DOUBLE PIERI ALGEBRAS AND ITERATED PIERI ALGEBRAS
FOR THE CLASSICAL GROUPS

ROGER HOWE, SANGJIB KIM, AND SOO TECK LEE

ABSTRACT. We study iterated Pieri rules for representations of classical groups. That is,
we consider tensor products of a general representation with multiple factors of represen-
tations corresponding to one-rowed Young diagrams (or in the case of the general linear
group, also the duals of these). We define iterated Pieri algebras, whose structure encodes
the irreducible decompositions of such tensor products. We show that there is a single
family of algebras, which we call double Pieri algebras, and which can be used to describe
the iterated Pieri algebras for all three families of classical groups. Furthermore, we show
that the double Pieri algebras have flat deformations to Hibi rings on explicitly described
posets.

1. INTRODUCTION

1.1. The problem of computing tensor products of representations, motivated in part by the
need to describe interaction of systems in quantum mechanics, has been the subject of a large
literature. For a long time, the main focus was on the general linear group GL,, = GL,(C).
For this group, the description of tensor product multiplicities is given by the Littlewood-
Richardson rule ([LR]), which was fully justified only long after its original formulation, and
for which many proofs have been given ([Sch, Th1, Th2, Ma, Stm, Ze, RS, HL2]). Recently,
the techniques of quantum groups ([Kas, Lu]) and Littelmann’s path method ([Li]) have
produced comparable results for a general complex reductive algebraic group/Lie algebra.

A particular case of tensor product decomposition for representations of GL,,, when one
of the factors is a symmetric power of the standard representation on C”, can be described
by the Pieri rule, named after geometer Mario Pieri, which also describes the product of
a Schubert cycle by a special Schubert cycle in the Schubert calculus. It has a simple
description in the language of semistandard tableaux, and it is easy to iterate, producing
descriptions of tensor products of the form

l
p@ (R ),
j=1

where p is any irreducible polynomial representation of GL,, and p%a) is the representation

of GL,, on the a-th symmetric power of C".

1.2. Although the Pieri rule is a very special case, it is of particular interest because one
of the reciprocity laws associated to see-saw pairs of dual pairs ([Ku]) connects the Pieri
rule with the branching rule from GL,, to GL,_1, and when this is iterated, one arrives
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at a description of a basis for each irreducible representation of GL,. This approach to
describing representations of GL,, was explained by Gelfand and Tsetlin in 1950 ([GT]).

An alternative description of the representations of GL,, had been given somewhat earlier
by Hodge ([Hd]), who worked in the flag algebra R(GL,/U,) of regular functions on the
homogeneous space GL,, /U, where U, here denotes the group of unipotent upper trian-
gular matrices - the maximal unipotent subgroup of GL,. (Actually, Hodge worked, not
with the full algebra R(GL,/U,), but with the subalgebra R*(GL,/U,) of “polynomial
representations”, whose matrix coefficients restricted to the diagonal torus are polynomial
functions. Gelfand and Tsetlin also worked with polynomial representations.) This descrip-
tion works with a set of generators of R*(GL,,/U,), and describes a family of monomials
in these generators that constitutes a basis for R (GL,,/U,). These monomials are called
“standard”, so the description is called standard monomzial theory.

For around 50 years, the Gelfand-Tsetlin description and the standard monomial de-
scription led more or less separate existences, but in the 1990s, they were connected by
Gonciulea and Lakshmibai ([GL]), and by Sturmfels in a more restricted context ([Stu]).
This advance was further refined in [KM], [MS] and [Kil]. Gonciulea and Lakshmibai for-
mulated their result in terms of a flat deformation of GL,, /U, to a toric variety. Since their
work, other authors have established that G /U, the“torus bundle over the flag variety”, for
any reductive algebraic group GG, and even any multiplicity-free variety for GG, has a flat
toric deformation ([AB, Ca, Ch, DY, Kav]).

Although toric deformation gives insight into the nature of a variety, or at least its
coordinate ring, it does not answer all questions about the variety or its coordinate ring.
The coordinate ring of an affine toric variety is the semigroup ring of a lattice cone, by which
we mean the intersection of Z"™ with a rational polyhedral convex cone in R”, and there are
many, many lattice cones in every dimension, and many unanswered questions about their
geometry. For example, it was key for solving the Horn conjecture that the lattice cone
attached to the Littlewood-Richardson rule should satisfy the “saturation property”, and
showing this was the main achievement of Knutson and Tao ([KT1]) (see also [Bu, KT2,

Kly]).

1.3. Thus, it is of interest that the toric variety found by Gonciulea-Lakshmibai (and more
explicitly by Kogan-Miller [KM] and Miller-Sturmfels [MS]), is particularly nice: it is the
variety associated to the Gelfand-Tsetlin cone. Also, the associated semigroup ring is very
nice: it is a Hibi ring. Hibi rings were defined by Hibi in the 1980s, in terms of generators
and relations, as part of the effort to understand standard monomial theory in structural
terms ([Hi]). The generators of a Hibi ring are elements of a distributive lattice. It turns out,
however, as was already noted by Hibi, that Hibi rings can be described more directly, as the
semigroup rings of the lattice cone (ZjL)X’2 of non-negative integer-valued, order-preserving
functions on a partially ordered set X (whose partial order is >). The connection between
Hibi’s construction and the description as (Z’L)X’2 is mediated by Birkhoff’s representation
theorem for distributive lattices. The poset I' for which the Gelfand-Tsetlin cone is (Z*’)F’2
is the Gelfand-Tsetlin poset, whose elements consist of placeholders for entries in Gelfand-
Tsetlin patterns. To the best of our knowledge, the first explicit formulation of standard
monomial theory in terms of (Z+)F’2 was given by one of the present authors in his thesis
in 2005 (see [Kil]).

The (ZJF)X’2 are very special among lattice cones. In particular, it is evident that there
are only finitely many of them in each dimension, among the infinite zoo of all lattice cones.
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Moreover, these cones have some very pleasant properties. Their semigroup ring has an
explicitly describable set of generators and relations, with the relations being quadratic in
the generators. Moreover, each cone (ZJ“)X’2 has a canonical “triangulation”, a decompo-
sition into congruent integrally simplicial cones. This provides an explicit abstract version
of Hodge’s standard monomial theory for the semigroup rings of these cones.

Thus, it is natural to ask, are there other flag varieties besides GL,, /U, that can be
described in terms of Hibi rings, aka the lattice cones (Z*)X’z? The answer is yes. It
is easy to see that the coordinate rings attached to varieties of non-complete flags (non-
minimal parabolics) for GL, can also be described by posets derived from the Gelfand-
Tsetlin poset by fairly straightforward recipes. Also, starting from the other end, one can
see that the branching algebras that describe the restriction of representations from GL,, to
GLj, x (GL1)™* likewise have deformations to Hibi rings, and with posets derivable from
the Gelfand-Tsetlin poset.

More interestingly, [Kil] showed that standard monomial theory for the symplectic group
Sps,, could also be expressed as describing a toric deformation to the semigroup ring of

(Z+)FSP’Z, for an appropriate poset I's, ([Kir, Mo, Zh]). Recently, Kim has shown that
the branching algebra from Sp,,, to Spy, is a deformation of a Hibi ring, and in fact,
isomorphic in certain ranges to an associated branching algebra for GLo,. He has also
shown that analogous branching algebras for orthogonal groups, from SO,, to SO, subject
to a suitable stability condition, are deformations of Hibi rings (see [Ki2, Ki4, KY]).

1.4. Returning to the Pieri rule as a decomposition of tensor products for GL,,, since there
is so much similarity in the branching rules and flag algebras for all the classical groups, one
can ask about analogs of the Pieri rule for symplectic or orthogonal groups. Is there a simple

(a)

description of tensor products 7 ® 7y

(a)

a
Ton

, where 7 is an irreducible representation of Sp,,, and

is the representation on the a-fold symmetric power of the standard representation on

C?"? The analogous question for orthogonal groups would concern tensor products U®07(1a),

where 07({1) denotes the action of SO,, on the spherical harmonics of degree a on C™.

Although the Pieri rule for GL,, is equivalent to the GL,, to GL,_; branching rule, the
analogs for Sp,,, and SO,, are noticeably more complicated than the corresponding branching
rules. There is a description of such tensor products in terms of tableaux ([Sul, Su2]), but
it involves erasing boxes as well as adding boxes, making descriptions of iterated tensor
products somewhat awkward. However, two of the present authors ([KL]) have found
that an algebra naturally associated to the Pieri-like tensor products for Spsy,, and SO,
is a deformation of a Hibi ring, at least under a certain stability condition. Furthermore,

this description can easily be extended to iterated tensor products 7 ® (®§:1 Tz(zj )) and
o® (®§:1 aﬁfj )), and the resulting ring is again a deformation of a Hibi ring.

For the symplectic and orthogonal groups, the standard representation is self-dual, and
this can be seen as a reason for the extra complexity of computing tensor products with
the TQ(Z) or U,({I). For the general linear group, of course the dual representation on (C™)*
is distinct from the standard action on C™. However, by duality, there are parallels of the
Pieri rule and the iterated Pieri rule also for tensoring with symmetric powers of (C™)*.
As far as we know, although iterations of the original Pieri rule have at least implicitly

been used in describing branching, what happens when tensoring by the symmetric powers
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(a) (

pn’ is combined with tensoring by dual symmetric powers (pnb))* has not been explicitly
considered before. It was this question that motivated the present paper.

Our first result is that the ring associated to the combined multiple Pieri and dual Pieri
rules is again a deformation of a Hibi ring, and we describe the associated poset explicitly.
But the answer to this question has revealed a deeper unity than the authors suspected when
starting this investigation. It turns out that there is a single (Hibi) ring in terms of which
all the iterated Pieri algebras, for the symplectic and orthogonal groups, and the combined
standard and dual Pieri algebras for the general linear group have a simple description. It is
obtained by applying the iterated Pieri construction simultaneously to a product of general
linear groups. For this reason, we call it the double Pieri algebra. Describing this algebra,
and how it controls all the iterated Pieri algebras, is the main goal of the paper, described
in Section 4.

Finally we remark that not only are Hibi lattice cones special among all lattice cones, the
Hibi lattice cones that appear in representation theory are of a very restricted type. Our
main result goes some distance toward explaining the notable family resemblance between
the semigroups involved in the known representation-theoretic Hibi rings.

1.5. Thus, the role of Hibi rings in describing the representation theory of the classical
groups is extensive. They do not, however, answer all questions. In collaboration with
others, two of the authors showed that the (stable) branching algebras associated to classical
symmetric pairs have toric deformations ([HJLT]). The lattice cones involved in these
deformations include the Littlewood-Richardson (LR) cone studied by Knutson and Tao
([KT1, KT2]) and others (see, for example, [PV] and [DK]), and in fact, they can all be
described in terms of the LR cone. These cones are substantially more complicated than
the cones attached to posets.

On the other hand, there is a sense in which the LR cone is constructed from poset cones.
See [HL2], which shows how the LR rule can be deduced from the Pieri rule by representation
theoretic arguments. Thus, the geometric structure of cones appearing in representation
theory presents some interesting questions, and the results of [HL2] suggest that poset cones
and Hibi rings can play a useful role in understanding more complex cones and rings. In
particular, one can ask if there is a way to understand the tensor product algebras for Sp,,
and SO,, in terms of iterated Pieri algebras, analogous to the results of [HL2]. At the same
time, it seems worthwhile to specify which representation theory problems can be described
by Hibi rings. The present paper is a contribution to this project. It seems in fact that
Hibi rings will help to provide a sharp description of the decompositions described in [Hol]
of polynomial rings as products of harmonics and invariants associated to dual pairs. This
would in some sense provide reasonably complete picture of the classical actions considered
by Weyl. The authors hope to study these questions further.

1.6. This paper is arranged as follows: In Section 2, we introduce notation for the repre-
sentations of GL,,, O,, and Sp,,,. In Section 3, we review the construction and the structure
of an algebra, called the polynomial iterated Pieri algebra for GL,,. This algebra encodes a
polynomial version of the iterated Pieri rule for GL,,. The results in this section are essen-
tially a part of the much-studied standard monomial theory ([GL, Ho2, Kil, MS]), originally
due to Hodge ([Hd]) with refinements as noted above. In Section 4, we introduce the double
Pieri algebra L, p) (,q) and study its structure. We define the general iterated Pieri algebra
Ay, k0pq for GL, in Section 5. We call this algebra stable when k +p + £+ q < n. We
show in Section 6 that when the algebra 2, 1 ¢, , is stable, it can be expressed in terms
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of Ly p) (kg and a variant form Z(n,q%(&p). Finally in Section 7, we describe the relation
between the O,, (mutatis mutandem, Sp,,,) stable iterated Pieri algebra A,, 1, defined in
[KL] and L, ), (k,p)> and also between A, i, and U, 0. p-

2. PRELIMINARIES

In this section, we introduce notation for the irreducible representations of GL,,, O,, and
San'

2.1. Representations of GL,. Let GL,, = GL,(C) denote the complex general linear
group. Let A, be the diagonal torus in GL,, and let U,, be the maximal unipotent subgroup
consisting of all n x n upper triangular matrices with 1’s on the diagonal. Then B,, = A,U,
is the standard Borel subgroup of GL,, and the irreducible rational representations of GL,,
are in bijective correspondence with the semigroup ﬁ; of dominant weights for GL,, with
respect to B,,. For each o = («q, ..., ) € Z"™, let us define

Py Ay — C* as o (diag(ar, ag, ..., a,)) = aflag? - --ann (2.1)

n

where diag(ay, ..., a,) denotes the diagonal matrix with diagonal entries aq, ..., a,. Then
A\Z ={Yy: a=(a,..an) €Z", a1 > ag >+ > ay}.
We shall denote by p& the irreducible representation of GL,, with highest weight ¢& € E:{ .

We will also use diagram notation. Recall that a Young diagram D is an array of square
boxes arranged in left-justified horizontal rows, with each row no longer than the one above
it ([Fu]). If D has at most r rows, then we shall denote it by

D= (di,...d,)

where for each 7, d; is the number of boxes in the i-th row of D. The depth of D, denoted
by r(D), is the number of nonzero rows in D. The number of all boxes in D, ;5 d;, will
be denoted by |D|.

Suppose now ¢S5 € A\I where a = (aq,...,a,). We shall associate a pair of Young
diagrams (D, E) with « as follows: If a,, > 0, then D = o and E = (0). If a; < 0, then
D = (0) and E = (—ay, ..., —a1). If o is of the form

a = (dla d27 ey dT7 Oa ey 07 —€s5, 7€s5—1, -1y _61)7

where dy > dy > -+ > d, > 0and e; > eg > -+ > es > 0, then D = (dy,da,...,d,)
and F = (e, ea,...,e5). We shall write ¢ as 1[)713’]3 and write the representation pf as
pE’E. In the case when E = (0), we shall write wﬁ) (0 and ,0,? (0 simply as ¢ and pZ,
respectively. A representation of the form p? where D is a Young diagram is called a
polynomial representation of GL,,. The contragredient representation of a representation V'

of GL,, will be denoted by V*. It is well known ([Ho2]) that (ph")* ~ pi*P.

2.2. Representations of O,,. Let O,, = O,(C) be the subgroup of GL,, which preserves
the symmetric bilinear form

uy, U1,

n
=11 : D= wonin
j=1
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on C". The finite dimensional irreducible representations of O,, are parameterized by Young
diagrams D such that the sum of the lengths of the first two columns of D does not exceed
n ([Wy, GW, Ho2]). For such a Young diagram D, we shall denote the O,, representation
associated with D by 0. Specifically, o2 is the irreducible representation of O,, generated
by the GL,, highest weight vector in p?. See Section 3.6 of [Ho2] for more details.

Let SO,, denote the subgroup of O,, containing elements of O, with determinant 1, and
let

Ason =A, N SO, and Uso, =U, N SO,,.
Explicitly,

{diag(a1, ..., am, a,,’, ...,al_l) DAl e, ap € C*Y n=2m
Aso, = : . 21 x
" {diag(ai,...,am, L, a,",...,a7" ) : a1,....,am € C*} n=2m+1.

If D is a Young diagram with depth r(D) # n/2, then the restriction of o2 to SO, is
irreducible. Moreover, if 7(D) < n/2 and ¢2 : Agp, — C* is the restriction of the character
YD given in (2.1), to Ago,, then as a SO,, module, o2 has highest weight ¢2.

2.3. Representations of Sp,,. Let Spy, = Sp,,(C) be the subgroup of GLa, which
preserves the symplectic form (.,.) on C?" given by

Uy U1 n

(= 1] 2 D= (wwantiy — uzniajvy).
U2n V2n j=1

The diagonal torus Agp, of Spy,, is isomorphic to (C*)™. The finite dimensional irreducible
representations of Spy,, are parametrized by Young diagrams with at most n rows. If D is
such a Young diagram, we shall denote the corresponding Sp,,, representation by 7'2]%. See
Section 3.8 of [Ho2] for more details.

3. POLYNOMIAL ITERATED PIERI ALGEBRAS FOR GL,,

In this section, we review the construction and the structure of an algebra, called the
polynomial iterated Pieri algebra for GL,. This algebra encodes a polynomial version of
the iterated Pieri rule for GL,, and a description of its structure is essentially a part of
the much-studied standard monomial theory ([GL, Ho2, Kil, MS)), originally due to Hodge
([Hd]).

3.1. GL,, tensor product algebras. We first review an important result in Classical
Invariant Theory which will be used in our later construction. Let n and m be positive
integers, and let My, ;,, = M, ,,(C) denote the space of all n x m complex matrices. Let
GL,, x GL,, act on M,, ,, by

Tam(9,h) (@) = (g71) xh™! (3.1)

where (g,h) € GL,, x GL;, and € M,, ,,,. Here for a matrix u, u! denotes its transpose.
Under the action 7, mn,

M, >~ C™ @ C™.

Here C™* is the contragredient representation of the standard representation C™ of GL,,
and similarly for C™*. The action 7, ,, induces the following action of GL,, x GL,, on the
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algebra P(M,, ,) of polynomial functions on M,, ,,, (which will again be denoted by 7, ,):
for (g,h) € GL,, x GLy,, f € P(My, ) and & € My, 1,

[T (9, ) (@) = f(Tam (g™t R (@) = f(g'zh). (3.2)

Theorem 3.1. ((GL,,, GL,,)-duality, [Ho2, GW]) Under the action (3.2) by GL,, x GL,,,
P(My,,m) admits the following decomposition as a GL,, x GL,, module:

PMum) > > pf@ph (3.3)

r(F)<min(n,m)

Theorem 3.1 allows us to realize the irreducible representations of GL,, on a space of
polynomial functions. More precisely, Let P(Mn,m)U” be the algebra of polynomials in
P(My,,m) which are invariant under the action by U,,. It is a module for A, x GL,,, and is
decomposed as

PMam)™ = S (pF)" @k (3.4)
r(F)<min(n,m)

Un .
)" of vectors in pf

For each Young diagram F with r(F) < min(n,m), the space (pf
invariant under U, is one-dimensional, and A,, acts on it by the character ¥£". So the
subspace (p% )U" ®pk of P(M,, )Y is the eigenspace of A,, in P(M,, )™ corresponding to
the eigencharacter 1! and it is also a copy of the GL,, module pZ . It follows from equation

(3.4) that the algebra P(Mmm)Un is a multiplicity free sum of irreducible representations
of GL,,.

Now suppose k and £ are positive integers such that m = k4 ¢. Then GL; x GL; embeds
in GL,, as block diagonal matrices with blocks of size k and ¢, so it acts on P(M,, ) by

restriction. By extracting the Uy x U, invariants in P(Mmm)U", we obtain

U xUy
P(Mn,m)UnXUkXUZ — (P(Mn7m)Un) kXUp

~ Y ) e )™

r(F)<min(n,m)

The algebra P(Mmm)U”XU’“XU" is a module for A, x A, x A;. For fixed Young diagrams
D, E and F, the ¥!" x 1/1,? X WE eigenspace of A, X Ap X Ay in P(Mmm)U"XU’VXUZ can be
identified with the space of GLj x GL, highest weight vectors in p% of weight ¢,? X ¢f ,
so its dimension gives the multiplicity of ka ® pZE in pl". Thus the algebra structure of
P(Mmm)U"XU’“XUE encodes the branching rule from GL,, to GL; x GLy. In view of this
property, we call P(Mmm)U"XU’“XUK a (GLy,, GLg x GLy) branching algebra.

On the other hand, we have an isomorphism of algebras

P(Mn,m) = P(Mn,k @ Mn,f) = P(Mn,k) ® P(Mn,f)'
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So (GLn X GLk) X (GLn X GLZ) ~ (GLn X GLn) X GL; x GLy acts on P(Mmm) by Tk X Tn -
By Theorem 3.1, P(M,, ) is decomposed as

P(Mpm) =~ Yo e | Yo plen
r(D)<min(n,k) r(E)<min(n,’)

Y (PP ek el @of.

r(D)<min(n,k)
r(E)<min(n,f)

We now restrict the action of (GLjy, X GLy,) X GLg x GL; on P(M,, ) to A(GLy,) x GLj x GLy
where A(GL,,) & GL,, embeds diagonally in GL,, x GL,, with ¢ — (g, ¢g). By extracting the
Uk x Uy invariants in P(M,, ,,), we obtain

PMu) >V N (P @ pE) @ (oP) " @ (o) (3.5)

r(D)<min(n,k)
r(E)<min(n,f)

The algebra P (M, )" Y is a module for GL,, x A x A,. For each pair (D, E) of Young
diagrams, the subspace (p,l? ® pE ) ® (p,? )Uk ® (pf )UE of 73(1\/17%7,1)(]’““]’Z is the eigenspace of
Ay x Ay corresponding to the eigencharacter w,? X wf , and it is also a copy of the tensor
product pP @ pZ of GL,, representations. By equation (3.5),

12

P(Mn7m)UnXUk><U[ — <P(Mn7m)UkXUe>Un

S Ped) e @) e (h)”. (36
r(D)<min(n,k)
r(E)<min(n,?)

12

So the algebra 73(1\/In,m)U"XU’“XUZ describes how tensor products of GL,, representations

UnxUxUy,
)

decompose. In view of this property, we also call P(M,, p, a GL,, tensor product

algebra. Since the algebra 73(M,wn)U"XU‘“XU‘Z encodes two sets of branching information, it

is a reciprocity algebra in the sense of [HTW1].

This construction can be generalized. If m = ki +ko+---+k, where kq, ..., k, are positive
integers, then [[?_; GLj, embeds diagonally in GL,, and the algebra

P My ) U (T Uk)
describes the branching rule from GL,, to [[Y_; GLy, as well as the decomposition of tensor

products of p representations of GL,,. Readers may refer to [HL1] for more details.

3.2. Polynomial Pieri algebras for GL,. Let m = k + £. We shall write a typical
element of M,, ,,, as

11 X122 - L1k Y1 Y12 0 Yie
€T21 X222 X2k Y21 Y22 0 Y2
Tnl Tn2 - Tpk Ynl Yn2 - Yne

so that P(M,, ) can be viewed as a polynomial algebra on the variables x4, and y.4. In
this subsection, we focus on the case when ¢ = 1. Since U, = Uj is trivial, by equation
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(3.6), we have

P (Mn7k+1)UnxUk - P (Mn,k+1)U”XU’“XU1

~ ) (Pf ® P%“))Un ® (oP)" @ o1,

r(D)<min(n,k)
aczt

where Z* denotes the set of all nonnegative integers. So the algebra P(Mn,kH)U”XU’“
describes tensor products of the form p? ® pgf), where (a) is the Young diagram with only
1 row and a boxes, and psla) ~ S%(C"™) is the a-th symmetric power of C". It is shown in
[Ho2| that P (MmkH)U"XU’“ is a polynomial algebra on the free generators d; and §(;_; 1)
where

11 X2 v Tl
0; = x?l 33:22 o le ) 1 <4 < min(n, k),
Til T v T
and
T11 Ti2 o T1j-1 Y11
dgj—11) = o $.22 1’2,']‘—1 y?I ) 1 <j <min(n,k+1).
Tj1 T2 0 Thi-1 Yjl

It follows that the set of all monomials in the §; and 0(;_1 1) forms a basis for P (Mn7k+1)U" Uk

Using this fact, one can deduce the Pieri rule for GL,, (see [Ho2]).

Pieri rule for GL,. Let D = (dy, ...,dy,) be a Young diagram with at most n rows and let
a be a nonnegative integer. Then

pr P =" ph
F

where the sum is taken over all Young diagrams F = (f1, ..., fn) with at most n rows such
that D C F and |F| — |D| = . Here D C F means that

fizdi>fo>dy> > fr > dy. (3.7)

The condition (3.7) is called the interlacing condition. Since the algebra P (Mnka)U”XU’“

encodes the Pieri rule, we will call it a (polynomial) Pieri algebra for GL,,.

3.3. Polynomial iterated Pieri algebra for GL,. The construction in Section 3.2 can
be generalized as follows. Let m = k + £, so that GLx x Ay C GL; x GL; C GL,,. We
consider the action 7, ,, of GL,, X GL, on P(M,,,,) defined in equation (3.2) and restrict
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it to GL,, x (GLy x Ay) =~ GL,, x (GLy x GL{). Then under this action,
4 14
PMym) ~ PMyp®dC'@---@C") ~PM,;) @PC")®@---@P(C")

( Z pf@pf) ® (Z pglal) ®p§0‘1)) QR (Z pglaz) ®p§az))

r(D)<min(n,k) a1>0 ap>0

1R

> (pRes e w0i) ol e 0™
r(D)<min(n,k)
(11,...,(1[20

1

1

> (Red e wi) el o, (3.8)

r(D)<min(n,k)
a=(a10mns00) € (ZF)!

where the representation pgal) Q- ® pgaé) of GL{ is identified with the character g of
Ay. By extracting the U, x Uy invariants from P(M,, ), we obtain

Un
P (M) > (b2 @ ol @@ o)) " @ (o) @0,

r(D)<min(n,k)
a=(a1,...,ap)€(Z)*

Thus the algebra 73(Mn,m)U"XUIc describes how tensor products of the form

pr @ p @@ pl) (3.9)
decompose into irreducibles. In view of this property, we call P(Mn,m)U”XU’“ a polynomial

iterated Pieri algebra for GL,. It is a module for A, x Ay X Ay, so it is graded and can be
decomposed as

P(Myy ) VU = Z WED.o) (3.10)

F,D,«a

where the sum is taken over all Young diagrams D and F with r(D) < min(n,k) and
r(F) < min(n,m), and all a € (Z*), and Wrp, is the ¥f x 9P x ¢¢-eigenspace of
Ap x Ay, x Ag. The dimension of Wg p , coincides with the multiplicity of pg in the tensor
product (3.9), which can be obtained by applying the Pieri rule repeatedly.

Polynomial iterated Pieri rule for GL,. Let D and F be Young diagrams with at
most n rows and o = (a, ..., o) € (ZT)E. Then the multiplicity of pE in the tensor product
P ®p$«fx1) ®-- -®p%a£) is given by the number of sequences of Young diagrams (Fy, Fi, ..., Fy)
such that

D=FRCRC---CF,_,CF=F, (3.11)

and
|Fj| = |Fjal = a; for 1<j <L (3.12)

There is another description of this multiplicity. If a Young diagram D sits inside another
Young diagram F', then we write D C F'. In this case, by removing all boxes belonging to
D, we obtain the skew diagram F/D. If we put a positive number in each box of F'/D, then
it becomes a skew tableau and we say that the shape of this skew tableau is F'/D. If the
entries of this skew tableau are taken from {1,2,...,¢}, and a; of them are j for 1 < j <,
then we say the content of this skew tableau is « = (ayq, ..., ay). A skew tableau T is called
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semistandard if the numbers in each row of T' weakly increase from left-to-right, and the
numbers in each column of T strictly increase from top-to-bottom.

Notation.

(i) Let ST(,p,a) be the set of semistandard tableaux of shape /D and with content
a.
(i) The number of elements in ST (f p o is denoted by Kp/p, and it is called a skew
Kostka number ([Sta]).
(iii) We also let

ST (nk,0) = U ST (F,D,a) (3.13)
F,D,«

where the union is taken over all Young diagrams F' and D with r(F') < min(n, k+/¢)
and r(D) < min(n, k), and all o € (Z*)".

We now let (Fp, F1, ..., Fy) be a sequence of Young diagrams which satisfies conditions
(3.11) and (3.12). We regard F//D as a union of the skew diagrams F;/F;_1, 1 <1i < {. By
filling the boxes in F;/F;_; with i for each 1 < i < ¢, we obtain a semistandard tableau T
of shape F'/D and content a = (v, ..., o). In fact,

(Fo,Fl,...,Fg) — T (3.14)

is a bijection between sequences of Young diagrams (Fy, F1, ..., Fy) which satisfy conditions
(3.11) and (3.12), and semistandard tableaux T"in ST (g p o). It follows that

pr @ @ @p = Kppapl, (3.15)
F

and this implies the following lemma.

Lemma 3.2. The dimension of the homogeneous component Wgp o of P(Mn’m)U"XU’“ 18
given by

dirn WF,D,a = KF/D,a-

The lemma suggests that elements of STrp , can be used to label a basis Brp  for

W D,o and the union of all Brp , will be a basis of the algebra 73(M717771)UTLXU’C labeled by
elements of ST, 1, 4.

3.4. SAGBI theory. In this subsection, we will recall the notion of a monomial order
and some general results in [CHV]. Let C[zq,...,z,] be a complex polynomial algebra on
the variables z1, ..., z,. A monomial in C[zy,...,z,] is an element of the form

a1 Qa2 Qn

a_ ..
% =x]"T, Ty,

where a = (aq,...,a,) € (ZT)". A monomial order is a total ordering < on the set of
monomials in C[z1, ..., z,], or equivalently on (Z*)", such that

(MO1) (0,0, ...,0) is the minimal element in (Z*)".

(MO2) Any decreasing sequence is finite.

(MO3) If a, 8,7 € (ZT)" and o < B, then a +v < B+ 7.
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There are many examples of monomial orders on (Z)" (see [CLO]). Here we will describe
one which we will use later. We first choose a total ordering on the variables x1, ..., .
Specifically, we choose a permutation ¢ on {1,2,...,n} and declare that

To(1) > To(2) > " > To(n)- (3.16)
We then extend this ordering to a total ordering on all monomials as follows: Given two
monomials z% and z?, we have
z® > 2P
if either
(i) the total degree of 2 is higher than that of z”; or
(ii) both z® and z® have the same total degree, and for the first (i.e. largest) variable
with an exponent in z® that is different from its exponent in 2, the exponent in
x® is larger.
We call this monomial order the graded lexicographic order with respect to (3.16) ([CLO]).

We now fix a monomial order on (Z™)". Let f be a polynomial in C[z,...,x,]. Since f
is a finite linear combination of the monomials z%, and since the monomial order is a total
ordering, among the monomials appearing in f with non-zero coefficients, there will be a
maximal one. We call this the leading monomial of f, and denote it by LM(f). Then it
follows from (MO3) that for f,g € Clzy, ..., x4),

LM(fg) = LM(f)LM(g). (3.17)
Let R be a subalgebra of C[z1, ..., x,], and let
LM(R) = {LM(f): f € R}.

Then by (3.17), LM(R) is a semigroup. The initial algebra of R, denoted by C[LM(R)],
is the subalgebra of Clz1, ..., z,] generated by LM(R). If the semigroup LM(R) is finitely
generated, then a general result ([CHV]) says that C[LM(R)] is a good approximation to
R, in the following sense.

Theorem 3.3. Let R be a subalgebra of a polynomial algebra Clxy, ..., xy]. If the semigroup
LM(R) is finitely generated, then there exists a flat one-parameter family of C-algebras with
general fibre R and special fibre CI[LM(R)].

We will show later that in the case when R = P(Mmm)U”XU’“ as well as other algebras for
which we are interested in, LM(R) is of a very special type and is indeed finitely generated.
We define these semigroups in the next subsection.

3.5. Hibi cones. For a linear functional A on R"”, the set
Hf ={veR": \v) >0}
is called the closed half-space for X\. If L = {\1,..., A} is a collection of linear functionals
on R"™, then the intersection
T
+ _ +
ch=(H;
i=1
is called a conver polyhedral cone. It is called rational if each A; in L takes rational values on
Z". A lattice cone is the intersection of a rational convex polyhedral cone in R™ with Z". It
has a structure of an affine semigroup ([BH]), that is, it is a finitely generated subsemigroup
of Z™ containing 0.
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We now describe an important class of lattice cones which are called Hibi cones ([Hi, Ho3,
Rei]). Let I' = {1, ..., 7n} be a finite poset with a partial ordering »=. We call a real-valued
function f on I' order preserving if

vyel, =y = [f(z) = f(y)
Let R* be the set of nonnegative real numbers and let
RHD= = {f :T - RY: fis order preserving} .
We shall identify each function f : ' — R with the point

(f(fh)? f(72)7 ) f(’YN)) € RN.

With this identification, it is easy to see that the subset of RYV corresponding to (R*)"= is
a rational convex polyhedral cone. Let Z' be the space of all integer-valued functions on T’
(which can be identified with the lattice Z" in R"V) and let

(zhHt= = ®HNM= n 7t (3.18)

Then (Z*)"Z is a lattice cone. It provides a natural setting for the affine semigroup rings
studied by Hibi in [Hi]. Therefore, we will call it a Hibi cone. See also [Ho3, Kil].

We now describe the semigroup structure of (ZT)1"Z. A subset A of T' is said to be
increasing if for any a € A,

ze€land x> a = x € A.
Let J*(T') be the collection of increasing subsets of I'. For each A € J*(T'), let x4 : T — Z*

be the characteristic function of A, that is,

XA(x):{ 1 z€A

0 z¢ A
(If A=10, then xa(x) =0forallz €T.)

Theorem 3.4. ([Ho3]) The semigroup (ZT)''= is generated by {xa : A € J*(I')}. More
precisely, each element f of (Z1)V'Z has a unique expression as a sum

u
f= Z CiXA;
=1

where ¢ are positive integers and )0 € Ay C Ay C --- C Ay is a chain in the poset J*(T').

3.6. Standard monomial theory. Let R be a complex algebra and let G be a finite set
of elements of R with a partial ordering. If g1 < go < -+ < g5 in G (i.e. the g; form a
multichain in G), then we call the product

g192 - gs

a standard monomial on G. Let B be the set of all standard monomials on G. If B forms
a basis for R, then we call B a standard monomial basis and say that R has a standard
monomial theory with respect to G.
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3.7. The structure of P(Mn,m)U”XU’“. We resume our description of the structure of
the algebra P(Mmm)U”XU’“. Recall that m = k 4+ ¢. Fix Young diagrams D and F with
r(D) < min(n, k) and r(F) < min(n,m), and a € (ZT)*. We shall specify a basis for the

homogeneous component Wg p . of P(Mn7m)Un><Uk‘

A column skew tableau is defined by a certain number p of empty boxes at the top,
followed by boxes labeled by a strictly increasing sequence S = {s1, s2, ..., 54} of positive
integers. Let us label this column skew tableau T, ). For every column tableau T, g
with p < min(n, k), p + ¢ < min(n,m) and s, < ¢, we define an element of the algebra
P(Myn) "k by the determinant

T11 x12 s Tip Yisy Yisg te Yisq
5 T21 x22 s T2p Y2s1 Y2sq te Y2s,
(p,S) = . . . .
Tp+g)lt T(p+q)2 " LTp+ep Yp+a)st Yp+a)s2 "~ Yp+9)sq

Now consider any semistandard skew tableau T"in ST p o). We will define a polynomial
dr in W p,o and a monomial mp as follows. Let the j-th column (counting from left to
right) of T' be Tj = T, 5.)- Then dr is defined as

o = H or, = H 0(p;,5;): (3.19)
j=1 j=1

where ¢ is the number of columns in 7. To define the monomial myp, let (Fy, Fi, ..., Fy)
be the sequence of Young diagrams which corresponds to 7" under the bijection defined in
equation (3.14). Since r(Fp) =r(D) < min(n,k) and D=FC A C---CF, 1 CF,=F,
r(F;) < min(n, k+ j) for 0 < j < /. So we can write for each 0 < j </,

Fy = (A15, A2, -+ Amin(nk+5)j)- (3.20)

Then

_ Aio )‘abf)‘a(bfl)
mr = (H Lig ) H Yab
7

a,b

The polynomial §7 and the monomial mr are related as follows. Let the set of monomials
in P(M,, ) be given the graded lexicographic order with respect to the following ordering
on the variables:

(a) Tgp > xeq iff b<dorb=dand a < c.
(b) Similarly, y.p > yeq iff b < d or b=d and a < c.
(¢) Finally, 24, > y.q for all pairs (a,b) and (¢, d) of indices.

Then it can be checked that (see [HL2, Ki4]) for each semistandard tableau T' € STz, p ),
LM(5T) =mr. (3.21)

Theorem 3.5. (i) The set Brpo =1{0r: T € ST(gpa)} is a basis for Wgp -
(i) The set B= {61 T € ST} is a basis for P(Man)" V"
(1) LM (P(M, )" V) = {mr: T € ST}
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a
-b

FIGURE 1. The set I'(73 4).

Proof. By equation (3.21), the leading monomials LM(d7) are distinct. So the set Br p o is
linearly independent. Moreover, the number of vectors in B p  coincides with dim Wgp ,.
So (i) follows. Part (ii) follows from (i) and the decomposition (3.10). For (iii), we first

note that mp = LM(dp) € LM (P(anm)U"XU’ﬁ for each T € ST, 1. Next, we let
p € P(Mym)" V%, By (i),
p = c10p + 20, + - + ¢ 07,

for some cq,...,c. € C* and T1,...,T, € ST (k). Since the leading monomials LM(6p,) =
mry, ..., LM(d7,) = mr, are distinct, we have LM(p) = mr; for some 1 < j <. O

3.8. The Hibi cone associated with P(Mn,m)U”XU’“. In this subsection, we shall show
that the semigroup LM <77(Mn,m)U"XU"'> is a Hibi cone. This cone is closely related to

the Gelfand-Tsetlin cone, and we could describe it in terms of truncated Gelfand-Tsetlin
patterns. However, in preparation for Section 4, it is convenient to embed the associated
poset in Z2, and this is what we will do here.

For 0 <j </and 1<i<min(k+j,n), let
F9) = [ J__Z,Z ] €72 (3.22)
Consider the set of points
Pk = {17 :0<j <6, 1<i <minfk+j,n) | (3.23)
in the plane. The set I'(7 3 4) is illustrated in Figure 1.

We consider Z? as a poset with respect to the usual partial order

b d

and we consider I'(, 1 o) as a poset with the induced partial ordering. Consider the lattice

[“}j[c] if and only if a < cand b <d, (3.24)

cone (ZT)F k0= associated with L (n.k,e) (see equation (3.18)).
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Lemma 3.6. There is a biyjection VU : ST, 1 o) — VAR RCEURS

Proof. Given a semistandard tableau T" in ST, 1. ¢), we define a function fr on I'(, ) by

fT(%-(j)) = Aij- (3.25)

where \;; is defined in equation (3.20). It is easy to check that fr is an increasing function
on the poset I, 1 ), and conversely, that every increasing function f : ', 10 — 77 is of
the form f = fr for some 7" € ST, 1 »). It follows that the map

\II(T) = fr, T e ST(n,k,Z)a

is a bijection from ST, 1 ¢) to (zH ' mro= O

Corollary 3.7. The map
LM <P(Mn7m)UnXUk) - (ZJF)F(n’k’Z)t
mr fT
s a semigroup isomorphism.

By Theorem 3.4, (Z1)'k0:= is generated by {xa: A € J*(Cine))}- In particular, it
is finitely generated. It follows from this and Theorem 3.3 that

Theorem 3.8. There exists a flat one-parameter family of C-algebras with general fibre
P(Mmm)U”XU’“ and special fibre C[(ZF)Fmr.0:=],

Next, we shall describe the increasing subsets of the poset I'(, ;). For a nonnegative
integer p and a set S C {1,2,...,¢} with p < min(n, k) and |S| < min(n,m) — p, we define
the sequence (ag, ai, ..., ay) as follows:

(i) a0 = p.
(ii) For 1 <t </¢ -1,

(3.26)

a . a+1 t+1e€8
AR t+1¢85.

We now let |
Ap,s) = {%-(J); 1<i<a;, 0<j gg}.

(So A0 = ().) It is easy to show that A(p,s) 1s increasing. In fact, these sets exhaust all
the increasing subsets of I'(;, 1. ¢)-
Lemma 3.9. We have

J* Tppe) = {A(p,S) : 0<p<min(n,k), SC{1,2,...¢},]S| <min(n,m) —p} .
Proof. Let B be an increasing subset of I'(,, 1, o). Then

B={yY:1<i<a;, 0<j<t}
for some ay, ..., ay > 0.

Let 0 <t <{¢—1. Then %(Li) € B and 'yc(l?Jrl ¢ B. Since B is increasing and 'yfgiﬂ) > 'y,gi),
%(lttﬂ) € B. Further, since 75?;12) < VC(L?H and rYC(L?+1 ¢ B, 7&112) ¢ B. So a;41 = ag or ag+ 1.
We now let p = ag and define the set S by equations (3.26). Then B = A, g). O
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It is not difficult to check that under the bijection ¥ defined in Lemma 3.6, the column
tableau T{, s) is mapped to the function x(,s). We now let G, be the set of all
polynomials of the form 4, 5), and define a partial order on G, k¢ by

Op,5) = 0,51 == Ap,5) 2 A7) (3.27)

This partial order is the opposite of the standard partial order on the set of column tableaux
([HL2, Kid]). Let T" € STy, k¢ Suppose that it has ¢ columns and Tj = T{,, s,y is its j-th
column. Consider the polynomial d7 defined in equation (3.19) . Then we observe that

A(pl,Sl) 2 A(P2752) 22 A(pc,Sc)'

This means that o7 is a standard monomial on the elements in G, ;) with respect to

the above partial order. Hence the basis B of P(Mn,m)U"XUk defined in Theorem 3.5 is a
standard monomial basis.

Remark. We would like to highlight the extent to which the logic of this account depends on
the leading monomials. First, using the skew tableau technology, one finds a combinatorial
parametrization of the constituents of the tensor products that counts the multiplicity of
any given representation in the indicated tensor products. Then one encodes the parameters
as a collection of exponents, and observes that these exponents exactly constitute a lattice

cone, isomorphic to the Hibi cone (Z1)F k0=,

Finally, one defines a monomial order and produces highest weight vectors for GL,, whose
leading monomials have the previously described exponents. These highest weight vectors
are monomials in an explicit set G, ) of elements. The fact that these monomials have
distinct highest terms guarantees that they are linearly independent, and therefore, the
monomials for a given highest weight span a space of the required dimension. These mono-
mials therefore exhaust the highest weight vectors of a given type, and therefore span the
algebra being studied. It is the upper bound given by the combinatorial parameters, to-
gether with the lower bound given by the distinctness of the highest terms, and the matching
of leading monomials with combinatorial parameters, that guarantees everything is found.

In this reasoning, we have paid no direct attention to the algebra structure of P(anm)U" Uk
We find at the end that the G,, 1, ») must be generators for the algebra, but we have not given
any consideration to the relations between them. Thanks to general SAGBI theory, we have
exhibited P(Mn,m)U”XU’“ as a flat deformation of the Hibi ring on the poset I'(, ¢, and
we note that the relations for a Hibi ring are easily described (see Theorem 3.4). Although
this does not determine the relations between the elements in G, 1 ¢, it does allow one to
make some conclusions about their qualitative nature. Detailed exploration of this topic is
beyond the scope of this article. See [Ki4].

4. THE DOUBLE PIERI ALGEBRAS

In this section, we construct a family L, ) (x,q) of algebras and study their structure.
The process for constructing it suggests the name double Pieri algebra. Later we will show
that this algebra is closely related to the iterated Pieri algebras for GL,, and also for O,
and Sp,,,. More precisely, we shall show that under certain conditions on the parameters,
each of the iterated Pieri algebras is essentially made up by either one or two algebras of
the form L, ) (4 together with a polynomial algebra. Thus, the iterated Pieri algebras
for all three series of classical groups are unified via the double Pieri algebra.
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4.1. The construction of L, ;) x4 In Section 3.3, we were concerned with the GL,
structure of the polynomial iterated Pieri algebra
p UnXUk

A

P(My joip) Ve = S P(My ) @ P(CY) @ -+ @ P(C™)

However, the starting situation of P(M, ;) is symmetric in n and k, and we can clearly

tensor P(M,, ;) with copies of P(CF) and get an analogous decomposition of the resulting
GLj module.

In fact, we can do both at the same time. Let n, k, p, ¢ be integers such that n > k > 1
and p,q > 0, and consider the algebra P(M,, & M,, , ® M, 1) of polynomial functions on
Mk ® My, @ My . We let GL,, x GL; x GL), x GLg4 act on P(My, 1, ® M, , ® M, ;) by the
formula:

(0(g,h,a,0)(f))(X,Y,R) = f(g'Xh,g'Ya,b' Rh) (4.1)
where (g, h,a,b) € GL, x GLi x GL, X GLg, f € P(My, 1 @& My @ My i) and (X,Y, R) €
M, ® M, , ® Mg . Also, we restrict the action to the subgroup GL, x GLj x A4, x A,.
Finally, we let

L) (va) = [P @ Mip © Mo )]
be the subalgebra of U,, x U}, invariants in P(M,, j, & M, , ® M, 1) and call it a double Pieri
algebra. It is a module for A, x A, x A, x A,. It turns out that we can analyze it by an
extension of ideas on the polynomial iterated Pieri algebra P(M,, j,)/"*VE.

4.2. Multigraded structure of L, ;) 1.4)- The torus A, x A, x Ap x Ag acts on L, 1) (k.q)
by algebra automorphisms, so L, , (x,q) is @ multi-graded algebra. More precisely, we have

Lopyka) = D, Wik (n) (4.2)
F,a,D,3

where the sum is taken over all Young diagrams F' and D with r(F) < min(n, k + p) and
r(D) <k, « € (Z*)P and § € (Z*)?, and the homogeneous component W(pq) (p,g) is the
PE x Py X ka X ¢g eigenspace of A, X A x A x Ay in L ) (k,q)-
Notation.
(i) For Young diagrams F' and D, and a € (Z")P and § € (Z1)9, let ST(p o (p,g) be
the set of ordered pairs (71,75) of semistandard tableaux satisfying the following
conditions: There is a Young diagram F such that T} is of shape F/E and content

a, and Ty is of shape D/E and content 8. (So 71 and T have the same initial
Young diagram E.)

(ii) Let K(pq),(p,3) denote the number of elements in the set ST x4 (p,5).- Then

Kpo)0.8) = Y Kr/poKp/ms.
E

(iii) We also let
STt = (J STranms (4.3)
(F,a),(D,B)
where the union is taken over all pairs (F,«) and (D, 8) with r(F) < min(n, k + p),
a € (ZT)P, r(D) <kand e (Z1)1.
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Lemma 4.1. The dimension of W(pa)(p,) s given by
dim Wra)(p,6) = K(F.a),(D,5):

Proof. Let GL,, x GLjy x A, x Ay act on P(M,, 1, ® M,,, ® Mg 1) via the action o given in
equation (4.1). From (3.8), by setting k = 0 and ¢ = p, we have

PMap) = > (@p&““)@zwg

a=(a;)e(Zt)r \i=1
Similarly, we also have
q
P(Mgp) = > (wg 2 pi?”)
B=(Bi)e(Z+)1 =1

Then, by (GL,, GLg)-duality and the polynomial iterated Pieri rule for GL,, given in equa-
tion (3.15), we have

P(Mnk@an@qu) 73 n,k ®P( np)®p(Mq,k)

q
{Z pf®pf} { ®pﬁf”>®¢$}®{ > <¢5®®p§f”>}
r(B)<k (a)e(@+)r \i=1 B=(8:)e(z+)a i=1
- D (@) e (@)oot
E,a,8

Z <Z KF/E,an) ® (Z KD/E,BP}?) ®PS @ PP
F D

1R

1

BB

~ > <Z KF/E,aKD/Eﬁ) Py ® Py @Yy @ P
o,B3,D,F E

= Z K(F0).(0,8)Ph © i @ Uy @Y7,
o,3,D,F

where all the Young diagrams F' and D which appear in the sum are such that r(F) <
min(n, k+p) and 7(D) < k. The lemma follows by extracting U,, x Uy invariants from these
expressions. ]

4.3. Generators of L, ) (r- We denote the standard coordinates on My, x, M, and
M, r as
q7

(i) € My, (yij) € My, (2i5) € Mg,

so that P(M,, , © My, , ® M, 1) can be regarded as a polynomial algebra on these variables.
Let the set of monomials in P (M, , & My, , © Mg 1) be given the graded lexicographic order
with respect to following ordering on the variables:

(a) Tgp > xeq iff b<dorb=dand a < c.
(b) Yap > Yeq iff b<dor b=d and a < c.
(€) zap > zeq iff a < cora=candb<d.
(d) Finally, z45 > ycq > zes for all pairs (a,b), (c,d) and (e, f) of indices.
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We want to construct a basis for the double Pieri algebra L, ;) r,q)- Lemma 4.1 suggests
that we can do so by attaching an element &7 of L, p) (kg to each pair (T T') of
semistandard tableaux in ST(, ;) (x,q)- The most basic case is when both 7" and T " are
column tableaux, that is, T' = T\ ;) and T" = T{. ) where 0 < ¢ <k, and

I = {21<22<<Zu}g{177q}7
J = {hi<j<--<ji}C{l..p}
with u + ¢ < k and v + ¢ < min(n, k + p). Let d(. 7y be the determinant
x1,1 1,2 e T1,c4u Y1,51 T Y1,5,
x2,1 2,2 s T2, c+u Y2,51 T Y2,5
(5(0,[,]) = | Letv,l Letov,2 0 Letvetu Yetvgr 0 Yetwogy |- (4.4)
Zind %2t Zigedu 0 e 0
Zigd  Zig2  tt Zigetu 0 e 0

The following lemma suggests that (. 7, 7) should be attached to (T(c, s e, 1)).

Lemma 4.2. The leading monomial of §.,1 sy is given by

5((: I J (H Zq a) <H chra,ja) <H Zia,c+a> .
a=1 a=1

Proof. Every term of the determinant 6. ; ;) is a product of (¢ + u + v) elements chosen
from each row and each column. To identify the leading monomial LM(d(.7,7)) of d(c,1.5),
it is enough to choose the largest entry of the matrix at each step in making a product. It
is straightforward to see that the first ¢ choices should be x11,...,z... After erasing the
first ¢ rows and the first ¢ columns, we obtain the (u + v) X (u 4 v) subdeterminant

Tegletl 0 Teglyedu | Yet+lgy 0 Yetl,p
. . . . Yet+1,51 ce Ye+1,50 Ziq,c+1 ce Ziq,ctu
LTetv,c+1 s Lctv,ctu Yetv,j1 o Yetv,ju =+ . .
Ziq,c41 s Ziq,ctu 0 s 0 . . . :
Yetv,jy o Yetv,jo Zig e+l Zig,ctu
Zig,e+1 T Zig,ctu 0 0

Clearly, the diagonal entries of the two determinants on the right hand side constitute the
remaining entries in LM (1, 7))- O
Later, we will define a partial order on the elements J.; ) and show that standard

monomials on these elements form a basis for L, ;) .q)-

4.4. The Hibi cone associated to L(
Consider the reflection

np),(k.q)+ Let 72 be given the partial ordering (3.24).

daNb

of R2. Tt clearly preserves Z?2, and define an order preserving automorphism of Z2. Consider
the sets of points I'(,, ;. ;) and ', o) defined in equation (3.23), and let

Linp), k) = T(Cm,0) U L (k)
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where 7(I'(, , 4)) is the image of 'y, ,, oy under 7. We consider I'(,, ) (1.q) @S & poset with the
induced partial ordering. Explicitly, for integers ¢ and a, we let

—a 1 .
| L] e
Al = (4.5)
[_“}—{Q} i <0.
—a i
Note that this definition extends that given in equation (3.22). Also, 'yc(li) =7 (fy((fi)> for
1 < 0. Then
Cinp) k) = 108 1 =4 << 0, 1<a<ku{y:1<i<p 1<a<min(nk+i)}

Two examples of I'(,, ) (1,4) are illustrated in Figure 2 (with n > k + p) and Figure 3 (with
n < k + p) respectively.

|
G I () BN NN ¢)
f2| 1| 11 "
0 o Y () R & I .
3 2 Y
| | |
L0 @) (2)
r3| Qi 3
Jay . 8
J4| T4
N
o

FIGURE 2. The set ]_—‘(572)7(371).

. o -
We now consider the Hibi cone (ZF)" (m#):(k.0=

Lemma 4.3. There is a bijection ® : ST, 1) (4.q) — (Z+H) =

n,p),

Proof. Let (T, T") € ST (np),(k,q)- Consider the order preserving functions fr and f7+ defined
in equation (3.25) on I'(, 1, ) and Ty, 4), respectively. For u € 7(T' (. q)), let

fr(u) = fr(7(w)).
Then f7, is an order preserving function on 7(I'( 5, 4))-
Now observe that

T(Cknag) O Linpp) = { W 1<ax< k}

Since T and T have the same initial diagram,

17 (A0 = frr (587
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=2
151
(=2) e
iy 51
(=2 =1) (0) i @ 3
13 = o = M s g s T s Tl
_(=2) (=1 L0y (1 o)) o
17 - M — g - T g s g
(=) () e (@ 3
2! - M - TN B G
() o) Ne)) @
."4| - f-.T - \".1 - 14
e @ NE)
5" — T —
~2) ~(3)
(T

FIGURE 3. The set F(6,3),(4,2)'

for each 1 < a < k. This allows us to fit fr and f7, together to define a function fr 7+ on
L o), (k) BY

oy [ ey iz o
fra () {f%/(ngi)) i<o.

We claim that f77 is order preserving. Suppose that 'yc(f) € Linkp) ’Yc(zij) € 7(L(kn,q)) and

G _ | —at+i =b | _ (-
il It 5 ey B o

(For example, 753) > %E_l) in the poset I'(53) (4,2). See Figure 3.) Then —a > —b + j, so

that
G _ | —at+i —a | _ (0 =b | _ (-
7“_[%]&[—@}_“&{—“3}_” '

It follows that
Fror (V) = fr (V) > fr (V) = F2 (O > f () = fre ().

Similarly, one can check that if m(f) = %S_j)’ then fr 7 (%(Li)) < fr (%S—j)).

Conversely, each order preserving function f on I'(, ) r,q) is of the form f = fr.7 for
some (T,T") € ST (np),(k,q)- This is easy to check. It follows that the map ® : ST, ;) (r,q) —

(ZJF)F(M,),(k,q)t given by
(T, T) = fro.

is a bijection. O
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By Lemma 4.3 and equation (4.3),
Ln,p), k)= _
(zr) o= = @ (ST(rayme)-
(Fie),(D,B)
Iffed (ST(EQ),(D@), then we can recover (F,«) and (D, 3) from f as follows: Let us set
f:{ (fi,lvfi,Zv"')fi,k) if _QSlSOa
‘ (fi,lvfi,?v"‘ 7fi,min(n,k+i)) if0<i <p
where ‘
fii = 1057, (4.6)
and
wh(f) = (Ifal = fol [ fol = [ fils ooos [ fol = | fp]) s
w(f) = (f=1l = [fol, [f=2l = [f=1l, - [f=q| = [ F=g41])
where [fi| = > > fic for —g <i <p. Then we have

F:fpa Oé:w+(f), D:f—qa and ﬁ:w_(f)

Moreover, if f = ®(T,T"), then fr(u) = f(u) for all w € Ty, ¢ and fp/(v) = f(7(v)) for all
v € 'y, g- This allows us to recover the tableaux 7" and 7.

It is also clear that if f € ® (ST(FVO[),(D@) and f' € ® (ST(F/,Q/)7(D,75/)), then we have

f+ 1 €®(ST(pir atan (D40 518)) -

4.5. Increasing subsets of I'(;, ) (). By Theorem 3.4, (ZJF)F(”“”)’(’“‘I)t is generated by

{xa: A€ T (Cinp)ka)} -

We now specify the increasing subsets of I'(, ;) (r¢)- Our description is designed to make
parallel with the special elements (. ;) defined in equation (4.4). For ¢, I = {i1,...,iu} C
{1,...,q}, and J = {j1,...,Ju} € {1,...,p}, where 0 < ¢ <k, |[I| =u<k—cand |J| =v <
min(n, k + p) — ¢, we define a sequence (a_g, ..., ag, ..., ap) as follows:

(i) ap = c,
(iil) For0<s<g—land 0 <t <p-—1,
a_s+1 s+1€{ig,..,in}
L1 = . . 4.
G—s-1 { a_g s+ 1 & {i1, iy} (4.7)
and
ar+1 t+1€{j, ..., jv}
= . . 4.8
Ae+1 { Qg t+ 1 ¢ {]17 ...,jv}. ( )

Let _

Aty = {VJ(-Z) 1<j<a;, —q<i<p}
(So A = 0.) Then one verifies that A,y s is increasing. In fact, the sets A 1, s
exhaust all the increasing subsets of I'(;, ) (x,q)-

Lemma 4.4. We have
J*(F(n,p),(k,q)) = {A(C,I,J) :0<e< ka-[ - {17 '”7Q}7 J C {17 '-'7p}7 |I| < k_c> |‘]| < min(n,k+p)—c}.
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Proof. Let B be an increasing subset of I, ;) (rq)- Then B = By U By where
Bi=BnNrt (Fkqu) and By = BN Fn,k,p-

Now B is an increasing subset of 7(I';,,), and since 7 preserves the partial order of
72, by Lemma 3.9, B; = 7 (A(C,I)) for some 0 < ¢ < min(k,n) and I C {1,2,...,q} with
[I| <k —c. Similarly, By = A(g s) for some 0 < d < min(n, k) and J C {1,2,...,p} with
|J| < min(n, k + p) — d. Note that

(W 1<a<e} =BiMTykp = BOT (Tking) kp = BoNT (Timg) = {1V 1 1 <a < d}.
Soc=d, and B = A1) O

4.6. Standard monomial basis for L, ) (q)- For each f € (ZJF)F("’P)’(’“‘”’E, we define
the polynomial o5 € L, p) (k,q) as follows: If f = x4, ,, then

6f = 5(C,I,J)a
where 0, s sy is defined in equation (4.4). In general, by Theorem 3.4, each element f of

r - . :
(Z+)" (k9= hag a unique expression as a sum

S
F=>cixa (4.9)
j=1
where ¢; are positive integers and § C A; C Ay C --- C A is a chain in the poset
J*(F(n7p),(k7Q))' We define
S
op =00, (4.10)
j=1

Let
Gnp)(bg) = 19xa * A€ T (Cnp) k) } -

and let it be given the partial ordering induced from that of J*(I'(;, p) (k). Then d; is a
standard monomial on G, ) (,q)- We will show that the set

B={o;: fe (@)oo=l (4.11)

forms a basis for L, ) (). To do this, we let for each f € (Z*)F(”’P%(k*q”t,

k
. fo.i fo,a—fo—1,a foig—f—it1,j
e <Hx I v II =5
u=1 1<a<min(n,k+b) 1<i<q
1<b<p 1<j<k

where f;; is defined in equation (4.6).

Proposition 4.5. (i) For each f € (ZT)" mn) (= LM(d¢) = my.
(ii) The set B is linearly independent.
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- r -
Proof. For (i), define m : (Z1)" (k0= — P(M,, 1, & My, , & My ;) by

m(f) =my. (4.12)

Then it is easy to check that m is a semigroup isomorphism onto its image. Moreover, by
Lemma 4.2,

m(xa) = LM(0y,)
for all A € J*(F(n,p),(k,q))~

We now let f be an arbitrary element of (Z+)F("*”)’(’“*q)’t. Then f can expressed uniquely

as a sum
s
f = E CjXAj
=1

where ¢; are positive integers and § C A; C Ay C --- C A is a chain in the poset
J*(L(n,p),(k,q))- Then dy is given in equation (4.10). Since m is a semigroup homomorphism,

LM(dy¢) = HLM((SXAj ) = Hm (XAj)Cj =m ZCjXAj =m(f).
j=1 j=1 j=1

This proves (i). Part (ii) now follows from the fact that the elements in B have distinct
leading monomials. O

Theorem 4.6. (i) The set
Brayp ={0r: [ €2 (ST(ra),0)}

s a basis for the homogeneous component W(F,a),(D,ﬁ) of L(n’p)’(k,q)'

(ii) The set B defined in equation (4.11) is a standard monomial basis for the algebra
Lnp),(ka)-

(iii) LM(L ) (k.g)) = (ZF) o0,

(iv) There exists a flat one-parameter family of complex algebras with general fibre E(n,p),(k‘,q)
and special fibre C[(Z*)F("»P%(kvq)t],

Proof. We claim that if f € ® (ST(F,a),(D,B))> then 0y € Wipqa),(p,p)- This is true if
' € Gp) (k- The general case follows from this and equation (4.3). It follows that
B(Fa),(pD,8) € WiFa),D,8)- Moreover, B(r ) (p,g) is linearly independent and the number of

vectors it contains coincides with the dimension of W(g o) (p,8)- S0 B(r,a),(p,s) is a basis for
Wi(F.a),(p,3) and this proves (i). Part (ii) follows from equation (4.2) and (i).

We can prove that
F n 7t
LM(Lnp) (k) = {myg : f € (27) 207}

using a similar argument as in the proof of part (iii) of Theorem 3.5. Hence LM (L, 5) (k,q)) 18
the range of the semigroup isomorphism m defined in equation (4.12). This proves (iii). Part
(iv) follows from Theorem 3.3 and the fact that LM(L(,, ), (x,q)) 18 finitely generated. [
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4.7. The algebra L, ;) (). In this subsection, we will construct the algebra L, ) (x,q),
which is a variant form of the algebra L, ;) (x,q)- Recall that the construction of the algebra
L(n.p),(k,q) makes use of an action o by GL;, x GLg x GL;, x GL, on P(My, i &My p & Mg g)
given in equation (4.1). We now replace o by the action ¢’ defined by the formula

(0_/(97 h,a, b)(f))(X7 Y, R) = f(g_th,g_1YCL, btRh)

where (g, h,a,b) € GL, x GLi x GL, X GLg, f € P(My, 1 & My, @ My i) and (X,Y, R) €
M,k & M, p, ® M, 1, and restrict o’ to the subgroup GL,, x GLj x A, x A,. Let E(n,p),(k,q)
be the algebra of all U, x Uy, invariants in P(M,, & My, , & My 1) relative to the action o’.
It is again a module for A4, x A; x A, x A,.

~

There is an alternative description of the algebra L, ) (k). Let GLp x GLj act on
P(M,, 1) via the action 7, ; defined in equation (5.3), so that, in the notation of Section 5.2,

the resulting GL,, x GL; module on P(M,, ;) is P(C" ® C**). Similarly, we consider the
GL,, x GLj, module P(C" ® CP*). We also let GL, x GLj, act on P(M, ) via the action 7,
defined in equation (3.1), so the resulting module is again denoted by P(M, ). We now
form the tensor product

P(C" @ C") @ P(C" @ CP*) @ P(Mg),
which is a module for
(GL,, x GL;) x (GL,, x GL,) x (GLq x GLg)
~ (GL, x GL,) x (GLj x GLj) x GL, x GLg,

and it becomes a A(GLj,) x A(GLy) x A, x A, module by restriction, where A(GL,,) = GL,
and A(GLg) = GL; embed diagonally in GL,, x GL,, and GLj x GLg, respectively. Then

r n kx n Dk Unp x Uy
Lnp g = [PC" 0 CH) @ P(C" @ C) @ P(My) |

Lemma 4.7. There is an algebra isomorphism

?: Linp)tha) — Lnp),ka)
such that
p(o(t,s,u,0)(f)) = o' (71", 5,u,0)(9(f))
for all (t,5,u,v) € Ap X Ap x Ay X Ag and f € L (k,q)- Here, for t = diag(ty, ..., tn),

¢ HY = wt Hw = diag(t, !, ..., t7 1)

where

0
0

In particular, ¢ intertwines the action by A X Ap X Ag on Ly p) (k,q) ond [,A(n’p)’(k,q)

1
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Proof. Define ¢ : P(My, 1 ©@ My p ® Mg i) — P(My 1 @ My, @ Mg 1) by

(Sp(f))(Xv Y, R) = f(wX, wY, R)7

where f € P and (X,Y,R) € M,, , ®M,, , ®M, 1. Then one can check that the restriction of

© 10 Lnp),(k,q) 1S an algebra isomorphism for L, ;) (x,q) — Z(’mp),(k‘,q) and it has the desired
properties. ]

Remark. It would be possible to describe the Hibi cone attached to L, p)(x,q) in terms of
a pair of Gelfand-Tsetlin patterns whose top rows are equal. An analog expressed in the
language of Young tableaux was introduced in [DRS], and was used there, and in [DeP] and
[DKR] to give characteristic-free proofs of the First and Second Fundamental Theorems of
invariant theory in the sense of [Wy|. More recently, one of the present authors studied
the Hibi cone attached to the space of m by n matrices using a combinatorial operation on
Gelfand-Tsetlin patterns in [Ki3].

5. THE CONSTRUCTION OF THE GENERAL ITERATED PIERI ALGEBRA FOR GL,

The polynomial iterated Pieri rule for GL,, given in formula (3.15) describes the decom-
position of the tensor product of a polynomial representation with ¢ representations, all
of which are indexed by one-rowed Young diagrams. In this section, we shall consider the
problem of decomposing the tensor product of GL,, representations of a more general form:

p q %
pE,E ® <® Pq(zai)> ® ® (P%ﬁj)) ) (5'1)
=1

=1

We replace the polynomial representation p~ in (3.15) by any rational representation pfl) ’E,
and we tensor it with p representations, each of which is indexed by one-rowed Young
diagram, followed by ¢ representations, each of which is dual to a representation indexed by
one-rowed Young diagram. We call a description of how (5.1) decomposes a general iterated
Pieri rule for GL,.

If we wish to limit the depth of D and E, as well as to specify the number of factors in
the tensor product (5.1), we will call the description a ((k, ¢), p, q)-Pieri rule for GL,,, where
r(D) <k, r(E) <{and k+¢ <n. Thus the polynomial iterated Pieri rule given in formula
(3.15) is the ((k,0),¢,0)-Pieri rule. Note that we have assigned the index ¢ different roles in
the two cases. It is an upper bound of the depth of the diagram E in the ((k,¢), p, q)-Pieri
rule, and it is the number of representations labeled by one-row Young diagrams in the
tensor product in the ((k,0), ¢, 0)-Pieri rule.

In this section, we shall construct an algebra which encodes the general iterated Pieri
rule for GL,,. Later we will see that there is a close relation between the general iterated
Pieri rule for GL,, and the iterated Pieri rule for O,, and for Sp,, discussed in [KL].

5.1. Realization of ®"!_,; pﬁlai). Let n and p be positive integers, and let P(M,, ;) be the
algebra of polynomial functions on M,, ,. We let GL,, x GL, act on P(M,,,) by the action
Tn,p defined in equation (3.2), and we restrict this action to GLj,, x A,,. This setting coincides
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with that of Section 3.3, with £ = 0 and ¢ = p. So by equation (3.8), P(M,, ) decomposes
as a GL,, x A, module as

P(Mpp) ~ > <® pﬁ?ﬂ) ® Y. (5:2)

a=(at,...,ap)E(ZT)P \i=1

We can now realize the tensor product @?_; p;‘”) of GL,, representations as the subspace
of P(M,, ;) which contains functions f such that f(za) = ¢y (a)f(x) for all z € My, ;, and all

a € Ap. In other words, @_; pﬁf”) can be identified with the eigenspace of A, in P(M,, )

corresponding to the character ¢y

5.2. Realization of ®;1-:1 (p%ﬁj)> . For (¢g,h) € GL,, x GL; and z € M,, 4, let

Thq(9, 1) () = gzh ™. (5.3)

Under the action 7, ,,

M, 4 ~ C" ® C?*,

and 7;, , induces an action by GL;,, x GL, on P(My4) (we again denote it by 7, ,) given by

[7h.q(9: W) (H)(x) = fg™"xh)
where f € P(M,4), (9,h) € GL, x GL; and € M,, ;. On the other hand, GL,, x GL,

also acts on P(M,, ) via the action 7, , defined in (3.1). In order to distinguish these two
actions on P(M,,4), we shall adopt the following conventions on notation:

(i) If GL,, x GL4 acts on P(M,, 4) by 754, we shall denote the corresponding module
either by P(M,, 4) or by P(C™ ® C?*).

(ii) If GL,, x GL,; acts on P(M,,4) by 7,
only by P(C" @ C7*).

¢» we shall denote the corresponding module

Now, as a GL,, x GL, module,
PC@C™) ~ Y (pP) @pl. (5.4)
r(D)<min(n,q)

If we restrict the action by GL,, x GL, to GL, x A, then, as in (5.2), we obtain

q

P(C" @ C) ~ 3 ®(p1<fj>)* ® . (5.5)
B=(BrrBe)E( )1 \5=1

It follows that for each 8 = (i, ..., 3y) € (Z1)4, the tensor product ®?:1 (pﬁ{gi)) of GL,,
representations can be realized as the eigenspace of A, in P(C" ® C?*) corresponding to the
character qpff .
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5.3. The algebra P (V,, () and realization of pg’E. For n,k,f € ZT, we let
Vn,k,@ = Mn,k S?] Mn,é = {(x,y) IS Mn,ka ye Mn,f}'
Let the group (GL,, x GL,) x GLj x GL, act on V,, 1 ¢ by

((91,92), b1, h2).(z,y) = (91 ) xhi ", g2yhy ), (5.6)
where (z,y) € V, k0, (91,92) € GLy, x GL,,, hy € GL;, and ho € GL,. Under this action,

Vit ~ ((C"* ® @k*) @ ((C” ® cf*) .

Let P (Vi k) be the algebra of polynomial functions on Vj, 1 ,. Then the action (5.6)
induces an action of (GL,, x GL;,) x GLj x GL; on P (V;, 1 ¢) in the usual way, and we have

P (Vn,k,é) ~ P (Cn* ® Ck*) QP ((Cn ® (CZ*)

o~ > (pﬁ) ® (pf)*> ® p, ® pp (5.7)
r(D)<min(n,k)
r(E)<min(n,£)

by equations (3.3) and (5.4). By extracting the U, x U, invariants in equation (5.7), we
obtain

P Vi) S (0B) " @ (08" @ ol @ pF.
r(D)<min(n,k)
r(E)<min(n,’)
Since A,, normalizes U, the algebra P (Vn’k,g)U"XU" is a module for (A, x A,,) x GLj x GLy.
It becomes an A(A,,) x GLy x GL, module by restriction, where A(A,,) = A, is the diagonal
subgroup of A, X A,,. In the case when k+/¢ < n, A, acts diagonally on the one-dimensional

space (pY )U" ® (pf*)U" by the character 15", so that we have

P (Vagoo) ™ = 37 2P @ of @ pf (5.8)
r(D)<k
r(E)<¢
as a A, x GLg x GL; module. This fact will be used in the proof of Proposition 5.1 below.

Next, we restrict the action of (GL, x GL,) x GLj x GL; on P (V,, ¢) to A(GL,) x
GLy x GLg, where A(GL,) = GL,, is the diagonal subgroup of GL,, x GL,,. Then P (V;, x¢)
can be decomposed as a GL,, x GL; x GL; module as in equation (5.7) except that each
PP ® (pF )* is now an internal tensor product of GL,,.

In the rest of this subsection, we shall assume that k + ¢ < n (this is called the stable
range condition). Under this condition, there is another description of the GL,, x GLg x GLy
module structure of P (V,, x¢) which we now detail. Denote the standard coordinates on
M, . and M,, ¢ by

xTr = (x”) c Mn,k and Yy = (y”) S Mn’g,
and for 1 <a<kand1<b</ let
n A n 92
Tab ;wmylb and Ay ; Dealvn (5.9)

By the First Fundamental Theorem of Invariant Theory for GL,, ([Ho2],[GW]), the algebra
P (Vn,k,g)GL” of polynomials in P (V}, ;. ¢) invariant under the action by GL,, is generated by
the 7r4’s, and it is stable under the action of GL; x GL,;. Moreover, since k + ¢ < n, the
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rap’s are algebraically independent and P (ankvg)GL”

module as

can be decomposed as a GL; x GL,

P (Voit) O =~ P(My ) ~ Z ok @ pf.
r(F)<min(k,?)
Next, we let
H(Voget) = {f €P (Vore) s Aan(f) =0, 1<a <k, 1<b<(}.

The space H(V;, 1) is stable under GL,, x GLj x GLg, and under this action we have the
following decomposition ( [Hol] E

Vo k.t) Z pE ®PkD®Pf- (5.10)

r(D)<k
r(E)<¢

Let I, ¢ be the ideal of P (V,, 1 ¢) generated by {rq,: 1 <a <k, 1 <b</{} and form the
quotient algebra P (V;, x.¢)/In k¢ Then the natural map

H(Vake) — P (Vo) /I (5.11)
is a GL,, x GLj, x GLy module isomorphism ([Hol]), so P (V;, k.¢)/In ke can be decomposed
as in equation (5.10).

Let (P (‘/myf’g)/In,k,g)U’“XU‘Z be the algebra of Uy x U, invariants in P (V,, k¢)/In ke It is
a module for GL,, x A x Ay, and it follows from (5.10) that it can be decomposed as

U U,
(P Vo) Tag )7 = 37 p2F @ (o) @ (oF)
r(D)<k
r(E)<(
> P el @gf. (5.12)
r(D)<k
r(E)<t

Equation (5.12) shows that for Young diagrams D and F such that r(D) < k and r(F) < ¢,
UkXUg

12

we can realize the representation p£)7E as the eigenspace for Ay xApin (P (Vike)/Inkr)
corresponding to the character 1/),? X d)f .

For later use, we record the following structural results on P (V;,  ¢).

Proposition 5.1. Assume that k + ¢ <n.
(a) There is an isomorphism of GL, x GLg x GL; modules:
P (Vaget) = H(Viger) @ P (Vi) 1.

(b) The space H (Vi g) » of Uy, invariants in H(Vy ke) is a subalgebra of P (Vi i¢), and
it coincides wzth the algebra of Uy, x Uy, invariants in P (Vy, i¢), that is,

H(Vnykyg)U" =P (Vn7k74)U"XUn.
Proof. For (a), see [Hol]. We now prove (b). By equation (5.10), we have

HVowo) ™ = Y (pRF) @ pf @ pff ~ Z v F @ pp @ pf.

r(D)<k r(D
r(E)<t r(E )<e

Thus by equation (5.8), H(Vnke)V" and P (V,x ,g)U”XU" are isomorphic A, x GL; x GL,
modules. Part (b) now follows from the fact that the GL, x GL; x GL; highest weight
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vector in the submodule pE’E ® ka ® p£E of H(Vp k) is also the (GL,, x GL,) x GLj x GL;
highest weight vector in the submodule (pg ® (pg)*) ® ka ® pf of P (Vi kr)- O

Remark. If one writes explicitly the joint GL, x GL; x GL; highest weight vectors in
H (Vi k), one can see by inspection that product of two of them is again harmonic. Since
the space of harmonics is invariant under GL; x GL; and graded by the characters of A,,
this is another way of showing that H(Vm;@g)U” is an algebra.

5.4. The iterated Pieri algebra for GL,. Let n,k, ¢, p, q be positive integers such that
k+ 0 <mn, and let (P (Voge)/Inge)” Y, P(C™ @ CP*) and P(C" @ CT*) respectively be
given the actions by GL,, x Ay x Ay, GL, x A, and GL,, x A, defined in Sections 5.3, 5.1
and 5.2.

We form the tensor product
Pasima = (P (Vi) [Tnget) " @ PC" @ C") @ PC" @ CT).  (5.13)
It is a module for
(GLy, x A x Ag) x (GLy, x Ap) x (GL,, x Ay) =~ GL3 x A x Ay x A, x Ay

We restrict this action to A(GLy) x Ap x Ay x A, x Ay, where A(GL,) = GL, is the

diagonal subgroup of GL2. Then using equations (5.12), (5.2) and (5.5), Pp k.epq can be
decomposed as

,Pn,k,f,p,q
P q
A X prewpedt (o] B (R ool ¥ (@) e
r(D)<k ae(Zt)r \i=1 Be(ztya \ j=1
r(EB)<L

12

p q
> {pE’E ® <® p%"‘”) ® (@ pﬁf”*) } VYL @Y @ vy @ Ph.
=1 j=1

r(D)<k,r(E)<(t
a=(a;)€(Z1)P,B=(B;)E(ZT)9

For fixed D, F, o and 3, we can realize the tensor product given in equation (5.1) as the
eigenspace of Ay x Ay x Apx Agin Py, 1 ¢ p 4 corresponding to the character @ZJ{? X @Z)f X by X d)g.

To determine how this tensor product decomposes into a sum of irreducible representa-
tions, we need to extract the A(GL,) highest weight vectors in this space. We will abuse

notation and denote the standard maximal unipotent subgroup of A(GL,,) also by U,,. Thus
we consider the subalgebra of U,, invariants in Pp, k¢ q:

n

Un
Q[n7k7£7pzq = P J{),E,p,q' (5'14)

The algebra 2, 1. ¢, 4 is a module for A,, 1, , = A, X A x Ay x Ap x Ag. In particular, it is
a multi-graded algebra with grading given by the characters of Ay, k¢ 4. Let £ r)(D.E)a.8
be the eigenspace of A, ¢, 4 corresponding to the eigencharacter

S X PR X pp X x .
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Then &g r),(D,E),a,p can be identified with the space of GL;, highest weight vectors of weight
&" in the tensor product given in equation (5.1), so that

p q
dim & ) (p,B).0,p = dimHomer, | o5, pbF @ <® szai)> ® ® PR
=1 j=1

which is the multiplicity of p,? " in the tensor product (5.1). Therefore, the algebra structure
of 2, . ¢ » ¢ encodes information on the decomposition of tensor products of the form (5.1).
In view of this property, we call ,, 1 ¢4 & general iterated Pieri algebra for GL,. When it
may be helpful, we refine our terminology according to the comments at the beginning of
this section, and may call this algebra the ((k,£),p, q)-iterated Pieri algebra for GL,,.

6. RELATION BETWEEN DOUBLE PIERI ALGEBRAS AND STABLE GL,, ITERATED PIERI
ALGEBRAS

In Section 5.4 we defined the general iterated Pieri algebra 2, 1. ¢, , for GL,, for positive
integers n, k, ¢, p,q. In this section, we shall focus on the case when n > k+p+ ¢ + q,
and we call the corresponding general iterated Pieri algebra stable. We shall prove that the
stable GL,, iterated Pieri algebras 2;, k. ¢, is isomorphic to the tensor product of L, ) (x,q),

E(n,q%(&p) and a polynomial algebra. Using this and the results in Section 4, we deduce that
n.k,0,p,q has a standard monomial basis.

6.1. Stable GL,, iterated Pieri algebras. We shall show that the stable GL,, iterated
Pieri algebras %A, ¢, , can be identified with a subalgebra of a polynomial algebra, and
from which we deduce the following theorem.

Theorem 6.1. (Relation with the GL,, iterated Pieri algebras) Ifn>k+p+/{+q,
then there is an isomorphism

~

Antipa = Linp)(k.a) @ Lina),ep) © P Mpyg)
of algebras and A, x Ay x Ay x A, x Ay modules.

Proof. For (X,Y) € Vi pipitg = Mpitp ® My pyq, let 7(X,Y) = (X0, Y0) € Ve =
My 1 ® M, ¢ where Xy (resp. Yj) is obtained from X (resp. Y') by removing its last p
columns (resp. ¢ columns). The map 7 : Vj, kypr+q — Voke is a projection, and it induces
an injection 7 : P (V1) = P(Viktpt+q) in the usual way. We shall identify P (V;, x.¢)
with its image under 7* in P(V;, kipe4q)-

Let fn,u be the ideal in P(V}, pypr+q) generated by I, i, ¢ (cf. (5.11)). Then by equations
(5.13) and (5.14), we have

U,
Q[n,k,&p,q =P

Un
ok lpg ((73 (Vn,kJ)/In,k,e)Uka R P(C™ @ CP) @ P(C"® (Cq*)>

~ UpxUpxUy
s (P(Vn,k+p,€+q)/1n,k,£) :

Now the algebra of GL,, invariants in P(V,, x4pe+q) is generated by

{rij : 1<i<k+4+p,1<j<{l+q}
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where 7;; are the basic invariants given in equation (5.9). As a block matrix we write

(Tij)(k+p)x(f+q) = (xci);x(kﬂo) (ij)nx(z+q)
_ [Ro Ry

Ry R ] (k+p)x (£+q)

and let W; be the space spanned by the entries of R;

Wo = Span{r;: 1<i<Ek1<j </,

Wi = Span{r;j: 1<i<kl+1<j</l+q},

Wy = Span{r;j: k+1<i<k+p,1<j <1},

W3 = Span{ry: k+1<i<k+pl+1<j<l+qg}

Now we let C[Wp], C[W;], C[W3] and C[W3] be the algebras generated by Wy, Wi, Wy and
W3, respectively. The algebras C[Wy], C[W;], C[W3] and C[W3] are modules for GLj x GLy,
GL, x GL, GL, x GLy, and GL, x GL, respectively, and under these actions,

See Section 5.2 for notations. Recall from equation (5.10) that the space H(V}, kyp.r+q) Of
GL,, harmonic polynomials in P(V}, p4p¢+q) carries an action by GL, X GLjyp X GLyyq,
so it becomes a GL,, x GL; x GL, x GL; x GL4; module by restriction. We now form the
tensor product

H(Vn,k+p,€+q) ® C[Wl] & C[WQ] ® (C[Wg]

which is a module for GL,, x GLj x GL; x GL, x GL,.
Since n > (k+p) + (¢ + q), by part (a) of Proposition 5.1,

PV etrpitrq) = HVastperg) @ PVaketp,rg) " (6.1)

as GL,, X GLy4p X GLgyq modules. For h € H(V; kiprtq)s f1 € C[Wi], fo € C[Ws] and
fz € C[W3], we define

¢+ H(Viaptg) @ CIWA] @ C[Wa) @ CIWs] = P(Vipetputg) /It
ph@fL®f2®f3) = hfifefs+ Inge

Then by equation (6.1), ¢ can be extended to a GL,, x GLj x GL; x GL, x GL; module
isomorphism for

H(Vn,k+p,€+q) ® C[Wl] ® (C[W2] ® (C[W3} = P(Vn,k—i-p,f-&-q)/jn,k,é-



34 ROGER HOWE, SANGJIB KIM, AND SOO TECK LEE

It follows from this and part (b) of Proposition 5.1 (in the fourth equivalence below) that

an,k:,f,p,q
~ U, xUxUy
=~ (P(Vn7k+p,€+q>/ln7k,€)
~  [H(Vaotpitq) ® C[W1] @ C[W] @ C[W3])m* V=V
U xU,
~ [ H(Vahapirg)" @ PMgi) @ P(Mp0)] " @ P(M,4)
~ [P(Vakiperg) UV @ P(Mys) @ P(M, )] "% @ P(M,,,4) (by Prop. 5.1(b))
M

U xUy
P(My p4p) " @ P(C" @ CHD)n 0 P(Mys) @ P(Mye)] - @ P(My,g)

U, xU, xUrxUy,
] ® P(M,,q)

[
[P(Morp) @ P(C" & CHD*) @ P(My 1) @ P(My )
[P(M, 1) ® P(M,,) ® P(C" ® C*) ® P(C" ® CT*)
&P (Mg ) ® P(M,, )]V @ p(M,, )

{[P(Myk) @ P(Mnp) @ P(Mg,1)]

® [P(C" ® C™*) @ P(C" ® C**) @ P(M
[P(Mo k) @ P(My,p) ® P(Mqp)]

® [P(C" @ C*) @ P(C" @ C**) @ P(M,.()
Linp).(b0) © Linsg) (00) @ PMp,q)-

1R

12

)] }UnxUnxkaUz ® 'P(Mp,q)

1

17 @ P(M,,,)

1

6.2. Standard monomial basis for 2, 1/, .. Assume that n > k+ p+ ¢+ q. By
Proposition 6.1 and Lemma 4.7, we have an algebra isomorphism

Unkipg = Linping) @ Limaer) ® PMpyg)
>~ Linp), (kg @ Lng)tp) © P(Mpg).
)

Thus a choice of a basis in each of L, ;) (k.q)> L(n,q),¢,p) a0d P(M
for Ay, k.0p,q- Now by Theorem 4.6, By, ) (k,q) = {05 : f € (Z+)F("”’)’(’“‘“’t} is a basis for
L(np),(kyg) a0 By ) (ep) = 199 : g € (Z)Fen.er) =Y s a basis for L n,q),tp)- On the other
hand, let (u;;) be the standard coordinates on M, 4, so that P(M, ,) can be regarded as a
polynomial algebra on the u;;. So a basis for P(M, ) is given by the set of all monomials
in u;j, that is, {u®: « € (Z7)P?}, where for each a = (ay;) € (ZF)P, u® =[], ;u;”. We
now let

q) will determine a basis

O— (Z+)F<n,p>,<k,q>t X (Z)Fmaen = x (ZF)Pd
and

B={s@d,@u":(f,9,0) €O}

Then B is a basis for A kopq- In fact, Q is a Hibi cone and B is the associated standard
monomial basis. Moreover, the algebra 2, ¢, , can be flatly deformed to the semigroup

algebra C[Q], where
ClQ) = C[(zF) 0 F @ (2 0 e E) @ P(My,g).



DOUBLE PIERI ALGEBRAS AND ITERATED PIERI ALGEBRAS 35

The poset I associated with § is constructed as follows: Recall that for posets P and
Q@ on disjoint sets, the disjoint union PUQ is the poset on their union such that x < y in
PUQ if either z,y € Pand z <y in P, or z,y € Q and x < y in ). Then

L' =Tnp). k) Y Lma)en) Y o

where Iy, ; is the disjoint union of pg singleton sets, and it is straightforward to see that
Q — (Z—F)it
(see [DaP, Sections 1.32 and 5.15].)

7. O, AND Sp,,, STABLE ITERATED PIERI ALGEBRAS

The stable iterated Pieri algebras for O, and Sp,, were first introduced in the paper
[KL]. It was pointed out there that the stable iterated Pieri algebras for Og, and for Spy,
are isomorphic, so we only need to consider the iterated Pieri algebra for O,. Such an
algebra is specified by 3 parameters n, k and p, and is denoted by A,, 1, ,. In this section, we
shall show that Ay, x; can also be described in terms of the double Pieri algebra L, ) (x.p)-
Precisely, A, k. is isomorphic to the tensor product of L, ) (x,) and the polynomial algebra
on A?(CP), the second exterior power of CP. We shall also describe a relationship between
A, 1 p and the stable GL,, iterated algebra 2, 1 0 p-

We first briefly recall the construction of A, 1, given in [KL]. Let k£ and p be positive
integers such that 2(k 4+ p) < n. Let O,, x GLj act on P(M,, ;) by the formula

((9:h)f) (X) = f(g7 Xh). (7.1)

where (g,h) € O, x GLg, f € P(M,, 1) and X € M,, 1, and let I, be the ideal of P(M,, x)
generated by all the O, invariants in P(M,, ;) with positive degree. Then the action (7 1)
induces an action by O,, x GLj, on the quotient algebra P(M,, 1.)/I,k, and under this action,
we have ([Ho2])

P(Mn,k)/lnk = Z 0'7? ®ka' (72)

r(D)<k

Here o2 is the irreducible representation of O, associated with the Young diagram D (cf.
Sectlon 2.2). By extracting Uy, invariants in (7.2), we obtain

(P( nk/Ink Z U ® pk k.

Next, we repeat this construction with & = 1. For each 1 < j < p, let C7 be a copy of C",

and let I,(ljl) be the ideal of P(C7}) generated by all the O, invariants in P(C’) with positive
degree. Then under the action of O, x GLl, we have

Cn / nl - Z U" 0‘]).
a; >0

We now form the tensor product of algebras

P
T = (P(Mp i) [ Tk) ™ @ ®( C"/I(])

Jj=1
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It is a module for O,, x Ay, x GL] ~ O,, x A x A,, where we identify GL with the diagonal
torus A, of GL,. Then as a O,, x A; x A, module,

p
Tnkp =~ Z P @ (ka)Uk ® ® Z CH) ®p§aj)
r(D)<k j=1 \a;>0
p
= > Lo [ Raor | b ouP oug.
r(D)<k j=1

a=(a1,...,ap)E(Zt)P

For a fixed Young diagram D with r(D) < k and a fixed o = (a1, ...,ap) € (Z1)P, the
ka X 1py-eigenspace of Ay x Ap in T,k is a copy of the tensor product

P
ol ® ®O‘£Laj) . (7.3)
j=1
We now let
Apkp = Tn,k,pUSO"

be the algebra of Uso,, invariants in ,, ;. ,,, which is a module for A, x Ay x A,. It carries
a multigrading, and each of its homogeneous components can be identified with the space
of SO,, highest weight vectors of a certain weight in a tensor product of the form (7.3). See
[KL] for a detailed explanation.

Since 2(k + p) < n, the O, irreducible constituents in the tensor product (7.3) are
determined by the SO,, highest weight vectors they contain. Thus, the multiplicity of an
irreducible representation of O, in this tensor product coincides with the dimension of the
corresponding homogeneous component of A, ;. In this sense, the algebra structure of
A, 1 p encodes the iterated Pieri rule for O,, . In view of this property, we call the algebra
Ay i p a stable iterated Pieri algebra for O,.

Proposition 7.1. [KL, Proposition 4.1] For 2(k + p) < n, the iterated Pieri algebra Ay,
for Oy, is isomorphic as an algebra and A, x Ay x A, module to

(P(My1) ® P(Myp) @ P(My,)) " @ P(AX(CP)),

where N?(CP) is the second exterior power of CP.

Then, it follows at once from Proposition 7.1 that:

Theorem 7.2. (Relation with the O,, iterated Pieri algebras) If2(k-+p) <n, then
we have the isomorphism

An,k,p = £(n,p),(k:,p) ® P(A2(Cp))
of algebras and A, x Ay x A, modules.

Corollary 7.3. (Relationship between GL, and O,, iterated Pieri algebras) If
2(k + p) < n, then we have the isomorphism

A ke,0,p,p = Ankip @ 7)(52 (CP))

of algebras and A, x Ay x A, modules, where S*(CP) is the symmetric square of CP. So
Apkp can be identified as a subalgebra and a quotient of Ay 1.0.pp-
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Proof. If £ =0 and p = g, then by Proposition 6.1,

an’k’()’p’p = £(n7p)7(k7p) ® P(Mpzp)
~ E(n,p),(k,p) &® 77(/\2<(Cp)) & 'P(SQ(CP))
App @ P(S?(CP)).

12
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