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A FAMILY OF SUPER CONGRUENCES INVOLVING MULTIPLE
HARMONIC SUMS

MEGAN MCCOY*, KEVIN THIELEN*, LIUQUAN WANGT, AND JIANQIANG ZHAO*

ABSTRACT. In recent years, the congruence

1
E — =—-2B,_3 (mod p),
A ijk
i+j+k=p
i,5,k>0

first discovered by the last author have been generalized by either increasing the number
of indices and considering the corresponding super congruences, or by considering the al-
ternating version of multiple harmonic sums. In this paper, we prove a family of similar
super congruences modulo prime powers p” with the indexes summing up to mp” where m
is coprime to p, where all the indexes are also coprime to p.

1. INTRODUCTION

Multiple harmonic sums are multiple variable generalization of harmonic numbers. Let N
be the set of natural numbers. For s = (s1,...,54) € N? and any N € N, we define the
multiple harmonic sums (MHS) by

Hy(s):= Y Hkl

N>k1>->kg>01i=1 *

Since mid 1980s these sums have appeared in a few diverse areas of mathematics as well
as theoretical physics such as multiple zeta values ([4, 5, 7]), Feynman integrals [1, 3] and
quantum electrodynamics and quantum chromodynamics [2, 10]).

In [16] the last author started to investigate congruence properties of MHSs, which were
also considered by Hoffman [5] independently. As a by product, the following intriguing
congruence was noticed: for all primes p > 3

1
E — = —-2B, 3 (mod p), (1)
4 17k
i+j+k=p
i,j,k>0

where By, are Bernoulli numbers defined by the generating series

o0

t Btk
et—l_z "

This was proved by the last author using MHSs in [15], and by Ji using some combinatorial
identities in [6]. Later on, a few generalizations and analogs were obtained by either increasing
the number of indices and considering the corresponding super congruences (see [11, 13, 14,
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18]), or considering the alternating version of MHSs (see [9, 12]). In general, for all positive
integers n, m, r and primes p, we define

S =Y

Iy ...
li+lo++lp=mp" 172

P>y, ln€Pp

where P, is the set of integers not divisible by p. In this paper we shall prove the following
main result.

Theorem 1.1. Let r and m be positive integers and p > 7 be a prime such that p 1 m.
(i) If r =1, then

1
y T = —(504m + 210m® 4+ 6m®)B,_; (mod p).
li+lo+-+l7=mp 12

l17"'7l7epp

(ii) If r > 2, then

—_
=

_ : -1
—_— = —— - mp" " B,_ mod p").
2 L= 10 Ber (wodp)
li+la+-+l7=mp”
l1,..,l7€Pp

Notice that the sum in the theorem is not exactly the same type as that appearing in S4m
since the condition p” > [; for all ¢ is not present. The main idea of our proof is to show the
special case when m =1 first. In order to do this we will first prove the relation

SP*t) =pSP(p7)  (mod ptt), Vr>2, (2)

so that we can use induction. Notice that when » = 1 the above congruence usually does
not hold anymore. So we will compute the congruence of Sﬁl)(pQ) and Sﬁl)(p) separately by

relating them to the following quantities:

RO = Y

Ll ...
lit+lo++ln=mp 12

I, n€Pp

To save space, throughout the paper when the prime p is fixed we often use the short hand
H(s) = H,_1(s). Moreover, we shall also need the modified sum

d
s = > ] ki

N>k1>-->kg>0 i=1 ¢
k1,...kq€Pp
Finally, we remark that using similar ideas from [17] we find that it is unlikely to further
generalize our main result to the form

Z ﬁ =q, -mp 'B, 9,1 (mod p").
[P R p—— 102 .« lon41
I, lon+1€Pp
for n > 4 and ¢, € Q depending only on n. By using PSLQ algorithm we find that both the
numerator and the denominator of g, would have at least 60 digits if the above congruence
hold for all » > 2 and all primes p > 11.
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2. PRELIMINARY LEMMAS
The first lemma is well-known.
Lemma 2.1. Let p be a prime. Then

E ¢_ J 0 (mod p®), if  is even;
— T =010 (mod ptt), if € is odd.

Let C’(SZ) (n) denote the number of solutions (z1,...,x,) of the equation

x1+...+$n:mp—a7 O§x1<pV7,:1,,n
For all b > 1 set

fula0) = (

It is not hard to see that
b(—-1)t(n—a—1)(a—1)! b(—1)"t

Bnla,b) = (n—1)! p = Tgl)p = bya(a)p (mod p?). (3)

Lemma 2.2. For all m,n,a € N and primes p we have

e =1 (27 = om (173 ) el (mod 7).

m—1 m —

bp—a+n-—1
n—1

IR e

Proof. The coefficient of ™~ in the expansion of (14+z+---+2P~1)" = (2 — 1)"(z — 1)™"

() s
()
)

C(n) =

by (3). Now we calculate the sum

m (n .
Am) =3 (1) (7 ) om
=0
It is easy to see that A(m) is the coefficient of 2™ in the expansion of

m=1

as desired. O
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Corollary 2.3. When n =7 we have

CO(T) = CENT) = —(5/3)p, CE(T) = CE(7) = (10/3)p  (mod p?),
C(T) — CPN(T) = —(2/3)p, CLNT) —CE(T) = (1/3)p  (mod p?),
COm - = (1/3p, CAT) —CAT) =—(1/6)p (mod p?).

Part (ii) of the following lemma generalizes [12, Lemma 1(ii)].

Lemma 2.4. Let 1 <k <n—1andp>n a prime. For all > 1, we have
(i) 527 (") = (=) ().

n—1

(i) ST () =Y Co(n)S (p7) (mod p ).
a=1
Proof. (i) can be found in [12]. We now prove (ii). For any n-tuples (I1,--- ,l,) of integers

rHop > e Py, 1 < i < n, we rewrite them as

satisfying {; +---+ 1, = mp
Li=zp" +y, 0<ax;<p, 1<y;<p", v, €P, 1<i:<n.
Since . .
(Z xi)p’" +Y y=mp™
and n < p, we know there exists 1l_§1 a<n su(;llthat
{ T+t x,=mp—a, 0<x;<p,

Y+t yn = ap'.
For 1 < a < n, the equation x; + -+ + x, = mp — a has Cc(lfz) (n) integer solutions with
0 < z; < p. Hence by Lemma 2.2

1
e =Y

l1 4 +lp=mp"t1 12 "
Iy, ln€Pp

DD 1 (mod )

€T T e (2 T
a=1 z1++Tn=mMmp—a y;+--+yn=ap” ( 1P + yl) ( nP + yn)
0<z;<p Yi€Pp, yi <p”

= nz—i > > (1 I P ﬁpr) 1 (mod p™*)

a=1 z1+-+Tp=mp—a yi+--+yn,=ap” Y1 Yn
0<z;<p Yi€Pp, yi<p”

n—1
=Y CM(n)SW(p") (mod pt)
a=1

since for each z; (j =1,...,n) we have
1 mp—a
S o= Y @Amteta)= LMy =0 (mod p)
1+ FTn=mp—a 1+ t+Tp=mp—a "
0<z;<p

by Lemma 2.2. This finishes the proof of the lemma. O
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3. CONGRUENCES INVOLVING MULTIPLE HARMONIC SUMS
We first consider some un-ordered sums. The next result was proved by Zhou and Cai [18].
Lemma 3.1. Let aq,...,«a, be positive integers, r = a3 + --- + o, < p — 3. Define the

un-ordered sum 1
Ub(ala~--7an): Z (8. an

0<ly,..ln<bp L
LAl Vi 5,1 €Pp

Then
r(r—+1 . _
i ) (=1)"(n — 1>!2§r——+—233p_r_2 -p*  (mod p*), ifr is odd;
1y o, Q) =
(_1)n_1(n - 1)!%317—71_1 Y (mod p?), if r is even.
T

This easily leads to the following corollary (see also [16]).
Corollary 3.2. Let a be positive integer. Then

a(na+1) ) , .
(=1)"——Bpna2-D (mod p?), if na is odd;
H({a}") = 2(na+2) "
(-1t T 1Bpfna71 P (mod p?), if na is even.
no

Lemma 3.3. Let n > 1 be positive integer and let p > n + 1 be a prime. Then

1 —(n—=1)B,_, (mod p), if n is odd;
RY(p)= =< n-nl n
lLi---1, — By_n-1p (mod p*), ifn is even.

bt =p n+1
I1yeeey 1,>0
Lemma 3.4. Let oy, ..., q, be positive integers, r = oy + -+ -+ a, < p—3. Then

b? 1
(=1)"(n — 1)!MBP+2 p* (mod p®), ifr is odd;

Up(aq, ..., ap) = 2(Tb7—1— 2)
(—=1)" ' (n —1)! n 1Bp77“71 “p (mod p?), ifr is even.

,

Proof. For all £ > 1 we have

2 z_a:;(lwgp ZZI:lJrkp/l)

kp<l<(k+1)p

p—1
akp ala+1),,,) 1 \

- < ] + E p o (mo P )

p— 1 1 p— 1 1

= o O"fpz Ja+l (mod p?).
=1 I=1
By Lemma 3.1 we see that
1) /1
Z l = _a(&a——:_Q) (2 + k) p—a— 2]9 (mod pg)’ if «v is odd;
[ o

kp<i<(k-+1)p (mod p?), if « is even.

o+ 1Bp_a_1p
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Therefore for any positive integer b, we have

Vala+1) o
> 1z _b2(a—+2)Bp—a—ﬂ?2 (mod p*), if a is odd;
0<l<bp, pll [« a—j 1Bp_a_1p (mod p2)7 ‘o s ever.

This proves the lemma in the case n = 1. Now assume the Lemma holds when the number
of variables is less than n. Then

1 1 &1
Ub(al,...,an): Z W Z [a_n_Zl,a_"

<t eyt et g S ep, I i=1 !
li#lj,liepp
1 n—1
EUb(ala-'-;anfﬁ E Jon | T Ub(@lv-'-a@ifla&i+05n704i+17-'-704n71)
1<l <bp,lePp " i=1

By induction assumption we have

1
Ub(@la-'-aanfl) Z la_n

1<l <bp, lnE€P,

0  (mod p?), ifrisodd;
0  (mod p?), ifriseven.

Thus if r is odd, we have

n—1
Ub(Oél, R ,Oén) = —(n — 1)Ub<617 s aﬁn—l) (here ZBJ = ’T’)
j=1

= (= 1)(=1)"(n— 2)!%;&@04_2 (mod p?)
=(—1)"(n— 1)!%_:_2;)1)231,712 (mod p?).

Similarly if r is even, we can derive

. br
Uy(ar,...,an) = (=1)" ' (n— 1)!7‘ n lpo_T_l (mod p?).
This completes the proof of the lemma O
Lemma 3.5. Let n be an odd positive integer. Then
1 n+1
2) () — = _ (n —
RP(p)= > L= (n—1)!B,_, (mod p)
l1+“‘+ln:2p
l1,..., lnePp
Proof.
>
ll n
L+t =2p
I1,eeey lnEPp

1 n 1
N Z e ln P l1+~~-+Zln_1p ll e ln—l
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S LS !

2
2p O<u1 < <up—1<2p .- - Un-1 p O0<ur<--<up—2<p Ui tin-2
— n! H(P) ({1}n 1 n! S Z L n!H({l}th)
2]9 2p—1 2p2 Uy .. . Uj—1Ujqq1 ... Un-1 p2

7=1 0<U1<'“<Uj71<p
P<u 1< <Up-1<2p

H((1y) + g (20 - p AR
(i X

+%Z (y) () - p )

1
— (n—7—2)!

) - ZHY) (od )

_ o1y 002 {13

= H({l} ) — (-3 (mod p)
n —1 nzn! n—1

= ;(n - 2) ——Bpp — (—1) 2—p(n - 3)!m8p,np (mod p)

= _nt 1(n — 1B, (mod p).

Corollary 3.6. Let n be an odd positive integer. Then for all prime p > n we have

~n—1

2

-(n—=1)!B,_, (mod p).

Proof. We observe that

1 1 1
D o s D DI oo MNP DI e ooy ML)

hfotla=2p 17 htotla=2p 17" li+-+ln=p
l;€Pp vy l5eln<p I, ln<p

By Lemma 3.3 we have S )( )=—(n—1)!B,_,, (mod p). So we deduce

1 n—1
57(12) (p) = Z L L nSﬁbl)(p) = -(n—1)!B,_, (mod p).
littl,=2p 1270
lj<p,lj€Pp Vi

This completes the proof.

Lemma 3.7. Let n be an odd positive integer. Then

R9p) = 3 %,lnz—l("?)-(n—l)wpn (mod p)

n

Proof. Let v = n — 1 throughout the proof. Let u; =11 +---+1;, 1 <i < v. We have

1 n! 1
Z llln:?)_p Z Uy ... Uy

L+ +ln=3p 1<u; <+ <up—1<3p
11, ln€Pp UL, U2—UL ooy Upy —Un—2,Up EPp
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By Inclusion-Exclusion Principle

1
Z Uy ... Uy

1<ui<---<u,<3p
UL,U2— UL,y Uy —Un—2,Uy EPp

n—4 n—2
1 1
U ... Uy - = Uy ... Uy

1<uy <<,y <3p 1=2 j=1+2 1<uy < <up <3p, u;=p,u; =2p

UL,U2,.., Uy EPp Vk#i,k#j, Uk, u2—u1,...,uy —Un_2€Pp
U2—UL 5oy Uy —Un—2EPp
n—2 n—2

1 1
+) ) — + > — @)

- Uy ... Uy - Uy ... Uy
j=2 1<u; < <uy <3p, uj=p j=2 1<uy < <up <3p, u;=2p

Vk?éj’“kﬂl&_ul’~--,uu—un72efpp Vk?éj,Uk;,u2—u1,...,uy—un72epp

Now for 2 < j <n—2,

1
Z Uy ... Uy

1<u; < <uy <3p, uj=p
Vk¢j7uk SU2—UL,- - Uy —Un—2 epp

DS 1 > 1
Pocu < Tuyip ™ -1 P<ujq1<-<u, <3p, g+l v
VE>jug,uj42—Ujt1,. Uy —Un—2€EPp

j—1 !
CH({1P > (r +0) (g + 1)

O0<uy <--<up—;<2p
VE U U2 =1, Uy — =y — j—1€Pp

n—j—2

H({l}j_l)(Héﬁ)-l({l}”_j‘l) -p Z Héi)_l({l}",Q,{l}n—i—j—z)

SRR

v—j—2 . 2
— Z Z (uy +p)"‘(uz‘+p)(ui+2p)“'(uy_j_1+2p)) (mod p*)

i=1 O0<ui<--<uy_j_1<p

oy ({1} A2 Ua(2, {12
H({1} )( n—j—1) (== " (n—j—2)

v—j—2 v—j—2 i—1

+pz {1}”3{1}"”2+pzZH{l}’“?{l}’“?{l}"’”)

v—j—2 l/]2'n2j2

+2p Z {53, {1 ) +2p Y H( {1}i_1,2,{1}k,2,{1}n_i—j—k—3>)

i=1 k=0

1
p

=0 (modp)

by Lemma 3.1 and Corollary 3.2 since one of j —1 and n — j — 1 is even and the other is odd.
Similarly, for 2 < 7 <n — 2,

1
Z Uy ... Uy

1<u; < <uy <3p, u;j=2p
Vk<jug,uz—u1 7~"7ul/_un—2€7)p
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1 1 1
=% > rvserD DR e,

_ u
1<u < <uj—1<2p i1 2p<uji1<--<uy<3p J+1
Vk<j,up,uz—u1,...,uj_1—uj 2Py
j—2
L - 1
= Hy (({1F7) =) >
2p—1
2p uy - ui(ug +p) - (w2 +p)

i=1 1<u; <--<uj_2<p

1
g 2 (ur +2p) -+ (Un—j1 + 2p)

0<uy < <unp_j_1<p

2ip< 2p—1 {1}] 1 ZH {1}1 1 .2, {1}] i— 2 Z Z {1}2 1 2 {1}1: 9 {1}] i—k— 3))

i=1 k=0

n—j—2

( ({11 — 2 Z ({1}, 2, {1y 2)) (mod p?)

1 Uy ({1171 B Ui({1}73) U1(2,27{1}J 4 ity 2U, (2, {1}"92)
o (e e (e )
0 (mod p?).

Further, forall 2 <i<j—2<n—4

1
Z Up...Uy

1<uy < <uy <3p, u;=p,u; =2p
VE#k# Uk, u2—u1 ..Uy —Un—2€Pp

1 1 1 1
=2 2 e 2 rsverrdiD DR,

_ u e UG u
1<ur <-<uj—1<p p<ujp1<--<uj_1<2p i+l i1 2p<uji1<--<uy<3p J+1

j—i—1

S HY ) () -y 3 H(1 2 1)

n—j—1

< (HE{ ) —2p D7 H{1Y, 2, (1))
l=1

Q—;H({l}"1)H({1}“1)H({1}"j1) (i odd, j even)

1 i—1 n—j—1 U1(2 {1} = 2) i—1 j—i—1
= gy P H )= = S H (1)

Ly E{y Y a1 <mod ),

Uy (2, {1}"77%)
(n—j—2)!

which is nonzero only if 7 is odd and j is even, 2 < i < j—2 <n —4. When n = 7 no such
(i,7) exists so the above = 0 (mod p?). Hence from (4) we see that, by Inclusion-Exclusion
Principle,
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1 1
Z u,,: Z Uy ... Uy

1<u < <up <3p 1 1<u < <up <3p
ULy, Uy EPp

U2—UL 5o Uy —Un—2EPp

1 n—2 n—3 n—2 n—3
SR i WD WD WY ML o
n—2 n—3 n—2 n—3
= LU 3 zmzz A W, (mod ) (5)
(n 1)! j=1 k=j+2 j=1

where (setting v,—1 = 3p)

1
7= 2 (v + 29)
vy ... 0 (V4 Vjgl e Upe
1<01 <o <) <V F2p<j 1 <--<3p A P)Vjt1 n=2
Vlseeey vn—2€Pp

1
B Z U1 ... 0;(v; + 2p)(Vjs1 +2p) ... (Up—2 + 2p)

1< < <vp—2<p

H({1y 2, (1)) - 2p<H<{1}“,3,{1}W>

n—j—3

Y QYL E2 ) o )

i=0
So by Lemma 3.1 we have
n—2

U1 2 {1}” 3 2U,(3,{1}"®) 2U,(2,2, {1} n—1 9
D; — — = B,_, -

Z —3)! (n—3y1 7 m_q  P= Brnrp (modp,
and

1
L= 2 S T—

V1...0;(V; +P)Vjg1 ...
1<01 << <V +p<vj41 < <3p ! J( J p) g+l
V1, Un—2€Pp

n—2

1
Z vy ... (v + p)(Vjg1 +p) ... (Vn—2 + )

1<v1 < <vp—2<2p
V1,00 —2€Pp

= P (P2 (1Y) - ( ) ({13, {12
Z

=0

-3

+

HE (17,2, (1), 2 {1}"“3>) (mod p?).

So by Lemma 3.1 we have
n—2

U22{1}” ) DB AL Da(2,2,{1}"Y) 2 —1)
ZT 3 -3 YT o P n

Bp—n p (mOd p2)
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Moreover,

Z 1
L = U1+ 0 (U + P)Vj1 Ok (U + P)Vk41 U
1<v1 <+ <0 <vj+p<vj 41 <o+ <V <V +p<+-<3p
V1, ,0n—3€Pp

1
- 2 o1 v(vy + p) (Vi +p) - (U + )0k + 2p) -+ - (V-3 + 2p)

1<v1 < <vp—3<p
AP avn73elpp

H({1p ™2, {1 2, {1 — P(H({l}j‘l, 3 {1} 2, {19

k—j—2
+ ) H{P L2 {1 2 {0 2 () H({Y 2, (1, {1}"’“3))
i=0
—op( Y2, (1P, (1)
n—k—4
+ H{1P™ 2, {17712, {1} 2, {H“’“)) (mod p?).
i=0
Finally
1
W, =
’ 1§’U1<--~<Uj<Uj+I;Uj+2p<vj+1<'"<3p vt (Uj + p) (Uj + 2p)vj+1 U3
’U17"'7/U’n73€73p
_ 3 1
1<01 < <Vp—_3<pP V- Uj(vj +p) (Uj + Qp)(vj-i‘l + 2p) o ('Un—?, + 2p)
V1, 0n—3€Pp
= H{173,{1}"77°) = pH({1¥ 71,4, {1}"77%)
n—k—4
- 2p(H {4 {177+ Y H{1P 3. {1),2, {1}"‘i‘j‘4>> (mod p?).
i=0
Thus
n—3 n—2 _— §W B U1(2727 {1}71—5) U1(37 {1}71—4)
J:k Jj=
=S ‘= 2(n —5)! (n—4)!
4.41 n—4 2 {1 n—5 2 3 1 n—6
gy (DY | G207 G@R ey
(n—4)! (n—5)! 3l(n —6)!
(n—1) 1 1 (n—1)(n—2) 9
=—(n—4)! B,_.p = — B,_, d p7).
(n—4) n 2(n—5)!+(n—4)! p—nP 2n p-np (mod p7)
Plugging this into (5) we get, by Lemma 3.1 again,
1 I (n? 2 1 2
Z = —n—pr,nz _ntDn+ )(n—l)!Bp,n (mod p).
ly... 1, 3 2n 6
L4+l =3p
I1,eney In€Pp
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Corollary 3.8. Let n be an odd positive integer. Then for all prime p > n we have

590 =2 (3) (=108, (uod )

1 1 n 1
D DD l...ln+<2) 2 TS E

li++ln=3p l14+1lp=3p li++lp=p
1,€P, V) 1;<p, l;€Py Vi Iy ln<p
1 1
+n Z +n Z (mod p).
It tn—p (ll + 2]))[2 e ln It =2p (ll + p)lg Ce ln
l1,eeey In<p 1oy In<p
So we deduce
1 n+1
3) = _ (1) (2)
9w = X - (" )5e - nsPe) (modp)
l1+“‘+ln—3p
l]<p,lj€73p Vg
1
=-- (Z) -(n—1)!B,_, (mod p)
since Sﬁl)(p) = —(n — 1)!B,_,, (mod p) by Lemma 3.3 and SﬁQ)(p) = —1(n - 1)!B,_,
(mod p) by Corollary 3.6. This completes the proof of the corollary. O

4. PROOF OF THE MAIN THEOREM
First, we prove a special case of Theorem 1.1.

Proposition 4.1. For all r > 1 we have

7!
ST (W) = — g Bprp’ (mod pt).
Proof. By Lemma 2.4 for all » > 1 we have
(n—1)/2
SW(prhy = Z (29 (a)p + O(pQ))S,(L“) (p") (mod p™tt)
a=1

since n is odd. Here the O(p?) means a quantity which remains a p-adic integer after dividing
by the p*. By induction on r it is not hard to see that for all a = 1,...,(n — 1)/2, we have

S@Wpty=0 (modp"), forallr>1.

n

Thus for al m=1,...,(n —1)/2, by Lemma 2.4 and Lemma 2.2, we have

(n—1)/2
S0 = S (7 )2 @nsw) mod )

o (1) st (mod 7).

m—1
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Thus by Lemma 2.4, for all » > 2

,_.

Wity = N~ (P =1\ gy d prtt
s =3 (7 s (mod pr*)
n—1
p—m+n—1 me1 (=2 gy r r+1
= —1
(T e () s ey
n—1
(n—m—Dlm—-1lp/n—-2Y 1
= ' d r+
=pSy (") (mod p™*),
which proves (2). Finally, when n =7, by applying Lemma 2.4 we get
D2y P (1) _ P 2
p _3p 5p 7! )
=-—-——=-— — |6!B, 1 =——B,_ d
( 315 30> b1 = g Drrp (mod )
by Lemma 3.3, Corollary 3.6 and Corollary 3.8. This completes the proof of the proposition.

g

We are now ready to prove Theorem 1.1.
Let n = mp", where p does not divide m. For any 7-tuples (I1,-- - ,[l7) of integers satisfying
Li+--+l;=n1l€P, 1 <i<7, werewrite them as

Li=xp" +vy, >0, 1<y, <p", y,€P, 1<i<T.

Since

7 7
(D )p+ Y v = m,
=1 =1

we know there exists 1 < a < 6 such that

T+ +x7=m—a,
Yo+ Ay =ap'.

For 1 < a <6, the equation 1 + - - -+ 27y = m —a has (erg*a) nonnegative integer solutions.
Hence

zhbzzz :

xrip" + e (xep” +
ly+-+l7=mp" a=1 zi+-+z7=m—a yi1+---+yr= ap ( p yl) ( P y7>
Ly, l7€Pp Yi €Pp,yi <p"

(™55 mod ). )

a=1

(i) If » = 1, then since Sél)(p) = —6!B,_7 (mod p). We also have S§2)(p) =3-6!B,_7
(mod p), 5(3)( ) = —5-6!B,_5 (mod p) and Séa)(p) = —Sg_a)(p) (mod p) for 4 < a < 6.
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Hence from (6) we have

| 1
> = a(504m +210m® + 6m5> SV(p)  (mod p).

liteply=n 12T '

I, ,l7€Pp

Since S;l)(p) = —6!B,_7 (mod p) we complete the proof of (i).

(ii) If » > 2, then we have S;z)(p") = —5S§1)(pr) (mod p") and Ss’)(p’") = 105;1)(}9’“)
(mod p"). Meanwhile, we have Sga) (p) = —Sg_a) (p) (mod p") for 4 < a < 6. Hence from (6)
we obtain

5

) = Z<—1>“® (m +65 - a) S Py =mSP(p')  (mod p).

li4+lr=n 1v2 7 a=0
lla"'al7€Pp

Since S§1)(p’“) = —%pr_pr_7 (mod p") by Proposition 4.1, we complete the proof of (ii).
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