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PARABOLIC BUNDLES OVER THE PROJECTIVE LINE AND
THE DELIGNE-SIMPSON PROBLEMS

ALEXANDER SOIBELMAN

ABSTRACT. In “Quantization of Hitchin’s Integrable System and Hecke Eigen-
sheaves”, Beilinson and Drinfeld introduced the “very good” property for a
smooth complex equidimensional stack. They prove that for a semisimple
group G over C, the moduli stack Bung(X) of G-bundles over a smooth com-
plex projective curve X is “very good”, as long as X has genus g > 1. In the
case of the projective line, when g = 0, this is not the case. However, the re-
sult can sometimes be extended to the projective line by introducing additional
parabolic structure at a collection of marked points and slightly modifying the
definition of a “very good” stack. We provide a sufficient condition for the
moduli stack of parabolic vector bundles over P! to be very good. We then
use this property to study the space of solutions to the Deligne-Simpson prob-
lem.

1. INTRODUCTION

1.1. The Deligne-Simpson Problem. Let X be a Riemann surface. Consider
the divisor D on X. A logarithmic connection or a connection with reqular singu-
larities (in D) on a vector bundle E over X is a C-linear morphism

V:E — E®Q%(D) such that
V(fs)=s®@df + fV(s) for f € Ox,s € E.

Note that the connection V has residues at the points of D, so that there exists
Res,,V € End(E,,), for each fiber E,, over z; € D.

Let C1,...,Cy be conjugacy classes of complex, linear endomorphisms of vector
spaces of dimension n. We can formulate the following:

The Deligne-Simpson Problem. Does there exist (for some D and vector bundle
E) a connection V on P! with regular singularities such that Res,,V € C;?

We will use this formulation of the Deligne-Simpson problem instead of the ones
given below, as it is easier to generalize to the case of connections with irregular
singularities (see Section 1.5).

The Riemann-Hilbert correspondence provides an equivalence between the cat-
egory of connections V with regular singularities in D on vector bundles over P!
and the category of representations of the fundamental group of P! — D by way of
the monodromy representation of V (see [11]). This provides the following refor-
mulation of the Deligne-Simpson problem:

Multiplicative Deligne-Simpson Problem. Given conjugacy classes Cy, ..., Cy
of complex matrices in GL(n,C), do there exist Ay € Cy,...,Ax € Ck such that
Ay - Ay A = 1d7?

This work was partially supported by NSF grant DMS 1101558.
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This was the original version of the Deligne-Simpson problem, suggested in a
letter from Deligne to Simpson, who considered it in his paper [28].

By considering connections on trivial (and trivialized) vector bundles over P! we
get another version of the Deligne-Simpson problem:

Additive Deligne-Simpson Problem. Given conjugacy classes Cq,...,Cy of
complex matrices in gl,,(C), do there exist Ay € Cq,..., Ay € Cy such that A; +
P + Ak? = O Q

The multiplicative Deligne-Simpson problem and its additive analogue were stud-
ied by Crawley-Boevey, Katz, Kostov, and Simpson, among others.

There are several approaches to solving the Deligne-Simpson problem. In [21],
Katz describes an algorithm for the existence of rigid local systems, which Kostov
applies (see e.g. [22] for summary) to determine when solutions to various cases of
the Deligne-Simpson problems exist. The algorithm, called the middle convolution
algorithm, proceeds by changing the rank of the local system by a number §, called
the defect, dependent on C,...,C). Solutions exist for the original rank, as long
as they exist for the altered rank. This continues until § > 0, in which case there
are solutions by a nontrivial existence theorem, or until one arrives at a situation
when solutions cannot exist. An overview of the Katz algorithm may be found in
[31].

In [6], Crawley-Boevey proposes another approach to the additive version of the
Deligne-Simpson problem by examining fibers of the moment map on the cotangent
bundle to the space of representations of the star-shaped quiver and the represen-
tations of the deformed preprojective algebra associated to this quiver. This gives
him a necessary and sufficient condition for the existence of solutions in the ad-
ditive case. In [10], he and Shaw provide a sufficient condition for the existence
of solutions of the multiplicative Deligne-Simpson problem using a multiplicative
analogue of the preprojective algebra. This condition is also necessary ([9]). A
multiplicative analogue of the moment map approach of [6] may be found in [34].

We approach the Deligne-Simpson problem using at technical condition from
Beilinson’s and Drinfeld’s work on the geometric Langlands program. It provides
us with a way of studying the geometry of the varieties of solutions arising from
the additive and multiplicative versions of the problem.

1.2. The Very Good Property. In [2] Beilinson and Drinfeld introduced the
notion of a “very good” stack. They require this property in order to avoid using
derived categories in their study of D-modules on the moduli stack Bung(X) of
G-bundles over X, where G is a semisimple algebraic group and X is a smooth
complex projective curve.

A smooth complex equidimensional stack ) will be called very good if

codim{y € Y|dim Aut(y) =n} > n,for n > 0,

where Aut(y) is the automorphism group of y € Y. If dim Aut(y) > 0 for ally € ),
then the stack ) cannot be very good. In this situation, ) will be called almost
very good if

codim{y € Y|dim Aut(y) —m =n} > n,for n > 0,

where m = min dim Aut(y). Beilinson and Drinfeld demonstrate that Bung(X) is
very good when X has genus g > 1. However, in the g = 0 case, when X = P!,
this is no longer true.
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We approach the very good property in the genus g = 0 case, for G = GL(n,C),
by introducing additional parabolic structure at a finite collection of marked points.
Since the reductive group GL(n, C) has a one-dimensional central subgroup C* that
acts by dilation on the fibers, the automorphism group of any parabolic bundle has
a one-dimensional subgroup. It follows that the moduli stack of parabolic bundles
can never be very good.

It turns out, however, that a sufficiently elaborate parabolic structure on a vector
bundle is enough to make the corresponding moduli stack of parabolic bundles over
P! almost very good. This is equivalent to showing that the quotient of the moduli
stack by the classifying stack of C* is very good.

1.3. The Very Good Property for Moduli of Parabolic Bundles. Seshadri
introduced the notion of a parabolic structure on a vector bundle in [27], furnishing
parabolic bundles with a stability condition analogous to the usual one for vector
bundles. Expanding upon this, Mehta and Seshadri proved the existence of a moduli
space of semistable parabolic bundles on a smooth projective curve of genus g > 2
in [26].

Parabolic bundles over an algebraic curve generalize vector bundles by defining
additional structure in the fibers over specified points. Namely, let X be a smooth
complex projective curve (in the future, we restrict ourselves to the case when
X = PY). A parabolic bundle E over X consists of a vector bundle E over X,
a collection of distinct points (x1,...,2x) on X, and a flag E,, = E;p 2 E;; 2
Eiw, , 2 Eiy, = 0 in the fiber over each such point z;.

IfD=ux+ - +ar and w = (wy,...,wx), we say that the parabolic bundle
E has weight type (D,w). If ap = rtk E and «;; = dim E;j, for 1 < ¢ < k and
1 < j <w;_1, we say that E has dimension vector o = (o, as;).

Note that one possible way of introducing stability and semistability for parabolic
bundles, is by defining a parabolic degree. To do this, additional numbers called
weights are assigned to each subspace in each flag. Since we do not limit ourselves
to stable or semistable parabolic bundles, we do not require weights to be part
of the definition. Parabolic bundles without weights are sometimes referred to as
“quasi-parabolic” bundles.

In order to formulate our main result, we need to specify which dimension vectors
give rise to very good parabolic bundles. Let I = {0} U {(i,5)]1 <i <k, 1 <5<
w;_1}. For a dimension vector o € Z!, we define the Tits quadratic form as:

q(a) = Z %2 - Z Q41

il il
where ay,, = 0. Let p(a) =1 — g(a). We write: §(a) = =209 + >, a;1. We say
that « is in the fundamental region if

0(a) >0
=205 + ajj—1 + i1 >0, for 1 <i<kand 1 <j<wig

(note that we assume a;g = «p, for all ). We now introduce our main result.
Theorem 1.3.1. The moduli stack Bunp .o (P') of parabolic bundles over P! of

weight type (D, w) and dimension vector « is almost very good if a is in the fun-
damental region and 6(a) > 0.
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The vector a can be used to define a product of partial flag varieties

Fl(a) = HFl(OémOéiL s Qi )

That is, ayg is the dimension of the ambient space C*°, and for a fixed 1 <1 < k,
each «;; is the dimension of the j-th subspace in the flag. The group PGL(«) acts
diagonally on Fl(«), so it makes sense to discuss the very good property of the
resulting quotient stack. Indeed, when the underlying vector bundle is trivial, we
can use Theorem 1.3.1 to obtain:

Theorem 1.3.2. The quotient stack PGL(ap)\Fl(«) is very good, if o is in the
fundamental region and §(«) > 0.

Theorem 1.3.2 may also be obtained from Crawley-Boevey’s results in [5], after
noticing that Fl(«) is the quotient of the space of star-shaped quiver representations
of dimension o with injective arrows by the group H(a) = [[; ; GL(a;), acting
by conjugation on the arrows. In this case, the very good property is equivalent
to Crawley-Boevey’s inequality p(a) > >, p(8;) (see [5]), for any decomposition
a = Y, f; into the sum of positive roots corresponding to the star-shaped quiver
(see Sections 3.3 and 3.4 below). The condition that « is in the fundamental region
and d(a) > 0 implies this inequality.

1.4. The Deligne-Simpson problem and the very good property. Let E be
a parabolic bundle over P* of weight type (D,w). Let ¢ = ((ij)1<i<ki<j<w;- A
(-parabolic connection on E is a connection V on the underlying vector bundle F
with regular singularities in D, such that

(Rese,V — (ij)(Eij—1) C By,
forall1<i<kand1l<j<w,.

Given semisimple conjugacy classes C1, ..., Cy of n-dimensional complex vector
space endomorphisms and an ordering on the eigenvalues of these conjugacy classes,
one can write a dimension vector «, where oyp = n and oy is the dimension of the
direct sum of the first j eigenspaces, for the above ordering on the eigenvalues. One
can also obtain a complex vector ¢ = ({;;) simply as the vector of eigenvalues for
Ci,...,Ck, counting multiplicity. For these ( and «, the (-parabolic connections
on parabolic bundles with dimension vector a over P! will have residues in the
conjugacy classes C, ..., Cjk.

Conversely, a (-parabolic connection on a parabolic bundle with dimension vector
a over P! determines semisimple conjugacy classes Cj,...,C), with ¢ being the
vector of eigenvalues (counting multiplicity), and «;; — a;;41 being the dimension
of the eigenspace for ¢;;.

Given the situation described in the previous two paragraphs, it follows that
semisimple conjugacy classes may be used to determine (not uniquely) a moduli
stack of parabolic bundles Bunp o (P'). Furthermore, the moduli stack of so-
lutions of the Deligne-Simpson problem may be defined as Connp i ¢ (P'), the
moduli stack of (-parabolic connections on parabolic bundles over P! of weight
type (D,w) and dimension vector a. By presenting Connp ., q.¢c(P') as a twisted
cotangent bundle over the moduli stack of parabolic bundles BunD’w,a(]P’l), we
prove the following theorem:
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Theorem 1.4.1. If Bunp o (P') is almost very good and Zle Z;”;l Gijlagj—1 —
;) is an integer, then Connp . q.c(P') is a nonempty, irreducible, locally complete

intersection of dimension 2p(a) — 1.
Theorem 1.4.1 and Theorem 1.3.1 give us the following corollary:

Corollary 1.4.2. If « is in the fundamental region, §(a) > 0, and we have
Zle 2211 Cij(aij—1 — ij) is an integer, then Connp y.a.c(P') is a nonempty,
irreducible, locally complete intersection of dimension 2p(a) — 1.

If the vector bundles underlying the parabolic bundles are trivial, then Theorem
1.4.1 may be used to obtain the following:

Theorem 1.4.3. If the conjugacy classes C; are semisimple, the corresponding quo-
tient stack PGL(c)\Fl(«) is very good and the eigenvalues of all the C; add up to 0,
then the space of solutions of the additive Deligne-Simpson problem for Cy, ..., Ck
is a nonempty, irreducible complete intersection of dimension 2-dim Fl(a) — a2 +1.

Applying Theorem 1.3.2 we obtain:

Corollary 1.4.4. If the conjugacy classes C; are semisimple, the eigenvalues of all
the C; add up to 0, « is in the fundamental region, and 6(a) > 0, then the space
of solutions of the additive Deligne-Simpson problem for C1,...,Cy is a nonempty,
irreducible complete intersection of dimension 2 - dim Fl(a) — a2 + 1.

We can obtain results similar to Theorem 1.4.3 and Corollary 1.4.4 for the multi-
plicative Deligne-Simpson problem. Indeed, let C1, ..., Cy be semisimple conjugacy
classes in GL(n, C). The Riemann-Hilbert correspondence provides an analytic iso-
morphism between the space of solutions to the multiplicative Deligne-Simpson
problem for C1, ..., and a certain moduli space of {-parabolic connections. This
is similar to the analytic isomorphism obtained for the moduli space of stable (-
parabolic connections in [16], [17], or [34]. We get the following;:

Theorem 1.4.5. If we have that the conjugacy classes C; are semisimple, the
corresponding moduli stack Bunp .o (P') is almost very good, and the eigenvalues
of all the C; multiply to 1, then the space of solutions of the multiplicative Deligne-
Simpson problem for C1,...,Ck is a nonempty, irreducible complete intersection of
dimension 2 - dim Fl(a) — o + 1 = 2p(a) + o — 1.

Applying Theorem 1.3.1 we obtain:

Corollary 1.4.6. If the conjugacy classes C; are semisimple, the eigenvalues of
all the C; multiply to 1, « is in the fundamental region and 6(a) > 0, then the
space of solutions of the multiplicative Deligne-Simpson problem for C1,...,Cy is
a nonempty, irreducible complete intersection of dimension 2-dim Fl(a) — a2 +1 =
2p(a) + a3 — 1.

Remark 1.4.7. In the above corollaries, §(«) is actually equal to the defect § that
appears in Katz’s middle convolution algorithm. Moreover, for the specific ordering
on the eigenspaces described above, the condition that « is in the fundamental
region reduces to 6(a) > 0. Therefore, §(a)) > 0 alone is sufficient to obtain the
properties for the space of solutions.
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1.5. Further Discussion. In our formulation, the Deligne-Simpson problem asks
whether there exist connections on P! with simple poles such that the residues lie
in prescribed conjugacy classes. It is also possible to ask a similar question for
connections with poles of higher order.

We replace the idea of a logarithmic connection on P' that has residues in pre-
scribed conjugacy classes with the more general one of a connection with irregular
singularities that has prescribed formal types. The notion of formal type (see e.g.
[1]) allows one to classify connections with irregular singularities based on their
restrictions to formal neighborhoods of points. Using this notion it is possible
to formulate a more general version of the Deligne-Simpson problem by asking
whether there exist connections with irregular singularities on P! with prescribed
formal types at a fixed collection of points D on P!.

Hiroe in [15] solves the “additive” version of this problem (when the connections
are on trivial vector bundles) by using Boalch’s quiver construction from [3]. This
approach, similar to what Crawley-Boevey does in [6] for the case of regular sin-
gularities, suggests that it is possible to apply the very good condition to obtain
certain geometric properties for the space of solutions to the irregular version of
the additive Deligne-Simpson problem. Moreover, it may be possible to generalize
representations of squids, in order to study the space of solutions to the general
version of the irregular Deligne-Simpson problem.

It would also be interesting to extend the result of Theorem 1.3.1 to other re-
ductive groups. By analogy with flag varieties, it is possible to define a parabolic
structure on G-bundles, when G is not GL(n,C), by specifying parabolic sub-
groups P; at each marked point z; € P'. Although there is no correspondence with
quiver representations for a general GG, it may be possible to modify Beilinson and
Drinfeld’s original proof of the very good property for Bung. A key part of their
argument consists of showing that the global nilpotent cone Nilp(G) (introduced in
[23] and [24]), the fiber over 0 in the Hitchin system, is Lagrangian (see [14]). One
can consider the parabolic analogue of the Hitchin system, which has its own global
nilpotent cone. It has been proved to be Lagrangian in specific instances, such as
for complete flags ([12], [32]) or rank 3 ([13]). However, the author is unaware of a
proof for the case of partial flags.

1.6. Acknowledgments. [ am extremely grateful to my advisor D. Arinkin for
his numerous comments, corrections, and explanations. I would like to thank P.
Belkale, A. Braverman, I. Cherednik, E. Frenkel, A. Goncharov, M. Kontsevich,
S. Kumar, Z. Lin, A. Polishchuk, L. Rozansky, J. Sawon, A. Varchenko for the
interest they have expressed in my work and for the useful discussions. I would
also like to thank W. Crawley-Boevey for clarifying the status of the multiplicative
Deligne-Simpson problem and inspiring much of the work seen here.

2. VERY GOOD PROPERTY

2.1. Definitions. Let ) be an equidimensional algebraic stack over C, and denote
by Aut(y) the automorphism group of y € Y. Let Y™ = {y € Y|dim Aut(y) = n},
which gives rise to a reduced locally closed substack of ). The following two
definitions come from [2]. We call Y good when:

codim Y" >n Vn >0,
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and we call it very good when:
codim Y" >n Vn > 0.

In the case when ) is smooth, being good is equivalent to the condition that
dim 7*Y = 2 dim Y, where T*) is the cotangent stack to ) (see [2]). Furthermore,
Y is very good if and only if T*)? is dense in 7*). Now, suppose there exists an
integer m > 0 such that for all y € ) we have dim Aut(y) > m. In this case, we
can see that ) cannot be very good.

Let m = min dim Aut(y) over all y € Y. We say Y is almost good if:

codim Y"™™ >n Vn >0,
and we say it is almost very good if:
codim Y™™ >n  Vn > 0.

2.2. The very good property and the inertia stack. In order to prove our
Theorem 1.3.1, we will need to reformulate the very good property in terms of
the inertia stack. Let Zy be the inertia stack associated with the stack Y, which
consists of pairs (y, f), such that y € Y and f € Aut(y). We will be using the
following lemma (see Properties of Algebraic Stacks in [33]):

Lemma 2.2.1. Let f: Xy — X5 be a flat morphism of stacks of finite type and let
r € X;. We have:

dimg (X)) f(p) = dim, &) — dim g,y &2,
where (X1) f(z) is the fiber over f(x).
Now, we can obtain:
Theorem 2.2.2. The stack Y is good if and only if dimZy < dim Y.

Proof. Let Z™ be the locally closed, reduced substack of Zy, consisting of objects
(y,g) such that dim Aut(y) = n. Furthermore, let f : Zy — ) be the canonical
morphism and let f, : Z™ — Y™ be its restriction to Z". By Lemma 2.2.1, we have
that:
dim Z" = n + dim Y".
Note that dim Z° = dim Y°. Now, suppose Y is good. This implies dim Z" <
dim Y for n > 0. By the definition of dimension, there exists an n > 0 such that
dim Z™ = dim Zy. It follows that dim Zy < dim ).
Now, suppose dim Zy < dim Y. We have that:
n+dim V" = dim Z" < dim ),

for all n > 0. Therefore, we obtain that codim Y™ > n for all n > 0, and ) is
good. O

From this theorem we can then obtain:
Corollary 2.2.3. The stack Y is very good if and only if dim(Zy — Z°) < dim Y.
Similarly, we have:

Corollary 2.2.4. Let m and I" be as before. The stack Y is almost very good if
and only if dim(Zy — [~ Z") < dim Y.
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Let X be a variety over C, and let G be an algebraic group over C, acting on
X. Counsider the quotient stack ) = g\X. For y € Y, we have that dim Aut(y) =
dim G, where G, is the stabilizer subgroup of a point € X corresponding to y.

If Y € X is a G-stable constructible subset, then we define the number of
parameters (see e.g. [4] or [5]) of Gon Y as

dimgY = max,{dim Y N X; + s — dim G},

where X; = {z € X|dim G, = s}.

We can easily see that the number of parameters for Y = X is simply the
dimension of the inertia stack associated to the quotient stack ). Therefore, by
Theorem 2.2.2, the good condition on G\Y is equivalent to

dimg X < dim X — dim G.

Similarly, we can apply Corollary 2.2.3 in order to obtain that ) is very good if
and only if
dimgX,, < dim X — dim G for all n > 0.

2.3. The very good property and the moment map. Let X be a smooth
algebraic variety over C with a semisimple complex group G acting on it. This gives
rise to a natural Hamiltonian G-action on the cotangent bundle T* X equipped with
the standard symplectic form. There is a moment map p : T*X — g*, defined by:

w(y)(€) = y(x(x)),

where g is the Lie algebra of G, y € Ty X, and {x is the vector field on X induced
by £ € g. It is clear from the above description that u is linear on each cotangent
space 1 X. Therefore, the image is a vector subspace of g*.

Lemma 2.3.1. The image pu(TFX) is the annihilator of g,, where g, is the Lie
algebra of the stabilizer of x € X under the action of G.

Proof. Let g+ be the annihilator of g, and consider ¢ € g,. For y € X, let
fy : G = X be the map that takes g € G to g -y. By definition,

Ex(x) = (dfi)e(),

where e is the identity element of G, so we have that {x(x) = 0. Therefore,
w(TFX) C g. We can compute the dimension of u(T;X) as

dim p(7;X) = dim T; X — dim ker p| . 5 .
Let V C T, X be the vector subspace spanned by x (z) for all £ € g. By definition,
ker fi| . y is the annihilator of V. Therefore, we have that
Tix = dim 7, X — dim V.

Note that g, contains all £ € g such that £x(x) = 0. It follows that dim V =
dim g — dim g,. Thus:

dim ker p

dim p(T7X) = dim g — dim g, = dim g,
and (T X) = g3 O

Note that the moment map is algebraic, so the fiber ;1 ~1(6) is a closed algebraic
subvariety of T* X for any 6 € g*. We are now ready to prove the following theorem:
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Theorem 2.3.2. If the quotient stack G\X is very good, then for any 6 € g* we
have that u=*(0) is a nonempty, equidimensional complete intersection of dimen-
sion 2dim X — dim G. Moreover, there is a bijective correspondence between the
irreducible components of u=1(0) and the irreducible components of X .

Proof. Let x € X and let m : T*X — X be the natural projection. By Lemma
2.3.1 we have that

dim p(n~*(2)) = dimg* — dim G,.
Let Xo = {r € X|dimG, = 0}. We have that 7=1(X,) N p~1(#) is nonempty.
Since G\ X is very good, then X is nonempty. Consequently, p is surjective, and
we have:

dim p~1(0) >=2dim X — dimG.
In fact, for every irreducible component I of u~1(#) we have that dim I > 2 dim X —
dim G.

Let p be the restriction of m to u~1(#) and let I be an irreducible component

of n=1(), as above. Since X is stratified by the dimension of the stabilizer of the
G-action, there exists an m > 0 such that

dim X —dim G +m = dim I — dimp(I).

If m > 0, by the very good property for the quotient stack G\X we have the
following:

2dim X —dim G > dim X —dim G + m + dimp(I) = dim I,

which is impossible by our previous estimate from below. In that case m = 0, and
dim/ = 2dim X — dim G. It follows that p~!(#) is an equidimensional complete
intersection of dimension 2dim X — dim G.

Let Z C X be an irreducible component of X. Since G\ X is very good, then X
intersects Z. Moreover, X is open in X, so Y := Z N Xy is irreducible and open.

We have that p~1(Y)) is irreducible in ~1(6), since Y is irreducible and the fibers
of p are isomorphic to CHmX . Tt follows that p~1(Y') must be contained entirely
in some irreducible component of p~1(#).

This means there is a correspondence between the irreducible components of
X and the irreducible components of p=1(#). Since X is smooth, its irreducible
components are disjoint, and therefore the correspondence is injective. It is also sur-
jective, because the above computation implies p~!(Xj) intersects each irreducible
component of u=1(6). O

We immediately obtain the following corollary:

Corollary 2.3.3. If X is irreducible and the quotient stack G\ X is very good, then
u=1(0) is a nonempty, irreducible, complete intersection of dimension 2dim X —
dim G.

Remark 2.3.4. If we assume the quotient stack G\X merely to be good, then
the result that p~1(f) is an equidimensional complete intersection of dimension
2dim X — dim G still holds.

Remark 2.3.5. Note that even if G is not assumed to be semisimple, then Lemma
2.3.1 still holds. Let X5 = {x € X|dim G, = s}. If the quotient stack G\ X is only
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almost very good for a given m, then Theorem 2.3.2 and Remark 2.3.4 still hold,
as long as (7~ 1(X,,)) contains 6, with the exception that

dim 1 (0) = 2dim X — dim G + m.
3. QUIVERS AND THEIR REPRESENTATIONS

3.1. Preliminaries. Before proceeding with the proof of Theorem 1.3.1, we will
consider the very good property for the quotient stack of quiver representations (in
coordinate spaces) by the change of basis action at each vertex. This example is
related to the special case of Theorem 1.3.1, when the vector bundle underlying
the parabolic bundles is trivial. We will largely follow the arguments outlined in
Section 6 of [4] and Sections 1-4 of [5], since his results imply ours.

Let @ be a finite, loop-free quiver, with vertices I and arrows Ag. Let Rep(Q, a)
= GaaeAQ Mat (v (a) X @(a), i) be the complex variety of its representations in the
standard coordinate spaces over an algebraically closed field K. The dimensions of
these coordinate spaces can be encoded as the dimension vector o = (a;)icr,- The
elements of Rep(Q, @) may be thought of as left modules of the path algebra R(Q).
The group G(«) = Hz‘eIQ GL(«;, K)/K* acts on Rep(Q, ) by change of basis at
each vertex i € Ig.

The Fuler-Ringel form is defined as follows:

(o, B) = Z if — Z 4 (a)Bh(a)-

i€lg a€Aqg

Let g(a)) = {(a, @) be the associated Tits quadratic form, and set p(a) = 1 — g(«)
following [4].

Recall that a dimension vector « is in the fundamental region if it is nonzero,
has connected support, and satisfies the following inequalities:

20 — Zajf ZO{[SO Vielg,

ai—j a:l—1
where the sums are taken over all arrows going into ¢ and coming out of 7.

The symmetrized Euler-Ringel form (-, -) defines a generalized Cartan matrix (see
[20] for details). Therefore, we can associate to @ a Kac-Moody Lie algebra and
consider a subset of the dimension vectors as roots of this algebra. The fundamental
region consists of integer points of —CV, where CV is the dual of the fundamental
chamber of the Weyl group associated with the Kac-Moody algebra.

3.2. The very good property for quiver representations. The contents of
this section largely follow Crawley-Boevey in [4] and [5]. Let @ be a finite loop-free
quiver, and fix o € Zlfo.

Let Ind(Q, 84, ..., ") be the G(a)-stable constructible set consisting of all
quiver representations that can be written as the sum of indecomposable represen-
tations of dimension types S, ..., B0, where a = 3", 3. Since Rep(Q, a) is the
union of all the Ind(Q, 3™, ..., (1), the following lemma holds.

Lemma 3.2.1. We have dimg (o) Rep(Q, a) = maz {dimg(q) Ind(Q, 8™, .., )},
where the mazimum is taken over all decompositions into indecomposables of di-
mensions SO, ..., B0,
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Note that by the Kac Theorem ([18] and [19]) the dimension vectors (1) ... 3"
are actually positive roots of the Kac-Moody algebra corresponding to Q. We can
now prove the following result (compare with Lemma 4.3 in [5]):

Theorem 3.2.2. Let one of the following hold:
(1) The mazimum in Lemma 3.2.1 is achieved for | = 1.
(2) The mazimum in Lemma 3.2.1 is achieved for I > 2, and for the corre-
sponding collection SV, ..., B4 we have p(a) > Zip(,@(i)).
Then the stack G(a)\Rep(Q, o) is very good.

Proof. The case when [ = 1 is discussed below. Assume the second case holds.
We have dimg(,)Rep(Q, @) = dimg(q)Ind(Q, 8L, ..., B1), for some p1), ..., g0
with [ > 2. By Lemma 4.3 in [5], we have

dimg(Ind(Q, 8V, 50) = 3" p(8®).

Now, dim Rep(@, @) = dim G(«) + p(«) and Corollary 2.2.3 imply that the very
good condition on Rep(Q, ) holds if dimg,)Rep(Q, ) < p(a). This, however,
is clearly true since dimg(q)Rep(Q,a) = >, p(BW), for the decomposition o =
X, 80, 0

Note that a key argument in Lemma 4.3 from [5] is the Kac Theorem, which
computes the number of parameters dimg (o) Ind(Q, @) = p(c). If I = 1 in Theorem

3.2.2, then the fact that G(a)\Rep(Q, «) is very good follows from Lemma 4 in
Section 6 in [4]. Thus, we obtain:

Theorem 3.2.3. Suppose « is in the fundamental region and p(a) > Zip(ﬁ(i))

for any decomposition o =), B into the sum of two or more dimension vectors,
then the quotient stack G(a)\Rep(Q, c) is very good.

Note that in the statement of the theorem it suffices for 5 to be roots of the
Kac-Moody algebra associated with Q.

3.3. Squids and Star-shaped Quivers. Let D = (z1,...,xx) be a collection of
points of P!, and let w = (wy, ..., wy) be a collection of positive integers. Consider
the following quiver @ p .-

1,1 eo  [L2] [, wi — 1]
- @~ e e = PY
€11
bO 0 C21 [2, 1] C22 [2, 2} [2, wg — 1}
o~ @~ @~ L L
by
- . . .
- o~ . s e - PY

[k, 1] cr2 [k, 2] [k, wr — 1]
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Recall that R(Qp..,) denotes the path algebra corresponding to the above quiver.
A squid (see e.g. [7]) is the following algebra:

Spw = R(Qpw)/{(Niobo + Airb1)ci },
where x; = (Ao : Ai1)-
e The part of Qp ,, consisting of the vertices {0, 00} and the arrows {bg, b1}
is called the Kronecker quiver.
e The quiver Q% , with vertex set I, , —{oo} and arrow set Ag,, , —{bo, b1}
is called a star-shaped quiver.
Note that we can identify representations of a star-shaped quiver with representa-
tions of the corresponding @p ., that have ao = 0. A representation of the Kro-
necker quiver is called preinjective if \gbg + A1by is surjective for all (Ag : A1) € PL.
A representation of Q) p ,, is called Kronecker-preinjective, if the corresponding Kro-
necker quiver representation is preinjective.

3.4. The cotangent bundle for squids. The cotangent bundle T*Rep(Qp ., &)
to the space of representations Rep(Qp .., «) may be identified with the space of
representations of the quiver @D’w pictured below.

C
[171] 2 [172} — [Lwl - 1]
[ ) - o e o o (]
C12
€22
[27 2} — [2711)2 - ].]
. o e o o (]
C22
Cr2
° ° « s s T——e
k1) e [k — [k — 1]

Recall from Section 3.3 that a squid representation is a representation of Qp
such that (\jobg + A\i1b1)cin = 0. Further recall that K.S(D,w,«) is the space of
Kronecker-preinjective squid representations, such that the arrows c¢;; are injective
(see Section 3.3 for details).

Squid representations form a closed subvariety of representations of @ p ,,. There-
fore, it follows T* K .S(D,w, &) may be identified with the quotient of Rep(Qp ,,, @)
such that:

e The maps by € Hom/(C®,C%) are taken modulo the relations \g;c1;4; =
0, where A; : C*> — C%ii are linear maps.

e The maps by € Hom(C%=,C) are taken modulo the relations Aj;c1;4; =
0.

e The maps ¢1; € Hom(C*, C*1) modulo the relations A;(Ag;bo+A1:b1) = 0.
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Recall from Section 3.1 that the group
G(a) = GL(ax, C) x GL(ag,C) x [ ] GL(a;,C)/C*
acts on Rep(Qp,w, ) by change of basis. This action induces a canonical Hamilton-

ian action of G(«) on T*Rep(Qp,w, ). Identifying Rep(Qp ,,, ) with its tangent
space at a point, the standard symplectic form on T*Rep(Qp w, ) may be written

as:
w(X, X' = Z tr(b;b)) — tr(bjby) + Z tr(ci;c;;) — tr(ci;éij),
1=0,1 1<i<k
1<j<w;—1

where X = (bo,bl,cw,bo,bl,cw) and X' = (b, b, ¢, 6, A’l,ééj) are cotangent vec-
tors. Recall that
Mat(a) = Mat(@eo, C) x Mat(ag, C) x HMat(ozij,(C).
ij

Using the trace pairing, we can identify Lie(G(«))* with

Mat(a)o = {(4;) € Mat(« Ztr = 0}.

Note that K.S(D,w, «) is invariant under the G (a) action, and the symplectic form
defined above descends to the cotangent bundle T* K .S(D, w, ). Therefore, we can
write the corresponding moment map as:

pc(a)(X)oo = bobo + b1by
fi(a)(X)o = Z cinéin — (bobo + biby)
1<i<k
NG(@)(X)Z'j = cij+léij+1 — éijcij where 1 S 7 S k and 1 S j S w; — 1 s
at the vertices oo, 0, and [i, j], respectively.
3.5. The very good property for star-shaped quivers. We can simplify the
staternent of Theorem 3.2.3 if the quiver we are considering is a star-shaped quiver

%.w» described above in Section 3.3. The indexing set for the vertices of Q% w18
IQ‘“S“ ={0}U{(%,5)]1 <i<k,1<j<w;_1}. This means a dimension vector of

a representation of Q3 , has the form a = (ag, ay).

Recall that d(a) = —2ap + >_; @i;. In the case of a star-shaped quiver, the
condition that a dimension vector « is in the fundamental region is equivalent to
the following inequalities:

d(a) >0
=205 + ajj—1 + i1 >0, for 1 <i<kand 1 <j<wi
(note that we assume «;g = «p, for all ). We wish to prove:

Theorem 3.5.1. Suppose §(a) > 0 and « is in the fundamental region, then the
quotient stack G(a)\Rep(Q% ,, @) is very good.

Recall from Section 3.1 that we can symmetrize the Euler-Ringel form, in order
to define a bilinear symmetric form on dimension vectors of quiver representations.
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For the quiver QF ,, this form can be written as:

k k w;—1
(0575) = 20980 — 250017:1 + Z Z 25@'0&1‘;' - Bijaij—l - @jaij-s-l,
i=1 i=1 j=1
where aq, = 0, cvjo = ap and where B, = 0, Bio = Bo. The associated Tits

quadratic can be expressed as:

1 1
g(a) = af — Z a1 + 5 Z ajy + Z Z 5 (g = @ijp)?,
1<i<k 1<i<k 1<i<k 1<j<w; —1

where a;,,, = 0 and ;0 = ap. Recall that p(a) = 1 —¢(«). Note that the Tits form
can be defined on real vectors instead of integer vectors. We distinguish the real
version from the integer version by writing ¢(x), instead of ¢(«), where z = (xo, z;;)
is indexed by Igs

To prove the theorem, it suffices to show that d(a) > 0 and « in the fundamental
region imply that p(a) > >, p(8(%) for any decomposition @ = >, 3 into the
sum of nonzero dimension vectors. However, before proving the inequality on p(«a),
we need several facts about the signature of g(x). Note that the signature will
consist of a triple (ny,n_,ng), corresponding to the positive index of inertia, the
negative index of inertia, and the nullity, respectively. It is easy to see that:

Proposition 3.5.2. Assume q(x) has rank n. On the (n—1)-dimensional subspace
defined by xo = 0, we have that q(x) is positive definite.

Corollary 3.5.3. Assume q(z) has rank n. The signature of q¢(x) can be (n,0,0),
(n—1,0,1), or (n —1,1,0).

The ordering on the elements of a, such that o;; 1 — ;5 > a5 — o541, together
with §(a) > 0, imply that « is in the fundamental region.

Proposition 3.5.4. Suppose 6(a) > 0 and « is in the fundamental region, then
pla) >3, p(BD), for any decomposition o = 3", BY into the sum of two or more

I,st
. 0
vectors in Zzo .

Proof. Note that the necessary inequality may be rewritten as

> a(B?) —qle) >1-1.
We proceed by induction on [. Consider the base case when [ = 2. In this case, we

prove that the inequality holds for o = 8 4 . We can directly compute

k k w;—1
(o, B) = Bo(2c9 — Zail) + Z Z Bij(20ij — qvij—1 — ajjy1) < 0.
i=1 i=1 j=1

Similarly, we obtain (a, ) < 0. By Corollary 3.5.3, signature of ¢(z) can be (n,0,0),
(n—1,0,1), or (n —1,1,0). Since g(a) < 0 it is (n — 1,1,0). Restrict g(z) to the
subspace spanned by « and 5. On this space the signature of ¢(x) is (1,1,0). By
the Gram-Schmidt process there is an orthogonal basis for this space containing a.
That means we can write

B =aa+d
v = aza + 02,
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where a; are nonnegative with a1 + a2 =1, §; + 62 = 0, (o, ;) = 0 and ¢(d;) > 0
(¢(;) = 0 only if 6; = 0), for all ¢. It follows that

a(B) +a(v) — q(a) = =(8,7) = —araz(a, @) = (61,602) > 1,
since the last sum is positive and —(3,~) is an integer. Therefore, we have (8, 3) >
(o, B) > (o, @) hence ¢(B) — g(a) > 0. Similarly, we also have ¢(v) — g(«) > 0.
We proceed by considering cases. Let us first suppose that ¢(8) # 0 and g(v) # 0.
We can assume without loss of generality that (o, ) < (a,7). We will suppose
(8,7v) = —1 and arrive at a contradiction. From the previous decomposition in the
orthogonal basis, we obtain that a; > as. Therefore,

(7,7) = a3(a,a) = (61,61) > araz(a, @) + (61,61) = —1,

and it follows that ¢(vy) > —3. Since ¢(7) is an integer we have ¢(y) > 0. Together
with ¢(8) — ¢(a) > 0 this gives us ¢(8) + ¢(v) — ¢(a) > 1, which is what we need.
Now suppose ¢(5) = 0. We have that

(/877) = (,8,06) = 60(2060 - Zail) + ZBU(QO%J — Q-1 — Olij_;'_l).

Since §(a) > 0, we have that 209 — >, ;1 < —1. Thus, for Sy > 2 and « in
the fundamental region we have —(3,v) > 1, contradicting our assumption that
(8,v) = —1. If By = 0, then we have

1 1
aB) = 5 DB+ Y Y 5 (Bij = Bij+1)? >0,

1<i<k 1<i<k 1<j<w;—1
for nontrivial 8. This contradicts the original assumption that ¢(8) = 0. If 5y = 1,
then we can show

1 2 1 2, 1 2
q(B) =1- Z ﬁi1+§ Z B+ Z Z i(ﬁij—,@ijﬂ) +§ Z Biv. >0,

1<i<k 1<i<k 1<i<k 1<j<v;—1 1<i<k

where v; is the maximal entry with 3;,, # 0. Indeed, the inequality is valid since
384 + 382, — Bin = 0. Again this contradicts the assumption that g(8) = 0. This
covers all of the possibilities for 5. A similar argument works if g(y) = 0. Hence,

in all cases ¢(8) + q(v) — g(a) > 1.
By induction we may assume that:

g(BY) + - +q(8Y) - q()

- q(ﬁ(l)) N q(ﬁ(i) + 5(1’)) _ (5(1')’5(3')) 4+ q(g(l)) —q(a)

>1-2- (89,89,
for any choice ¢ # j. Therefore, it suffices to prove that there exist differing
1 < 4,7 < [ such that (B(i),ﬂ(j)) < 0. Consider the the subspaces spanned by
a,B%. As in the | = 2 case, each such space has an orthogonal basis consisting
of a and a vector on which ¢(z) is positive. It follows that for each i we have
B9 = g;a + 6;, with nonnegative a; such that a; +---+a; =1, 6; +---+ 6, =0,
(o, 6;) = 0, and ¢(8;) > 0. Note that ¢(6;) = 0 only when §; = 0. Now fix g0%0). If
0;, =0, then 1 > a;, > 0. There is a jp # 4o such that

(ﬁ(i0)7ﬁ(j0)) — aioajo(m o) < 0.
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Otherwise, we have: ), (0;,d;,) = 0, so for some BU0) it is true that (044,95,) <O,
because (0;,,9;,) > 0. It follows that

(5(i0)7ﬂ(j0)) = Qo Ajy (0‘70‘) + (51'075]'0) <0.
So, Proposition 3.5.4 is proven. [l

Proof of Theorem 3.5.1. The theorem follows from Theorem 3.2.3 and Proposition
3.5.4. O

4. MoDULI OF PARABOLIC BUNDLES

4.1. Parabolic Bundles. In this section we will that the moduli stack of parabolic
bundles over P! is almost very good under some restrictions on the parabolic struc-
ture. Our proof resembles Crawley-Boevey’s arguments in [4] and [5]. However,
Kac’s theorem is inapplicable, and we replace it with an algebro-geometric result
that works in the case of nontrivial parabolic bundles.

Let X be a smooth complex projective curve, D = z1 + -+ + xx, and w =
(w1, ..., wg) be a collection of positive integers. It is possible to generalize the no-
tions such as “subbundle” or “morphism” from vector bundles to parabolic bundles
on X with fixed weight type (D, w) (e.g. [26]). We denote the subsheaf of mor-
phisms of parabolic bundles between F and E by #omp,,(F,E) C J#fom(F,E)
and the subsheaf of endomorphisms by &ndp,,(E) C &nd(E).

Note that sZompa, (F, E) and &ndpa, (E) are both vector bundles. Therefore, we
can compute the Euler characteristic of s omp,,(F,E) by applying the Riemann-
Roch theorem. Specifically, let E have dimension vector « and let F have dimension
vector 3. We obtain:

X(Hompa (F,E)) = By - deg(E) — ag - deg(F) — gaofo + (5, av),

where (8, @) is as in Section 3.1. Note that in the case when g =0 and F = E, we
obtain that x(&ndp.,(E)) = q(a).

4.2. The moduli stack of parabolic bundles over P'. Definitions and general
properties of algebraic stacks are given in Laumon and Moret-Bailly’s book [25].
We will view a stack as a sheaf of groupoids in the fppf-topology and an algebraic
stack as a stack with a smooth presentation by a scheme. We will use { ) to denote
a category in which the objects are enclosed by the brackets and the morphisms
are all isomorphisms.

As before, let X be the smooth complex projective curve. Fix the weight type
(D, w) as in Section 4.1. Let I = {0} U{(,/)1 <i<k,1<j<w;—1}, letdeZ
,and fix o € ZI>O, such that ag > a1 > -+ > @y, for all 4.

The stack of parabolic bundles of weight type (D, w), degree d, dimension type «,
over X is a functor that associates to a test scheme 7" the groupoid BundDﬂﬂ}a (T) =
<(E, Ei’j)1§i3k>, where

e F is a vector bundle on T x X,

® Elry(ey D EY' D - D BVl D EW = () is a filtration by vector
bundles,

e 1k(E) = ap and rtk(E™) = ayj,

o deg Elqyxpr =d forally € T

In the case when X = P!, we see that Bun%,w’a admits the following presentation
as an algebraic stack: U = [y (B, si,5)), where
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E is a parabolic bundle on X,

deg(F) = d and E has dimension vector «,
H°(E* ® O(N)) is generated by global sections,
s; is a basis for HO(E* @ O(N))*,

t; is a basis for HO(E* @ O(N — 1))*.

;5 is a basis for F;;

For X = P!, we will give a more detailed description of U in Section 5. Let
B := Bunp u,o(X) = [z Bun%,wﬂ be the moduli stack of parabolic bundles
of weight type (D, w) and with dimension vector a. We can use the presentation
above to turn this stack into an algebraic stack.

Note that Bunp 4 o(X) is smooth, and by Lemma 2.2.1 we can compute its
dimension as: dim Bunp 4 (X) = (g — 1)ad + o — ¢(a) = gad — q(«).

From now on, let X = P!. This means g = 0, and therefore dim Bunp .o (X) =
—q(a). Before proceeding with the proof of Theorem 1.3.1, we introduce serveral
other stacks, which we will refer to in the proof. The descriptions of these as
algebraic stacks may be easily obtained from the description of Bunp ..o (X). Let
P5 := PBunp ... (x) be the stack of pairs (E, f), where E is in Bunp , (X) and f
is its endomorphism.

Let 75 := Tpunp..,.. (x) be the inertia stack corresponding to Bunp .« (X). Note
that Peuny, ,, . (x) contains the inertia stack associated to Bunp ., (X) as an open
substack. That is, it contains the stack Zguy,, , . (x), consisting of pairs (E, ),
where E is in Bunp 4, o(X) and f is its automorphism.

Similarly, it contains the reduced closed substack A/ (D, w, a), consisting of pairs
(E, f), where E is in Bunp ,,«(X) and f is its nilpotent endomorphism.

4.3. Proof of Theorems 1.3.1 and 1.3.2. Let us define
d(e) =min ) " g(),

where the minimum is taken over all positive, finite decompositions a = >, ;. We
can summarize the properties of ¢(«) in the following obvious proposition:

Proposition 4.3.1. Let « and 8 be dimension vectors. For ¢(«), we have:

a) (o) < q()

b) 4(a+pB) < qla) +4(B)

¢) §(a) = q(a), if a is in the fundamental region.

Consider the two-element complex

C*: éandpar(W) — %OmPar(V7 W)a

induced by the inclusion of parabolic bundles 7 : V < W. This complex arises when
we consider first-order deformations of pairs (W, ), for a fixed V. It follows that we
can study the deformations of the pairs (W,4) by studying the hypercohomology
groups of C*.

Lemma 4.3.2. We have that H?(C*) = 0.

Proof. Consider the chain complexes
A®: 0 = Endpar (W)
B*:0— Hompay(V, W),
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which are nontrivial only in degree 1. Since 4 induces the obvious chain map, we
have an exact triangle A* — B®* — C*°, which gives rise to the long exact sequence
for hypercohomology
S HA(PY, A®) — H2(P', B*) — H?(P!,C*) — H3(P!, A®) — --- .
Since A® and B® are only nontrivial in degree 1, we have both that H2(P!, A®) =
HY (P!, &ndpa,(W)) and H? (P, B®*) = H (5 0omp.,(V, W)). We also obtain that
H3(P!, A®) = 0. Hence, it follows that we have the exact sequence
H' (P!, Endpar (W) = H' (A 0mpa, (V, W)) — H*(P', C*) — 0.
Therefore, it follows H2?(P!,C*®) is the cokernel of i* : H(P!, &ndp..(W)) —
H' (s ompa(V,W)). Applying Serre Duality, we obtain that H?(P!,C*) is iso-
morphic to the dual of the kernel of
HO (A omp.,(W, V)2 QY — HY(Endpa, (W) @ Q).

However, this map comes from the inclusion of J#ompy (W, V) — Endpar (W),
which is induced by i. Therefore, the map is injective, so the kernel is trivial. Thus,
H2 (P, C*) = 0. U

Let V be a parabolic bundle over P! and let Py = Py (D, w, a) be the algebraic
stack consisting of pairs {W,i : V. — W}, where ¢ is an inclusion of parabolic
bundles and W is a parabolic bundle of weight type (D, w) and dimension vector
Q.

Lemma 4.3.3. Either Py (D, w, ) is empty or we have
dim Py (D, w, o) = x(Homper(V,W)) — x(Endper(W)).

Proof. Assume that Py is nonempty. The dimension of Py is equal to the di-
mension of the corresponding tangent complex. We compute its dimension by
considering the deformations of (W,4) € Py. These deformations are governed by
the hypercohomology of the complex C'®, defined above. It follows that

dim Py = dim H'(P', C*) — dim H°(P', C*),
since H?(C®) = 0 by Lemma 4.3.2.

Let x(D*®) denote the Euler characteristic of the hypercohomology of a complex
of sheaves D*® and let A®, B® be as in Lemma 4.3.2. Since x(D*) additive on exact
triangles, we have that

X(C®) = x(B®) — x(4°).
Moreover, because x(B®) = —x (7 0omp.(V, W)) and x(A®) = —x(&Endpar(W)),
we can simplify this to

X(C*%) = x(Endpar(W)) — x (A ompar(V, W)).
By Lemma 4.3.2, dim Py = —x(C*). Thus,
dim Py = x(#ompar(V, W)) — x(Endpar (W)).
O

Let F, G be parabolic bundles over P!, and let g be an endomorphism of G. Let
D* be the following chain complex:

Hompa (G, F) = Homp,, (G, F),

where the connecting map is induced by g¢.
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Lemma 4.3.4. We can compute the following: dim H! (P!, D®*) —dim H° (P!, D*) =
dim HY(#ompa.(ker g, F)).
Proof. Since D*® consists of two copies of S#omp,,(G,F) we can see (by the argu-
ment from Lemma 4.3.2) that the Euler characteristic for hypercohomology is 0.
That is, we have:
dimH' (P!, D*) — dim H(P*, D*) = dim H?(P!, D*®).
By Serre duality, H?(P!, D*®) is isomorphic to H° for the complex
Hompar(F, G @ Qb)) — Hompa(F,G @ Q),
where the connecting map is induced by g ® Id. However, by definition, this is just:
HY (A ompa: (F, (ker g) ® Qp1)) = HO (A omp,,. (F, ker g) @ Qps ).
Applying Serre duality, we get:
dim H' (P!, D*)—dim H° (P!, D®) = dim H?(P!, D*) = dim H' (ompa.(ker g,F)).
O
We need the following key argument:
Theorem 4.3.5. We have the inequality dim N (D, w, ) < —g(a).

Proof. Let (E, f) be a point of N(D,w,a). Let F = ker f and G = E/F. We
wish to prove this theorem by induction on the rank of the vector bundle E (note
that this is ap in our notation). To that end, it suffices to prove that for all 5 we
have:
dim N3(D,w,a) < —g(a),
where Ng(D, w, ) is a substack consisting of objects (E, f) of N'(D, w, ) such that
the corresponding F belongs to Bunp ,, g(X). In order to accomplish this, consider
the morphism
¢ : Ng(D,w,a) = N(D,w,a — 3),
which is defined by sending (E, f) to (G, f|a) € N (D, w, a—f3), with corresponding
restrictions on the arrows. In this case, after applying the induction hypothesis, we
get
dim N3(D,w,a) < dim Ng(D,w,a), — §(a — f),

for some z = (G, g) € N(D,w,a — ). Now, we wish to compute the dimension of
the fiber X = N3(D,w,«),. Let F1 = ker g and let X’ = Pg, (D, w, ). In this
case, we have two morphisms 11 : X — Bunp ., 3(X) and 93 : X’ — Bunp 4, g(X),
where 11 sends the pair (E, f) to ker f and likewise 15 sends (F,i) to F.

The deformations of elements of the fiber Ay are governed by the hypercoho-
mology of the complex

Hompar (G, F) L #ompa. (G, F),
defined in Lemma 4.3.4. Therefore, by Lemma 4.3.4, we get that:
dim Xp = dim H'(Aomp,,(F1,F)).

Furthermore, since f induces an injective morphism ker f2?/ker f — ker f,
then the fiber Ay is nonempty. Therefore,

dim Xf = dim H°(A omp,,(F1,F)).
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Thus, dim Ay = dim A} — x(Hompa(F1,F)). We have dim & = dim X' —

X(Homp,,(F1,F)). So, we obtain
dim N3(D,w,a) < dim X' — g(a — B) — x(F€ompa(F1, F)).
It follows from Lemma 4.3.3 that dim X" = x(omp.(F1,F)) — x(Endpar (F)),
which means
dim Ng(D,w,a) < —x(Endpar (F)) — (o — B).
Since x(&ndpar(F)) = q(B) and §(«) < ¢(a — B) + ¢(8) (by Proposition 4.3.1 b)),
we can reduce this to
dim Np(D,w,a) < —q(B) +q4(8) — q(a).

The result follows from Proposition 4.3.1 a). g
<

Corollary 4.3.6. For « lying in the fundamental region, we have dim N (D, w, o)
—q(a). If, in addition, §(a)) > 0, then dim(N (D, w, a) — No (D, w,a)) < —q(a).

Proof. The first statement clearly follows from Theorem 4.3.5 and Proposition 4.3.1
¢). Now, let v be in the fundamental region and §(«) > 0. By the proof of Theorem
4.3.5,

dim N3(D,w,a) < —q(B) — ¢(a — B),
for all nonnegative § < a. If o # 3, then by Proposition 3.5.4, dim Ng(D,w, a) <
—q(a). 0

Let ¢ : P — A% be the morphism defined by sending the pair (E, f) to the
coefficients of the characteristic polynomial char(f) of f. We will need the following
lemma:

Lemma 4.3.7. There exists a decomposition into nonnegative dimension vectors

o= 22:1 5(1') such that dimPg = r + 22:1 dimN(D,w,ﬂ(i)),

Proof. Fix a point of € A®. This defines some characteristic polynomial z(t) =
(t—=A)™ (t—Aa)™2 -« (t—A)™. Consider (Pg)., the fiber of ¢ over z. The points
of (Pg), may be identified with pairs (E, f), such that f is an endomorphism of
the parabolic bundle E with char(f) = x(t). Therefore, E decomposes as

E = (Pker(f —1)™,

and the fiber (Pg), is isomorphic to [, P;. Here P; is the substack of pairs (E;, f;),
where E; is a parabolic bundle and f; is its endomorphism such that char(f;) =
(t — \;)™i. Since f; — \; is nilpotent, we can compute

dim P; = dim N(D, w, 31),
for some dimension vector () < a. Note that @ = f; + --- 4 (. Since ¢ maps

(Pg). to the subvariety consisting of polynomials with r distinct roots, we can
compute:

I
dimPg = r+ Y _dimN(D,w, ),
i=1
for some decomposition o = >_;_, ) into nonnegative dimension vectors. O
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Proof of Theorem 1.2.1. Suppose r = 1 in Lemma 4.3.7. That is, the decomposi-
tion of a contains only one summand. Since N, (D, w,«) may be interpreted as
pairs (E, f), where E is a parabolic bundle and f is the zero endomorphism, we
have by the proof of Lemma 4.3.7:

1
dim(Zz - [[7') < dim(N(D,w, @) = No(D, w, a)).
i=0
Therefore, by Corollary 4.3.6 and Corollary 2.2.4, Bunp ., o(X) is almost very good.
Now, suppose r > 2 in Lemma 4.3.7. In this case, by Proposition 3.5.4, Lemma
4.3.7, and Corollary 4.3.6, we have that:

dimZg = dimPs < Y_ p(87) < p(a).

i=1
Therefore, dimZp — 1 < dimBunp u,q(X). It follows from Corollary 2.2.4 that
Bunp .o (X) is almost very good. O
Proof of Theorem 1.3.2. This is an obvious consequence of Theorem 1.3.1. O

5. QUIVERS AND PARABOLIC BUNDLES

5.1. Moduli functor: parabolic bundles and squids. In this and the next
section, we will use ( ) to denote the isomorphism class of the collection of enclosed
objects. All the schemes we consider from now on will be schemes of finite type.
Let

p:TxgPl =T 7:T xg Pt = P!

be the two natural projections. Let (D, w) be a parabolic bundle weight type (see
Section 1.3). Let 22(D,w) be the category of vector bundles E over T x x P! such
that E*|{x}><]p1 is generated by global sections for all z € T, together with filtrations
Elrgizy =E"° D E" >... D E"i =0,

for 1 <i < k. The morphisms of &(D,w) are vector bundle morphisms such that
map filtrations to each other. We can think of Z(D, w) as the category of families
over T of parabolic bundles of weight type (D,w) over P!, such that the dual to
the underlying bundle is generated by global sections.

Let V and W be vector bundle over 7', and let ¥y, ¥; be morphisms of vector
bundles from V to W such that on every fiber over x € T all linear combinations
XoWo(z) + AUy (z) for (Ao : A1) € P! are surjective. Let Vi; be vector bundles over
T,for1<i<kand1l<j<w; —1 Let Cj :V;; — Vsj—1 be injective morphisms
of vector bundles such that (AjoPo(x) + A1 P1(2))Cs1(x) = 0 in the fiber over each
x € T, where x; = (Mo : Aj1) and Vip = V.

Let .7 (D, w) be a category where objects are collections (V, W, V;;, ¥o, ¥1, Cj;).
Morphisms between (V, W, V;;, ¥, ¥1,Cy;) and (V' , W', V,;, ¥, ¥, ;) consist of
collections (f, g, h;j) of vector bundle morphisms

f:v=V

gW =W )

hij : Vij — Vij'
such that:

goV¥y = \I/E) of
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goV¥, = \Illl of

hij,loCijo;johij forl<i<kand2<j<w;—1
fo ilzcglohil for1 <i<k.

Note that the objects of (D, w) are families of Kronecker-preinjective squid rep-
resentations but not necessarily in coordinate spaces. By an argument analogous

to Lemma 5.5 in [7] we obtain:
Theorem 5.1.1. The categories (D, w) and .#(D,w) are equivalent.

Let us define a functor F(T), from the category of schemes over K to the category
of sets as FI(T) = ((E,E™,s,t,1;;)), where
e F is a vector bundle on T x P!,
p«(E*(N)) and p.(E*(N —1)) are trivial vector bundles,
s QN Teotes 0, (BY(N)),
t: QN ~ p (E*(N 1)),
Elrsiz,y D Ebl 5 ... o Ehwisl 5 Bhwi — () are filtrations by trivial
vector subbundles of fixed ranks rk £/ = ay;,
® T4t O;U >~ Ei’j.
Here, E*(N) = E* @ 7(O(N)). We have the following:

Theorem 5.1.2. Let o = (Nag + oo, (N + 1)apg + oo, @ij). The functor F is
representable by the scheme KS(D,w, ™).

Proof. Fix a test scheme T and let z; = (Ao : \i1). By Theorem 5.1.1, F(T)
defines a family of elements of K.S(D,w, «) over T. Therefore, we have a morphism
T — KS(D,w,«). Conversely, given a morphism 7' — KS(D,w, ), by Theorem
5.1.1 we have an element of F/(T).

We can now define a pair of natural transformations:

nr : F(T) — Hom(T, KS(a))
pr : Hom(T, K S(a)) — F(T),
between the functor F and the functor of points K S (D, w, «) corresponding to

KS(D,w,a). It follows from construction that nr and pr are mutually inverse.
Therefore, the functors are isomorphic, and KS(D,w, «) represents F'. O

6. APPLICATION TO THE DELIGNE-SIMPSON PROBLEM

In this section, we wish to relate the almost very good property for the moduli
of parabolic bundles to the space of solutions to the Deligne-Simpson problem.

6.1. Logarithmic Connections and Squid Representations. Let X = P!,
let D =1+ -+ 4 x, and w = (wy,...,wg) be a collection of positive integers.
Recall from Section 5.1 that KS(D,w,a) parametrizes parabolic bundles over P!
together with some rigidity conditions. Let ,ug,ga)(GN ) be the fiber of the moment
map described in Section 3.4 over

0N = (N+1+ > Gi,—N—= > GG —Gizy- 5 Giw—1) € Mat(a™)o.

1<i<k 1<i<k
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Note this is well-defined for ¢ coming from a parabolic connection with vector
bundle of degree —aq, since tr(0V) = ay — Zle Z;“U:ll Gij(aij—1 — a;5) = 0 by
Remark 6.1.3.
Let us define a functor L¢(T'), from the category of schemes over C to the category
of sets as L¢(T) = <(E, E s, t,1j, V)>, where
e F is a vector bundle on T x P!,
e p.(E*(N)) and p.(E*(N —1)) are trivial vector bundles,
o 5: ONTITe o (BY(N)),
o t:ONwtae ~p (B*(N — 1)),
¢ Elryiz,y D Ebl 5 ... o phwisl 5 Bhwi — () are filtrations by trivial
vector subbundles of fixed ranks rk E*J = ay;,
® Tyt O;ij >~ Ei’j,
e V:E— E®n*Q (log D) is a C-linear morphism of sheaves,
o V(fs)=s®@df + fV(s) for s a section of E and f a section of 7*(Op1) C
(9T><]P’1 )
o (Resy,V — ¢y - 1d)(E* 1) € E%, where E“? = Elry (4,3}, and Res,, V =
V‘TX{L}
Here, E*(N) = E*®@7*(O(N)), and 7 and p are defined at the beginning of Section
5.1.

Theorem 6.1.1. The functor L; is represented by uaéa)(HN).

Proof. Let Le(T) = (E, B, s,t,7;;, V). We know that by Theorem 5.1.2 the func-
tor F is representable by the variety K.S(D,w, ). Let F(T) = (E, E™,s,t, 7).
Note that the natural pairing with the vector field d% on P! defines the C-linear
morphism
V:i : E* — E*(D),

satisfying the Leibniz rule, where E*(D) = E* @ 7*O(D) (we regard D as the
divisor 1 4 -+ + x). Further note that this morphism uniquely determines V.
We have that V 4 induces the morphism E*(N) — E*(N)(D). In fact, it induces

a morphism B : E‘*(N) — E*(N —1)(D). From B we obtain a C-linear morphism
B : p.(B*(N)) = pu(E*(N = 1)(D)).
Similarly, from Vz% : E — E(D), we obtain

B’ : po(E"(N)) = p«(E*(N)(D)).

Let Wo, Uy : p(E*(N))* — p.(E*(N — 1))* be the morphisms induced by the two
inclusions E*(N — 1) < E*(N) (corresponding to multiplication by the two global
sections 1 and —z of #*(O(1))). Analogous to Section 5 in [7], ker(Ag; Wo+A1;¥1) =~
E|7x{z,}- Therefore, Res,,V defines the maps

C’il = (Resxiv — Cil . Id) : keI‘(/\Oi\Ifo + )\17;\111) — Ei’l
Cij = (Resy, V — CGij - 1d)|giy1 : B 5 E% for 1 <i<kand2<j<w; — 1.

We can extend Cj; to p.(E*(N))*. Note that any two such extensions differ by a
morphism that sends ker(Ao;¥o+A1;¥1) to 0. Therefore, it has the form A;(Ao; ¥+

A1;¥1) for some A; : p.(E*(N —1))* — E®!. Fix such an extension Cj; for
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each 1 < i < k. We can now define two morphisms of vector bundles: BO,B’l :
px(E*(N — 1))* = p.(E*(N))* in the following way:
By=N-1d-B - Y T (CiCh + G- 1d)
1<i<k ©
N ~ 1 N
Bf=_B— £O% 4+ (o -
; > 5 (CiCh+ G 1d),
1<i<k
where C;j; : B — E“T! are as defined in Theorem 5.1.1, and z is the standard
coordinate on P'. Note that By, B; are well-defined by the construction of Cij.
We can see that By (respectively B%) depends on the choice of extension in the
construction of Cﬂ However, any two such choices differ by A;(Ao; %o+ A1:¥1), so
any two B, (respectively Bo) obtained in this way differ by
> CaAi(Moio + Ail).

1<i<k

By the Leibniz rule we have [3, U§l =0 and [B, U3] = —Id. Also, note B = —UiB
and C} (z; U5 + ¥7) = 0. Therefore, we have:

R R _ N 1 .
(WoBo + W1 B1)" = (N -1d — B')¥g5 — B — Z (_7% HCH) (@95 + V7)
1<i<k v

1<z<k 1<z<k
=(N+1+ Z ¢ - 1d),
1<i<k
and
Y ChCh = (Bo%o+BiW)" = > CiChH— > (CRCH + G - 1d)
1<i<k 1<i<k 1<i<k
~W(N-1d=B)+¥iB=(-N- Y ¢1)-1d

1<i<k
Furthermore, we have:
Cij+1é7;j+1 - C’ijCij = (CZ] - Cij+1) Id, where 1 S 7 S kand 1 S j S w; — 1.

Since BO,Bl,C'Z-j vary algebraically with the points of T', then the family L¢(T)
defines a morphism f : T — pug,) (6™) by construction.

Conversely, given a morphism f : T — u(_;%a)(GN ), we get the corresponding
morphism T — KS(D,w,a). Therefore, from the proof of Theorem 5.1.1 (see
Section 5.1) we get a collection F(T) = (E,E",s,t,7;;). Moreover, f defines
the family (V, W, V;;, ¥o, ¥1,C;;) of elements of KS(D,w,a), as well as families
of morphisms Bo,Bl : W — V and C’ij : Vi; — Vij+1. Note that we have that
Y~ p, (E*(N))* and W ~ p, (E*(N —1))*. From the construction of By above, we
obtain: ~

B:p(E*(N)) = p«(E"(N = 1)(D)) <= p.(E*(N)(D)).
Since E*(N) is generated by global sections, we can use the Leibniz rule to extend
B to a C-linear morphism of vector bundles B : E*(N) — E*(N — 1)(D) that
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satisfies

B(fs)=5® U 4 fV(s)

for s a section of E*(N) and f a section of 7*(Op1). We can further obtain a
C-linear morphism V. : E — E(D) that satisfies the Leibniz rule. This is the

same as defining the Cllinear morphism
V:E — E®n*Qpi(log D),
which satisfies the Leibniz rule.

Note that we have Cii|xer(xg; wo+r1,%1) = VITx{a;} — Gi1 - Id. By Theorem 5.1.1
we have Vij = Ei’j. Therefore, Cij+1éi]‘+1 — (:‘ijC'ij = (Cij — Cij—H) -Id implies
that (Res,,V — ¢;; - 1d)(E%~1) c E™. Thus f: T — ,uaéa)(@N) defines the family
LC(T) = (E, Ei’j, S, t, Tij7 V)

The above constructions define a pair of natural transformations:

07t Le(T) — Hom(T, pgy(,, (6V))
pr : Hom(T, pig,\ (6™)) — Le(T),
between the functor L. and the functor of points ,ua(la) (6N) corresponding to

M&za) (9N ). Tt follows by construction and Theorem 5.1.1 that nr and pr are mutual

inverse. Therefore, the functors are isomorphic, and ,uaéa)(HN ) represents Le. O

Remark 6.1.2. We can follow the proof of Theorem 6.1.1 in order to obtain that
”E:za) (0) is a moduli space parameterizing parabolic Higgs bundles over P! together
with rigidity. This is natural, as parabolic Higgs bundles constitute the cotangent
stack to the moduli stack of parabolic bundles, and (-parabolic connections consti-
tute the twisted cotangent stack to the moduli stack of parabolic bundles.

Assuming the conventions from Section 4.2, we have the following: the stack of
¢-parabolic connections on parabolic bundles of weight type (D, w) and of dimen-
sion type a over X is a functor that associates to a test scheme T the groupoid
Connp u,ac(T) = <(E,Ei’j, V)1§i§k>, where

e F is a vector bundle on T x X,

® Elry(sy D E¥ D - D EVwitl D EBW = () is a filtration by vector
bundles,

e 1k(E) = ap and rtk(E™) = ayj,

o V:E — E®n*Q4(log D) is a C-linear morphism of sheaves,

e V(fs)=s®@df + fV(s) for s a section of E and f a section of 7*(Op1) C
OTX]Pl )

o (Resy,V — (5 - 1d)(E*7~1) € B, where E"? = El|py(4,}, and Res,,V :=
VT iz}

Remark 6.1.3. Note that if a (-parabolic connection V exists on a parabolic
bundle E of weight type (D, w) and dimension vector « over X, then

k k w;
Ztr(ResxiV) = ZZ Cij(aijfl - Oéij) = —deg E.
i=1

i=1 j=1
Therefore, fixing { automatically fixes d = deg F.
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Set d = —aeo, & = (oo + N,00 + g + N, ), and 0V as in Theorem
6.1.1. By Theorem 6.1.1, we have that U = HNEZZO ,uaza)(HN) is a presentation
for the algebraic stack Connp 4 a,c(X). In fact, there exists an N € Zx( such that
/‘Eza) (6NV) is a presentation for Connp 4 o.¢(X). Indeed, if a (-parabolic connection
exists on parabolic bundle E, then the width (the difference between the maximal
and minimal line bundle degrees in the Grothedieck Theorem decomposition of E)
of E is bounded (this follows, for example, from Theorem 7.1 in [7] and Lemma 1
in [8]). Therefore, for a fixed (, there is a single N such that E*(N) is generated
by global sections. This implies the statement we need.

Proof of Theorem 1.4.1. Let ay = —d = Zle E;”;l Gij(eij—1 — ;). Note that
the stack BundDm,,a (X) admits the presentation U = [[ ;. KS(D,w, ™), where
aV = (aoo+N, ac+ag+N, a;j). Since KS(D,w, o) is irreducible for each N and
the fibers are products of general linear groups, then Bun%)wﬂ(X ) is irreducible.
It follows that the irreducible components of Bunp , o(X) are the Bun%’w’a(X).
Let OV be as in Theorem 6.1.1. Fix N > 0 such that ,ua(la)(ﬁN) is a presenta-

tion for Connp ya,c(X). If Bunp , o(X) is almost very good, then BundDﬂU’a(X)
is almost very good for each d. Consequently, we have that the quotient stack
G(aM)\KS(D,w,a™) is very good.

By Corollary 2.3.3, we have that ,ua%a)(@N ) is nonempty, irreducible, complete
intersection of dimension

dim 2(G(a) + p(a)) — dim G(a) = 2p(a) + dim G(c).

It follows that Connp a,c(X) is a nonempty, irreducible, locally complete inter-
section of dimension 2p(a) — 1. O

Proof of Corollary 1.4.2. This instantly follows from Theorems 1.3.1 and 1.4.1. O

Remark 6.1.4. Let (1, ..., Cy be semisimple conjugacy classes of endomorphisms
of E;,...,E,,, respectively. We may interpret ConnD,w’a,C(X) as the moduli
stack of solutions to the Deligne-Simpson problem.

Indeed, a solution of the Deligne-Simpson problem is a connection V on a vector
bundle E over P!, with regular singularities in D such that Res,,V € C; for all x; €
D. This determines a dimension vector o = (a, @;;), where og = rk E and «;; =
rk (Resz, V—(;;-1d) is the dimension of the direct sum of the first w; —j eigenspaces
of C; ordered from least to greatest, and a vector of eigenvalues ( (accounting for
multiplicity). Therefore, V is a (-parabolic connection on a parabolic bundle with
underlying vector bundle F, weight type (D, w), and dimension type .

Conversely, any parabolic (-connection in Connp q o,¢(X) has residues lying in
the conjugacy classes C; with eigenvalues in ¢ (accounting for multiplicity), and
eigenspaces ordered from least to greatest of dimensions a;.

Remark 6.1.5. Note that the above remark is a special case of Theorem 2.1 in
[7]. In general, this theorem implies that a regular singular connection V on P! is
a (-parabolic connection if and only if its residues lie in the closures of conjugacy
classes defined by (.
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Therefore, if we relax the conditions in the statement of the Deligne-Simpson
problem to allow solutions to lie in conjugacy class closures (rather than the con-
jugacy classes themselves), we may interpret Connp , o,c(X) as the moduli stack
of solutions.

6.2. The very good property and the additive Deligne-Simpson prob-
lem. Recall from the Introduction that the additive Deligne-Simpson problem asks
whether there exist matrices Ay, ..., Ax in prescribed conjugacy classes C1,...,Cy
such that A; +---+ A = 0.

Let Cy,...,C) be conjugacy classes of matrices in ,,(C). We denote by

ADS(Cl,...,Ck) = {(Al,,Ak) e(Cy X+ X% Ck|A1++Ak :0}
the algebraic subvariety of solutions of the additive Deligne-Simpson problem in
Cix-xCy.
Recall from section 3.3 that Rep( %71070() is the space of star-shaped quiver
representations. Let RI( gw,a) C Rep(ng,a) consist of representations for

which the maps associated to ¢;; are injective. The group G(«) acts on both
RI(QF ., @) in the usual way.

Lemma 6.2.1. The quotient stack G(a)\RI(Q, ,, ) is very good if and only if
PGL(a, C)\Fl(a) is very good.

Proof. Note that there is an action of the subgroup H(«) =[], ; GL(w ;) C G(a)
on RI(Q% ,,a) induced by the action of G(). Furthermore, the space Fl(a)

is obtained as a quotient of RI(QF ,,) by this action. Clearly PGL(ag,C) =
G(a)/H(a). The lemma statement follows. O

We are now ready to prove that the very good property for the quotient stack
PGL(, C)\Fi(«) implies that ADS(C4,---,C) is nonempty, irreducible, and a
complete intersection of dimension 2 dim Fl(a)—ad+1, as long as tr(A;+- - -+ Ag) =
0 for A; € C;.

Proof of Theorem 1.4.3. By Lemma 6.2.1, G(a)\RI(Q% ,,, @) is very good. There-
fore, by Corollary 2.3.3, we have that ua(la)(QN ) is a nonempty, irreducible, com-
plete intersection of dimension 2dim RI(Q ,, @) — dim G(a).

From the proof of Lemma 6.2.1 we have that Fl(«) is the locally trivial quo-
tient of RI(Q% ,,, @) by the group H(a). Moreover, by Theorem 6.1.1 we see that

the locally trivial quotient ,ua%a)(GN)/H(a) is isomorphic to ADS(Ch,...,Ck). It

follows that ADS(C4,...,C%) is a nonempty, irreducible, complete intersection of

dimension

2dim RI(QF . a) — dim G(a) — H(a) = 2p(a) + af — 1 = 2dim Fl(a) — o + 1.
O

Remark 6.2.2. Note that the dimension formula dim ADS(C1, ..., Cy) = 2p(a) +
a2 — 1 is similar to the formula given in Theorem 1.2 of [5].

If 6(a) > 0 and we assume that the eigenvalues of C1,...,Cy are ordered as in
Section 6.1, then we obtain that « is in the fundamental region.

Proof of Corollary 1.4.4. This follows from Theorem 1.3.2 and Theorem 1.4.3. [
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6.3. The very good property and the multiplicative Deligne-Simpson

problem. The multiplicative Deligne-Simpson asks whether there exist matrices

Ay, ..., Ay in prescribed conjugacy classes Cf,...,C such that A; --- A = Id.
Let Cy,...,C) be conjugacy classes of matrices in GL(n,C). We denote by

MDS(Cl,‘..,Ck) = {(Al,,Ak) eCy X - XCk|A1A2Ak:Id}

the algebraic subvariety of solutions of the multiplicative Deligne-Simpson problem
mC; x - xCy .

Instead of using the moduli space of (-parabolic connections defined in Section
6.1, we will introduce a different moduli space, representing the following functor:

Let E be as in Section 6.1, and let y € P'. Let us define a functor ng(T), from
the category of schemes over C to the category of sets as L¢(T) = ((E, E*,r,V)),
where
E is a vector bundle on T x P,

E|ryxqyy is a trivial vector bundles,
T E‘Tx{y} ~ O?«O,
Elrx{z;y O Ebt o ... o Ehwitl 5 Fbwi — ( are filtrations by vector
subbundles of fixed ranks rk E*J = Qi
V:E — E®r*Q, (log D) is a C-linear morphism of sheaves,
V(fs)=s®df + fV(s) for s a section of E and f a section of 7*(Op1) C
(QTX]P>1 )

o (Resy,V — (i - 1d)(E*7~1) € B, where E"? = El|py(4,}, and Res,,V :=

VT iz}

Similar to Theorem 6.13 in [30] and Section 4 in [29], it follows that the functor
EC is representable by a quasiprojective scheme. We will denote this scheme by
RDR(D7 w,y, «, C)

We need one more concept, in order for the Riemann-Hilbert correspondence to
establish a well-defined analytic isomorphism between Rpr(D,w,y,«, () and the
space MDS(Cq,...,Ck). A transversal to Z in C is a subset T' C C such that
t — exp(—2my/—1t) bijectively maps T to C* (see e.g. [7]). We will henceforth

denote T = (T1,...,Tk) is a collection of transversals.
Assume that Cy, . .., Cy are semisimple. Let 7 = (7;;) be the vector of eigenvalues
(counting multiplicity) for the conjugacy classes Cq,...,Ck. Fix a collection of

transversals T, and let ¢ be defined by 7;; = exp(—2mv/—1(;;) such that ¢;; € T;.
The multiplicities of the eigenvalues 7 define a dimension vector a as in Remark
6.1.4. Fix some D = (z1,...,z;) and y € P! such that y ¢ D.

Theorem 6.3.1. The Riemann-Hilbert correspondence establishes an isomorphism
of analytic spaces between Rpr(D,w,y,a,() and MDS(Cy,...,Cf).

Proof. Let (E,r,V) € Rpr(D,w,y, «, () be a triple consisting of a parabolic bundle
E, a (-parabolic connection on E, and a trivialization r of the fiber F,. We have
the following map:

RH : RDR(D71U,y,Oé,<) - MDS(ClaaCk)
(E,T,V) = (py(al)’ s 7py(ak))7

where p, : 1 (P* — D,y) — E, ~ C* is the monodromy representation defined by
the pair (E, V) under the Riemann-Hilbert correspondence, and a1, ..., ay are the
loops at base point y around the punctures x;. This map is well-defined.
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Indeed, 71 (P* — D, y) is the group freely generated by the loops a;, satisfying
the relation aq ---ax = 1. Therefore, for the corresponding monodromy operators
satisfy py(ai1) - - - py(ar) = Id. Furthermore, it is a well-known fact (see e.g. Lemma
6.2 in [7]) that p,(a;) is conjugate to exp(—2my/—1Res,,V) if V is a (-parabolic
connection with ¢ as defined above. Therefore, by construction, py(a;) € C;. Since
>_i; Gij = —deg E is an integer, then [],; 7;; = 1. If the pair (E, V) is defined by
complex analytic parameters, then the local system corresponding to this pair, and
the monodromy operators p,, depend analytically on these parameters. It follows
that RH is analytic.

The Riemann-Hilbert correspondence provides the map RH with a well-defined
inverse, sending the k-tuple of monodromy operators (py(ai),...,py(ax)) to the
corresponding triple (E,r, V). As above, we can see that the inverse is complex
analytic. Therefore, RH is an analytic isomorphism between Rpr(D,w,y,,()
and MDS(Cy,...,Cg). O

Proof of Theorem 1.4.5. There is a smooth, representable morphism
Rpr(D,w,y,,¢) = Connp u,a.c(X),

defined by forgetting the rigidity condition on Rpgr(D,w,y,a,(). It is therefore
easy to see that Rpr(D,w,y, «, () is an irreducible, complete intersection of dimen-
sion 2p(a) + a3 — 1. By Theorem 6.3.1 there is an analytic isomorphism between
Rpr(D,w,y, o, () and MDS(Cy,...,Ck). It follows that MDS(Cy,...,Ck) is a
complete intersection of dimension 2p(a) + o — 1. Since the smooth locus of
Rpr(D,w,y,a,() is irreducible, it is connected. Therefore, the smooth locus of
MDS(Ch,...,C%) is also connected. Thus, MDS(C4,...,Cy) is irreducible. O

As before, if we assume an appropriate ordering on the eigenvalues of C1, .. ., Cy,
then « is automatically in the fundamental region.

Proof of Corollary 1.4.6. This follows immediately from Theorems 1.3.1 and 1.4.5.
O
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