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TRANSCENDENTAL BRAUER GROUPS OF PRODUCTS OF CM
ELLIPTIC CURVES

RACHEL NEWTON

ABSTRACT. Let L be a number field and let E/L be an elliptic curve with
complex multiplication by the ring of integers Og of an imaginary quadratic
field K. We use class field theory and results of Skorobogatov and Zarhin to
compute the transcendental part of the Brauer group of the abelian surface
E x E. The results for the odd order torsion also apply to the Brauer group of
the K3 surface Kum(E x E). We describe explicitly the elliptic curves E/Q with
complex multiplication by O such that the Brauer group of E X E contains a
transcendental element of odd order. We show that such an element gives rise
to a Brauer-Manin obstruction to weak approximation on Kum(FE x E), while
there is no obstruction coming from the algebraic part of the Brauer group.

1. INTRODUCTION

Let X be a smooth, projective, geometrically irreducible variety over a number
field L. In [12], Manin showed that the Brauer group of X can obstruct the Hasse
principle on X. Let X(Ap) denote the set of adelic points of X and let Br(X)
denote the Brauer group of X, Br(X) = HZ (X, G,,). There is a pairing

X(Ar) x Br(X) - Q/Z

obtained by evaluating an element of Br(X) at an adelic point and summing the
local invariants [I2]. The Brauer-Manin set X (A7)P*X) is the set of adelic points
of X which are orthogonal to Br(X) under this pairing. It contains the closure of
the set of rational points in the adelic topology.

X(L) ¢ X(Ar)PB"™ ¢ X(Ap).

If X(Ar) # 0 but X(Az)BX) =0, there is said to be a Brauer-Manin obstruction
to the Hasse principle on X. If X (A7) # X (Ar)B"X) | there is said to be a Brauer-
Manin obstruction to weak approximation on X.

Since Manin’s observation, Brauer groups and the associated obstructions have
been the subject of a great deal of research. Let X denote the base change of X
to an algebraic closure of L. The kernel of the natural map from Br(X) to Br(X)
is called the ‘algebraic’ part of Br(X) and denoted Bry(X). It is usually easier to
handle than the remaining ‘transcendental’ part and a substantial portion of the
literature is devoted to its study. The quotient group Br(X)/Br;(X), known as the
transcendental part of Br(X), is generally more mysterious. Nevertheless, it has
arithmetic importance — transcendental elements in Br(X) can obstruct the Hasse
principle and weak approximation, as shown by Harari in [7] and Wittenberg in
[23].

Results of Skorobogatov and Zarhin in [22] allow one to compute the transcen-
dental part of the Brauer group for a product of elliptic curves. These results were
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used by Ieronymou and Skorobogatov in [9] to compute the odd order torsion in
the transcendental part of the Brauer group for diagonal quartic surfaces over the
rationals. In this paper, we compute the transcendental part of the Brauer group
for abelian surfaces of the form F x FE where E/L is an elliptic curve with complex
multiplication by the ring of integers Ok of an imaginary quadratic field K.

In [21], Skorobogatov and Zarhin proved that for X an abelian variety or K3 sur-
face, Br(X)/Bry(X) is a finite abelian group. Therefore, computing Br(X)/ Br;(X)
is equivalent to computing its ¢-primary part (Br(X)/Bri(X))s~ for every prime
number £. To a pair (F, ) consisting of an elliptic curve E defined over a number
field L, with complex multiplication by Ok, and a prime number ¢, we associate
an integer m(¢) (Definition which can be calculated using class field theory
(Proposition . We write I'y, for the absolute Galois group of L. We denote the
n-torsion subgroup of an abelian group A by A,,. For an elliptic curve E/L, we
write E,, for the n-torsion points of F defined over an algebraic closure of L.

Theorem 1.1. Let £ € Zsq be an odd prime and let m = m({). Then
( Br(E x E) ) Br(E X E)pm  Endp, Epm {(Z/em)Z‘ ifKCL
yAS

Bri(EXE)) e Bri(ExE)m (Ox @ Z/0™T — \z/t™  ifK ¢ L.

For brevity, here we state only the result for odd primes. The results for all
primes can be found in Theorems [2.8 and [2.13] In Theorems [2.9) and 2:12] we give
a similar description of the /-primary part of Br(E x E)I't for every prime £. One
can apply these results to gain information about the transcendental part of the
Brauer group for a wider class of varieties. If 7 : X --+ Y is a dominant rational
map of degree d between K3 or abelian surfaces over L, then by the proof of [9]
Corollary 2.2, it induces a surjective map of I';,-modules

7 : Br(Y) — Br(X)

whose kernel is annihilated by d. Thus, if ¢ is prime and coprime to d, then

Br(Y) AL _ npa o
<Br1(Y)>£oo — Br(Y),& = Br(X),%.
The following examples are of interest. Suppose that F/L has complex multiplica-
tion by Ok.
(1) Y = E x E' where E'/L is an elliptic curve which is isogenous to E over
L. Take ¢ coprime to the degree of the isogeny.
(2) Y = E' x E' where E’'/L is an elliptic curve with complex multiplication
by a non-maximal order O C Og. Take ¢ coprime to the index [Of : O].
This is because there is an isogeny of degree [Of : O], defined over L, from
E’ to an elliptic curve over L with complex multiplication by O .
(3) Y = Kum(E x E), the K3 surface which is the minimal desingularisation
of the quotient of E x F by the involution (P, Q) — (=P, —Q).

More is known for a Kummer surface X = Kum(E x E). By Proposition 1.3 of
[22], there is an isomorphism of I';-modules
Br(X) — Br(E x E)
and therefore
Br(X)'t = Br(E x E)'r.
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By Theorem 2.4 of [22], for every n € Z~¢ there is an embedding

(1) Br(X),/Bri(X), < Br(E x E),,/Bri(E x E),
which is an isomorphism if n is odd. So for ¢ an odd prime,
(2) (Br(X)/Bri(X))se = (Br(E x E)/Bri(E X E))pos.

Examples involving K3 surfaces are important for applications because for abelian
varieties with finite Tate-Shafarevich group, any Brauer-Manin obstruction can be
explained by the algebraic part of the Brauer group, see §6.2 of [20]. However, for
K3 surfaces there can be obstructions which are only explained by transcendental
elements in the Brauer group. Examples of this are given in [8], [15] and [9]. We
give another example in Section[d] We focus on elliptic curves with a transcendental
element of odd order in Br(E x E) because this will give rise to a transcendental
element in the Brauer group of Kum(E x E).

Theorem 1.2. Let E/Q be an elliptic curve with complex multiplication by Ok
such that Br(E x E) contains a transcendental element of odd order. Then E has
affine equation y? = x3 + 2¢3 for some ¢ € Q*. Moreover, for X = Kum(E x E)
we have Bry(X) = Br(Q) and

Br(X)/Br(Q) = Br(X)3/Br(Q); = Br(E x E)3/Bri(E x E); 2 7Z/3.

For ¢ € Q%, let E¢ denote the elliptic curve over Q with affine equation y? =
2342¢%. Let X = Kum(E°x E€) denote the Kummer surface, which is independent
of the choice of ¢ € Q*.

Theorem 1.3. Let A € Br(X)s \ Br(Q). Letv be a place of Q. Then the evaluation
map
eva, : X(Q,) — Br(Qy)s

is surjective for v =3 and zero for every other place. Consequently,

X (Ag)®) = X(@s)o x X(R) x [[ X(Q0) € X(Ag)
043
where X(Qs)o denotes the points P € X (Qg) with ev.a3(P) = 0, and the product
runs over prime numbers £ # 3.

Theorem shows that a transcendental Brauer element gives rise to a Brauer-
Manin obstruction to weak approximation on X. Furthermore, the obstruction
coming from this transcendental element is the sole reason for the failure of weak
approximation on X.

The structure of the paper is as follows. Section [2]is devoted to the computation
of the transcendental part of the Brauer group of E x E for a CM elliptic curve
E. Section [3| contains applications of these results to special cases and explicit
examples. In Section @] we compute the Brauer-Manin obstruction to weak ap-
proximation on Kum(E x E) for E/Q (a quadratic twist of) the elliptic curve with
affine equation y? = 23 + 2.

Notation. We fix the following notation.

K an imaginary quadratic field
Ok the ring of integers of K
Ag the discriminant of K

Hy the Hilbert class field of K
h(Ok) the class number of O, h(Ok) = [Hk : K]
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L a number field

L an algebraic closure of L such that Hx C L

I'r the absolute Galois group of a field F'

Lhn, the group of nth roots of unity

Cn a primitive nth root of unity

E an elliptic curve over L with complex multiplication by Og
E the base change of Eto L, E = FE x; L

E, the n-torsion points of E defined over L

E,.(F) the n-torsion points of £/ defined over a field extension F' of L

Kum(E x F) the K3 surface which is the minimal desingularisation
of the quotient of E x F by the involution (P, Q) — (—P, —Q)
fase the residue class degree fq/, = [On/q: Op/p] for a prime q in
a number field M lying above a prime p in a subfield F' C M.

For any ¢ € Z~(, we use the following notation.

O, the order Z + cOg of conductor ¢ in Ok
K. the ring class field corresponding to the order O..

For an abelian group A and an integer n € Z~g, we write A,, for the elements of
order dividing n in A. For a prime number ¢ € Z~, we write Ay for the f-primary
part of the abelian group A.

For x € R, let |x], [z] denote the floor and ceiling of x respectively.

2. TRANSCENDENTAL BRAUER GROUP COMPUTATIONS

2.1. Preliminaries. Let L be a number field and let I';, denote its absolute Galois
group. In [22], for A = E x E’ a product of elliptic curves defined over L and
for every n € Zs, Skorobogatov and Zarhin gave a canonical isomorphism of
I'-modules

(3) Br(A), = Hom(E,, E,)/(Hom(E,E") ® Z/n)
and a canonical isomorphism of abelian groups
(4) Br(A),/Bri(A), = Homr, (E,, E.)/(Hom(E,E') ® Z/n)"=.

They used this concrete description of the transcendental part of the Brauer group
to give many examples for which Br(A4)/ Bry(A) is trivial or a finite abelian 2-group.

From now on, we fix an elliptic curve E/L with complex multiplication by
Ok. We begin with a simple observation which enables us to use to compute
(Br(E x E)/Bri(E X E))pos.

Lemma 2.1. Let X be a smooth, projective, geometrically irreducible variety over
a number field. Then for any prime number £, we have

(Br(X)/Bry (X)) = Br(X)g=/Bry (X)gee.

Proof. Since X is smooth, Proposition 1.4 of [6] tells us that Br(X) is a torsion
abelian group. It follows that the natural inclusion

Br(X)geo / Bri(X)pee — (Br(X)/Bri(X))s
is an equality. [
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To each prime number ¢ € Z~( we associate an integer m(¢) which will appear in
our description of the /-primary part of the transcendental Brauer group of E x E.
In order to define m(f), we use the Grossencharacter ¢g i, of E considered as
an elliptic curve over K L. Recall that ¢,k is unramified at the primes of KL
of good reduction for E. Therefore, for such primes we write ¥ g/ (q) for the
evaluation of ¥k, at an idele (...,1,1,74,1,1,...) € Ay, where the entry 7,
at the prime q is a uniformiser at .

Definition 2.2. For a prime number ¢ € Z~g, let m(¢) be the largest integer k
such that for all primes q of KL which are of good reduction for F and coprime to
¢, the Grossencharacter ¢ iy, satisfies

VYe/r(q) € Op = 7+ 1O

We define an auxiliary integer n(¢) which aids computation of m(¢) and in most
cases removes the dependence on the Grossencharacter.

Definition 2.3. For a prime number ¢ € Z~, let n(¢) be the largest integer k for
which the ring class field K, of the order Oy embeds into K L.

Proposition 2.4. Let { € Z~q be prime. Then

m(t) < n(0)
with equality if O3 = {£1} (in other words, if K ¢ {Q(3),Q((3)}).
Proof. Write m = m(¢) and n = n(f). Let S be a set of primes of KL containing
the infinite primes, the primes of bad reduction for F, the primes dividing ¢, the
primes which are ramified in Kyn+1L/K, and the primes q with ¢/, (q) & Ogn+1.
Suppose for contradiction that m > n + 1, and hence S is a finite set. Then, since
K1 € KL, Exercise 6.1 of [2] tells us that there exists a prime q of KL with g ¢ S
which does not split completely in Kyn+1L/KL. Let p = qNOg. Let f,, denote
the residue class degree of q over p, fq/, = [Okr/q : Ok/p]. By Theorems 9.1
and 9.2 of [19], the Gréssencharacter ©g k1, sends q to a generator of the principal
ideal Nk /k(q) = pfa/v . Consider the following diagram of field extensions.

Kpnii L

N

Ken«i»l q

/

The restriction of the Artin symbol (g, Kyn+1L/KL) to Kym+1 satisfies
0, Kpnir L/KL) = (p, Kpnir [ K)T0/0 = (pla/v, Kpnia / K)
= ((Ye/kL(a)), Kpnr [ K).
Since q ¢ S, we have g/ 1(q) € Ognt1 and hence
(/10 (@), Koo /) = 1
by definition of the ring class field Kyn+1. But this implies that
(4, Kpn1 L/KL) =1

Resk,, ., (

Resk,,
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and therefore
(9, Kgn+1 L/KL) = 1.

This is a contradiction because q does not split completely in Kyn+1 L/K L. There-
fore, m < m. It remains to show that m = n when O3 = {£1}. From now
on, suppose that O} = {£1}. Let q be a finite prime of KL of good reduction
for E which is coprime to ¢ and unramified in KL/K. Let p = qN Ok and let
s = qN Ok,.. The Artin symbol (p, Ky /K) has order f,/, in Gal(Ky»/K). Since
K C Ky C KL, we have fy, | fq/p, Whereby

1= (p, K /K)or = (p/0/2, Kin /K) = (Nicr (), Ken /K.
By definition of the ring class field Ky», this implies that

Nk (q) = (@)

for some o € Opn. But Y x(q) is a generator of N,k (q) and Of = {£1} so
this implies that g,k 7(q) € O, as required. O

Remark 2.5. Class field theory gives [K. : K| = h(O,.), where h(O,) denotes the
class number of the order O.. The following formula for h(O.) can be found in [3],
Theorem 7.24, for example.

(5) K, : K] = h(O,) = m II(- (%)%)

where the product is taken over the prime factors of ¢. The symbol (ATK) denotes
the Legendre symbol for odd primes. For the prime 2, the Legendre symbol is
replaced by the Kronecker symbol (), defined as

0 if2]Ag
Ak .
(7>: 1 ifAg=1 (mod8)
-1 if Ag =5 (mod 8).

If Kjo C KL, then [Ky : K] divides [KL : K]. Thus, in any given example, (5]
allows one to identify a finite set of primes S such that m(¢) = n(¢) =0forall £ ¢ S.
For a prime ¢ in S, gives an upper bound for n(¢), and therefore also an upper
bound for m(¢). For K € {Q(i),Q(¢3)}, one must examine the Grossencharacter in
order to compute m(¢). For explicit descriptions of Gréssencharacters for elliptic

curves with complex multiplication by Q(i) or Q((3), see [16] Theorems 5.6 and 5.7
respectively.

We will use the isomorphisms and to compute the {-primary part of the
transcendental Brauer group of E x E in terms of endomorphisms of the ¢-power
torsion of E. We will need the following two auxiliary lemmas.

Lemma 2.6. Let ¢ € Zs be prime, let k € Z>o and let
(End Eg)T = {¢p € End Epr | Y = 29p Vo € Ok}
Then, viewing O @ Z./¢* as a subring of End E, we have
(End Ep)t = Ox @ Z/ 0",
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Proof. Recall that End E = O, so it makes sense to view O ®Z/(* as a subring of
End E;x. As an abelian group, Epx = (Z/0%)?, and therefore End Epn & My (Z/0F).
The proof comes down to an easy calculation with two-by-two matrices with entries
in Z/0F. O

Lemma 2.7. Let { € Zsq be prime and let m = m({). Let k € Z>o and let
¢ € End Epc. Then

(1) The class of ¢ in End Ep /(O @ Z/€%) is fized by Tk, if and only if for
all x € Ok,

(" (zp — px) € (End Ep)" = O @ Z/0F.
(2) The endomorphism ¢ is fized by Ui p if and only if
My e (End Ep)t = O @ Z/0F.

Proof. The action of 'y, on End E,x factors through the abelian Galois group
Gal(KL(E,)/KL). Let q be a finite prime of KL which is coprime to ¢ and
of good reduction for E. The Néron-Ogg-Shafarevich criterion tells us that q is
unramified in K L(FEy)/KL. Since E has complex multiplication by Ok, the Artin
symbol (q, KL(Ey)/KL) acts on Ez as multiplication by ¥g,x1,(q). For a proof
of this fact, see [I1], Ch. 4, Corollary 1.3 (iii), for example. Therefore, the action
of (q, KL(E)/KL) on End(E) is conjugation by g,k 1,(q). The Artin symbols
for the unramified primes generate Gal(K L(Ey)/KL).

Let a = (Ag + VAk)/2, so Ox = Z|a]. Let a,b € Z be such that a + ba is
invertible in O ® Z/¢*. Let ¢ € End Eypx. We have

(a +ba)p — ¢(a+ ba) = blay — pa).

Hence, the class of ¢ in End Eg /(O ® Z/(*) is fixed by conjugation by a + ba if
and only if
(6) blap — pa) € Ok ® 7./0F
and ¢ is fixed by conjugation by a + ba if and only if

(7) blap — pa) = 0.

Recall that m = m(¢) is the largest integer ¢ such that for all finite primes q of
KL which are of good reduction for E and coprime to £,

Ve/kp(q) € Op =Z + 'Ok

In other words, for a prime q which is unramified in KL(E,)/KL, we can write
Ye/k1(q) = a+ ba for some a,b € Z with ord,(b) = m. Hence, by @, the class of
¢ in End By /(O ® Z/0F) is fixed by [y, if and only if

™(ap — pa) € O @ 7/ 15
By , the endomorphism ¢ is fixed by 'k, if and only if
LM (o — pa) = 0.

An application of Lemma [2.6] completes the proof. (]
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2.2. Case I: Complex multiplication defined over the base field. In this
subsection, we compute the transcendental Brauer group of E x E in the case
where the complex multiplication field K is a subfield of L, the field of definition
of F.

Theorem 2.8. Suppose that K C L. Let £ € Z~o be prime and let m = m({).
Then

Br(E x E) _ Br(ExE)m  EndEm | (Z,/m)?
Bri(EXE)) ;e Bri(ExE)m Og®ZL/™ '
Proof. By , for all primes ¢ and all k € Z>, we have
Br(E x E)ge Endr, Eg
Bri(Ex E)yx  Og @7/
Also,
End Egx 2
X (Z/l7)".
The result now follows from Lemma part O

Theorem 2.9. Suppose that K C L. Let £ € Zsq be prime and let m = m({).
Then

T
Br(E « E)};ﬁ, _ ( End EzmrH'ordg(AK)/Q] > £

OK ® Z/gm—&-[ordg(AK)/Q-\

~ Z/€m+[ord1{(AK)/2J ~ Z/ngr[ord/g(AK)/Z] )
In particular, if £+ Ak then

End Egm
Ok QL™
Proof. Fix a prime number ¢ € Z- and let k € Z>(. By , we have
End B \'*

Ok ® Z/ék

Write O = Z[a] where a = (Ax + VAk)/2 and let ¢ € End Ege. By part of
Lemma the class of ¢ in End Ep /(O ® Z/¢*) is fixed by 'z, if and only if

(8) M™(ap — pa) € O @ 7/ 15

Let P,aP be a Z/(*-basis for E,. With respect to this basis, multiplication by «a
is given by the following matrix:

O AK(l_AK)
4 .
G )

Subtracting an element of Ox ® Z/¢* if necessary, we may assume that ¢ is of the

form
0 t
0 u
for some t,u € Z/¢*. In terms of matrices, equation becomes

—m —gmtAK_F[muw _(a bw
—Mu et b a+bAg

Br(E x E)j: = > (Z/0m)2.

&wxm%:<
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for some a,b € Z/¢*. The resulting equations reduce to
Ag(l - Ak)
2

We have ordz(Ak) € {0,2,3} and for an odd prime ¢, ordg(Ag) € {0,1}. Thus,
can be summarised as

(9) 2t =" At =M Agu=0m u=0 (mod Ek).

gm-{-\_ordZ(AK)/QJt = ém-‘r[ordg(AK)/Q]u =0 (mod Ek)

Therefore,

Br(E x E)jx =Br(E x E)*

¢mtlordy(Ag)/2]
_ End Eem,+(ord,g(AK)/21 e
"\ Ok ® Z/tm~+Torde(Ak)/2]
~ Z/£m+ lorde(AK)/2] X Z/€m+ [ord,(AK)/2] .

(]

Remark 2.10. The fact that (Br(E x E)/Bry(E x E))g~ = Br(E x E)}% for (1 A
also follows from Proposition 5.2 of [5]. A computation of the relevant intersection
pairing shows that the cokernel of the map Br(E x E)/Bry(E x E) < Br(E x E)'t
is annihilated by the discriminant of K.

2.3. Case II: Complex multiplication not defined over the base field.
Throughout this subsection, we make the assumption that K ¢ L. We write 7
for an element of I'r, \ I'xr. We set o = (Ax + VAK)/2, so O = Z[a].

Lemma 2.11. Suppose that K ¢ L. Let { € Zq be prime and let k € Z>o. Let
a,b € Z and consider (a + ba)T as an element of End Ege. Then

(1) The class of (a+ba)T in End Ep /(Ox @ Z/0%) is fized by Tk 1, if and only
if
ordy(a), orde(b) > k —m(¢) — ordy(Ak).

(2) The class of (a+ ba)T in End Epx /(O @ Z/lF) is fived by T if and only if
orde(b) > k — ords(Ak).
(3) We have (a + ba)t € (End Ep )™ = Ok @ Z/0* if and only if
ordg(a) > k — |ordy(Ak)/2]
and ordg(b) > k — Jord,(Ak)/2].
(4) We have (a + ba)T € Endr,., Ep if and only if
orde(a) >k —m(€) — |orde(Ak)/2]
and ordy(b) >k —m(¢) — [ord¢(AK)/2].
(5) The endomorphism (a + ba)T is fized by the action of T if and only if
orde(b) > k — |ords(AK)/2].
Proof. Write m = m(£).

(1) By part [1f of Lemma the class of (a + ba)7 in End Ep /(Ox @ Z/0F) is
fixed by 'k, if and only if

(10) M (a+ba)(ar — 1a) = M/ Ak (a+ba)r € (End Ep) ™.
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By the definition of (End E)™, shows that the class of (a + ba)T in
End Ep /(O ® Z/¢%) is fixed by Tk, if and only if
"™/ Ag(a+ ba)(ar —Ta) = M Ag(a+ba)r =0 (mod £F).
(2) The class of (a + ba)T in End Egx /(O ® Z/¢%) is fixed by 7 if and only if
(11) (a+ba)r — 1(a +ba)rr ! = by\/ArT € O QZL/I*.
By Lemma Ok @ ZJ* = (End E;x)T. So, by and the definition
of (End E )7, the class of (a+ ba)r in End Ep /(O ®@ Z/6%) is fixed by 7
if and only if
ab\/AgT —b\/AgTa =bAgT =0 (mod ék).
(3) By definition of (End E,x)", we have
(a4 ba)T € (End Ep)t <= (a+ba)(ar —7a) =0 (mod £F).
Expanding (a + ba)(at — Ta) gives
Ar(1 - Ak)
2
The conditions of part [3] are precisely those arising from
Ax(1—Ak)
2
(4) By part [2| of Lemma
(a+ba)T € Endr,, Epx <= ("(a+ba)T € (End Ep)™".

(a +ba)(ar — Ta) = (b —AKa+(2a+bAK)a)T.

b — Aga=2a+bAxg =0 (mod ().

Now apply part [3] of Lemma [2.11
(5) The endomorphism (a + ba)T is fixed by the action of 7 if and only if

(12) (a4 ba)T —7(a+ba)rT =b\/ArgT =0 (mod ¢¥).
It is easily seen that by/Ax =0 (mod ¢*) if and only if
Ordg(b) > k— LOI‘dz(AK)/QJ.
O

Theorem 2.12. Suppose that K ¢ L and let { € Z~o be prime. Let m = m({)
and let k = m + ordy(Ak). Let 0 denote the image of T in the quotient group
End Egv /(O ® Z/0%). Then

Br(E x E),&" = Okf
and
Br(E x B)LE = Opnf) AL if £ is odd or 0 A
o L)Y xZ/2 ift=2 and 2 | Ak.
Proof. Since ord,(Ag) > [orde(Ak)/2], applying Theorem to KL gives
(13) Br(E x E),&* =Br(E x E),** = (End Ep /(O ® Z/0F))F<x
(14) gz/éerl_ordg(AK)/Qj XZ/ngr(ordg(AK)/Q]'
By part [T] of Lemma [2.17]
Ok6 C (End Ep /(O @ Z)0F)) L,
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Using part [3of Lemma [2.11] to count the number of elements in Ok 6 and comparing

to gives
Ok = (End Ep /(O @ Z/0F)) EE,

Now part [2] of Lemma shows that
Opm = (End Eg /(O @ Z/0F))T'E.

Moreover, since ordy(Ag) < 1 for an odd prime ¢, part [3| of Lemma m gives
OpmO = Z/0F if £is odd or £ 1 Ag. If £ =2 and 2 | Ag, then partof Lemma
gives Ogm =2 7/2F71 x 7,/2. O
Theorem 2.13. Suppose that K ¢ L and let { € Zo be prime. Let m = m({).
Let n denote the image of T in the quotient group End Egm /(Ox @ Z/¢™). Then
Br(E x E Br(E x E)m Endr, E/m
Br(ExE)\ _ Br(ExE)m _ Endr, e (4 =N Al
Bri(ExE)/ ;. Bri(ExE)m (Og®Z/{m)t

unless £ =2, 2| Ag, m > 1 and Es = Ey(L), in which case

Bi(Ex E)\  Bi(Ex E)gns  Endr, By
Bri(EXxE) )y Bri(ExE)m+1 (Og ®Z/2m+1)Te
>Z/2M X Z)2

where the copy of Z/2™ is generated by the image of T.

Proof. Let k = m+ord,(Ak) and let 6 denote the image of 7 in the quotient group
End Ep /(O ® Z/*). Then

Br(E x E)ge
Bri(E x E)p<
by Theorem For all t € Z>o,
(16) Br(E x E)gt _ Endr, Eg o Endr,., Ep .

Bri(Ex E)pp  (Og QZ/¢H)Te Ox 7/t
First suppose that ¢ is odd or £ { Ag. Then and combined with Theorems
2.8 and 2.12] show that

(17)

(15) = Br(E x E)}% = O,

Br(E x E)
(Brl(E x E)

Consider 7 as an element of End Eym. By parts [] and [§] of Lemma [2:11]
7 € Endp, Eyn. By part 3] of Lemma 2.1} 7 has order £ in

Endr, Epm /(O @ Z/0™) ' = Br(E x E)gm/Bry(E x E)gm.
Hence, by (L7),

)Zoo — Z/m.

Endp E[m BF(E X E)
)0 = L —( )

(Z/¢"m (O @Z/em)Fe Bri(E x E)/ ¢
Now suppose that ¢ = 2 and 2 | Ag. If m(2) = 0, then (Br(E x E)/Bry(E x
E))as =0, by and Theorem applied to K L. So we assume from now on
that m = m(2) > 1. Theorems 2.8 and [2.12] combined with and show that
Br(E x E)
Bri(E x E)

(18) >2m — Z/2™ X 7]2.
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By parts and [5] of Lemma the image of 7 generates a copy of Z/2™ inside
Endr, Eom+1 /(O ®7Z/2™ )t = Br(E x E)gm+1/ Bri(E X E)gm+1. Therefore,
shows that (Br(E'x E)/Bri(E x E))se is isomorphic to either Z/2™ or Z/2™ X Z/2.
First suppose that Es = FEo(L). Then I'y, acts trivially on Eo and hence
Br(E x E)s Endr, E» End B,

- - ~7,/2 x /2.
Br(ExE);  (Onoz  oOxazp LE*E

Therefore,

< Br(E x E) > Br(E X E)ym+1 ~7/2™ x 7.)2.
900

Bri(E x E) ). Bri(E x E)gmnt
Now suppose that E; # E5(L). By Theorem

'z
Br(E x E)5% = <M> = Oym b

O ® Z/?k
and, in particular, for any ¢ € Z>¢ the natural injection
End By \'* End Egere \'*
19 Oomb = | ——— |
(19) ? ((’)K®Z/2k> Ok @ Z)2++

induced by multiplication by 2 on Eor+¢ is an isomorphism. Let ¢ € Z>( and let
¢ € Endr, Esk+t. We have

Endr, Egeit End Egere \'*
((’)K®Z/2k+t)FL 0K®Z/2k+t

Since 2 | Ak, we can write O = Z[y/—d] where Ag = —4d. Since the injection in
is an isomorphism, we can use (20)) to write

(21) © =24z + 2™y —d)T 4 2 + wV/—d

for some x,y, z,w € Z/2k*+*. Here we abuse notation slightly by using 7 to denote
the image of 7 in Endr, Esr+:. Since ¢ is fixed by 7, we have

2/ —d(2™ Tty +w) =0 (mod 2FF).

Multiplying by v/ —d and recalling that &k = m + ord2(Ag) = m + orda(d) + 2, we
see that

(20)

2™ yr tw=0 (mod 2™ 1),

Therefore, w = 2™ +ty for some u € Z/25*+* and we have
yT+u=0 (mod 2).

Suppose for contradiction that y # 0 (mod 2). Then 7 acts as multiplication by
a scalar on F5. Furthermore, since 7 is invertible, this scalar cannot be zero and
therefore must be 1. In other words, 7 acts as the identity on F,. Furthermore,
since m(2) > 1, T'xy, acts trivially on Ey and hence Es = Eo(L), giving the re-
quired contradiction. Therefore, y = 0 (mod 2) and we can write y = 2v for some
v € Z/2F*t and substituting into gives

(22) 0 =24z + 2" v/ —d)T + 2 + wv—d.

Now part [3[ of Lemma shows that 204™*1/—dr € Ox ® Z/2%Ft. Thus,
shows that the class of ¢ in (End Eykt: /(O @ Z/25F1))FL is represented by 2¢xT.
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But ¢ was arbitrary and (20)) is injective, hence Endr, Eort:/(Ox @ Z/28H)I'L s
a cyclic group. Therefore,
( Br(E x E) ) Br(E x E)gmir

) = R g gm
Bri(E X E) ) 5. Bry(E x E)gmst /

3. SPECIAL CASES AND EXAMPLES

We retain the notation and conventions of Section[2] In particular, L is a number
field and E/L is an elliptic curve with complex multiplication by Of.

Theorem 3.1. Suppose that L C Hy, where Hy denotes the Hilbert class field of
K. Let £ € Zsq be prime. Then m(f) = n(¢) = 0, except in the following special
cases where n(f) = 1:

(1) K=Q(¢) and £ < 3,

(2) K=Q(i) and £ =2,

(3) Ag =1 (mod 8) and £ = 2.
Consequently, if O = {£1} and Ax # 1 (mod 8), then

Br(E x E) =Bry(E x E).

Proof. Let j(E) denote the j-invariant of the elliptic curve E. Since E is defined
over L, we have Q(j(E)) C L. The theory of complex multiplication tells us that
K(j(F)) = Hg. Therefore, [KL : K] = [Hx : K| = h(Ok). Using the formula
for the degree of a ring class field, as given in , we see that in every case,
[Kp2 : K] > h(Ok) so n(¢) < 1. Furthermore, [K; : K] > h(Ogk) except in the
special cases (i), (ii) and (iii) of the theorem. The rest follows immediately from
Proposition [2.4] and Theorems [2.8] and O

Remark 3.2. Since K(j(F)) = Hg, the hypothesis L C Hg holds precisely when
L =Hg or L =Q(j(E)).

If O3 = {£1}, then Proposition allows us to calculate m(¢) for all primes
¢ € Z~o, and hence compute the transcendental part of Br(E x E). On the other
hand, if K € {Q(7),Q({3)}, then Proposition only tells us that m(¢) < n(f)
for all primes ¢ € Z~o. The following two propositions deal with K = Q(¢) and
K = Q((3), and in each case give sufficient conditions which allow us to conclude
that m(¢) = 0.

Proposition 3.3. Let ¢ € Z~ be an odd prime. Let K = Q(i). Suppose that there
exists a finite prime q of KL satisfying all of the following conditions.

(1) q is coprime to 2¢,

(2) E has good reduction at q,

(3) fosp | fayp, where p =qN Ok and s is a prime of Koy above p,

(4) ¢E/KL(CI) ¢ Oa.
Then m(£) = 0, and hence

(Br(E x E)/Bri(E x E))s~ = Br(E x E)j% = Br(E x E)LX* = 0.
Note that condition [3]is trivially satisfied if Koy C K L.
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Proof. Let q be a finite prime of K L satisfying conditions (1)—(4). Let p and s be
primes as described in condition |3} The Artin symbol (p, K2,/ K) has order f/, in
Gal(Ky/K). Since f,/, divides f;/,, we have

1= (p, Koo/ K)arv = (pfarv Koy /K) = (Ng 1/ (a), Koo/ K).
By the definition of the ring class field Koy, this implies that
Nkr/r(q) = (a)

for some o € Oy. Now ¥,k 1,(q) is a generator of N,k (q) but ¥g/kr(q) ¢ O2
by the hypothesis, so g/ (q) = Fic. Therefore, Y /kr(q) ¢ Of, and hence
m(¢) = 0. O

Proposition 3.4. Let K = Q({3) and let £ € Z~¢ be prime with ¢ # 3. Suppose
that there ezists a finite prime q of KL satisfying all of the following conditions.

(1) q is coprime to 3¢

(2) E has good reduction at q,

(3) fosp | fasp, where p =qN Ok and s is a prime of K3z, above p,
(4

) Ye/kL(q) ¢ Os.
Then m(£) = 0 and hence

(Br(E x E)/Bri(E x E))g= = Br(E x E)}% = Br(E x E),X* = 0.
As before, condition [3]is trivially satisfied if K3, C K L.
Proof. The strategy is the same as for Proposition [3.3] O

Example 3.5. Let E be the elliptic curve over Q with affine equation
v +y=a®— 22— Tz +10.

E has complex multiplication by the ring of integers of K = Q(v/—11). Theorem
tells us that m(€) = n(€) = 0 for every prime { € Z~o and therefore

Br(E x E) = Bry(E x E).

Let 0 denote the image of complex conjugation in End By, /(O ® Z/11). Then
Theorem gives

Br(E x E)'ev=0 = Br(E x E)'e = Og = 7Z/11.
Example 3.6. Let E be the elliptic curve over Q with affine equation
y* =2° — Dx

where D € Z\{0}. Then End E = Z[i]. Let K = Q(i). For any odd prime { € Zo,
Theorem gives

(Br(E x E)/Bry(E x E))~ = Br(E x E),2 = Br(E x E)}% = 0.

Theorem tells us that n(2) = 1. We must compute m(2). By Proposition
m(2) < n(2). Let q be a finite prime of Z[i] that is coprime to 2D. Let mq € Zli]
be the unique generator of q such that my =1 (mod (2 + 2i)). Ezercise 2.34 in [19]

shows that .
D
Ye/k(q) = () Tq
Tq

4
where (*)4 denotes the quartic residue symbol on Z[i].
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First suppose that D is a square in Z[i]. Then for all finite primes q which are
coprime to 2D, g k(q) = 74 € Oz and therefore m(2) = 1. Let 0 denote the
image of complex conjugation in End Eg/(Z[i|®7/8). Applying Theorems and
we see that

Br(E x E)'5 =Br(E x E)SX = Z[i]0 = 7./4 x 7./4
and Br(E x E)'e =Br(E x E)y2 = 0.0 = 7,/4 x 7.)2.
Applying Theorem [2.15, we see that
Br(E x E) _ Br(E x E)4 _ Endr, E4
Bri(ExE) Bri(ExE)y (Z[i|®Z/4)
~ JZ/2xZ]2 if D is a square in Z
- \z/2 if D is not a square in Z.

Now suppose that D is not a square in Z[i]. By [2], Exercise 6.1, there exist infin-
itely many finite primes q of K coprime to 2D such that D is not a square modulo q.
For such q, we have ¥,k (q) = £imyq and therefore ¥k (q) ¢ O2. Consequently,
m(2) = 0. Let n denote the image of complex conjugation in End Ey/(Z[i] @ Z/4).
Then Theorem gives

Br(E x E)'% =Br(E x E)'* = Z[iln=7/2 x 7.)2
and Theorem[2.19 gives Br(E x E) = Bri(E x E).
Example 3.7. Let E be the elliptic curve over Q with affine equation
y2 _ SE3 + D
where D € Z\ {0}. Then End E = Z[(3], where (3 denotes a primitive 3rd root of
unity. Let K = Q((3). For any prime ¢ > 3, Theorem [3.1] tells us that m(¢) = 0
and therefore
(Br(E x E)/Bri(E x E)) = Br(E x E);2 = Br(E x E)}% =

It remains to compute m(L) for £ < 3. For £ < 3, Theorem (3.1 gives m(£) < 1.
Let q be a finite prime of K that is coprime to 6D. Let mq € Z[(3] be the unique
generator of q which satisfies 1y =1 (mod 3). By [19], Ch. II, Example 10.6, the
Grassencharacter attached to E/K is given by

(23) VYe/k(q) = <4D> Tq

T )
where (+)g denotes the sextic residue symbol on Z[(3].

Computing m(2). By the law of cubic reciprocity,

(24) <;1> :(:) :(?) =7q (mod 2)
/6 /3 3

where (*)3 denotes the cubic residue symbol on Z[(3]. Substituting into
gilves

(25) Ve/x(q) = (:q) (fq) g = (Z) (mod 2).
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First, suppose that D is a cube in Z (equivalently, D is a cube in Z[(3]). Then
(7%)6 = 41 and shows that Vg /k(q) € O2 for all finite primes q that are
coprime to 6D. Therefore, m(2) = 1.

Now suppose that D is not a cube in Z. By [2], Ezxercise 6.1, there exists a finite
prime q of K coprime to 6D such that D is not a cube modulo q. For such q,
(7%)6 #+1, and shows that Vg k(q) & O2. Therefore, m(2) = 0.

Computing m(3). First suppose that 4D is a cube in Z. Then shows that for all
finite primes q which are coprime to 6D, Vg k(q) = £m4 € Oz. Hence, m(3) = 1.

Now suppose that 4D is not a cube in Z. By [2], Exercise 6.1, there exists a

finite prime q of K coprime to 6D such that 4D is not a cube modulo q. For such

q, (%)6 # £1, whereby ¥,k (q) ¢ Oz. Therefore, m(3) = 0.

4. TRANSCENDENTAL BRAUER-MANIN OBSTRUCTIONS TO WEAK
APPROXIMATION

Let L be a number field and let E/L be an elliptic curve with complex multipli-
cation by an order O of an imaginary quadratic field K. Let X = Kum(E x E) be
the K3 surface which is the minimal desingularisation of the quotient of E x E by
the involution (P, Q) — (—P,—Q).

Proposition 4.1. If Ax =1 (mod 4) and 21 [Ok : O] then

Bri(X) = Br(L)
and consequently there is no algebraic Brauer-Manin obstruction to weak approzi-
mation on X.
Proof. By Proposition 1.4 of [22], it suffices to show that H'(L,O) = 0. Inflation-
restriction gives

0 — HY(Gal(KL/L),0) - H(L,0) — H'(KL,O) = Homg,(T'x 1, Z?) = 0.
Therefore, H*(L,0) = H*(Gal(KL/L),0). If K C Lthen H'(Gal(KL/L),0) = 0,
so suppose that

Gal(KL/L) = (1) 2 Z/2.
e (20 |+ 7(a) =0}
€ T+ 7(x) =
H'(Gal(KL/L),0) = =
(Gal(KL/1),0) = =y T, e o)
Writing O = Z[fa], where f =[Ok : O] and a = (1 4+ v/Ak)/2, gives

{reO0|z+7(x)=0}={r(z) —z |z O0}=fV/Ax - Z.

O

By , the existence of a transcendental element of odd order in Br(E x E)
implies that Br(X) contains a transcendental element. The same cannot be said
for transcendental elements of even order. For this reason, we concentrate on elliptic
curves F for which Br(E x E) contains a transcendental element of odd order.

Theorem 4.2. Let E/Q be an elliptic curve with complex multiplication by Ok
such that Br(Ex E) contains a transcendental element of odd order. Then K = Q((3)
and E has affine equation y> = x3 + 23 for some squarefree ¢ € Z. Furthermore,

Br(E x E)/Bri(E x E) =Br(E x E)3/Br1(E x E)s = (Z/3)n = Z/3
where n denotes the image of complex conjugation in End Es/(Z[(3] @ Z/3).
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Proof. Setting L = Q = Q(§(E)) in Theorem [3.1] shows that K = Q((3). Since
Z[¢3] has class number 1, E is isomorphic over Q to the elliptic curve E’ with
affine equation y2 = z3 4+ 1. Therefore, E is the sextic twist of E’ by a class
in HY(Q, ug) = Q*/(Q*)8. Consequently, E has an affine equation of the form
y?> = 23 + D for some sixth-power-free D € Z. Example shows that m(£) = 0
for every odd prime ¢ with ¢ # 3. Since Br(E x E) contains a transcendental
element of odd order, we have m(3) # 0. The computation of m(3) in Example
shows that m(3) = 1 and 4D is a cube in Z. Now the computation of m(2) in
Example gives m(2) = 0. Thus, the statement on the transcendental Brauer
group follows from Theorem [2.13] O

Henceforth, for each ¢ € Q*, let E€ be the elliptic curve over Q with affine
equation

y? =%+ 263,
Let X = Kum(E° x E¢). An affine model for X is
(26) u? = (2% 4+ 2¢%) (£ + 2¢%)

Note that X is independent of ¢ € Q%, since (z,t,u) — (z/c,t/c,u/c®) gives the
following alternative affine model for X
(27) u? = (2% 4+ 2)(t* + 2).
By Proposition Bri(X) = Br(Q) and therefore there is no algebraic Brauer-
Manin obstruction to weak approximation on X. By ,
Br(X)/Br(Q) = Br(X)s3/Bri(X)3 = Br(E° x E€)3/Bri(E° x E°)3.
Let 7 € T'g \ I'g(c,) and let 6 denote the image of 7 in End E§. The image of 7

generates Endr, (E5)/(Z/3) = Br(X)/Br(Q) = Z/3. Let A € Br(X) \ Br(Q) be a
corresponding generator of Br(X)/Br(Q). For a prime ¢, let

Ut HY(Qq, BS) x HY(Qy, BS) — Br(Qy)s —~> 17,7,
be the non-degenerate pairing given by the composition of the cup product, the Weil
pairing and the local invariant. Let 0* denote the map induced by 8 on H*(Qy, EY).
For P € E(Qy), let xp denote the image of P under the homomorphism

X : E¢(Q) — H*(Qq, EY).

Proposition 4.3. Let P,Q € E¢(Qg) \ ES. The Q¢-point (P, Q) on E° x E° gives
rise to a point R € X(Q¢). We have

(28) evar(R) = vp UB" (xq) € %Z/Z.

Proof. The statement follows from the results of [22], Section 3. The details are
explained in Section 5.1 of [9]. O

Theorem 4.4. Let A € Br(X)s \ Br(Q). Let v # 3 be a rational place. Then the
evaluation map eva, : X(Q,) — Br(Q,)s is zero.

Proof. The statement for the infinite place is clear, since Br(R) = Z/2 has trivial
3-torsion. By [], finite primes of good reduction do not appear in the description of
the Brauer-Manin set. Lemma 4.2 of [I3] shows that odd primes of good reduction
for an abelian surface are primes of good reduction for the corresponding Kummer
surface. Thus, by , ev_4, is zero for every finite prime ¢ { 6. From now on,
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let ¢ =2. Let R € X(Q2). We will show that ev42(R) = 0. We can represent
R by (zo,to,ug) satisfying . Let dp = t3 + 2. Since the evaluation map
evaz : X(Q2) = Br(Qg)s is locally constant, we are free to use the implicit function
theorem to replace R by a point R’ = (x1,t1,u1) € X(Q2), sufficiently close to R,
such that d = dr' € Q* and u; # 0. Now R’ gives rise to P = (dz1,du;) € E4(Qy)
and Q = (dt;,d?) € E%Q3). Recalling that X = Kum(E? x E?), we apply
Proposition [.3] to see that

1
(29) evaa(R) = xp U (xo) € 3Z/L.

The elliptic curve E? has either good or additive reduction. First suppose that
E4 has additive reduction. Denote by E4(Qs) the Qqo-points of E¢ that reduce to
smooth points on the reduction of E? modulo 2. By Theorem 1 of [14], E4(Q>)
is topologically isomorphic to Zs, which is 3-divisible. An application of Tate’s
algorithm (see [19], Ch. 1V, §9, for example) shows that #E%(Q2)/E&(Q2) € {1,2}.
Therefore, £4(Q) is 3-divisible and y = 0.

Now suppose that E? has good reduction. Tate’s algorithm shows that E¢ has
a minimal Weierstrass equation of the form y? +y = 22 + a for a € Z,. Therefore,
EYQ2)/E{(Q2) = Z/3, where E{(Q2) denotes the kernel of the reduction map.
Thus, 3E%(Q2) C E{(Qg). We will show that this inclusion is an equality. The
standard filtration on the Qy-points of E? gives

EYQ2) D E{(Q2) D E5(Q2) D ...
The theory of formal groups shows that E$(Qq) = 4Z,. Hence, E$(Qo) is 3-divisible.
Since E¢(Q2)/E$(Qq) = Z/2, it follows that E¢(Qy) is 3-divisible. Therefore,
E{(Q2) = 357(Q2) = 3E"(Qa).
Thus, x factors through E4(Qq)/3E%(Qy) = E4(Qq)/FE{(Q2) = Z/3 and it is
enough to show that
xpUO*(xp) =0

for any P € E4(Qy)\ E¢(Q2) with 2P # 0. The diagonal embedding F¢ — E¢ x B¢
induces a map E¢ — X whose image is a copy of I%. The restriction of A to ]P)}@ is
in Br(Py) = Br(Q). In other words, A restricts to a constant algebra on the image
of E4in X. Thus, the evaluation of A at a point on X corresponding to (P, P) on
E4(Q3) x E4(Qy) is independent of the point P. Hence, it suffices to show that

xp UB0*(xp) = 0 for a single P € E%(Qy). Taking P € 3E%(Q3) completes the
proof. O

The main result of this section is the following theorem.
Theorem 4.5. The evaluation map
1
evVg3: X(Q3) — gZ/Z
is surjective. Consequently,

X (Ag)™» ) = X(Qs)o x X(R) x [[ X(Q) & X(Ag)
££3
where X (Q3)o denotes the points P € X(Q3) with ev43(P) = 0, and the product
runs over prime numbers £ # 3.

Theorem will be proved via several auxiliary results.
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Lemma 4.6. In order to show that evas : X(Qs) — $Z/Z is surjective, it is
enough to exhibit c € Q* and P € E°(Qs) such that 0*(xp) is not in the image of
E¢(Q3) inside H'(Qs, EY).

Proof. Suppose that P € E¢(Q3) is such that 8*(xp) is not in the image of E¢(Q3)
inside H'(Q3, ES). Since the image of E¢(Q3) is a maximal isotropic subspace
inside H*(Qs, ES), there exists @ € E¢(Qs3) such that xo U6*(xp) # 0. Note that

P,Q ¢ ES because if, for example, 2P = 0 then xp = x3p = 0. Now by Proposition
the point R € X (Q3) coming from (Q, P) € E°¢ x E° satisfies

evas(R) = xq U0 (xp) # 0.
Surjectivity follows since for every n € Z, xno U 60" (xp) = n(xq U 8*(xp)). O

In Proposition we will show that we can take ¢ = 3 and P = (3,9) in
Lemma From now on, let E = E®) be the elliptic curve with affine equation
y? = 23 +2.33. First, we determine the group E(Q3)/3 and give explicit generators.

Lemma 4.7. We have E(Q3)/3 = (Z/3)%, with generators P = (3,9) and Q =
(4,7/2.59).

Proof. Denote by Ey(Q3) the Qs-points of E that reduce to smooth points on the
reduction of F modulo 3. Denote by E;(Qs) the kernel of reduction. The elliptic
curve F/Q3 has additive reduction and hence

(30) Eo(Qs3)/E1(Qs) = Fs.
Applying Tate’s algorithm, we find that
(31) E(Qs3)/Eo(Qs) = Z/3.
By Theorem 1 of [14], Ey(Q3) = Z3. The following sequence is exact.
0 Eo(Q3) E(Qs) E(Qs) 0.
3E(Qs) 3E(Qs) Eo(Qs)

Since Eo(@g) = Z3 and Eo((@g,)/El (Qg) = Fg, we have 3E0(Q3) = E1 (Qg) By ,
E(Q3)/Eo(Q3) 2 Z/3. A suitable generator is P = (3,9). A calculation shows that
3P = (372.19,-373.5.43) € E1(Q3). Therefore, 3E(Q3) = F1(Q3). The point Q
generates Ey(Qs)/E1(Qs). O

In light of Lemma we will study the action of § on the image of F(Qs3) in
H'(Qs, E3). We have

B3 = {0g,(0,3v6),(0,-3V6)} U | {(-6¢},9v=2),(—6¢5,—9v=2)}.
0<k<2
Let F' = Qs3(E3) = Q3(¢3). The inflation-restriction exact sequence gives
HY(Gal(F/Q;3), E3) — H'(Qs, B3) — H'(F, E3)9'*/%) — H2(Gal(F/Q3), Es).
Since [F : Q3] = 2, we have H(Gal(F/Q3), E3) = H?(Gal(F/Q3), E3) = 0. There-
fore, the restriction map gives an isomorphism

HY(Qs, B3) — HY(F, E3)G81(F/Qs),

Let T € E(Q3). In a slight abuse of notation, we continue to write xr for the
image of T in H'(F, E3) = Hom(I'r, E3). In order to study the action of 6 on
x7(T'r) C E3, we will use the following polynomials. Let fr € Qs[t] be the degree
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9 polynomial satisfied by the z-coordinates of the points R € E(Q3) such that
3R =T. By Exercise IIL.3.7 of [19],

(32)  fr(t) =32 (t — x(T))(t> +2°.3%)% — 23(¢3 + 2.3%)(¢° + 2°.3%.5¢3 — 2°.3%).

Let gr € Qs(@[t] be the cubic polynomial satisfied by the x-coordinates of the
points S € E(Qs) such that (1 — {3)S = T. The addition formula shows that

(33) gr(t) = 3 + 3Cx(T)t? + 23.33.

Combining Lemma [£.6] with Proposition below completes the proof of The-
orem 4.9

Proposition 4.8. Let P = (3,9) € E(Q3). Then 0*(xp) is not in the image of
E(Q3) inside H*(Q3, E3).

Proof. We have Q3(E3) = Q3(¢3). By Lemma E(Q3)/3 is generated by
P =(3,9) and @ = (4,v2.59). A calculation using MAGMA [I] shows that the
degree 9 polynomial fp given by is irreducible over Q3 and therefore also
irreducible over Q3(¢3). By , we have

gp(t) =3 4+ 32Gt* +23.3% and gg(t) = t* + 223¢t* + 2°.3%.

Making a change of variables ¢t = 3u, we see that gg(¢) defines the same extension of
Q(¢3) as ho(u) = ud+22¢u?+23. Now hg(u) = v?+u?—1 (mod (1—(3)), which is
irreducible over the residue field F5 of Q3(¢3). Thus, go(t) defines an unramified ex-
tension of Q3(¢3). On the other hand, we claim that gp(t) defines a ramified exten-
sion of Q3({3). Making a change of variables t = 3(u+ 1), we see that gp(¢) defines
the same extension of Q((3) as hp(u) = u® + 3(1 + (3)u? + 3(1 + 2¢3)u + 3¢5 + 32.
Let 7 = (1 — ¢3). Examining the m-adic valuation of the terms in hp(u), we see
that any root of hp(u) has m-adic valuation 2/3. Therefore, gp(t) defines a ramified
extension of Q3((3), as claimed.

Let Rp, Rg € E(Q3) be such that 3Rp = P and 3Rg = Q. Let Sp = (1 — (3)Rp
and let Sg = (1 — (3)Rg. Recall that Q3((s,z(Rp)) is the degree 9 extension of
Q3(¢3) defined by fp. Since P is not a 2-torsion point, Q3((3, z(Rp)) = Q3({3, Rp).
Likewise, gp defines the ramified cubic extension Q3((3, Sp)/Qs(¢3) and g defines
the unramified cubic extension Q3((3,5q)/Q3(¢3). Therefore, there exists o €
Lgy(cs) such that o(Sq) # Sq, 0(Sp) = Sp and o(Rp) # Rp. We have

(1-¢)xp(o)=(1—¢)(o(Rp) — Rp) = o(Sp) — Sp =0

and
(1= xqlo) = 1= ¢3)(o(Rq) — Rg) = 0(Sq) — Sq # 0.
Thus, xq(0) ¢ Eq—c¢,) and xp(0) € E(1_¢,) \ {Or}. Suppose for contradiction
that 0*(xp) is in the image of E(Qj3) inside H'(Qs, E3), so that
(34) 0" (xP) = X(aP+b@) = axr + bxq

for a,b € F3.
Note that 6 acts as multiplication by —1 on E(;_¢,y = {Og, (0, 3v/6), (0, —3v/6)},
SO

(35) —xp(0) =0"(xp)(0) = axp(o) + bxq(o)
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which implies that bxq(c) € E(1—¢,) and hence b = 0 and @ = —1. Since gp is
irreducible over Q3(C3), there exists p € Ig(c,) such that p(Sp) # Sp. For such p
we have

(1-¢)xp(p) = (1 =) (p(Rp) — Rp) = p(Sp) — Sp # 0
and hence xp(p) ¢ En—¢,). Therefore, xp(T'g,)) = F3. In particular, T =
(—6(3,94/—2) is in the image of xp. But 8(T') # —T, which contradicts 6*(xp) =

—XP-
O
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