THE ASYMPTOTIC EXPANSION OF A HYPERGEOMETRIC SERIES
COMING FROM MIRROR SYMMETRY

KHOSRO M. SHOKRI

ABSTRACT. In this paper we give a description of the coefficients of the asymptotic ex-
pansion of the logarithmic derivative of a family of hypergeometric series. This family
plays an important role in the computation of the reduced genus one Gromov-Witten in-
variants of projective hypersurfaces and the confirmation of Bershadsky, Cecotti, Ooguri,
Vafa (BCOV) conjecture for genus one Gromov-Witten invariants of a generic quintic
threefold by Zinger.
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1. INTRODUCTION

In [14] Zinger considered the hypergeometric series

00 r=nd
1 F(w,2) = Fo(w,z) =Y 24 I (nw + 1) ,
W (0 = 2000 2) = 2 e e —

which is a deformation of the well-known hypergeometric series,

2) Fl@) = Fa@) =3 ng?,f o,

d=0

n €N

namely, the holomorphic solution of the Picard-Fuchs equation of a certain family of
Calabi-Yau manifolds. The case n = 5 is the most interesting one, because of its appli-
cation in string theory, especially in the prediction of Gromov-Witten invariants (GW-
invariants). The idea of computing GW-invariants using some explicit series goes back
to [3]. In that paper the authors made a conjecture for computing the genus zero GW-
invariant in terms of the Frobenius basis of the differential equation satisfied by Fs(x).
This was proved independently by Givental [5], Lian, Lie and Yau [7]. The BCOV con-
jecture [2] is concerned with the genus one case which is confirmed by Zinger. To prove
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this conjecture Zinger first introduced a notion of reduced GW-invariants and found the
following relation

1

(3) Nig—N)g= 2

No.d,
where Ny 4 (9 = 0,1) are the standard genus g GW-invariants of degree d and Nﬁd is
the reduce one [13]. Then in [14] using deformation (1) he succeeded to compute N{ ; for
hypersurfaces. In particular for the quintic case the BCOV conjecture follows from (3).
To compute NV ,, Zinger needed the behavior of F(w,z) at w = co. In [12] the authors
have shown that F (w, z) has a perturbative expansion

(4) F(w, z) ~ M@ Z@ 5 (w — 00),

or in other words for fixed z, log F(w,z) = O(w). Thanks to this expansion they have
shown that

(5) () = /0 LWl s = L),

where L(z) = (1 — n"z)~Y/™. After this, with an ordinary differential equation they have
given an inductive method to find all @, which according to Zinger may be needed for
computing higher-genus GW-invariants of hypersurfaces.

Unfortunately this method is not useful in practice, because for each ®4, one has to solve a
complicated non homogeneous differential equation and the complicity goes up with s. On
the other hand the first few terms do not give any idea about the general behavior of ®.
But surprisingly when we take the logarithmic derivative of this perturbative expansion,
we get a quite simpler formula which has been experimentally conjectured in [12]. The
first goal of this article is to prove this conjecture and give a recursive formula for the
coefficients. More precisely we prove the following theorem.

Theorem 1.1. Let F(w,z) = Yooro Ds(x)w™°, where O are defined in (4). Then
(1) we have

o) 1 o= Py(
(6) ma—log}"wx nsz: wLS’

where X = (1 —n"z)~', L = X'/ and each Py(n, X) € Q[n, X] is a polynomial of
degree s+ 1 in X and 2s+ 1 in n.
(2) Let

(7) P(n, X,T) ZPnX

and

(8) D Pyi(n, X)T° = (P(n,X, T) + xa% — (X - 1)T)> (1).
s=0
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Then for s >0, Ps(n,X) are given by the following two recursive equations.

Piivi1(n, X) = <n(X - 1)X£( —s(X — 1)>P57i(n,X)

s

(9) +)  Pi(n, X)Pop(n, X), i=1,2,3,..
r=0

(10) SN Eri(n, X)Peri(n, X) =0, s=1,2,3,..

r=1i=0
where E,;(n, X) € Q[n, X]| are known.
Remark. In the next section (see equations (19), (20) and (22)) we give a recursive

equation for E, ;(n, X). Using this recursive one can find all Ej ;(n, X). The table below
shows few terms of F, ;.

r ‘ Ek,(] E7»71 Eng

0 1 0 0

1 —n(X —1) n 0
n—2)(n—11 n(n—1

2| n(n—1)(t2nx _1)(X—1) —3p2(nh-1)(X —1) =D

Then we study the coefficients of Ps(n, X) with respect to n. Our motivation is the
experimental computation and the conjecture which was given in [12] for the leading
coefficient of Ps(n, X). We state this in the following theorem.

Theorem 1.2. Let

P(X,T)= > pu(X)T?,
s=—1
be the generating function of polynomials {ps(X)}s>0, with an extra term p_1(X) = log X,
where ps(X) for s > 0, is the leading coefficient of Ps(n, X) with respect to n. Then we
have

00 _1
~ an 2
P(Xv T) = - Z 1
n=1 1- an—a
where ¢ = e, U =1 — % Furthermore for each s > —1
(11) ps(X) = aerleerl(X)a
where
t/2 1 7 31
12 th = —1— —¢2 o 64
(12) kzm T Gnht/2 24" T5760" 967680 T
and e (X) are defined inductively by
0
(13) eo(X) =log X, eps1(X) = X(X = 1) ~—ep(X), k0.

0X

The method which we use to prove Theorem 1.2 theoretically can be applied for the
rest of coefficients but in practice it is hopeless to find a concrete solution. Instead we
show a description of the structure (see Section 5, Theorem 5.1). Roughly speaking we
show that the image of the ¢’s top coefficient of Ps(n, X) when s varies under a map (we
call it the Euler map) belongs to the field of elementary functions.
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The text is organized in the following way. In section 2 first we review those parts of
the article [12] which we need in our proofs and then we prove Theorem 1.1. In section
3 we give a proof for Theorem 1.2. In Section 4 we introduce some algebraic formalism
concerning Euler polynomials and Bernoulli numbers which will be needed later. Finally
in Section 5 we prove the main theorem concerning the structure of the coeflicients of
Py(n, X).

2. ASYMPTOTIC EXPANSION FOR F(w, ) AND ITS LOGARITHMIC DERIVATIVE

2.1. Review on the computation of ®4(x). In this part we review briefly the recursion
for ®,(x) given in [12]. Denote D = x-£ and D,, = D + w. The function F(w, z) satisfies
the ODFE

(14) (D —w" =2 [ [(nDy + 4)) F =0,
j=1
From the~ﬁrst equation of (5) we have D,et" = e”“’ﬁw, where 13w = D + Lw. The

function F(w,z) = e #®)¥ F(w, z) satisfies the differential equation LF = 0, where £ is
the differential operator

(15) L£="L"(Dr —z[[(nDy + )
j=1
~ - Sp(n) ~,
16 DI — (Lw)* — (L™ -1 Dr
(16) b (o - @) S DL
where S,.(n) denotes~the rth elementary symmetric function of 1,2,--- ,n. By induction
on k, the powers of D,, are given by
~ k ~
(17) Df =" Dp(1)D*m
m=0
A second induction gives the formula
(18) Di(1) =Y Hung(X) (Lw)™ 7,
j=0
where X = L™ and
b m
19 m ,X - . ] 7X )
(19) Honatn. )= 32 (1) @aton

1

<

with Qk; € Z[n™!, X] defined inductively by

iOr 1+ (k+7—1)Op_1.:_
(20) Qo = do, Qk7j:(x_1)<XQ;€_Lj+“7Q’“ 1 + +n‘7 J k-1 1) k> 1.

Using (17),(18), we can expand £ as £ =Y ;_,(Lw)" ¥ L}, with

k

E Z‘TL,X i
&) N
=0
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where
Eji(n, X) = <T;> Hni fmi(n, X) b
(22) - (X -1 ki (n - r> Sr(n) Ha—imr i (n, X) 0P,
=\ !

Combining the differential equation LF = 0, with the asymptotic expansion F (w,x) =
Y aro Ps(z)w™°, we obtain the following first order ODEs for ®:

ﬁn(q)s—n—i-l) = O, S Z 0,

1 1
(23) £1(<I)s) + E£2(q)s—1) + ﬁ£3(®8_2) 4+t F

with the initial condition ®4(0) = dos.

In the case s = 1 we have £1(®1) + L2(®o) = 0. From (21) and Table 1 we have
(24)  Li=nD— (X -1)

n 24

It turns out

o) = "TIED (1) - ey,
n—22(n 2
() = 22824(@;“ S !

and in general ®4(x) for fixed s and n varying is an element of Q[n*!, L*! X], where
X = L" (See [12]).

2.2. Proof of Theorem 1.1. Before giving the proof of Theorem 1.1 we will show how
the recursive equations (9),(10) uniquely work. First for each s > 1 with equation (10) and
given all Py ;(n, X) with s < s —1 we find P;_1(n,X). Since E,;(n,X) and Py ;(n, X)
are polynomials, therefore Ps;_(n, X ) which is uniquely determined in this way will be a
polynomial. With this information and equation (9) we find Ps_; ;(n, X) for all ¢ > 1. We
show this procedure in some examples. From equation (10) we have

Py = *El,O-
Now with equation (9)
Pyo =n(X 1)XdP+P2 Pys = (X 1)XdP + PyP,
02 =" ax ot Tz = gx 02t Foloa
Now equation (10) for s = 2 says
Py = —(E3 0+ Ex1Po+ E22P2),

so we can find P;. Now using equation (9) for s = 1,

d
Pilo=(X-1)(nX— —-1)P 2P P;.
12 = ( )(n X )Py + 2Py P,

Finally for s = 3:
Py =—(FE30+ E31Py+ E32Py2+ E33P 3
+E21P + Eq9P 9),
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and we can find Ps.
Py(n,X)=X -1,
(n+1)(n—1)(n—2)

Pi(n,X)=— 54 (X —-1)X,
PQ (n, X) = U.
We define
> Y2y D' ®y(n,z) T
(26) U i(n,z)T° = =25 ,
SZ:% Yoaro Ps(n,x) T
where D = z-%. We notice that

dz

o oo 8 B
YW= Y W wt =2 log F(w, z).
2 SW 2 s1W x@x og F(w,x)

By differentiating from equation (26) we have

iD\I/s T° = Zgio D, T* _ Zzio Di®d T* 220:0 D®, T3
s=0

2z ®T° Yo ® T YE 0T

or

00 00 00 00
(27) D Wi T =Y DUT + ()0, 1) UTH).

s=0 s=0 s=0 s=0
We claim that

s T 1
(28) Z Z WET‘J\I’87T‘,7; = 0, S = 1, 2, 3,
r=0 i=0

For the moment let us assume that it is true and we show by induction on s,that
PSJ' (n, X)
ns+iLs ’
where P ;(n, X) € Q[n, X| are given by the recursive equations (9),(10). For s =0,i =1
we have

(29) Ve =

D%

DL X—-1 PR
Vo = — =Y = =2

oy L n n
Now if (28) is true for s’ < s and ¢/ < i+ 1, from equation (27) for ¥, ;1 we have

s
‘le,i-l-l = D‘ljs,i + Z \Ijr,i\l’s—r,l

r=0
s

Ps,i(na X) Pr,i(”vX) Ps—’r,i(na X)
(W) + Z nrti[r T ps—rtifs—r

r=0
s

N nDP&i — S(X — l)PS’Z‘ Pr,i(na X)Ps_m-(n, X)
- nstit+l[s + Z nstit+l[s

r=0
We note that D = 2L = X(X — 1);%. Hence from equation (9) we obtain

Ps,i+1 (na X)

\IIS’H'I - ns+it+1s
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Now coming back to equation(28) we get

_1 S T
(30) ‘Ijsfl = W(ES,O + Z Z Er,iPsfr,i),
" r=2 i=1
therefore from (10) we find
Psfl(n, X)
Vet = T

which completes the induction step. The only thing is to prove the identity (28). We show
this identity by induction on s.
For s = 1 we have to check that

1
EEI,O + E11Py =0,

but o= —nY and E;; = n. Therefore we have to show that ¥g = Y. But by definition
(26) for ¢ =1 we have

[ee] o0
© D®,TS
(31) > 0Tt = Ziooo o T =Y +O(T).
s=0 &S

Hence the identity is true for s = 1. Now suppose that the identity is true for all s’ < s,
then from definition (26)

s—1
D®, _Zcbq: L=LU YD 4 BT,
=0 =1

From (24) we have

1 s—1
(32 v, -1 S,
j=1
From (23) we have
s+1 s+1 r .
ZLT (@) == YD D@ )
r=2 =0
Plugging this into (32) we find
s+1 r
SR 3) D= T Z‘P s
r=2 i=0

Now using the induction step for ¥,_;1,1<j<s—1,in the last equation we find
s+1 r

Zznr er 5 T'H)

r=2 i=0
s—1s—j+1 7r s—1

QB Vs ji1ri PiEs 10
Sy e 00

j=1 r=2 4=1 J=1
s+1 r
E.; Esi1p
(33) - Z:; z; WD (®s_ry1) — il

DI
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For fixed 2 <r <s+1and 1 <14 <r, from the definition of ¥, (equation (26)) we have

1 ) s—r+1
Vsoriri = 7 (DN Ps—r41) — PN 7} T}
j=1

Applying this identity in (33) follows

s+1
.- Esr10 Z E iV i1
s ns+H1[s nr—ir—1 "
r=2

which completes the induction step.

For the degree of X, we see from the recursive equation of H,, ; by a simple induction
that in this case the degree of X for Hy, ; is j, so the degree of Ej, ;(n, X) will be k —i and
from the recursive equation (9), the result follows.

For the degree of n from (19) and (20) one can easily check that the degree of n in
Eji(n, X) is 2k — i. From this and the recursive equation (10) we find the result.

3. STRUCTURE OF THE LEADING COEFFICIENT OF Ps(n, X)

3.1. Proof of Theorem 1.2. In Theorem 1.1 we can consider Ps(n,X) as a function of
n and we can write

(34) Py(n, X) = pg(X)n*+t 4 ...

In this section we study the generating function of {ps(X)}s>0, the leading coefficient of
Ps(n, X) and we give a complete description for it. By experiment we find

po(X) = p2(X) = pa(X) =0,

and
(X) = - (X% - X)
P1 - 24 3
7
X)=—(6X*—12X3+7X%2 - X
p3(X) 5760(6 +7 )
31
X)=— 120X°% — 360X° X4 —180X3 +31X2 — X).
ps(X) 967680( 0 360X° + 390 80X° +3 )

These results motivated the authors in [12] to guess that ps(X) = ast1es4+1(X), where ay,

and eg(X) are defined in (12), (13). For k > 1, ex(X) are called Euler polynomials (do
not confuse with the classical Euler polynomials, Ej(z), which are given by the fffl =
Yoo Ek(:n)%k,) For example we have ea(X) = X2 — X, e3(X) = 2X? —3X? 4+ X, and in
general

k
(35) o) = Y-t ez,

; i
=1
where {’7} is a Stirling number of the second kind.

Lemma 3.1. Let U :=1— %, then e (X) is a power series in terms of U. More precisely

(36) er(X)=> d"'Ut, k>0
d=1
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Proof. Let us denote the right hand side of (36) by €x(U). Then we see that by definition

0

e(U)=—log(1-U)=log X =ep(X), €1(U)= U@ek

)

Now for k > 1, it suffices to note that U % =X(X-1) a%. The result follows by a simple
induction. g

In this section we prove Theorem 1.2. We give the proof in some steps.
Let a;(X) and ps ;(X) be the leading coefficients of Ej ;(n, X) and Ps ;(n, X) respectively.
From recursive equations (9) and (10) we have

(37) Zzarz ps i X):l,

r=1i=0

(38) pS,i-i-l(X) = Dps (X)) + Z PM )ps—r(X).
Lemma 3.2, Let k> >0,

(39) api(X) = lim Eii(n, X)

n—00 an’_i ’

be the leading term of Ej ;(n, X). Then

1
agi(X) = 5ak—z’,0(X)-

Proof. Let g ;(X) and hiy(X) be the leading coefficients of Qy ;(n, X) and H, x(n, X)
respectively (here k and j are fixed with n — o0).

Qr,j(n, X) = q ;(X) nJ + O(n_j_l).
The first few terms are

ai1(X)=X-1,
q2,1(X> = X(X - 1)7 (J2,2(X) = 3(X - 1)27
451(X) = X(X — 1)2X — 1), g32(X) = 10X(X — 1%, g55(X) = 15(X — 1)°

From equation (19) we have

k k k+j
n n .
X) = (n,X)=> ———q;(X)n™ P,
Hence
i Qk,j
40
(40) g (kﬂ

We note that
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so from equation (22) we find

ki
ara (X) = hk—z.'(X) —x-1nY hi—i—r(X)

7! 27 rl gl
—
k—i k—i k—i—r
Qk i— Tj(X)
- -1)
Flz‘ —z—i—j ;; 2rrlil(k—i—r+37)!
1
= Eak_i,o(X).
O
Now we set
oo
(41) Ao(X,T) == ao(X)TF,
k=0
and
(42) R(X,T, Z) ZPXT PR
where
o
(43) PiX,T) =Y psi(X)T?,
s=0

(note that Py = P(X,T) = >_ o ps(X)T?).
Hence we can rewrite equation (37) in the following compact form

(44) Ao(X, T)R(X,T,T) = 1.
Also from (38) we have

(45) Pi(X,T) = (D+P)(1) i>0,

where D = (X — 1)X AX = U%. Hence from equation (45) we have

— ZPi(X,T)% => (D+P)(1 )Zl
1=0

2!

=0
- 1—1 Zi
=exp(>_ D"'P(X, T)F)
=1
(46) = exp(P(UeZ,T) — P(U,T)),
Vvhere7D UT) fo 1 o %

The next step is to find a closed form for Ag(X,T) and R(X,T, Z).
Proposition 3.1. Let

Titk7j

47 H(X,T,7)
(47) = > g R

7,k=0

be the generating function of {qr;j(X)}k >0, where g j(X) is the leading coefficient of
Qk,j(na X)
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i) We have
H(X,T,Z) =exp(Zh(X,T)),
where
> Tk+1
hX,T) = ex(X) e Lig(U) — Lig(Ue™) + T'log(1 — U),
k=1

withUzl—% and

n

. Z log(l —u) Z z
l P _7d fr— —
i2(2) /0 U “ n?

n=1

1s the dilogarithm function.

it) We have
Ao(X,T) = H(X,T,T7") (1 — (X — 1)(eT? — 1)).

Proof. From (20) we find

(48) @ (X) = (X = D) Xq_q;(X)+ (X =D +k— Dge—1,;-1(X).
Hence H(X,T, Z) satisfies the following homogeneous linear differential equation
0 0
4 — —XX-1)——-ZT(X —-1)|H =0.
(19) [ = X(X ~ 1) % — ZT(X ~ )]H =0
We can write H = exp(ho(X, T, Z)) for some hg, which satisfies
0 0
(57 — X(X = 1) )ho = ZT(X ~ 1),
It follows that ho(X,T,Z) = Zhi(X,T) and hy(X,T) satisfies
0 0
(50) (a—T —X(X—l)a—X)hl =T(X —1).
Now let h(X,T) =3 12, Ek(X)%C, then from (50) follows that
eaX)=X -1, e(X)=X(X—- 1)£{Ek(X) k> 2,

which is exactly the definition of ey (X), and therefore hy(X,T) = h(X,T). The function
h(X,T) is obtained from

e Tk:—l
X, T)= X)—r
by two times integrating respect to T'. But by Lemma 3.1
e kal
X, T)= U)—
9(X.1) =S all) gy,
k=1
o0
Tk—l
Z 61( )(k‘ — 1)‘
k=1
UeT
51 -
(51) 1—-UeT
Therefore

h(X,T) = /O " oix .
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where
T T U€
G(X,T) :/ g(X,t)dt :/ T =log(1 - U) —log(1 —Ueh).
Finally
T T
hX,T) :/ log(1 — Uet)dt+/ log(1 — U)
0 0
(52) = Liy(U) — Lig(UeT) + T'log(1 — U).
For the second part we have
S @i (X) 7y Qr—r,j(X) k
IREREES DE TCaTIRVEST) h g AL
j,k:0(7+k) rljk 02T (G +k =)
-y qz.w(k) (X -1 Zgr ' qr.; (X k
2o U+ k)] r ez U
= H(X,T,T71)(1 — (X - 1)("? —1)).
O
Lemma 3.3. Let S(X,T) € Q[X][[T]], such that
1—1 _
(53) > DlS(X, T)~ =0,

i=1
where D = X (X — 1)%. Then S(X,T) is identically zero.
Proof. We have D = U% = ﬁ where U = e =1 — 4. We set S(U,T) = S(X,T).

Differentiating once more from equation (53), we get

=N (U-—=)8(U,T)= = S(Ue",T) - S(U, T).

It follows that S(UeT,T) = S(U,T). Now let S(U,T) = Y52, 5(U)T*, and k be the
smallest indice such that s (U) # 0. We have

0=SWe",T) - S(U,T) =T 5 (Ue") — 5 (U)] + TFHO(T) + O(T*+?)
= T*[5,(U)T + O(T?)] + O(T*?) = T*'5,(U) + O(T*?).
Hence this implies that s;(U) is constant. Substituting this into (53) we get
- T2
5. (U)T" + O(TH™)T + O(T’““)§ +..=0
Hence s;(U) = 0 and consequently S(X,T) = 0. O

Now we are ready to proof Theorem 1.2.
From (44) we have

log Ao(X,T) +1log R(X,T,T) = 0.
Hence by the second part of Proposition 3.1

(54) log H(X,T,T~") +log(1 — (X —1)("/? —1))+log R(X, T, T) = 0.
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We have
log(1— (X — 1)(e"/? - 1))= —log(1 — U) + log(1 — UeT/Q).

Plugging this in to (54) and using the first part of Proposition 3.1 and equation (46) we
find

(55) PU,T) ~ PUT,T) = log(1 — U™ ) 41(Lin(U) ~ Lin(Ue").

Let

(56) S(U,T)=-PU,T) + %LiQ(U) + i log(1 — Ue®=)7T).
k=1

From (55) we find that, S(Ue®,T) = S(U,T). Hence by Lemma 3.3 we have S(U,T) = 0
and

~ 1 >
(57) P(U.T) = 7 Lia(U) + Y log(1 — Ue*~2)7).
k=1

T - | I

Hence Theorem 1.2 follows from (57) by derivative with respect to U and the fact that
P=P— Flog(l-"U).
The only thing is to show that ps = asyi1es41. From the first part we have

P(X,T) 1(2 q"m/2) um

But by definition

n>0
odd
1 [e.e]
s um
T2 Z (smhmT/Z)
m=1
o0

Z (i ap(mT)*= 1> Um = iakEk(U)Tk’l.
=1 k=0

3.2. Elliptic property. The interesting point about Theorem 1.2 is that up to an el-
ementary function and a shift z — Z + 7/2, P(X,T) is quite similar to "half” of the
Weirestrass (-function, i.e., ((7,z) = < log0(r, z) + n(1)z, where

—4 OO L
O(r.2) =D ()" Py =gy P T - = "1 =gy,
neZ n=1

is a theta function with ¢ = €?™",y = €2™* and 7 : A, — C the quasi-period homomor-
phism associated to A, = Z + 7Z.
IfweAand § ¢ A, then

(59) n(w) = 2 (Gus 7).

Hence we have
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Using the above equation and (58) we find

L=t 2y L
—n - —.
(2mi)? 12~ (1—qm)?

Now by extending the recursive equation to s > —1 we can define

~ . Zz
(59) R(X,T,Z) = z; Pi(X,T)
where P;(X, T) = Yoo 1 psi(X)T*. Then using equations (46) and (57) we find
R(X,T,Z) = exp(P(Ue?,T) — P(U,T))
= exp(Zlog(l — Ueze(k_%)T) — Z log(1 — Ue(k_%)T))

n>1 n>1
1 -
(60) Lo (1 —UeZe* 2Ty (g7 eZ;q)o
- 1 - —1
[[>1(1— Ue(kiﬁ)T) (Uq7?59)

where ¢ = €T and (7;q)00 = [[,51(1 —z¢"). We notice that by (59) and (60)

~ aR Uqh—2
P(X,T) = \Z 0= Z 1 T
k>1 1-Uqg" 2
We have also
8 Uequ*% qu*%
(61) —(log R) Z S E— Z —_—
You SI1-UeZgs S 1-U¢ 2
Hence up to a constant, at Zyp = —2log U,
8 1 T 1 1
1 - _ Ly - _Z

4. THE ALGEBRA OF EULER POLYNOMIALS AND STIRLING NUMBERS

So far we have computed the leading coefficient of Ps(n, X). The method which has been
used, theoretically can be applied to the rest of the coefficients, but practically it is almost
impossible because each time the computations become more and more complicated (for
the second top coefficient see [8]). But this is not the end of the story. In Theorem 1.2 if
we look at the leading coefficient and replace es(X) by V* we find

s _ V V/2
Z%V semnyz L Qe

which is an elementary function. The aim of the rest of this article is to prove such a
statement for the ¢th top coefficient of Py(n, X), without giving a closed form for it. This
will be done in Section 5. In this section we introduce some algebraic formalism concerning
Fuler polynomials and Stirling numbers which will be needed later and which seems of
interest in itself.



THE ASYMPTOTIC EXPANSION OF A HYPERGEOMETRIC SERIES 15

4.1. Euler multiplication and Euler map. Euler polynomials defined in (35) with 1
form a basis of Q[X] and we can ask what the structure constants defined by e;(X)e;(X) =
>k Cijk ex(X) are. For the classical Bernoulli polynomials and Euler polynomials this
structure was given by N. Nielsen [9]. Similar formula holds for e (X).

Proposition 4.1. Forr,s > 1 we have

er(X).ea(X) = L= D= DYy

(r+s—1)!
r+s—1
B; s—1 r—1
= —J,ril -1 s—1 , S—i)(
+; z[( ) (r+s—i—1)+( ) <T+s—i—1>]e+ (X),
where B; is the i-th Bernoulli number.
(X
Proof. Set €,(X) = ;El))! and
(62) E(T) = ia P v ~B(v+T)
- — " 1 —wel ’

B .
where B(z) = T = Z;’il(—l)ﬂf'] 2771 and u = €¥. Rewriting Proposition 4.1 in a
J!
new form we find
r4+s—1 Bg ] r4+s—1 B'é ]
63) Py :€+ + (=1 r—1 : J 7‘+S‘—J + (=1 s—1 J 7‘+5‘—J
D Dl s 7y R D D oy T

Hence we have

EMEZ) =) &(X)e(X)T 125! = Z s (X)TT 1 z57 1

r,s>1 r,s=1
BT 17377
—1)rt X) 29T & Z
s e P (a0 2 v o 2)
jzr>1 q>1
o0 _ Tn—1 _ 7n—1
B
—1)71B; —1)7'B; ;
ve@) Y T B gy ey CV B gy
, 7! 5 7!
j=1 j>1
E(T) - E(2) 1 1

S s (%(T— Z) - - T>S(Z) + (ss(z —T)— T_Z>€(T)
= B(T — 2)E(Z) +B(Z — T)E(T).

But B(z) = 1(1+4 coth(z/2)), and B(—z) = 1 —B(z). Therefore to prove the proposition
one has to rlfy the following identity

i <1 + coth(TQ—H})> (1 + coth(Z ;r U)) =

- _i (1 + coth(T;Z)> (1 + coth(Z;rv)>+(T © Z),

which is straightforward. O

Theorem 4.1. There is a commutative and associative action * on Q[V], which is defined
by any of the following three properties:
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OV HB _ patBV
o 6,6’
(Here we have to consider eV =Y 2%, ‘;—, and * acts on each monomial and com-

paring the coefficient of '3’ in both sides gives the definition for Vi V3. )
e The map

o @V w8V —

¢: QV] = (X — 1)Q[X] = Qler, 2, -],
sending V' — e; 1 (i > 0) is a ring isomorphism.
e The map * is the composite map Mo, where ¢ defines the isomorphism Q(V) ®
QV) ~ Q(VA, Va) and the map

M : Q[V1, Vo] — Q[V]
1s defined by

M(P(V1,V2)) =

\%4 o0

(64) = —2P(0,0) + / P(t,V —t)dt — > [P(—k, V4 k)+P(V+k —k)|.

0 k=1
Here the infinite summation in (64) is in the sense of zeta summation’, i.e.

00 —% n > 2,

65 Kl =((1-n) =

(63 Sitoca-m={ "
k=1 —5 n = 1.

Proof. From the first definition the commutativity turns out from the fact that the right

hand side of (4.1) is symmetric respect to a and 3, which proves the commutativity. For
associativity we have

(eav * eﬁv) x e’V

B a
e e
= (e x eV — CAET2S'
o 6,3 e — 6/8
eB eV +y _ gotyV e BV _ BV
ex — B exr —ev e — eb eB —ev

= S(a, 8,7) + S(B,7. ) + S(v, ., B)

where

1
(e B —1)(e* 7 —1)

aV

S(a, B,7) =

This proves the associativity.

(&

Now for equivalency, for r + s > 1, by definition of M, we have

|4
M(V{_IV;_I) _ / tr—l(v _ t)s—l dt
0

+Z YTV A+ R T (k) TNV 4 R
k=1

(T_l)'( — )' r+s—
T (rts—1) v

B; ] ;
_1)rt Jj+r Vs—j—].
Py (Mt o),

Jj=0
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which exactly by Proposition 4.1 equals the inverse image of ¢~!(e,es). Finally from the
above equation we have

u ( (avl)r—l (ﬂVZ)S_l > _ aT?l/@gfl Vr—l—s—l

(r—1)! (s—1)! (r+s—1)!
r4+s— 1 i
) V)s+7' 7—1
66 r—10j—r (/8 VAN )
(66) * ]Zr <r—1> )8 (s+7’—j—1)!+(a A)
Summing over all ;s > 1 we find
M(eeVitBVey =& —° e _66 +eﬁvz )i~ 1+eavz
eV —¢f 1 1 1 1
_ BV B aV _
a—f te (e*a—l ﬁ—a)Jre (ea*B—l a—ﬁ)
eVt
e — ef

Definition. We define the Euler map
(pd : Q[‘/lu e 7Vd] — Q[X] [T]
on the basis {V;* - - V;d} by

(67) @d(vlil _ __Vid) . {%(X) e, (X) Tt ia iy g > 1
1) =

0 otherwise,

where e;(X) (¢ > 1) are Euler polynomials and this map is extended by linearity.
We notice that ®, is not injective for d > 1. From Lemma 3.1 (the alternative definition
for Euler polynomials) for every h € Q[V4,- -, Vy] we can represent ®, as follows:

(68) Pa(Vi---Vah(Vi,- -, Va)) = Z h(mT,- -+ ,mT)TU™ ™,

mi,,mg>1

Proposition 4.2. Let E; = Vi ---VyQ[Vi, -+ ,Vy]. Then there is an associative and
commutative multiplication x on Ey such that Ford > 1, the map ®4 on Ey is the composite

of
Eq~EPY 5 B 25 QIX(T).
Proof. Since multiplication by V' gives an isomorphism VQ[V] ~ Q[V'], hence we can define

xon VQ[V] as Vi« VI = V.(Vi=1« VIi~1) where * is already constructed in Theorem 4.1.
The statement follows. O

Now by linearity one can extend the map ®; to Q[[V1,---,Vy]], the completion of
Q[V1,- -+, Vy]. We have the following lemma.

Lemma 4.1. Let Eg = Vi---VQ[[VA4,---,Vy]]. Then the following two diagrams are
commutative:

Eq — Q[X][[T]]
(v1+.~~+vd)l lTX(X—l)aiX

Eq —% Q[X][[T]]
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and

Eq —s Q[X][[T]]
Vla%l+~--+vd%l T2
Eq —% Q[X][[T]]

Proof. We recall that D = X (X — 1)% and D(e;) = e;41, so the map ®; : ViQ[[V1]] —
Q[X][[T7]] satisfies

®1(Vif(V1)) = TD®1(f(V1)),
for any function f(V1) € ViQ[[V1]]. Now by extending to d variables we find that
Cq((Vi+ -+ Vo) f(V))=TD®q(f(V)),

for any function f(V) € Vi ---V4Q[[V]], where V = (Vi,--- ,Vy).
One can also see this from (68). We have

TD(Pd(‘/l ... th(V)) = Z(ml + .- md)h(ml‘/la A )mdvd)Umlermd
= (Vi + -+ Va)Vi -+ Vah(V)).

The commutativity of the second diagram is obvious by definition. (|

4.2. Review of Stirling Numbers. The number of permutations of n symbols which
have exactly m cycles is called a Stirling number of the first kind and equals [771]7 where
[:@] given by the following generating functions:

(69) z(z—1)(z—n+1) zmzi:o(—l)"m [Z]xm,
(70) W = gn(—l)”_m [:J %
For example :

v ooty

B O A e e O R R R )

The number of ways of partitioning a set of n elements into m non-empty subsets is
called a Stirling number of the second kind and denoted by {:1} We have the following
generating functions for them:

() w=3 (",
) TP M

73) u—zw{h—nwfzﬁi{i}”’
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where (z),, = x(x —1)--- (x — m + 1) is the Pochhammer symbol. For example

{T} —1, {Z} —onl_q, {g} - %(3"—1 +1) -2t
o (=) L2t

Stirling numbers, like binomial coefficients, can be defined by recursive equations:
1
® ]l )
m m m—1

™ 1 Rt R

One of the advantage of these definitions is that they hold for all integers n,m, and we
have the following duality law discovered by D. Knuth

™ ot = 157

Now let S,(r,n) (where r is omitted if it equals 0), be the pth elementary symmetric

function of r,7+1,--- ,n. For r = 0, from equation (69) we have Sy(n —1) = [nﬁp]. The
following lemma gives a formula for S,(r,m) in terms of Stirling numbers.
Lemma 4.2. We have for all p,r > 0,
P
v+r—1 n
7 S —-1)= —1)Y .
(77) 1) = R
Proof. From (69) follows
- n
T_ ) (p — 1) = —1)rm m
Ol om0
Now by definition of S,(r,n) and from (73) we find
n—1
Z(—l)psp(r, n—1z" P =(@x—-r)---(r—n+1)
p=0
_ (x)—l i(_l)n—m n M = i vtr—1 2V i(_l)n—m n M
T m=0 m v=0 r—1 m=0 m

EEOr {1

Setting m = n — p + v in the right hand side of the above equation we get the result. [
Lemma 4.3. We have

i) When m varies, for fixed p, [m”ip] s a polynomial of degree 2p of m. More precisely
we have
m 2
(79) [m " p} =S epr (s P20,

k=p
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for some rational numbers cp . given by the formula

k ; .
(—1)'“_]*”[ J }
79 Cpk = | .
() = 2 = i
> h d th ient 2r—p m+1 . UP(T) A
it) when r,m vary, for fized p, the coefficient of m m [m+1—r] is ol where op(r)

is a polynomial of degree 2p.
iii) We have for all p,r,i,t,t',t" >0

[ m t—t! Cp, (t/tt//) (T)t’
il(m—r—1) ZZZ -t (m—i—r—t+t +¢")

t ptl t// 0

(80)

Proof. We set
m ]
= E Cp,k (ﬂl)k,
[m -p =

for unknown ¢, ;. First we want to show that ¢, is zero for k ¢ {p,---,2p}. We set
O(z,y) = e ¥(1 4+ 2y)"/* and we claim that the coefficient of 2Py* in C(z,y) is (—=1)Pc, k.
From (69), (70) we have

(1+xy)1/$:2(:c—1)mxmym: 3 (_1)p[ m ]w”ym

m! m—p| m!
m>0 m>p>0
m
¥ <_1>pk!<;g>c,,,k i
m!
m,p,k>0
_ P
=D I EITHTT) pps s
Z P, m k
p,k>0 m>k
k
=eY Z (—=1)Pcp i 2Py".
k>0

Hence we get

9 00 2\ d d
_ kE_ 2 u(zy) _ —TY u(:cy)
(81) Cla,y) = Y (~D)Peppalyt =e 2 1) = Z( 2 ) d

p,k>0 d=0

where
2 2 2., 2.,
u(z):—;(log(z—i-l)—z):1—§z+12 % +-
Since the power of y in the right hand side of (81) is strictly bigger than the power of x
(except d = 0), the left hand side is so and therefore k > p + 1. Moreover a general term
in the right hand side is 2%t7y24*" consequently in the left hand side 2p > k.

Now the coefficient of 2Py* in C(z,y) in one hand is (—1)Pc,x and on the other hand by
<_1)k7j [ i
ik — )1

For the second part we write

m+1 .
[m—r—i—l} 27! de ’

definition is Zf: |, which gives the formula for ¢, j.
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and we want to show that for fixed p, o,(r) is a polynomial of degree 2/. Using the
recursive equation (74)

(82) [mﬂzjil} - {mﬂi r] _m[m —HZH]’

the coefficient of m? P in both sides gives us the following identity
p p—1
2r — k 2r—2—k
- —k —k—1
9 o) = S () w2 S e -n(507),

or

2rop 1(r—1)—2r—p+1)op_1(r) = (=1)P Fay(r) (21774 ) k)

For p =1 we find o¢(r) = 1 and by an induction we find the result.
For the third part using the identity

(84) (I+2)™=0+2) (1 +2)1+a)" ",

the power of 2! in both sides gives the following equation

m T ) m-—1i—r
-2 000
¢ >0
This equation together with the first part prove the third part. O

5. STRUCTURE OF THE COEFFICIENTS OF Ps(n,X) AS A FUNCTION OF n

In this section we prove our main theorem. It says that for each fixed £ > 0 the £th top
coefficient of Ps(n, X) with respect to n is a finite sum of the image of some elementary
functions under the Euler map ®4 : Q[[V4,- -, Vy]] — Q[X][[T]]. To state the theorem
we introduce some notations. Let K4 be the following ring
(85) Kq=QVi, Va2, ) n QWA -+ Vil
Then we define

Ka = ®4(Kq) @ QT,T~'] € QIX][T, T]]
and we set K =3+, K.
Lemma 5.1. The space K C Q[X][[T]] is closed under multiplication and differentiation.
Proof. The multiplication follows from
Oy (F(Va, -+, V)T . @0 (G(VA, -+, Vg )T?)=
= o (F(Vis -+ Va)G(Varr, -, Vara)TT).

The differentiation with respect to 1" follows from the second diagram of Lemma 4.1 and
the fact that K is closed under ), Viaivi' g

Corollary 5.1. Suppose a,b € Q[X]|[[T]], such that the functions § and %(log b) = % are

alk

elements of K. Then T) € IC for all k > 0.
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Proof. This follows by induction on k, because
a(k+1) a®) alk)

() Ty ek

Theorem 5.1. Denote by pge)( X) the coefficient of n®T1=¢ in Py(n,X) and

POX,T) = Zps

the corresponding generating function. Then we have
POX, T)e ki, PUX,T) E/cd (0 >1).

Remark. The proof is constructive. Indeed we show that there exist effectively com-
putable functions
Dy, vy, T) € K4 Q[T, T,
such that

20
(86) POX,T) = ) g1
d=1

Examples. The case ¢ = 0 is essentially the content of section 3. Indeed from Theorem
1.2 we have

POX,T)=P(X,T) = i ases(X)T5H =T71®(S(V)) € K1

V/2
where S(V) = m
Similarly the case ¢ = 1 (the second top coefficient) follows from what we did in [8] (Section

5, Theorem 5.1.1). We have
PO(X,T) = ®o(1?) + & (1Y),
where

2 = 7715(11)S(Va) S (Vi + Va) COSh(Vl -

)7

V2 1%

ot =771V + ‘f)S(V) 55 (V) - 55,

5.1. Statements of auxiliary results. To prove Theorem 5.1 we will need some propo-
sitions and a theorem that we state in this section. The proofs will be given in the next
section. Recall the definition of Ps;(n, X) from (8). We can write

2s5+1
P, i(n, X) Zp“ )2t (s >0, >1).

For 7 > 1 we set
(87) P!
We define also

VA

(88) (X, T, Z) ZP (>0.
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Proposition 5.1. For £ > 1 we have

o) ) T,L 20
Y DUPOX, T)— € Y Ky
=1 d=1

i!

Proposition 5.2. Let

Titk 1
Z/W)k, W=

(j—l—k)!( W) n’

1
HX,T,ZW)= > Q,w-(W,X)
4,k>0

where Q. j(n, X) is defined as in (20). Then H = exp(Zh(X,T,W)), where

(89) B(X, T, W) = Vl[//OTKll—_UUet)W_l} dt.

Remark. Define coefficients q,(f;.(X ) by the expansion

J
{4 —i_
(90) Qrg(n. X) = gl (X)n 770 (n— o0),
=0
and let Hy(X, T, Z) be the coefficient of W* in H. Then by definition of H we have
ko
() TITkZ
91 Hy(X,T,Z) = (X .
( ) @( 9 9 ) Z qk,]( (] +k)'
J:k>0
We note that in the previous notation in Section 3 Hy = H.
Now let
00 v+r—1
Up(r){ —1
(92) Apo(T) = Z 2T—7STT7 p,v > 0.
r=1
here 22U s the coefficient of m2—? in [ ™! L 4.3)
where — - is the coefficient of m in [m—r-l—l} (see Lemma 4.3).

For example we have

T’I‘
Xoo(T) =" el? — 1,

2rpl
r>1
r(r—1) T% 1
Mo (T) = Z or 1y "= g€ 2,
r>2
r(5—2r) T T?
Mol =D 5oy T =G =)™
r>1

We notice that for p+v > 1, e_T/Q)\p,U(T) is a polynomial of degree 2(p + v). In fact for
p > 1 op(r) € rQr] of degree 2p and {”jﬁ;l} € QJr] is a polynomial of degree 2v (see

Lemma 4.3, equations (83), (74),(75) and the Knuth duality formula (76)). Therefore we
can write

p+v
Apo(T) = a;D'(e"/?) € "PQ[T], a; € Q.
i=1
Now set
v v T 7 T
(93) AT W)= (1) XMW = (72— 1) + (5 =537 PW 4.

p,v=>0
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Then we have the following theorem, in which @ is considered as known and we are trying
to find fR.

Theorem 5.2. Let R(X,T,Z, W) =372, Re(X, T, Z)W*, with Ry as in (88). Set
QX T, Z,W)=H(X,T,Z,W)(1 - (X - 1)A(T,W)).

Then
(94) Cn T ) (X 2. T, WQUX. T 22,1W)) _1,
aT Zl =T7 ZQZT_1
where
v ooyt oy
Cay) = e (1 +aytr=1-22 + 2L+ 2+ e Qlfe,y])

Remark. In applying the formula we have to consider (T’ aaT) as TF 8‘{;,6

From Proposition 5.2 and Theorem 5.2 one can compute inductively all R,(X, T, Z)
only on the diagonal Z = T. We explain later how from this we can obtain P (X, 7).
In sections 3 we did this for £ = 0. In the following example we illustrate the theorem by
verifying the case £ = 0 again. We show also how to obtain the case ¢ = 1.

Example. For ¢ = 0 the constant term with respect to W in the left hand side of
(94) is R(X, T, T)H(X,T,T~")(X — (X — 1)e’/?) (recall that R = Ry, H = Hy), so from
Theorem 5.2 we have

R(X,T,T)H(X,T,T~")(X — (X —1)e’/?) =1,

which is exactly equation (54) for computing the leading coefficient.
For ¢ = 1 we need to find the coefficient of W in the left hand side of (94). We have
T? 0

(1-— 7W8T2) <((1 — (X = DXoo)(HR+ HRy + RHl))

leT, Z2=T71

= 1.

+ (X = 1)(No1 — >\1,0)HRW>
leT, 22:T71

From this by knowing H, H1, R and Ao, Ao,1, A1,0, one can get Ry.

5.2. Proof of Theorem 5.1. In this subsection and the next we prove all propositions
and theorems of Section 5. It is organized as follows. First we assume Proposition 5.1 and
we prove Theorem 5.1. Next we prove Proposition 5.1 using Proposition 5.2 and Theorem
5.2. Finally we prove Proposition 5.2. The next subsection is devoted to the proof of
Theorem 5.2.

Proof of Theorem 5.1. Proposition 5.1 says that

o0

Ti
D! O, (116D T 0>1
; PO Z aTD WV, Ve, ), £
where 169 ¢ Ky ® Q[T, T71].

Now we set 1D (V, T) = T-HIED(V, T)%’ and we claim that

20
Zcbd DV, -, Ve, T)) € Y Ka.
d=1

First of all from Lemma 4.1, we have the following commutative diagram:
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Ky — QX][[T)]

Vi+-4Vy)—1 S A
Tcxp( \}1+...Vdd) J{ J{ Z T pyi—1

Ky, —s Q[X][[T]]

This diagram implies that for Q(X,T) := 3 ®4(I1¢D), we have
d>1

Ti

o - TZ o o
Y DX T) o =Y DTPIX.T)
i=1

{
i=1

From Lemma 3.3 we conclude P)(X,T) = Q(X, T) and the proof of the theorem is com-
plete. OJ

Proof of Proposition 5.1. To prove the statement, we prove (assuming Theorem 5.2
and Proposition 5.2) the following two statements:
RZ(Xv T) T) 2

A. We show that —— -2~ Ka.
e show tha RIX.T.T) € P d
B. We prove
(RE(X7 T,7) iDi*P(Z)(X T) Zi) € %_1/6
- ' - 7 ; TR d-
R(X,T,Z) M z=r S

These together imply the statement.

Now we start with Statement A. First we show that the left hand side belongs to K and
then we give the upper bound.

From Theorem 5.2 and by expanding the compact form of equation (94), for ¢ > 1 and
looking for the coefficient of W* in both sides, we find

(X — (X —1D)eT?)H(X, T, T YRy(X,T,T) =

=X - (X -0 N > TtaaTtt (RZ-(X, 7y, T)H;(X,T, Zg))

Z1=T,
t7p7izj20 Z+]:é_p ZQZT71
i<l
(95)
at
(X =D DY Tt6Tt<Ri(X, 7y, T)H;(X,T, Zg))\,w(T)) ot
i+j+k=~0—p Zo=T"1
i<l
where the first sum runs over ¢,p,v,1, 7,k > 0.
From Lemma 5.1, I is a ring, hence from the above equation to show that R(X, T,T) ek
. v W —_—
) g? q R(X7 T’ T) )
it is enough to prove that for ¢ < £ and j,¢,k >0
(96) RY(X,z,T) H(X,T,2) (X = DALL(T)

Y Trr/v o o7y ? E
R(X,Z,T) |,_f HXT,2) |;_rr X —(X—1)el/2
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To verify (96), we see that %, %’ and % are elements of ;1 C K. In fact from

(46) we have

TS-H 1

00
_ i—l
. = § D Z _ 1 § Os+1 es—i—z 1)'
i=1

i,5=1
=T '01() g1~
igz:l s (1 —1)!

From the first part of Proposition 3.1 we have

H'(X,T, Z)

7=
Veri

)y e T71®,(Ky) C K.

=T 'W(X,T
H(Xv Ta Z) Z=T7-1 ( )
1 Tk 1 Vk
=T Zek(X)H =T77'9() - €K,
E>1 E>1
( _ T/2

and finally W = D g1 k(X )2,352 11) € Ki. Hence from Corollary 5.1 it is

enough to verify (96) only for ¢ = 0. But in that case, the first part of (96) is true by

induction (since i < £) and the last one follows from the fact that A, (T) € Q[T]e’/?, so
X — DA oo(T

X — (X —1)eT/2

For Fj’ from Proposition 5.2 we have

H;(X,T, Z)| Y exp(ZW(X,T,W)— Zh(X,T))
H(X,T,z)'%=T7" ~ OWi W0, Z=T1

(recall that by Proposition 52, H(X,T,Z) = exp(Zh(X,T)), or h(X,T) = h(X,T,0)).
But we have 4
&7 exp(R(W) — h)
) =) |
where O denotes %. From Theorem 5.2

a]h T ) 1-U T 0 tk Jj+1
= | W = logi+1 dt—/ X)— dt
oV W= /0 o8 <1—Uet> 0 ;e’“( i

/ thit ki
0 Jﬂkl!-”kj_i_l!

ki, J+1>1

0€ QIOR, Ry -+ M) |y,

k1 kjt1
ViV

=T®j41 i+l |
J (kh”.%lZl ky!-- k]-i-l (kﬁl + . kj+l + 1))

But

k1 kj1
‘/1 e ‘/;,+1

" “.%121 Eileo ki (k4 kjp +1)

1 J—
= [Ty T —nyar = SR e K,
0

S
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where s runs over all subsets of {1,---,j + 1} and Vs = > V. As a consequence
Hi(X,T,Z2)

m ‘Z 7r-1€ K, or more precisely

Hi(X,T,Z) i+ ,
(97) HXT.2) yZTleZ/cd, j>1.

Denote r; the upper bound for the sum of the right hand side of Claim A. We look at the
equation (95). This maximum is obtained in the right hand side of (95), when p = 0 and
for 7 > 1 we find that

re=max{re_;+j+1j=1,--- ¢},
which implies that r; = 2¢ and the proof of the Statement A is complete.
Now we prove Statement B. From the recursive equation (9) we have

98)  pU () = Dpl)(xX) — s(X — )+ Z Z o D(x).
=0 r=0

By (87) this is equivalent to

PO (x, 1) = DPO (X, T) — (X - 1)oP (X, T)

l

(99) +3 PP X, )PP (X, T),
k=0

where O = T%. Then by (88) we find

d d
ERZ(X T, Z) DRZ(Xa T, Z) - (X - 1)TﬁR€—1(X7 T, Z)

L
+> PUR(X, TR (X, T, Z).
k=0
Hence if we set P(X, T, W) := 322 PO(X, T)W* we have

(100) (ddz -D—(X - 1)WG)> R(X,T, Z,W) =R(X, T, W)R(X, T, Z,W).

Therefore ;R = exp(F') for some F' which satisfies

az
with the right hand side independent of Z. We write

<d -D—(X— 1)W®>F(X, T.Z,W)=PX,T,W),

F(X,T,Z,W)=> Fu(X,T,Z)W*.

k=0
Then we have
d
a _ pl0)
(101) (o7 =~ D)o =P% =P,
d
(102) (== —D)F, =PW® + (X —1)0F,_, (k>1).

az
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Equation (101) can easily be solved. We note that (X, T,0,0) = 1, so Fy(X,T,0) =0,
and we have
_ i—1
i=1
and for (102) using the identity

i i—1 i—1 i—1
. =1 . A B SR i . . + | . B
J1, 5 Js Ji—1,72,- ,Js J1s 3 Js—1,Js — 1 J1, 0 5 s

one can check directly that the solution of (102) is given by

Fo(X,T,2) =Y D'PH(X, )%

i=1

2 & i—1 . A

aon =3 X (T Y teptoa 2
i=1 s=1 j1, ,js >1 jl? 7]8 1.

where j = j1 + -+ + Js.

Since k£ < £ we have by induction

(105) PE(X,T,T) Z‘I’d ey 1ned e K, @ QIT,T7Y.

From Lemma 4.1 and (105) we have

ej, - e;, D@ PR (X )T =

2(k—s) k X 3
= Z (I)d+s <Vd]j_1 Vdjj_s (Vl + -+ Vd)l B (VW + @) (k S’d)>,
d=1 s=1
where V% = Vlaivl e Vdaivd' Hence from (104) and the definition of ®; we have
B i~1p(k) L
i=1 :

k

exp(V1+ -+ Viys) — 9 Ti(k—s d))
+T Dy V— +0)° @,
Hence it follows for k < ¢, that F(X,T,T) € K and the upper bound is 2k — 1 and
consequently by Lemma 5.1, Q[Fy,---, Fy—1] C K.
For k = £, the same argument gives

_ i—1p(0) ol

(106) [Fu(X,T.2) 2;1? POX. )]

e k.

Z=T

with the upper bound d = 2¢ — 1. Hence Claim B is equivalent to

R@(Xv T7 T)
————= — F(X,T,T
R(X,T,T) (XTI ek
with the upper bound 2¢ — 1. But we have
R(X,T,T) 9"R/R _ 9%exp(F — Fy)

:F€+G7
W=0

R(X,T,T) W' |,_, oW
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where G € Q[Fy,- -, F;_1] C K with upper bound 2¢ — 1. This completes the proof of
Proposition 5.1. [J

Proof of Proposition 5.2. From equation (20), H satisfies the following homogeneous
linear differential equation
0

(107) o~ X(X )8% —ZT(X —1) - W(X — 1)28‘92 H = 0.

It follows that H(X, T, Z, W) = exp(Zh(X,T,W)), for some h which satisfies the following

differential equation

ih X(X )ih WX -1D)h=T(X -1).

aoT 0X

Then we write A(X,T,W) = > 2 hi(X, W)% But by definition of H we have H =

1+ %TQZ + - -+ which follows hy = h1 = 0 and from the above equation it turns out
ho=X—-1=e1, hit1=(D+Wer)hi—1, i>2,

or h; = %(D + Weq)¥(1), for i > 1. Finally we have

B — 7 ;(D + W€1) (1)ﬁ = {eXp (W;&i!)—l]
17/ 1-U\"
(108) =W (1—UeT) _1]'

Therefore (89) follows. O

5.3. Proof of Theorem 5.2. In this final section we prove Theorem 5.2. The recursive
equation (10), which we repeat for convenience, says

s k
(109) D Eri(n, X)Ps g i(n, X) =0,
k=1 =0
where Ej, j(n, X) is defined in (22).

We define coeflicients a,& = Z)( ) by the expansion

Eji(n, X) Z )n?F T (n = 00),
/=

The coefficient of n2~¢ in the left hand side of (109) is

(110) Z Z Z 2k €+p) £23k ZQk p)( )
k=1 p=0 i=0

Hence by definition of P@ we have

(111) ZZZ(Z ) <X>T‘f)73§p><x, T) =

(=0 p=0 i=0 “k=1i
We show that for fixed ¢

S 250 3\ T — O v T
@z 3 o oo —cnran((- - vaEm)u)

Z=T-1
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G

Note that one can consider this case as an special case of Theorem 5.2 when all p_; =

(s,i,£>0).

To do this we need to write a](ff*p ) as a sum of terms which depend on k — ¢ and 7. The
function Ej, ;(n, X) in equation (22) depends on n through the quantities (”;T), Sy(n) and
Hp—ierk—i—r(n, X) (0 <r <k —1i). We expand the first of these by

(")) = F s i—a
2

where coefficients can be expressed in terms of Stirling numbers of the first and second
kind by (77). Using (19) and equation (90) we expand H,, ;. in terms of g ;(X). Finally
Sy(n) by the second part of Lemma 4.3 have the following expansion

k—i £ . (¢—p)
Sp(k+7 — Vg PU(X
00 = 3 Y - (]k_z.)j—.;;( !
oo ! N
k—i k—i—r

SNE Y Y ot ) )

—4 —
Sy pf ] 0 (X)
- N ol il (e — i)
o k+j—plil(k—i+j)!
(113)
Sk . oMY gt e
(X — _q1\tp r— j—ptv P
X I)Z Z Z Z( 2 2rr! il (k—i— r+j)!q’f—i—m'<X)'
r=1 j=1 p+p/+p’'=Lv=0
Expanding [k Jjji +U] by (80) and forming a generating function we can write this as
= k—¢
2% —
Zal(c,i )(X>Tk =
k=0
—
Z (_1)p <t) Cp,t ql(cfiz,)g? (X)Tk
/ S YA | S 4 1\
b0 ) (G-t (k+j5—1—t+1t)

—x-1n Y (_1)p< t ) ot Myu(T) a7 (X) T+

! V] T4 / 7\l
kjopap! o150 t't (z t ).(k—i—j 1 —t4+t 41 )

T?,’*Ft*t/

¢
_ t (t—t)
— § E (—1)P (t’) Cp.t Héfp (X,T,7) i)
Ti—i—t—t”

t g
S D S S A e i A

pHp/ =L tt! £ >0 Z=T"

Z=T-1

where )\, and Hy are as in (92), (91) respectively.
Now multiplying by W* and summing over ¢ > 0 and using the Leibniz rule we find
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=0 k=0
o £ 2p 8t
=SS Pl o (H (X T2 W
=0 p:0 t=0 Z=T-1
(114)

2p at

oo £ p 7
XD Y S 1wt e (Hipe (X7 200 T

Z=T-1

We note that except the term 1t " the other terms are independent of i. From definitions
of H and A we get

> _ ot Tt
S a0 = 303 S g 2w )

£,k=0 =0 p=0 t=0

co ¢ 2p tat TZ
— (X 1) ZOZZ Diepy WIT' = (A?—L >
p=

0 t=

Z=T-1

Z=T-1

Hence equation (112) follows from the definition of C(z,y).

Now in order to prove the statement of the theorem we multiply equation (111) by W*
and sum over all £ > 0. For fixed ¢ we replace inside the parenthesis of (111) with the
right hand side of (112) . Also replacing T" by Z; in P;(X,T) and passing through the
parenthesis and then summing over all ¢ > 0 the statement of theorem immediately follows
from the definition of fR.
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