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DEFORMATIONS OF POLARIZED AUTOMORPHIC GALOIS REPRESENTATIONS
AND ADJOINT SELMER GROUPS

PATRICK B. ALLEN

ABSTRACT. We prove the vanishing of the geometric Bloch-Kato Selmer group for the adjoint representation
of a Galois representation associated to regular algebraic polarized cuspidal automorphic representations
under an assumption on the residual image. Using this, we deduce that the localization and completion of
a certain universal deformation ring for the residual representation at the characteristic zero point induced
from the automorphic representation is formally smooth of the correct dimension. We do this by employing
the Taylor-Wiles—Kisin patching method together with Kisin’s technique of analyzing the generic fibre of
universal deformation rings. Along the way we give a characterization of smooth closed points on the generic
fibre of Kisin’s potentially semistable local deformation rings in terms of their Weil-Deligne representations.
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INTRODUCTION

Let F' be a number field, S a finite set of finite places of F' containing all those above a fixed rational
prime p, and let F'(S) be the maximal extension of F' unramified outside of S and the Archimedean places.
Given a p-adic representation V' of Gal(F(S)/F'), Bloch and Kato [BK] defined certain subspaces

H}(F(S)/F,V) C Hy(F(S)/F.V) C H'(F(S)/F,V)

of the Galois cohomology group H(F(S)/F,V), known as the Bloch-Kato Selmer group and geometric
Bloch-Kato Selmer group, respectively. If V is de Rham, resp. crystalline, then H,(F(S)/F,V), resp.
H}(F(S)/F,V), is the subspace of H'(F(S)/F,V) = Extg Gai(r(s)/r)(Qp, V) of extensions of the trivial
representation by V that are de Rham, resp. crystalline. When V is absolutely irreducible and de Rham,
the Fontaine-Mazur conjecture together with the philosophy of motives predict that V' should be the p-adic
realization of some pure motive. Inputting this into the conjectures of Beilinson-Bloch and Bloch—Kato,
one obtains a conjectural relation between the dimension of H(F(S)/F,V) and the order of vanishing of
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the L-function of the dual representation of V' at the point s = 1 [FPR, II, §3.4.5]. One prediction of this
conjecture is that if the representation V is pure of motivic weight zero, then

H{(F(S)/F,V)=H,(F(S)/F,V)=0.

This is in accordance with a philosophy of Grothendieck that in a conjectural category of mixed motives,
there should be no nontrivial extensions of pure motives of the same weight.
Let E be a finite extension of Q,. Given any absolutely irreducible pure de Rham representation

p: Gal(F(S)/F) —s GL4(E),

one naturally obtains a pure weight zero representation called the adjoint representation: ad(p) = gl;(E), the
Lie algebra of GL4(FE), with Gal(F'(S)/F)-action given by composing p with the adjoint action of GL4(E).
Then the Bloch—Kato conjecture predicts

HL(F(S)/F, ad(p)) = 0.

In the case where p is the representation arising from an elliptic curve over Q, this prediction was first proved
by Flach [Fla92] by a method using Euler systems, assuming that the elliptic curve has good reduction at
p, that p > 5, and that the associated residual representation surjects onto GL2(F,). A corollary of the
breakthrough work of Wiles and Taylor-Wiles is this vanishing in the case that p is the representation
coming certain modular forms. This results from their so-called R = T theorem that equates a certain
universal deformation ring of p to a Hecke algebra. On way to think about this is that the tangent space
of the deformation ring they consider at the characteristic zero point corresponding to the modular form is
equal to its adjoint Bloch—-Kato Selmer group, while the tangent space of the Hecke algebra at that point is
trivial, since the Hecke algebra is reduced. Their work also had assumptions on the level of the modular form
and on the residual representation. In [Kis04], Kisin showed the vanishing of H,(Gg,s,ad(p)) for modular
forms of weight k > 2 and arbitrary level, assuming only a mild condition on the residual representation, and
his proof uses some of the ideas of Taylor—Wiles. We mention also the result of Weston [Wes04] which applies
to non-CM forms with certain hypotheses on the level, but has no restriction on the residual representation.
For general totally real, resp. CM fields, but still in dimension two, one can deduce results of this form
from the R[1/p] = T[1/p] theorems [Kis09a, Theorem 3.4.11] and [KW09, Propositions 9.2 and 9.3], resp.
[GK14, Corollary 3.4.3], whenever the assumptions of those theorems are satisfied.

In higher dimensions, one is naturally led to consider the Galois representations associated to regular
algebraic polarized cuspidal automorphic representations of GLg over CM fields. These adjoint representa-
tions have a natural extension to a representation of the Galois group of the maximal totally real subfield,
and this adjoint Selmer group has a natural interpretation as the tangent space of a polarized deformation
ring. Although there has been great progress in modularity lifting in this context, almost all of the results
prove only R™? = T and do not imply vanishing of the adjoint Selmer groups, although some cases can be
deduced using the R = T theorem of Clozel-Haris-Taylor [CHT08, Theorem 3.5.1]. Using a completely dif-
ferent method, namely the theory of eigenvarieties, Chenevier [Chell, Theorem F| proved that the vanishing
of this adjoint Selmer group is equivalent to the vanishing of the H? of this adjoint representation under
some local hypotheses. This is applicable, in particular, when the deformation problem is unobstructed (for
example, see [Chell, Appendix]).

The main observation used in this paper is that one can still use the Taylor—Wiles—Kisin patching method
to deduce vanishing of the corresponding adjoint Selmer groups for automorphic Galois representations
provided one knows that the induced points on local deformation rings are smooth. Indeed, the method
yields a ring R, an R.-module M, and a control theorem that relates them to our deformation ring
and a space of automorphic forms. The most subtle point in proving modularity lifting theorems is to
understand the components of R, and how they relate to congruences between automorphic forms. But if
we are only interested in the infinitesimal deformation theory of the characteristic zero point coming from
our automorphic Galois representation p, we can localize and complete at this point, and if we know that
p determines a smooth point on the local deformation rings, it also determines a smooth point on R...
Then we can apply the Auslander—Buchsbaum formula to the completion and deduce that the localized and
completed deformation ring acts freely on a finite dimensional vector space of cusp forms, from which we can
deduce vanishing of the adjoint Selmer group. Before stating the main theorems, we set up some notation.

Let E be a finite extension of @, with ring of integers O and residue field IF. Let F' be a CM field with
maximal totally real subfield F*. Let F be some fixed algebraic closure of F, and let ¢ € Gal(F/F*) be
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a choice of complex conjugation. Let S be a finite set of finite places of F'* containing all places above p.
Let F(S) be the maximal extension of F' unramified outside of the places in F' above those in S. Note that
F(S) is Galois over F'*. Let
p: Gal(F(S)/F) — GL4(E)

be a continuous, absolutely irreducible representation, and let ad(p) denote the Lie algebra gl;(F) of GL4(E)
with the adjoint action ad o p of Gal(F(S)/F).

We assume there is a continuous totally odd character p : Gp+ — E* and an invertible symmetric matrix
P such that the pairing (a,b) = @P~'b on E? is perfect and satisfies

(p(0)a, p(coc)b) = p(a){a, b),
for all 0 € Gal(F(S)/F). Since p is absolutely irreducible, P is unique up to scalar. We can then extend
the action of Gal(F(S)/F) on ad(p) to an action of Gal(F(S)/F™) by letting c act by X — —P!X P~ and
this is independent of the choice of ¢ and of P.
Finally, we recall that we can choose a Gal(F(S)/F)-stable O-lattice in the representation space of
p, so after conjugation we may assume that p takes values in GL4(O). The semisimplification of its re-

duction modulo the maximal ideal of O does not depend on the choice of lattice, and we denote it by
p: Gal(F(S)/F) — GLq4(F).

Theorem A. Assume p > 2. Assume there is a finite extension L/F of CM fields, a regular algebraic

polarizable cuspidal automorphic representation I of GL4(AL), and an isomorphism ¢ : @p = C such that
the following hold:

(a) pla, ® @p = pn,., where pr,, is the Galois representation attached to I and ¢;
(b) ¢ & L and p(Gr(,)) s adequate.

Then
1. the geometric Bloch-Kato Selmer group

H(F(S)/F*,ad(p)) := ker (H'(F(S)/F",ad(p)) — [[ H'(Ff, Bar ®g, ad(p)))

vlp
s trivial.
Moreover,
2. H*(F(S)/F*,ad(p)) = 0;
3. letting Hy(F;,ad(p)) := ker(H'(F,f,ad(p)) — H'(F,f, Bar ®q, ad(p))) for each v|p in F*, the

natural map

HY(F(S)/F*,ad(p)) — [ H'(F},ad(p))/ Hy (F,,ad(p))

vlp

18 an isomorphism.

We refer the reader to the notation section below for any of the notation with which the reader is not
familiar, to §2.1 for a discussion of regular algebraic polarizable cuspidal automorphic representations and
their associated Galois representations, and to 3.1.1 for the definition of an adequate subgroup of GLg4(F).
If p > 2(d + 1), then any subgroup of GL4(FF) acting absolutely irreducibly on F? is adequate by a theorem
of Guralnick—Herzig-Taylor—Thorne [Thol2, Theorem A,9], and the assumption of potential automorphy
is satisfied in many cases by work of Barnet-Lamb-Gee-Geraghty—Taylor [BLGGT14, Theorem 4.5.1]. As
an example, in §3.3 we apply this to certain twists of even symmetric powers of Galois representations
associated to elliptic modular forms. Parts 2 and 3 of Theorem A follow from part 1, using an argument of
Kisin (see 1.3.5), and this relies on the “numerical coincidence” discussed in [CHTO08, §1]. It seems likely that
the assumption that p > 2 can be removed using recent work of Thorne [Thol5], but we have not checked
the details. Theorem A will follow (see 3.2.1) from a slight variant (3.1.3).

A similar result (as well as a result similar to Theorem C below) was independently obtained by Breuil-
Hellmann—Schraen [BHS15, Corollaires 4.12 and 4.13]. Our results on the Bloch-Kato Selmer group (and on
universal deformation rings, c.f. Theorem C) are more general, as we make no assumption on the local factors
7y of the automorphic representation at places v|p, whereas they assume , is unramified when v|p. On the
other hand, they deduce their results as an application of the construction and study of an interesting object
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they call a patched eigenvariety, and this construction has other applications; for example, to a conjecture
of Breuil on locally analytic vectors in completed cohomology [BHS15, Corollaire 4.4].
For p as in the statement of the theorem, H,y(F,", ad(p)) = H(F,",ad(p)) for any v[p in FT, where

HY(F  ad(p)) = ker(H' (", ad(p) = H'(F}f, B ®g, ad(p)))

is the more common local Bloch-Kato Selmer group (see 1.2.9), so Theorem A remains unchanged replacing

H, with H} everywhere. With this in mind, the reader should compare Theorem A with the results of

[Chell §6]. In particular, note that we make no assumption on the restriction of p to decomposition groups

above p (besides what is naturally implied by assumption (a)).

In §3.1, using cyclic base change we deduce from Theorem A a similar theorem for totally real fields. To
state it, we set up some notation. Let F(S) be the maximal extension of F* unramified outside S and all
places above co. Let

p:Gal(FT(S)/F") — GL4(E)
be a continuous, absolutely irreducible representation. We assume that p satisfies one of the following;:
(GO) p factors through a map Gal(F'*(S)/F*T) — GO4(FE), that we again denote by p, with totally even
multiplier character;
(GSp) d is even and p factors through a map Gal(F'*(S)/F*) — GSp,(E), that we again denote by p, with
totally odd multiplier character.
We will refer to the first as the GO-case, and the second as the GSp-case. If we are in the GO-case, then we
let ad(p) and ad’(p) denote the Lie algebra go,(E) of GO4(F) and sub-Lie algebra so4(F), respectively, with
the adjoint Gal(Ft(S)/F*)-action ado p. If we are in the GSp-case, then we let ad(p) and ad’(p) denote the
Lie algebra gsp,(F) of GSp,(FE) and sub-Lie algebra sp,(F), respectively, with the adjoint Gal(F*(S)/F*)-
action ad o p.

Theorem B. Assume p > 2. Assume there is a finite extension LT/FT of totally real fields, a regular

algebraic polarizable cuspidal automorphic representation m of GLq(Ar+), and an isomorphism ¢ : @p =5 C
such that:

(a) p|GL+ ®@p = pr., where pr, is the Galois representation attached to m and ¢;
(b) p(GL+(,)) s adequate.

Then
1. the geometric Bloch-Kato Selmer group

HY(F*(8)/F*, ad(p)) = ker (H)(F*(S)/F*,ad(p)) = [ H(F;", Ban g, ad(s)))
vlp
is trivial.
Moreover,

2. H(F*(8)/F*,ad(p)) = 0;
3. letting H) (F;f, ad®(p)) := ker(H'(F;f,ad’(p)) — H'(F;", Bar ®q, ad®(p))) for each v|p in FT, the

natural map

HY(F*(S)/F*,ad(p) — [[H'(F.,ad(p)/Hy (F,",ad(p))
vlp

is an isomorphism.

Asin [Kis04, §8], we use vanishing of the geometric Bloch-Kato adjoint Selmer group to deduce smoothness
of a certain universal deformation ring at automorphic points, something we now explain. Let G4 denote the
group scheme over Z that is the semidirect product

Ga x {1.7} = (GLa x GL1) % {1,5},
where 3(g,a)7 = (a'g™!,a). There is a character v : G4 — GL; defined by by v(g,a) = a and v(j) = —1. Fix
a continuous homomorphism
7:Gal(F(9)/FT) — Ga(F)
inducing an isomorphism Gal(F/FT) = G4(F)/G}(F), as well as a totally odd de Rham character p :
Gal(F(S)/F*) — O* such that v o7 = pmod mp. Let p: Gal(F(S)/F) — GL4(F) be the composite of
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Tlgp : Gal(F(S)/F) — G9(F) with the projection GJ(F) — GL4(F), and assume p is absolutely irreducible.
If p > 2, then with this data S = (F/F™,S,0,7, ), there is a complete Noetherian local commutative O-
algebra Rs with residue field F, such that Rg represents the set-valued functor on the category of complete
Noetherian local commutative O-algebras A with residue field F, that sends A to the set deformations of 7
to A with multiplier y, i.e. the set of 1 + My(m4)-conjugacy classes of homomorphisms

r:Gal(F(S)/F1) — Ga(4)

satisfying r mod myq =7 and vor = pu (see §1.3).

Theorem C. Assume p > 2. Let x be a closed point of Spec Rs[1/p] with residue field k, and let
re s Gal(F(S)/FT) — Ga(k)

be the pushforward of (some homomorphism representing) the universal deformation of T via Rs[1/p) k.
Let p denote the composite of r|q, : Gal(F(S)/F) — GY(k) with the projection G9(k) — GLqa(k).

Assume there is a finite extension L/F of CM fields, a reqular algebraic polarizable cuspidal automorphic
representation I1 of GL4(AL), and an isomorphism v : @p = € such that the following hold:

(a‘) p|GL ®@p = pi,;
(b) ¢ & L and p(Gr(,)) s adequate.

Then the localization and completion (Rs) &

. ‘ , d
N is formally smooth over k of dimension T'H)[F+ : Q.

x

Theorem C is deduced in 3.2.4 as an immediate consequence of 3.1.3 and 1.3.13.

A related application of Theorem A is to the geometry of unitary eigenvarieties. Bellaiche and Ch-
enevier showed that at certain classical automorphic points on a unitary eigenvariety (see [BC09, §7.6.2]),
the weight map is étale and that a “refined deformation ring” (see [BC09, Definition 7.6.2 and Proposition
7.6.3]) is isomorphic to the completed local ring of the structure sheaf of the eigenvariety at these points
[BC09, Corollary 7.6.11], provided that [BC09, Conjecture 7.6.5 (C1)] holds. Theorem A implies [BC09, Con-
jecture 7.5.6 (C1)] if the representation denoted V there further satisfies the assumptions of Theorem A.
Thus, Theorem A establishes the conjectures of [BC09, §7.6] at points satisfying the assumptions of Theo-
rem A. We refer the reader to [BC09, §7.6] for more details and for precise statements. These conjectures
of Bellaiche—Chenevier were also proved by Breuil-Hellmann—Schraen [BHS15, Corollaire 4.11], under es-
sentially the same hypotheses. We also note that many cases of this were proved by completely different
methods by Chenevier [Chell, Theorems 4.8 and 4.10].

An important step in the proofs of our main theorems is the fact that the points coming from regular
algebraic polarizable cuspidal automorphic representations on certain local deformation rings are smooth.
By local-global compatibility, the Weil-Deligne representations attached to their local factors satisfy the
property that they do not admit any nontrivial morphisms to their Tate twist. We say below (1.1.2) that
such Weil-Deligne representations are generic. We show (see 1.2.7) that this property characterizes smooth
points on local potentially semistable deformation rings. As this may be of independent interest, we state it
here.

Theorem D. Let K be a finite extension of Qp, let

p: Gal(K/K) — GL4(F)
be a continuous homomorphism, and let RﬁD be the universal framed deformation ring for p. Fix a Galois type
T and a p-adic Hodge type v. Let R%’ (1,v) denote Kisin’s O-flat potentially semistable framed deformation
ring with fized Galois type T and p-adic Hodge type v. Let x be a closed point of Spec R%l(T, v)[1/p] with
residue field k. Let p, : Gal(K/K) — GLg(k) be the pushforward of the universal lift via R%'[l/p] —

R (7, v)[1/p] = k, and let WD(p;) be its associated Weil-Deligne representation.

Then RﬁD(T, v)[1/p] is smooth at x if and only if there is no nonzero map WD(p,) — WD(p,)(1) of
Weil-Deligne representations.

We refer the reader to §§1.1 and 1.2 for the definitions of any of the terms or object in the statement of
Theorem D with which the reader is not familiar. The idea of the proof of Theorem D is quite simple: mimic
the £ # p case. If K is a finite extension of Q; with ¢ # p, then the smooth closed points in the generic fibre
of the universal framed deformation ring are precisely the ones whose Weil-Deligne representation satisfy
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this genericity hypothesis (as observed in [BLGGT14, Lemma 1.3.2], see also 1.2.2 below). Indeed, a result
of Gee [Geell, Theorem 2.1.6] gives the dimension of the generic fibre of this framed deformation ring, so
it suffices to check when the tangent space, which is related to an H', has strictly larger dimension, and
this can be related to our genericity condition using local Euler characteristic and local Tate duality. The
proof of Theorem D is similar, replacing Gee’s dimension result with Kisin’s [Kis08, Theorem 3.3.4], the H!
with the local geometric Bloch—-Kato Selmer group H gl, and local Euler characteristic and local Tate duality
with Bloch and Kato’s local dimension formulae and local duality results [BK, §3]. In fact, for the proofs of
Theorems A, B, and C, we will only need the direction “generic implies smooth”, but the author has decided
to include the converse here because he finds it interesting in its own right: the criterion is the same as in the
£ # p case, exhibiting a sort of “independence of p” phenomena for the geometry of potentially semistable
deformation rings.

Outline. The paper is organized as follows.

In §1, we recall and prove the relevant facts regarding the deformation theory of Galois representations.
We first recall some properties of Weil-Deligne representations in 1.1; namely the construction of Weil—-
Deligne representations attached to local Galois representations and their connection with smooth admissible
representations of GLgy. In §1.2, we treat the local theory of Galois deformations with an emphasis on
describing the smooth points in the generic fibre of local deformation rings; in particular, we prove Theorem D
(1.2.7). The global theory is then discussed in §1.3, the main point being to use Kisin’s technique of analyzing
the generic fibre of deformation rings to connect them to the Bloch-Kato Selmer group (1.3.12), and to prove
some dimension and smoothness results that are necessary for the proof of Theorem C (1.3.13).

We discuss the automorphic theory necessary in §2; everything here is standard. We first recall the proper-
ties of Galois representations associated to regular algebraic polarized cuspidal automorphic representations
of CM and totally real fields in §2.1. We then describe their connection to automorphic forms on definite
unitary groups in §2.2, the main point being to show how one can construct a certain module of automorphic
forms with an action of a certain Galois deformation ring, and that the vanishing of the Bloch-Kato Selmer
group in question is implied by a freeness property (2.2.7).

We conclude our efforts in §3, proving the main theorem (3.1.3) in §3.1, and deducing Theorems A, B,
and C from the introduction in §3.2. Finally, in §3.3 we given an application to certain twists of symmetric
powers of modular Galois representations.
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NOTATION AND CONVENTIONS

If F is a number field and v is a place of F, we denote by F, the completion of F' at v, and if v is
non-Archimedean we denote the ring of integers by Or,. We let Ap denote the ring of adeles of F', and A%
the ring of finite adeles.

If K is any field with a fixed algebraic closure K, we denote by G the absolute Galois group Gal(K /K).
If K is a non-Archimedean local field, we denote by Ix the inertia subgroup, by Wy the Weil group, and
by Frobg the geometric Frobenius in Gg/Ix = Wik /Ik. In the case that K is the completion of a number
field F' at a finite place v, we write G,, I,, and Frob, for Gg,, Ir,, and Frobg,, respectively. If L/F is a
Galois extension of number fields inside some fixed algebraic closure F of F, and S is a finite set of finite
places of F', we let L(.S) denote the maximal extension of L that is unramified outside of any of the places in
L above those in S and the Archimedean places. A CM extension of a totally real field is always assumed to
be imaginary. Given a CM field F with maximal totally real subfield F', we denote by d5 /r+ the nontrivial
{#£1}-valued character of Gal(F/FT). Given a finite separable extension of fields L/F, we write Nmy ,p for
the norm from L to F.
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If K is a non-Archimedean local field, we let Artyx : K* = Wx be the Artin reciprocity map normalized
so that uniformizers are sent to geometric Frobenius elements. For a number field F, we let Artp : F*\Ajx —
G2 be Artp = [[, Artg,. For any d > 1, we let reck be the Local Langlands reciprocity map that takes

irreducible admissible representations of GL4(K) to Frobenius semi-simple Weil-Deligne representations,

normalized as in [HT01] and [Hen00]. We then let rec’- be given by reck (1) = reck (7 ® ||1;2d)

If we are given an isomorphism ¢ : K = L of fields, and F < K is an embedding of fields, we write ¢\
for coA. If A = (A\i)ier is a tuple of field embeddings F; < K, then we write ¢\ for the tuple (¢A;)ier. If
r: G — Autg (V) is a representation of a group G on a K-vector space V, then we will denote by ¢r the
representation of G on the L-vector space V ®g , L.

If G is a group, A is a commutative ring, and p : G — GL,(A) is a homomorphism, then we will let V,
denote the representation space of p, i.e. V, = A" with the A[G]-module structure coming from p.

We denote by e the p-adic cyclotomic character. We let B.;, Bs, and Bgqr denote Fontaine’s rings
of crystalline, semistable, and de Rham periods, respectively. We will frequently use the Berger—André—
Kedlaya—Mebkhout Theorem [Ber02, Théoréme 0.7], that de Rham representation are potentially semistable,
without comment. We use covariant p-adic Hodge theory, and normalize our Hodge—Tate weights so that the
Hodge-Tate weight of € is —1. If K and E are two algebraic extensions of Q, with K/Q,, finite, 7 : K — E is
a continuous embedding, and p : Gxg — GL(V) & GL4(F) is a de Rham representation, we will write HT - (p)
for the multiset of d Hodge-Tate weights with respect to 7. Specifically, an integer ¢ appears in HT (p) with
multiplicity equal to the F-dimension of the ith graded piece of the d-dimensional filtered E-vector space
Dar(p) ®(Kkeq, £) E, where Dar(p) = (Bar ®q, V,)¢% and we view E as a K ®q, E-algebra via 7 @ 1. We
will say a continuous representation p : Gp — GL(V) 2 GL4(F) of the Galois group of a number field F is
de Rham, resp. semistable, resp. crystalline, if p|g, is so for every v|p in F.

If A is a commutative local ring, we will denote by m 4 its maximal ideal. If A is a commutative ring and
2z : A — D is a homomorphism with D a domain, then we denote by A, the localization of A at ker(z), and
A7 the localization and completion of A at ker(z). If A is a commutative ring and = € Spec A has residue
field k,, we again denote by x the map = : A — k.

If k is a characteristic 0 field and R is a commutative k-algebra, we will say = € Spec R is formally smooth
if k — R, is formally smooth. This is equivalent to k — R2 being formally smooth, which is equivalent to
R} being isomorphic to a power series ring over it’s residue field, since k has characteristic 0. We will use
these equivalences without further comment.

If B is a local commutative Noetherian ring, we let CNLp be the category of complete local commutative
Noetherian B-algebras A such that the structure map B — A induces an isomorphism B/mp — A/m4, and
whose morphisms are local B-algebra morphisms. We will refer to an object, resp. a morphism, in CNLp
as a CNLpg-algebra, resp. a CNL g-morphism. The full subcategory of Artinian objects is denoted Arp.

If G is a topological group, and W is a topological G-module, the cohomology groups H'(G, W) are always
assumed to be the continuous cohomology groups, i.e. the cohomology groups computed with continuous
cochains. If M/L is a Galois extension, and W is a topological Gal(M/L)-module, we write H*(M /L, W)
for Hi(Gal(M/L),W). If L is an algebraic closure of L, we write H*(L, W) for H*(L/L,W). If K is a finite
extension of Q,, and W is a finite dimensional Q,-vector space with a continuous Q,-linear G'x-action, we
set

H, (K, W) :=ker(H'(K,W) — H'(K, Bar ®q, W)).

If F'is a number field, M is Galois extension of F', and W is a finite dimensional QQ,-vector space with a
continuous Q,-linear Gal(M/F)-action, we set

Hy(M/F,W) :=ker (H'(M/F,W) — [ [ H'(F,, Bar ®g, W)).
v|p
1. DEFORMATION THEORY
Throughout this section £ will denote a finite extension of Q, with ring of integers O and residue field F.
1.1. Weil-Deligne representations. Let ¢ be a rational prime, and let K be a finite extension of Q; with

ring of integers Ok and uniformizer wg. Let ¢ denote the cardinality of the residue field of K, Let |-| denote
the absolute value on K normalized so that |wx| = ¢~!. For w € W, we will write [w]| for [Art!(w)|. If



8 PATRICK B. ALLEN

k is a field, and p : Gx — GLg4(k) is a homomorphism, we let ad(p) denote gl;(k) with the adjoint action
ad o p of Gi. Note that ad(p) = Homy(V,, V) and ad(p)(1) = Homy(V,,V,(1)) as k[G k]-modules.

1.1.1.  We recall some basics of Weil-Deligne representations (see [Tat77, §4]). Given a characteristic 0
field Q, a Weil-Deligne representation over ) is a pair (r, N), where r : Wx — GL(V) = GL4(Q) is a
representation of Wk on a finite dimensional Q-vector space V with open kernel, and N € Endqg(V) is
nilpotent, such that r(w)Nr(w)™! = |w|N for all w € Wg. A morphism of Weil-Deligne representations
(r1,N1) = (re,N2) is a an Q-linear morphism that intertwines the r; and the N;. A Weil-Deligne rep-
resentation (r, N) is called Frobenius-semisimple if r is semisimple (equivalently, if »(®) is semisimple for
® € Wk a lift of the Frobenius). Given a Weil-Deligne representation (r, N), we will denote by (r, N)¥™ss
its Frobenius-semisimplification, i.e. (r, N)f™% = (%, N). Given a Weil-Deligne representation (r, N), we
let (r, N)(1) = (r(1), N) be the Weil-Deligne representation with r(1)(w) = |w|r(w). If « € Aut(£2), we let
t(r,N) = (ur,tN) denote the Weil Deligne representation obtained by change of scalars via ¢ : Q = Q (this
is again a Weil-Deligne representation since |w| € Q for all w € Wk).

Definition 1.1.2. We say a Weil-Deligne representation (r, N) is generic if there is no nontrivial morphism
(r,N) = (r(1),N).

If m is an irreducible admissible representation of GL4(K) over C and ¢ € Aut(C), then reck (ur) =

wreck () (this is explained when d = 2 in [BHO06, §35] and the argument there generalizes using [BH00, The-
orem 3.2] and the converse theorems of [Hen93]). If Q is field isomorphic to C (as abstract fields), we get
a bijection, again denoted by rec’, between isomorphism classes of irreducible admissible representations
of GL4(K) over © and isomorphism classes of d-dimensional Frobenius semi-simple Weil-Deligne repre-
sentations over by fixing any isomorphism ¢ : = C and setting reck () = ¢~ !reck (i), and this is
independent of the choice of «.

Lemma 1.1.3. Let 7 be an irreducible smooth admissible representation of GL4(K) on an Q-vector space,
with 0 a field (abstractly) isomorphic to C. Then reck () is generic if and only if 7 is generic.

Proof. This is essentially identical to [BLGGT14, Lemma 1.3.2(1)]. We give the details. It suffices to consider

the case 2 = C. Since 7 is generic if and only if 7® ||1;2d is generic, it is equivalent to show that 7 is generic
if and only if recg () is generic. Note that if (r, N) = reck (), then (r(1), N) = reckx (7 ® |]).

We will use the notation and terminology of [HT01, §1.3]. There are positive integers s;,d; fori =1,... ¢t
with d = dys1 + - - - + dis; and irreducible supercuspidal representations m; of GLg, (K) such that

7 = Sp,, (m1) B--- B Sp,, (),

and the multiset {(s1,71),..., (8, m)} is uniquely determined by 7. By abuse of notation, we also denote by
Sp, the s-dimensional Weil-Deligne representation (r, N') on a complex vector space with basis eg, ..., es_1,
where r(w) = |w|’e; for eachi =0,...,5—1, and Ne; = e;11 for eachi =0,...,s—2 and Nes_; = 0. Then

(see [HTO01, Theorem VII.2.20] and the discussion preceding it)

recg (m) = (reck (m1) ® Sp,, ) ® - - - & (reck (m;) ® Spy, ),
and reck () is nongeneric if and only if
(1) Homwnp (reck (i) ® Sp,,, reck (m; @ |-]) @ Sp,,) # 0

for some 4,j. Since reck(m;) is absolutely irreducible (as m; is supercuspidal), it is easy to check that (1)
holds if and only if m; = 7; ® |-|* with s; — s; < a < s;. In the notation and terminology of [Zel80] (see
[Zel80, §3.1 and §4.1]), this happens if and only if the segments [r;,...,m ® |-|* 7] and [7;,...,m; @ |-]% 7]
are linked, which happens if and only if 7 is non-generic by [Zel80, Theorem 9.7] (note generic is called
non-degenerate in [Zel80]). O

1.1.4.  Assume that ¢ # p, and let
p: GK — GLd(E)
be a continuous representation. Following [Tat77, §4.2], we can attach a Weil-Deligne representation to our

fixed p, that we will denote WD(p), as follows. Fix ® € Gk mapping to the geometric Frobenius in Gg /I k.
Fix a surjection t, : Ix — Zp, and let 7, € Ix be such that ¢,(7,) = 1. The homomorphism ¢, necessarily
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factors through tame inertia. Write p(7,) = p(7)%*p(7,)" with p(7,)** semisimple and p(7,)" unipotent. Set
N =1log(p(1p)™). Then the map r : Wx — GL4(E) given by

(2) H(®"0) = p(®"g)e "t (OIN

for n € Z and o € Ik, is well-defined with open kernel, and (r, N) is a Weil-Deligne representation. The
isomorphism class does not depend on the choices made, and we denote any element in this isomorphism
class by WD(p). Moreover, this assignment (which depends on ® and ¢,) gives an equivalence of categories
from the category of continuous representations p : Gxg — GL4(E) to the full subcategory of Weil-Deligne
representations (r, N) on E? such that r has bounded image. From this we deduce the following lemma.

Lemma 1.1.5. Let p : Gxg — GLq(E) be a continuous representation. The Weil-Deligne representation
WD(p) is generic if and only if Hompgg,(V,,V,(1)) = 0.

1.1.6.  Assume ¢ = p, and let

p: GK — GLd(E)
be a continuous potentially semistable representation. Following Fontaine, [Fon94b, §1.3 and §2.3], we can
also associate a Weil-Deligne representation to p, again denoted WD(p), as follows.

Let L/K be a finite extension, let G,k = Gal(L/K), and let Lo be the maximal subfield of L unramified
over Q. We assume that E contains all embeddings of Lo into an algebraic closure of E. A (¢, N,Gp/k)-
module D over E is a finite free Lo ®q, E-module together with operators ¢ and N, and an action of
Gal(L/K), satisfying the following;:

— N is Lo ®q, E-linear;

—  is E-linear and satisfies p(ax) = o(a)p(z) for any € D and a € Ly, where o € Gal(Lo/Q)) is

the absolute arithmetic Frobenius;

- Ny = poN;

— the Gal(L/K)-action is E-linear and Lg-semilinear, and commutes with ¢ and N.
Extend the action of Gal(L/K) to Wi by letting I, act trivially. For w € Wi, we let v(w) € Z be such that
the image of w in Wi /I is o~ (@) We then define an Lo ®q, E-linear action, that we denote rp, of Wi on
D by rp(w) = we*™). Writing Ly ®q, E = [I,.L,op E, we get a decomposition D =[] ., _,p D- and an
induced d-dimensional Weil-Deligne representation (r,, N, ) over E on each factor D,. The isomorphism class
of (r;, N;) is independent of 7 : Ly < FE (see [BM02, §2.2.1]), and we denote any element in its isomorphism
class by WD(D). Moreover, by [BS07, Proposition 4.1], this assignment induces an equivalence of categories
from (¢, N, G, / i )-modules over E to Weil-Deligne representations over E on which I}, acts trivially. Given a
(@, N,G /K )-module D over I, we let D(1) be the (¢, N, G,k )-module with the same underlying Lo ®q, E-
module, operator N, and G, -action, but with ¢p1) = p~'¢p. Note that WD(D(1)) = WD(D)(1).

Now choose L/K such that p|g, is semistable and such that E contains all embeddings of L into an
algebraic closure of E (enlarging E if necessary). We get a (¢, N, G,k )-module

Dstl(ﬂ) = (Bst X, VP)GL-

The isomorphism class of WD(Dgy,1,(p)) does not depend on the choice of L (see [BM02, §2.2.1]), and we set
WD(p) = WD(Dst,.(p))-

Lemma 1.1.7. Let p : Gx — GL4(E) be a potentially semistable representation. Let L/K be a finite
extension such that plg, is semistable.

1. The Weil-Deligne representation WD(p) is generic if and only if there are no nonzero morphisms
Dg;,1.(p) = Dst,(p)(1) of (¢, N,Gp,K)-modules over E.

2. Let Der(ad(p)(1)) = (Ber ®q, ad(p)(1))9% with its induced crystalline Frobenius . Then WD(p) is
generic if and only if Dy (ad(p)(1))?=! = 0.

Proof. Part 1 follows from [BS07, Proposition 4.1]. We use this to derive part 2. By [Fon94a, §5.6], the
(¢, N,Gpr Kk )-module Dy 1, (Homg,(V,,V,(1))) over Q, is identified with the (¢, N, Gk )-module over Q,
consisting of the Lo-vector space of morphisms Dy 1.(p) = Dst,z(p(1)) with (o, N, Gk )-module structure
by

—pf=pofop,

~ Nf=Nof—foN,
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~yf=ryofonyTt foryeGpk.
This identification takes the subspace of elements that commute with E to the subspace of elements that
commute with E, and we have an isomorphism Dy r(ad(p)(1)) with the space of Ly ®q, E-morphisms
Dgt,1.(p) — Dst,n.(p(1)) with the (o, N, Gk )-module structure as above. This together with part 1 implies
that WD(p) is generic if and only if

{f € Dst,(ad(p)(1))°2/% | Nf = 0 and ¢ f = f} = 0.
The left hand side of this expression is exactly the subspace of D..(ad(p)(1)) on which ¢ = 1. O

We note that one may have Homgg.1(V,, V,(1)) = 0, but WD(p) nongeneric, for example if p is a nonsplit
crystalline extension of the trivial character by the cyclotomic character.

1.2. Local Galois deformation rings. We keep the notation and terminology of the previous subsection.
Fix a continuous representation

p:Gx — GLd(F).
A lift of p to a CNLp-algebra A is a continuous homomorphism

p: Gxg — GLg(A)

such that p mod ma = p. The set valued functor that sends a CNLp-algebra to its set of lifts is representable
(see [Boc, Proposition 1.3]). We call the representing object the universal lifting ring for p and denote it by
R'ﬁj. We let pP : G — GLd(RﬁD) denote the universal lift.

In what follows, if R is a quotient of RED, and x € Spec R[1/p] has residue field k, we let p, : Gx — GLg(k)
denote the specialization of p& via RF[1/p] — R[1/p] = k. We then define a lift of p, to a CNLy-algebra A
to be a homomorphism

p: GK — GLd(A)
such that p mod my = p, and such that the induced map Gx — GL4(A/m%) is continuous for all n > 1,
where we give A/m’; the topology as a finite dimensional k-vector space.

The proof of our main theorems will rely crucially on Kisin’s method for analyzing the generic fibre of
universal deformation rings, the linchpin of which is the following result.

Theorem 1.2.1. Let = be a closed point of R%'[l/p] with residue field k.

1. The set valued functor that sends a CNLy-algebra to the set of lifts of ps is represented by the the

localization and completion (RﬁD)Q of Ry at x.

2. The tangent space of Spec R'ﬁ][l/p] at x is canonically isomorphic to the space of 1-cocyles Z' (K, ad(p,))
of Gx with coefficients in ad(py).
Proof. Part 1 is [Kis09a, Lemma 2.3.3 and Proposition 2.3.5]. In fact, [Kis09a, Proposition 2.3.5] goes further
by identifying certain groupoids, which implies what we want (see [Kis09a, §A.5]).
Using part 1, it is straightforward to check that the map Z(K,ad(p:)) — HomCNLk((RﬁD)Q, kle]) given
by k> (1 4 €k)p, is an isomorphism of k-vector spaces. O

Proposition 1.2.2. Assume £ # p.
1. Spec Rﬁm[l/p] is equidimensional of dimension d2.
2. A closed point x of Spec R%][l/p] is smooth if and only if WD(p,.) is generic.

Proof. The fact that Spec RﬁD[l /p] is equidimensional of dimension d? is a result of Gee [Geell, Theo-
rem 2.1.6] (see also the discussion preceding Proposition 2.1.4 of [Geell]). Let k denote the residue field of
x. Then 1.2.1 implies that z is a smooth point if and only if dimy Z'(K,ad(p.)) = d?. By the local Euler
characteristic formula,

dimy, Z' (K, ad(p,)) = dimp H' (K, ad(p,)) + d* — dimy H°(K, ad(p,))
= d* + dimy, H?*(K,ad(p,)),
so (RE)” is formally smooth over k if and only if H2(K,ad(p,)) = 0. The trace pairing on ad(pg) is perfect,
p/x

so Tate local duality implies that H?(K,ad(p,)) = 0 if and only if H°(K,ad(p,)(1)) = 0. This is equivalent
to Homy g, (Vy., Vp. (1)) = 0, which is equivalent to WD(p,) being generic by 1.1.5. O
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1.2.3.  Assume that £ = p. A d-dimensional Galois type over E is a representation 7 : I — GL(V) &
GL4(E) of Ik on a d-dimensional E-vector space V with open kernel that extends to a representation of W
An d-dimensional p-adic Hodge type over E is a pair v = (D, {Fili}iez), where D is a free K ®q, F-module
of rank d, and {Fili}l-ez is a decreasing, separated, exhaustive filtration on D by K ®q, E-submodules.
We set ad(D) = End(kg,, m)(D) and ad(D)* = {f € ad(D) | f(Fil') C Fil' for all i € Z}. We will say
that a p-adic Hodge type v = (D, {Fili}iez) over E is regular if, writing K ®q, E = [], K; as a product
of fields, the d-dimensional filtered K;-vector space D @ xgr K; has graded pieces of dimension at most 1.
It is straightforward to check that if v is regular, then dimg ad(D)/ad(D)* = @[K : Qp), and this is
maximal.

Let 7 : I — GL(V) and v = (D, {Fil'};cz) be a d-dimensional Galois type and p-adic Hodge type,
respectively, over E. Let A be a finite F-algebra and let V4 be a free A-module of rank d with a continuous
A-linear Gi-action such that Vy is a potentially semistable representation. Let (74, N4) be the Weil-Deligne
representation attached to V4 (viewed as a representation of Gx on a d(dimg A)-dimensional E-vector space).
We say that Vs has Galois type 7 if 74|, = 7 ®p A. Let Dar(Va) = (Bar ®q, V4)@% together with its
natural filtration induced from the filtration on Bqr. We say that V4 has p-adic Hodge type v if for each
i € Z, there is an isomorphism of K ®q, A-modules

gr' Dar(Va) = gr'(D) @5 A.
We can now state the following fundamental result of Kisin, [Kis08, Theorem 3.3.4].

Theorem 1.2.4. Fiz a d-dimensional Galois type T, and a d-dimensional p-adic Hodge type v = (D, {Fili}iez)
over E. There is an O-flat quotient RﬁD(T, v) of RﬁD such that if A is any finite E-algebra, an E-algebra
morphism x : RﬁD[l/p] — A factors through RﬁD(T, v)[1/p] if and only if p, is potentially semistable with
Galois type T and p-adic Hodge type v.

Moreover, if nonzero, then Spec RﬁD(T, v)[1/p] is equidimensional of dimension d*+dimg ad(D)/ad(D)",
and admits a open dense formally smooth subscheme.

We now wish to show the analogue of part 2 of 1.2.2 for the rings R%] (1,v). For global applications, we will

actually only need the fact that WD(p,) generic implies RﬁD(T, v)2 is formally smooth, but for completeness
we include the converse. Our proof will rely on the following standard lemma, which we will also need for
other purposes later.

Lemma 1.2.5. Let = be a closed point of Spec RﬁD(T, v)[1/p]. The tangent space of RﬁD(T, v)[1/p] at x is
canonically isomorphic to

Zy(K,ad(pg)) == ker (Z'(K,ad(p,)) — H' (K, Bar ®g, ad(ps)))-

Proof. Let k denote the residue field of z. Using 1.2.1, the tangent space of (RﬁD)Q is canonically isomorphic
to Z1(K,ad(p,)). Take k € Z(K,ad(p,)), and let p, = (1 + €k)ps : Gk — GL4(k[g]) be the corresponding
lift. The cocycle x dies in H'(K, Bgr ®q, ad(py)) if and only if there is a G'x-equivariant isomorphism

Bar ®q, V,,. = Bar ®q, (V. ®k k[e]) = (Bar ®q, Vp.) @k kle],

and this happens if and only if p, is potentially semistable with p-adic Hodge type v. Choosing an extension
L/K for which p, is semistable and using the exactness of Dy 1 (see [Fon94a, Théorem 5.1]), we see
that the Galois type of p, is an extension of 7 by itself. Since 7 is a representation of a finite group in
characteristic 0, it necessarily splits and p, has Galois type 7. Hence, « lies in the kernel of Z*(K,ad(p.)) —
HY(K, Bgr ®q, ad(p,)) if and only if the lift p, is potentially semistable of Galois type 7 and p-adic Hodge
type v. By 1.2.4, the subspace of such elements is the tangent space of R%’ (1, v)5. O

Lemma 1.2.6. Let k be a finite extension of Q, and let p : Gk — GLq(k) be a de Rham representation.
There is an isomorphism Dqr(ad(p)) = ad(Dar(p)) of filtered K ®q, k-modules.
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Proof. Indeed, from ad(p) = Endy(V,) and the fact that p and ad(p) are de Rham, we have isomorphisms
of filtered K ®q, k-modules

Dar(ad(p)) = (Bar g, Endy(V,,))%*
= (End (g aq, k) (Bar ©g, Vp)) %
= (End (gm0, k) (Bar @ Dar(p))) <
= (Bar ®k Endger(Dar(p))) <

= B§i¥ @k ad(Dar(p))
= ad(Dar(p))- O

Theorem 1.2.7. A closed point x of Spec R%’ (1,v)[1/p] is formally smooth if and only if WD(p,.) is generic.

Proof. Let k denote the residue field of z. By 1.2.4, RﬁD(T, v)2 has dimension d? + dimg ad(D)/ad(D)*.
Since p, has p-adic Hodge type v, this is equal to d? + dimy ad(Dgr(pz))/ad(Dgr(ps))", which equals
d2 + dimk DdR(ad(pm))/DdR(ad(pm))Jr by 1.2.6.

We now analyze the dimension of the tangent space of R%' (7,v)2. By 1.2.5, the tangent space of RED (r,v)2
has dimension

dimy, Zy (K, ad(p,)) = d* + dimy H, (K, ad(p,)) — dimy, H’(K,ad(p,)).
So, R%’ (7,v)2 is smooth if and only if
dimy, Hy (K, ad(p,)) — dimy, H°(K, ad(p,)) = dimg Dar(ad(ps))/Dar(ad(pz)) ",
equivalently,
(3) dimg, H,(K,ad(p,)) — dimg, H(K,ad(p,)) = dimg, Dar(ad(ps))/Dar(ad(pz))*.

Before proceeding, we introduce some notation. If W is a finite dimensional Q-vector space with a continuous
Qyp-linear Gk-action, define the Q,-vector spaces as in [BK, §3]:

HYK, W) :=ker(H (K,W) — H'(K, B{~" ®q, W)),
Hj(K,W) :=ker(H'(K,W) = H" (K, Be: ®g, W)).
The pairing (X,Y) = try g, (tr(XY")) is perfect on ad(p.), so induces an isomorphism

ad(p,)(1) 2 Homg, (ad(p.), @ (1))
Then, by [BK, Proposition 3.8],

dimg, Hy(K,ad(py)) — dimg, H°(K, ad(p.))

— dimg, H' (K, ad(p,)) — dimg, HX(K, ad(p,)(1)) — dimg, HO(K, ad(p..)

— dimg, H}(K,ad(p.)) + dimg, H}(K,ad(p.)(1)) — dimg, H(K, ad(p,)(1)) — dimg, H°(K,ad(p.)).
Using [BK, Corollary 3.8.4], this last expression equals

dimg, Dar(ad(p.))/Dar (ad(p2))* + dimg, Dex(ad(p,)(1))7~",

Plugging this into (3), we see that RﬁD(T, V)2 is formally smooth if and only if D (ad(p,)(1))?=! = 0. This
happens if and only if WD(p,.) is generic by part 2 of 1.1.7. O

More thorough investigations of the smooth and singular loci in the case d = 2 and the case d = 3 and
Ky = Q, are carried out in [Kis09b, (A.1)] and [Bell4, §7]. In particular, when d = 2 Kisin shows in
[Kis09b, (A.1)] that Spec R%' (1,v)[1/p] is reduced, and is either smooth or is the union of 2 smooth closed
subspaces. When d = 3 and Ky = Qp, Bellovin shows in [Bell4, §7.3] that Spec RﬁD(l, v)[1/p] is the union
of 3 closed subspaces, two of which are smooth, and one of which is singular.

In practice it is often important to know that given a representation p of G, the restriction p|g, defines a
smooth point for any finite extension L/K. For example, p = e ® x with x a nontrivial finite order character
defines a smooth point on the corresponding potentially semistable deformation ring, but the restriction
pla,, to any Gy, that trivializes x will not. It is not hard to see that any (mixed) pure Galois representation
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(i.e. one that satisfies the conclusion of the Weight—Monodromy Conjecture) will define a smooth point after
any finite base change. A similar sufficient condition was noticed by Calegari [Call2, Lemma 2.6]. However,
as the following example illustrates, the condition that WD(p|g, ) is generic for any finite extension L/K is
strictly weaker than either of these.

Ezample 1.2.8. Choose a cocycle  of G, valued in Q,(1) such that the cohomology class of x does not lie
in H}(Qp,Qp(1)). Then the representation

p= 1 kK
~1
is semistable noncrystalline, and if L/Q,, is any finite extension, the Weil-Deligne representation WD (p|g, ) =
(r,N) is given by
1 0
r(Frobr) = 1 and N = 1],
pf

where f denotes the residue degree of L. A straightforward check shows that WD(p|¢,) is generic, so letting
v denote the p-adic Hodge type of p, the restriction p|g, defines a smooth point on Spec RﬁDcL (1,vp)[1/p]
for any finite extension L/Q, (where v; := L Qk v). Some related and more detailed computations are
carried out in [Bell4, §7.3].

Remark 1.2.9. Let p: Gx — GL4(FE) a potentially semistable representation. We saw in the proof of 1.2.7
that [BK, Proposition 3.8] and [BK, Corollary 3.8.4] imply

dimg, H,(K,ad(p)) = dimg, H;(K,ad(p)) + dimg, De:(ad(p)(1))?=".

So part 2 of 1.1.7 shows H}(K,ad(p)) = H, (K, ad(p)) if and only if WD(p) is generic.

We can generalize one direction of this slightly. Let W be a representation of Gx on a d?-dimensional
E-vector space such that it’s restriction to Gp,, for some L/K finite, is isomorphic to ad(p) with p : G —
GL4(E) a potentially semistable representation. Then H (K, W) = H, (K, W) if WD(p) is generic. Indeed,

the commutative diagram

HY(K,W) —— H'(K, Bey ®g, W) — H'(K, Bar ®g, W)

|

HY(L,W) —— HY(L, Be; ®g, W) —— H'(L, Bar ®q, W)

has injective vertical arrows by restriction-corestriction. It easily follows that H }(K W) =H ; (K, W) if
H}{(L,W) = Hy(L,W). We mention this slight generalization because in our global applications we do not
wish to restrict ourselves to CM extensions F//F* such that every v|p in F'* splits in F.

1.3. Global Galois deformation rings. Throughout this subsection we assume p > 2.
We recall the Clozel-Harris—Taylor group scheme G4, which is the group scheme over Z defined as the
semidirect product
(GLd X GLl) A {L]} = gl(i) A {lvj}a
where 3(g,a)7 = (a’g™!,a), and the homomorphism v : G4 — GL; given by v(g,a) = a and v(j) = —1. We
let gl; = Lie GL4 C Lie G4, and let ad denote the adjoint action of G4 on gly, i.e

1

ad(g,a)(z) = gzg~' and ad(y)(z) = —"a.
If T is a group, A is a commutative ring and
r: T — Gy4(A)

is a homomorphism, we write ad(r) for gl;(A) with the adjoint action ad o7 of T.
The following is (part of) [CHT08, Lemma 2.1.1].

Lemma 1.3.1. Let I' be a topological group with an open subgroup A of index 2. Fiz some v € I' N A. Let
A be a topological ring. There is a natural bijection between the following two sets.
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1. Continuous homomorphisms r: T — G4(A) inducing an isomorphism T'/A = G4(A)/GI(A).
2. Triples (p, u,(-,-)), where p : A = GL4(A) and p : T — A* are continuous homomorphisms and
(-,-) is a perfect A-linear pairing on A? satisfying

(p(9)a, p(y0075 )b) = u(d){a,b) and (a, p(45)b) = —p(y0) (b, )
for all a,b € A? and § € A.
Under this bijection, u(y) = (vor)(y) for all vy € T, and {(a,b) = taP~1b for r(yo) = (P, —u(0))y-

If T is a group, A is a commutative ring, r : T' = G4(A) is a homomorphism, and B is an A-algebra, we
will write r ® 4 B for the composite of r with the map G4(A4) — Gq(B). If [r] is a 1 + My(m4)-conjugacy
class of such homomorphisms, we will write [r] ® 4 B for the 1 4+ Mg(mp)-conjugacy class [r ® 4 B].

If T is a group, A is a commutative ring, r : I' = G4(A) is a homomorphism, and A is a subgroup of T
such that r(A) C GY(A), we will write r|a for the composite of the restriction of r to A with the projection
GY(A) — GL4(A). In particular, we view A% as an A[A]-module via 7|a.

We recall [CHTO08, Definition 2.1.6]:

Definition 1.3.2. Let I' be a group with index two subgroup A. Fix 79 € I' \~ A. Let k be a field and
let 7 : I' — Gy(k) be a homomorphism with A = r=1(GY(k)). We say that r is Schur if all A-irreducible
subquotients of k™ are absolutely irreducible and for all A-invariant subspaces k™ D W7 D W5 such that
k™ /Wy and W are irreducible, we have (k" /Wp)% £ Wy @ (vor).

Note that if 7| is absolutely irreducible, then r is Schur.

1.3.3.  Before proceeding with deformation theory, we prove some results on the cohomology of the adjoint
representation valued in a finite extension of Q,. Let F' be a CM field with maximal totally real subfield
FT. Let S be a finite set of finite places of F'* containing all those above p. Let k be a finite extension of

Qp, let

r:Gal(F(S)/Ft) — Gq(k)
be a continuous homomorphism inducing an isomorphism Gal(F/F*) = Gu(k)/G%(k), and let p = vor.
For each v|oco in F, let ¢, € Gp+ be a choice of complex conjugation. Recall we have assumed p > 2.

Lemma 1.3.4. Let the notation and assumptions be as in 1.3.3 above. Then

2

Z(_l)z‘ dimy, Hi(F(S)/FJ’_,ad(T‘)) — 2 F+ +Z d—f—M Cv))

=0 v|oo

Proof. An easy computation (see [CHTO08, Lemma 2.1.3]) shows dimy H°(F,,ad(r)) = M for each
v|oco. Using [CHTO08, Lemma 2.1.5], we may assume r takes values in G4(Oy,), where Oy, is the ring of integers
of k. The lemma now follows from [CHT08, Lemma 2.3.3] by an argument as in [Kis03, Lemma 9.7]. O

Lemma 1.3.5. Let the assumptions and notation be as in 1.3.3 above. Assume further that r|q,, is de Rham
with regular p-adic Hodge type for every wlp in F, that u(c,) = —1 for every v|oo, and that ad(r)%r+ = 0.
If Hy(F(S)/F*,ad(r)) =0, then the following hold.

1. dimy HY(F(S)/F*,ad(r)) = LS [P+ Q).

2. H2(F(S)/F*,ad(r)) = 0.

3. The natural map

HY(F(S)/F*,ad(r)) — [[H'(F} ad(r))/Hy(F,},ad(r))
vlp

18 an tsomorphism.

Proof. The argument is exactly as in the proof of [Kis04, Theorem 8.2]. We give the details.
Using our assumption that u(c,) = —1 for every v|oo, and that ad(r)“r+ = 0, 1.3.4 implies

d(d+1)

dimy H(F(S)/F*,ad(r)) — dimy H*(F(S)/F*,ad(r)) = 5

[FJF :Q]a
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so parts 1 and 2 are equivalent. Using the assumption H}(F(S)/F*,ad(r)) = 0, there is an injection
HY(F(8)/F*,ad(r)) — [ [H'(F,ad(r)/H (F ad(r)),
vlp
and all three parts of the lemma will follow from showing

4Dt g,

for each v|p in F'T. Equivalently, it suffices to show that for each v|p in F'*, the image of

HY(FF,ad(r)) — H'(F, Bar ®q, ad(r))

dimy, H' (F;f ad(r))/Hy (F}f ,ad(r)) <

has k-dimension < @[Ej : Qp]. The k-vector space H'(F,f, Byr ®q, ad(r)) has a filtration induced by
the filtration on Bgg, and the image of H'(F,F,ad(r)) is contained in the Fil’. It thus suffices to show that
for each v|p in F'T,

d(d+1)
2

dimy, Fil’ H' (F,}", Bar ®q, ad(r)) < [FF Q).

From the filtered G-equivariant isomorphism Bar ®q, ad(r) = Bar ®p+ Dar(ad(r)), and the fact that
HY(F}, Bar) = F,f (see [Tat, §3]), we have filtered isomorphisms

H'(F, Bar ®q, ad(r)) = H'(F,, Bar @+ Dar(ad(r)))
= Hl(F;r, Bgr) Q@+ Dyr(ad(r))
> Dggr(ad(r)).

So, we are reduced to showing that dimy, Fil’ Dgg (ad(r)) = @[Fj : Q] for each v|p in F*. For any w|p

in F, since r|g, is de Rham, there is an isomorphism of filtered F, ®q, k-modules (see 1.2.6)
(Bar ®q, ad(r))%* = ad((Bar ®q, Vije, )™):
and since 7|g,, has regular p-adic Hodge type,

: . d(d+1
dimy, Fil’ad((Bqr ®q, I/;‘Gw)Gw) = %[Fw 1 Qp).

If v splits in F' as ww®, then the choice of w induces an isomorphism F,F = F,,, and

1
dimy, Fil® Dgg (ad(r)) = @[Rj L Q).
If v does not split in F', then letting w denote the unique place dividing v in F, we have [F,, : F,f] = 2, and

there is a filtered isomorphism
(Bar ®q, ad(r))%* = F, @ o Dar(ad(r)),

and we have

1 d(d+1
dimy, Fil’ Dgg (ad(r)) = 5 dim Fil’(Bar ®g, ad(r))“ = %[F; L Q). O

We now recall the G4-valued deformation theory of [CHTOS].

Definition 1.3.6. Let k be either a finite extension of IF,, or of Q,. Let I' be a topological group and let
7: T — Gq(k) be a continuous homomorphism. Let A be a pro-Artinian local ring with a fixed isomorphism
A/mA l> k.

A lift of T to A is a homomorphism r — Gg(A) such that r ® 4 k = 7 and such that for any Artinian
quotient A — A’, the homomorphism r ® 4 A’ is continuous, where we give A’ the discrete topology if k is
a finite extension of IF,, and the topology as a finite dimensional k-vector space if % is a finite extension of
Qp. A deformation of 7 to A is a 1+ Mg(ma)-conjugacy class of lifts.

For a finite set T, a T-framed lift of T to A is a tuple (r,{ay}ver) where r is a lift of 7 to A and
a, € ker(GL4(A) — GLg(k)). We say two T-framed lifts (7, {aw }oer) and (', {a), }ver) to A are equivalent
if there is g € ker(GLg4(A) — GLg(k)) such that grg=! = 7' and ga, = o, for each v € T. A T-framed
deformation of T to A is an equivalence class of T-framed lifts.
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If r is a lift, we will write [r] for the corresponding deformation. If (r,{a,}) is a T-framed lift, we will
write [r, {a, }] for the corresponding T-framed deformation.
We will introduce a slight variation of the global deformation problem of [CHT08, §2.3].

Definition 1.3.7. A global deformation datum is a tuple
§= (F/F+a Sa g,@,?,,u, {R’w}weg)

where

F is a CM field with maximal totally real subfield F'T;

— S is a finite set of finite places of F'T;

— S is a finite set of finite places of F' such that every w € S is split over some v € S, and S contains
at most one place above any v € S

— O is the ring of integers of some finite extension of Q, with residue field [F;

7: Gal(F(S)/F*) — Gu(F) is a continuous homomorphism;

— p: Gal(F(S)/FT) — O% is a continuous character with g mod mp = v oT;

for each w € S , Ry is a quotient of RE = R‘F:\’Gw satisfying the following property: if p : G, —

GLg(A) is a lift of 7|g, to A and g € 1+ Mg(my), then the map R — A induced by p factors

through R,, if and only if the map RE’ — A induced by gpg~! factors through R,.

This differs from the definition in [CHTO08, §2.3] in that our ramification set S may contain places that
do not split in F/F*, and S is not required to contain a place above every v € S. When proving modularity
of Galois representations, one can use base change and descent to reduce to the case that the ramification
set splits in F//FT, and for the proof of 3.1.3, which implies Theorems A, B, and C from the introduction, it
would also suffice to consider this situation because we may also use base change in its proof. But we wish to
have the statement of Theorem C in the above level of generality for other applications where it is not obvious
(at least not to the author) how to apply base change and descent. One such application is to the density
of automorphic points in deformation rings. Bockle’s strategy [Boc01] for proving density of modular points
in universal deformation rings is to show that every irreducible component of the universal deformation ring
contains a smooth modular point, and then to use the infinite fern of Gouvéa and Mazur starting at such
a smooth point to “fill out” the irreducible component. Chenevier [Chell] has constructed an infinite fern
in the 3-dimensional conjugate self-dual case, assuming p is totally split in the CM field F. If one knows a
priori that automorphic points always define smooth points on the universal deformation ring, then to prove
new cases of the density of automorphic points in 3-dimensional conjugate self-dual deformation rings, one
now just has to show that every irreducible component contains an automorphic point. These ideas will be
developed further in forthcoming work of the author, and as the results in [Chell] make no assumption on
the splitting behaviour in F' of the places in S ~\ {v|p}, we also wish to make no such assumption.

Definition 1.3.8. Let S = (F/F*,S, §, O,7, 1, {Ruw},,c3) be a global deformation datum, and let A be a
CNLp-algebra. We say a lift 7 : Gp+ — Ga(A) of T to A is type S if

— r factors through Gal(F(S)/F™*);

- vor=y;

— for cach w € S, the CNLp-morphism R — A induced by the lift 7|, of F|g,,, factors through R,,.
We say a deformation of 7 to A is type S if one (equivalently any) lift in its deformation class is type S. We
let Ds be the set valued functor on CNLp that takes a CNLp-algebra A to the set of deformations of type
S. If Dg is representable, we call the representing object the universal type S deformation ring and denote
it by Rs.

For any T C S, we say a T-framed deformation [r, {a,}] of 7 to A is type S if [r] is a type S deformation
of 7. We let DET be the set valued functor on CNLp that takes a CNLp-algebra A to the set of T-framed
deformations of type S. If DET is representable, we call the representing object the universal type S T-
framed deformation ring and denote it by RET. HT=9 , then we will write DE and RE for DET and RET,
respectively, and call RE’ the universal type S framed deformation ring.

IfS=(F/FT,S, §, O,7, i, {Rw},,c3) is a global deformation datum and 7' C §, we set

R7 = @uerRy and R$% = ®uerRu
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Note that Rg’CT is naturally a quotient of RF. If T = S, then we will write R for Rg’CT
The following proposition follows from [CHTO08, Proposition 2.2.9].

Proposition 1.3.9. Let S = (F/F*,S, S, O,7, 1, {Rw},c3) be a global deformation datum, and let T' C S.
Assume T is Schur.
The functors DET and Dgs are representable. There is a canonical CNLo-morphism R};CT — RET. There

is a canonical CNLp-morphism Rs — RET, and a choice of lift

rg"v : Gal(F(S)/FT) — Ga(Rs)
for the universal type S deformation [r¥V] determines an extension of this CNLo-morphism to an isomor-
phism Rs[[X1,..., Xae ] — RS”.

1.3.10.  For the remainder of this section, we fix a global deformation datum
S = (F/F+787 gvanvﬂa {Rw}weg)v

with 7 Schur, where we will specify the rings R,, in the statements of the following propositions. Let Rs be
the universal type S deformation ring and let 2 be a closed point of Spec Rs[1/p] with residue field k. Let
Oj, be the ring of integers of k, and let r be a type S lift of ¥ to O, such that the map Rs — Oy, induced
by [r] induces x : Rs[1/p] — k. Set rp, = r ®p, k.

Proposition 1.3.11. Let the notation and assumptions be as in 1.3.10 above, with R,, = RE for every
w e S.

1. Let Ds ., be the functor on Ary that sends an Arg-algebra B to the set of deformations [rg] of ry
to B that factor through Gal(F(S)/F™) and satisfy vorg = p. The functor Ds.., is prorepresented
by (Rs)s-

2. The tangent space of Rs[1/p] at x is canonically isomorphic to H*(F(S)/F*,ad(ry)).

3. Let Sy be the set of infinite places in FT, and for every v € Su, let ¢, be a choice of complex conju-
gation at v. Then (Rs)h is isomorphic to a power series over k in g = dimy, H'(F(S)/FT,ad(r,))

x

variables modulo r relations with r < dimy H*(F(S)/F*,ad(r;)), and
d(d + p(ev))
—r > 2 + : — Y .
g—r>d’F Q- ) 5
VESo
Proof. The proof of 1 is almost identical to that of [Kis09a, Proposition 2.3.5]. We sketch the details. We
will not use the language of groupoids here, but the results we will reference from [Kis09a] stated in terms
of groupoids imply our results stated in terms of functors by [Kis09a, §A.5].
Since RE, for w € S, imposes no condition on our lifts, it is easy to see that if S’ is the deformation
datum
S/ = (F/FJF, S’ @7 O’F’ ILL7 @),
then there is a canonical isomorphism Rs = Rg.. For the remainder of the proof, we assume S =90.
For any Arg-algebra B, we let Int(B) be the set of all finite O-subalgebras A C B such that A[l/p] = B.
Note that any A € Int(B) comes equipped with a canonical O-algebra map A — Oy via A C B — B/mp = k.
Also note that Int(B) is naturally filtered. We let D () be the set valued functor on Ary defined by

Ds y(B) = lim {[ra] is a type S deformation of 7 such that [r4] ® 4 O = [r]}.
Aclnt(B)

By [Kis09a, Lemma 2.3.3], the functor Dg () is prorepresented by (Rs),. There is a natural morphism of
functors Dg () — Ds -, that we wish to show is an isomorphism. For any Arj-algebra B, and continuous
homomorphism rp : Gal(F(S)/F*) — G4(B), an argument as in [Kis03, Proposition 9.5] shows that there is
some A € Int(B) and a continuous homomorphism r4 : Gal(F(S)/F*) — Ga4(A) such that rg =ra®4 B. If
rg € Ds,r,(A), then such an 74 must by type S, so Ds () — Ds,rp, is surjective. To see that it is injective,
note that for any Arg-algebra B and any g € 1 + My(mp), the O-algebra generated by the entries of g is
finite over O. Thus, any two lifts of r, to an Arg-algebra B defining the same deformation arise from lifts
to some A € Int(B) that define the same deformation to A. This finishes the proof of part 1.

For part 2, letting Z'(F(S)/F*,ad(r;)) be the space of continuous 1-cocycles of Gal(F(S)/FT) with
values in ad(r;), the map x +— r, = (1 + ex)r, defines an isomorphism from Z'(F(S)/F*,ad(r;)) to



18 PATRICK B. ALLEN

the k-vector space of lifts r. of r, to the dual numbers k[e] that factor through Gal(F(S)/F ™) and satisfy
vor. = p. Two such cocycles k and ' are cohomologous if and only if 7, and 7./ are conjugate by an element
of 1+eMy(k), so this map induces a canonical isomorphism from H!(F(S)/F*,ad(r;)) to the k-vector space
of deformations [r¢] of 7 to k[e] with v o r. = u, which is isomorphic to the tangent space of Rs[1/p] at
by part 1.

We now show part 3. By part 2, we can fix a surjection A := k[[Xi,...,X,]] = (Rs), with g =
dimy HY(F(S)/F*,ad(r;)) that induces an isomorphism on tangent spaces. Let J denote its kernel. Choose
a lift rintv : Gal(F(S)/F+) — Ga((Rs)2) of 7, in the universal (Rs)»-valued deformation. We view A/m4.J
and (Rg)h as topological rings with the topology as inverse limits of finite dimensional k-vector spaces.
We can choose a continuous set-theoretic section sg : (Rs); — A/maJ of the surjection A/myJ — (Rs))
with the property that so(a) = a for any a € k. Then s = sg o Y™V is a continuous set-theoretic lift
s:Gal(F(S)/F*) — Ga(A/maJ) of r™V with the property that v o s( ) = u(o) for all o € Gal(F(S)/F™).
We can then define a 2-cocycle k of Gal(F(S)/F*) valued in ad(r,) ®x J/maJ by

(k(0,7),1) = s(o7)s(0) "'s(1) ™" € ker(Gg(A/maJ) — Gq((Rs)y)
= (ad(r.) @1 J/ma) x (1+J)/(1+mad).
The cohomology class
(k] € H*(F(S)/F*,ad(ry) ® J/maJ) = H*(F(S)/F*,ad(ry)) @ J/maJ

does not depend on our choices. The argument of [Maz, §1.6] shows that the map Homy(J/maJ, k) —
H?(F(S)/F*,ad(r;)) given by f + (1 ® f)([]) is injective. Hence, (Rs), is isomorphic to a power series
over k in g variables modulo r relations with 7 < dimy H2(F(S)/F*,ad(r,)). Since T is Schur, ad(7)“r+ =0
(see [CHTO08, Lemma 2.1.7]), which implies ad(r,)“r+ = 0. The final claim now follows from 1.3.4. O

Proposition 1.3.12. Let the assumptions and notation be as in 1.3.10. Assume that p is de Rham. Assume
that for every v|p in F*, v splits in F and S contains a place above v, which we will denote by v. For each
V€ Sp, we fix a Galois type 5 and a p-adic Hodge type v over E (see 1.2.3). Take Ry, = RY(75,vs) (see
124)f0rw—v65’p, and R, = R foreachwES\S

1. Let Ds ., be the functor on Ary that sends an Arg-algebra B to the set of deformations [rg] of ry
to B that factor through Gal(F(S)/F™T), satisfy vorp = u, and are such that rp|g, is potentially
semistable with Galois type 15 and p-adic Hodge type vy for each ¥ € §p. The functor Dg ., is
prorepresented by (Rs)%.

2. The tangent space of Rs[1/p] at x is canonically isomorphic to H)(F(S)/F*,ad(r,)).

Proof. Since RS, for w € S~ §p, imposes no condition on our lifts, it is easy to see that if S’ is the
deformation datum
S/ = (F/F+a Sa S;Da vaa Hy {R%l(Tﬁvv’f))}{,egp)v

there is a canonical isomorphism Rs = Rs/, and we may assume S = Sp.
Let SP& = (F/F*,S,S,, 0,7, u, {Rg}ﬂeg‘p)’ and let Rgniz be the universal type SP*® deformation ring.

Note R?,f,g = Rg By 1.3.9, choosing a lift rg‘gig in the universal type SP*® deformation yields a morphism

R — Rgbig. It is easy to see that Rs = Rgbie ®Rm R?C, with RD — RloC the natural surjection. Using

P P
this and part 1 of 1.3.11, we see that (Rgs)% prorepresents the functor on Arj that sends an Arg-algebra B
to the set of deformations [rg] of 7, to B that factor through Gal(F'(S)/F*), satisfy v org = u, and are
such that the induced map
RY — Rguie — (Rgviz)) — B

factors through RE(T;,, vy) for each ¥ € §p, which happens if and only if 75|, is potentially semistable with
Galois type 75 and p-adic Hodge type v by 1.2.4. This shows part 1.

We now show part 2. Part 1 together with part 2 of 1.3.11, implies that the tangent space of Rs[1/p] at =
is canonically isomorphic to the subspace of H'(F(S)/F7T, ad(r,)) consisting of cohomology classes [«] such
that for any cocycle  in the class [k], the local lift

relas = (L +er)ra)las = (1 +eklay)(rzlas)
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lies in the tangent space of R (75, v5)[1/p] at x, for each & € S,. By 1.2.5, this happens if and only if [x]
lies in the kernel of
HY(F(S)/F*,ad(r,)) & [] H'(Fs, Bar ®q, ad(rz)).
€S,
Since p is de Rham, 74|g.. = (rxle;)¢ = (Txla;)Y @ p is de Rham for each v € §p_ Thus, the tangent space
of Rs[1/p] at x is canonically isomorphic to

ker (H'(F(S)/F*,ad(ry)) — H H'(Fy, Bar ®q, ad(ry)))

o€S,
=ker (H'(F(S)/F*,ad(r,)) =[] H'(Fu,Bar ®g, ad(r2)))
wlp in F
=ker (H'(F(S)/F*,ad(r,)) » [[ H'(FS,Bar ®q, ad(rs))). O
v|p in Ft

We note that in 1.3.12 above, the existence of # € Spec Rs[1/p] implicitly assumes that Rs[1/p] # 0,
which (at the very least) implies a certain compatibility between p and the local p-adic Hodge theory data
7y and vy. In our applications, we will be given a potentially semistable p-adic representation p and we will
define S using p. The existence of this p will then imply Rs[1/p] # 0.

Proposition 1.3.13. Let the notation and assumptions be as in 1.3.10, with R,, = RE for every w € S.
Assume also that p(c) = —1 for every choice of complex conjugation ¢ € Gp+, and that r.|g, : Gw —
GLg4(k) is de Rham with regular p-adic Hodge type (see 1.2.3) for every w|p in F.

If H)(F(S)/F*,ad(r;)) =0, then (Rs)} is formally smooth of dimension D p+ Q).

x 2
Proof. Using our assumption that p(c) = —1 for every complex conjugation ¢ € G+, part 3 of 1.3.11 implies
d(d+1
2> WU g
Thus, it suffices to show the tangent space of (Rs)2, which is isomorphic to H*(F(S)/F*,ad(r;)) by part 2

of 1.3.11, has k-dimension %[FJr : Q]. This follows from part 1 of 1.3.5. O

dim(Rg)

2. AUTOMORPHIC THEORY

This section reviews the automorphic theory that we will use to prove our main theorems. We first
introduce some notation and assumptions that will be used throughout this section.

Let Zi be the set of tuples of integers (A1,...,Aq) such that \y > .-+ > N4, If F is a CM field with
maximal totally real subfield F*, and € is any characteristic 0 field containing all embeddings of F into an
algebraic closure of §2, then we let (Z‘i)gom(ﬂm denote the subset of (Z‘i)Hom(F’Q) of tuples (Ar);cHom(F,0)
such that A\roc; = —Ar d+1—4, where ¢ is the nontrivial element of Gal(F* /F).

If F is a number field, x : F*\AL — C* is a continuous character whose restriction to the connected
component of (F ® R)* is given by z +— HTeHom(RC) x)7 for some integers A-, and ¢ : Q, = C is an

isomorphism, we let x, : Gp — @; be the continuous character given by

wrte@) =t (x@ [ o) [T b

7€Hom(F,C) o€Hom(F,Q,)

2.1. Automorphic Galois representations. Let F' be either a CM or totally real number field with
maximal totally real subfield F'™. Let ¢ € Gp+ be a choice of complex conjugation.

2.1.1.  Following [BLGGT14, §2.1], we say that a pair (II, x) is a polarized automorphic representation of
GL4(Ap) if
— II is an automorphic representation of GL4(Afr);
— x: (F)*\AX, — C* is a continuous character such that for all v|co, the value x,(—1) is indepen-
dent of v, and equals (—1)¢ if F is CM;
- II* =11V ® (x o Nmp,p+ odet).
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We say that an automorphic representation IT of GL4(Ar) is polarizable if there is a character x such that
(1, x) is a polarized automorphic representation. If F' is a totally real field and (II, 1) is polarized, then we
say that II is self-dual. If F' is CM and (II, 6?,/F+) is polarized, then we say that II is conjugate self-dual.
Recall that an automorphic representation II of GL4(Ap) is called regular algebraic if 11, has the same
infinitesimal character as an irreducible algebraic representation of Resp/g GLa. If A = (\,) € (Z4)Hom(F:C),
then we let £\ denote the irreducible algebraic representation of [[_GLg4 which is the tensor product over
7 € Hom(F, C) of the irreducible algebraic representations with highest weight A.. We say a regular algebraic
automorphic representation IT of GLq(Ap) has weight A € (Z4)8om(FC) if IT has the same infinitesimal
character as &Y. We will say a polarized automorphic representation (I, x) of GL4(Ar) is cuspidal if II is.
We will say a polarized automorphic representation (II, x) of GL4(Af) is regular algebraic if IT is. In this
case x is necessarily an algebraic character.

We have the following theorem, due to the work of many people. We refer the reader to [BLGGT14,
Theorem 2.1.1] and the references contained there (noting that the assumption of an Iwahori fixed vector in
part (4) of [BLGGT14, Theorem 2.1.1] can be removed by the main result of [Carl4]).

Theorem 2.1.2. Let F be either a CM or totally real number field with mazimal totally real subfield F.
Let (I1,x) be a regular algebraic, polarized, cuspidal automorphic representation of GL4(AFr), of weight
A€ (Zi)Hom(F=C). Fiz a rational prime p and an isomorphism ¢ : @p = C. Then there is a continuous
semisimple representation

pi, 1 Gp — GLq(Q,)
satisfying the following properties.

1. There is a perfect symmetric pairing {-,-) on @i such that for any a,b € @Z and o € G,

(pr.(0)a, pri(coe)b) = (¢'~"x,)(0)(a, ).
2. For all w|p, pn,.la, is potentially semistable, and for any continuous embedding T : Fy, — @p,

HTT(PH,L|Gw) - {)\LT,j +d_j}j:1 ..... d-
3. For any finite place w,
WD (pr.|a, )™ = recgw (ILy).-

We note that an argument using the Baire category theorem and the compactness of G shows that we
can assume pry,, takes values in GLq(O) with O the ring of integers of some finite extension of Q,, and that
the perfect pairing (-,-) descends to a perfect pairing on O9.

2.2. Definite unitary groups. In this subsection, we assume that p is odd. We recall some constructions
from [CHTO8, §3.3] and [Guell, §2] (see also [Thol2, §6]). Before doing so, we note that in [CHTO08, §3.3]
there are running assumptions that a certain ramification set denoted S(B) there is nonempty, that (in
our notation) p > d, and that F is the composite of a quadratic imaginary field and F*. None of these
assumptions are necessary for what we need.

Let F be a CM field with maximal totally real subfield . Let ¢ denote the nontrivial element of
Gal(F/F*). We assume that F/F* is unramified at all finite places and that every place above p in F*
splits in . We assume that '™ # Q and that if d is even, then

dIFt: Q=0 (mod 4).

We also fix a finite extension E of Q, with ring of integers O and residue field F. We assume E contains all
embeddings of F' into an algebraic closure of F.

2.2.1.  Let B = My(F), and let g — ¢* be an involution of the second kind on B. Then the pair (B,*)
defines a reductive F'T-group G by

G(R)={g € Bop+ R|gg" =1}
for any Ft-algebra R. Since d[FT : Q] =0 (mod 4) if d is even, we can choose the involution g — ¢g* on B
such that

(a) G ®@p+ F,f is quasi-split for every finite place v of F't;
(b) G(F,}) = U4(R), the totally definite unitary group, for every infinite place v of F'.
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Since B = My(F), the data of * is equivalent to a Hermitian form h on F? and a choice of lattice £ in F'?
such that h(L x £) C Op yields a maximal order Op of B such that OF = Op. This maximal order defines
a model of G over Op+, that we again denote by G. For a finite place v of F'* that splits in F, we can find
an isomorphism ¢, : Op ., — Ma(OF) ®o,, Op+ such that 1,(9%) = “1,(9)°. Writing v = ww*, the choice of
w gives an isomorphism ¢y, : G(Op+) = GL4(OF,) by t;1(g9,%(g¢)™!) = g. This extends to an isomorphism
tw : G(EF) = GLg(Fy), and tye = H(co )7L

Let S, denote the set of places of F'* above p. For each v € S, fix a choice v of place of F' dividing v,
and let S, = {7 | v € S,}. Let J, be the set of embeddings Ft < E, and let .J, be the set of embeddings
F — FE that give rise to a place in §p. Thus, restriction to F'T gives a bijection jp =5 Jp. Given \ € fo_,
we let

5)\ : GLd — GL(W)\)

denote the irreducible algebraic representation defined over Q with highest weight
d
diag(ty, ... ta) — [t
i=1

We choose a GL4(O)-stable lattice My in Wy ®g E. Then for any A = (A;) € (Z‘i)gom(F’E), we define a
representation

Ex: G(F;) — GL(@Teij)\T)

g— Q) & (1i29),

TE jp

where we have written ¢, for ¢, if 7 gives rise to the place w. The O-lattice M), := ® 7 M in the E-vector
P

space Wy 1= ®T€ijAT is stable under G(OF;).
If A is any O-algebra and U is an open compact subgroup of G(A%,) such that U, C G(OF;), then we

define a space of automorphic forms Sy (U, A) to be the space of functions
[ GENGAR) — My®o A

such that f(gu) = uglf(g) for all g € G(AY,) and u € U. If V' is any compact subgroup of G(A%,) such
that V, C G(OF;), then we define
S\(V, A) = lim Sx(U, A),
Ve
with the limit over all open compact subgroups U containing V' such that U, C G(Op+). Note that if A is
flat over O, then Sx(V; A) = Sx(V, 0) ©o A. ’

Proposition 2.2.2. Fiz an embedding ¢ : E — C, and view C as an O-algebra via ¢.

1. S\({1},C) is a semisimple admissible representation of G(AY,).
2. LetII be an regular algebraic conjugate self-dual representation of GL4(Ar) of weight tA. Then there
is an irreducible subrepresentation m = Q4,7 of Sx({1},C) such that the following hold.
— Ifv is a finite place of F' that splits as v = ww® in F, then m, = Ty, 0 1y
— Ifv is a finite place of FT inert in F, and IL, is unramified, then m, has a fized vector for some
hyperspecial mazimal compact subgroup of G(F.\).

Proof. For part 1, see [CHTO08, part 1 of Proposition 3.3.2]. For part 2, [Lab, Théoréme 5.4] implies that there
is an irreducible subrepresentation m = ®,7 of Sx ({1}, C) such that II is a weak base change (see [Lab, §4.10])
of . Then applying [Lab, Corollaire 5.3] and strong multiplicity one for GLg4 gives the result. |

2.2.3.  Now fix an open compact subgroup U of G(A%, ) such that U, C G((’)F;). Fix a set of finite places
S of F* containing S, and all finite places at which U is not hyperspecial maximal compact. For each finite

place w of F split over v ¢ S of F'T, the Hecke operators

TG) =1 ([GLd(OFw) (wwlj ) GLd(OFw)D

la_;



22 PATRICK B. ALLEN

forj e {1,...,d}, aswell as ( éd))_l, act on Sy (U, A). Here w,, denotes a choice of uniformizer of F,,, and the
operators T do not depend in the choice of w@,,. We let T5 (U, A) be the A-subalgebra of End (S, (U, 4))
generated by the T4, ..., T\, (Té,d))_l, for all w as above. If A = O, then we write T (U) for T3 (U, O).
Corollary 2.2.4. Let L/E be finite extension, and x : TS (U)[1/p] — L be an E-algebra morphism. There
is a continuous absolutely semisimple representation

pz : Gal(F(S)/F) — GL4(L)
such that the following hold.
1. There is a perfect symmetric paring (-,-) on L such that for any a,b € L? and o € GF,
(pz(0)a, pu(coc)b) = €~ 4(a){a,b).

2. For any finite place w in F split over v ¢ S in F*, the characteristic polynomial of p;(Froby,) is
X4 4 (—1YNm(w) T ()X 4 4 (—1)Nm(w) T 2(TD).
3. For all wlp in F, pz|c, is potentially semistable, and is semistable if 1,,(U,) contains the Iwahori
subgroup, where v denotes the place of F* below w. For any 7 € Jp,

HT:(pzlc.) = {Arj +d—j}j=1..,
In particular, p:|q, has regular p-adic Hodge type.

Proof. The finite flat O-algebra T5 (U) acts faithfully on
S\(U) ®0 Q, = Sx(U,Q,) @w

iG-1
2

with the direct sum taken over irreducible subrepresentations of Sy ({1},Q,), and Tx(U) acts on each 7V by
some E-algebra morphism z, : Tx(U)[1/p] = Q,. Thus, 2®.Q, = z, for some irreducible subrepresentation
7 of Sx({1},Q,). We now apply [Guell, Theorem 2.3], letting p, be the representation denoted r, () in
[Guell, Theorem 2.3], noting that:
— We may assume that p, takes values in L by Chebotarev density, since ,( ] )) = x(Téjj )) € L for
all w of F split over v ¢ S'in F* and j € {1,...,d}.
— We may assume that the pairing is symmetric by applying [BC11, Theorem 1.2] to the construction
in the proof of [Guell, Theorem 2.3]. More specifically, the construction in [Guell, Theorem 2.3]
shows there is a partition d = d; + - - - 4+ d,- and factorizations d; = a;b;, such that

Pr@&@m @(lGed @e),

where p; is the Galois representation associated to a regular algebraic conjugate self-dual cuspidal
automorphic representation of GL,,(Ar), and 7 is a character satisfying nn° = e!+t%=%=4 There
is a symmetric perfect pairing for g; with multiplier €'~ by part 1 of 2.1.2 (which uses [BC11,
Theorem 1.2]). This defines a symmetric perfect pairing for g; ® n with multiplier €2~%~4. Defining
the obvious symmetric pairing on (1@ --- @ €% ~1) with multiplier €*~!, tensoring these two, and
taking the direct sum over i yields a symmetric perfect pairing for p, with multiplier ¢!~ O

Recall the group scheme G, and its canonical character v : G; — GL; of §1.3. The following is a standard
application of 2.2.4 and 1.3.1.

Lemma 2.2.5. Let m be a mazimal ideal of T3 (U). There is a continuous homomorphism
m : Gal(F(8)/F*) — Ga(TF(U)/m)
with T (GY(TS (U)/m)) = Gal(F(S)/F), satisfying the following:
1. If w is a finite place of F split over v & S of F*, then To,(Froby,) has characteristic polynomial
X4 4 (1) Nm(w) T TW X9 4 4 (—1)Nm(w)

= _ d1-dgsd
2. VOoTym =€ 5F/F+ mod mp.

i(G=1)
2

o) ) mod m.
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We now fix a maximal ideal m of T (U), and let
Tw : Gal(F(S)/FT) — G4(T3(U)/m)

be as in 2.2.5. Enlarging F if necessary, we may assume that Tf(U)/m =TF. Arguing exactly as in the proof
of [CHTO0S8, Proposition 3.4.4], we have the following lemma.

Lemma 2.2.6. Assume that Twm|a, is absolutely irreducible. Then there is a continuous lift
rm : Gal(F(S)/F*) — Ga(T3(U)wm)
of Tm, unique up to conjugacy, satisfying the following:
1. If w is a finite place of F split over v & S of F*, then Ty (Froby,) has characteristic polynomial
4 (= 1) Nm(w) s (d)

X4 4 (—1)Nm(w) T
2. VOTy = el’d(sf,/F+.

For the remainder of this subsection we assume that T |g, is absolutely irreducible. Fix an E-algebra
morphism z : TY(U)m[1/p] — E. The representation p, of 2.2.4 is de Rham, and for each w|p, we let
v = Dar(ps|c,) be its p-adic Hodge type.

Let S be a finite set of places in F' each of which is split over some v € S, containing Sp, and such that
SN S =(. We consider the global deformation datum

(F/F+ S S O ’I° 61 d6F/F+7{Rf,D(17V'E)}{)E§p ) {RE}weg\gp)7

and let Rs be the universal type S deformation ring (see 1.3.9).

Lemma 2.2.7. Assume that 15(U,) contains the Twahori subgroup for each v € Sp.
1. The lift
m : Gal(F(8)/F*) — Ga(T3(U)wm)
of T from 2.2.6 is of type S, and the induced CNLo-morphism Rs — TS (U)w is surjective.

2. Denote again by x the composite Rs[1/p] — TY(U)m[l/p] = E. The localization and completion
(Rs)y acts faithfully on Sx(U)% if and only if (Rs)y = E.

Proof. The fact that ry factors through Gal(F(S)/F*) and has v ory = €'~ déd/lw is contained in 2.2.6.

To show that ry is of type S, it remains to show that for every w € S the local lift ry|q,, factors through
the given local lifting ring R,,. For w € S~ Sp, this is automatic, so we only need to show it for v € S
Since T (U)w is reduced and ﬁmte flat over O, it suffices to show that for any finite extension L/E, and
any F-algebra morphism y : T% (U)wm[1/p] — L, that the representation

m‘G’F

py : Gal(F(S)/F) = GL4(T5 (U)m) % GLq(L)

induces an E-algebra morphism RJ[1/p] — L that factors through RY(1,v;)[1/p] for every & € S,. This
happens if and only if for every v € gp, the local representation py|q, is semistable with p-adic Hodge type
vp. This follows from part 3 of 2.2.4, since ¢5(U,) contains the Iwahori subgroup for each v € S, and the
p-adic Hodge type of py|g, depends only on its associated graded, which in turns depends only on A. This
shows that ry, is of type S. That the induced CNLp-algebra map is surjective follows from part 1 of 2.2.6
and Chebotarev density. For part 2, first note that since S contains all places at which U is not hyperspecial
maximal compact, the finite dimensional E-vector space Sy(U)[1/p] is a faithful and semisimple T (U)[1/p]-
module. Then Sy (U), is a finite dimensional E-vector space spanned by the eigenforms with T5 (U)[1/p)-
eigensytem x, and TY (U), = E. It follows that (Rs)’ acts on the E-vector space S(U)% = S\(U ) through
the surjection to its residue field F. O

3. THE MAIN THEOREMS

Throughout this section p will be an odd prime and E will be a finite extension of @, with ring of integers
O and residue field F. Let F be a CM field with maximal totally real subfield F*. Let ¢ € Gp+ be a fixed
choice of complex conjugation. Let S be a finite set of places of F'* containing all places above p.
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3.1. The main theorem. In this subsection we prove our main theorem on adjoint Selmer groups. Before
doing so, we first recall the definition of an adequate subgroup of GL4(F).

Let T' be a subgroup of GL4(F), and assume that F contains all eigenvalues of all elements of I'. Let
gl; = gl4(IF) be the Lie algebra of GL4(FF) with the adjoint I'-action. Let 3 C gl; be the centre of gl;; note
3 = F. The following is [Thol5, Definition 2.20] (using [Thol2, Lemma A.1]).

Definition 3.1.1. We say I is adequate if the following hold:
1. HY(D,F) = 0 and H'(T, gl,/3) = 0
2. Endp(F?) = My(F) is spanned by the semisimple elements in T

We note that this is slightly more general than the definition of adequate found in much of the literature
(e.g. [Thol2, Definition 2.3]). In particular, it allows p|d.

3.1.2. Let

r: Gal(F(S)/F") — Ga(E)
be a continuous homomorphism. We recall that ad(r) denotes gl;(E) with the adjoint Gal(F(S)/F*)-action
ad o r. After conjugating, we can assume that r takes values in G4(O), and we let T = r Qo F.

Theorem 3.1.3. Assume there is a finite extension L/ F of CM fields, a reqular algebraic polarizable cuspidal
automorphic representation IT of GLq(AL), and an isomorphism ¢ : @p = C such that the following hold:

(a‘) T|GL® @p = o
(b) & & L and 7|, ., has adequate image.
Then the following hold.
1. HM(F(S)/F*,ad(r) =
2. H*(F(S)/F*,ad(r)) =
3. The natural map
H'(F(S)/F*,ad(r)) — [[ H'(F},ad(r)/Hy (B ad(r)

vlp

0.
0.

18 an 1somorphism.

Proof. Using 1.3.5, parts 2 and 3 are implied by 1. To prove H}(F(S)/F*,ad(r)) = 0, we first note that
we are free to enlarge S, so we can (and do) assume that S contains at least one finite place not above
p. We are also free to replace F' with any finite extension L/F of CM fields Indeed, let Lt denote the
maximal totally real subfield of L and Sp+ the set of places of L™ above S. Then F(S)L™ is Galois
over Lt and Gal(F(S)L™ /L") canonically isomorphic to an open subgroup H of Gal(F(S)/F*). The
restriction on cohomology to H is injective by considering restriction-corestriction, then via the isomorphism
H = Gal(F(S)L" /L") and inflation to Gal(L(Sy+)/L™), we have an injection

HY(F(S)/F*,ad(r)) — H(L(Sp+)/L*,ad(r))

such that the following diagram commutes

HY(F(S)/F*,ad(p)) —— ]

|

HY(L(Sp+)/ L+, ad(r) — T

olp HY(F, Bar ®q, ad(r))

wip H(LE, Bar g, ad(r)).
Thus H}(F(S)/F*,ad(r)) injects into Hj(L(Sy+)/L",ad(r)), so the former is trivial if the latter is. In
particular, we may assume L = F in the statement of the theorem.

Note that if x : Gal(F(S)/F) — O* is any continuous character, then by 1.3.1 there is a continuous
homomorphism r®x : Gal(F(S)/F*) — G4(O) such that (r®@x)|c, = rlc,® x and vo(r@x) = (xx°)(vor).
There is an isomorphism ad(r) 2 ad(r ® x) of Gal(F(S)/F*)-modules, so using [CHT08, Lemma 4.1.4], we
can twist r and II, and assume II is conjugate self-dual.

Let S, be the set of places above p in F'*, and for each v € S,, choose some #lv in F. Let S, = {7 | v € S, }.
Using cyclic base change [AC89, Theorem 4.2 of Chapter 3], further replacing F' by a solvable extension, we
may assume that F/FT, r 7, and II satisfy:
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i) F/F7T is unramified at all finite places, and every v € S splits in F;
(ii) if d is even, then d[F't : Q] =0 (mod 4);
i) /g, ® Q, = pr.., and II is conjugate self-dual;
F p = P1I, Jjug
iv) ¢, ¢ F and T(Gp is adequate;
P (Cp) .
(v) I has Iwahori fixed vectors for every v € Sp,.

Enlarging F if necessary, we assume that E contains all embedding of F' into @p, and that F contains the
eigenvalues of all elements in the image of 7|g,.. Let A € (Zi)Hom(F*E) be such that ¢\ is the weight of II.
Let G be the Op+-group scheme of 2.2.1. Recall that for any finite place w of F split over '™, we have an
isomorphism ¢y, : G(O+) = GL4(Op, ). For any O-algebra A, and compact subgroup V of G(A%%,) with
Vp C G(OF;), we let Sy (V, A) be the A-module of automorphic forms of 2.2.1. Viewing C as an O-algebra
via ¢, by 2.2.2 there is an irreducible subrepresentation 7 of Sy({1},C) such that

(vi) if v is a finite place of F'* that splits as v = ww® in F, then m, =2 Il 0 1y

(vii) if v is a finite place of F* inert in F', and II, is unramified, then 7, has a fixed vector for some

hyperspecial maximal compact subgroup of G(F,}).

Now choose an open compact subgroup U C G(A$, ) such that U, C G(OF;) and satisfying the following:

(viil) ¢5(U,) is the Iwahori subgroup of GL4(Op,) for each v € Sp;
(ix) 7V #0;
(x) U, is a hyperspecial maximal compact subgroup for every v ¢ S;
(xi) for all t € G(A%,), the group ¢t~ *G(FT)t N U contains no element of order p.
Since we have assumed that S contains at least one finite place not above p, assumptions (viii), (x), and (xi)
can be satisfied simultaneously by letting U,, be sufficiently small for some u € S\ S,. Let T5(U) be the
Hecke algebra in 2.2.3. Since S (U, C) = Sy (U) ®o,, C, there is an action of T3 (U) on 7V and it acts via an
E-algebra morphism z : T{(U) — E. Indeed, T3 (U) acts on 7V via a homomorphism = : T§ (U)[1/p] — C
that factors through E by assumptions (iii) and (vii), local-global compatibility (i.e. part 3 of 2.1.2), and
that r|g, takes values in GL4(F). Moreover, the Galois representation p, : Gal(F(S)/F*) — GL4(E) of
2.2.4 is isomorphic to r|g,.
Let m be the maximal ideal of T¥ (U) containing ker(x). We can choose a continuous homomorphism

T : Gal(F(8)/F*) — Ga(T3(U)/m) = Ga(F)
as in 2.2.5, such that 7y = 7. In particular, 7|q, is absolutely irreducible. Then 2.2.6 gives a lift
r 2 Gal(F(S)/FT) — Ga(TS (U)m)
of Ty, and letting r,, be the composite
Gal(F(S)/F*) = Ga(TX(U)m) — Ga(E),

the lifts r, and r of 7 define the same deformation. _ _
For each v € S\ Sp, let ¥ be a choice of place in F' dividing v, and let S = {0 | v € S}. For each ¢ € S, let
v = Dar(p|a,) be the p-adic Hodge type of p at ©. We consider the global deformation datum (see 1.3.7)

S=(F/F*,8,58,0,7, €' 0% e { R} 5c8)

where
~ Ry =RY(1,v;) if v € §p (see 1.2.4) and
- Ry=RJifoeS5\5,
We let Rs be the universal type S deformation ring (see 1.3.8 and 1.3.9), and let R{gc = ®._szRs. By

ves
part 1 of 2.2.7, the deformation [ry] of Ty, is of type S, and there is a surjective CNLp-algebra morphism

Rs — TA(U)m. Again denote by x the E-algebra morphism Rs[1/p] — TA(U)m[1/p] = E. Make a choice
of lift for the universal type S deformation so that the specialization r, of this lift via x : Rs[1/p] — E is
equal to r. Then, by 1.3.12,

1 + _
Hy(F(S)/F7,ad(r)) =0
if and only if (Rs), = F, and this happens if and only if (Rs), acts faithfully on Sy(U)} by part 2 of 2.2.7.
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Our choice of lift for the universal type S deformation gives a CNLo-morphism R{gc — Rs. We denote
again by x the induced CNLp-morphisms

z: RS°[1/p] = Rs[1/p] & E and x: Ry[1/p] — Rs[1/p] & E for each & € S.

Note that for each & € S, the morphism z : R;[1/p] — E corresponds to the local representation r|g,.
Since II is a cuspidal representation of GL4(AF), it is generic, and its local factors II,, at all finite places
are generic. Then 1.1.3 implies that WD(r|g,,) = ¢~ *recf, (IL,) is generic for all finite places w. Then, by

1.2.2,1.2.4, and 1.2.7,

—ifoelS~ §p, then (Rg)2 is formally smooth over E of dimension d?;

— if 9 € S, then (R;)2 is formally smooth over E of dimension d? + @[Fij : Qp] (here we used

that the p-adic Hodge type of r|g, = rz|¢, is regular by part 3 of 2.2.4).
Then the proof of [Kis09a, Lemma 3.4.12] shows

(xii) (R$°), is formally smooth over E of dimension d?|S| + @[FJr : Q).

We now use the argument of [Tho12, Theorem 6.8]. There are assumptions there that the local deformation
rings at places ¥ € S, are crystalline deformation rings, and that U, = G(OFJ) for v € S, but these
assumptions are not used in what we need here. Since ¢, ¢ F and F|GF(<p> has adequate image, the
proof of [Thol2, Theorem 6.8] using [Thol5, Proposition 7.1] in place of [Thol2, Proposition 4.4], c.f.
[Thol5, Proposition 7.2], shows there are nonnegative integers integers g and ¢, such that letting

- Soo = O[[Zl, . .,Zdz‘s‘,)/l, cee ,}/q]];
- a= (Zlv" '7Zd2\5\7}/17" 7}/11) C SOO7
- R = R};C[[Xla s an]];

there is an R, ,-module M., with a commuting action of S, such that the following hold.

loc

(xiil) There is a local O-algebra morphism So, — Roo and a surjection R, — Rs of R&%-algebras with
aR. in its kernel.
(xiv) There is a surjection Mo, — S\(U)m of Ro modules with kernel aM.,, where the R..-module
structure of Sy (U)n is via the surjection R. — Rs of (xiii).
(xv) My is a finite free Soo-module.
(xvi) g =g~ “FHFT Q).
We note that [Thol2, Theorem 6.8] does not state (xiii), but only that the action of So, on My, (denoted
H there) factors through the action of Ro on M.,. However, the patching patching part of the argument
in [Thol2, Theorem 6.8] is quoted (in [Thol2, Lemma 6.10]) from [BLGG11, Theorem 3.6.1], where (xiii) is
shown (in particular, see [BLGG11, Sublemma in the proof of Theorem 3.6.1]). Also, in (xvi) we have used
that the pm in [Thol2, Theorem 6.8] is d in our case.
Denote again by = the E-algebra morphism x : Ry [1/p] — Rs[1/p] = E and let po, = ker(x) € Spec Ro.
Note that aR. C poo- This together with the fact that M., is finite free over So, implies we can find an
M -regular sequence of length d?|S| + ¢ in po and

depth(Rm)Q (Moo)/z\ = depth(Rm)z (Moo)z Z depthRoo (poo; Moo) Z d2|S| + q,

where the first equality follows from [Mat89, Theorem 23.3] and the middle inequality is [Mat89, Exer-
cise 16.5]. On the other hand, using (xii), (xiii), and (xvi) above, we deduce that (Re )2 = (R [ X1, - ., X,]]
is formally smooth over E of dimension

d?|S| + Ld; D)

Since (Roo)2 is regular, a theorem of Serre [Mat89, Theorem 19.2] and the Auslander-Buchsbaum formula

[Mat89, Theorem 19.1] imply that (M), is a finite free (Roo)y-module. Then (My)%/a is a finite free

x

(Rso)h /a-module. But (Ms)2/a =2 Sy(U)2 and the action of (Roo)2/a on it factors through (Rs),. This
shows (Rs)2 acts faithfully on S)(U)Z, which completes the proof of the theorem. O

x

[F*:Q]+g=d*S|+q.

3.2. The proofs of Theorems A, B, and C. We now show how each of Theorems A, B, and C from the
introduction follow from 3.1.3.
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3.2.1. Proof of Theorem A. We recall the setup. We have a CM field F with maximal totally real subfield
FT and a finite set of finite places S of I containing all places above p. We fix a choice of complex conjugation
¢ € Gp+. We are given a continuous absolutely irreducible representation

p: Gal(F(S)/F) — GLq(E).

We assume there is a continuous totally odd character i : G+ — E* and an invertible symmetric matrix
P such that the pairing (a,b) = taP~'b on E? is perfect and satisfies

{p(0)a, p(cac)b) = p(o){a,b).

Since p is absolutely irreducible, P is unique up to scalar. The adjoint representation of Gal(F(S)/F') on
ad(p) = gly(F) extends to an action of Gal(F(S)/F7T) by letting ¢ act by X — —P!XP~! and this is
independent of the choice of ¢ and of P.

By choosing a Gal(F'(S)/F)-stable O-lattice in V,, we may assume that p takes values in GL4(O). The
semisimplification of its reduction modulo the maximal ideal of O does not depend on the choice of lattice,
and we denote it by p : Gal(F(S)/F) — GL4(F). Assuming there is a finite extension L/F of CM fields,
a regular algebraic polarizable cuspidal automorphic representation II of GL4(AL), and an isomorphism
L @p = C such that:

(a) plGL ®@p =PI
(b) ¢ ¢ L and p(Gr(c,)) is adequate;
we want to show Hj (F(S)/F*, ad(p)) = 0.
By 1.3.1, we can define a continuous homomorphism 7 : Gal(F(S)/FT) — G4(E) such that r|g, = p
and v or = p, and there is an isomorphism ad(r) = ad(p) of Gal(F(S)/F™T)-representations. We may also

assume r takes values in G4(O) and letting 7 = r ® F, that 7|g,. = p. Theorem A then follows from 3.1.3.
O

3.2.2. Proof of Theorem B. We have a totally real field F'™ and a finite set of finite places S of F'* containing
all places above p. Let F'7(S) be the maximal extension of F'™ unramified outside S and all places above
0o. Let

p:Gal(FT(S)/F") — GL4(E)

be a continuous, absolutely irreducible representation, and let V,, denote the representation space of p. We
assume that p satisfies one of the following:

(GO) p factors through a map Gal(F'*(S)/F*) — GO,4(FE), that we again denote by p, with totally even
multiplier character p;

(GSp) d is even and p factors through a map Gal(F'*(S)/FT) — GSp,(E), that we again denote by p, with
totally odd multiplier character u.

We will refer to the first as the GO-case, and the second as the GSp-case.

If we are in the GO-case, then we let ad(p) and ad’(p) denote the Lie algebra go,(E) of GO4(E) and
sub-Lie algebra so4(E), respectively, with the adjoint action ad o p of Gal(F*(S)/EF*). If we are in the
GSp-case, then we let ad(p) and ad’(p) denote the Lie algebra gsp,(E) of GSp,(F) and sub-Lie algebra
sp,(E), respectively, with the adjoint action ad o p of Gal(F*(S)/FT).

There is a splitting goy(E) = s04(F) ® E, resp. gspy(F) = spy(E) @ E, with E the Lie algebra of the
centre of GO4(E), resp. GSp,(F), that is stable under the adjoint action. We thus get a Gal(F*(S)/F*)-
equivariant splitting ad(p) = ad’(p) ® E, where E has the trivial Gal(F*(S)/F*)-action. This gives a
decomposition

Hy(F*(8)/F*,ad(p)) = Hy(F*(8)/F*,ad"(p)) @ Hy(F* (S)/F*, E).

For each v|p in F'*, the local group H,(F},E) = ker(H'(F;},E) — H'(F,, Bar ®q, E)) is the one
dimensional E-subspace of Hom(G,, E) corresponding to the unramified extension [BK, Example 3.9]. By
class field theory, H} (F*(S)/F*,E) = 0. So, we want to show
1 0 —0-
L. Hg(F+(S)/F+7ad (p)) - 07
2. H?(F(S)/F*,ad’(p)) = 0;
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3. for each v|p in F'*, the following natural map is an isomorphism

HYFH(S)/F*,ad’(p)) — [ H'(F,,ad(p))/Hy (FF, ad’ (p)).
vlp

The adjoint action of Gp+ on gly(E) = Homg(V,,V,) decomposes as
(4) gly(E) = Homg(V,,V,) 2V, 0 V) 2V, @V,ep ' 2Sym’V,eu o \*V, @ u .

Under this decomposition, ad’ (p) is identified with /\2Vp ® p~! in the GO-case, and with Sym? V,®ut
in the GSp-case. Theorem B then follows from Theorem 3.2.3 below, noting that we may choose F in the
statement of Theorem 3.2.3 to be any quadratic CM extension of F'™ not contained in the subfield of F' fixed

by 5|GL+(CP)-

Theorem 3.2.3. Let F/F* be a quadratic CM extension, and let LT /Ft be a finite totally real extension.
Assume there is a regqular algebraic polarizable cuspidal automorphic representation m of GLqg(Ar+), and an
isomorphism ¢ : @p = C such that
(CL) plGL+ ®@p = Prs
(b) & ¢ L:=FL* and p(Gr(c,)) is adequate;
If we are in the GO-case, let
W := Sym? Vo ® M716F/F+ or W .= /\2Vp ®ph
If we are in the GSp-case, let
W := Sym? Vo ® pwtoor W= /\2Vp ®,LL715F/F+.
Then the following hold.
1. Hgl(F+(S)/F+,W) =0.
2. H>(F+(S)/F+,W) = 0.
3. The natural map
HY(FH(8)/FH W) — [T HY(ES W)/ Hy(Ff, W)
vlp

is an isomorphism.

Before proceeding with the proof, we note that results related to Theorem 3.2.3, as well as Theorem 3.3.1
below, were obtained by Chenevier [Chell, Theorems 6.11 and 6.12].

Proof. The closed subgroup Gal(F(S)/F*(S)) of Gal(F(S)/F™T) is either trivial or has order 2, hence
HY(F(S)/F*(S),W) = 0. Inflation-restriction then gives H!(FT(S)/FT, W) = HY(F(S)/F*,W) for all
i, and we can replace F1(S)/F* with F(S)/F™ in each of 1, 2, and 3 above.

Let II be the base change, using [AC89, Theorem 4.2 of Chapter 3|, of 7 to GLg(AL). The automorphic
representation IT is regular algebraic and polarizable, and the fact that p|g, is absolutely irreducible implies
that it is cuspidal. Thus, p|a, satisfies the assumptions of Theorem A. Fix a choice ¢ of complex conjugation.
If we are in the GO-case, set P = p(c). If we are in the GSp-case, set P = p(c)J !, where J is the matrix
defining the symplectic pairing on £¢. Then P is an invertible symmetric matrix such that the pairing (a, b)
on E¢ given by ‘aP~1b satisfies

(p(0)a, plee)b) = p(o)a, b),
for all 0 € Gp. Asin 3.2.1, we can extend the adjoint action of G on gl;(E) to an action of Gg+ by letting
cact as X — —P'XP~! and we let ad(p|g, ) denote gl,(E) with this G p+-action.

Then (4) gives a decomposition of G p-representations

(5) ad(play) = Sym* V, @ p @ NV, @ p
where
— in the GO-case, Sym? V, @ p~ ! is identified with the symmetric matrices, and /\2Vp ®@ p~! with the
antisymmetric matrices.
— in the GSp-case, Sym? V, @ p~t is identified with the matrices X such that 'XJ = —JX, and
A’V, ® p~! with the matrices X such that 'X.J = JX;
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Calculating the action of ¢ on both sides of (5), we find
ad(play) = Sym* V, @ o pe @ NV, @ 71,
as Gp+-representations in the GO-case, and
ad(pla,) = Sym® V, @ p=' @ N*V, ® = 0p) p+,
as G p+-representations in the GSp-case. The theorem now follows from Theorem A. O

3.2.4. Proof of Theorem C. We recall the setup. Fix a continuous homomorphism
7:Gal(F(S)/F) — Gq(F)
inducing an isomorphism Gal(F/Ft) = Gy4(F)/G)(F), as well as a totally odd de Rham character u :
Gal(F(S)/F*T) — O* with v o7 = gy mod mp. We assume T|g,. is absolutely irreducible. The ring Rs in
the statement of Theorem C is the universal type S deformation ring for the global deformation datum
S=(F/F*,S,0,0,7,u,0).
Theorem C then follows immediately from 3.1.3 and 1.3.13. O

3.3. Symmetric powers. We finish by giving one application of our main result combined with potential
automorphy theorems.

Let f be an elliptic modular newform of weight k& > 2 and level T'; (N). Fix a prime p, a sufficiently large
finite extension E/Qp, and an embedding of the coefficient field of f into E. Let S be a finite set of primes
of Q containing all primes dividing Np, and let

ps : Gal(Q(S)/Q) — GL(Vy) = GLy(E)
be the associated p-adic Galois representation. We let F be the residue field of F, and let

7y : Gal(Q(S)/Q) — GLy(F)
denote the (semisimple) residual representation of p;. For any n > 1, let

Sym" (ps) : Gal(Q(S)/Q) — GL(Sym" Vy) & GLos1(E)
be the representation on the nth symmetric power Sym"™ Vy of V. .
Theorem 3.3.1. Let F//Q be any imaginary quadratic field. Let n > 1, and set
W, := Sym®" V; @ det(py) "6lo

F/Q
Then H}(Q(S)/Q, Wy) = 0 under the following assumptions:
(a) p>n+4andp ¢ {2n+1,2n+ 3},
(b) the image of p contains SLa(F)).

Proof. Let p := Sym"(py), and let p : Gal(Q(S)/Q) — GLy,41(F) be the (semisimple) residual representation.
Note that p is isomorphic to the semisimplification of Sym"(p,). Set

W := Sym?*(Sym" V) ® det(pf)fné?,;ré.

There is a natural symmetric bilinear map Sym” V¢ x Sym" Vy — Sym?" V¢, which induces a surjection
Sym?(Sym" V) — Sym?" V.

This map is GLy(E)-equivariant and has a GLy(FE)-equivariant splitting. Thus, W, is a Gg-equivariant

direct summand of W, so it suffices to show H;(Q(S)/Q, W) = 0. To do this, we apply Theorem 3.2.3.

If n is even, then p is conjugate to a representation valued in GO,,41(FE), and if n is odd, to one valued
in GSp,,;,(¥), and in either case the multiplier character is det(py)”. Assumption (b) implies that f
does not have complex multiplication, so [BLGHT11, Theorem B] implies there is a totally real Galois
extension L1 /Q, a regular algebraic polarizable cuspidal automorphic representation 7 of GLjy,4+1(Ap+), and
an isomorphism ¢ : @p = C such that p|¢, , ®@p = p, ,. Moreover, we may assume that LT is disjoint from
the subfield of Q fixed by PflGr,, (for example, see [BLGGT14, Theorem 5.4.1]). Note that assumption
(a) implies p > 5. So ¢, ¢ F, and the image of the restriction ps|g ., still contains SLa(Fp). By choice
of L*, we have ¢, ¢ L := FL" and p;(GL(,)) contains SLy(F,). This implies, in particular, that the
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image of G, under Sym"(p;) acts absolutely irreducibly and p = Sym"(p;). Under assumption (a),
[GHT15, Corollary 1.5] implies p(G'1(c,)) is adequate. We've verified the assumptions of Theorem 3.2.3 for
p, s0 HL(Q(S)/Q, W) = 0. 0
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