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SURJECTIVITY OF CERTAIN WORD MAPS ON
PSL(2,C) AND SL(2,C)

TATTANA BANDMAN AND YURI G. ZARHIN

ABSTRACT. Let n > 2 be an integer and F), the free group on n
generators, (1), F(?) its first and second derived subgroups. Let K
be an algebraically closed field of characteristic zero. We show that
if w € FMW\ F?) | then the corresponding word map PSL(2, K)" —
PSL(2, K) is surjective. We also describe certain words maps that
are surjective on SL(2,C).

1. INTRODUCTION

The surjectivity of word maps on groups became recently a vivid
topic: the review on the latest activities may be found in [21], [18], [3],

[16]

Let w € F,, be an element of the free group F,, on n > 1 generators
gi,---,0n ¢

k
w:HgT’Z", 1<n; <n.
i=1

For a group G by the same letter w we shall denote the corresponding
word map w : G"™ — G defined as a non-commutative product by the
formula

k
(1) w(xl,...,xn):szi.
i=1

We call w(zy,...,z,) both a word in n letters if considered as an
element of a free group and a word map in n letters if considered as
the corresponding map G" — G.

We assume that it is reduced, i.e. n; # n;yq forevery 1 <i <k —1
and m; # 0 for 1 <17 < k.

Let K be a field and H a connected semisimple algebraic linear
group. If w is not the identity then by Theorem of A Borel ([6]) the
regular map of (affine) K-algebraic varieties

w:H" = H, (hy,...,h,) = w(x,...,2,)
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is dominant, i.e., its image is a Zariski dense subset of H. Let us
consider the group G = H(K) and the image

wg :=w(G") ={2€ G| z=w(xy,...,z,) for some (zi,...,z,) € G"}.

We say that a word (a word map) w is surjective on G if wg = G.

In [17], [18] formulated is the following Question.

Problem 7 of [17], Question 2.1 (i) of [I8]. Assume that w
is not a power of another reduced word and G = H(K) a connected
semisimple algebraic linear group.

Is w surjective when K = C is a field of complex numbers and H is
of adjoint type?

According to[18], Question 2.1(i) is still open, even in the simplest
case G = PSL(2,C), even for words in two letters.

We consider word maps on groups G = SL(2, K) and G = PSL(2, K).
Put

F:=F, FY =[F F], F@ = [FO O],

As usual, Z, Q, R, C stand for the ring of integers and fields of rational,
real and complex numbers respectively. A(K)7. = or, simply, A™,
stands for the n—dimensional affine space over a field K with coordi-
nates z1,...,o,. If K =C, we use C7!

Let w € F For a corresponding WOl"d map on G = SL(2, K) we

check the following properties of the image wg.

Properties 1.1.

a: wg contains all semisimple elements x with tr(x) # 2;

b: w¢ contains all unipotent elements = with tr(x) = 2;

c: wg contains all minus unipotent elements = with tr(zx) = —2
and x # —id;

d: wg contains —id.

The word map w is surjective on G = SL(2, K) if all Properties [L.T]
are met. For surjectivity on G = PSL(2, K) it is sufficient that only
Properties [LT a and b are valid.

Definition 1.2. (cf.[2]) We say that the word map w is almost sur-
jective on G = SL(2, K) if it has Properties [T a,b, and c, i.e wg D
SL(2, K) \ —{id}.

The goal of the paper is to describe certain words w € F such that
the corresponding word maps are surjective or almost surjective on GG
and /or G.

Assume that the field K is algebraically closed. If w(zy, ..., x4) =«
then w is surjective on G if and only if n is odd (see ([10], [11]). Indeed,

the element
(-1 1
=0 -1
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is not a square in SL(2, K). Since only the elements with tr(z) = —2
may be outside wg ([10], [11]), the induced by w word map w is sur-
jective on G.

Consider a word map (Il). For an index j <nlet S; = > m,.

n;=J)
If, say, Sy # 0, then w(xy,id, ..., id) = 23", hence word w is surjec-
tive on PSL(2, K). If S; = 0 for all 1 < j < d, then w € F) = [F, F].
In Section 5l we prove (see Corollary [.4]) the following

Theorem 1.3. The word map defined by a word w € F1 \ F@®
is surjective on PSL(2, K) if K is an algebraically closed field with
char(K) = 0.

The proof makes use of a variation on the Magnus Embedding The-
orem, which is stated in Section ] and proven in Section 4l

In Section [6 Section [7, and Section [§] we consider words in two vari-
ables, i.e. n = 2. In this case we give explicit formulas for w(zx, y), where
x,y € SL(2,C) are upper triangular matrices. Using explicit formulas
in Section [land Section[§we provide criteria for surjectivity and almost
surjectivity of a word map on G = SL(2, C). In Section [7] these criteria
are formulated in terms of properties of exponents a;,b;, i = 1...,k,
of a word

k
(2) w(z,y) = [[=“v"
=1

where a; # 0 and b; # 0, for all i = 1, ..., k. A sample of such criteria is

Corollary 1.4. If all b; are positive, then the word map w is either
surjective or the square of another word v # id.

In Section [§ we connect the almost surjectivity of a word map with
a property of the corresponding trace map. The last sections contain
explicit examples.
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2. SEMISIMPLE ELEMENTS

Let K be an algebraically closed field with char(K) =0, and G =
SL(2, K). Consider a word map w : G"* — G :

k
w(Ty, ..., Ty) = szl
i=1

We consider G as an affine set

The following Lemma is , may be , known, but the authors do not
have a proper reference.

Lemma 2.1. A regular non-constant function on G™ omits no values
n K.

Proof. Since all the sets are affine, a function f regular on G* is a
restriction of a polynomial P onto G*. We use induction on k.
Step 1. k=1.

G={ad—bc=1} CA;,, .,

is an irreducible quadric. Assume that f € K[G] omits a value. Let
p : G — Al be a projection defined by p(a,b,c,d) = a. If a # 0
then fiber F, := p~'(a) = A}, is an affine space with coordinates b, ¢

because d = HTbc

for every a # 0. ‘Therefore it is constant on every fiber ( note that the
fiber @ = 0 is conneceted). On the other hand, f has to be constant
along the curve

. Since f omits a value, the restriction f ‘ . 1s constant
a

C ={(a,0,1,1)} =2 A (K).

Since curve C' C G intersects every fiber F, of projection p, function f
is constant on G.

Step 2. Assume that the statement of the Lemma is valid for all
k <n.Let f € K|G"] omit a value. We have: G" = M x N, where M =
G" 1 and N = G. Let p: G™ — N be a natural projection. Then, by
induction assumption, f is constant along every fiber of this projection.
Take x € M and consider the set C'=x x N C G". Thenf ’C: const
and C' intersects every fiber of p. Hence, f is constant. O

Proposition 2.2. For every word w(xy,...,x) # id the image wg
contains every element z € G with a = tr(z) # £2.
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Proof. We consider G" C A(K)*" as the product (1 <7 <n) of
Gl' = {aldl — bl'Ci = 1} C A4

a;,b;ici,d;*

The function f(aq,by,c1,dy, ..., an, by, Cp,dy) = tr(w(zy, ..., z,)) is
a polynomial in 4n variables with integer coefficients, i.e f € K[G"].
According to Lemma .11 it takes on all the values in K.

Thus for every value A € K there is element © = w(y1, ..., yn) € wg
such that tr(u) = A.

Let now z € G, A :=tr(z) # £2. Since tr(z) = tr(u), z is conjugate
to u, i.e there is v € G such that vuv~! = z. Hence

1

z=wvyw .. vyau ).

0

It follows that in order to check whether the word map w is surjective
on G (or on G) it is sufficient to check whether the elements z with
tr(z) = £2 (or the elements z with tr(z) = 2, respectively) are in the
image. For that we need a version of the Embedding Magnus Theorem.

3. VARIATION ON MAGNUS EMBEDDING THEOREM: STATEMENTS

Let n > 2 be an integer and A, = Z[t;,t;", ..., t,, ;] be the ring of
Laurent polynomials in n independent variables t¢q,...,t, over Z. Let
F = F,, be a free group of rank n with generators {g,...,g,}. Recall:
we write F(!) for the derived subgroup of F and F® for the derived
subgroup of F(). We have

F@ cFY cF,

both F(V and F® are normal subgroups in F. The quotient A :=
F/F®M = 7" is a free abelian group of rank n with (standard) genera-
tors {eq, ..., e,} where each e; is the image of g; (1 < i < n). It is well
known that the group ring Z[A] of A is canonically isomorphic to A,:
under this isomorphism each

e; € A CZ[A]
goes to
t € Lttt 1] = A
We write R,, for the ring of polynomials

Ap[s1, ..o 80 = 2t t0h st Y81, S

n
in n independent variables sq,...,s, over A,. If R is a commutative
ring with 1 then we write T'(R) for the group of invertible 2 x 2 matrices

of the form
a 0
b 1
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with @ € R*,b € R and ST(R) for the group of unimodular 2 x 2
matrices of the form

a 0

b a!

with a € R*,b € R. We have
T(R) C GL(2,R), ST(R) C SL(2, R).

Every homomorphism R — R’ of commutative rings (with 1) induces
the natural group homomorphisms

T(R) — T(R'), ST(R) — ST(R'),

which are injective if R — R’ is injective.
The following assertion (that is based on the properties of the famous
Magnus embedding [19]) was proven in [25, Lemma 2].

Theorem 3.1. The assignment

t; O )
gi LZ_ t1:| (1<i<n)

extends to a group homomorphism
with kernel F® and therefore defines an embedding
F/F® < ST(R,) C SL(2, R,).

It follows from Theorem [B.1l that if K is a field of characteristic zero,
whose transcendence degree over QQ is, at least, 2n then there is an
embedding

F/F® — ST(K) C SL(2, K).
(In particular, it works for K = R, C or the field Q, of p-adic numbers

[25].) The aim of the following considerations is to replace in this
statement the lower bound 2n by n.

Theorem 3.2. The assignment

extends to a group homomorphism
pr: F— ST(A,)

with kernel F® and therefore defines an embedding

F/F® < ST(A,) C SL(2, A,).
Remark 3.3. Let

evi: R, = Ay[s1,..., 8] = Ay
be the A,-algebra homomorphism that sends all s; to 1 and let

evi* : ST(R,) — ST(A,)
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be the group homomorphism induced by ev;. Then p; coincides with
the composition

evi'uw : F— ST(R,) — ST(A,).

Corollary 3.4. Let K be a field of characteristic zero. Suppose that
the transcendence degree of K over Q is, at least, n. Then there is a
group embedding

F/F® — ST(K) c SL(2, K).
Proof of Theorem is based on the following observation.

Lemma 3.5. Let K be a field of characteristic zero. Suppose that the
transcendence degree of K over Q is, at least, n and let {uy, ..., u,} C
K be an n-tuple of algebraically independent elements (over Q). Let
Q(uy, ..., uy,) be the subfield of K generated by {uy, ... ,u,} and let us
consider K as the Q(uy, . .., u,)-vector space. Let {yy,...,y,} C K be
a n-tuple that is linearly independent over Q(us, ..., u,). Let R be the
subring of K generated by 3n elements uy,u’, ..., Uy, w YL, Un
Then the assignment

yi 1
extends to a group homomorphism
w:F—=T(R)CT(K)
with kernel F® and therefore defines an embedding
F/F® < T(R) c T(K).

Example 3.6. Let K be the field Q(¢y,...,t,) of rational functions
in n independent variables t,...,t, over Q. One may view A,, as the
subring of K generated by 2n elements t1,¢; ", ..., t,, 1. By definition,

the n-tuple {t1,...,t,} C K is algebraically independent (over Q).
Clearly, the n-tuple

{uy =8, Ju=t3,... u, =12}y C K

is also algebraically independent. Then the n elements

gﬁ{ } (1<i<n)eT(R)

yl:tla---ayi:tia---ayn:tn

are linearly independent over the (sub)fileld Q(#2,...,#2) = Q(u1, . . ., uy).
Indeed, if a rational function

fltr,. o t) = ti- fi
i=1

where all f; € Q(¢1,...,t2) then
2t f1 = f(t,to, .. tn) — f(—ti,ta, .o tn), oo,
Ztifi:f(tl,...,ti,...,tn)—f(tl,...,—ti,...,tn),...,
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2nfn=f(t1, . tiy .o tn) — [ty .oty —t).
This proves that if f = 0 then all f; are also zero, i.e., the set {¢1,...,t,}
is linearly independent over Q(#2,...t2).
By definition, R coincides with the subring of K generated by 3n
elements

P P Sl Sers U A

This implies easily that R = A,,. Applying Lemma 3.5 we conclude
the Example by the following statement.
The assignment

2 0 :
gL (1<i<n)eT(A,)

extends to a group homomorphism
p:F—=T(R)=T(A,)
with kernel F® and therefore defines an embedding
F/F® < T(A,).
We prove Lemma [3.5, Theorem and Corollary 3.4l in Section [

4. VARIATION ON THE MAGNUS EMBEDDING THEOREM: PROOFS
Proof of Lemmal3.3. Let
ACQuy,...,u,) CK

be the subring generated by 2n elements uy,u;', ..., u,, u; . Since u;
are algebraically independent over K, the assignment

tw—)ui, t;1|—>u;1

extends to a ring isomorphism A,, = A. The linear independence of y;’s
over Q(uy, ..., uy,) implies that M =A-y;+---+A-y, CRC K isa
free A-module of rank n. On the other hand, let

UcCAN CQug,...,up)* C K*

be the multiplicative (sub)group generated by all u;. The assignment
gi — u; extends to the surjective group homomorphism

0:F—-»U
with kernel F") and gives rise to the group isomorphism
A=,

which sends e; to u; and allows us to identify the group ring Z[U] of U
with A = A,, = Z[A]. Notice that M carries the natural structure of
free Z[U]-module of rank n defined by

A(m):=A-meKVA€ZU =ACK,me M CK.
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We have
U 0

w(F) C {M 1] C T(R) C GLy(R).
It follows from [26, Lemma 1(c) on p. 175] that ker(u) coincides with
the derived subgroup of ker(d). Since ker(d) = F"), we conclude that
ker(p) = F® and we are done. O

Proof of Theorem[3.2. Let us return to the situation of Example
In particular, the group embedding (we know that it is an embedding,
thanks to already proven Lemma [B.5])

w: F—T(A,) C GLy(A,)

is defined by

o) =[] eran

for all g;.
Let us consider the group homomorphism
k:F — N, gi—t.

Since t; are algebraically independent, they are multiplicatively inde-
pendent and

ker(k) = F.
I claim that py : F'— ST(A,) coincides with the group homomorpism
g k(g) ™ ulg).

Indeed, we have for all g;
_ [0 ti 0
o onto) =1 [ 3] =[5 ] =t < st

which proves our claim. Recall that we need to check that ker(u;) =
klg) 0

x  Klg)
for all g € F just because it is true for all g = g;. This implies that

ker(p1) C ker(k) = FO.
But 1 = p; on FU. This implies that
ker(py) = ker(u ﬂF(l

F®_ In order to do that, first notice that z;(g) is of the form

However, as we have seen in Example [3.6]
ker(p) = F® ¢ FO.
This implies that
ker(fuq) ﬂ FO = @

and we are done. O
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Proof of Corollary[3.4. There exists an n-tuple {z1,...,z,} C K that
is algebraically independent over Q. The assignment

t; — T, t;1|—>l’;1
extends to an injective ring homomorphism
Ay =2ttt Y] = K.

This implies that ST'(A,,) is isomorphic to a subgroup of ST(K'). Thanks
to Theorem 3.2, F/F® is isomorphic to a subgroup of ST(A,,). This
implies that F//F® is isomorphic to a subgroup of ST (K). O

Remark. Similar arguments prove the following generalization of
Theorem

Theorem 4.1. Let {b,...,b,} be ann-tuple of nonzero integers. Then
the assignment

gi — [Z’ tol] (1<i<mn)

i

extends to a group homomorphism F — ST(A,,) with kernel F?).

5. WORD MAPS AND UNIPOTENT ELEMENTS

Lemma 5.1. Let w be an element of FY that does not belong to F®.
Then there exists a nonzero Laurent polynomaial

Lw = Lw(tla .- tn) € Z[tl,tfl, B 7tn7t;1] = An
such that
1 0
p(w) = |:£w 1] :

Proof. We have seen in the course of the proof of Theorem that for
allg € F

K 0
o) = "9 | e sTian),
This means that there exists a Laurent polynomial £, € A,, such that

K 0
pi(g) = [2) 1} :
We have also seen that if g € FY) then x(g) = 1. Since w € F),

) =[]

with £, € A,. On the other hand, by Theorem B2, ker(u,) = F®.
Since w ¢ F®), L, #0in A,,. 0
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Corollary 5.2. Let w be an element of F) that does not belong to
F® . Suppose that a = {a1,...,a,} is an n-tuple of nonzero rational
numbers such that

c:=Ly(ay,...,a,) #0.

(Since L., # 0, such an n-tuple always exists.) Let us consider the
group homomorphism

Ya - F— ST(Q) - SL(Q,Q), g; — |f§l CL(~)1:| = Z;.

Then

() = li ?] = w(Zy, ..., 7).

s a unipotent matrix that is not the identity matrix.

Proof. One has only to notice that v, is the composition of p; and the
homomorphism ST'(A,) — ST(Q) induced by the ring homomorphism

Ay = Q, b apt; e a s
O

Corollary 5.3. Let w be an element of FY) that does not belong to
F@ . Let K be a field of characteristic zero. Then for every unipotent
matriz X € SL(2, K) there exists a group homomorphism 1, x : ' —
SL(2, K) such that

Q/Jw7x<U}) = X.

In other words, there exist Zy, ..., Z, € SL(2, K) such that w(Z,, ..., Z,) =
X.

Proof. We have
Q C K, SL(2,Q) c SL(2, K) < GL(2, K).

We may assume that X is not the identity matrix. Let a = {a1,...,a,}
and v, be as in Corollary[5.2l Recall that ¢ = L, (aq, ..., a,) # 0. Then
there exists a matrix S € GL(2, K) such that

X:S[l 0}51.
c 1

Let us consider the group homomorphism
Vwx : F— SL(2,K), g Sv.(9)S™".

Then 9, x sends w to

(3) Sa(w)S~ = S [i ?] 1o X,
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Corollary 5.4. (Theorem[1.3) Let w be an element of FY that does
not belong to F®. Let K be an algebraically closed field of character-
istic zero. Then the word map w is surjective on PSL(2, K).

Proof. Consider w as a word map on G = SL(2, K). Due to Corol-
lary the image wg contains all unipotents. According to Proposi-
tion the image contains all the semisimple elements as well. Thus,
the word map w has the Properties [L1 a and b. It follows that it is
surjective on PSL(2, K). O

Remark 5.5. In [12] the words from FM\ F® are proved to be sur-
jective on SU(n) for an infinite set of integers n.

Theorem 5.6. Let w be an element of FV) that does not belong to
F@ _ Let G be a connected semisimple linear algebraic group over a
field K of characteristic zero. If u € G(K) is a unipotent element then
there ezists a group homomorphism F' — G(K) such that the image
of w coincides with u. In other words, there exist Zy,...,Z, € G(K)
such that w(Zy, ..., Z,) = u.

Proof. Let a = {ay,...,a,}, 7a and ¢ = L,(aq,...,a,) # 0 be as in
Corollary 5.20 By Lemma [B.7 below, there exists a group homomor-
phism ¢ : ST(K) — G(K) such that u = ¢(u;) for

u = E ﬂ € ST(K).

Now the result follows from Corollary the desired homomorphism
is the composition
¢ Ya: F— ST(K) — G(K).
O

Lemma 5.7. Let K be a field of characteristic zero, G a connected
semisimple linear algebraic K-group of positive dimension, and u a
unipotent element of G(K). Then for every nonzero ¢ € K there is a
group homomorphism ¢ : ST(K) — G(K) such that u is the image of

" = E ﬂ € ST(K).

Proof. Let us identify the additive algebraic K-group G, with the

1 0f.
= [t 1] in SL(2).
Its Lie subalgebra Lie(H) is the one-dimensional K-vector subspace
Lie(H) = {)\xq |\ € K} of sly(K) generated by the matrix

closed subgroup H of all matrices of the form wv(t)

X = {? 8} C sly(K).
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Here we view the K-Lie algebra sly (/) of 2 x 2 traceless matrices as the
Lie algebra of the algebraic K-group SL(2). Moreover, exp(Axg) = v()\)
for all A € K.

We may view G as a closed algebraic K-subgroup of the matrix group
GL(N) = GL(V), where V is an N—dimensional K-vector space for a
suitable positive integer N. Then

u € G(K) C Autg(V) = GL(N, K).

Thus the K-Lie algebra Lie(G) becomes a certain semisimple Lie
subalgebra of Endg (V). Here we view Endg (V') as the Lie algebra
Lie(GL(V)) of the K-algebraic group GL(V'). As usual, we write

Ad : G(K) — Autg(Lie(G))
for the adjoint action of G. We have

Ad(g)(u) = gug™*
for all
g € G(K) C Autg (V) and u € Lie(G) C Endg (V).

Since w is a unipotent element, the linear operator u —1:V — V is a
nilpotent. Let us consider the nilpotent linear operator

> i (u—1)
x = log(u) := ;(—1)”17( - ) € Endg (V)
([T, Sect 7, p. 106], [23] Sect.23, p. 336]) and the corresponding homo-
morphism of algebraic K-groups
0y H— GL(V), v(t) — exp(tx) =v(0) + tz + .. ..
In particular, since u; = v(1),

wu(uy) = u.
Clearly, the differential of ¢,
dp, : Lie(H) — Lie(GL(V)) = Endg (V)
is defined as
dpy(Axg) = Az VA € K
and sends xg to x € Lie(GL(V)). Since ¢,(m) = u™ € G(K) for all in-
tegers m and G is closed in GL(V) in Zariski topology, the image ¢, (H)
of H lies in G and therefore one may view ¢, as a homomorphism of
algebraic K-groups
o, H— G.
This implies that
dy,(Lie(H)) C Lie(G);
in particular, x € Lie(G).
There exists a cocharacter

®:G, — G C GL(V)
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of K-algebraic group G such that for each g € K* = G,,(K)
Ad(2(8))(x) = Bz

(see [20, Sect. 6, pp. 402-403]. Here G,, is the multiplicative algebraic
K-group.) This means that for all A € K

O(B)Ax®(B) = Ad(®(B))(\x) = A\3%x = B*)\x € Lie(G) C Endg(V),
which implies that

O(8) (exp(Ax))®(B) ! = exp (B(B)Ax®(5)™) = exp(5*Ax).
It follows that

o(8) (exp (590)) (B) = exp (ﬁiaz) |

Recall that ST(K) is a semi-direct product of its normal subgroup
H(K) and the torus

gt 0 .
Ty (K) = 0 A , Be K"y C ST(K).
In addition,
Bt 0]t o] [ 0] [1 o0 .
{0 8l [x 1 0 3 =lp2a 1 VAe K. 0 e K™
It follows from [8, Ch. III, Prop. 27 on p. 240] that there is a group
homomorphism
¢:ST(K) — G(K)
A1 0 8

¢ sends u; = li ﬂ to exp(£z)) = exp(r) = u. O

-1
that sends each {1 O] to exp(2z) and each p O} to ®(3). Clearly,

6. WORDS IN TWO LETTERS ON PSL(2,C)

In this section we consider words in two letters. We provide the
explicit formulas for w(zx,y), where x,y are upper triangular matrices.
This enables to extract some additional information on the image of
words in two letters. .

Consider a word map w(z,y) = xMy* ... 2%y%, where a; # 0 and
by # 0 for all i = 1,.... k. Let A(w) = .7, a;, B(w) = Y%, b;. Let
w : G* = G be the induced word map on G = SL(2, C).

If A(w) = B(w) = 0, then w € FY = [F, F]. Since FW is a free
group generated by elements w,,,, = [z",y™], n # 0, m # 0 ([22],
Chapter 1, §1.3), the word w with A(w) = B(w) = 0 may be written
as a (noncommutative) product (with s; # 0)

(4) w = H Wy e
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Moreover, the shortest (reduced) representation of this kind is unique.
We denote by S, (n,m) the number of appearances of wy,,, in repre-
sentation () of w and by R, (n,m) the sum of exponents at all the
appearances. We denote by Supp(w) the set of all pairs (n,m) such
that w, ,, appears in the product. For example, if w = w171w§’72wﬁ,
then

R,(1,1) =0, R,(2,2) = 5.

The subgroup

FO = [FW FO] = {w € FO|R,(n,m) = 0 for all (n,m) € Supp(w)}.

Example 6.1. The Engel word e, = [...[z, 9], 9], ...y] belongs to F!)'\

TV
n  times

F® (see also [12]).
Indeed, the direct computation shows that

o) 1

YW = ya"y" ey = yaty T yy ey Ty Ty = W WY,

(6)

?/w;;n — yyy M = (M) gy~ D) g g mng =1 n1n+1wn,1?/-
It follows that
(7) yws Y~ = (Wi w1 me)’

Let us prove by induction that |R., (1,n)] = 1, S.,(1,n) = 1 and
Se, (r,m) =01if r # 1 or m > n, i.e.

S

(8) €n = (H Wy, wlnlek

1

for some integers ¢ > 0, s > 0, m; < n, k; <n, and where ¢ = £1.
Indeed e; = w; ;. Assume that the claim is valid for all £ < n. We
have e,,1 = e,ye, ly~t. Using (§), we get

9) enﬂ—enHywlky Jywi sy~ Hy wi

Applying () to every factor of this product, we obtain that e, ; has
the needed form. Thus the claim will remain to be valid for n + 1.

Since |R.,(1,n)| =1, e, & F®

Let us take

(10) v = (3

>= 0
N~
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d
(1) =5 9).
m
Then
(12) o A" hyp(X)sgn(n)
0 G ’
m_ (K" d By () sgn(m)
(13) =4 ,
u
Here sgn is the signum function, and (see [I], Lemma 5.2) for n > 1
C2n -1
14 hn(() = ——5—.
" =T

Note that h,(1) = n.
Direct computations show that

(15) 2"y = (Mgm d.)\"sgn(m)hm()\) jfmsgn(n)hm()\)u_m)_
(16)

ey = (A‘"éf’” —d%‘"sgn(m)hmgl%—c sgn(n)hiz () )
a7) wnntg) = (o TG,

where

(18)

f(C, d,n, m) = Ch‘n|()\)$gn(n))\n(1 _NQm) +dh‘m‘ (M)Sgn(m)um()\% . 1).

Hence,

1 Fule,d, A\ p)
(19) me m; (T, Y) (0 1 ) ,

where

T

Fu(e,d, A\ ) = Z sif(e,d,ng,m;) = @y (N, 1) + dU, (A, 1)

1
and

2la] _ 7))o
(20) @A )= Y Rw(a,ﬁ)sgn(a)(l—u”)%’

(a,8)€Supp(w)
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2 (:UQ‘BI — 1)/~LB
w )\, = w\ &, sgn AT — B=1(,,2 — 1\
(21) Wy(A, ) (a,g)ezs;pp(w)R (v, B)sgn(B)( Ve - 1)

(Since the order of factors in w is not relevant for (20) and (21) , we
use here a, 8 instead of n;, m; to simplify the formulas).

Proposition 6.2. Rational functions ®(\, u) and V(A, u) are non-zero
linearly independent rational functions.

Remark 6.3. It is evident from the Magnus Embedding Theorem that
at least one of functions ®(A, u) and W(A, ) is not identical zero. It
follows from Proposition that the same is valid for both of them.

Proof.

Lemma 6.4. If &,(\, ) = 0 then Ry(a,8) = 0 for all (o, 5) €
Supp(w).

Proof. We use induction by the number |Supp(w)| of elements in Supp(w)
for the word w. If Supp(w) contains only one pair («, ), then there is
nothing to prove, because

(X, 1) = Ru(a, B)lya)(N)sgn(a) A*(1 = p*).
Assume that for words v with |Supp(v)| = [ it is proved. Let w be such
a word that |Supp(w)| =1+ 1.
Let n := maz{a |(a, B) € Supp(w)}.
Case 1. n > 0.
We have

B = X Rula Bsgn()( — ) XD
o v Na=1(\2 — 1)
(.)€ Supp(w)
Z Ry (a, B)sgn(a)(1 — p2P)xelal+ i 4 22 4. \2(el=1)y,
(a,8)€Supp(w)
It means that the coefficient of A2™=! in rational function ®,,(\, xt)

is
p(:“) = Z Rw(”v 6)(1 - /~L2ﬁ)'
(n,B)€Supp(w)

Hence, if ®,,(A, 1) = 0, then p(u) = 0, and all R, (n,5) = 0 for all
B.

That means that ®, (A, u) = @, (A, ,u) where v is such a word that
may be obtained from w(z,y) = [} w , (z,y) by taking away every
appearance of w,, g :

v = meml x,y).

n; ;én
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But |Supp(v)| <1 and by induction assumption R,(«, ) =0 for all
(e, B) € Supp(v). Thus Lemma is valid for w in this case.
Case 2. n < 0. Let —n/ := min{a |(a, f) € Supp(w)}. We proceed
as in Case 1 with —n’ instead of n : the coefficient of A=2""+1 is q(u) =
> Ry (—n', 8)(1 — p2P). If @, (N, 1) = 0, then g(u) = 0, and
(=n',8)€Supp(w)
all R, (—n',3) = 0 for all 5. Once more, we may replace w by a word
v with [Supp(v)| < I. O

Clearly, the similar statement is valid for W,, (A, u).
The functions & and ¥ are linearly independent, because ® is odd
with respect to A and even with respect to p, while U has opposite

properties.
O

Proposition 6.5. Assume that the word w € FU \ F® and that
®,(1,7) # 0, where i*> = —1. Then —id € wg, where G = SL(2,C).

Proof. Assume that ®(1,7) # 0. From (20) we get:

(22) D, (1,1) = > 2R, (a, B)a.
(a,B)€Supp(w),B odd
Take
(a0
=10 o
(0 1
Yy=\-1 0
Then
2, y] = a? 0
Y O CL—2
Thus, if
w= [T,
1
then
a2nj8j O CLN 0
’lU(.ﬁL’,y) = H ( O a—2nj5j) = (O CL—N) )
m; odd
where N =2 > n;s; = ®,(1,7) # 0.
m; odd
Choose a such that a”¥ = —1. Then w(x,y) = —id. U

Remark 6.6. The case U(i,1) # 0 may be treated in the similar way,
one should only exchange roles of x and y.
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Remark 6.7. Let
w= H w"] mj?

let ged(m;) = k = 2%s, s odd. Put p; = 52 and

u= Hwnj Hj*

Note that some of y; are odd. Let z € SL(2,C) be such that

0 1
o= (0.

Then w(x, z) = u(z,y), hence, if ®,(1,7) # 0, then —id € wg.

7. SURJECTIVITY ON SL(2,C)
We keep the notation of Section [6l

Lemma 7.1. Assume that w = x®y* ... 2%y%  a; #£0, b; 40, i =

L.,k A=> a; #0 or B=> b # 0 and x,y are defined by (I0),
() respectively. Then

(23) utag) = (Mg o),

where . ) )
Fu(e,d, A\, ) = Dy (A, ) + d¥o, (A, 1)

and
k . .
B )\Zj<i a;j sz@' bj
(24> (I)w<)\7 :u) = ; Sgn<al)h‘az‘<)\> )\Zj>i aj,uzjzi b;’
k )\Z]<z a; MZ]<Z
(25) wO ) = D sgn(b)h, (1

1 )\Zj>z a; sz>z

Proof. We use induction on the complexity & of the word w. Using (I3]),
we get

(26)
a1, b1 _ (/\“Wbl d - A" sgn(by)hyp,|(12) +C'59n(a1)ha1(/\)ubl)
ry = —a1,,—b .
)\ IIL[/ 1
Thus for ¥ = 1 the Lemma is valid. Assume that it is valid for
k' < k. Let u=x%y® .. a%-1yb-1 and w = uz®y.
By induction assumption,

NA=ak B=be [ (e d X,



20 TATIANA BANDMAN AND YURI G. ZARHIN

From (I3]) we get

ar, b (AR d - N sgn(bi)hip (1) + ¢ - sgn(ag)Pja (A ="

Multiplying matrices v and z%y% we get
Fy(e,d, A i) = N7 P70 (d - X% sgn (by) iy, (1)

+c - sgnag)hja, (M%) + Fu(c,d, X\, p) A= =%,
Thus, the induction assumption implies that

. A B, N A<y 2i<ibs
(b'u} )\7 = h/a )\ - k)\ Ok ok 7 ha' >\
( :u) Sgn(ak) | k\( )'u H +¥ sgn(a) | ZI( ))\Efzmaj,uZ?:ibj
)\Z]<z J,LLZJ<zb
_ Dot (A
;sgn(a) il )Azmamzm
k—1

)\ZJ<1 aj MZ]<1 b

Wy (A, 1) = sgn(be) s, (AN P04y " sgn(b)h
(A 1) = sgn(b) hyp, (1) Z gn(bi) s (1 )AZJ 1% Chie b

B (A A2i 4 2 g<i b
—gsgn(az) Uy Sery ISR

Denote:

and let C' be a curve
C={MuP=-1}C C3 .

Multiplying (24) and (25) by AMu®? we see that on C the following
relations are valid:

(27) o, ngn ;) Ry (N)NFA% 2B

(28) W ( Z sgn (i), (1) N4 2= 2Bt
In particular, on C'
) k

(29) (1) [ o= — > a®®

1

(30) Ty(A 1) | == i
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Lemma 7.2. Assume that A # 0 and the word map w is not surjective.

Then
k
Z bz"YzAi =0
1
for every root v of equation
q(z) =2 +1=0.

If B # 0 and the word map w is not surjective, then
k

Z ai523i =0

1
for every root § of equation

p(z) =28 +1=0.

Proof. The matrices z with tr(z) = 2 are in the image because w(x, id) =
x4, w(id,y) = y®. Assume now that for K # 0 the matrices

o) o 5)

are not in the image. That implies that ®,,(\, 1) = 0 and ¥, (X, ) = 0
on the defined above curve

C={\MuP=-1}C C3 .
If A# 0or B # 0, then, respectively, the pairs (y,1) and (1,0)

belong to the curve C. We have to use only (29)), ([B0), respectively
U

Corollary 7.3. Let 2B; = k;B + T}, where k; are integers and 0 <
T, < B # 0. If w is not surjective, then for every 0 <T < B

(32) > a(-1)k =0

wT;=T
Proof. Indeed in this case
k B-1
0= 0 = 350 a1
1 T=0  @T,=T
for any root ¢ of equation
p(z) =2 +1=0.

Since p(z) has no multiple roots, it implies that p(z) divides the poly-
nomial
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But since degree of p(z) is bigger than degree of p;(z) that can be
only if p1(2) = 0. O

Corollary 7.4. (Corollary [1.4) If all b; are positive, then the word
map w is either surjective or the square of another word v # id.

Proof. In this case 0 < 2B; < 2B and sequence B; is increasing. If w
is not surjective, p;(z) = 0 by Corollary Thus for every B; there
is B; such that 2B; = 2B, + B and a; — a; = 0.

Thus, the sequence of 2B; looks like:

0=2DBy, 2by = 2By, 2(by+by) =2B3,...,2(bi+---+bs) = 2Bsy1 = B,
2(by+ -+ +bsy1) =2Bs19 = B+ 2By = B+ 2by,
2(by + -+ +bsyo) =2Bs13= B+ 2By = B+ 2b; + 2by, ...,
2(by 4 -+ + bys_1) = 2Bys = 2B + B,

2(by + - -+ bys) = 2By = B+ 2B, = 2B.
It follows that £ = 2s and

bsy1 = Bsy2 — Bsy1 = Ba — By = by
bsy2 = Bsy3 — Bsia = B3 — By = bo;
bys—1 = Bys — Bos_1 = By — Bs_1 = bs_1;
bi = bas = Bocrr — Baw = Bupa — Bo = b,
Thus,
bi=bis, 1=1,...,8, 2B; =2B; s+ B,a; = a;.s.
Therefore the word is the square of v = z% gy .. g%ybs. O

Corollary 7.5. If all b; are negative, then the word map of the word
w is either surjective or the square of another word v # id.

Proof. We may change y to z = y~! and apply Corollary [4 to the

word w(x, z). O

Corollary 7.6. If all a; are positive, then the word map of the word w
is either surjective or the square of another word v # id.

1

Proof. Consider v =271, z=y~!

, a word

w(z,0) = w(x,y) "t =y %y T =

and apply Corollary [[4] to the word w'(z,v). O
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8. TRACE CRITERIA OF ALMOST SURJECTIVITY

For every word map w(x,y) : G* — G defined are the trace polyno-
mials Py(s,t,u) = tr(w(z,y)) and Q,, = tr(w(z,y)y) in three variables
s =tr(z), t =tr(y),and u=tr(zy). ([14], [15], [24]).

In other words, the maps

Pw: GP = G2, py(z,y) = (w(z,y),y)

and

hy : Ci,t,u — Ci,t,u? ww(sata u) = (Pw(S, t,u),t, Qw(sa t,u))

may be included into the following commutative diagram:

GxG —25 GxG

® |

c,, —— C3

s,tu s,t,u

Moreover, 7 is a surjective map ([I5]). For details, one can be referred
to (51, 18]) -

Since the coordinate ¢ is invariant under v, for every fixed value t =
a € C we may consider the restriction 1,(s,u) = (Py(s, a,u), Qu(s,a,u))
of morphism 1, onto the plane {t = a} = C2,.

Definition 8.1. We say that ¢,(s,u) is Big if the image ¢,(CZ,) =
C?., \ Tu, where T, is a finite set. We say that the trace map ¢, of a
word w € F' is Big if there is a value a such that v,(s,u) is Big.

Proposition 8.2. If the trace map v, of a word w € F' is Big then
the word map w : G*> — G is almost surjective.

Proof. Let a be such a value of ¢ that the map ¢, is Big. Let S, =
T, U{(2,a)} U{(—2,—a)}. Consider a line C; = {s =2} and C_ =
{s=—-2} CcC:, Let By = C.\(CyNS,); B- = C_\(C_NS,). Since
S, is finite, By # 0, B_ # (). Moreover, since these curves are outside
S,, we have: D, =4 Y (By)#0, D_=v¢"YB_) #0.

Take (s, up) € Dy and (s1,u;) € D_. Then vy, (so, a,up) = (2,a,b)
with a # b; and ¥,(s1,a,u1) = (—2,a,d) with a # —d. Projection
T G* — C?,, is surjective, thus there is a pair (zo,y0) € G* such
that tr(zo) = so, tr(yo) = a, tr(zeys) = uo. Then w(w(xg,yo)) =
(S0, a,up) = (2,a,b). Hence, tr(w(xg,yo)) = 2, but w(wg, yo) # id,
since tr(w(zo,y0)vo) = b # a = tr(yo). Similarly, there is a pair
(z1,y1) € G* such that tr(z;) = s1, tr(y1) = a, tr(x1y;) = uy. Then
m(w(zy, 1)) = Yu(s1,a,u1) = (=2,a,d). Hence, tr(w(zy,y1)) = —2,
but w(zy,y1) # —id, since tr(w(zy,y1)y1) = d # —a = —tr(yy).

It follows that all the elements z # —id with trace 2 and —2 are in
the image of the word map w. O
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Corollary 8.3. Assume that the trace map 1, of a word w is Big.
Consider a sequence of words defined recurrently in the following way:

vi(z,y) = w(z, y); vz, y) = wva(z,y), y);
Then the word map v, : G* — G is almost surjective for all m > 1.

Proof. The trace map v, = 1, of the word map v,, is the n'* iteration

Q/JYL) of the trace map 11 = 1, (see [5] or [3]). Let us show by induction,
that all the maps 1, are Big. Indeed 1/, is Big by assumption, hence
(¢1),(C2,) = C%,,—T, for some value a and some finite set T,. Assume
now that 1,1 is Big. Let for a value a of ¢ the image (¢n—1)a(cg,u) =
C?.,\ N for some finite set N. Hence

(Un)a(Coa) = (11)o(¥n-1)a(C20)) = (1),(CL, \ N) D
D ($1),(C2) \ (1), (N) = CZ N\ (Tu U (1), (V).

Thus (), is Big as well for the same value a.
According to Proposition 8.2 the word map v,, is almost surjective.
O

1

Example 8.4. Consider the word w(z,y) = [yzy~!, 7] and the cor-

responding sequence

Un, (l’, y) - [?/Un—l?/_17 v;—ll]'
This is one of the sequences that were used for characterization of finite

solvable groups (see [9], [5], [3]).
We have ( [5], section 5.1)

tr(w(z,y)) = fi(s, t,u) = (8* + 1%+ u® — ust — 4)(t* + u* — ust) + 2;
tr(w(z,y)y) = fa(s, t,u) = fit+(s(st—u)—t)(s* +t* +u® —ust —4) —t;

We want to show that for a general value ¢t = a the system of equa-
tions

(34) fi(s,a,u) = A

(35) fa(s,a,u) =B

has solutions for all pairs (A, B) € C?\ T,, where T, is a finite set.
Consider the system

(36) hi(s,u,a,O):= (s*+a*+u’—usa—4)(a*+u*—usa) = A-2 := C,

(37)

ho(s,u,a, D) = (s(sa—u)—a)(s*+a*+u’~usa—4) = B—a(C+1) := D.
Note that the leading coefficient with respect w in hy is 1, in hy is s.

The Magma computations show that the resultant (elimination of u )

of hy — C and hy — D is of the form
R(s,a,C, D) = s4p1(a, C,D)+ 32p2(a, C, D) + ps(a,C, D).
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It has a non-zero root s # 0 at any point (a,C, D), where at least
two of three polynomials pi, ps, ps do not vanish. MAGMA compu-
tation show that the ideals J1 =< pi,ps >C Qla,C, D], J2 =<
1,03 >C Qla,C, D], J3 =< po,p3 >C Qla, C, D] generated, respec-
tively, by pi(a,C, D) and ps(a,C, D), by pi(a,C, D) and p3(a,C, D),
by pe(a,C, D) and ps3(a,C, D), are one-dimensional. It follows that for
a general value of a the set

{p1<a’7 C, D) = p2<CL, C, D) = 0}

U{pl(a’a C, D) = pB(av C, D) = O}
U{pQ(a> C, D) = p3(a7 C, D) = 0}

is a finite subset N, C C¢ p. On the other hand, at any point (C, D)
outside N, polynomial R,(s) = R(s,a,C, D) has a non-zero root, and,
therefore system (36]), (B7) has a solution. Thus, outside the finite set
of points T, = {(A=C+2,B=D+a(C+1)) [(C,D) € Ny} C Cys,
system (34]), (BH) has a solution as well. Thus, ¥, = (f1,t, f2) is Big
and all the word maps v,, are almost surjective on G.

Let us cite the Magma computations for t = a = 1, where p = hy —C
and ¢ = hy — D. R is the resultant of p, ¢ with respect to w.

> r:=u"2+s"2+1-uxs;
p:=(r-4)*(r-s~2)-C;
q:=(r-4)*(s*(s-u)-1)-D;

R:=Resultant(p,q,u);
R;
-874%C"3 - 2%xs74*%C"2xD + s74*%xC"2 - 2%s74*%xCxD"2 + s74xC*D
- 874xD"3 + s74%xD"2 + 4*s”2xC"2%xD - 4xs72xC"2 + 8%s72xC*D"2
- 6%xs72*%C*xD + 6%xs"2*D"3 - 8%s”"2xD"2 +
C™2 - 2xCxD"2 + 8%CxD + D4 - 8%D"3 + 16*%D"2

V V V V V V V

>

>

> pl:=-C"3 - 2%C"2«D + C"2 - 2xCxD"2 + C+*D - D"3 + D"2;
> p2:= 4%C"2+«D - 4xC"2 + 8xCxD"2 - 6*CxD + 6*D"3 - 8*D"2;
> p3:=C"2 - 2xCxD"2 + 8*CxD + D"4 - 8xD"3 + 16*xD"2;

> Factorization(pl);

[

<C+D -1, 1>,
<C"2 + CxD + D"2, 1>

\4

Factorization(p2);

[
<C"2*D - C™2 + 2xCxD"2 - 3/2*CxD + 3/2%D"3 - 2*D"2, 1>
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> Factorization(p3);

[
<C - D72 + 4xD, 2>

Clearly every pair among polynomials pl, p2, p3 has only finite num-
ber of common zeros. For example, p; = p3 = 0 implies D*—~5D+1 = 0
or (D* —4D)?*+ (D?* —4D)D + D? = 0.

Computations show also that the word w(z,y) takes on value —id.
For example, one make take

(-1 1 (1t
T={9 1)Y= \o 1)

where > = —1/2. Here are computations:

R<t>:=PolynomialRing(Q) ;
X:=Matrix(R,2,2,[-1,1,-2,11);
Y:=Matrix(R,2,2,[ 1,t,0,1]);

X1:= Matrix(R,2,2,[1,-1,2,-1]);
Y1:=Matrix(R,2,2,[1,-t,0,1]);

Z:=Y*X*Y1;

pl1:=Z[1,1];

pl2:=Z[1,2];

p21:=Z[2,1];
p22:=Z[2,2];

Z1:=Matrix(R,2,2, [p22,-p12,-p21,p11]);
W:=Z*xX1*Z1*X;

>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
> ql1l:=W[1,1];

>  ql2:=W[1,2];

> g21:=W[2,1];

>  g22:=W[2,2];

>

>

> qll;

16*xt74 + 8*t~3 + 12%t72 + 4%t + 1

> ql2;

-8xt"4 - 4%t”2

> qg21;

16*xt~3 + 8%t

> q22;

-8xt"3 + 4%t"2 - 4xt + 1

Therefore, t* = —1/2 implies that qi; = oz = —1, q12 = go1 = 0.
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9. THE WORD v(z,y) = [z, [z,y]], [y, [z, y]]]

In this section we provide an example of a word v that is surjective
though it belongs to F®. The interesting feature of this word is the
following: if we consider it as a polynomial in the Lie algebra sly, ([x, y]
being the Lie bracket) then it is not surjective ([4], Example 4.9).

Theorem 9.1. The word v(z,y) = [[z, [z, y]], [y[z, y]]] is surjective on
SL(2,C) (and, consequently, on PSL(2,C)).

Proof. As it was shown in Proposition 2.2], for every z € SL(2, C) with
tr(z) # 42 there are z,y € SL(2,C)? such that v(z,y) = 2.

Assume now that a = +2. We have to show that —id is in the image
and that there are matrices z,y in SL(2, C), such that

q11 12
v(x,y) =
(@9) <(J21 Q22)
has the following properties :

® (2 + qao = E2;

® g2 # 0.
We may look for these pairs among the matrices r = (2 Z) and
(1t
7=\ 1)

In the following MAGMA calculations C' = [x,y], D = [[z, ], z],
B = [[x,y],y], A= [DvB]

Ideal I in the polynomial ring Q[b, ¢, d,t] is defined by conditions
det(x) = 1,tr(A) = 2. Ideal J in the polynomial ring Q[b,c,d,t] is
defined by conditions det(z) = 1,tr(A) = —2. Let T, C SL(2)? and
T_ C SL(2)? be, respectively, the corresponding affine subsets in affine
variety SL(2)?.

The computations show that ¢i2(b, ¢, d, t) does not vanish identically
on T, or7T_.

> Q:=Rationals();
R<t,b,c,d>:=PolynomialRing(Q,4);
X:=Matrix(R,2,2,[0,b,c,d]);
Y:=Matrix(R,2,2,[ 1,t,0,1]);

X1:= Matrix(R,2,2,[d,-b,-c,0]);
Y1:=Matrix(R,2,2,[1,-t,0,11);
C:=X*xY*xX1%Y1;

pl1:=C[1,1];

pl2:=C[1,2];

p21:=C[2,1];

p22:=C[2,2];

Cl:=Matrix(R,2,2, [p22,-p12,-p21,pl11l);

V VVV V V YV VVVYV
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D:=CxX*C1*X1;

d11:=D[1,1];
d12:=D[1,2];
d21:=D[2,1];
d22:=D[2,2];
D1:=Matrix(R,2,2,[d22,-d12,-d21,d11]);

B:=CxY*xC1x%Y1;
b11:=B[1,1];
b12:=B[1,2];
b21:=B[2,1];
b22:=B[2,2];
Bl:=Matrix(R,2,2, [b22,-b12,-b21,b11]);
A:=D+B*D1*B1;

TA:=Trace(A);

ql2:=A[1,2];
I:=ideal<R|b*c+1,TA-2>;

IsInRadical(ql2,I);

false

>
>
>

J:=ideal<R|b*c+1,TA+2>;

IsInRadical(ql2,J);

false

>

It follows that the function ¢;2(b, ¢, d, t) does not vanish identically on
the sets T’y and 7", hence, there are pairs with tr(v(z,y)) = 2,v(x,y) #

id, and tr(v(x,y)) = =2,v(z,y) # —id.

In order to produce the explicit solutions for v(x,y) = —id and
v(z,y) = z,z # —id,tr(z) = —2, consider the following matrices de-

pending on one parameter d:

x_(l—d 1)
—§ d/’
_(2-3d 0
y=\ 0o 3d-1)"
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Since images of the commutator word on GL(2,C) and SL(2,C) are
the same, we do not require that det(x) = 1 or det(y) = 1. We only
assume that det(x) = d*—d—2/3 # 0 and det(y) = —9d* +9d* —2 # 0.

Let
B o Q11(d) QI2(d)
A=v(r,y) = <q21(d) (J22(d))

and TA = tr(A). Magma computations show that

Q11(d) + 1= Nll(dQ — d+ 1/3)H11(d),

q22(d) + 1= N22(d2 —d + 1/3)H22(d),
qo1(d) = Noy(d—2/3)*(d—1/2)*(d—1/3)*(d*~d—2/3)(d*—d+1/3) Hyy (d),
q12(d) = Noy (d—2/3)*(d—1/2)*(d—1/3)*(d*~d—2/3)(d*—d+1/3) Hy(d),

TA+2=N(d*>—d+1/3)H(d),

where N;; and IV are non-zero rational numbers; H;; and H are polyno-
mials with rational coefficients that are irreducible over Q . Moreover
degHo = degH 5 = 25, degH = 38. Tt follows that if d* —d+1/3 =0
then A = —id. If d is a root of H that is not a root of Hyq, then A is a

minus unipotent.

t
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