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6 FARRELL–JONES CONJECTURE FOR FUNDAMENTAL GROUPS OF

GRAPHS OF VIRTUALLY CYCLIC GROUPS

XIAOLEI WU

Abstract. In this note, we prove the K- and L-theoretic Farrell–JonesConjecture with

coefficients in an additive category for fundamental groups of graphs of virtually cyclic

groups.

Introduction

In [6], Farrell and the author proved the Farrell–Jones Conjecture for Baumslag-Solitar

groups. Independently, Gandini–Meinert–Rüping proved the Farrell–Jones Conjecture for

any fundamental groups of graphs of abelian groups [7]. This in particular includes all

Baumslag–Solitar groups. One obvious question one can ask is whether the conjecture

also holds for fundamental groups of graphs of virtually abelian groups. One of the key

technique difficulties that the previous methods do not work is that amalgamated products

of virtually abelian groups in general do not have to be CAT(0); see [3, III.Γ.6.13] for an

example. However, amalgamated products of virtually cyclic groups are always CAT(0)

[3, III.Γ.1.1 (c)]. In the present note, we are not able to deal with allthe virtually abelian

groups case. But we are able to show the following:

Theorem A. The K- and L-theoretic Farrell–Jones Conjecture with coefficients in an ad-

ditive category and finite wreath products is true for fundamental groups of any graphs of

virtually cyclic groups.

Remark. The problem whether fundamental groups of any graphs of virtually cyclic groups

satisfy the Farrell–Jones Conjecture was discussed beforeby Roushon in[8]. He obtained

some partial results, for example, he showed that fundamental groups of any trees of virtu-

ally cyclic groups satisfy the Farrell–Jones Conjecture[8, Proposition 3.1.1].

Our theorem in particular implies any HNN extension of virtually cyclic groups satisfy

the Farrell–Jones Conjecture. For more information about the Farrell–Jones Conjecture

with finite wreath products and coefficients in an additive category we refer to [11, Section

2.3]. In this note, we will abbreviate the K- and L-theoreticFarrell–Jones Conjecture
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with finite wreath products and coefficients in an additive category by FJCw. The proof is

similar to [6] and [7] and depends heavily on them. We try to map the group to some group

that is known to satisfy FJCw, then use inheritance properties of FJCw to deduce the main

result. The proof also uses crucially a recent result of Bartles [1, Remark 4.7, Example

4.10] that FJCw is closed under taking amalgamated productsand HNN extensions along

a finite subgroup.

Acknowledgements.The author wants to thank the Dahlem Research School at Free

University of Berlin and Max Planck Institute for Mathematics at Bonn for support. We

also want to thank Daniel Kasprowski, Henrik Rüping, SayedK. Roushon and F. Thomas
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1. Inheritance Properties and Results on FJCw

We list some inheritance properties and results on FJCw thatwe may need.

Proposition 1.1. (1) If a group G satisfies FJCw, then any subgroup H1 ⊂ G and any finite

index over group H2 ⊃ G satisfy FJCw.

(2) If G1 and G2 satisfy FJCw, then the direct product G1×G2 and the free product G1∗G2

satisfy FJCw.

(3) Let {Gi | i ∈ I } be a directed system of groups (with not necessarily injective structure

maps). If each Gi satisfies FJCw, then the colimit colimi∈IGi satisfies FJCw.

(4) Letφ : G → Q be a group homomorphism. If Q, Ker(φ) andφ−1(C) satisfy FJCw for

every infinite cyclic subgroup C< Q then G satisfies FJCw.

(5) CAT(0) groups satisfy FJCw.

(6) Virtually solvable groups satisfy FJCw.

(7) Fundamental groups of graphs of abelian groups satisfy FJCw.

(8) If G1 and G2 satisfy FJCw, then any amalgamated product of G1 and G2 along a finite

subgroup and any HNN extension of G1 along a finite subgroup satisfy FJCw.

Proof of (1) - (4) can be found for example in [11, Section 2.3] . (5) is the main result

of [2] and [10] noticing that CAT(0) groups are closed under finite wreath products. (6) is

proved in [11]. (7) is proved in [7]. (8) is proved in [1, Example 4.10] for the case without

finite wreath products and [1, Remark 4.7] explains how to extend it to the case with finite

wreath products.

2. Bass–Serre theory

In this section, we review the basics of Bass–Serre theory. For more details, we refer to

[4, Chapter I] and [9, Chapter 1]. We also prove a useful lemma.

Given a connected graphΓ and an oriented edgee ∈ E(Γ), denote its initial vertex by

ι(e) ∈ V(Γ) and its terminal vertex byτ(e) ∈ V(Γ). Let e be the edgee with opposite

orientation,ι(e) = τ(e) andτ(e) = ι(e). A graph of groups structureG on Γ consists of
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families of groups (Gv)v∈V(Γ) and (Ge)e∈E(Γ) satisfyingGe = Ge for all e ∈ E(Γ) and an

injective group homomorphismαe : Ge →֒ Gι(e) for eache ∈ E(Γ). We call the pair (Γ,G)

agraph of groups.

Given a maximal treeT in Γ, let π1(Γ,G,T) be the group generated by the groups

Gv, v ∈ V(Γ) and the elementse ∈ E(Γ) subject to the following relations

(i) e= e−1 for all e∈ E(Γ);

(ii) e · αe(s) · e= αe(s) for all e∈ E(Γ) ands ∈ Ge;

(iii) e= 1 if e ∈ E(T).

We callπ1(Γ,G,T) the fundamental groupof (Γ,G) relative toT. The isomorphism type

of π1(Γ,G,T) does not depend on the choice ofT, and we will just call it thefundamental

group of (Γ,G) and denote it byπ1(Γ,G). For eachv ∈ V(Γ) the canonical mapGv →

π1(Γ,G) is injective. Given a graph of groups (Γ,G), there is a corresponding Bass–Serre

treeX which π1(Γ,G) acts on with vertex stabilizer conjugating to some vertex group of

(Γ,G).

Lemma 2.1. Let (Γ,G) be a graph of groups and letφ : π1(Γ,G) → π1(Γ) be the quotient

map induced by mapping all the vertex groups Gv in (Γ,G) to the trivial group. Let X be

the corresponding Bass–Serre tree of(Γ,G). Then Ker(φ)\X is still a tree.

Proof Note thatπ1(Γ,G)/Ker(φ) � π1(Γ) and thus we obtain an induced action of the

free groupπ1(Γ) on Ker(φ)\X. Since every vertex stabilizer ofπ1(Γ,G) on X is contained

in Ker(φ), the action ofπ1(Γ) on Ker(Φ)\X is free. We see thatKer(φ)\X is the universal

cover ofΓ and hence a tree. �

3. Proof of Theorem A

In this section, we prove our main theorem. We first prove FJCwfor fundamental groups

of graphs of groups with vertex groups eitherZ orZ⋊Z/2 and then use this to prove every

fundamental group of a graph of virtually cyclic groups satisfies FJCw.

Lemma 3.1. Let (Γ,G) be a graph of groups with vertex groups either isomorphic toZ or

Z ⋊ Z/2, thenπ1(Γ,G) satisfies FJCw.

Proof By Proposition1.1(3), FJCw is closed under directed colimit, we can assume the

graph is finite. Proceeding by induction on the number of edges inG, by Proposition1.1

(8), we only need to prove FJCw for graph of groups where all the edge groups are infinite.

In fact, let e ∈ Γ be an edge with edge groupGe finite. If Γ \ e is disconnected, letΓ1

andΓ2 be the two components. Restrict (Γ,G) to the graphsΓ1 andΓ2, we get two graph

of groups (Γ1,G1) and (Γ2,G2). Now π1(Γ,G) is a an amalgamated product of the group

π1(Γ1,G1) andπ1(Γ2,G2) along the edge groupGe. By Proposition1.1(8), to prove FJCw

for π1(Γ,G) it is enough to prove FJCw forπ1(Γ1,G1) andπ1(Γ2,G2). Similarly, if Γ \ e is

connected, letΓ′ be the remaining graph and (Γ′,G′) be the corresponding graph of groups.
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Thenπ1(Γ,G) is an HNN extension of the groupπ1(Γ′,G′) along the edge groupGe. Since

Ge is finite, by Proposition1.1(8), to prove FJCw forπ1(Γ,G) it is enough to prove FJCw

for π1(Γ′,G′). Inductively, we can get rid of all the finite edge groups in (Γ,G) and reduce

the proof of FJCw forπ1(Γ,G) to the case where all the edge groups are infinite.

Now notice that any infinite subgroup ofZ ⋊ Z/2 is isomorphic to eitherZ or Z ⋊ Z/2,

hence the edge groups of (Γ,G) are either isomorphic toZ or Z ⋊ Z/2. We define another

graph of groups (Γ,G′) as follows. Note first thatZ ⋊ Z/2 has an unique maximal infinite

cyclic subgroupZ⋊{0} and any infinite cyclic subgroup is contained inZ⋊{0}. Thus for each

vertex groupGv, we can defineG′v to be the quotient ofGv by its maximal infinite cyclic

subgroup, henceG′v equalsZ/2 if Gv is isomorphic toZ⋊Z/2, {0} otherwise. We define the

edge groupG′e similarly. For each edgee, denote its initial vertex byι(e) and its terminal

vertex byτ(e). Corresponding to each edgee, there is an injective group homomorphism

αe : Ge →֒ Gι(e). Our quotienting out the maximal infinite cyclic subgroup process also

induces a mapα′e : G′e →֒ G′
ι(e) and we claim that it is well defined and still injecitive, thus

we complete our definition of (Γ,G′). Here is the proof of this claim. IfGe is isomorphic to

Z, then after quotienting out the maximal infinite cyclic subgroup,Ge becomes the trivial

group. Henceα′e is well defined and injective. IfGe is isomorphic toZ ⋊ Z/2, then after

quotienting out maximal infinite cyclic subgroups, bothGe andGι(e) becomesZ/2. Notice

thatZ ⋊ {0} ⊂ Ge must be mapped to a subgroup ofZ ⋊ {0} ⊂ Gι(e), thusα′e is well defined.

Notice also that the order 2 element (0, 1) ∈ Z ⋊ Z/2 � Ge must be mapped to an element

of the form (a, 1) ∈ Z ⋊ Z/2 � Gι(e), thusα′e is still injective.

Since its vertex groups are either trivial orZ/2,π1(Γ,G′) act on its corresponding Bass–

Serre tree properly and cocompactly. Thusπ1(Γ,G′) is a CAT(0) group and satisfies FJCw.

Moreover, there is an obvious mapq : π1(Γ,G) → π1(Γ,G′) which is induced by quoti-

enting out the maximal infinite cyclic subgroup at each vertex group. By Proposition1.1

(4), we are left to verifyKer(q) andq−1(C) satisfy FJCw for any infinite cyclic subgroup

C of π1(Γ,G′). By Bass–Serre theory there is a treeX thatπ1(Γ,G) acts on with vertex sta-

bilizers isomorphic to some conjugate of the vertex groups.Now restricted to each vertex

stabilizer,Ker(q) becomesZ. HenceKer(q) is the fundamental group of a graph of infinite

cyclic groups. By Proposition1.1 (7), Ker(q) satisfies FJCw. Now forq−1(C), since each

vertex group in (Γ,G′) is trivial or Z/2 henceC does not lie in any vertex group or any

conjugates of it. Thusq−1(C) acts onX with infinite cyclic stabilizers and satisfies FJCw

by Proposition1.1(7). �

To proceed we need the following lemma of Farrell–Jones [5, Lemma 2.5].

Lemma 3.2. Let G be a virtually cyclic group. Then G contains a unique maximum normal

finite subgroup F with one of the following holds

• (1) the finite case, G= F;

• (2) the orientable case, G/F is the infinite cyclic group;
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• (3) the nonorientable case, G/F is the infinite dihedral group.

We proceed to prove our main theorem. Let (Γ,G) be a graph of groups with vertex

groups virtually cyclic. By the arguments at the first paragraph of the proof of Lemma3.1,

we can assume the groupΓ is finite and all the edge groups are infinite.

At each vertex groupGv, let Fv be its unique maximum normal subgroup determined

by Lemma3.2. We define a new graph of groups (Γ,G) as follows. For each vertex

v ∈ Γ, let G′v := Gv/Fv. Note thatG′v is isomorphic to eitherZ or Z ⋊ Z/2. For each

edgee, let the corresponding injective group homomorphism beαe : Ge →֒ Gι(e). Define

G′e = Ge/α
−1
e (Fι(e)), denote the induced edge map byα′e. We need to show thatG′e = G′ē

andα′e is still injective. Note thatα−1
e (Fι(e)) is a finite normal subgroup, we only need to

show thatα−1
e (Fι(e)) is the unique finite maximal normal subgroup ofGe in Lemma3.2.

Let x be an element of infinite order inGe, thenαe(x) < Fι(e) sinceαe is injective. Hence

[x] ∈ Ge/α
−1
e (Fι(e)) and its imageα′e([x]) ∈ Gι(e)/Fι(e) also have infinite order. In particular

the imageα′e(Ge/α
−1
e (Fι(e))) ⊂ Gι(e)/Fι(e) is an infinite group. SinceGι(e)/Fι(e) is isomorphic

toZ orZ⋊Z/2,α′e(Ge/α
−1
e (Fι(e))) is also isomorphic toZ orZ⋊Z/2. Letqe be the quotient

map fromGe to Ge/α
−1
e (Fι(e)), then the kernel of the compositeα′e ◦ qe : Ge →֒ Gι(e)/Fι(e)

is the unique finite normal subgroup by Lemma3.2. On the other hand the kernel ofα′e◦qe

is preciselyα−1
e (Fι(e)). This showsα−1

e (Fι(e)) is the unique finite maximal normal subgroup

and also the induced mapα′e : G′e →֒ G′
ι(e) is injective.

So far, we have defined a new graph of groups (Γ,G′) and there is an obvious map

q : π1(Γ,G) → π1(Γ,G′) induced by quotienting out the unique maximal normal finite

subgroup at each vertex group. By Lemma3.1, π1(Γ,G′) satisfies FJCw. By Proposition

1.1(4), we are left to verifyKer(q) andq−1(C) satisfy FJCw for every infinite cyclic sub-

groupC of π1(Γ,G′). Again, by Bass–Serre theory there is a treeX thatπ1(Γ,G) acts on

with vertex stabilizers isomorphic to some conjugate of thevertex groups. As a subgroup

of π1(Γ,G), Ker(q) also acts onX. Now restricted to each vertex stabilizer,Ker(q) is fi-

nite. HenceKer(q) is the fundamental group of a graph of finite groups. These groups are

directed colimit of CAT(0) groups since they act on their corresponding Bass–Serre trees

with finite stabilizers, thereforeKer(q) satisfies FJCw; see for example [7, Lemma 3.3] for

more details. Now for an infinite cyclic groupC, if it intersects any conjugate of a ver-

tex group in (Γ,G′) trivially, thenq−1(C) also acts onX with finite stabilizers and satisfies

FJCw. On the other hand, ifC intersects some conjugate of a vertex group nontrivially, up

to finite index, we can assumeC lies in some conjugate of a vertex group by Proposition

1.1(1). As in Lemma2.1, we can mapπ1(Γ,G′) to π1(Γ) defined by mapping every vertex

group to the trivial group, denote the map byφ. Now q−1(C) is a subgroup ofKer(φ ◦ q).

On the other hand, we can apply Lemma2.1to the mapφ◦q and we see thatKer(φ◦q)\X is

a tree. Moreover,Ker(φ◦q) acts onX with virtually cyclic stabilizers. By [3, III. Γ.1.1 (c)]

any amalgamated products of two CAT(0) groups along a virtually cyclic group is again a
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CAT(0) group. HenceKer(φ◦q) is a directed colimit of CAT(0) groups and satisfies FJCw.

�

4. Further remarks

In general, let (Γ,G) be a graph of virtually abelian groups. By Proposition1.1 (3),

we can assume the graph is finite and each vertex group is finitegenerated. Now given a

virtually abelian groupA, it has a finite index free abelian subgroupB of finite rank. we

can embedA into a bigger groupB ≀ F for some finite groupF(see for example the proof

in [11, Proposition 2.17]). Note thatB ≀ F = B|F| ⋊ F further embeds inZ ≀ Sm = Z
m
⋊ Sm

wherem = rank(B)|F | andSm is the symmetric group ofm elements. Since the graph has

only finite many edges, we can further embed every vertex group intoZM
⋊ SM for some

M sufficient large. Now using this, we can embedπ1(Γ,G) into a graph of groups where

every vertex group isZM
⋊SM. Since FJCw is closed under taking subgroups (Proposition

1.1(1) ), we have proved the following:

Proposition 4.1. If for any m, FJCw holds for fundamental groups of graphs of groups

with vertex groups isomorphic toZm
⋊ Sm, then FJCw holds for fundamental groups of

graphs of virtually abelian groups.

This seems to reduce the problem to easier cases. However, wedo not know how to

map these groups to some nice groups that are known to satisfyFJCw.

References

1. A. Bartels, Coarse flow spaces for relatively hyperbolic groups, arXiv:1502.04834

2. A. Bartels and W. Lück, The Borel Conjecture for hyperbolic and CAT(0)-groups, Annals of

Math. 175., 631-689, 2012.

3. M. Bridson, A. Haefliger, Metric spaces of non-positive curvature. Grundlehren der Mathematis-

chen Wissenschaften, 319. Springer-Verlag, Berlin, 1999.

4. W. Dicks and M. J. Dunwoody, Groups acting on graphs, Cambridge University press, 1989.

5. F. T. Farrell, and L. Jones, The lower algebraic K-theory of virtually infinite cyclic groups, K-

theory 9 (1995), 13-30

6. F. T. Farrell, X. Wu, Isomorphism conjecture for Baumslag-Solitar groups. Proc. Amer. Math.

Soc. 143 (2015), no. 8, 3401-3406.
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