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CYCLOTOMIC COEFFICIENTS: GAPS AND JUMPS

OANA-MARIA CAMBURU, EMIL-ALEXANDRU CIOLAN, FLORIAN LUCA,
PIETER MOREE, AND IGOR E. SHPARLINSKI

ABSTRACT. We improve several recent results by Hong, Lee, Lee
and Park (2012) on gaps and Bzdega (2014) on jumps amongst
the coefficients of cyclotomic polynomials. Besides direct improve-
ments, we also introduce several new techniques that have never
been used in this area.

1. INTRODUCTION

As usual, for an integer n > 1, we use ®,(Z) to denote the nth
cyclotomic polynomial, that is,

J=0
ged(jn)=1

where for an integer m > 1 and a real z, we put
en(z) = exp(2miz/m).

Clearly deg ®, = ¢(n), where p(n) is the Euler function. Using the
above definition one sees that

(1.1) 7" —1=]]®2).
din
The Mo6bius inversion formula then yields
(1.2) ,(2) = [[(2* = /9,
din

where p(n) denotes the Mobius function.
We write
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For n > 1 clearly Z*™®,,(1/Z) = ®,(Z) and so
(1.3) an (k) = an(p(n) — k), 0 <k <pn), n > 1.

Recently, there has been a burst of activity in studying the cyclotomic
coefficients a,(k), see, for example, (3, 4, 5, 6, 10, 15, 17, 18, 19, 31, 35]
and references therein. Furthermore, in several works inverse cyclo-
tomic polynomials

U (2) = (2" = 1)/ ®u(2)

have also been considered, see [7, 21, 22, 23, 29].

The identities ®4,(Z) = ®,(—%2), with n > 1 odd and ®,,,(Z) =
®,,(Z7) if p | m, show that, as far as the study of coefficients is con-
cerned, the complexity of ®,(Z) is determined by its number of dis-
tinct odd prime factors. Most of the recent activity concerns the so
called binary and ternary cyclotomic polynomials, which are polyno-
mials @, (Z) with n = pg and n = pqr, respectively, where p, ¢ and
r are pairwise distinct odd primes. In particular, the long standing
Beiter conjecture about coefficients of ternary cyclotomic polynomials
has been shown to be wrong (in a very strong sense) by Gallot and
Moree [18], see also [3]. It is quite remarkable that the results of [18]
are based on seemingly foreign to the problem and deep analytic re-
sults such as bounds of Kloosterman sums (see [25, Theorem 11.11])
and a result of Duke, Friedlander and Iwaniec [13] on the distribution
of roots of quadratic congruences.

Furthermore, Fouvry [15] has used bounds of exponential sums with
reciprocals of primes from [16] in studying the sparsity of binary cy-
clotomic polynomials and improved a result of Bzdega [4]. It is quite
possible that more recent bounds of Baker [2] and Irving [24] can lead
to further progress in this direction.

Here we continue to study ternary cyclotomic and inverse cyclotomic
polynomials and using some classical and more recent tools from ana-
lytic number theory, we improve several previous results. We also show
how to employ a rather nonstandard tool of using numerical semigroups
to study the binary cyclotomic polynomials. We give a brief summary
of our contributions in Section 5.

We recall that the notations U = O(V), U < V and V > U are all
equivalent to the assertion that the inequality |U| < ¢V holds for some
constant ¢ > 0. If the constant ¢ depends on a parameter, say &, we
indicate this as U <. V, etc. We also write U <V if U <V < U.
For an integer m and a real M > 1, we write m ~ M to indicate that
m € [M,2M]. If Ais a set of non-negative integers we denote by A(x)
the subset of integers n € A with n < z.
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As usual, we let m(z) denote the number of primes p < z. A few
times we use the estimate

(1.4) () = % +0 (@) .

We always use the letters ¢, p, ¢ and r to denote prime numbers,
while k£, m and n always denote positive integers.

2. MAXIMUM GAP

2.1. Definitions and background. Given a polynomial
f(Z)=cZ%+ -+ Z" € Z|Z],with ¢; #0 and e; < --- < ¢,
we define the mazimum gap of f as

g(f) = {ggg(em — ),

where we set g(f) = 0 when ¢ = 1. The study of g(®,) and g(¥,) has
been initiated by Hong, Lee, Lee and Park [22] who have reduced the
study of these gaps to the case where n is square-free and odd. They
were led to their gap study in an attempt to provide a simple and
exact formula for the minimum Miller loop length in the Ate; pairing
arising in elliptic curve cryptography, see [21, 22, 23|. As they write
in [23], the crucial idea in finding this exact formula is that it becomes
more manageable when it is suitably recast in terms of inverse cyclo-
tomic polynomials and consequently turns into a problem involving the
maximum gaps.
It is easy to see [22] that if p < ¢ are odd primes, then

9(®p) =1, 9(Vp) =1, 9(Vp) =q—p+1.
The simplest non-trivial case occurs when n is a product of two distinct
primes, where by [22, Theorem 1], for two primes 3 < p < ¢ we have

(2.1) 9(Ppg) =p — 1.
For ternary n we have by [22, Theorems 2 and 3] the following partial
result on g(W,,).

Lemma 2.1. Put
Ry ={n=npqr : p<q<r primes, 4(p—1)>q, p* >r}.
Let n = pgr with primes 2 <p < q <r. Then:

e we have

2 1 1 1
max {p -1, ?n — deg \Ifn} <g(¥,) <2n (]—) + p + ;) — deg(V,,);

o ifn & Rs, then g(V,) =2n/p — deg V,,.
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Note that R3 consists of ternary integers only. Although in this work
we are mostly interested in the set R3 that appears in Lemma 2.1, we
first make some comments concerning (2.1).

Moree [30] derives (2.1) using a very different technique which is
based on numerical semigroups. We come back to this in Section 3.

Here we present yet another short proof of (2.1) communicated to us
by Nathan Kaplan. We start by noticing that the nonzero coefficients
of ®,,(Z) alternate between 1 and —1, see [8, 30]. From (1.2) one easily
obtains that ®,(Z)®,,(Z) = ®,(Z?). Suppose there is a gap of length
p or greater, say, for some positive integers b > a + p and there are
no nonzero coefficients between Z¢ and Z°. One of these coefficients
is 1 and the other is —1. Now consider the product ®,(2)®,,(Z) and
examine at the coefficients of the terms with Z*?~! and Z°. One of
these coefficients is 1 and the other is —1, contradicting the fact that
®,(Z?) has no coefficient equal to —1 and (2.1) follows.

2.2. Main result. We now estimate R3(z). We frequently make use
of the bound

(2.2) d < 1

Zk+1
og 2’
p<z S

which holds for any fixed £k > 1 and real z > 2 and follows easily
from (1.4) by partial summation.

Theorem 2.2. We have

o xloglog x
#a(0) = e+ 0 (M)

where ¢ = (1 +log4)log4 = 3.30811....

Proof. We take S(z) = {n : n < z/(logz)*}. Clearly, #S(z) <
x(logz)~3. So, from now on, we only consider

n € Ls(x) = Rs(x) \ S(x).
Now, for n = pgr € L3(x) we have

PP <pgr <z and 4p* = p*(4p)p > rqp = n > )
(logz)?

Thus,
p € I(x) = [y(x), =",

where

/4

V2(log )3/t

In particular, logp < logq < logr < log z.

y(r) =
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We now fix a prime p € Z(z) and consider the interval

Ip = (p,4(p—1)).

If n = pqr € Ls(x), then ¢ € J,. For fixed p and ¢ € J,, we have
r < min{p? z/pq}. We distinguish the following two cases depending
of whether min{p? x/pq} = p?, and denote by Us(z) the set of such
n € Ls(x), or min{p? x/pq} = x/pq, and denote by Vs(z) the set of
such n € L3(z).

We estimate the cardinalities of the sets Us(x) and Vs(z) separately.

First, assume that n = pgr € Us(z). Therefore p* < p?(pq) < x
so in fact p < z'/*. For fixed p and ¢, the number of primes r < p?
is O(w(p?)) = O(p*/logz). Further, the number of choices of ¢ < 4p
is O(mw(4p)) = O(p/logx). Thus, for fixed p € Z(x), the number of

choices for the pairs (g, r) is
2 3
o(L—x-L )=0 P .
logz  logz (log x)?

Summing up the above bound over all the choices p < z/* and
using (2.2) with k£ = 3 we derive

2.3 U

(2.3) #Us() log:c 21/429 log:c
which gets absorbed in the error term of the desired asymptotic formula
for Rs(z).

So we now consider n = pgr € Vs(z). In this case, using (1.4) and
log(x/pq) > logq < logx, we see that the number of choices for the
prime r € (q,z/pq) when p and ¢ are fixed is

T X X q
2.4 | — | —-nlg) = ————+0 ( + ) .
24 (PQ) @ pqlog(z/pq) pq(logz)?  logq
Note that

log(z/pq) = logx —logp —logq = logz — 2logp + O(1)

for ¢ € J,. Thus, using (14 2)~! =1+ O(2) and log(x/p*) < logz, a
simple calculation shows that

R S < 1 )
log(z/pq)  log(z/p?) (logz)? )
Hence, using (2.4), we see that the number of choices for r when p and
q are fixed is

x T q
2.5 - 4+O0 ( + ) .
(2:5) pqlog(x/p?) pq(logx)?  logx
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Now we sum up over ¢ € (p,4(p — 1)) and use the Mertens formula
(see 25, Equation (2.15)]) in the form

1 1

<X
¢ prime

with some constant « to deduce that

1
Z — =loglog4p — loglogp + O (

(2'7) p<q<4(p—1)
log 4 1
= Ol —|.
log p * ( (log x)? )

Summing over the choices ¢ € J,, we see that the main term in (2.5)
contributes

(logl p)? )

log4 N ( x )
log plog(z/p?) p(log)? )
We now sum up the first error terms in (2.5), getting

Z pq(log :)3) log Z q log x)3’

p<q<4(p—1) P< <4p

where we have used (2.7), and the second error terms in (2.5) getting

>

p<g<4(p—1)

logz)s loga: Z ¢ < log:)s

where we have used (2.2) with £ = 1 and z = 4p.
Hence, the number of choices for the pair (¢,r) when p € Z(x) is

xlog4 N ( z p? )
plogplog(z/p?) plogz)® ~ (logz)? /-
Now we sum over the primes p € Z(x). Since y(z) > x'/> for large z,
for the total error term we obtain

X P’ x
Z) (p(logi’f)3 " (10g£5)2) : (logx)? Z p loga: Z P’

pEL(x xl/5<p<a z1/3

.

L
by (2.6) (applied to the sum of 1/p) and (2.2) (applied to the sum of
p?). Thus,

B xlog4 v
#ae) = > plog plog(z/p?) "o ((10%55)3) '

peZ(w)
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For the sum of the main term (after we pull out xlog4), using the
Stieltjes integral and then partial integration, we obtain

1/3

2) 2
o Plogplog(@/p?)  Jya tlogtlog(x/t )
/ dr(t) B 7(t) t=a/®
tlogtlog (z/t2)  tlogtlog(z/t2) li=y(x)
1
7T :
tlogtlog(z/t?)
Since 7(t)/t = O(1/ log t), we see that the first term above is
(t) t=g1/3 _0 1
tlogtlog(xz/t2) lt=y(x) (logz)3 )
We have
d 1 _ logtlog(x/t*) + log(x/t?) — 2logt
dt \tlogtlog(z/t?) ) t?(logt)?(log z — 2logt)?

- - ! ToY (au——
~ t2logt(logz — 2logt) t2(log z)3

1 1
= — Ol ——|.
t(logt)?(logz — 2logt) * (tlogt(log :17)3)
Thus, using (1.4), we have

1/3

y(z) dt \ tlogtlog(x/t?) ) tlogt)*(logz —2logt)

1/3

v dt
o (/ym t<1ogt><logx>3) ‘

21/3

Since
1/3

v dt
—— =loglog t
y(z) t lOg t

we derive

(2.8)

dt x
#Vs(1) = x10g4/y(w) t(logt)?(logz — 2logt) O (W) .

Inside the integral, we make the change of variable ¢ = x*, for which
dt = x"logxdu. Further, we have logt = ulogx and we also have

21/3
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logz —2logt = (logx)(1 — 2u). Defining

log(2'/2(logz)*") 1 Lo <1ogloga:>

o(x) = logy(z) _ _ o

1
log x 4 log x 4

we see that
1/3

2.9) / dt 1 /1/3 du
' o) tlogt)?(logz —2logt)  (logz)? J,  w?(1—2u)’

We now write

1/3 du 1/3 du 1/4 du
/Z u?(1 —2u) /1/4 u?(1 — 2u) +/Z u?(1 — 2u)

:/1/3 : du +O(loglog:c)‘
14 w1 —2u) log x

(2.10)

One verifies that

Hence,

(2.11) /1:3 ﬁ =— (2 log(% —2) + %)

Substituting (2.10) and (2.11) in (2.9) and recalling (2.8) we obtain

u=1/4

=1+ log4.
u=1/3

z(1 4 log4)log4 xloglog x
2.12 = —_
(2.12) #Vs() (log x)? (log x)3
Now, combining (2.3) and (2.12), we conclude the proof. O
Let

Qs(x) ={n <x : n=pgr for primes 2 < p < q<r}.
Using [34, Theorem 4, Section 11.6.1] we conclude that

z(log log x)?

2.1 = (1 1) ———————

(213) #Qu(a) = (14 o(1)) "5 %5

as x — 0o. Combining this estimate with Theorem 2.2, we immediately
derive the following comparison of #R3(z) and #Qs(x).

Corollary 2.3. As x — oo we have
2(1+log4)log4+ o(1)
(log x)(log log x)?

#Rs(x) = #Qs(x).
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Corollary 2.3 justifies the claim in [22, Remark 1] that R3(z) is a
sparse set, that is, that #R3(x) = o(#Q3(x)) as x — oo. Indeed, this
claim can also be justified with less effort. Namely, it is not difficult to
show that

#Q?,(x)
2.14 R )
(2.14) #Rs(2) < (log z)(log log x)?
To do so, we note that if n = pgr € R3(z) then

p< (pqr)l/i’, — /3 < g3,

Hence,

#Ro(@)< D 3 min{n(). 7))
p<zl/3 p<q<4(p—1)
After making some easy estimates one then arrives at (2.14).

Lemma 2.1 also motivates us to study the set & of exceptional
ternary integers n = pqr, 2 < p < q < r, for which ¢g(V,) # 2n/p —
deg W,,. We now consider a certain subset £, of &3 and estimate #&,(x)
(Theorem 2.5). The relevance of this estimate becomes clear in the
proof of Theorem 2.6 below.

Lemma 2.4. Let
Es={n=pgr : 2<p<qg<rand g(V,) #2n/p—degV,.}.
and
Es={n=pgr : 2<p<qg<randqr<(¢+7r)(p—1)}.
We have £, C €53 C Rs C Os.
Proof. Consider the inequality p — 1 > 2n/p — deg ¥,,. As
2n/p —deg W, = 2gr — pgr + (p — 1)(¢ — 1)(r — 1),
this is equivalent to

(2.15) gr<(qg+7)(p—1).
By Lemma 2.1, it now follows that £ C & C R3. The final inclusion
is obvious. O

Theorem 2.5. For the set
Es={n=pgr : 2<p<qg<randqr<(¢+r)(p—1)}

we have . .
_ T <« uE _r
fogap < #60) < figgap

Proof. Note that replacing p > 2 in the definition of £ by p > 2 does
not change the set.



10 CAMBURU, CIOLAN, LUCA, MOREE, AND SHPARLINSKI

Upper bound. Let n € £(z). We may assume that n > z/(log )3,
since the set {n : n < xz/(logx)?} has cardinality at most z/(logx)3.
By Lemma 2.4 we have &(z) C Rs(x). Thus, writing n = pgr with
p < q <r,we have

e
4p* = p(4p)(p®) > pgr > Tog 2"

therefore p > x'/° for large values of . The inequality defining &, is

equivalent to
q r q r
<
(p—l) (p—l) p—1 p—1

ro_ 4= _  a
p—1 ¢/p—-1)—-1 q-p+1
Since r > ¢, we have that r/(p — 1) > ¢/(p — 1), giving
¢ _ a/flp-1
p=1 q/lp=1) -1
which leads to ¢ < 2(p—1). Weput h=q¢—(p—1),s0 h <p—1.
Then (2.16) is equivalent to

or

(2.16)

"o q _p—1+h
p—1 qg—p+1 h
0 h—1 1
B Vs —h)(p— )

We also have r < x/pq, so we get
. x (p+h—-1)(p—1)
2.17 < .
(2.17) ' mm{p(p+h—1)’ h
We consider both possibilities that may occur on the right hand side
of (2.17) separately.

Case 1. Assume that
x eth=-D)p-1)
p(p+h—1) h ’

Then

wh < p(p—1)(p+h—1)* <p°¢* < 4p",
sop > 27Y2(zh)Y4. Since r > p > 2'/°, the number of primes r < x/pq
is

(2.18) 7 (pﬁq) ~0 (@) .
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We now fix h and sum up the above bound over p € [27V/2(xh)!/4 21/3]
such that p and p + h — 1 are both primes. Let o(k) denote the sum
of all integer positive divisors of £k > 1. By [32, Theorem 7.3], or
alternatively by the fundamental lemma of the sieve applied to the
sequence n(n+h—1), see 20, Corollary 2.4.1], we see that the counting
function of

P, ={p:p, p+h—1 are both primes}

satisfies
t 1 t o(h—1)
N[1,t 1+ -
# P 00) < e T (145) < e (1)
pl(h—1)
where we used the observation that
1 1 oh—-1)
1+-) < S .
1 ( " p) PO
pl(h—1) d|(h—1)
With the Abel summation formula, we derive that
1 1
> g = > 7
p>2—1/2(mh)1/4 p>2*1/2(mh)1/4
pEPH pEPH
o1 o(h—1) // dt
(log )2 h—1 2-1/2(zh)1/4 12
and hence
1 1 o(h—1) 1
(2.19) Y <= ( ) .
/4 2 — 1/4
o2/ pq  xY*(log ) h—1 h
PEPHL

Thus, on combining (2.18) and (2.19), we obtain that, for fixed h, the
number of n = pgr € £4(x) in Case 1 is bounded by

(2.20) > 1/47T <p£q) -0 <(1:g3/;)3 (U(hh_—ll)> h11/4> :

p>2-1/2(zh)
PEPH

Note that, by the way it was defined, h is odd and h > 3. We now sum
up over such A and use that

oln 1 1
DR B) BE TS Bi3

n<z n<z dn d<z
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to see that ( )
olh—1
. 5 =0
3<h<t
h odd

We use this estimate and the Abel summation formula with the se-
quence ap, = o(h—1)/(h—1) for h > 3 and odd (and a;, = 0 otherwise)
and the function f(t) =t~'/*, to get that

1/3

h—1 1 v dt t=at/?
(221) ) (U% 1))iﬂﬂ<<“/ iﬂq<<tW4t1 < '/,
— ! _

3<h<z!/3
h odd

which, together with (2.20), gives a bound of O(z/(logx)?) for the
number of n € & (x) in Case 1.

Case 2. Assume that

x Z(p+h—1)(p—1)

p(p+h—1) h

Then
zh > p(p—1)¢* = /4,
giving ¢ < 2Y/2(xh)Y*. In this case,
ap—1) _ 4p®
h h

and the number of such primes is

g (4%) - (haia:))’

where we used the observation that p?/h > p > z'/°. Again, fixing h
and summing up over p, we get a bound of

r<

1 2
(2.22) O 7iog s > ooop

x1/5<p<21/2(mh)1/4
PEPH

Since p € Py, it follows, by the Abel summation formula, that

1 [o(h—1)\ [2/En
2 t2dt
2 F< <logx>2< h-1 )/

1/5
ml/SSp<2l/2(wh)l/4 /
PEPY,

<

s (222).
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Inserting this into (2.8), we conclude that, for fixed h, the number of
n € & (x) in Case 2 is

O 3 (o(h—1)\ 1
(logz)3 \ h—1 ) ht/4)"
We now sum again over h < /% and use (2.21) to get that the number
of n € &(z) in Case 2 is O(x/(log x)?).

Lower bound. Let £ > 0 to be chosen later. Now suppose that there
are primes p, ¢, such that

(2.23) q € (p,p(1+¢)), r€(q,q(1+¢)).
Since

gr<pg(l+¢e)? and  (p+q)p—1) <(¢+r)(p—1),
the inequality (2.15) holds if

(2.24) 142 == > 1+

Now we choose any ¢ > 0 satisfying 1+1/(14¢) > (1+¢)? and observe
that there exists po(e) such that if p > poy(e), then inequality (2.24) is
satisfied.

Note that if p3(1+¢)? < z, then for any choice of p > py(g) and ¢, r
satisfying (2.23), the inequality (2.15) is satisfied and pgr < x. Putting
c(e) = (14 ¢&)7%3 and noting that by (1.4), we have

(e+o(1)x

m(x(l+¢)) —m(z) = Tog 2

it follows that

IENCETED DI SR Sl

po(e)<p<c(e)xl/3 p<q<p(l+e) g<r<q(l+e)

D VD DR -

po(e)<p<c(e)zl/3 p<g<p(l+e)

2 c(e)z'/3 42
D todt x
e Z (log p)? > /po(g) (logt)3 e (logx)3

po(e)<p<c(e)xl/3

Taking, e.g., ¢ = 10~ completes the proof. O

We have now the ingredients to estimate #&3(x).
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Theorem 2.6. For the set
Es={n=pgr:2<p<qg<randg(V,) #2n/p—degV,.}.

we have
#Qs() #Qs()
(log z)%(log log x)? (log z)(loglog x)2?"
Proof. The upper bound follows from Lemma 2.4 and (2.14). The

lower bound follows from Lemma 2.4, Theorem 2.5 and the asymptotic
formula (2.13) for #Q;3(x). O

< #E(r) <

3. CYCLOTOMIC POLYNOMIALS AND NUMERICAL SEMIGROUPS

3.1. Numerical semigroups. A numerical semigroup S is a sub-
monoid of (Zsg,+) with finite complement in Z>,. The nonnegative
integers not in S are called gaps, and the largest gap is the Frobe-
nius number, denoted F(S). A numerical semigroup admits a unique
and finite minimal system of generators; its cardinality is called embed-
ding dimension, denoted e(S), and its elements minimal generators. If
S = (ay,...,a.) is aminimally generated monoid (with a; positive inte-
gers), then S is a numerical semigroup if and only if ged(ay, ..., a.) =1
(for a comprehensive introduction to numerical semigroups, see, for ex-
ample, [33]).

To a numerical semigroup S we associate Hg(Z) = > 4 Z°, its
Hilbert series, and Ps(Z) = (1 — Z)Hs(Z), its semigroup polynomial.
(Note that Pg(Z) is indeed a polynomial, of degree F'(S)+ 1, since all
elements larger than F'(S) are in S; for the same reason, Hg(Z) is not
a polynomial.)

Solely by the definition of Hg and Ps, the following is easy to estab-
lish, see [9]:

Lemma 3.1. Let S be a numerical semigroup and assume that Ps(Z) =
ag+ a1 Z +---+apZk. Then for s € {0,...,k}
1 ifseSands—1¢&S5,
as=4¢—1 ifsg¢Sands—1€ S5,
0 otherwise.

It is a folklore result (see, for instance [30]) that, if S = (a,b) is a
numerical semigroup (that is, ged(a,b) = 1), then

(1-2)(1— 2
- 2Z91-2")

(3.1) Ps(Z) =
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Suppose that S = (p, q) with p, ¢ distinct primes. Then by (1.2)
(3.2) Ps(Z) = ®,(2).

3.2. Applications to ®,,. The identity (3.2) and Lemma 3.1 allow
one to prove results concerning the coefficients of ®,, by studying cer-
tain properties of the numerical semigroup (p, q).

Before going further, we give some definitions. Let S be a numerical
semigroup.

We say that D = {n+1,...,n+ k} C Zx¢ is a k-gapblock (or a
gapblock of size k) if SN (DU{n,n+k+1}) = {n,n+k+1}. (In the
literature this is also named a k-desert).

Similarly, £ = {n+1,...,n+k} C Z>¢ is a k-elementblock (or an
elementblock of size k) if SN (EU{n,n+k+1})=EFE.

A key fact is that a numerical semigroup of embedding dimension 2,
hence S = (p, q) in particular, is symmetric, that is, SU(F(S)—95) = Z,
where FI(S)—S ={F(S) —s : s € S} (see, for example, [30] and [33]).
This implies that there is a one to one correspondence between k-
gapblock and k-elementblocks in S, which is relevant for our later pur-
poses.

In what follows, the notation {0},, is used to indicate a string 0, ..., 0

——

m
of m consecutive zeros.

Theorem 3.2. Let p < q be primes. Then

(i) g (®,,) = p—1 and the number of mazimum gaps equals 2 | q/p];

(ii) @,,(Z) contains the sequence of consecutive coefficients of the
form £1,{0},,,F1 for all m = 0,1,...,p — 2 if and only if
g ==+1 (mod p).

Proof. We prove parts (i) and (ii) separately.

(). The fact that g (®,,) = p — 1 was already proven in [30], so let us
only deal with the second claim. Set g = pk + h, with k = [¢/p] and
1 < h <p-1. Consider S = (p,q) and note that, by Lemma 3.1,
a maximum gap in ®,, corresponds to both a (p — 1)-gapblock and
a (p — 1)-elementblock in S. Let us see what the elements of S are.
First, we have kp € S, for all k € Z>y. Next, the smallest element in
S is ¢ = pk + h, which lies in the interval (pk,p(k + 1)). It is clear
now that we have precisely |¢/p| gapblocks of size (p—1) in .S, namely
{jp+1,...,jp+p—1},forj=0,1,..., k—1. Since S is symmetric, to
any k-gapblock in there corresponds a k-elementblock and conversely.
Thus, there are |¢/p]| gapblocks and |g/p| elementblocks of size p — 1
in S, leading to 2 |¢/p] maximum gaps in ®,,.
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(ii). Let S = (p,q). By (3.2), we have Ps = ®,,. Note that, in light of
Lemma 3.1, the sequence 1, {0},,, —1 of coeflicients of ®,,, corresponds
to an (m+ 1)-gapblock in S (similarly, the sequence —1, {0},,, 1 corre-
sponds to an (m + 1)-elementblock in S) and conversely. Since @, is
self-reciprocal or equivalently, S = (p,¢) is symmetric, it is enough to
consider only the sequences 1,{0},,, —1. Therefore, proving part (ii) is
equivalent to showing the following:

S = (p,q) has gapblocks of sizes 1,2,....,p— 1 if and only if ¢ = £1
(mod p).

To prove this claim, we consider both implications separately. First,
assume ¢ = +1 (mod p). We only treat the case ¢ =1 (mod p), as the
other can be dealt with in a similar manner. Let ¢ = pk + 1 for some
k € Z~g. Then, for 1 <m < p—1, the intervals Z,,, = [mpk, ..., mpk +
p) are pairwise disjoint. Next, note that if a,b € Zso are so that
mpk < ap + bqg < mpk + p, then b < m. Conversely, for any such b
there is a unique a € Zx( such that mpk < ap + bqg < mpk + p, since
for a fixed 0 < b < m, exactly one number from {ap +bg : a € Z>¢}
lands in Z,,. We can write any number

mpk +h = (m —h)kp+ hq, for h=0,1,...,m,

in the form ap + bg, with 0 < b < m and, by the above, no other
element of Z,, can be written in this way. Therefore

Z, NS = [mpk,mpk +1,..., mpk + m]

and {mpk +m+1,... ,mpk+p— 1} is a (p — m)-gapblock of S, for
m=12,...,p—1.
By considering the intervals Z,,, = (mpk — p, ..., mpk| we can give a
similar argument in case ¢ = —1 (mod p), on taking k = (¢ + 1)/p.
Conversely, since the intervals Jp = [pk, ..., p(k+1)) where k € Z>,
form a partition of Zs, ¢ must lie in some Ji, k > 1 (as p < ¢) and
q # pk. We claim that

(3.3) q=pk+1 or g=plk+1)—1.

Assume otherwise. Note that J, NS = {pk, ¢}, because if s = ap +
bqg € Jy NS and s # pk, then b > 1. If b > 2, then s > p+q >
p(k+1), and s ¢ Jr. Hence, b = 1. Next, s # ¢ implies @ > 1 and
then again s > p+ ¢ > p(k + 1). Therefore we obtain two gapblocks
{pk+1,...,q—1}and {g+1,...,p(k + 1) — 1}, of size at most p—3.
But now, as J,NS = {ph,p(h+ 1) — 1}, for all 0 < h < k—1, we have
only (p—1)-gapblocks before J. Also, ¢+Ip € Jx,NS is different from
p(k+1)+1and p(k+1+1)—1, hence there can be no (p — 2)-gapblock
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in Ji., for [ > 1. But then S has no (p — 2)-gapblock, contradiction.
Hence, (3.3) is true and yields ¢ = +1 (mod p). O

Let Ny(x) be the number of cyclotomic polynomials ®,, with n =
pq < x and ¢ = £1 (mod p). By the Dirichlet Theorem on primes in
arithmetic progressions, we see that No(z) — oo as © — oco. We can
make this more precise.

Corollary 3.3. We have

where
1 2 1 o% (p(k) — p(k))
C=—-+ g =—=42 g log ¢(k)—F———=.
2 g p(p—1) 2 ~ k
Numerically

C' = 1.0463133380995902557287349197118847 . . ..

Proof. For a real z > 1 and integers k > a > 1, let, as usual, 7(z, k, a)

denote the number of primes ¢ < z in the arithmetic progression ¢ = a
(mod k). We have

(3.4) No(x) :W(g> + Z <7r (E,p,l ) +7r<§,p,—1)) )
3<p<z p p
We now choose
y =logx and Y ='/3

and for p < y, we use the Siegel-Walfisz theorem (see [25, Corol-
lary 5.29]) in the form

-2 20(7)

For primes p € [y, Y], we use the Brun-Titchmarsh theorem (see [25,
Theorem 6.6]) in the form

(k) log(2z/k)’

which holds for any positive integer £ < z. Finally, for p > Y, we use
the trivial bound

w(z, k,a) <
( ) ;

(2, k,a) < %
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So, collecting the above estimate and bounds we obtain

No(z) =m(z/2)+2 ) ( x/p (m))

3<p<y
e
+ + Y=
2 27
yony PPlogz o p

which yields

B2 )= 0 ((orar)

Now, using (1.4), we derive

W(‘T/p) - p(long _ logp) +0 (m)

x xlogp
=  + 0 —==.
plogx * (p(logm)2)

Hence,
Z 7'('(5(7/]9>: x Z ( 1 +O( 1ng ))
s<py U7 ! log v 3<p<y p(p —1) p*logz

oz 1 T logp

_logxp;p(p—l)+0<(logx)2 (,;, P’ >>
x 1 x

- logx;p(p—l) o <(logx)2>'

Substituting this bound into (3.5), we obtain the desired result with C'
equal to the prime sum given. This sum is not suitable for obtaining C'
with high numerical precision. In order to achieve that, we express C'
in terms of values of the zeta-values at integer arguments (which can
be approximated with enormous numerical precision very fast). Using
the well-known formulas

Z Z’u log ¢(ns) andsp Z’u

p>2 dn
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we obtain
1 > 1 2\ = u(n
2 Z_;l#(n)bg“m”)
= logl(k) > Eé?)
& (o(k) — u(h)
= ;Mgak) 2

On noting that the prime sum above equals C'/2 + 1/4 the proof of
the second equality for C is completed. This identity allows one to
evaluate C' with hundreds of decimals of precision. O

Remark 3.4. If we are interested in the number of binary integers
n =pq < x with ¢ = £1 (mod p), then the above estimate holds with
C' replaced by C' — 1/2.

Remark 3.5. For more details on expressing prime products and prime
sums (such as C') in terms of zeta-values, see, for example, [11, pp. 208-
210] and [27, 28].

3.3. A small generalization. The attentive reader might have no-
ticed that in our proofs of Theorem 3.2 we did not use that p and q are
prime, but only that they are coprime. We explore now what happens
if we consider S = (a,b) with 2 < a < b and a and b coprime. The
coprime condition ensures that S is a numerical semigroup. Our earlier
proofs then apply to

Q207
Ps(2) = == = dawll,d*b 24(2),

where we used (3.1) and (1.1). The polynomial P (Z) is a binary
inclusion-exclusion polynomial, see [1].

Theorem 3.6. Let 2 < a < b be coprime positive integers. Then
(i) the mazimum gap in [y, aoa Pa(Z) equals a—1 and it occurs
precisely 2 |b/a] times;
(ii) the polynomial in (1) contains the sequence of consecutive coef-
ficients £1,{0},,, F1 for allm = 0,1,...,a — 2 if and only if
b=+1 (mod a).

The result that the maximum gap in [Ty, g5 Pa(Z) equals a — 1
already appears in Moree [30].
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4. BOUND ON JUMPS

4.1. Definitions and background. It has been shown by Gallot and
Moree [17] that consecutive coefficients of ternary cyclotomic polyno-
mials differ by at most one. Bzdega [6] gave a very different reproof
of this result and initiated the study of the number of “jumps”. More
precisely, since the sequence of the coefficients a,, (k) is symmetric (1.3),
the number of jumps up with a, (k) = a,(k — 1) + 1 is the same as the
number of jumps down with a,(k) = a,(k — 1) — 1. We denote this
common number by J,.
Bzdega [6] has shown that

I, > n'/3

for any ternary cyclotomic polynomial ®, and conditionally, on a cer-
tain variant of the prime 3-tuple conjecture, that

(4.1) J, < 15n*/3

for infinitely many n. As a special case he showed that if m,6m — 1
and 12m — 1 are all prime for some m > 7, then (4.1) holds with
n = m(6m — 1)(12m — 1). Here, we prove an unconditional variant of
the upper bound (4.1).

Theorem 4.1. For infinitely many n = pgr with pairwise distinct odd
primes p, q and r, we have

Jn < n7/8+o(1).

4.2. Preparations. For two integers k and m with ged(k,m) = 1 we
denote by &} the unique integer defined by the conditions

kk', =1 (mod m) and 1<k, <m.

Our approach depends on showing that for almost all primes p there
are many primes ¢ that are not too large and such that £} belongs to a
certain interval.

It is natural that we study this problem using bounds of exponential
sums involving reciprocals of primes [2, 16, 24].

For a prime p, an integer a and a real number L we define (recall that
¢ and p always denote prime numbers) the double exponential sum

S(a; L, P) = Z Z exp(2mialy /p),
~L p~P

and formulate a special case of a result of Duke, Friedlander and
Iwaniec [14, Theorem 1],
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Lemma 4.2. Let L and P be arbitrary real positive numbers and a an
integer satisfying 1 < |a| < LP. Then

1S(a; L, P)| < (LY? + P2 + min{L, P}) (LP)"/*0.

We now state the Erdds—Turdn inequality (see [12, 26]), which links
the distributional properties of sequences with exponential sums.

To make this precise, for a sequence of N real numbers I' = (v,,)
of the half-open interval [0, 1), we denote by Ar its discrepancy, that
is,

N
n=1

Ar = sup |Tr(e) — aN|,

0<a<1
where T () is the number of points of the sequence I' in the interval
[0, a].

Lemma 4.3. For any integer H > 1, the discrepancy Ar of a se-
quence I' = (%)2{:1 of N real numbers vy, ...,yn € [0,1) satisfies the
inequality

N
Z exp(2miayy,)| .

n=1

H
N 1
AF<<ﬁ+E a

a=1

Let D,(L, P) be the discrepancy of the sequence of fractions

£, {~L, p~ P
p
Combining Lemma 4.2 with Lemma 4.3 (applied with the parameter
H = L), we obtain
(m(2L) — m(L))(x(2P) — 7(P))
L
+ (L1/2 + P1/2 + min{L, P}) (LP)1/2+0(1),

and hence the following corollary.

D,(L,P) <

Corollary 4.4. Let 0 > 0 be arbitrary. For any real positive L and P
with L > P we have

D,(L,P) < (L'Y? 4+ P2 4 min{L, P}) (LP)"/*"W),
where the implied constant may depend on 9.

4.3. Proof of Theorem 4.1.

Proof. We always assume that L < P. Thus, the bound of Corollary 4.4
simplifies as

D,(L, P) < LY2plte() 4 [3/2 pl/2+e()
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We see from Corollary 4.4 that for any L and P and positive integer
h < P there are

_, (m(2L) = w(L))(n(2P) — n(P))
W(h,P,L)=h -

+0 (Ll/2P1+O(1) + L3/2P1/2+0(1))
hL
log L log P
+ O (L2 pito) 4 [3/2pl/2+o))
pairs (£, p) of primes £ ~ L, p ~ P with % € [1, hp/P].
We now set L = [P*] for some positive constant p < 1, fix some
e > 0 (sufficiently small compared to p) and set

(4.3) h = [\/2plte 4 [1/2pl/2+e,

(4.2)
= (1+0(1))

In particular, we assume that ¢ < min{p/2, (1 — p)/2} so that for a
sufficiently large P we have h < P.
We see from (4.2) that with this choice of h we have

W(h,P,L) = (1+0(1)) > 1(2P) — 7(P).

hL
log Llog P
Hence, there is a prime number p ~ P such that for at least two pairs
(¢,p) and (r,p) counted by W (h, L, P) we have q;, 75 € [1, hp/P].
We define the quantities o, (q, ) and ,(q, ) as the smallest and the
second smallest element in the set {q;,p — 5,7, p — 5 }. Hence, the
above choice of ¢ and r implies that

(4.4) ap(q, 1), Bplg,m) < h.

Now writing
qq, = 1+ kp
for some integer k, we see that
po=q—k=q—(qq, —1)/p=q+O(qh/p) = ¢+ O(Lh/P)
and similarly
py, =1+ O(Lh/P).

Defining a,(p,r), By(p,7), ar(p,q) and B,.(p,q) in full analogy with
a,(q,r) and S,(q,r), we conclude that

(4.5) ag(p,7), By(p, 1), v (p, q), Br(p, q) < Lh/P.

We now see from (4.4) and (4.5) that in the notations of the proof
of [6, Theorem 4.1], we have

R< hL?, S<L*h*/P? T < L*h*/P.
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Hence, we derive
R+ S+T < hL*+ L*h*/P? + L*h*/P < hL*.

Now, by [6, Theorem 4.1], using (4.4) and (4.5), after simple calcula-
tions, we derive

(4.6) Jn < hL* < n(h/P).

Recalling that L = P? 4+ O(1), for a sufficiently large P we obtain
n < P*2,_ Since ¢ > 0 can be arbitrary small, the bound (4.6) implies
that

Jn < n1—19+o(1) ’

where, recalling (4.3), we have (142p)Y = min{p/2,1/2—p/2}. Choos-
ing p = 1/2 we obtain ¥ = 1/8 and the result follows. O

5. RECAPITULATION OF THE RESULTS OBTAINED

Here we give a short summary of the results obtained, which are
mainly motivated by, and related to, those from [6] and [22].

The paper [22] on maximum gaps in (inverse) cyclotomic polynomi-
als:

e We provide an asymptotic for the quantity #Rs(z) (Theo-
rem 2.2), cf. Corollary 2.3. This asymptotic makes Remark
1 in [22] that #R3(x) is small quantitative.

e The right order of magnitude for the number of n = pgr < x
with p —1 > 2n/p — degV,, is provided (Theorem 2.5).

e Estimates for the number of n = pgr < x with ¢(\V,,) # 2n/p —
degV,, are provided (Theorem 2.6).

e The gap problem for binary cyclotomic polynomials is reformu-
lated in terms of numerical semigroups (Section 3).

e Using this approach the gap structure is studied more in detail
(Theorem 3.2).

e An easy reproof of g(®,,) = p — 1 due to Nathan Kaplan is
given (Section 2.1).

e The ¢,, with ¢ = £1 (mod p) are shown to be special (Theo-
rem 3.2) and their number for pg < x quantified (Corollary 3.3).

e The gap structure for binary inclusion-exclusion polynomials is
considered (Section 3.3).

The paper [6] on jumps of cyclotomic polynomials:

e We use bounds of double Kloosterman sums over primes to show
that .J,, < n™/8°W) for infinitely many ternary n (Theorem 4.1).



24 CAMBURU, CIOLAN, LUCA, MOREE, AND SHPARLINSKI

ACKNOWLEDGEMENTS

The authors would like to thank Nathan Kaplan for his permission to
present his elegant proof of (2.1) (communicated by e-mail to the third
author). Further, Alessandro Languasco and Alessandro Zaccagnini
for e-mail correspondence regarding the numerical evaluation of the
constant C' that appears in Corollary 3.3.

The first author worked on cyclotomic coefficient gaps while carrying
an internship at the Max Planck Institute for Mathematics in August
2010. The second author worked on this paper at the Max Planck Insti-
tute for Mathematics during a one-week visit in January 2014, the third
author in April 2015 and the fifth author during a visit July-December
2013. All authors gratefully acknowledge the support, the hospitality
and the excellent conditions for collaboration at the Max Planck Insti-
tute for Mathematics. The project was continued whilst the authors
were working at other institutions. The fifth author was also supported
in part by the ARC Grants DP130100237 and DPDP140100118.

REFERENCES

[1] G.Bachman, ‘On ternary inclusion-exclusion polynomials’, Integers, 10 (2010)
A48 623-638.
[2] R.C. Baker, ‘Kloosterman sums with prime variable’, Acta Arith., 156 (2012),
351-372.
[3] B. Bzdega, ‘Bounds on ternary cyclotomic coefficients’, Acta Arith., 144
(2010), 5-16.
[4] B. Bzdega, ‘Sparse binary cyclotomic polynomials’, J. Number Theory, 132
(2012), 410-413.
[5] B. Bzdega, ‘On the height of cyclotomic polynomials’, Acta Arith., 152 (2012),
349-359.
[6] B. Bzdega, ‘Jumps of ternary cyclotomic coefficients’, Acta Arith., 163 (2014),
203-213.
[7] B. Bzdega, ‘On a certain family of inverse ternary cyclotomic polynomials’, J.
Number Theory 141 (2014), 1-12.
[8] L. Carlitz, The number of terms in the cyclotomic polynomial F,(z), Amer.
Math. Monthly, 73 (1966), 979-981.
[9] A. Ciolan, P.A. Garcia-Sédnchez and P. Moree, ‘Cyclotomic numerical semi-
groups’, Preprint, 2014 (see http://arxiv.org/abs/1409.5614).
[10] C. Cobeli, Y. Gallot, P. Moree and A. Zaharescu, ‘Sister Beiter and Kloost-
erman: A tale of cyclotomic coefficients and modular inverses’, Indag. Math.,
24 (2013), 915-929.
[11] H. Cohen, Number theory. Vol. II. Analytic and modern tools. Graduate Texts
in Mathematics 240, Springer, New York, 2007.
[12] M. Drmota and R.F. Tichy, Sequences, discrepancies and applications,
Springer-Verlag, Berlin, 1997.
[13] W. Duke, J.B. Friedlander and H. Iwaniec, ‘Equidistribution of roots of a
quadratic congruence to prime moduli’;, Ann. Math., 141 (1995), 423-441.


http://arxiv.org/abs/1409.5614

CYCLOTOMIC COEFFICIENTS: GAPS AND JUMPS 25

[14] W. Duke, J. B. Friedlander and H. Iwaniec, ‘Bilinear forms with Kloosterman
fractions’, Invent. Math. J., 128 (1997), 23-43.

[15] E. Fouvry, ‘On binary cyclotomic polynomials’, Algebra Number Theory, T
(2013), 1207-1223.

[16] E. Fouvry and I.LE. Shparlinski, ‘On a ternary quadratic form over primes’,
Acta Arith., 150 (2011), 285-314.

[17] Y. Gallot and P. Moree, ‘Neighboring ternary cyclotomic coefficients differ by
at most one’, J. Ramanujan Math. Soc., 24 (2009), 235-248.

[18] Y. Gallot and P. Moree, ‘Ternary cyclotomic polynomials having a large coef-
ficient’, J. Reine Angew. Math., 632 (2009), 105-125.

[19] Y. Gallot, P. Moree and R. Wilms, ‘The family of ternary cyclotomic polyno-
mials with one free prime’, Involve, 4 (2011), 317-341.

[20] H. Halberstam and H.-E. Richert, Sieve methods, Academic Press, London,
1974.

[21] H. Hong, E. Lee and H.-S. Lee, ‘Explicit formula for optimal ate pairing over
cyclotomic family of elliptic curves’, Finite Fields Appl., 34 (2015), 45-74.

[22] H. Hong, E. Lee, H.-S. Lee and C.-M. Park, ‘Maximum gap in (inverse) cyclo-
tomic polynomial’, J. Number Theory, 132 (2012), 2297-2315.

[23] H. Hong, E. Lee, H.-S. Lee and C.-M. Park, ‘Simple and exact formula for
minimum loop length in Ate; pairing based on Brezing-Weng curves’, Des.
Codes Cryptogr., 67 (2013), 271-292.

[24] A.J. Irving, ‘Average bounds for Kloosterman sums over primes’, Funct. Ap-
prox. Comment. Math., 51 (2014), 221-235.

[25] H. Iwaniec and E. Kowalski, Analytic number theory, American Mathematical
Society, Providence, RI, 2004.

[26] L. Kuipers and H. Niederreiter, Uniform distribution of sequences, Wiley-
Interscience, New York-London-Sydney, 1974.

[27] M. Mazur and B.V. Petrenko, ‘Representations of analytic functions as infinite
products and their application to numerical computations’, Ramanujan J. 34
(2014), 129-141.

[28] P. Moree, ‘Approximation of singular series and automata’, Manuscr. Math.,
101 (2000), 385-399.

[29] P. Moree, ‘Inverse cyclotomic polynomials’, J. Number Theory, 129 (2009),
667-680.

[30] P. Moree, ‘Numerical semigroups, cyclotomic polynomials and Bernoulli num-
bers’, Amer. Math. Monthly 121 (2014), 890-902.

[31] P. Moree and E. Rosu, ‘Non-Beiter ternary cyclotomic polynomials with an
optimally large set of coefficients’, Int. J. Number Theory, 8 (2012), 1883—
1902.

[32] M.B. Nathanson, Additive number theory. The classical bases, Graduate Texts
in Mathematics 164, Springer-Verlag, New York, 1996.

[33] J.C. Rosales and P.A. Garcia-Sanchez, ‘Numerical semigroups’, Developments
in Mathematics, 20, Springer, New York, 2009.

[34] G. Tenenbaum, Introduction to analytic and probabilistic number theory, Cam-
bridge University Press, 1995.

[35] J. Zhao and X. Zhang, ‘Coeflicients of ternary cyclotomic polynomials’, .J.
Number Theory, 130 (2010), 2223-2237.



26 CAMBURU, CIOLAN, LUCA, MOREE, AND SHPARLINSKI

DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY OF OXFORD, OXFORD
OX1 3QD, UniTED KINGDOM
E-mail address: oana-maria.camburu@cs.ox.ac.uk

RHEINISCHE FRIEDRICH- WILHELMS- UNIVERSITAT BONN, REGINA-PACIS-WEG
3, D-53113 BONN, GERMANY
FE-mail address: ciolan@uni-bonn.de

SCHOOL OF MATHEMATICS, UNIVERSITY OF THE WITWATERSRAND, PRIVATE
Bag X3, WiTs 2050, SOUTH AFRICA
FE-mail address: florian.luca@wits.ac.za

MAX-PLANCK-INSTITUT FUR MATHEMATIK, VIVATSGASSE 7, D-53111 BONN,
GERMANY
E-mail address: moree@mpim-bonn.mpg.de

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF NEW SOUTH WALES,
SYDNEY, NSW 2052, AUSTRALIA
E-mail address: igor.shparlinski@unsw.edu.au



	1. Introduction
	2. Maximum gap
	2.1. Definitions and background
	2.2. Main result
	Upper bound
	Lower bound

	3. Cyclotomic polynomials and numerical semigroups
	3.1. Numerical semigroups
	3.2. Applications to pq
	3.3. A small generalization

	4. Bound on jumps
	4.1. Definitions and background
	4.2. Preparations
	4.3. Proof of Theorem 4.1

	5. Recapitulation of the results obtained
	Acknowledgements
	References

