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VIRASORO AND KDV

FRANCISCO J. PLAZA MARTIN AND CARLOS TEJERO PRIETO

ABSTRACT. We investigate the structure of representations of the (positive
half of the) Virasoro algebra and situations in which they decompose as a
tensor product of Lie algebra representations. As an illustration, we apply
these results to the differential operators defined by the Virasoro conjecture
and obtain some factorization properties of the solutions as well as a link to
the multicomponent KP hierarchy.

1. INTRODUCTION

The breakthrough discovery of Witten-Kontsevich (|38} 22]) established an inti-
mate link between mathematical physics and enumerative geometry. From a general
perspective, one aims at studying the Gromov-Witten invariants of a smooth pro-
jective variety X in terms of suitable integrable hierarchies. From this point of view,
the Witten-Kontsevich case corresponds to the situation when X is a point and it
was shown that the exponential of the generating function of intersection numbers
on the moduli space of curves was a common solution of the Virasoro constraints
and of the KdV hierarchy. Therefore, following the generalization for the case of
the projective space proposed in [9], on the one hand one wonders if the generating
function fulfills a generalization of the Virasoro constraints. On the other hand,
one also wants to know if the generating function is given by (the logarithm of) a
particular tau-function of an integrable hierarchy. Nowadays, the case of varieties
with semisimple quantum cohomology is well understood and the answer to both
questions is affirmative ([37] and [7]; see also [6] 13}, 14, 26|, B0, 31]).

It is worth pointing out that, for each X, the explicit Virasoro operators as well
as the relevant integrable hierarchy may vary; for instance, the 2-Toda hierarchy
appears when dealing with the equivariant GW invariants of P* ([31]). Neverthe-
less, one recognizes some common features that arise among these results. Let us
mention some of them. In [I5], Givental studied a case in which the total descen-
dent potential is a 7-function for the nKdV-hierarchy by using n — 1 copies of the
KdV. Thus, the total descendent potential of a semisimple Frobenius manifold was
defined in [T4] as a product of n copies of Witten-Kontsevich 7-functions. Dealing
with a case of orbifold quantum cohomology, it has been proved in [I7] that the
Virasoro constraints decomposed as n copies of (half of) the Virasoro algebra, that
their solution was the product of Witten-Kontsevich 7-functions, and that the rel-
evant integrable hierarchy consisted of n commuting copies of the KdV hierarchy.
Finally, in [5] 18] it was shown that the solution of the Virasoro constraints in the
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case of Witten-Kontsevich is unique (up to a constant factor) and this uniqueness
also holds in other setups (e.g. [25]).

This paper, making use of the representation theoretic properties of the Virasoro
algebra, offers new insights and results on these properties and provides evidences
that the above mentioned properties rely heavily on the structure of the Virasoro
algebra and its representations. Our study of explicit expressions for Virasoro rep-
resentations (see §2) is general enough to encode many of the known representations
within the framework of Virasoro constraints. Further, it allows us to determine
whether a representation is the tensor product of Lie algebra representations and if
a solution factorizes as a product of solutions of those representations. An explicit
realization of these ideas is carried out in §3 for the case of smooth projective vari-
eties with trivial odd cohomology and vanishing first Chern class. Thus, we think
that our approach may help in determining the explicit expression of the Virasoro
operators as well as the corresponding integrable hierarchies for other types of va-
rieties X (see §3.0). Now, let us be more precise and explain the contents of the
paper.

We begin by fixing a pair (A, (, )) consisting of a finite dimensional vector
space and a non-degenerate bilinear form. Associated to this data, we consider
a Heisenberg algebra H(A) and its universal enveloping algebra U/(H(A)). Let us
denote by W-s the positive half of the Virasoro algebra and recall that it con-
tains s[(2) canonically. Section 2 is entirely devoted to the study of Lie algebra
maps W- — U(H(A)). To begin with, we show that, under some homogene-
ity condition, there is a canonical bijection between Homy,c-ais(Ws,U(H(A))) and
Homp e-atg (51(2), U(H(A)) (Theorem [2.9). This is highly non-trivial since, in gen-
eral, the problem of extending a map defined on s(2) to W- involves infinitely many
conditions (see [34]). Accordingly, it is natural to expect that many properties of a
map Ws — U(H(A)) can be stated in terms of its restriction to s[(2). Actually, we
prove that such a map decomposes as tensor product of Lie algebra representations
if and only if its restriction does. Moreover, this factorization is possible only if A
decomposes as the orthogonal sum of two subspaces (Theorem 2.10). We finish this
section by showing that the fact that Ws admits no non-trivial finite dimensional
representations has important consequences for the structure of the solutions of the
equations (p1 ® 1 +1® p2)(L)(>>; fi ® gi) = 0, where L € W, (see Theorem [2.12)).
That is, decompositions of the representation and of the solutions depend strongly
on the structure of W5 and of (4, (,)).

Although the previous results are interesting on their own, §3 explores their
application to concrete situations; for instance, relations with integrable hierarchies
(e.g. multicomponent KdV). The case we have chosen to illustrate this issue is
that of the differential operators appearing in the Virasoro conjecture when X has
trivial odd cohomology (for instance, whenever X has semisimple even quantum
cohomology) and its first Chern class vanishes. Then, Theorem shows explicitly
how to obtain these operators as the images of the generators Ly € W by:

p: Ws 25 U(H(A)) — End (C[[{tia]l < a < dim(A),i=1,3,...}]])

for A = H*(X,C) endowed with the Poincaré pairing. Then, our results of §2 imply
that p decomposes as the tensor product of Lie algebra representations associated to
data (C,(, )); i.e. the 1-dimensional case. The detailed study of the 1-dimensional
case carried out in §3.4]shows that, up to re-scaling the variables, the corresponding
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operators always come from a representation:
o: Ws — Diff (C((2)))

which means that we can profit from [I8, [32] to build the unique solution in terms
of a 7-function of the KdV hierarchy. Putting everything together, we have the
main results of this section. First, in the case of dim A = 1:

Theorem (see TheoremBI4). Let p € Hompie-aig(W>, End(Cl[t1, ts, .. .]])) be such
that p(Ly) is of type k for k > —1 and that all coefficients of p(L—1) are non zero.
Then, there exists a unique 7(t) € Cl[[t1,ts,...]], with 7(0) = 1, such that:

p(Le)(T(t) =0 k=>-1
Further, the solution 7(t) is a T-function of the scaled KdV hierarchy.
and, for dimA =N > 2:

Theorem (see Theorem B.I0). Let p: W> — U(H(A)) be as in §3.3
There exist S € GI(A) and functions 7o(t1,a,t3,a,---) € Cl[t1,a,t3,as- -] such
that:

[’(Lk) (S(H Ta(ta))) =0

Further, 7o(t1,a,t3,a, - --) are T-functions of the scaled KdV hierarchy.

We hope that our methods shed some light on the explicit expressions of the
Virasoro operators and of the relevant integrable hierarchies that appear when
studying the Virasoro conjecture. We also think that the techniques presented here
can be applied to many instances of representations of W~ which appear in a variety
or problems such as recursion relations, Hurwitz numbers, knot theory, etc. . We
sketch some ideas in §3.6 although all of them deserve further research.

Acknowledgements. We thank A. Givental and G. Borot for explaining us some
facts on their papers. The first author wish to express his gratitude to the Max
Planck Institute fiir Mathematik (Bonn) for the invitation in fall 2014.

2. LIE ALGEBRAS

Let W be the Witt algebra; that is, the C-vector space with basis {Lg}rez
endowed with the Lie bracket [L;, L;] = (i — j)Li4;, and let W5 be the subalgebra
generated by {Ly}r>—1. It contains a copy of s[(2) via sl(2) =< {L_1, Lo, L1} >C
W-. Recall that W is also called the positive half of the centereless Virasoro
algebra.

In this section, we study certain maps from sl(2) and their extensions to Ws.
These results will eventually allow us to relate the representation theories of W-
and sl(2). A further consequence is that, in order to construct the operators
Lo, L1, Lo, ... one only has to start with L_; and follow some simple procedures
and choices.

It is worth mentioning that a study of the representation theory of Ws in terms
of the representation theory of its subalgebra s[(2) C W-s has been carried out in
[34] in full generality.
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2.1. Preliminaries. Let us be more precise. Let (A, (,)) be given, where A is
a finite dimensional C-vector space and (, ) is a non-degenerated bilinear pairing.
For a basis {aq|lao = 1,...,n} of A, let n = (n43) denote the matrix associated to
the given bilinear product; that is, 7ag := (aa,ag). The inverse will be denoted
with superindexes; i.e. 7% 1= (n71)ap.

Let us consider unknowns {p;,¢;[i > 1} and introduce p; o = p; ® a, and
Qi,o = ¢i ® aq. Let H(A) be the Heisenberg algebra generated by {1, p; o, ¢i,alt >
1,a = 1,...,n}, whose elements will be called operators, endowed with the Lie
bracket:

[Pia 43,8] = 0i5in™" -1
(1) [pi,aupj,,@] = [Qi,aqu,B] =0
[Pi,as1] = [¢i0,1] = 0
We define their degree by deg(¢; o) = i, deg(pi.o) = —i and deg(1) = 0.

Although the definition of the Heisenberg algebra depends on the pair (4, (, )),
it will be simply denoted by H if no confusion arises.

For H as above, let us define U/(H) the universal enveloping algebra of H, which
is the quotient of the tensor algebra of H by the two-sided ideal generated by the
relations u @ v — v @ u — [u, v].

Motivated by the explicit forms of the Virasoro operators considered in the lit-
erature ([5] [6, 11} 13} 14} 19, 21]), we introduce the following notion. The ultimate
meaning of this notion is unveiled in Lemma B.101

Definition 2.1. An operator T € U(H) is of type i > —1 if it is a linear combina-
tion of pait3,o and double products of degree —2i; i.e. pj aD2i—j.8, ¢j,aD2i+j3 and
Gj,0q—j—2i,8- If i =0 we also allow a constant term.

The subset consisting of operators of type i > —1 will be denoted by U(H(A));

(or, simply, U(H); ).
This section deals with the study of homomorphisms of Lie algebras:
p:Ws — UH) s.t. p(L;) € U(H),;

Let us illustrate the previous definition. From now on, according to Einstein
convention, summation over repeated indices will be understood. For instance, an
operator of type —1 is of the form:

(2) b21p1 + qraliql + qiv2b™ P ps € U(H) -y
(the sum runs over the set of odd positive integers i), p; is the column vector
(pin---spin)T, qi is the row vector (¢i1-..,qin), b(fi is a row vector, a&i and
b1_+12’1 are m X n matrices. For brevity, we set a := al_’}.
Similarly, an type 0 operator can be expressed as:
(3) bo*ps + bo" + aibg'pi € U(H)o
while an operator of type ¢ > 1 is of the form:
(4) by P poins + 0l P poiy + b paiy € UH); P> 1

for a row vector b?’2i+3 and n X n-matrices bz’ziﬂ and cg’%_j, where c{’%_j =
(¢Z*"?)T and the sum runs over j odd.

It is convenient to offer an interpretation of these matrices. Recall that g; is
the row vector (¢;1,.-.,qin), which can be thought as an H-valued vector of A. A
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similar argument holds for the column vector p;. Thus, under a basis change in A,
the matrix b in ¢; - b - p; behaves as a bilinear form on A. The same fact applies to
all a, b and ¢ matrices. Similarly, column vectors b?’2i+3 are understood as vectors
on A while row vectors are like linear forms.

It is worth noticing how these operators behave w.r.t. the Lie bracket. Indeed,
the computations given in subsection §2.5] and the linearity of the bracket show
that it is compatible with the degree:

() [, ] U(H): x UH); — UH)iy;
where 4, j,i + j > —1. In particular, it follows that @;>_1U(H); is a partial Lie
algebra.

2.2. Maps from sl((2) to Heisenberg. Let sl(2) be the Lie algebra of SI(2,C).
We fix a basis {e, f, h} of sl(2) satisfying the relations:

[euf]:hv [h,6]226, [huf]:_2f
In particular, the previous choice yields a natural embedding:
(6) L:sl(2) = Wy

by mapping f to L_1, h to —2Lg, and e to —L;.

Lemma 2.2. Let F € U(H)_; be as in @). Assume that b >" is invertible for all
1. It holds that:

H e U(H)o s.t. (b,B) € C x Matnxn(C) s.t.

[HFl = =2F | — | By ' +1d)(a+a" )+ (a+a")(Byp ' +1d)" =0

Proof. Our task consists of computing the bracket [H, F] explicitly. Recall that,

for simplicity, we have set a = al_’}. Since H € U(H)o, it must be of the form

H:= b8’3p3 + bg’o +qi fjipi where b8’3 is a row vector, bg,o is an homothety, and bg’i
are m X n matrices.
Having in mind the commutation relations of §2.0] the bracket [H, F] is a linear

combination of p1, q1aq1p and ¢;y2 opi.g. Therefore, the expression [H, F] = —2F
is equivalent to the following identities:
(3bg°n b2 — 021 by ) = =201
Q1b(1J’17771(<1 + (IT)QlT = —2qiaq]
Giva ((i + 2)by "2 T — ibif?’iﬁflbé’i)pi = —2qi 20" pi Vi>1

Observe that q; Aqi = q1Bq{ if and only if A+ AT = B + BT. Hence, the above
system is equivalent to the following equations:

(7a) 3bg P 1% — b1y oyt = —20%
(7b) by Ha+a")+ (a+a") by n )T = —2(a+d")
(7c) (i + 2)b5T 2y R ™ T = 20 Wi

Note that, since biff’i and 7 are invertible, given a pair (b, B) as in the statement,
this system has a unique solution for bg’o =b and bé’l = B; namely,
1
0,3 0,1/ —1;1,1 —133,1\—
by” = gb—l(n 1bo —2)(n 1b—1) !
0 .
b6+ it2 — 2bl_+1 71(i77—1b1071 _ 2)(n—lbl_+1 71)—1 Vi > 1
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The converse is straightforward. O

Example 2.3. Set F = b(i’ipl + qraql + %qi+2pi and b(l)’1 = —%, then H =

—2b0_’}p3 + bg,o + 1q;p;. Note that iq;p; is the degree operator.

Example 2.4. Let us consider the case where the chosen basis in A is orthonormal;
i.e. 1 is the identity matriz, and suppose that:

F = b"1p1 + qrag] + givopi € UH)_4
Then, operators H given by Lemma (2.2) acquire the form:

1 1 )
H = gbg’}(bé’l —2)ps + by’ + ng'(b(lfl — (i —1))pi, € U(H)o

where bY° € C and by" verifies (by" + Id)a + a(by* +1d)T = 0.
Example 2.5. Finally, letdim A =1, a,n € C* and F = b(i’ipl +qraqt +qiv2np;.
Then, bé’i = —n for all i and H = —b(i’ip3 + bg’o — qinp; -
Lemma 2.6. Let H be as in equation B) and U(H)) be the subspace:
UMH); = {T € U(H); s.t. [H,T] = 2iT}
Then, it holds that [U(H);,U(H)}] € U(H);, ;.
Proof. The claim follows easily from (Bl) and the Jacobi identity. O

Theorem 2.7. Let F and H be as in equations [2)) and @) respectively.
There is a surjective map:

¢ € Myuxn(C) such that o € Hompe-ag(s1(2), U (H))
by? =Tr(en " a+a" ) H") p — such that o(f) = F,
and equation (OD) below o(h) = H and o(e) € U(H),

Moreover, ¢1 and co have the same image iff ¢1 —I—clT = CQ—|—02T. Thus, the restriction
of the above map to symmetric matrices yields a bijection.

Proof. Giving a map o as in the r.h.s. is equivalent to set an operator E € U (H),,
such that [E, F] = H and [H, F] = —2F. Consider:

(9) E = b%ps +pFey pr+ qiby P pive € UH),

where, for simplicity, we will set ¢ = c}’l. The identity [H, E] = 2E, expressed in
terms of the coefficients of the operators, is equivalent to the following equations
(thanks to the computations of §2.5)):

(10a) 8bo 161" — 5by 7y Nhg? = 2077
(10D) —( e b = (M) (e o) = 2T + o)
(10c) rbo Oy = (4 2007 R g AT = app

Analogously, expanding the relation [E, F| = H with the help of §2.5]yields the
system:

(11a) Tr(en (a +a")(n™)") = b5°
(11b) =027ty 4+ 560010 = b?
(11c) 30y~ + (@ +a) ) (e + ) = by
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(11d) (r+ 207" Py AT — (e = 2007 AT TR = by e > 2

Having in mind the properties of the trace, one observe that these equations only
depends on ¢+ ¢T.

It remains to show that equations (I0) and (1)) are equivalent to the conditions
of the claim; that is, that they can be reduced to (I0D) and (ITa).

Assuming ([0D) and (IIa), one gets by® from (IId); then, b is determined
by ([ID); and, b7 *? is obtained from (IId). We claim that (I0a) is fulfilled too.
Indeed, a long but straightforward computation shows that (I0al) is derived from
@), (I0D) together with the case r = 3 of (IId)). Similarly, (I0d) follows from (8],
(7d) and (IId). O

2.3. Extending to W-. In order to extend a map defined on s((2) to one on W-,,
one should choose an endomorphism T, define p(L;) by equations (I2) and (I3) and
check infinitely many constraints (see [34]). However, in our situation the following
Lemma simplifies that approach drastically; there will exist a unique 7T satisfying
all the requirements.

Lemma 2.8. Let F, H be as in equations @) and @B). The map:
ad(F) : UH); = UM),_,
is an isomorphism for i > 2.

Proof. First, one has to prove that given an operator:

S _b021+1 Tj2'LJ

D2it1 + Dj *pai— j—2 + ngJ S pj+2i—2 € U(H);—1

of type i — 1 > 1, there is exactly one operator:
T o= b Ppgiis + pl " paisy + b1 piia € UH);

of type i satisfying ad(F)(T) = S where ad denotes the adjoint representation and
F is given by equation (2.

Now, one proceeds as in the proof of Lemma and shows that ad(F)(T) =
[F, T] = S has exactly one solution.

Finally, let us check that if S € U(H)]_, and ad(F)(T) = S, then T € U(H),.
Using the injectivity of ad(F') and the relation:

ad(F)(ad(H)(T)) = ad(H)(ad(F)(T)) + ad([F, H])(T) =
= ad(H)(S) +ad(2F)(T) = 2(i —1)S + 2S5 = 28
one obtains ad(H)(T') = 2iT, as we wanted. O

Theorem 2.9. Let F be as in @) where a is symmetric and bifo are invertible.
Then, the map o* of (Bl yields a bijection:

p € Hompicqig(W>,U(H)) o € Hompic-aig(s1(2), U(H))
such that p(L—1) = F AN such that o(f) = F,
and p(L;) € U(H); fori >0 o(h) € U(H)o and o(e) € U(H),

Proof. Given p, we define o := 1*(p) and, therefore, o(f) = p(¢(f)) = p(L-1),
o(h) = p(—2Lp) and o(e) = p(—L1).
For the converse, one requires several steps and the previous Lemmas.
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Step 1. Let o be given. There exists a C-linear homomorphism p : W — U(H)
such that o = +*(p). First, we set:

1
pLa)=o(f) = F, plLo):=—30(h), p(L1):=—o(e)
The fact that o is a map of Lie algebras and Lemma imply that:
1
p(Lo) = —5H

where H is as in equation (B). Furthermore, it holds that p(L;) € U(H); for
i = —1,1. Having in mind Lemma [2.§ we obtain that there is a unique T € U(H))
such that:

ad(p(L-1))(T) = p(L1)
Then, we define:
(12) p(L2) = —3T € U(H),

and, recursively,
1 .
(13) p(L;) = m[a(e), p(Li—1)] fori>2.

Step 2. It holds that [p(Lo), p(L;)] = —jp(L;) for j > —1. This is equivalent to
show that p(L;) € U(H) for all j > 1. Bearing in mind that p(L;) € U(H); and
Lemma [2.6] the conclusmn follows.

Step 3. It holds that [p(L_1), p(L;)] = —(1 4+ j)p(L;-1) for j > —1. The cases
7 <1 follow from the fact that ¢ is a homomorphism of Lie algebras. The choice
of T implies the case j = 2. Let us proceed by induction on j. For j > 3, the
definition of p(L;), the Jacobi identity and the induction hypothesis yield:

p(L-0):p(L5)] = (L), === o). plLy1)] =

= 5 (I, [o(Li-).p(L-1)]) + [p(Ls-). lo(Lon).p(La)]) =
= —(Ip(L1), Gp(Li-2)] + [p(Li-1), (~2p(Lo)]) =

= —5 (B = )p(Ls-1) =20 = Dp(Li-1)) = (=1 = j)p(Ls-1)

Step 4. The identity:

(14) [p(Li), p(Lj)] = (i = j)p(Lit;) = 0

holds for 7,7 > 1. We proceed by induction on n = i+ j. The case n = 4 (i.e.
1,7 > 1 and i+j = 4) holds by the very definition of p(L4). Now, let us assume that
it holds true up to n—1 =i+ j— 1 and let us prove the case n = i+ j > 4. Observe
that, by Step 2, the Lh.s of the equation (4] lies in ¢(H);, ;. By Lemma 2.8 it
suffices to show that its image under ad(F) = ad(p(L_1)) vanishes. In fact, the
Jacobi identity, the Step 3 and the induction hypothesis show that:

ad(p(L-1)) ([p(L:), p(L;)] — (i — Dp(Lits)) =
= [Io(L=1), oL, (L)) + [p(La), [p(Lr), (L) — (i = DL, p(Liss)] =
(=14 Dp(Lim), p(L)) + [p(Li), — (1 + Pp(Li—1)] + (i = )L+ + fp(Lisj—1) =
A+ )= =1) + A+ )G —G+1) = (=)L +i+7)p(Lirs1) =
=0
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Step 5. p is a Lie algebra homomorphism. This follows from the properties of o
and Steps 2, 3, 4.
O

2.4. Factorization as a product. It is remarkable that if the vector space (4, (, ))
decomposes as A; 1 Az (ie. A= A1 & Ay and (a1,a2) = 0 for all a; € A;), then
the very definition of the associated Heisenberg algebra implies that:

H(A) ~ H(A;)&cH(Ay)

as Lie algebras and H(A;) is a subalgebra of H(A). So, we may wonder under which
circumstances a morphism p : Ws — U(H(A)) would decompose accordingly. The
following Theorem provides an answer in terms of the restriction p[s2). For this
goal, recall that matrices a, b and ¢’s behave as bilinear forms on A (w.r.t. the
action of G1(A4)).

Theorem 2.10. Let F,H,E be as in @), @) and @). Let p : Ws — U(H(A))
satisfy p(L—1) = F, p(Lo) = —+H and p(L1) = —E.

If the vector space A decomposes as Ay 1 Ag w.r.t. n and this decomposition is
compatible with the action of F' and with the bilinear forms bé’l and c}’l, then there
are Lie algebra maps p; : W~ — U(H(A;)) for i = 1,2 such that:

p=pR1L+1Qps
If this is the case, and p(Ly) € U(H(A)), for all k > —1, then p;(Ly) €
UH(A,))}, for allk > —1 and i = 1,2.

Proof. Step 1. The case of p(L_1). The hypothesis says that we can find {a,|a =
1,...,n}, abasis of A, and an index m such that, for 1 <i < m < j < n, the vectors
a; and a; are orthogonal w.r.t. to the bilinear form defined by a. Equivalently, w.r.t.
the splitting A1 @ A the matrix of this bilinear form acquires a block decomposition

as follows:
_(*x 0
@ = 0 =

It is now straightforward that the terms of the operator F' (as given in equation (2)))
can be grouped in two sets, the first one involving p; o and ¢; for ¢ € N and
1 < o < m, and the second one depending only on p; o and g; for i € N and
m < a < n. Denote these operators as E_l)l and E_Lg respectively. One checks
that:

p(L-1)=L_11®1+1®L_12

(15) Lo € UMH(AD)-1 a=1,2.

Step 2. The case of p(Lp). Bearing in mind that it is defined as —%H and
that the coefficients of the latter fulfill the relations (7)), one can proceed as in the
previous case. More precisely, considering the following block decompositions:

_ m 0 a — al 0 0171 _ C1 0
" 0 n 0 a ! 0 ¢
one may use the following identity as a defining relation for Lo o € U(H(A4))o:

p(Lo) — by” = (Lo — 2Tr(cany Har +af )(n) ™)) +
+ (Lo — 2Tr(cany "(az +ad)(m3 ) "))
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Step 3. The case of p(Ly) for k > 1. Recall from the proof of Theorem [Z7] that
the coefficients b7 "> of p(L;) can be expressed in terms of a, by and ¢, and
that a close look of these expressions shows that b’{’”z are compatible w.r.t. to the
splitting of A. Thus, we can express p(L1) as the sum of two factors; namely, L1 ,
for o = 1,2 which consists of the terms of p(L1) in p; o, gio for 1 < a < m and for
m < a < n, respectively. Now, we proceed as above.

For the case of p(Ly) for k > 2 one proceeds recursively (using the expressions
of the proof of Lemma 2-])).

Step 4. [Li,a, Li,g] = 0for k,1 > —1 and « # 3, since these two operators involve
disjoint sets of variables.

Step 5. The maps p,. Consider:

pa(Li) == Li.a fork>—-1landa=1,2

The previous steps show that p =p1 ® 1 4+ 1 ® ps.

It remains to check that p, are morphisms of Lie algebras. For this goal we will
expand both sides of the identity [p(Lx), p(Li)] = (k — 1)p(Li41) using the above
facts. The Lh.s. is:

[p(Li), p(L1)] = [Lka + Ly, Lit + Lio] = [Lia, L) + [Li2, Li o)
while the r.h.s. reads:
(k= 0p(Lis1) = (k = D)(Lpt,1 + Litr,2)

Comparing both expressions and having in mind the separation of variables, it
follows that:
[Ek,avl_’k,a] = (k - l)l_/k-i-l,a
and we conclude that p, is a map of Lie algebras W- — U(H(A,)).
Step 6. Type of the operators. In order to show that p(Lx) € U(H(A))j, implies
that po(Li) € U(H(AL))}, it suffices to expand the Lie bracket [p(Lo), p(Lt)] using
p(Lk) = p1(Li) ® 1+ 1® p2(Li). 0

Remark 2.11. [t is worth noticing that if a decomposition is compatible with a, it
does not need to be compatible with b(l)’l. Indeed, for A=C?,n=a= ((1) (1)), the
general form of bé’l s given by (}1 j\l)

For later use, the following general result will be required.

Theorem 2.12. Let p; : W~ — EndV;, i = 1,2, be two representations of the Lie
algebra W-.. And let us consider the product representation:

p=p1®1+1®ps : Ws — End(V; ®@ V2)

Let 3701 [1,i® fa € Vi@ Va. Assume that fi1, ..., fi, are linearly independent

(for i =1,2).
It then holds that:

P(Lk)(z f1i® f2:) =0 Vk> -1

if and only if:
pi(Li)(fi;) =0 foralli,j and k> —1
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Proof. Let us prove the converse. Bearing in mind that p = p1 ® 1 + 1 ® p2, one
can do the following computation:

P(Lk)(z f1i® f25) = (m®1+1Q Pz)(Lk)(Z J1,i ® fa,i)
= ZPI(Lk)(fl,i) ® fa,i + qu ® p2(Lk)(f2:) = 0

and the conclusion follows.
The direct implication is more subtle. The hypothesis and the decomposition of
p yield:

0= p(Lk)(Z f1,i® f25) = (mM®1I+1® pz)(Lk)(Z 1,0 @ fa,i)
= ZPI(Lk)(fl,i) ® fo,i + qu ® p2(Li)(f2,4)

Let E be the vector space generated by {f11,..., f1,r} C V1. Suppose that there
exists [ such that p1(f1,;) does not belong to E. Then, let x : Vi — C be a linear
form such that x(f1,) = 0 for all ¢ and x(p1(f1,1)) # 0. Applying x to the above
equation, one obtains:

0= ZX(PI(Lk)(fl,i))fQ,i eV
which contradicts the fact that fo1,..., fo, are linearly independent. Therefore, it
follows that p1(f1,1) belongs to E for all [ or, equivalently,
p1,E: Ws — End(E)
Ly v+ p1.e(Ly) :==p1(Lk)E
is a Lie algebra homomorphism. Recall that, being W simple, the non-trivial

representations of W, are faithful. Since E is finite dimensional, p; r must be
trivial; that is, p1 g(L) = 0 for all k. In particular,

0 = p1,e(Li)(fr;) = p1(Li)(f1;)  Vj

The identities pa(Ly)(f2,;) = 0 are proven similarly. O

2.5. Commutation Relations. This subsection only collects the explicit compu-
tations of some Lie brackets used previously and, thus, the reader can skip it. From
a formal point of view, we are dealing with generators of U(H), 1, ¢; o, Pi,a, With
1=1,2,...and a = 1,...,n, that satisfy the following relations:

[Di,ar @5,8] = 5i,ji77a5 -1

[Pi,ar P8l = (G50 4i.8] = [Pios1] = [Gias1] = 0
and, because of the associativity of composition, we will also use:
[a,bc] = [a,b]c + bla,c]

We will use the Einstein convention; that is, repeated subindices of the variables
P, ¢’s imply the summation is to be done. Recall that bg’2i+3 and ¢; == (gi1,---,Gin)
denote row vectors, p; := (pi1,...,pin)’ are column vectors (the superscript T
denotes the transpose), and a, bg’Qi“ c{’Qi*j

, are m X m square matrices.
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Let us compute some Lie brackets. For instance,

0,2i+3 0,2j+3 —
[b; P2i43, bj p2j+3] =

= [0 ) a(p2i4s)a» (077 %) 5(p2jr3)s] =
= (07" al(p2i4s)a s (P2j43)8] (0] )5 = 0

where subindices «, 8 denote the corresponding entries of the vectors. Analogously,
we have the following identities:

[qragl b0 P paiis] =0 Vi>0
(g 0] pryai, 0 Ppajys] =
= [0 pajs, (a)a) (0] Dr s 2)a
- (Qrbz’r+2i)a[b?’2j+3]92j+37(Pr+2i)a] =
—(b?’2j+3)6[(p2j+3)67 (‘Jr)a](bz’rwi)av(prwi)y =
= — (274 3)(0 ) e VT (Do rsiai)y =
—(25 + 3)b?’2j+37771b?j+3’2j+3+2ip2j+3+2i
[Prcz’zi_rpm—r,b?’2j+sp2j+3] =0
[agt, b ¥ pia] =0 Vi1
[qraqi , arby"pr] =
= (q1byV)algrag , (p1)a) =
= (@b ([(p1)ar (@1)s)(aq] ) + (@10)s[(p1)ar (a1)5]) =
= —qlbé’lnfl(a—ka )qlT
[QMQirvp;?F ZQJ Tp2jfr] =
= [qaqi , (pr)al(¢;  pojr)a + (PF ;P algraq) , (p2j—r)a) =
= —([(P)as (@1)5)(aq] ) + (010)[(P1)as (01)5]) (5%~ D2j-1)a

— (317 N ([(p1)as (@)l (aq] ) g + (@1a)[(P1)as (01)8]) =

= —QI(CH'( ) )(77 l)Tcgl 27 1p2; 1 pQJ 1C2J 1177_1(a+(a)T)ti =
= —(J1(a+( ) (c 2 fg 11) )p2j71_
—(531Tr(c1 nHa+a)(n ) )
[%b:’r“lpwzups Cj’Qj "poj—s| =
(407" 2 Prais (D)ol (€5 " paj—s)a +
+ (L) alaebl " prrais (P2j-s)a] =

_[(pS)av (qr) ](bzﬁr+2ipr+2i)ﬁ(C§12j75p2j*8)a -

— (TP al(P2jms)as (@) )07 P pryai)s =

. r,2)—r\T, —137,7+2 ) 23 rr —1yr,r+2¢
- Tp2] T‘(C_] ) b Pr42i — Tp2_] —rCj bz

_ _Tp2] T((CZQJ r) +C2g Tr) 71bzr+21pr+2i

DPr42i =

[QTb?TJr pr+2i7QSbj 2jps+2j] =
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= (@b P2 (05)a) (07 payas)a +

+ (05" ) aarbl  F prgni, (Petai)al =
(@) (@) ars (Prsai) 81 (07 potaj)a —

= (a5 ) al(Psras)as (ar) )67 prsai)s =

. ror4+2t  —137r4+28,r4+214+275 r—25,r —13r,r+2%
= (r+2i)g:b;" "' b; Ipri2iva; — Tqr—ogb; T T0T  prgay

3. AN APPLICATION

As an application of the previous sections, we offer here an example that illus-
trates how our results can be used for studying the representation of W appearing
in the study of the Virasoro conjecture. Regarding the Virasoro conjecture our main
references are the works of Dubrovin-Zhang, Eguchi-Hori-Xiong, Getzler, Givental
and Liu-Tian ([6l, 9] 13|, 14} 26]).

In our example will consider (A4, (,)) to be the cohomology ring of a smooth
projective variety X with ¢;1(X) = 0 and trivial odd cohomology groups. Recall
that the hypothesis on the first Chern class is equivalent to the vanishing of the
operator R in [6l, [I3]; however, it does not seem difficult to extend the results of
§2] to include this case. On the other hand, the hypothesis on the odd cohomology
groups is fulfilled if X has generically semisimple even quantum cohomology ([16]).
It seems to be very hard to weaken this assumption.

3.1. Preliminaries. Let A be a n dimensional vector space over C endowed with a
bilinear form (, ). Let {a,...,a,} be a basis and 7 be the matrix associated to the
pairing, 1as := (aq,ag). Let us consider the subspace C[[t1,ts,15,...]] of the the
boson Fock space C|[[t1,t2,...]] and the subalgebra of C[[ty,...]]@cS*A generated
by tio :=t; ® aq with ¢ odd:

(17) Voad(A) := C[[{ti,a|l < a < n,iodd}]] C Cl[t1,...]]®cS*A

If no confusion arises, we will simply write Vyqq.

Now we study a distinguished representation of W5 in V,44; eventually, we will
see that it is the representation coming from the action of the Heisenberg algebra
via Givental’s quantization ([14]). More precisely, we will combine the chain of
inclusions of Lie algebras:

sl(2) =& Wy — U(H)
which has been studied in the previous section, with a map:
TLUMH(A)) — Ende(Voaa(A))
P+ P
whose obstruction to be compatible with the Lie brackets is governed by a cocycle.

This map is defined following the results of Dubrovin-Zhang, Givental and Kazarian
([6, 14} 20]); namely, we set:

A 0
(18) 1= 15 ﬁi,a = 77(1'8—, Qi,a = iti,a
Ot s

(recall that ¢ is a positive odd integer number).

Remark 3.1. Givental has developed a beautiful formalism for this construction
in terms of quantization of quadratic hamiltonians ([14]). An alternative approach,
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originated in the Japanese school and strongly linked to the Sato grassmannian, can
be found in [19]. The forthcoming section (§3.4)) is deeply inspired by the latter.

3.2. The representation. Bearing in mind the results of §2.2] we know that the
operator:
F = b2 1p1 + qungi + givanp;

together with the data:

e b arbitrary,

o by such that (ZB) holds, and

ol = b0y ),
determine a map o : 5[(2) — U(H). Indeed, equations (@), (II) and (I0) allow us
to obtain the explicit expressions for H and F’:

1 1
H = 2" (7 by" — 2)ps + —_qi(bé’l — (i —1)n)pi+

3
‘*%Tﬂ#l’%ﬁl*“+ma+n*#w
(19) B = gt -2 - ot 7+ (e
" 116p1 by (b + 2)pr -
- 4i(i1—|— 3700 0" = (= 1)(Bg" " = (i + )i

Now, by Theorem [2.9] the map o extends uniquely to an homomorphism p :
W — U(H). And one can now compute the induced action on Voqq. Let us write
down the first operators:

_ o1, 9 + tint? + (i 4 2)t;

Loy = (p(L_y)) = F - iy
1= (p(L-1)) ) 7 r2g;
i':<a»f:—1A:—~w%*%“—m o0
0 = Wto 2 g 1\ o " ot
0
L1 -1 TN L1 =1Ll =1 —1,T
SO3 T = (= D)5 — o T O+ 2) (1)
L= (p (Ll)) = -F =
_ _ _ 4 0
5”b(ii( 1bé71_2_(77 1+(77 I)T)( }1—’—(0} 1)T))77 18_t_
5
L0 7 rp11 110 -1 9
—16(%) n by (b n +2)8t1+
1 1,1 —1 . 1,1 ,1 .
—t;(by — (i —1))(by 1
gt = = D) = G+ )5
where, as usual, we write ¢; for the row vector (¢;1,...,%; ) and aiti for the column
vector (—821 ey m?n)T.

3.3. The operators of the Virasoro Conjecture: a baby model. Now, we
are ready to show how the operators appearing in the Virasoro conjecture agree
with our approach for the case of manifold with trivial odd cohomology and whose
first Chern class vanishes.
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From now on, we suppose we are given X, whose first Chern class is zero, and
with trivial odd cohomology. Under this hypothesis, the Poincaré pairing defines
on A:= H*(X,C) a symmetric non-degenerated bilinear form:

(a,b)z/aub for a,b € A,
X

Let 7 := dim(X) and fix a basis {as|a = 1,...,n} of A, with a; =1 € H°(X,C),
such that it is homogeneous w.r.t. the Hodge decomposition; that is, a, € HP~% (X)
for certain p,,qs. Let 77 the matrix associated to the Poincaré pairing w.r.t. the
chosen basis and let us define jio := po — 5 and p the matrix with py, ..., . along
its diagonal and 0 elsewhere. Observe that the compatibility of the Poincaré pairing
w.r.t. the Hodge decomposition yields:

(21) Nap # 0 = fho + g =0

The operators appearing in the Virasoro conjecture when the first Chern class
vanishes ([I3, Equation (1.2)]) are as follows:

L
’9 L= Dhor o5 0o+ i1
. Lo = —3_Ti+( +i—|—l)f- iJri(:%—r)/c()()
0T Ty B, e 27" Bt 48 T
and, for k > 1, as:
;o LE+5Y 0 Tatitk+d). 9
(23) b D(32)  Otrsin C(pa+i+3) " Otktia
+E(_1)ir(ua+i+k+g),aﬁ ) )
2 D(pa +i+3) K Ot—1—i,a Otktip

where ¢, (X) is the r-th Chern class and we have used variables #; , with o =
1,...,nand i =0,1,2,....

Similarly to the case of U(H), we say that a second order differential operator
in {t; o} is of type i if it is a linear combination of ﬁ and the following terms

9 0§ _d
Otj—1,0 Oti_jp’ "1:*0tjyip
that Ly is of type k. Now, we offer a simple proof of a folk statement.

and t;_1,t_;—; 3 and, if i = 0, a constant term. Observe

Proposition 3.2. The operators {Ly|k > 2} are uniquely determined by {L_, Lo, L1}
and the condition that Ly is of type k for all k > —1.

Proof. Under the change of variables t; := v/2h(2i + 1)!!t9;41, it is clear that a
second order differential operator in #;’s is of type k if and only if is equal to T
for T € U(H)y. Now, it is easy to check that the hypothesis of Theorem hold;
namely, ' = L_; and Ly, are of type k for k = 0,1. The conclusion follows. O
Theorem 3.3. It holds:

Li=1L; i=-1,0,1,...
for the choice t; == V2h(2i + 1)Mta; 41, 1 =1, bo_’} =(0,...,0,=%) and:
0 21 +1
byl = —(2u+1)n = —
20 +1 0
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Proof. Theorem implies that it suffices to show that L; = L; fori = —-1,0,1.
Indeed, this fact follows from the explicit substitution of ¢;, 1, etc. as in the
statement in the operators L;. The only identity which is not obvious is the one
corresponding to the constant term of L. Bearing in mind the definitions and the
fact that 7 is symmetric, this term is:

s TR O T 2 (1)) =

_ 1
T 16

a=1

r—1
5

1 r+1
(e =7+ 1)(2pa —r = 1) = 3> W (—— —p)p -
p,q

where hP? = dim HP(X, Q9).
Now, observe that the Libgober-Wood identity ([24] Proposition 2.3]) can be
stated as:

St = ne =15 = 5 [ (Frel®) —a e (x)

Recalling that we are assuming that that it has trivial odd cohomology, the constant
term equals:

1
— [ (B=7)er(X) = 2¢1(X)er—1(X))
18 J
which agrees with the free term of Lg (see [22)) since ¢;(X) = 0. O

Remark 3.4. It is worth noticing that up to rescaling the variables and a Dilaton
shift, these operators coincide with those of [Bl, Equation (3.5)] and [14], §3] (for
b1 = 0) and with those of [, Equation (7.33)] and [38, Equation (2.59)] (for by =
W)

Now, we will go one step further in the study of the above representation. Recall
that in §21] it was stated that matrices a, b/~ >’ and ¢/**"7 behave as bilinear
forms under the action of GI(A). A fundamental observation is that all results and
equations above are invariant under the action of the general linear group (acting as
base changes on the given basis {a1,...,a,}). Let us briefly discuss this statement.
For instance, let S € GI(A), then the row vector ¢; = (¢i,1,---,¢in) is transformed
to ¢;ST, accordingly the column vector p; goes to Sp;. The action of S sends the
bilinear form 7 to (S~%)T1nS~! and analogously with a, etc. . Note that, since n
and bé’l behave as bilinear forms, n_lbé’l defines an endomorphism of A. Finally,
the Heisenberg algebra is also affected.

Definition 3.5. Let H" be the Heisenberg algebra defined in ). Given a map of
Lie algebras p : W~ — U(H") and S € GI(A), we denote by p° the map of Lie
algebras:
Ws 25 UHT) =5 Y@ ™S
where the last map sends q; to ¢;ST and p; to Sp;.
With the hypothesis and choices of above, we have the following,

Theorem 3.6. Let p : W~ — U(H") be as above; i.e. p defines the Virasoro
constraints, 22) and 23)), of a smooth projective variety with trivial odd cohomology
and vanishing first Chern class.

Then there exists S € GI(A) such that p° decomposes as the product of n repre-
sentations of dimension 1; that is, there exist p; : W~ — U(H(C)) such that:

(24) PP =mele...01+...+1®...01Rp,
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Proof. Let us consider a basis which is orthonormal for n. Let S € GI(A) be the
matrix associated to this change of basis. Due to the choices of a, biff’i, bé’l and

1’1, it is trivial that .S also bring them into diagonal form; or, equivalently, there is
a common orthogonal basis for all these bilinear pairings. Applying Theorem 2.10],

one concludes. O

In this situation, for each o = 1,...,n, one obtains a one dimensional repre-
sentation p, or, what is tantamount, our study essentially reduces to the case of
Example 25 That is, dimA =1, a = n € C* and, thus, bé’l = —1. Setting
bo := by, one has that ([[J) gives:

F = b_1p1 + q1mq1 + qiyonp;

H = —b_1p3s — qinp; — 3

1 1 1
E = —15—12?5 1 1 LNPi+2
where b_; and 1 are computed from the n-dimensional setup (22)).
These three operators determine p completely and, according to the map (O8]
and Theorem [3.3] one has:

pinp1 —

_ B
Loy := b_1V2hn~ 2hn0+tl+1at1
_ _ 1.0 1
(25) Lo = Sb_1v2hn 1—+(Z+ ot 16
. ,la ngda 0 1. 3. 0
L = b 1V2hn c+ta" oo +E+5)0+5 )tzatlﬂ

3.4. On the solutions for the 1-dimensional situation. Once the representa-
tion has been decomposed in terms of 1-dimensional parts, we wonder if one could
deduce some properties of the solutions of the Virasoro constraints. Our approach
follows closely our previous work [32] which is inspired in [I8]. Briefly, the idea
is to show that each of our representations p; come from an action of W- on the
Sato Grassmannian and that that they admit exactly one solution 7;, which are
7-functions for the KP hierarchy and, then, conclude that the product 71 - ... 7,
is a solution for p°.

Let us begin recalling that the Sato Grassmannian is the set of subspaces U C
C((2)) such that the kernel and cokernel of 7y : U — C((z))/C][z]] are finite
dimensional ([35, B6]). Actually, it is an infinite dimensional scheme ([I]) and
carries a distinguished line bundle, the determinant line bundle D. Each integer n
correspondes to a connected component, Gr™; namely, those subspaces U such that
dim ker 7y — dim coker my = n. Sato-Sato’s achievement was to show that there
was a bijection between the set of those U s.t. 7y is an isomorphism and the set of
functions 7(t) € C[t1,t2,...]] with 7(0) = 1 and fulfilling the KP hierarchy (thus,
each U has a 7-function; see [35] 86} [I] for details). The same holds for the Sato
grassmannian of C((2))®" and the n-multicomponent KP hierarchy.

The fact that the space of global section of D* is isomorphic to the semi-infinite
wedge product or Fermion Fock space:

HO(Gr", D*) =~ A u@»:<{

ZUANZEAL st i <ida < ...
and ix = k+nVk>>0
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have allowed its extensive use in CFT’s (in particular, by the Japanese school, see
[19] and references therein). Recall that the boson-fermion correspondence is the
isomorphism (we restrict us to Gr’; that is, the charge 0 sector):

AT C((2)) ~ C[[t1,t2,..]]

that maps 2" A 22 A ... to the Schur polynomial associated with the partition
1—141 > 2—1i9 > .... Similarly, the space of global sections of D* over the Sato
grassmannian of C((2))®" is isomorphic to C[[{t;a|la =1,...,n,i=1,2,...}]].

Given a subgroup of the restricted linear group of C((z)) (see [36]), one has an
induced action on Gr"(C((z))). Moreover, if the action preserves the determinant
bundle, it will yield a projective action on the space of global sections. In fact, an
analogous statement holds for the case of Lie algebras. Let us illustrate this issue
with the case of the Lie algebra Diff* (C((2))) of first order differential operators on
C((2)). An operator D € Diff*(C((z))) acts on sections as follows. If the matrix
(d;;) corresponding to D w.r.t. the basis {2'} has no non-trivial diagonal elements,
then:

D" Az2A.) == DE"YAZ2A 2T ADER)A L
If the matrix (d;;) is diagonal, then:

o0
D(z* Az AL = Z(diﬂ'i]‘ —d;))Z A2 AL
j=1
Having in mind the boson-fermion correspondence, the above construction gives
rise to a linear map:

Diff}(C((2))) 25 End(C[[t1, ts, .. ]])

20 D — B(D)

which defines a projective representation. Note, nevertheless, that if we are given
a map of Lie algebras ¢ : Ws — Diff' (C((2))), then, 8 o ¢ can be canonically
promoted to a linear representation since W~ has no non-trivial central extensions.
Indeed, for this goal, if suffices to add a constant to 5o o(Lg).

The following results will show that the operators of §3.3 arise from the previous
setup.

Lemma 3.7. Let D € Diff' (C((2))). Then, (D) is of type i if and only if D is a

linear combination of 1, z~**+%) and 272(z0, + 152).

Proof. Recall that Diff' (C((2))) is generated as C-vector space by 1, 2™ for m € Z
acting as an homothety and 2™(z0. + 1) for m € Z. Let us recall from [20),
Table 1] the description of the operators induced by them via the boson-fermion
correspondence:

mt,, form >0

B(z™) = (0 form=0
Bt?m for m <0
and, for m > 0,
m—1 oo
m 14 1 . . . 0
B(="(20: + —5)) = 5 D d(m = i)titm—g + D + M)ty 5
J

Jj=1 Jj=1
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Analogously, the action of 27" (20, + 152) on C((2)) corresponds to the action
of:

m—1

Bz (20 + Zﬁ]at 2 Z 8t] 8tm ;

Finally, recall that the case m = 0 is regularized as follows.
“m 1—-m - = 0
B(z (20. + T))) = ;jtj —atfj
Checking the degrees, the conclusion follows. O

Lemma 3.8. Let o € Hompie_aig(Ws, Diff'(C((2)))). Recall that Voaa = C[[t1,t3, .. .]].
B(o(L;))|v,., takes values in Voaqa and it is of type i for all i, if and only if there
exists s,t € C such that:

1—-2¢

1 . .
o(L;) = tl(§z*21(zaz + )+ sz*z’“?’) Vi > —1

Proof. The “if” part follows from Lemma 3.7 and the fact that o as in the statement

defines a map of Lie algebras. Let us now deal with the “only if” part.
We know from [32] §2] (see also [33]) that there is a 1-1-correspondence:

o€ HomLie_alg(W>,DiH1 (C((2)))) JEy triples (h(2), ¢, b(z)) such that
such that o # 0 K (z) € C((2))*, c € C, b(z) € C((2))

which is explicitly given by:
_h(z)iJrl
h(z) z)

h(
On the other hand, due to Lemma B the fact that o(L;) is of type ¢ implies
that there exist 7;, s;, t; € C satisfying:

(27) o(L;) = D, — (i+1)c-h(z)" +

- - 1-24
(28) o(Li) = 1 - 14827 @) 44, 27220, + TZ)

Comparing the coefﬁments of 8 in the previous identities, it follows that h(z) =
tltzl ;= tlto
and h(z ) = tz’z. Further, the case i = 0 yields to = 3.

Pluging this in equations (27)) and (28], one gets:

7 N e o —(2i+3) fi, 2 1-2
(i4+1ec(tz™7) Sy b(z) = ri+ siz + ( 3 )

and, thus:
o _ 1
b(z) = —2(i+ 1)ez™t — 2t 2?71 — 2507274 — 52'71(1 — 27)

Observe that the L.h.s. does not depend on ¢, one gets many conditions. First,
for i # 0 the term 2?'~' is an odd power of z different from z~! that can not
be cancelled with any other term; consequently, r; = 0 for ¢ # 0. Further, since
the coefficient of 2=* in b(z) has to be independent of 4, it follows that ¢~'s; is a
constant independent of i; and, thus, equal to sg. Finally, the coefficient of =1 in
b(z) is:

1
—2(’L + 1)0 - 2’[”051'10 - 5(1 - 21)
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Since it has to be independent of ¢, it follows that ¢ = %, ro = 0 and, thus:

3
b(z) = —52_1 — 259274

Substituting h(z), ¢, b(z) into expression (27)) and setting s = sg, one obtains the

result. 0

Let us recall that the rescaling of the variables yields an action on the boson
Fock space. More precisely, A = {\i} € [[; ,qqa C* maps t; to Ait;. Accordingly, it
acts on Homye-alg (W, End(V,q4)) and sends p to pri=XopoTl.

Definition 3.9. The A-scaled KP hierarchy is the hierarchy obtained by replac-
ing t; by Ait; in the KP hierarchy (for given A = (X\;) € [[;enC*). A function
71(t) € C[[t1,ta,...] is called T-function of the A-scaled KP hierarchy if T(A\~'t) :=
T(/\fltl, A;ltg, ...) is a T-function of the KP hierarchy. For brevity, we simply say
scaled KP. We do similarly for KdV, multicomponent KP.

Note that the A-scaled KP hierarchy for A = (%) for u € C* coincides with the
KP hierarchy. However, this does not happen in general.
The following Lemma is the key point to go from Virasoro to KdV.

Lemma 3.10. The map 8 of 28) induces a bijection between:

e the set of o € Hompe ay(Ws, Diff' (C((2)))) such that there exist s € C
satisfying:
1 1-24
U(Li): 721( 6 + )+S —2i—3
2 2
o the set of scale equivalence classes of p € Hompe-q1g(Ws, End(Voaa)) whose
coefficients of quadratic terms in p(L_1) do not vanish and such that p(L;)
is of type @ for i > —1.

Proof. First, we prove the statement with no reference to r(z) on the first item and
with no mention to a linear function on the second item. Under these circumstances,
given o as in the statement, Lemma [377 shows that (8o a)(L;)|v,,, takes values in
Voaa and it is of type 4 for all 4. An explicit computation yields:

0 1 0
(ﬂOU)(Lfl) = S% + t2 + = thJJrQat

0 )
(Boo)(Lo) = e +t3 Zﬂja—tj

211

(Boo)(ls) = 1 Z ot 8t21 ; 22]15381521 J

N 3t21+3

(where j, as usual, is odd) and thus:

(60 0)E), (80 0) ()] ~ Bllo(L 1), o(L)]) =

which implies that we have a map of Lie algebras defined by:
1

(29) p(Li) = (Boo)(Li) + £0i0
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Conversely, let us start with p as in the second set of the statement. The as-
sumptions yield the following expression:

a . .
0,1 i+2,1
p(L-1) = b—la_tl +atf + b5 i ot

with a, bijf’i # 0. Considering the action of ], .4 C* by conjugation, one finds
A ={\; € C*|i odd} and s € C such that:
1

_ o0
ML) = Aop(Loa)o AT = som+ 1+ (

142 0
= Vtjro—

g e gy

Lemma [3.8 and the previous discussion show that p* is the representation asso-
ciated to the map o : Ws — Diff' (C((2))) defined by:

1 ; 1-2¢ ;
o(L;) = 52721(282 + TZ) + 527273 Vi > —1

O

Remark 3.11. The statement can be generalized. On the one hand, we may con-
sider the conjugation of o by an operator of the type exp(r(z)) while, on the other
hand, we replace p by its conjugate by exp(B(r(2))). For instance, for r(z) € C[[z?]],
one has that 5(r(z)) is a linear function on t1,ts,.... Thus, the first representation

8.
O'(L,L) = %2;721' (z(—’r(z) + az) —+ %) + 52721.73

while p is as in the statement up to a linear function on t;’s.

Remark 3.12. It is worth noticing that the Virasoro operators studied by Witten
(138]) correspond to the case s = —%, r(z) = 0. Kac-Schwarz ([18]), using the fact

the these operators come from a representation in Diff' (C((2))), proved that there is
a point in the Sato Grassmannian whose T-function is a solution of these equations
and, hence, is a solution of KdV hierarchy too. A study of common solutions of
Virasoro-like constraints and KdV has been carried out in [32)].

Lemma 3.13. Let p be as in Lemma and let 7(t) € Voaa = Cl[t1,ts,...]]
Then, the Virasoro constraints:

pLe)(r(t) =0 k=1

with the initial condition 7(0) = 1 admits no solution for s = 0 and at most one
solution for s # 0.

Proof. Since 7(0) = 1, let us consider the problem in terms of a formal function
F(t) € Voaa = Cl[t1,ts3,...]] with F(0) = 0 and 7(¢t) = exp(F(t)). The function
F(t) has a series expansion:

(30) F(t) = ) fat"

where n := {nj,ns,...} is a sequence of non-negative integers such that n; = 0 for
alli >0, fn € Cand t" := [[,-, t"". Further, the topology of Voaa = C[[t1, 13, .. .]]
comes from the definition deg(t;) = i. In particular, the degree of t® is given by
In| := Zizo mn;.
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For the sake of brevity, let us denote by frn,ns..n, = fn for n = {ny,ns,...} with
ng # 0 and n; =0 for all i > k and we set fo = F(0) = 0. As a brief summary, let
us write down the monomials and their coeflicients up to degree 5:

degree o 1 2 3 4 5
monomials 1 t; t2  t3.t3 i, tats  t5,t3ts, ts

coefficient fo f1 fo fs,for fa,f11  fs, fo1, foor

After rescaling ¢;’s and conjugation by an exponential, if needed, we may assume
that p is given by ([29). The hypothesis p(L)(7(t)) = 0 is equivalent to the van-

ishing of the corresponding homogeneous parts of degree ¢ for i = 0,1,2,.... An
explicit computation for low values of k and ¢ yields:

k i part of degree i in p(Ly)(7(t))

—1 0 Sfl

-1 1 2Sf2t1

-1 2 3sfst? + 13

-1 3 s(4f4t3 + fists) + tsfr

0 0 sfo1r + %

0 1 sfiity +t1fa

0 2 nglt% + 2f2t%

1 0 sfoor + 3.f2 + 11

1 1 sfio1 + 3 fat1 + futa

Thus, it is clear that if a solution F' does exist, then s # 0. In this case, the vanishing
of the above polynomials implies that f; = 0, fo = 0, f3 = —i, for = —11@,
fir =0, fa =0, fir = 0, etc. . Writing down the general expression for the
homogeneous part of degree i of p(L)(7(t)), one observes that it allows us to
determine f,, with |n| = ¢ and ng # 0 in terms of f, with |n| < i — 2. Thus, if a
solution F' exists, the coefficients f, can be recursively determined.

O

Theorem 3.14. Let p € Hompeqig(Ws, End(C[[t1, 13, .. .]])) be such that p(Ly) is
of type k for k > —1 and that all coefficients of p(L_1) are non zero.
Then, there exists a unique T(t) € Cl[t1,ts,...]], with 7(0) = 1, such that:

p(Le)(r(t) =0 k=>-1
Further, the solution 7(t) is a T-function of the scaled KdV hierarchy.

Proof. Lemma 310 implies that there is A and o : W5 — Diff'(C((2))) such that
p* = B«(c). Recalling Theorem 3.12 of [32], one knows that there is a function
70(t) which satisfies that p*(L,)(70(t)) = 0 and that it is a 7-function of the KAV
hierarchy. Then, 7(t) := 79(At) fulfills the requirements. Since Lemma B13] implies
the uniqueness of the solution, the conclusion follows.

O

Remark 3.15. Let us make two comments on the solutions. First, an instance
of the notion of scaled KdV appears already in Kontsevich’s Theorem when it is
claimed that the exponential of the generating function in variables To;11 := t;/(2i+
D! is a T-function for the KdV hierarchy (22, Theorem 1.2]). On the other hand,
although the dilation shift t; — t; — 6; 0 transforms the operators p(Ly), it should
be noted that it does not induce an automorphism of the algebra C[[ty, 11, .. .]].
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3.5. On the solutions for the n-dimensional situation. Let us now focus in
the n-dimensional situation. That is, we aim at studying the interplay between
Virasoro representations and multicomponent KP hierarchy. Special attention will
be paid at their common solutions.

Recall that V,qq(A) is the subalgebra of C[[t1, t3, .. .]]@)CS'A generated by t; ®a.
Then, S € GI(A) acts on it by the automorphism of algebras t; ® a — t; ® S(a).

Theorem 3.16. Let p: W~ — U(H(A)) be as in §3.3
There exist S € GI(A) and functions To(t1,a,t3,a,---) € Cl[t1,a,t3,as--.]] such
that:

(31) A(Le)(S(J [ ralta))) = 0

Further, To(t1,a5t3,05 - - .) are T-functions of the scaled KdV hierarchy.

Proof. Theorem shows that there is S € GI(A) such that p° decomposes as
the tensor product of n 1-dimensional Lie algebra representations of W~. More
precisely, if {aq} is the chosen basis for A, then {S(a,)} is a orthogonal basis for
7n. Consequently, there are p, : W~ — U(H(< S(aq) >)) such that ([24]) holds.

Now, apply the results of §3.4l on the 1-dimensional case. Indeed, since 7 is non-
degenerated and {S(aq)} is a orthogonal basis, from Theorem BI4l one obtains
functions 74(ts), such that 7,(0) = 1, po(Lik)(7a) = 0 for all a, k and they are
7-functions for the scaled KdV hierarchy.

Observe that (BI)) holds if and only if p°(Lk)(I],, 7a(ta)) vanishes. Applying the
converse of Theorem one concludes. O

Remark 3.17. The previous Theorem means that, assuming the uniqueness of the
solution ([6l, Theorem 3.10.20]), the solution of the Virasoro constraints has to be
of the above form; that is, an operator acting on a product of Witten-Kontsevich T-
functions. Thus, it agrees with the results of Givental ([14]) for the total descendent
potential. It would be interesting to relate both expressions explicitly (see also [12,
15, 23] ). Alternatively, one could combine Teleman’s classification of semi simple
cohomological field theories ([31)) with Givental’s results to deduce that this is the
right expression for the solution. Nevertheless our result can be applied on other
frameworks, as it will mentioned in §3.0).

Corollary 3.18. Let p be as in the Theorem [T10.
If S, 7, satisfy @B1), then p° = p1 + ...+ pn and pa(Lr)(Ta) = 0.

The matriz S is unique up to an ortogonal matriz.

Proof. If S and 7, are such that (3I]) vanishes, then the following expression also
vanishes:

0= exp(—Z%a(ta))S*lﬁ(Lk)(S(Hm(ta))) _ p° (L) (exp (3, Ta(ta)))

exp(q Ta(ta))

Recall that an operator p°(Ly,) of type (@) is the same as p(Ly) where the matrix
a has been replaced by (S71)TaS~! (and, accordingly, by, c, etc.). Expanding the
case k = —1 of the last identity, one obtains that (S~%)TnS~1! is diagonal. Then,
Theorem [ZI0, implies that p° decomposes as a sum p; +. ..+ p,, and Theorem 212
implies that po(Lk)(Ta(ta)) = 0.

It is straightforward that S is unique up to an ortogonal matrix. ([
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Corollary 3.19. Let p be as in the Theorem [3.100 If either S is diagonal or T,
are T-functions of the same scaled hierarchy, then the solution is a T-function for
the scaled multicomponent KP hierarchy.

Proof. In particular, the product S([], 7a(ta)) is uniquely determined by p. Each
function 7,(t,) satisfies the scaled KdV and, thus, there are A\, = (\ja) €
[1; oqqa C* such that 7 (A 'ts) defines a point U, € Gr(C((2))). If p is expressed
w.r.t. a basis {ai,...,a,}, then S determines a second basis {S(a1),...,S(a)} or,
equivalently, an isomorphism C & ... @& C ~ A. This isomorphism induces:

Gr(C((2))) x ... x Gr(C((2))) = Gr(C((2)) @ ... B C((2))) ~ Gr(A ® C((2)))

Since 7-function of the image of (Ui, ...,U,), which is Uy & ... @ U,, is given by
[T, 7a(A3'ta) it follows that ST, Ta(ta) is a 7-function of the scaled multicompo-
nent KP in the two cases of the statement. O

Remark 3.20. Recalling Remark [311], we observe that Theorems and [3.10)
could be weaken and stated for representations satisfying the hypothesis up to a
linear function on t;’s.

3.6. Final Comments. Let us finish with some brief comments. From a general
perspective, we hope that our methods shed some light on the explicit expressions
of the Virasoro operators and of the relevant integrable hierarchies that appear in
the Virasoro conjecture. Furthermore, they can also be applied to many instances
of representations of W5 such as recursion relations, Hurwitz numbers, knot theory,
ete. .

As an illustration, let us point out the results of [2] 21] on Hurwitz numbers. In
both cases, the authors study the generating functions of the number of coverings of
P1\{0, 1, 00} with some properties. It is shown that these functions satisfy Virasoro
constraints, KP hierarchy and topological recursion (of the Eynard-Orantin type
[11]). It is remarkable that the Virasoro constraints are explicitly expressed as
differential operators of the form considered in §2] for the case A = C. Thus, the
results of §3.4] can be directly applied to conclude that Virasoro constraints imply
the scaled KP hierarchy.

Our results could also be of interest within the context of Eynard-Orantin topo-
logical recursion ([11]). Indeed, we learn from [29] that Mirzakhani’s recursion for-
mula for the Weil-Petersson volumes ([28]) is indeed a Virasoro constraint imposed
on a generating function of these volumes and that this function satisfies the KdV
hierarchy. It is worth pointing out some recent results on the relation of topological
recursion and Virasoro constraints ([10, [27]). On the one hand, it has been shown
in [I0] that these Virasoro constraints are actually equivalent to Eynard-Orantin
topological recursion for some spectral curve. On the other hand, one knows from
[27] that the correlation functions of a semisimple cohomological field theory sat-
isfy the Eynard-Orantin topological recursion and that these recursion formulas
are equivalent to n copies of the Virasoro constraints for the ancestor potential.
Therefore, two problems can be faced with our techniques. First, we think that
Theorem should imply some bilinear relations of Hirota type for the solution
of the Eynard-Orantin topological recursion. Second, due to the uniqueness of the
solution and the fact that the solution satisfies the KP hierarchy, there must be a
relation of the Eynard-Orantin spectral curve and the Krichever construction.

Similarly, it would be interesting to interpret the recent papers [3, 8] from our
perspective.
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