(105,74) under the basic representation on Fi. By Proposition 4.12
and the fact that the U; are even (Corollary 2.17), we have E((¢;,7v;) - X) = U1 E(X)Ug. The desired
result now follows from Proposition 4.13. O

4.2.5 Unitarity
As with the other properties of the CFT, to establish unitarity we first need to understand what happens
at the level of Hardy spaces.

Proposition 4.15. Let K C H' & H° be a closed subspace, and let p; € P(H'). Then T : Fro ,, —
Fu1 ,, satisfies the K commutation relations if and only if T* satisfies the commutation relations for
MiK*+ Cc H'® H', where My =150 @ —1p1.
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Proof. Tt suffices to prove that T satisfies the M+ K* commutation relations, since the converse is

equivalent. The statement for T* follows immediately from taking adjoints in the definition of the K

commutation relations (Definition 4.1). O
Unitarity now follows as an easy consequence of the formula for H?(X)* calculated in Section 6.

Proposition 4.16. E(X) = E(X)*
Proof. By Theorem 6.1, we have H?(X)* = M+ H?(X). Thus by Proposition 4.15, adjoints of elements

of E(X) lie in E(X), and vice versa. O

4.2.6 Sewing

Suppose (X,5°,5') € R, and let X be the result of sewing X along j° and j* (see Section 3.2.4). Recall
that by the definition of R., X has no closed components.
The partial supertrace tr‘;o ;1 glves a map

50,1 1 Bi(FL, F1) = Bu(FE, FR),

where I' = 3.
Theorem 4.17. Let (X,5°,5') € R. and let X € R be the result of sewing j° to j*. Then tr;gjl induces

an isomorphism E(X) — E(X).
Proof. We first show that tro;: (E(X)) C E(X). That is, for T € E(X) we show that trio;1 (1) satisfies

the H?(X) commutation relations. X
Fix f = (f',f°) e H*(X) C H. ® HY and g = (g',¢°) € H*(X)". We write

L =e @ L*sh),
jemo(D)
and similarly for (g%, ¢%).

‘We must show that s -
a(fY) trso o (T) = (=1)P 50t T 6250 1 (T)a(f°)
and that o o
a(g")" trjo,n (T) = —(=1)" "0 T 3 1 (T)a(g)".

It suffices to verify these identities for (f*, f°) lying in a dense subspace of H(X), and for (g¢', ¢°) lying
in a dense subspace of H? (X)J‘. Hence by Proposition 3.18 we may assume without loss of generality
that there exists a h = (h°, h") € H?(X) such that h; = f; for j # j*, and hj1 = hjo.
To reduce notational complexity, we will simply write a(f) instead of mp,(a(f)) for the action of
CAR(Hr) on Jr. _ R
We embed H} as a subspace of Hy by the natural inclusion coming from 7o(I") C mo(T"). We then
have ' = f* + h;i, with respect to the decomposition HL = Hli P Lz(Sl). By Proposition 2.7, this
implies that ' _
a(h') = a(fl)®1j1: + 1W0(Fi)\ji®a(hji).
Using the partial supertrace properties from Proposition 2.2, we now have have
a(f') 500 (T) = trion ((a(f')®1,1)7T)
= trjoj1 ((a(h') = Loy 0 @alhyn)) T)
= (—1)"D trlo 1 (T (a(h®) — Loy ron jo®a(hy1)))
= (71)p(T) trjojl (T (a(f0)®1jo))
= (=1)"D trlo 1 (T)al(f°).

Hence trjo 1 (T') satisfies the first H?(X) commutation relations (4.1).
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The same proof establishes the corresponding relations for (¢*, ¢%) € H? ()A()J‘ By Lemma 3.20, we
may assume without loss of generality that there exists (k', k%) € H?(X)* such that k; = g; for j # j°,
and k;1 = —kjo. The same computation as above now yields

algh)" trio 1 (T) = —(=1)P" tr%0,1 (T)a(g")".

We conclude that trjo,: (1) € E(X).

To complete the proof, we must show that trjo;: : E(X) — E(X) is an isomorphism. Since both
spaces are one-dimensional, it suffices to prove that if trjojl (T) =0 then T = 0.

Assume first that j° and j lie on the same connected component of ¥, and suppose that tI';()Jq (T)=0.

By the monoidal property, we may assume without loss of generality that 3 is connected.

Suppose that (h', %) € H?(X), write b’ = f* + h;l with respect to the decomposition Hf = Hli ®
L?(S'). Calculating as above, we have

0 =a(f") trjo,1 (T)
=trjo;n ((a(f1)®1;1)7T)
=trjo;r ((alh") = (Lyyor)@alhj))T)
(1P 2% 1 (Ta(h%)) — trlon ((lﬂo(f1)®a(h1-1))T)
—(=1)P M x4 (TAGa(h0))) + (17T b1 (Ta(£0)—
—trio (( oy @alh; T)
=(=1)P™ trf0 1 (T( WO(F0>®a(hjo))) —trfon ((1ﬂ0(f1)®a(h;1))T) (4.9)

Since (X7j0,j1) € R., the connected component of ¥ containing j° and j! has at least one more
boundary component, and so the projection of H?(X) onto Dicijo L?(S") has dense image by Propo-
sition 4.9. Thus given any f € L*(S') we may take a sequence ('™, h%™) € H?(X) with h?()n — 0 and
hY™ — f. Hence

3

T(lwo(f0)®a(h26n)) —0, and (lﬂo(r1)®a(h )T — (1 no(fl)é@a(f))T (4.10)

in the trace norm. We can apply the result of the calculation (4.9) to (b, h%™), and by (4.10) and the
continuity of the partial trace, we have

1501 ((lﬂo(fl)@@a(f))T) —0.
Applying this argument repeatedly using elements of H?*(X) and H?*(X)' yields
5051 (L) @2)T) =0 (4.11)

when z is an arbitrary word in a(f)’s and a(g)*’s.
Now for arbitrary y € B(}—%’ ffo), by Proposition 2.2 we have

0 =ytrio; ((lﬁo(fl)@m)T) = trjo;1 ((y&xz)T) . (4.12)

Let A be the the linear span of operators y®z with 2 and y as above. Since CAR(L?*(S')) acts
irreducibly on Frz(s1y ,, A is dense in B(FL, F2) in the strong operator topology. A standard argument
using the Kaplansky density theorem shows that every element of B(F%, FL) is a limit of a sequence in
A.

If S, is a sequence of operators on a Hilbert space converging strongly, and T is trace class, then
SnT — ST in the trace norm. Hence by the continuity of the partial supertrace, we have tr}o ;1 (ST)=0
for all S € B(FL, FL). In particular,

tI‘(T*T) = tr;.lg (trj(]jl (d]:lgT*T)) =0.

27



It follows that 7" = 0, which completes the proof of injectivity in the case where j' and j° lie on the
same connected component of 3.

Now consider when X = X, LI X, with j° a boundary component of the surface underlying X;. Since
(X7j1,j0) € R., either X or X; has a boundary component which is neither j' nor 7°. If it is X; that
has the additional boundary component, then we may use the same argument as above, and may even
take h?g," =0 for all n. On the other hand, if X has the additional boundary component, then we must

take hjl.;" =0, and choose h;’ln — f. The rest of the argument is the same. O

5 From Segal CFT to vertex operators

The main result of this section is Theorem 5.4, in which we identify the value of the CFT on standard
pairs of pants (Puw,q;,¢2, INS) with fields from the free fermion vertex operator algebra. We fix the notation
H = L*(S"), p € P(H) is the projection onto the classical Hardy space H*(D), and F = Fp . We will
drop the notation 7, for the representation of CAR(H) on F, and simply write a(f).

5.1 Warmup: Disks and annuli

Let (D, NS) be the standard spin disk with its standard parametrization, descibed in Example 3.2, and
for ¢ € D and o € {NS, R} let (Ag,0) be the standard spin annuli described in Example 3.3.

Proposition 5.1. E(D,NS)=CQ, € F
Proof. The boundary parametrization of (D, NS) is the identity, so H*(D, NS) is just the classical

Hardy space H?*(D). Hence the H*(D, NS) commutation relations coincide with the p vacuum equations
(Definition 2.6) which characterize Q, up to scale . O

Proposition 5.2. E(Ag,0) = (Cng, where both sides of the equation are understood as depending on a
fized choice of ¢*/? when o = NS.

Proof. Since ¢ is trace class (see [Kac98, §5.1]), it suffices in both cases to show that ¢“0 satisfies the
H?(Ag4,0) commutation relations. We first consider o = N'S. Recall that the boundary parametrizations

are given by
. _ (Z,Oé) ] = Sl
ﬁ](‘%a)*{ (qz’q—l/Qa) j:T'SI
and thus
H?(Ag, NS) = clspan{(z",¢"""/?2"):neZ} cH ®H* .=H® H

and
H?*(Ag, NS)* = clspan{(z", —q "*¥/22") . n e Z}.

Hence an operator T € B(F) satisfies the H?(A,, NS) commutation relations if and only if
a(z")T = ¢"*Ta(z")

and
(I,(Zn)*T — q—(n+1/2)Ta(Zn)*

for all n € Z. These equations are satisfied by qLéVS by (2.14) and (2.15).
Similarly, one has H?(A4, R) = clspan{(¢"2™,2") : n € Z}, which corresponds to the commutation

relations
a(z")T = ¢"Ta(z")

and
a(z")'T =q "Ta(z")"

for all n € Z. The operator ng satisfies these equations by (2.14) and (2.15). O
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5.2 Vertex operators
Recall (Example 3.4) that the the moduli space of standard Neveu-Schwarz spin pairs of pants with
standard boundary parametrizations is

Mus = {(w,q1,41"%, @2.0"%) € (C*)° : 0 < |qa| + lga| < [w] <1~ |qa]}.

Coresponding to a point £ € Mng, we have a spin pair of pants P, given as a manifold by
D\ (1D + w) U go1D)
with spin structure inherited from ID. The boundary trivializations are

(2, ) j:S1
Bi(za) ={ (qz+w,q a) j=aqS +w

—-1/2 .
(22,05 a)  j=qS

We will now show that E(P,) can be described by the free fermion vertex operator algebra. We will
not give an introduction to vertex operators (see, e.g., [Kac98, Wasl11]). Instead, we will introduce just
the necessary objects and properties, with references to the literature. The free fermion vertex operator
algebra is introduced in [Kac98, §5.1] under the name “charged free fermions.”

Let F° C F be the dense subspace spanned algebraically by vectors

a(z")" - --a(z") a(=™) - a2

Let End(F°) denote the space of linear (not necessarily bounded) linear endomorphisms of F°, and let
End(F°)[[2%]] denote the space of formal distributions with coefficients in End(F°). That is, an element
of End(F°)[[z*]] is a formal sum

>

nez

where ¢, € End(F°) and z is a formal variable.
The vertex operator algebra structure on F° gives a state-field correspondence

Y : FO = End(F°)[[z*]].

This is commonly written

Y(§2) =) &z "

neZ

for ¢ € F°. The endomorphisms &, are called the modes of £ (or of Y(£, 2)).
The vacuum state is assigned to the identity field. That is, Y (€2, 2) = 1 or more formally

Qn =dny1,01.

The generating fields are those assigned to the states a(2°)*Q and a(z7')Q, where we have written 2°
for the constant function z — 1. The generating fields are given by

Y(a(z7 "), 2) = Za(z")z_n_l. (5.1)

nez

and
Y(a(z")'Q,2) =Y a(z" ) 2! (5.2)
new
The modes of the generating fields extend to bounded operators on F, which is not a general feature
of modes of vertex operators.
The modes of other fields can be reconstructed from the Borcherds product formula (given as [Kac98,
Eqn. 4.8.3] with m = 0, and in [Wasl1, §5]):
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Theorem 5.3. Suppose £,n € F°, and write Y (€,2) = > omez 27" and Y(n, 2) = > omez Nz "1
for the fields in the free fermion vertex operator algebra. Then the modes of Y (nn&, z) are given by the
following formula:

(M&)m =Y _(—1)’ <n> (Un—jfmﬂ' - (*1)p<")p<§)+n§m+n—ﬂ7j) - (5.3)

Jj=0 J
for homogeneous & and n, and extended linearly in general.

The modes of any field will satisfy ,n = 0 for n sufficiently large (depending on £ and 7), so the sum
on the right-hand side of (5.3) is finite when applied to any fixed vector in F°.

With this description of the vertex operators in hand, we can prove the main theorem of the section.

_ 1/2 1/2 0 Lg'®
Theorem 5.4. Let x = (w,q1,¢,"",q2,95,' ") € Mns. For every £ € F° and n € Z, the map &nq,

extends to a bounded operator on F. E(P,) is spanned by the map T : F @ F — F given on F° @ F° by
LNS LNS LNS LNS
TE®N)=Y(g° &wa® 1= (6,° &ney®
neZ

w "y, (5.4)

We have ordered the input cicles so that the one centered at w comes first.
For every fized € € F°, the sum in (5.4) converges absolutely in operator norm as a function of n,
uniformly on compact subsets of Mns.

Proof. To simplify notation, we will write Lo instead of LY s throughout the proof. It suffices to prove
the theorem for £ of the form

E=a(z")---a(z")a(z™)" - a(2™)"Q, (5.5)

0

where n; € Z<o and m; € Z>o. Since qlL is invertible as a map F° — F°, we will instead prove

T(gr"e@n) =Y (Ew) n = &agw "'y (5.6)
nez

for some T € E(P,), all ¢ as in (5.5), and all n € F°, with the stated convergence properties.
Let T be a nonzero element of E(P,). By Corollary 4.6 and the calculation of E(D) and E(Ag,)
(Propositions 5.1 and 5.2), the map n — T(Q ® 1) lies in Cg2®. Rescale T so that

T(Q®n) = ¢;°n. (5.7)

In particular, note that T(Q ® Q) = Q. Since T' is homogeneous by Theorem 4.8, we can conclude that
T is even.

We now establish (5.6) by induction on the length of the word in a(z") and a(z™)*’s in (5.5).

Since Qn, = dn+1,01, equation (5.6) holds when £ = Q by (5.7). The convergence properties are trivial,
as the sum only has one term.

Now assume that (5.6) holds for £, with the sum converging absolutely in operator norm as a function
of 1, uniformly on compact subsets of Myg. We will show that the same holds with a(z")¢ and
a(z7""1)*¢ in place of ¢, for all n € Z.

We first consider a(z")€. From the holomorphic function (z — w)"™ € O(P,), we have

ntl o, 1 "
((z—w)",q; 22", g2 (goz — w)") € H*(P, NS). (5.8)

Here we have ordered the boundary circles with S* first, ¢1.S! + w second, and ¢2S! third. By the
definition of E(P;, NS), T satisfies the commutation relation

a((z = w)")T = T(a(g] " 2")61) + T(1&a(gl (g2 — w)™)).
Hence
T(q; "a(z")E ®n) = T(algy T/ *2" )y € @ n)
= a((z = w)")T(g; € @ ) — T(dr © alg] (g2 — w)"))(g; & @ 1)
— a((z — w)")T(q; ¢ @) — (~1)"OT(q; ¢ @ ala? (@2 —w)")m).  (5.9)
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We treat the two summands in (5.9) separately. Since (z — w)™ appears as a function of z € S*, we
can expand it as a power series converging uniformly on compact subsets of |w| < 1. Combining this
with the inductive hypothesis for £, we compute

a((z —w)")T(q e @n) =D (~1) (n) a(z"")T(q; "¢ @ n)w’

>0 J

=> > (-1 (’;) a(z" 7 )emas Cw’ "1y (5.10)

i>0mez

::ZZS-Mn.

j>0mez

Observe that every S; ., is a bounded operator, and since ||a(2""7)|| = Hzn_j”LZ(Sl) =1, we have

>3 ISimll < Z(j) ol (;ezugmqéﬂﬂ |wm1).

7>0mez

The sum indexed by j on the right-hand side converges uniformly on compact subsets of |w| < 1. The
sum indexed by m converges by the inductive hypothesis, uniform on compact subsets of Mys. Hence
Zj>0 ZmGZ Sj,m is absolutely summable, uniformly on compact subsets of Mys.

We now reindex the sum (5.10) in m and exhange the order of summation to get

SPILTVED ol Do/ il (4 e E) P

j>0 meZ mez \j>0 J
D= Z Spw™ "y, (5.11)
meZ

where S, is a bounded operator and the sum (5.11) converges uniformly absolutely in operator norm on
compact subsets of Mnys.

We now treat the second summand of (5.9) similarly to how we treated the first, expanding (g2z —w)"
as a power series in g2 /w. We have

ﬁ) (—1)"T(q 206 @ a(z")n)ge’ 2w

T "¢ a(qé (g2 —w)")m) = > _(~1)’ (J

=0

=> > (-1y (?) (—1)"mg2"0a(2)ge? 2w Iy (5.12)

j>0mez

L= Z Z Ujmn.

j>0mez

The operators Uj », are bounded, with

SN NUmI < 0212 ful" > <?> ’%
j=>0

i>0mez

j (Z Jemate] |w—m—1) . (513
meZ

By the inductive hypothesis, the right-hand side of (5.13) converges uniformly on compact subsets of
Mns. Hence the same summability holds for ||Uj,m||. We now rewrite Uj ., using the commutation
relation (2.14) for a(z?) and g2™°, along with reindexing and interchanging the sums, to get
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2D Uinn =" (=1 <=T71> (—1)"&mal(z) gz w77y

j>0mez j>0 mez
n . . o
=2 Z(l)]<.>(1) Emin—ja(z))gz° | w™ "y (5.14)
meZ \ j>0 J
t= Y Upw ™ 'y, (5.15)
meZ

Observe that each U,, is a bounded operator, and the sum (5.15) converges uniformly absolutely in
operator norm (as a function of 1) on compact subsets of Mys.

From the formula for the generating field (5.2), we see that (a(z~1)Q), = a(z"). Hence the Borcherds
product formula (5.3) asserts that

(a(=")E)m = 3 (1) (") (4" mas = (~1P O min_ja())) (5.16)

Jj=0 J
Comparing (5.16) with the definitions of S,, (5.11) and U, (5.14) yields
S + (=1)POT,, = (a(z™)E)ma2"". (5.17)
Plugging the results of the computations (5.10) through (5.14) into (5.9), and then applying (5.17), yields

T(QIfLOa(z")g ® 77) = Z(S’m + (_1)P<§)Um)w7m71n
meZ

= > (a(z"))mg " w ", (5.18)

meZ

which establishes (5.6) for a(2™)&. The required convergence property of the sum (5.18) follows from the
corresponding convergence properties of Smw ™™ and > Upnw™ ™"t that we previously established.
To complete the proof, we must establish (5.6) with a(2~™""!)*¢ in place of £&. This is nearly identical to
the computation above for a(z")¢, so we will only sketch the argument. By Theorem 6.1, H*(P,, NS)* =
My .H?(Py, NS), where M, is multiplication by the function z on outgoing boundary components and
multiplication by —z on incoming boundary components.
We saw in (5.8) that

n+dlt , 1 n
((z = w)" ai 22", 03 (@22 —w)") € H(Ps, NS),
and so L )
T —w), —E e @t (@ — W) € HE (P, NS)
By the definition of E(P,, N.S), we have
a((z"" = )")'T = T(a(@" 227"} 01) + T(A&a(@? 2~ (@ —w)")")
and thus
- —n—1y\x* - —\ T\ % — - 1l a1, - —\ T\ *
T(qi~ "a(z"""1)"¢@n) = a((z'=)") T(qr "¢@n) = ()P T (@ " ¢@a(@? 2~ (@2~ —m)") ).
We can now establish the desired formula for the left-hand side by expanding (27! — @)™ in the domain

|w| < 1, expanding (@22~ — )" in the domain |go| < |w|, and applying the inductive hypothesis, just
as before. O
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6 The Cauchy transform for Riemann surfaces

6.1 Main theorems

When establishing the properties of the free fermion Segal CFT in Section 4.2, we deferred the proof of
two key analytic properties of the Hardy space H?(X). In order to prove the sewing property, we needed
a formula for H?*(X)*:

Theorem 6.1. Let X = (X,L,®,8) € R be a spin Riemann surface with boundary parametrization. Let
Hr =@ jcrom) L*(S") and let H*(X) C Hr be the Hardy space. Then

H*(X)" = M. MNSH2(X) = ML H*(X). (6.1)

Here My is multiplication by 1 on copies of L*(S') indezed by outgoing boundary components, and
maultiplication by —1 on copies of L? (Sl) indezed by incoming boundary components, and MYN° is mul-
tiplication by the function z on copies of L*(S") indexed by j for which L|; is Neveu-Schwarz, and the
identity on other boundary components.

In order to establish non-triviality of the spaces E(X), we required the following theorem.

Theorem 6.2. Let X = (X, L, ®,8) € R be a spin Riemann surface with boundary parametrization. Let
Hr = ®jcrom L?*(S") and let H*(X) C Hr be the Hardy space. Let qx € P(Hr) be the projection onto

H?(X), and let
= P ro @ 1-p
jE€mo(TL) jEm(TO)
where p € P(L*(SY)) is the projection onto H*(D). Then qx — pr is trace class.

The main tool for establishing Theorems 6.1 and 6.2 will be a generalization of the Cauchy transform
to Riemann surfaces. A treatment of these theorems when ¥ is a planar domain appears in the book
of Bell [Bel92, §1-5]. We will follow Bell’s treatment, making adjustments for the non-planar case when
needed and reducing to the planar case when possible.

The author would like to thank Antony Wassermann for suggesting the reference [Bel92], and for
explaining the role of the Cauchy transform in proving Theorem 6.2 in the planar case.

6.2 The Cauchy transform
6.2.1 Definitions

Let ¥ be a compact Riemann surface with no closed components, and let I' = 0X. By welding annuli
onto each component of I' as in Theorem 2.33, we may assume that > is embedded in an open Riemann
surface 3.

By [GN67], there exists a locally injective holomorphic map p : ¥ — C. By [Sch78], there exists a
meromorphic function ¢(s,t) : ¥ x ¥ — C which is holomorphic except on the diagonal s = t, and such
that q(s,t) — (p(s) — p(t))™* is holomorphic on U x U for any open U on which p is injective. We can
assume that q(s,t) = —q(t, s) by replacing ¢ with 1q(s,t) — 3q(t, s). Let wi(s) = q(s, t)dp(s).

We call g a Cauchy kernel on 3, which is justified by the following Cauchy integral formula.
Proposition 6.3 ([Sch78, Prop. 7.1]). Let U be an open set in S with U compact, and with a piecewise
C* oriented boundary OU. If u € C*(U), then for every t € U,

1 1 [
= - — [ dunw.
ult) = 5= /BUWt 2m‘/U uhwe

We denote by C*(3) and O() the smooth (resp. holomorphic) functions on the interior of ¥. We
will write C°(X) for the subspace of C™ (%) consisting of functions which extend to smooth functions
on the boundary, and O(X) for the subspace of C*°(X) consisting of functions which are holomorphic in
the interior.

Definition 6.4. If v € C*(T'), then define its Cauchy transform Cu € O(3) by

(Cu)(t) = % /F wor.

This definition has appeared many places in the literature, with early examples including [Sch78,
Gau79, Boig7].
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6.2.2 Basic properties

Note that C depends on the choice of p and ¢, so we will regard these as fixed. We will now show that
Cu € O(X), but first we need the following version of [Bel92, Thm. 2.2].

Theorem 6.5. Suppose v € C(X). Then the function u defined by
u(t) = i/ vwy A dp
T omi Js Lhap

fort € © satisfies Ou = vdp and u € C®(I).

Proof. We first check that the integral defining u makes sense. Fix tgp € ¥, and let V' be a neighborhood
of to in ¥ on which p is injective. Let zo = p(to), and let 7 = (p|v)~'. For z € p(V) we have an identity

of 1-forms on p(V)

« d
T Wr(z) = wiw + f(z,w)dw,

where f is holomorphic and w is the standard global parameter for C. We then have

o) = g [ o ndp g [ VDb
2\ (V) -
1
By v(1(w)) f(z,w)dw A dw
271 o(V) (T(w)) f( )

= u1(z) + u2(z) + us(2).

Both u; and wugz are clearly smooth in a neighborhood of zp. From [Bel92, Thm 2.2], uy is well-defined
and uz € C*°(p(V)). Thus u is smooth in a neighborhood of ¢o, and since ¢y was arbitrary u € C*°(X).
Differentiating under the integral, we see that

£’U/OT: £’LL2 =vOoT
by [Bel92, Thm 2.2]. Pulling back by p gives du = vdp on V, and since zy was arbitrary, the equality
holds on all of ¥. O

As a corollary, we can show that Cu extends smoothly to the boundary.

Proposition 6.6. The Cauchy transform maps C*(T") into O(%).

Proof. Let u € C*°(T") and let @ be a function in C°°(X) which is equal to u on I'. The Cauchy integral
formula says
1 _
u(t) = t) — — 01 .
a(t) = (Cu)(¢) = /Eau/\wt
We can write 0t = vdp for some v € C*°(X), so by the preceding theorem, the integral term is in C*°(X).
Hence Cu € C*(X) as well. O

By restriction, we can consider C as a map from C°°(T") into itself. The Cauchy integral formula says
that C is idempotent.

We will need the following technical results, which are a generalization of [Bel92, Lem. 2.3 and Thm
3.4].

Proposition 6.7. Suppose that v € C*(X). Then there exists a function ® € C*(X) which vanishes
on I' and satisfies OP|r = dv|r.

Proof. We may choose annular neighborhoods U; in ¥ of each boundary component j, and holomorphi-
cally identify these with annuli in C. Thus by the planar version of the proposition [Bel92, Lem. 2.3],
there exist smooth functions on each U; with the desired property. Since the conclusion only depends
on a neighborhood of T", we can extend these functions to ¥ via smooth cutoff functions with support in
the U; and which are identically 1 in a neighborhood of I'. O
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Proposition 6.8. Suppose that uw € C°(T'). Then there is a ¥ € C™(X) with O¥|r = 0 such that the
boundary values of Cu are expressed by

2mi

(Cu)(t) = ult) + — /25\11/\0.),5,

for allt €T. The 2-form (0¥ A w:)(s) extends continuously to (s,t) € X x T.

Proof. Let 4 be an element of C*°(¥) with boundary values u. Let & € C*°(X) be a function from
Proposition 6.7 that vanishes on I" such that 0®|p = da|r. Let ¥ = @ — ®. Applying the Cauchy integral
formula to W yields

W(t) = (Cu)(t) — %/25\11/\%.

Since ¥ = u on the boundary, we have established the desired boundary value formula for Cu.
The 2-form OV A w; is clearly continuous at all points of ¥ x I" not of the form (to,to) with to € I.
Fix a neighborhood V of ¢y on which p is injective and set z = p(t) and 7 = p|;;'. We have

Ow(V o 7)(w)

75OV A wi)(w) = ( + smooth) dw A dw

w—z
for (w,z) € p(V) x p(V) with w # z. Since Ow(¥ o 7) is smooth and vanishes on p(I' N V), the
above expression defines a continuous function on p(V) x p(V N T). Pulling back by p, we see that

(s,) = (0¥ A we)(s) extends continuously to ¥ x T. O

We will now define the Hilbert transform for C°°(I"), and relate it to the Cauchy transform. If to € T,
let V' be a neighborhood of tp in ¥ on which p is injective, and let

Te=(T\V)U{t € V:[p(t) - plto)| > e}

Observe that for a different choice of V, the resulting sets I'c coincide for sufficiently small e. Define the
Hilbert transform Hu for u € C*°(T") by

1 .

(Hu)(to) = P. V. %/Fuwtﬂ = 161&1% . UWig -

We will now establish the Plemelj formula relating the Cauchy and Hilbert transforms, as in [Bel92,
85].

Lemma 6.9. The limit defining (Hu)(to) ezists and

(Cu)(ta) = ulte) + (Hu) to).

Proof. We first prove the theorem in the case where u is a constant function. Let
Ce={t eV :|p(t) — p(to)| = €},

oriented so that I'e U C is an oriented curve for sufficiently small € (i.e. so that C. is oriented negatively
around to). We give p(C.) the opposite of the orientation coming from C¢, so that it is oriented counter-
clockwise about p(to). Let 7 = p|;,'. Using the holomorphicity of u(s)ws,(s) away from s = to and the
fractional residue formula, we compute

limi/F u(8)wi, () :limi/lz u(s)q(s,to)dp(s)

el0 271 el0 271
1
= —13513% . u(s)q(s, to)dp(s)
=11mi_/ @) g
0 20 J oy w — p(to)
1

= §u(to).
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We now return to arbitrary u € C°°(I"), but we assume without loss of generality that u(to) = 0.
Hence the integrand in the Hilbert and Cauchy transforms wwy, is continuous at tg, and thus on 3. In

this case (Hu)(to) is given by the ordinary integral
1
(Hu)(to) = omi - Ut
and the same for (Cu)(to).

6.2.3 Adjoint of the Cauchy transform
Define a bilinear form [, -] on C*°(T") by

1
[u,v] = %/Fuvdp.

Lemma 6.10. For u,v € C*(T"), we have [Cu,v] = [u, (1 — C)v].

Proof. By Proposition 6.8, for ¢t € I' we have Cu = u + I where

1) = %/25\11/\%

and WV is as in Proposition 6.8. By Proposition 6.8, the integrand in the definition of I is continuous, and

so we may apply Fubini’s theorem to compute

[ rov0ann = [ (55 [0 ne) vioanto)

~ [ (55 [ -ats. 0010000 ) dots) n 0o

— [ (g [t} ao(s) 1

- / (Co)(s) dp(s) A DU (s).
s
Recall that ¥|r = u|r. Since p and Cv are holomorphic,
d(¥(Cv)dp) = —(Cv) dp A 0¥

and we may apply Stokes’ theorem to obtain

/E (Cv)dp A DY = — /F W(Cv)dp = — / w(Cv)dp.

r

Combining (6.2) and (6.3), we get

/FI(L‘)v(t)dp(t) = —/u(Cv)dp.

T

Hence
/(Cu)vdp = /(u + INvdp = / u(v — Cv)dp,
r r r
which was to be shown.

(6.3)

O

Let v : I-'jero(l“) S1 — T be family of diffeomorphisms. Let I'° be the subset of the boundary consisting

of boundary components on which ~ is orientation reversing, and I'" be the complement, on which ~ is

orientation preserving.

Let Hr = @je«om L*(S"), and let Wr = C™(Ujeny(r)S*) C Hr. Define the Hardy space

H*(Z,y) =c{y*F: F € O(X)} C Hr.
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Using the parameterization v : | |S' — T, we may identify C°°(T') with Wr. Thus the Cauchy
transform C € End(C*°(T")) induces a linear map C' € End(Wr) by

Cu=~*C(uo~y™").

Let r € Wt be given by v*dp = rdz. Define the formal adjoint C* € End(Wr) by

(C™)(2) :=v(z) — 2r(2)C(Mizr—19)(z), (6.4)

where M4z is the operator on Hr given by multiplication by the function Z on direct summands indexed
by j € mo(T"), and multiplication by —Z on the complement. We think of C' and C* as unbounded
operators on Hr (although the adjoint of C' will turn out to actually be an extension of C*, since we will
see that C' is bounded).

Proposition 6.11. Let u,v € Wp C Hr. Then (Cu,v) = (u,C*v).
Proof. Let i,5 € C*°(T) be given by & = uo~~* and & = v oy~'. Then we have

(u, M4zT0) = % tu(z)v(z)r(z)dz
Us
1 N~
= 5mi FU(t)v(t)dp(t)
= [a,3].
By Lemma 6.10, [Ct,v] = [u, (1 — C)9]. Hence
(Cu, M1zT0) = <u7 Myzr(1 — C’)v> ,

which was to be shown. O

‘We now establish the Kerzman-Stein formula
g=(1+A)=C (6.5)

where A = C' — C* and ¢s is the orthogonal projection of Hr onto H?(X,). For now, we regard (6.5)
as an identity of endomorphisms of Wr. Soon, however, we will show that A is trace class, and thus C'
extends to a bounded operator on Hr, and (6.5) gives an equality of operators on Hp.

Proposition 6.12. Ifu € Wr, then
g=(I + A)u = Cu.

Proof. For v € H*(%,7) we have
<(1 - C*)u,v> = <uv ’U> - <C*uv ’U> = <ua U> - <ua CU> =0.

Thus (1 — C*)u is orthogonal to any smooth function in H?*(Z,~). By construction, such functions are
dense in H?(X,v) so we have gs(1 — C*)u = 0. We now have

g=(1 + A)u = ¢gsCu = Cu.

Our proof that A is an integral operator with smooth kernel follows [Bel92, Ch. 4-5].
Theorem 6.13. For u € Wr, the operator A = C — C* is given by the formula

(Au)(2) = o /u a(w, 2)u(w)

1
jemo(T) s

dw
W

for a smooth function a : | |S* x | |S* — C. In particular, A is trace class.
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Proof. Recall that for u € Wr, the formal adjoint C* is given by the formula

(C*u)(2) = u(z) — £2r(2)C(Mizr—1u)(2),

where r(2)dz = v dp.
By definition,
(Cu) =Cluoy™")ory.

Thus we can apply Lemma 6.9 to get

(Au) = H(woy ") oy + Mezr(H(v oy 1) 07)

where v = Myzr~'%. That is, for z € L St we have

jEmo(T)

(40)(2) = 5= PV [l 6)ato () dn(s)

— 55 £ APV, [ TG0 () G Date (=) dn(s)

where the two + are determined by whether the boundary near s and v(z) is incoming or outgoing.
It is clear that the kernel of A is smooth in any neighborhood of (s,t) when s and ¢ lie on distinct
components of I".  Thus in order to simplify notation, we will assume that I' has a single outgoing
connected component, and the general case is no different. When restricting to s and ¢ on the same
connected component, the signs + cancel.

Pulling the integral back to S!, we get

(Au)(z) = - P.V. | wu@)a( ()2 ())r(w) du
+ %zr(z) P.V. WCI(’Y(w)ﬂy(z))%
g1
= % P.V. . wr(w)q(fy(w),fy(z))u(w)%
+ % P.V. zr(z)q('y(w),y(z))u(w)flﬂ
st rw
— % P.V. . a(w,z)u(w)%

where

a(w, 2) = wr(w)g(y(w),v(2)) + zr(z)q(y(w), 7(2)).
Clearly a is smooth away from w = z, so we fix z and consider when w — z is small. In this scenario, we
may write

a(w, z) = wr(w) + 727’(,2)7 + smooth

p(y(w)) = p(v(2))  p(y(w)) — p(7(2))

w ( r(w)(w — 2) B r(z)(w — z)

w—z

p(y(w)) = p(v(2))  p(y(w)) — p('Y(Z))> + smooth. (6.6)

Since 22 po~y = r, we have that (w — z)a(w, z) is a smooth function vanishing on the diagonal (z, z).
Hence a(w, z) is itself a smooth function. O

Theorem 6.14. Let H*(X,~) C Hr be the Hardy space, and let gz € P(Hr) be the projection onto
H?(Z,v). Then the Cauchy transform C extends to a bounded operator on Hr and qs — C' is trace class.
We have H?(2,~)* = FMizH2(X,v), where 7 satisfies v*R = rdz for any non-vanishing holomorphic
1-form R. In particular, one may take R = dp.
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Proof. The fact that C' is bounded follows immediately from Proposition 6.12 and the fact that A is
bounded. Rewriting the Kerzman-Stein formula as g — C = —gs A we can see that gs; — C' is trace class.

Since C is an idempotent with image H?(X,v), we have that 1 — C* is an idempotent with image
H2(Z7fy)J‘. Since C' is bounded, the formula for the formal adjoint from Lemma 6.10 indeed gives the
adjoint. It follows that H?(X,~v)* = rMy.H2(Z, ), where y*dp = r(z)dz. Since H?(X,~) is invariant
under multiplication by v*F for any F € O(X), the formula for H?(X, )" holds when v*R = r(z)dz for
any non-vanishing holomorphic 1-form R. O

Recall that the Cauchy transform C for C°°(I") depended on a choice of holomorphic immersion
p and Cauchy kernel gq. The induced Cauchy transform C' € B(Hr) also depended on the boundary
parametrization . However we will see that, modulo a trace class perturbation, C' does not actually
depend on the choices of p, ¢ and . That C is independent of p and ¢ modulo trace class operators is a
simple corollary of Theorem 6.14.

Corollary 6.15. Suppose C1 and Ca are two Cauchy transforms for Hr coming from different choices
of ¢ and p. Then Cy — Cy is trace class.

Proof. Note that gs only depends on H?(X,~), and not on p or ¢. Thus C; —Cy is trace class by Theorem
6.14. O

Let p € P(L?(S')) be the projection onto the classical Hardy space H?(D), and let

pr = @ j ) EB 1—pe P(Hr).

jemo(I't) j€mo(TY)

Let gz € P(Hr) be the projection onto H?(X,~).
We wish to show that gs; — pr is trace class. We begin by showing that this property is independent
of the choice of «. First, a simple observation relating idempotents and range projections.

Proposition 6.16. Let K be a Hilbert space, and let p be a projection on K. Let ¢ be an idempotent
operator on K with ¢ — p trace class, and let q be the range projection of c. Then q — p is trace class.

Proof. Since ¢ — p is trace class, so is (¢ —p) — (¢ —p)* = ¢ — ¢*. We compute

which is evidently trace class. O

Proposition 6.17. Let ¥ be a compact Riemann surface, let v be a family of boundary trivializations for
¥, and let gs € P(Hr) be the projection onto H*(Z,~). Let a : |_|].€Tr0(r) St — |_|j€7r0(r) St be a family
of orientation preserving diffeomorphisms, and let ¢ € P(Hr) be the projection onto H*(Z,v o a™1).
Then gs — pr is trace class if and only if ¢& — pr is trace class.

Proof. Suppose that gs — pr is trace class. Let ¢, be the bounded operator on Hr given by f — foa 1.
Observe that
H*(S,y0a™") = ca H* (7).

Thus cagscy’ is an idempotent whose range projection is ¢&. But [ca, pr] is trace class by [PS86, Prop.
6.3.1 and Prop. 6.8.2], and so capregt — prois trace class as well. Since cagscy® — capreg ® is trace class
by assumption, we must also have that cogscy ' — pr is trace class. By Proposition 6.16 we can conclude
that ¢& — pr is trace class. O

Theorem 6.18. Let X be a compact Riemann surface, let v be a family of boundary trivializations for
¥, and let gs be the projection of Hr onto H*(X,7). Then qs — pr is trace class.

Proof. Fix p and ¢, and let C' be the corresponding Cauchy transform for 3. For j € mo(T), let p; :
Hr — L*(S%) be the projection from Hr onto the copy of L?(S') indexed by j. We will show

1. p;Cp; — p is trace class when j € mo(I'"),
2. p;Cp; — (1 — p) is trace class when j € mo(I'°),
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3. p;Cpy, is trace class when j, k € mo(T") and j # k.

The statement of condition (3) is clear, since p;Cpj, is an integral operator with smooth kernel.
We now consider condition (1). Let j € mo(T'), and let K; be a closed annulus in 3 with one boundary
component j. There is an annulus

A={zeC:1-e<|z|<1}CC

such that we can find a biholomorphic map g; : A — Kj;. By Proposition 6.17, the conclusion of the
theorem is independent of the choice of 7, so we may assume without loss of generality that v; = g;|g1.

There is a Cauchy transform Ca for A coming from the holomorphic immersion pog; and Cauchy kernel
q(g;(2),g;j(w)). Let I'y be the boundary of A, and parametrize 'y via the identity map on the boundary
component S*, and arbitrarily on the other component. Conjugating by these parametrizations, we get
a Cauchy transform

CacB| @ L*(S")| = B(Hr,).
mo(Ta)
By construction, we have
p;iCpj = ps1Capsn,
where pg1 : Hr, — L*(S") is the projection onto the copy of L?(S') indexed by the boundary component
S* of A.

On the other hand, we have the standard Cauchy transform Cs: on A given by the standard Cauchy
kernel ﬁ, and the same parametrizations used before to define Cy. By Corollary 6.15, Cy — Cs; is
trace class. Hence p;Cpj — ps1Catpln is trace class as well. But pg1Caipl is just the projection onto
the standard Hardy space H?(D). Hence p;Cp; — p is trace class, as desired.

If j € mo(T?), we can establish (2) using essentially the same argument. The only modification is that
we identify an annular neighborhood of j with

"={z€C:1<|z| <1+¢}.
O

We now prove Theorem 6.1 and Theorem 6.2 by applying the preceding results to Hardy spaces
coming from spin structures. We restate the theorems here for the convenience of the reader.
Theorem (Theorem 6.1). Let X = (X, L, ®,8) € R be a Riemann spin surface with boundary parametriza-

tion. Let Hr = @ ;¢ L2(S") and let H*(X) C Hr be the Hardy space. Then

H*(X)" = M. MNSH2(X) = ML H*(X). (6.7)
Here My is multiplication by 1 on copies of L? (Sl) indexed by outgoing boundary components, and
multiplication by —1 on copies of L*(S") indexed by incoming boundary components, and MNS is mul-

tiplication by the function z on copies of L*(S") indexed by j for which L|; is Neveu-Schwarz, and the
identity on other boundary components.

Proof of Theorem 6.1. The second equality of (6.7) is Proposition 3.15, and so we only need to establish
the first.

By Theorem 2.36, there exists a non-vanishing holomorphic section F' of L, and we denote the
corresponding boundary values by f := 8*F € H*(X). We then have

H*(X) = fH*(X,7) := {fh:h € H*(Z,7)}, (6.8)
where v; = B;]g1 is the boundary parametrization of X given by 8. We then have
HY(X)' = (FHA S =T HA (S,9)*

Applying Theorem 6.14 we get
H*(X)" = Myf~'rzH?(Z, ) (6.9)

where M, is multiplication by z on each copy of L> (Sl) in Hr, and r is characterized by r dz = v* R for
any non-vanishing holomorphic section R of K.

40



In particular, we can take R = i®,(F ® F). Let j € mo(I"). We will now show that

v [ fidz o(j)=NS
wr={ JE TR

J oz

(6.10)

Once we establish (6.10), then the desired result easily follows. Indeed, since r dz = v* R, we can rewrite
(6.10) as
r=MNS1 2 (6.11)
Now (6.7) follows from plugging (6.11) into (6.9).
We now turn to establishing (6.10). Recall that 8; : (S*,o(j)) — L|; is an isomorphism of spin
structures, and that +y; is the restriction of 8; to the base space S*. Since 8; : (S*,0(j) = (®|;, L|;) is a
spin isomorphism, by definition (2.16) we have

VP (F ® F) = (¢()(B] F @ B F) = (b))« (f5 ® f3)- (6.12)
Recall that we defined the spin structure ¢,(;y in (2.17) so that

fidz o(j)=NS
(Do) (f; @ f;) = . 6.13
Combining (6.12) and (6.13) yields (6.10) and completes the proof. O

Theorem (Theorem 6.2). Let X = (X, L, ®,8) € R be a spin Riemann surface with boundary parametriza-
tion. Let Hr = @ ;e L*(SY) and let H*(X) C Hr be the Hardy space. Let qx € P(Hr) be the

projection onto H*(X), and let
r= @ re D 1-»
je€mo (1) jE€mo(I9)

where p € P(L*(S")) is the projection onto H*(D). Then qx — pr is trace class.

Proof of Theorem 6.2. Let v; = Bj|s1 be the parametrization of I" induced by 8. Let gs; be the projection
onto H? (X,v). By Theorem 6.18, ¢ — pr is trace class, so we just need to show that ¢x — ¢s is trace
class. Let F be a non-vanishing section L, and let f = 8*F € H?(X) be the corresponding element of
the Hardy space. Note that f is a smooth function on | | S*.

We have H*(X) = fH?(Z,7), so fguf~ ' is an idempotent whose range projection is ¢x. By Propo-
sition 6.16, to prove that gx — ¢s is trace class, it suffices to prove that [f, gs] is trace class. This is done
in [PS86, Prop. 6.3.1]. O
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