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ABSTRACT. To link the Auslander point dynamics property with topological
transitivity, in this paper we introduce dynamically compact systems as a
new concept of a chaotic dynamical system (X, T) given by a compact metric
space X and a continuous surjective self-map 7' : X — X. Observe that each
weakly mixing system is transitive compact, and we show that any transitive
compact M-system is weakly mixing. Then we discuss the relationships among
it and other several stronger forms of sensitivity. We prove that any transitive
compact system is Li-Yorke sensitive and furthermore multi-sensitive if it is
not proximal, and that any multi-sensitive system has positive topological
sequence entropy. Moreover, we show that multi-sensitivity is equivalent to
both thick sensitivity and thickly syndetic sensitivity for M-systems. We also
give a quantitative analysis for multi-sensitivity of a dynamical system.

1. INTRODUCTION

By a (topological) dynamical system we mean a compact metric space with a
continuous self-surjection. We say it trivial if in addition the space is a singleton.
Throughout this paper, we are only interested in a nontrivial dynamical system,
where the state space is a compact metric space without isolated points, and let
(X,T) be such a dynamical system with metric d.

Let Z4 be the set of all nonnegative integers and N the set of all positive integers.
Recall that the system (X, T') is (topologically) transitive if Np(Uy,Us) = {n € Zy :
Uy NT "Us # @} is nonempty for any opendl subsets Uy, Us C X, equivalently,
N1 (U1, Us) is infinite for any opene subsets Uy, Uy C X.

H. Furstenberg started a systematic study of transitive dynamical systems in
his paper on disjointness in topological dynamics and ergodic theory [I1], and the
theory was further developed in [13] and [I2]. The main motivation for this paper
comes from [39], [2], [24], [5], [14], [22], [38], [37] and recent papers [29], [34] and
[31], which discusses a dynamical property called transitive compactness examined
firstly for weakly mixing systems in [5]: transitive compactness is quite related to
but different from the property of transitivity, it will be equivalent to weak mixing
under some weak conditions, and it presents some kind of sensitivity of the system.

Before going on, let us recall some notions and facts from topological dynamics.
Denote by P = P(Z4) the set of all subsets of Z;. A subset F of P is a (Fursten-
berg) family, if it is hereditary upward, that is, Fi C Fy and Fy € F imply F; € F.
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IBecause we so often have to refer to open, nonempty subsets, we will call such subsets opene.
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For a family F, the dual family of F, denoted by kF, is defined as
{FeP:FNF # o for any F' € F}.

Denote by B the family of all infinite subsets of Z,. Let F € P. Recall that
a subset F' is thick if it contains arbitrarily long runs of positive integers. Each
element of the dual family of the thick family is said to be syndetic, equivalently,
F is syndetic if and only if there is N € N such that {i,i+1,...,i+ N}NF £ &
for every i € Z. We say that F' is thickly syndetic if for every N € N the positions
where length N runs begin form a syndetic set.

For any F' € P we will define T¥'z = {T"z : i € F}. Let us also define Nr(z,G) =
{n € Zy : T"x € G} for every point z € X and each subset G of X. Let F be a
family and x € X, the w-limit set of point x with respect to the family F (see [2]),
or shortly the wr-limit set of point x, denoted by wr(z), is defined as

m TFr ={z€ X : Nr(z,G) € kF for every neighborhood G of z}.
FeF

Recall that the w-limit set of x, denoted by wr(z), is defined as
ﬂ {Tkz :k>n} ={z€ X : Np(x,G) € B for every neighborhood G of z}.

n=1
In particular, wr(x) is a subset of wr(z).

We say that the system (X, T') is compact with respect to the family F, or shortly
dynamically compact, if the wz-limit set wx(x) is nonempty for all z € X. In this
paper we consider one of such dynamical compactness — transitive compactness,
and its relations with well-known chaotic properties of dynamical systems.

Recall that a pair of points z,y € X is prozimal if liminf,, . d(T"x, T"y) = 0.
In this case each of points from the pair is said to be prozrimal to another. Denote
by Proxr(X) the set of all proximal pairs of points. For each z € X, denote by
Proxr(z), called the proximal cell of x, the set of all points which are proximal to
x. It is a deep theorem of Auslander that every proximal cell contains a minimal
point (i.e. point from a minimal set) [6].

The following property of dynamical systems, which was first examined in [5] for
topologically weakly mixing systems, links the Auslander point dynamics property
with topological transitivity. Let N7 be the set of all subsets of Z, containing some
Nr(U,V), where U,V are opene subsets of X. A dynamical system (X, T) is called
transitive compact, if for any point z € X the wps.-limit set war. (2) is nonempty,
in other words, for any point z € X there exists a point z € X such that

Np(z,G)NNp(U,V) £ &

for any neighborhood G of z and any opene subsets U,V of X.

Obviously that a transitive compact system is topologically transitive. What is
the difference between a compact, topologically transitive system and a dynamically
compact, topologically transitive system? Roughly speaking the first system is of
the form (X,T,Z.) and the second one — (X,T,F). In the second system we
dynamically changed the time for possible behaviour of the orbits (by using N7r).
The area of dynamical systems where one investigates dynamical properties that
can be described in topological terms is called topological dynamics. Investigating
the topological properties of maps that can be described in dynamical terms is in
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a sense the opposite idea. This area is called dynamical topology (see [25]). Some
results of this paper can be considered as a contribution to dynamical topology.

We will show that the was,.-limit sets are positively invariant closed subsets of
the system (Lemma [B:33) and in fact invariant closed subsets if the system is weakly
mixing (Proposition [Z1]). Even though any transitive compact M-system is weakly
mixing (Corollary BI0) and observe that each weakly mixing system is transitive
compact, there exist non totally transitive (and hence non weakly mixing), transi-
tive compact systems in both proximal and non-proximal cases (Theorem B.14).

As shown by Theorem [ and Theorem[4.7] a transitive compact system presents
some kinds of sensitivity. The notion of sensitivity (sensitive dependence on initial
conditions) was first used by Ruelle [36], which captures the idea that in a chaotic
system a small change in the initial condition can cause a big change in the trajec-
tory. Since then, many authors studied different properties related to sensitivity (cf.
[1e], [31, [15], [2], [, [B], [, [21], [30]). For the recent development of sensitivity
in topological dynamics see for example the survey [31] by Li and Ye.

According to the works by Guckenheimer [I7], Auslander and Yorke [7] a dynam-
ical system (X,T) is sensitive if there exists 6 > 0 such that for every x € X and
every neighborhood U, of z, there exist y € U, and n € N with d(T"z, T"y) > 0.
Such a § is also called a sensitive constant of the system (X,T). Recently in [33]
Moothathu initiated a way to measure the sensitivity of a system, by checking how
large is the set of nonnegative integers for which the sensitivity still occurs. Follow-
ing [33] and [32], we recall the definitions of some stronger versions of sensitivity.

Let § > 0. For any opene set U C X we define

St(U,8) = {n € Zy : there are x1,x2 € U such that d(T"x1,T"x2) > §}.

A dynamical system (X,T) is thickly sensitive (thickly syndetically sensitive, re-
spectively) if there exists 6 > 0 such that Sp(U,J) is thick (thickly syndetic, re-
spectively) for any opene U C X; and is multi-sensitive if there exists ¢ > 0 such
that ﬂle St(U;, ) # & for any finite collection of opene Uy, ..., U, C X. Remark
that: a non-minimal M-system is thickly syndetically sensitive [32, Theorem 8|, and
any thickly syndetically sensitive system is multi-sensitive because the intersection
of finitely many thickly syndetically sets is also thickly syndetic; furthermore, the
first, third and fourth authors of the present paper proved that any multi-sensitive
system is thickly sensitive and these two sensitivities are equivalent for transitive
systems [19, Proposition 3.2].

In this paper, we shall show that: multi-sensitivity is equivalent to both thick
sensitivity and thickly syndetic sensitivity for M-systems (Theorem[4.2]), any multi-
sensitive system has positive topological sequence entropy (Proposition [6.1]) and
any transitive compact system is Li-Yorke sensitive (Theorem L) and furthermore
multi-sensitive if it is not proximal (Theorem 7). Recall that we have assumed
that we are only interested in nontrivial dynamical systems.

Observe that in [26] Rybak and the third author of the paper initiated another
way to measure the sensitivity of a system, that is, gave quantitative measures of
the sensitivity of a dynamical system by introducing the Lyapunov numbers:

L, = sup{d: for every € X and every open neighborhood U, of x there
exist y € U, and a nonnegative integer n with
d(T"x, T"y) > 0};



L, = sup{d: for every z € X and every open neighborhood U, of = there
exists y € U, with limsupd(T"z, T"y) > §};

n—00
Lg = sup{d: in any opene U C X there exist z,y € U and a nonnegative
integer n with d(T"z, T"y) > 0};
Ly = sup{d: in any opene U C X there exist x,y € U with
limsup d(T"z, T"y) > d}.

n—oo

Here we set sup@ = 0 by convention. Various definitions of sensitivity, formally

give us different Lyapunov numbers. Nevertheless, as was shown in [20], for minimal

topologically weakly mixing systems all these Lyapunov numbers are the same.
The motivation of [26] comes from the following proposition according to [5]:

Proposition 1.1. The following conditions are equivalent:

1. (X,T) is sensitive.

2. There exists § > 0 such that for every x € X and every neighborhood U, of
x, there exists y € U, with limsup,,_, . d(T"z,T"y) > 6.

3. There exists 6 > 0 such that in any opene U in X there are x,y € U and a
nonnegative integer n with d(T"xz, T"y) > 6.

4. There exists § > 0 such that in any opene U C X there are x,y € U with
limsup,,_, o d(T"z, T"y) > 0.

Note that an analogue of Proposition [Tl can be obtained for multi-sensitive
systems (Proposition [5.2). Thus following the line in [26], we can give quantitative
measures for the multi-sensitivity of a dynamical system. Precisely, we introduce
the following several quantities (we still call them Lyapunov numbers):

L., = sup{d: for any finite collection z1,...,z; of points in X and
any system of open neighborhoods U; > x; (i =1,...,k);
there exist points y; € U; and a nonnegative integer n
ith in d(T"x;, T™y; 0}
with  min, (T"x;, T"y;) > 0}

L,,» = sup{d: for any finite collection z1, ...,z of points in X and
any system of open neighborhoods U; 3> z; (i =1,...,k);
there exist points y; € U; with
li in d(T"x;, T"y;) > 0};
P g, A L) > 0)
Ly,a = sup{d: for any finite collection Uy,..., U of opene subsets of X,
there exist z;,y; € U; and a nonnegative integer n with
min d(T"w;, T"y:) > 6
Lya = sup{d: for any finite collection Uy,..., U of opene subsets of X,
there exist x;,y; € U; with limsup min d(T"xz;, T"y;) > ¢}.
noo 1<i<k
It is not striking that these new Lyapunov numbers Ly, ,, Emm, L,,.q and Emyd are
all related to each other. In particular, we prove that: Ly, , = Emm for a system
with a dense set of distal points (Proposition B.A4l); Ly, 4 = Emﬁd for a transitive
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system (Lemma [5.5) and Ly, 4 = Ly,q = diam(X) and L,,,, = Ly, > 0 for a
nontrivial weakly mixing system (Proposition [5.6)).

The paper is organized as follows. In section 2 we recall from topological dy-
namics some basic concepts and properties used in later discussions. In section 3
we study transitive compact systems. Observe that any weakly mixing system is
transitive compact, we will show that any transitive compact M-system is weakly
mixing (Corollary B.I0), and provide non totally transitive (and hence non weakly
mixing), transitive compact systems in both proximal and non-proximal cases (The-
orem [B.14)). In section 4 we explore the implications among transitive compactness
and other various stronger forms of sensitivity, in particular, we show that multi-
sensitivity is equivalent to both thick sensitivity and thickly syndetic sensitivity
for M-systems (Theorem [£.2)), and that any transitive compact system is Li-Yorke
sensitive (Theorem [4.5]) and furthermore multi-sensitive if it is not proximal (The-
orem [A.7). In section 5 we carry out quantitative analysis for multi-sensitivity by
studying the relationships between the above introduced four new Lyapunov num-
bers. In section 6 we explore further study for multi-sensitivity, and prove that any
multi-sensitive system has positive topological sequence entropy (Proposition [6.1]).
In the last section we consider some related properties and open questions.
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2. PRELIMINARIES

In this section we recall standard concepts and results used in later discussions.

2.1. Transitivity, mixing and minimality. A point x € X is called fized if
Tz = z, periodic if T"x = z for some n € N, and transitive if its orbit orby(z) =
{T"xz :n=0,1,2,...} is dense in X. Denote by Tran(X,T') the set of all transitive
points of (X, T). Since T is surjective, the system (X, T) is transitive if and only if
Tran(X,T) is a dense G subset of X.

The system (X,T) is called minimal if Tran(X,T) = X. In general, a subset
A of X is T-invariant if TA = A, and positively T-invariant if TA C A. If A
is a closed, nonempty, T-invariant subset then (A,T]4) is called the associated
subsystem. A minimal subset of X is a nonempty, closed, T-invariant subset such
that the associated subsystem is minimal. Clearly, (X,T) is minimal if and only
if it admits no a proper, closed, nonempty, positively T-invariant subset. A point
x € X is called minimal if it lies in some minimal subset. In this case, in order
to emphasize the underlying system (X,T) we also say that x € X is a minimal
point of (X,T). Zorn’s Lemma implies that every closed, nonempty, positively T-
invariant set contains a minimal set. Note that by the classic result of Gottschalk
a point x € X is minimal if and only if Np(z,U) = {n € Z, : T"zx € U} is syndetic
for any neighborhood U of z, and by [40, Corollary 3.2] for any k € N a point is
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a minimal point of (X, T) if and only if it is a minimal point of (X,7T%), here T*
denotes the composition map of k copies of the map T'.

An M-system is a transitive system with a dense set of minimal points [I5]. Let
(X,T) and (Y, S) be topological dynamical systems and k € N. The product system
(X xY,T x S) is defined naturally, and denote by (X*, 7)) the product system
of k copies of the system (X,T') for each k € N.

Recall that the system (X, T') is totally transitive if (X, T*) is transitive for each
k € N; is (topologically) weakly mixing if the product system (X x X, T x T is
transitive; and is topologically mizing if Np(U, V) is cofinite for any opene sets U, V
in X, where we say that S C Z4 is cofinite if S D {m,m+1,m+2,...} for some
m € N. Note that the system (X,T) is weakly mixing if and only if Np(U,V) is a
thick set for any opene sets U,V in X by [11] and [35], in particular, any weakly
mixing system is totally transitive.

We say that (X,T) is topologically ergodic (thickly syndetically transitive, re-
spectively) if the set Np(U, V) is syndetic (thickly syndetic, respectively) for any
opene U,V C X. Note that any minimal system is topologically ergodic, and a
dynamical system (X,T) is thickly syndetically transitive if and only if (X, T) is
not only weakly mixing but also topologically ergodic [23] Theorem 4.7].

We will say that a point x € X is distal if it is not proximal to any another point
from the closure of the orbit {T™z : n € Z4+}. Recall that a dynamical system
(X,T) is called prozimal if Proxr(X) = X2, and is distal if any point of X is
distal. The system (X,T) is proximal if and only if (X,T) has the unique fixed
point, which is the only minimal point of (X,T) (e.g. see [3]).

2.2. Equicontinuity and sensitivity. A pair of points z,y € X is called a Li-
Yorke pair if liminf,, o d(T"x, T™y) = 0 while limsup,,_, . d(T"z,T"y) > 0, and
a dynamical system (X, T) is called spatio-temporally chaotic if for any point z € X
and its neighborhood U, there is a point y € U, such that the pair z,y is Li-Yorke
[8]. The system (X, T) is cofinitely sensitive if there exists § > 0 such that S (U, 9)
is cofinite for any opene U C X (see [33]), and is Li- Yorke sensitive if there exists
0 > 0 such that for any point z € X and its neighborhood U, there is a point
y € Uy with liminf, o d(T"x,T™y) = 0 while limsup,,_, . d(T"x, T™y) > § (see
[5]). It is clear that Li-Yorke sensitivity is much stronger than both sensitivity and
spatio-temporal chaos.

The Lyapunov stability or, in other words, equicontinuity is the opposite to the
notion of sensitivity. A dynamical system (X, T) is equicontinuous if {T™ : n > 0}
is equicontinuous at any point of X, equivalently, for every € > 0 there exists a
d > 0 such that d(z,2’) < § implies d(T™z, T"z') < € for any n € N. Remark that
each dynamical system admits a maximal equicontinuous factor.

Following [19], recall that € X is syndetically equicontinuous if for any e >
0 there exist open U C X containing z and a syndetic set A/ C N such that
d(T"z,T"z") < € whenever 2’ € U and n € N. Denote by Eqyy, (X,T) the set of
all syndetically equicontinuous points of (X, T).

2.3. Other concepts. Recall that S C N is an IP set if there exists {p; : k €
N} ¢ Nwith {p;;, +---+p;, : k€ Nand i <--- <ip} CS. Denote by F;, the
family of all IP sets. Notice that for an IP set S, § = &1 U S implies that either
Sy or Sy is an IP set by Hindman’s theorem (see for example [12] Theorem 8.12]).



Recall that S C N is an IP* set it SNT # @ for each IP set 7 C N. It
is easy to see that the intersection of an IP set and an IP* set is an infinite set.
Note that by [12, Theorem 9.11]: z € X is distal if and only if Np(z,U) is an
IP* set for any neighborhood U of x; and for distal points x; € X; of the system
(X;,T;3),s = 1,...,k, the point (z1,...,2;) € X3 X -+ x X}, is also a distal point
of the system (X7 x - X Xp, T1 X -+ X T).

Let (X,T) and (Y, S) be topological dynamical systems. Recall that by a factor
map w: (X,T) — (Y,S) we mean that 7 : X — Y is a continuous surjection with
moT = Som. In this case, we call 7 : (X,T) — (Y,5) an extension; and (X, T)
an extension of (Y,5), (Y,S) a factor of (X,T). If, additionally, 7 : X — Y is
almost one-to-one, that is, there exists a dense subset Yy C Y such that 771(y) is a
singleton for each y € Yy, then we also call (X, T) an almost one-to-one extension of
(Y,S). Tt is easy to show that the transitive compactness property of a dynamical
system (X, T) is preserved by a factor map.

Let A be a nonempty finite set. We call A the alphabet and elements of A are
symbols. The full (one-side) A-shift is defined as

Y={r={x;}2p:x;, € AforallieZ,}.

We equip A with the discrete topology and ¥ with the product topology. Usually
we write an element of ¥ as ¢ = {z;}2, = xoz1x223 ... The shift map 0 : ¥ — X
is a continuous map given by

= {2;};20 = or = {Tiy1}2-

That is, o(x) is the sequence obtained by dropping the first symbol of z. A full
binary shift is the full 2-shift.

A block over ¥ is a finite sequence of symbols and its length is the number of its
symbols. An n-block stands for a block of length n. The set of all blocks over X is
denoted by ¥*. The concatenation of two blocks u = a1 ...a and v = by ...b; is
the block uv = ay ...agby ...b;. We write u™ for the concatenation of n > 1 copies
of a block v and u> for the sequence uuu--- € ¥. By w[; ;; we denote the block
ZiTit1...%5, where 0 < ¢ < jand z = {zx}2, € £. X C X is called a subshift if
it is a nonempty, closed, o-invariant subset of ¥. A cylinder of an n-block w € ¥*
in a subshift X is the set Clw] = {x € X : x 1) = w}. The collection of all
cylinders is a basis of the topology of X.

Now let us recall the definition of topological sequence entropy for a dynamical
system (X,T) by using the classical Bowen-Dinaburg definition of topological en-
tropy. Consider an increasing sequence N’ =mn1 < ns < ... of N and define ng = 0
by convention. For any k € N the function dy(x,y) = maxo<j<kp—1 d(Tz, T"y)
defines a metric on X equivalent to d. Now fix an integer £ > 1 and ¢ > 0. A
subset £ C X is called (k,T,¢)-separated (with respect to N), if for any two dis-
tinct points x,y € E, di(z,y) > €. Denote by sep(k, T, ¢) the maximal cardinality
of a (k, T, ¢)-separated set in X and ha(T,€) = limsup;,_, 3 logsep(k,T,¢). It is
obvious that ha (T, e1) > har(T, €2) when €1 < ea. The topological sequence entropy
of (X, T) along the sequence N is defined by

1
har(T) = lim lim sup p logsep(k, T, ¢).

=0 koo

We also call it the topological entropy of (X, T) in the case of N = {1,2,...}.



3. TRANSITIVE COMPACTNESS

In this section we study basic properties of transitive compact systems. We will
show that the was.-limit sets are positively invariant closed subsets and in fact
invariant closed subsets if the system is weakly mixing. Even though any transitive
compact M-system is weakly mixing and observe that each weakly mixing system
is transitive compact, there exist non totally transitive (and hence non weakly
mixing), transitive compact systems in both proximal and non-proximal cases.

Recall that a dynamical system (X,T) is transitive compact, if for any point
x € X there exists a point y € X such that Np(z,G,) N Np(U,V) # @ for any
neighborhood G, of y and any opene subsets U,V of X. Note that if (X,T) is
topologically transitive then Np(Uy, Us) is infinite for any opene subsets Uy, Us C
X. Similarly, we can prove that in the above definition of transitive compactness
the set Np(z, Gy) N Np(U, V) is always infinite.

Lemma 3.1. Let (X,T) be a transitive compact system and x € X. Then the set
Nr(z,Gy) N Np(U, V) is infinite for any y € wny(x), neighbourhood G, of y and
opene sets U,V in X.

Proof. Assume the contrary that there exist opene sets U,V in X and a point
z € wpr, (z) with a neighborhood G, of z such that Np(z, G,) N Np(U, V) is finite,
say Np(z,G,) N Np(U,V) = {n1,...,nk}. As the non-singleton space X contains
no isolated points, we can take an opene subset U; C U small enough such that
Vi =V\ Ule T™U, is an opene subset of X. By the construction we have
Nr(Uy, V1) € Np(U,V) and then Np(z,G,) N Np(Uy, Vi) = &, a contradiction to
the selection of the point z € was, (x). This finishes the proof. 0

Lemma 3.2. The following conditions are equivalent:

(1) (X,T) is transitive compact.

(2) (X,T) is topologically transitive and for any point x € X there exists a point
z € X, such that Nr(z,G) N Npr(W,T=*W) # @ for any neighborhood G
of z, opene W in X and k € Z..

Proof. (1) = (2) is obvious. Just take U = W, V = T~FW.

(2) = (1) Fix a point © € X. Let z be a point of X such that Np(z,G) N
Nr(W,T=*W) # @ for any neighborhood G of z, opene W in X and k € Z.
We are going to show z € wp; (r). Let U and V' be opene sets in X. Since
(X,T) is transitive, there exists m € Z, such that 7"V NU # &. Now let
W =V NT~™U # @. Then Nr(x, G)NNp (W, T~™W) # &, therefore there exists
s € Zy such that Tz € G and T*W NT~™W # &. Hence @ # T*T"WNW =
Tstm(VNT-"U)NVNT~™U C T*U NV and we are done. O

Notice that for topological transitive systems the w-limit set of any point is either
the whole space or a nowhere dense set in the space. In the following we will obtain
a similar result for the war,.-limit sets in a transitive compact system (X, T'), which
comes from the following general fact about the structure of the wp,.-limit sets.

Lemma 3.3. war,.(x) is a positively T-invariant closed subset of X for any xz € X.

Proof. Let y € way(x) and Gy be a neighborhood of T'y. For each Np(U,V) €
Nr, as T~Y(Gry) is a neighborhood of y and Ny (U, T7'V) € Nr, we may take
n € Np(z,T"'Gry) N Ny (U, T~'V) by the assumption of y € wy;.(z), and then
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n+1¢€ Np(z,Gry) NNr(U, V). By the arbitrariness of Np(U, V) and Gr, we have
Ty € wy, (z). Now let z € wpas (x). In any open neighborhood G, of the point z
we can find a point y € wp. (x), and then Np(x, G,) N Np(U,V) # @ as G, is also
a neighborhood of y. This shows z € was, (). Summing up, war,. (x) is a positively
T-invariant closed subset of X. g

Applying Lemma we have directly:

Corollary 3.4. Let (X,T) be a transitive compact system and x € X. Then:

(1) either war, () = X or wpy. () is nowhere dense in X .
(2) if x is a minimal point, say M to be the minimal subset containing x, then
Wiy () =wr(z) = M.

Proof. (1) The conclusion follows from the facts that each transitive compact sys-
tem is transitive, and that any positively T-invariant closed subset in a transitive
system is either the whole space or a nowhere dense subset (see [27]).

(2) The conclusion follows from Lemma B3 and the fact of @ # wa;, (z) C
wp(z) C M and the minimality of the subset M. (]

It is not hard to show that the w-limit set of a system (X, T') is not only positively
T-invariant but also T-invariant. From Lemma it seems reasonable to expect
that each was,.-limit set is more than positively T-invariant, that is, is also T-
invariant. The answer to the question stands open for the general case, while we
can prove:

Proposition 3.5. Let (X,T) be a weakly mizing system and © € X. Then the
subset wpr,. (x) is T-invariant.

Proof. It suffices to consider the case of war,. () # @ (in fact, there exists only this
case for a weakly mixing system as explained later). Let y € wpr.(2). By Lemma
B3] we only need to find some z € wp, (z) with Tz = y.

For each k € N we take a finite open cover Uy, of X with diam(lf;) < + and a
neighborhood Wy, of y with diam(W) < £. As (X,T) is weakly mixing, by [11]
there exist opene subsets Uy, V1 of X such that

Nr(U,Vi)c () Nr(U,V).

U, Vel
As y € way (2), let ny € Np(z, W1) N Np(T~1U, V1). We may assume nq € N by
Lemma BJl Now assume that positive integers ny < --- < m,, and opene subsets

Ui, Vi,...,Un, Vy of X have been constructed, where m € N, applying [T1] again
to weakly mixing (X, T) we can choose opene subsets Uy, 41, Vin1 of X such that

(3.1) Ne(Umi1, Vi) € () No(U, V)0 [ N (U, Vi).
U,VeZ/lm+1 =1

And then applying Lemma B1] to the assumption of y € war.(x), we can choose
Nm4+1 € NT(,T, Wm+1) n NT(T_lUm+1, Vm+1) with n, < npy1-

By choosing a subsequence if necessary we may assume that the sequence T 1z
tends to z € X. From the above construction it is easy to check Tz = y. Now we
will finish the proof by showing z € was,.(x). Let G, be a neighborhood of z and
U’, V' be opene subsets of X. By the above construction, T 'z belongs to G,
if ¢ is large enough, and we may take opene subsets U/, V; € U; for some t € N
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such that U; C U’ and V/ C V. We may assume that ¢ is large enough and hence
ny — 1 € Nr(z,G,). Additionally, n, € Ny (T Uy, V;) and then by (B.1]) one has

ne —1 € Np(Uy, Vi) € Np(UJ, V) € Np(U', V).

In particular, Np(z,G,) N Np(U', V') # &. This shows z € wpy, (z) by the arbi-
trariness of G, and U’, V', which finishes the proof. O

It was first observed in [5] that each weakly mixing system (X,T) is transi-
tive compact by applying [11] to (X,T) (and hence there exists a transitive com-
pact, non-minimal, M-system, as there are many weakly mixing, non-minimal, M-
systems). The following result extends it a little bit.

Lemma 3.6. Let (X,T) be a weakly mizing system, x € X and W be a closed
subset of X such that Np(x, W) is syndetic. Then war,(x) "W # &.

Proof. Assume the contrary that wpr, () N W = @&. Then for every y € W there
exists a neighborhood G, of the point y and opene subsets Uy, V,, of X such that

NT(LL',Gy) N NT(UU,V;/) = .

By the compactness of W, we may choose y1, . . ., yx such that {Gy,,... Gy, } covers
W. As the system (X, T) is weak mixing, ﬂle Nr(Uy,,Vy,) is a thick set by [11],
and then, by the assumption that Np(xz, W) is syndetic, there exists
k
n € () Nr(Uy,,Vy,) N Nr(z, W).
i=1
In particular, T"x € W and then T"z € Gyj for some 1 < j < k. This shows
n € Nr(x,Gy; ) "\Nr(Uy,,V,,), a contradiction to the selection of Gy,,U,,,V,,. O

In the following we shall prove that the difference between a transitive compact
system and a weakly mixing system is not too much. For example, analogously as
it was done for weakly mixing systems in [5 Theorem 3.8] one can prove:

Proposition 3.7. Let (X,T) be a transitive compact system. Then for every x € X
the proxzimal cell Proxy(z) is a dense Gs subset of X.

The following result provides sufficient and necessary conditions for a system
being weakly mixing. Recall that each weakly mixing system is transitive compact.

Proposition 3.8. The following conditions are equivalent:
(1) (X,T) is weakly mizing.
(2) & € warp () for each x € X', where X' is a dense subset of X.
(3) wnp(z0) = X for some point xp € X.
(4) wnp(z) = X for each x € X", where X" is a dense G subset of X .

Proof. (2) = (1) Let U,V be opene subsets of X and we may take a point z €
U N X’ by the density of X'. As x € wpy;.(2), Np(z,U) N Np(U,V) # @ and then
Nr(U,U) N Np(U,V) # @. By the arbitrariness of U,V we have that (X,T) is
weakly mixing by applying [35, Lemma].

(3) = (1) Let Uy, Us, V4, Va2 be opene subsets in X and take y; € Uy, y2 € V5.
Observing war.(zg) = X, in particular, y1 € wp; (z0), there exists k € Z4
such that T*xy € U, and, in addition, by y2 € way(z0) We may choose
n € Np(zg,Vi) N Np(T~%Us,Vz) with n > k by Lemma Bl In particular,
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n —k € Np(U, Vi) N Np(Us, Va). Then the system (X,T) is weakly mixing by
the arbitrariness of Uy, Us, V1, V5.

(4) = (3) and (4) = (2) are direct, it remains to prove (1) = (4). Now let (X, T)
be a weakly mixing system, and then Tran(X?, 7)) is a dense G5 subset of X2. It
suffices to show wyz, (x) = X for each point (z,y) € Tran(X2, 7). Let G, U, V be
opene sets in X. Obviously, y € Tran(X,T), and hence there is m € Z, such that
T™y € U. Since (z,y) is transitive, there exists n € Np(z, G)NNp(y, T-"V) # @.
Then T"x € G and T"U NV # &, because T" ™y € V and T™y € U. Hence for
any opene sets G, U, V, Ny(z,G) N Nr(U,V) # @. That is, war. () = X. O

Applying Corollary[341(2) to Proposition[3.8], we have following direct corollaries:

Corollary 3.9. A dynamical system (X,T) is minimal and weakly mizing if and
only if wa(x) = X for each z € X.

Corollary 3.10. Let (X,T) be an M -system. Assume wy,(x) # & for any min-
imal point © € X. Then (X,T) is weakly mizing. In particular, each transitive
compact M -system is weakly mixing.

Remark that Downarowicz and Ye constructed a ToP system with positive en-
tropy which is not totally transitive (and hence not weakly mixing) [10, Theorem
2], recall that a system (X,T') is a ToP system if every point is either transitive or
periodic. Thus by Corollary B.10 the constructed system is not transitive compact.

Note that if the system (X,T) is topologically mixing then it is easy to show
from the definitions that wp, (z) coincides with wp(z) for any point € X. In
the following let us show that it may happen was,. () C wp(x) for a weakly mixing
system (X,T) and some point x € X. Remark that in Proposition we have
proved the invariance of the was,-limit sets.

Theorem 3.11. There is a weakly mizing system (X, T) and a point © € X such
that wary () C wr(x).

Proof. Let ¥ = {0,1}?+ and ¢ : ¥ — ¥ be the full (one-side) shift. Recall
that the base for the open sets in ¥ is given by the collection of all cylinder sets
Clegcrca...em) ={x €X: x; = ¢; for i <m}.

Let P be asubset of Nand wedefine Ap ={z € L :z; =z, =1, i # j = |i—j| €
P}. The set Ap is a closed o-invariant subset of 3, i.e., Ap is a subshift (in the
case of Ap # &). So we can consider the dynamical system (X,T) := (Ap,o|a,).
In [28] (see also [24]) the authors proved that if P is thick, then (X,T) is weak
mixing, and if N\ P is infinite, then (X,T) is not topologically mixing.

Let P:={10"+s:n € N,1 < s <n}. Obviously P is thick. (X,T) is a weakly
mixing system, but not topologically mixing. So, there is a chance for it to have a
point with the desired property. We are going to define points x,y € X such that
there is a neighbourhood Uy, of y and opene U, V with Np(z,U,) NNy (U, V) = @.

Let y = 10'910°. We have y € X since the only positions of one’s in this
sequence are 0 and 11 and 11 € P. Denote U, = C[10'°1].

We define z as a limit of a sequence of the starting blocks (W,,)52 ;. We do it by
induction. On every step in order to define the next block we add to the previous
one some amount of one’s and zero’s. Let Wy = W = 10'°1 and suppose that
we have already defined W,,. Let b, be the position of the last digit in W,, (the
length of W, is b, + 1). To obtain W,, 1 we define the digits on the positions s for
by < s < 10%1t12 1 p, 4+ 12. We set 1 on the following positions: 100 +12 4, 412
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and 10112 4 b, + 1. For the other s from this interval let z;, = 0. We see that
Wyyr = Wp0%W for a, = 10°*12 and then z = W0 W0%W ... In order to
prove that € X we need to check if for every n > 0, W, 11 satisfies the condition
of the space X. Under the assumption that W,, satisfies this condition we need to
check only the elements which we have added. Among these elements we had only
two one’s. The difference between the numbers of their positions is 11. We have
that 10°»112 + s € P, where s € [1,b, + 12]. Then, for any 0 < i <b,, with z; =1
we have 102112 4 p, +12 —i € P and 10*»t12 4+, +1 — 4 € P. Hence x which
we have constructed as a limit of the blocks W,, belongs to X. Finally, it is easy to
see that a, = 10°*12 > 2, > 2a,,_1 so a, tends to infinity. Moreover, y € wr(x)
follows from N (z,U,) = {10712 4+ b,, + 1|n € N}, because the numbers which
belong to this set are exactly the positions where every block W starts.

Now we need to define U and V. Let U = U, = C[10'°1] and V = C[010'°1].
These two open sets have a nonempty intersection with X, and so Nr(U,V) is a
thick set. We have that s+12 € Np(U, V) (implying s € N) if and only if there exists
a point z € X which begins by 10'°1A(s)010'°1 where the length of A(s) is equal to
s. Thus we have s+13, s+24,s4+2 € P. Then 10™+1 < 542, 54+13,s+24 < 10™+m
for some m € N. So 10" 4+ 11 < s+ 12 < 10™ 4+ m — 12. So in other words for
every k € Np(U,V) there is m € N such that 10™ + 11 < k < 10™ + m — 12. But
now it is easy to see that k # 10112 + (b, + 12) — 11(= 10112 + b, + 1), s0 k
can not be an element of Np(z,U,). (]

Though a transitive compact system is weakly mixing if we add some weak
sufficient conditions over the system, there exist many transitive compact, but not
weakly mixing systems. Before proceeding, first we need the following property of
the proximal systems. Recall that a system is proximal if and only if it contains
the unique fixed point, which is the only minimal point of the system [5].

Lemma 3.12. Let (X,T) be a prozimal dynamical system, p € X its fixed point
with a neighborhood U, and = € X. Then the set Np(x,U,) is thickly syndetic.

Proof. First we are going to prove that Np(z,U,) is a syndetic set. As p is the
unique minimal point of the system, for any point z € X there is m(z) € Z4 with
T, € Uy, and then the family of open sets {T~'U, : i € Z;} forms an open
cover of X. By the compactness of the space X, there exists an integer N € N
such that {U,, T7U,,...,T~NU,} forms a cover of X. Then, for every m € Z,
Tmtig ¢ U, for some 0 < ¢ < N, which shows that Nr(x,U,) is a syndetic set with
gaps bounded by the integer N.

Now for each n € N we define U, ,, = (i, T~"U,, which is a neighborhood of
p as U, is a neighborhood of the fixed point p. Observe {m,m+1,...,m+n} C
Nr(z,Up) for each m € Np(z,U, ), where Np(z,U, ,) is a syndetic set by the
above argument. Then Np(z,Up,) is thickly syndetic by the arbitrariness of n. O

We also need the following

Lemma 3.13. Let (X,T) be a minimal weakly mizing system, x € X with a
neighborhood U, and n,m € N. Then the set {k € Z, : TF"*™x € U,} is syndetic.

Proof. Observe that each weakly mixing system is totally transitive, in particular,
(X,T™) is transitive. Note that each minimal point of (X,T) is also a minimal
point of (X, T™) by [40, Corollary 3.2], in particular, any point € X is a minimal
point of (X,T™). Then we obtain that (X,7™) is a minimal system.
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Now assume the contrary that the set {k € Z, : TF"*™z € U,} is not syn-
detic, and then there exists an increasing sequence k1 < ke < ... such that
{Thintmy, phitntmyg - plkitdntmgl © Ue for each i € N. By choosing a sub-
sequence if necessary we may assume that the sequence T%"+™ 2 tends to 2o € X
as i tends to infinity. And then orbzn(z¢) = {20, T"%0, T*"x0,...} C US C X by

the construction, a contradiction to the minimality of the system (X, T™). That is,
{k € Zy : TF¥"*t™mg € U,} is a syndetic set. O

Now we can show the existence of non totally transitive, transitive compact
systems. Recall that each weakly mixing system is totally transitive.

Theorem 3.14. There are non totally transitive, transitive compact systems.

Proof. We will show the existence of such systems in proximal case, and then by
modifying the construction to show the existence in non-proximal case.

1. Proximal case. Let (Y, F) be a nontrivial proximal, topologically mixing
system (for the existence of such a system see some example [I8]). Let ¢ € Y be
its (unique) fixed point and take a copy of it: the system (Y., F..) with its (unique)
fixed point g. € Y.. Suppose that Y and Y. are disjoint and consider the wedge
sum X = Y VY, ie., the quotient space of the disjoint union of Y and Y, by
identifying ¢ and ¢., and then both topological spaces (Y, ¢) and (Y, q.) with base
points look like subspaces of the wedge sum with the subspace topology. Let us
define a self-map T over X as follows:

Fy. ifx= Y
Tiges oY DTTYE
Fy ifx=y.€Ye

for any point * € X. By the construction it is not hard to show that the map
T : X — X is a continuous surjection; and the system (X, T) is not totally transitive
(observing T?Y C Y and T?Y. C Y,) and proximal with the unique minimal (in fact
fixed) point p := g ~ ¢., moreover, it is a transitive system, in fact, for any opene
subsets U,V of X we may find k € Z; with Np(U,V) D {k,k+2,...} (observing
that the systems (Y, F') and its copy (Ye, F.) are both topologically mixing).

Now let us show that the system (X,T) is transitive compact by proving p €
wprp () for each point € X. Let G be a neighborhood of the fixed point p € X
and U,V be opene subsets of X. As Np(z,G)) is thickly syndetic by Lemma
and Np(U, V) D {k,k+2,...} for some k € Z,, we have Np(z, G,) NNy (U, V) # @.

In fact we can obtain more by proving was,. () = {p} for each x € X (note that
since (X, T) is topologically transitive, there exists a dense G5 subset Xy of X with
wr(z) = X for each x € Xy, in particular, wyr, () C wr(x) for each x € Xp). It
is easy to check it for the case of x = p. Now assume that x € Y\ Y.. Let z € Y
be a point different from p. Take a neighborhood G, C Y \ Y. It is easy to check
that Nt (z,G,) consists of only even numbers. Now in Y we take an opene subset
U of X and in Y. we take an opene subset V' of X. It is also easy to check that
N7 (U, V) consists of only odd numbers, in particular, Np(xz,G,) N Np(U,V) = @,
and then z ¢ wps. (). We can prove similarly that wps, () NY. \ Y = &. Summing
up, we obtain war,. () = {p}. The case of xz € Y.\ Y can be done similarly.

2. Non-proximal case. Now we are going to construct a non totally transitive,
non-proximal, transitive compact system by modifying the above construction.

Let (X,T) be the non totally transitive, proximal, transitive compact system
constructed as above. We take a nontrivial minimal topologically mixing system
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(Z, R) (in particular, it is not proximal). Then the product system (X x Z,T x R)
is a non totally transitive, non-proximal system.

Now let us show that the system (X x Z, T x R) is transitive compact by proving
Wy s (T, 2) = {p} x Z for each point € X and z € Z. Let G, be a neighborhood
of the point p € X, G, be a neighborhood of the point z € Z and U,V be opene
subsets of X x Z. It is easy to obtain from the construction that Npxr(U,V) D
{k,k+2,...} for some k € Z;. As Np(z,G,) is thickly syndetic by Lemma [3.12]
and Ngr(z,G.) N{k,k+2,...} is a syndetic set by applying Lemma B.I3] to the
minimal topologically mixing (and hence weakly mixing) system (Z, R), we have

NTxR((:Z?,Z), Gp X Gz)ﬂNTxR(U, V) = NT(x,Gp)ﬂNR(Z, GZ)QNTxR(U, V) # .

This shows (p,z) € wny, x(z,2), and then war., ,(x,2) D {p} x Z by apply-
ing Lemma (recall that the system (Z, R) is minimal). Moreover, observing
wpp () = {p} one has way, ,(x,2) C {p} x Z, and hence finally wpr,., ,(z,2) =
{p} x Z. O

4. IMPLICATIONS AMONG TRANSITIVE COMPACTNESS
AND VARIOUS STRONGER FORMS OF SENSITIVITY

In this section we study the relationships among transitive compactness and
other various stronger forms of sensitivity. Observe that multi-sensitivity and thick
sensitivity are equivalent for transitive systems [19, Proposition 3.2], we will show
that multi-sensitivity is equivalent to both thick sensitivity and thickly syndetic
sensitivity for M-systems, any minimal spatio-temporally chaotic system is thickly
sensitive, and that any transitive compact system is Li-Yorke sensitive and further-
more multi-sensitive if it is not proximal.

Any cofinitely sensitive system is clearly thickly syndetically sensitive, any
thickly syndetically sensitive system is multi-sensitive because the intersection of
finitely many thickly syndetically sets is also thickly syndetic, and any multi-
sensitive system is thickly sensitive [33] and [19, Proposition 3.2].

The following Figure 1 presents a comparison between stronger forms of sensi-
tivity for general topological dynamical systems.

— . Thickly - .
C Cofinite sensitivity >=>[syndetical sensitivity%[ Multi-sensitivity )

[ Sensitivity }:[ Thick sensitivity )

Figure 1. General case.

In the following we will discuss the relationship between these various sensitivity
when we require some strong transitivity over the systems.

Proposition 4.1. If (X, T) is a thickly sensitive M-system, then (X,T) is thickly
syndetically sensitive.

Proof. Recall that if (X, 7)) is an M-system, then (X% T()) the product system
of k copies of (X,T), contains a dense set of minimal points for any k¥ € N. In
fact we can say more. Let x € Tran(X,T) and Uy, ..., U be opene subsets in X.
There are ny,...,n; € N such that 7™z € Uy,...,T™x € Uy. Since (X,T) is



15

an M-system, there is a minimal point xg € X sufficiently close to = such that
Txg € Uy,...,T"xg € Ug. Thus U; X --- x Uy contains the minimal point
(T™xg, ..., T™xq) of (X*,TH).
Let (X, T), which is thickly sensitive, have a sensitivity constant § > 0. Let U

be an opene subset in X and k& € N. Since Sr(U, d) is a thick set,

k

() Sr(T™U,8) > {n>k:{n—k,....,n—1,n} C Sr(U,5)}.

i=0
Therefore there are a positive integer ng € ﬂfzo Sr(T~U,6), ng > k, and
xi,y; € T7U with d(T™x;, T™y;) > §, i = 0,1,..., k. Moreover, we can choose
opene subsets U;,V; C T7'U such that d(T™x;, T™y}) > ¢ for all 2} € U,
and y; € Vi, ¢ = 0,1,...,k. Again, since (X,T) is an M-system, the system
(X2k+2 T(k+2)) contains a dense set of minimal points, and there is a minimal

point (2o, 20, 21, 21, - - -+ 2k, 25,) € Up X Vo X Uy X Vi X - -+ x Uy, x Vj,. Obviously,
k
i=0

is a syndetic set. From the construction we get that Sp(U,d) D {m+mno—i:m¢€
S,i=0,1,...,k}, which is a thickly syndetic set. O

In particular, we have:

Theorem 4.2. Thickly syndetical sensitivity, multi-sensitivity and thick sensitivity
are all equivalent properties for an M-system.

The following Figure 2 presents a comparison between stronger forms of sensitiv-
ity for M-systems. Remark that any non-minimal M-system is thickly syndetically
sensitive [32], Theorem 8].

C Cofinite sensitivity )

; . Thickly . .
C Multi-sensitivity }‘:.[syndetical sensitivityj:C Thick sensitivity )

C Sensitivity )

Figure 2. M-systems.

The dichotomy theorem for minimal thickly sensitive systems, [19, Theorem
3.1], states that a minimal system is not thickly sensitive if and only if it is an
almost one-to-one extension of its maximal equicontinuous factor. Because any
transitive non-sensitive system is uniformly rigid [15, Lemma 1.2] and hence has
zero topological entropy [16, Proposition 6.3], then: any Toeplitz flow with positive
topological entropy is a minimal sensitive invertible system which is not thickly
sensitive (see [9] for a detailed construction of such a system).

When discussing minimal systems, we have the following result:
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Proposition 4.3. Let (X,T) be a minimal system. If (X,T) is spatio-temporally
chaotic then it is thickly sensitive.

Proof. Let meq : (X,T) — (Xeq,Teq) be the associated factor map from (X,T) to
its maximal equicontinuous factor. Applying the dichotomy theorem [19, Theorem
3.1] to the minimal system (X,T) we obtain that (X,T') is not thickly sensitive if
and only if Teq : X — Xeq is almost one-to-one. Assume the contrary that (X,T)
is not thickly sensitive. Then we can take x € X such that 7—!(7z) is a singleton,
from which it is easy to see that (z, z) can not be a Li-Yorke pair for any z € X\ {z}.
Therefore (X, T) is not spatio-temporally chaotic, a contradiction. O

Remark that in [41] Ye and Yu introduced and discussed block sensitivity and
strong sensitivity for several families. Applying the dichotomy theorems obtained
by them in [41] to the same proof of Proposition one has that any minimal
spatio-temporally chaotic system is strongly IP-sensitive.

Note that the converse of Proposition does not hold. Precisely, there
are invertible minimal cofinitely sensitive systems which are distal (and hence
not spatio-temporally chaotic): many standard examples provided in [12] are
such systems. For example, we consider a dynamical system (X,T) given by
X =R?/7% and T : (z,y) = (v + a,x +y) for @ ¢ Q. Tt is well known that
(X,T) is an invertible minimal distal system (see [I2, Chapter 1]). Now for any
opene U C X take zg,yo € R/Z and ¢ > 0 with (xg — §, 20 + ) X {yo} C U. Since
T(z,y) = (:C + na,nx + @
the diameter of T"U is at least the length of the circle R/Z when n € N is large
enough. That is, the system (X, T) is cofinitely sensitive.

Also note that, as shown by the system constructed in [19, Example 3.7], the
assumption of minimality in Proposition [£.3] can not be relaxed. In [19, Example
3.7] a transitive non-minimal sensitive system is constructed such that 1) it is not
thickly sensitive; and 2) it contains a fixed point as its unique minimal set, and
hence the system is Li-Yorke sensitive by [5, Corollary 3.7].

It is shown that each minimal weakly mixing system is thickly syndetically sen-
sitive [32] Theorem 7], which can extended a little bit as follows. Observe that the
proofs of [32, Lemma 3 and Theorem 8] show that any topologically ergodic sys-
tem containing two different minimal subsets is thickly syndetically sensitive, and
remark that we have assumed that all dynamical systems interested are nontrivial.

Proposition 4.4. If a system (X, T) is thickly syndetically transitive, then (X,T)
is thickly syndetically sensitive.
Proof. We take opene V1, Vo C X with 6 = dist(V3,V2) > 0. Now let U C X be

an opene subset. By the assumption, both Nr(U,V;) and Nr(U,Vs) are thickly
syndetic, and hence Sr(U,d) D Np(U, Vi) N Np(U, Vo) is also thickly syndetic. O

a+ y) for any point (z,y) € X and any n € N,

The following results show sensitivity in a transitive compact system.
Theorem 4.5. Any transitive compact system (X,T) is Li- Yorke sensitive.

Proof. As for every x € X the proximal cell Proxy(z) C X is a dense subset by
Proposition 31 then by [5, Theorem 3.6] it suffices to show that (X, T) is sensitive.
As we have assumed that we are only interested in nontrivial dynamical systems.

Let diam(X) diam(X) _ 2e > 0. We will show that § is a

1 > ¢ > 0 and define § =
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sensitive constant of (X, T). Let z € X with a neighborhood U,. Let y € wps. ()

diam(X)

and take a point x; € X with d(x1,y) > . Now consider opene subsets

B, > y and B, 3 z; such that their diameters is strictly smaller than e. As y €
wpp (), we may find an integer m € Z, and a point z € U, such that 7™z € B, and
T™(2) € By,, and then d(T™z,T™x) > d(y, z1) —d(T™x,y) — d(T™z,21) > 5. O

_ In particular, any transitive compact system is sensitive and hence L, > 0 and
L, > 0. In fact, this point can be strengthened as follows, which was essentially
proved in [26], although there it was done for weakly mixing systems.

Proposition 4.6. Let (X,T) be a transitive compact system. Then L, = L, > 0.

diam (X
Moreover, the proof of Theorem shows that it takes place Ly > #
for any transitive compact system (X,7T), while this estimate is exact as shown by
the proximal, non weakly mixing, transitive compact system (X,T) constructed in

diam(X
Theorem [314t it is not hard to show Ly = diam(X) for the system (X, T).

Recall that any transitive compact system is transitive, and thick sensitivity is
equivalent to multi-sensitivity for transitive systems [19, Proposition 3.2].

Theorem 4.7. Any non-proximal, transitive compact system is thickly sensitive.

Proof. Let (X,T) be a non-proximal, transitive compact system (and hence it is
transitive), and let € Tran(X,T). As (X,T) is transitive compact, war, () is a
nonempty, positively T-invariant, closed subset of X by Lemma [3.3] and then we
may take a minimal point y € war,. (z). Since (X, T) is non-proximal, there exists a
point z € X such that liminf,,_,oo d(T"y, T™z) > § for some d(y,z) > d > 0: if y is
a fixed point, then applying [5] to non-proximal (X, T') we obtain another minimal
point z different from y; if y is not a fixed point then we define z = Ty.

Now let U be any opene subset of X. As 2 € Tran(X,T'), there exist an opene
subset Uy containing = and an integer n_; € Zy with 771Uy C U. Now let Ug,
U? be neighborhoods of y, z respectively such that the distance between U, and
U? is strictly larger than 6. As (X,T) is transitive compact, by Lemma [B1] we
may take ng > n_; such that 7"z € Uy and T (Up) N U? # &, and then let
U, be an opene set of X with U; C U; € Uy N T‘"O(US). Now assume that by
induction we have defined Uy, k > 1. Let U;“, Uk be neighborhoods of points y, 2
respectively such that the distance between Ti(U;“) and T%(UF) is strictly larger
than ¢ for all 0 < ¢ < k. Applying again Lemma Bl to transitive compact (X, T)
we may take ng > np_1 such that T™zx € U; and T (Uy) NUF # &, and then
let Upy1 be an opene set of X with Uyry C Upypy C U N T~ (UF). Obviously,
My U, = My, Uk is nonempty and from it we take a point z9. From the above
construction, it is easy to obtain S (U,0) D {n —n_q : d(T"x,T™z0) > 0} and

{neZy dT"x,T"xy) >0} D U {ng,n +1,...,nk + k},
kEN
in particular, S7(U, d) is a thick set. Thus, (X,T) is thickly sensitive. O
The following Figure 3 presents a comparison between stronger forms of sensi-

tivity for transitive systems. Remark that it is direct to see from the definition that
each weakly mixing system is multi-sensitive.
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{ Topologically mixing ]

[ Weak mixing )

. . ./Transitive Dense
[ Thlcksensmwty) [ compactness [ proximal cells j

[ Multi-sensitivity ) [Li-vorke sensitivity) [ L.=L, >0 )

C Sensitivity )

Figure 3. Topologically transitive systems.

Remark that each transitive compact system is Li-Yorke sensitive, and that there
are non-minimal M-systems which are not transitive compact (for example the ToP
system constructed by Downarowicz and Ye in [10, Theorem 2]).

5. QUANTITATIVE ANALYSIS FOR MULTI-SENSITIVITY

In this section, to measure the multi-sensitivity of a dynamical system, we are
interested in relationships between the introduced Ly, ., Ly, -, Lipy.q and Ly, g.
It is easy to see that (X, T) is multi-sensitive if and only if L, 4 > 0, and

(51) Lm,d > Lm,r > E1n,r and I[4771,d > E771,d > E1n,r'
Moreover, we have the following
Lemma 5.1. L, 4 < 2Emm.

Proof. We only need to consider the case L, 4 > 0 following |26 Proposition 2.1].
Let € > 0 be small enough with L,, 4 > 2¢. Now consider a collection of points
x; (1 =1,..., k) with neighborhoods U; 5> x;. Set Vp1 = Ux,..., Vo, = Ui. Take

k
€
ng € Q St(Vo,i, Lim,a — 5)
Remark that for any ¢ > 0 if d(y1,y2) > 26 then for all z € X either d(y1,x) > §
or d(yz,x) > . And then there exist yo.1 € Vo 1,..., Y0,k € Vo, such that
Lm d— €
2 in d(T™z;, T™ o4 e
(52) jmin (T, Tyo.1) > ——5
Moreover, we can choose open neighborhoods Vi 1 of yg,1 (with m C Vo) «-es
Vii of yor (with Vi, C Vp i) such that

(5.3) max max diam(T"V; ;) <

€
0<n<ng 1<i<k 2’
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Again take

k
ny € St(Vii,Lin.a — <
1 g T( 1,2 m,d 2)
and hence ny > ng by (B3). We continue the process and define recursively (for
each m > 2) open neighborhoods V;,, 1 of some y,,—1.1 (with Vi1 C Vi—11), -5
Vin.ke of some 1 % (with Vi, x C Viu_1.) and ny, > 1y, -1 such that
Lppg—¢€

1 Mm—1 . Mm—1 .
(5.4) min, a(r xi, T Ym—1,i) > 5

and

k
€
, Mm € ﬂ St(Vin,i, Lin.a — 5)

=1

(5.5) max  max diam(7T"V,, ;) <
0<n<ng,—1 1<i<k

N ™

Since by the construction, for each i =1,...,k, (,,> Vin,i # @, we take a point y;
from the intersection (and so y; € U;). Directly from (5.4) and (5.5) we have

Lpna
I in d(T"z;, T"y;) > —m
s i, (" ) > 55

— €.
Thus the conclusion follows from the arbitrariness of € > 0. O

As a consequence, we have:

Proposition 5.2. The following conditions are equivalent:

1. (X, T) is multi-sensitive.

2. There exists 6 > 0 such that for any finite collection x1,...,xx of points in
X and any system of open neighborhoods U; > x; (i =1,...,k); there exist
points y; € U; and a nonnegative integer n with miny<;<x d(T"x;, T™y;) >
d.

3. There exists § > 0 such that for any finite collection x1,. .., xy of points in
X and any system of open neighborhoods U; > x; (i = 1,...,k); there exist
points y; € U; with limsup,,_, . miny<;<x d(T™z;, T"y;) > 0.

4. There exists 6 > 0 such that for any finite collection Uy, ...,Ur of opene
subsets of X, there exist x;,y; € U; with
lim sup,,_, o mini<ij<p d(T™x;, T"y;) > 6.

Before proceeding, we need:

Lemma 5.3. Given a dynamical system (X, T), let 6 >0, k € N and x; € X with
a neighborhood U; for eachi=1,...,k. If Ly, , > 9, then

N = {n eN: llél_igk d(T"x;, T™y;) > § for some y1 € Ur,...,yx € Uk} € Fip.

Proof. By the assumption, N' # & as § < L,, . Now assume that
A={pi, +-+pi; : 1< < <iy <L CN

for some {p1,...,p} C Nwith ! € N. We shall find p;+1 € N such that p;41+.4g C
N with Ag = {0} U A, and then obtain the conclusion by induction.
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Take xs; € X with TPt +Pi=sg . = gz, for each s € Ay and any i =
1,...,k. Since 6 < L,,,, obviously we can choose ¢ > p1 + --- + p; and
Yoi € T~ 1t 42—, for each s € Ay and any i = 1,..., k such that

. i i qu si;qu S,% .
(5.6) Snelgtllélilgkd( T, Ysi) >0

Set pry1 =q — (pr +---+p) € Nand o) ;, = TP TPy, € U; for each s € Ag
and any i = 1,..., k. Then (5.0) means equivalently

min min, d(TPr T8, TPtsgl ) > 6,
s€dp 1<i< :

that is, pj+1 + Ao C N, which finishes the proof. O
Then we have:

Proposition 5.4. Let (X,T) be a system with a dense set of distal points. Then
Lm,r = Lm,r-

Proof. By (51 and Lemma 5.1l we have 2L, > Ly, ,» > Ly, . Thus we only need
prove Ly, , < Em,r in the case of L,, , > 0.

Let § > 0 be small enough with L,, . > ¢, and we take an open cover {V1,...,V,}
of X with max;<;<, diam(V;) < 6. Now let k € N and x; € X with a neighborhood
U; for each i = 1,...,k, and for each s = (s1,...,s1) € {1,...,p}* we set

Ns={neN:T'zy € Vg,,..., T "z € Vs, }.
Observe from Lemma that

N = {n eN: 113131@ d(T"xz;, T"y;) > Ly, — ¢ for some y; € Up,...,yi € Uk}
is an IP set, and then N' N N; is also an IP set for some ¢ € {1,... ,p}k, because
N = Use{l,,,,7p}k(NmNS)' Choose {QO7Q1aQ27 . } C N with {q’Ll + e+ qi; - .] €
Nand 0 <iy <--- <ij} CNNM, and hence go + 7T C N NN; for some T € Fp.
Since qg € N, there exists y; € U; for each ¢ = 1,. ..,k such that
3 90 - . q90,,. —

(5.7) in, d(T®x;, T?y;) > Ly, » — 0.

Note that since the set of distal points is dense in X, we may assume that all points
Y1,- .-, Yk are distal. Then all of T%y;, ..., T%y; (and hence (T%®y;,...,T%y;) in
the product system (X x ---x X, T x --- x T)) are also distal points. In particular,

_ . q0,,. T'90+n,,.
M {nEN.lrélflSXkd(T yi, T yz)<5}

is an IP* set [12] Theorem 9.11]. Thus M NT # &, which is in fact an infinite set.
Observing (5.7), it is easy to check from the construction that d(T% " z;, T "y,) >
L,»—30 foreachr € MNT and any i =1,...,k (asr € M and qo,qo +7 € Ny).
Then the conclusion follows from the arbitrariness of § > 0. O

We can not require L, , > 0 under the assumption of Proposition 5.4 even for a
minimal system with positive topological entropy, for example, the above mentioned
(in the previous section) Toeplitz flow with positive topological entropy.

When assume that the considered system is a transitive system, we have:

Lemma 5.5. Let (X, T) be a transitive system. Then Ly, g = Ly, 4.
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Proof. It suffices to show that L,, 4 < Emﬁd in the case of L, g > 0. Let K € N
and take opene Uy,..., Uy C X. Let § > 0 be small enough with L,, 4 > 4.
By the definition there exist n € N and «f,y; € U; for each i = 1,...,k with
miny<;< d(T"z;, T"y;) > . Then, for each ¢ = 1,...,k we can find open 2| €
V; C U; and y} € W; C U; such that both diam(7"V;) and diam(T"W;) are small
enough, thus min; <;<y, dist(T"V;, T"W;) > 0.

Since (X, T) is transitive, take z € Tran(X,T) and then choose s;,¢; € N with
TSz € V; and Ttz € W; for each i = 1,...,k. Observe that since m belongs to
N such that T™z is sufficiently close to z, we have T% ™z € V; and T%+t"z ¢ W;
for each i = 1,...,k, and hence minj<;<j d(T™T5itmz T Htitm2) > 5. Since
z € Tran(X,T), clearly there are infinitely many m; < ms < ... in N such that each
T™iz is close enough to z, and hence we obtain Em,d > 0 by taking z; =Tz € U;
and y; = T%z € U; for each i = 1,..., k, finishing the proof. O

By the same proof of [26, Theorem 4.1] one has:

Proposition 5.6. Let (X,T) be a nontrivial weakly mizing system. Then Ly, 4 =
L,.a = diam(X) and Ly, = Ly, ,» > 0.

6. FURTHER DISCUSIONS

In this section we explore more properties for multi-sensitive systems, and prove
that any multi-sensitive system has positive topological sequence entropy.

As a direct corollary of [20, Theorem 4.3] and the dichotomy theorems [19,
Theorem 3.1 and Proposition 3.2], one has that any minimal multi-sensitive system
has positive topological sequence entropy. In fact, the conclusion remains true if
we remove the assumption of minimality.

Proposition 6.1. Let (X, T) be a multi-sensitive system. Then (X, T) has positive
topological sequence entropy.

Proof. We are going to define an increasing sequence N' = {n; <mns < ...} CN
and a sequence of (k + 1,7, €)-separated subsets of X (with respect to N') with
cardinality 2%,k = 1,2, ... Then obviously we will have that ha(T) > log 2.

Let (X,T) be a multi-sensitive system with a sensitivity constant 26 > 0. Take
opene U(y),Up) C X with diSt(U(l), U(g)) > ¢, and define Viy =T ™ Uwy, Vig) =
T7"U for an integer n1 € N. Obviously any two points z1 € V(1,22 € V(g
are (2,T,)-separated. Since (X,T) is multi-sensitive with the sensitivity con-
stant 2§, the Lyapunov number Em,r is not smaller than § by Lemma [E.1]
and hence there exist four points (1 1),71,2) € V1) and x21),%22) € V(2
and an integer mg > ny with mingeqy oy d(T™22 (1), T2 ;2)) > 0. There-
fore they are (3,T),6)-separated, as min; jeq1,0y d(T™ 214, T z(2,5) > 6 and
min;e g1 0y (T2 25,1y, T™?x(;,2)) > 6. Take a small enough neighborhood Uy, ;)
of point T™2x(; ;) such that min, ey 2y dist(U; 1), Ugi,2)) > 6 and we define V; ;) =
T_W'QU(,L'J‘) N ‘/(,L) for Z,] S {1,2}

Now assume that by induction we have defined the sequence of positive integers
ny < --- < ny and 2 points x, in open subsets V, s € {1,2}* such that

min max dist(T"e Vg, T V) > 4,
s,s’'€{1,2}k s#s’ 1<q<k

and therefore the set of points {xs € Vi, s € {1,2}¥} is (k + 1, T, §)-separated.
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Since (X,T') is multi-sensitive, there exist ng11 > ny and points 2, . 5.1) €
‘/(51,...,sk)a T(s1,...,58,2) € ‘/(51,...,.%) with d(TnkJrlx(sl,...,sk,l)aTnkJrlI(sh...,sk,Z)) >4
for any s1,...,s: € {1,2}*. So, the set of all these 2¥*! points is (k + 2,7, 6)-
separated (with respect to A), because by the induction hypothesis any two dif-
ferent points (s, .. s;....s1.0) # T(s1,....s!,....s,0) ar€ also (k+ 1,7, 5)-separated (with
respect to ) for any [ € {1,2}. This finishes the proof. O

To link multi-sensitivity of a system with local equicontinuity of points in the
system, in [T9] the first, third and fourth authors of the present paper introduced the
concept of syndetically equicontinuous points of a system. Recall that Eqgy,, (X, T')
denotes the set of all syndetically equicontinuous points of (X, T'). Since a thick set
has a nonempty intersection with a syndetic set, one has readily that if (X,T) is
thickly sensitive then Eqgy, (X,T) = @. By the dichotomy theorem [I9, Theorem
3.5], one has that: a transitive system is either multi-sensitive or contains syndet-
ically equicontinuous points, and a minimal system is either multi-sensitive or its
each point is syndetically equicontinuous.

Proposition 6.2. Consider the following conditions for a dynamical system (X, T):

(1) (X,T) is equicontinous.

(2) For every € > 0 there exist a 6 > 0 and a syndetic subset A C N such that,
for any x,y € X, d(z,y) < § implies d(T™xz, T"y) < € for all n € A.

(3) Eguyn(X.T) = X.

(4) For every e > 0 there exists a 6 > 0 such that, for every U C X with
diam(U) < § there exists a syndetic subset A C N such that, z,y € U
implies d(T"x, T™y) < € for alln € A.

(5) For every € > 0 there exist a 6 > 0 and an m € N such that, for any
z,y € X, d(z,y) < & implies ming<;<,, d(T" iz, T y) < € for alln € N.

Then (1) <= (2) = (3) <= (4) = (5).

Proof. Tt suffices to prove (2) = (1), (3) = (4) and (3) = (5).

(2) = (1): Let € > 0. By the condition (2) there exist € > ¢ > 0 and syndetic
A C N such that d(z,y) < § implies d(T"z, T"y) < € for any z,y € X and n € A.
Since syndetic sets have “bounded gaps”, there exists m € N such that {n + i :
neAi=0,1,....m} D {m+1,m+2,...}. Therefore there exists §' > 0 such
that, for any 2,y € X and i = 0,1,...,m, d(x,y) < & implies d(T?z, T'y) < 6 < €
(hence, by the selection of §, d(T" iz, T""y) < ¢ for all n € A). So, d(z,y) < &'
implies d(T7x, T7y) < € for any z,y € X and j € N, i.e., (X,T) is equicontinuous.
(3) = (4): Let € > 0. Since Eqyy,(X,T) = X, for any x € X there exist open
U, C X containing = and a syndetic set A, C N such that d(T"z,T"z’) < € for all
x' € U, whenever n € A, (and hence d(T™z',T"z") < 2¢ whenever 2’, 2" € Uy).
Observe that X is a compact metric space, we can take a set of points {z1,..., 25} C
X such that {U,, : j = 1,..., s} forms an open cover of X. Then there exists § > 0
such that, every subset U C X with diam(U) < ¢ is contained in some U,;, and
then d(T"x, T"y) < 2¢ whenever z,y € U and n € A,,.

(3) = (5): The proof is similar to that of (3) = (4). Let ¢ > 0. For any
x € X, the open set U, C X containing x, the syndetic set A, C N and the
set {x1,...,25} C X are constructed as in the proof of (3) = (4). We take
m, € N such that {n,n+1,...,n+m,} NA, # & for each n € N, and therefore
ming<;<m, d(T" ', T 2") < 2¢ for any 2/,2” € U, and n € N. Set m =
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max{m,, : j = 1,...,s}. By the construction there exists § > 0 such that any
points z,y € X with d(z,y) < ¢ are contained in some U,,, and so for each n € N,
minogigm d(Tn—HLL‘, Tn-i-ly) < minogigm% d(Tn—HLL‘, Tn-i-ly) < 2e. [l

Remark that by [19, Example 3.6] there is a sensitive transitive non-minimal
system (X, T) with Eqg,(X,T) = X. In fact, it is not hard to see the difference
between the conditions (2), (4) and (5). Precisely, given the parameters € and §:

(1) in the condition (2) the syndetic subset A C N is independent of all z,y € X
with d(z,y) < 6;

(2) in the condition (4) the syndetic subset A C N depends on every subset
U C X with diam(U) < ;

(3) the condition (5) is equivalent to say, for all x,y € X with d(z,y) < J, there
exists a syndetic subset A;, C N (with a uniform bound m € N for the
gaps) such that d(T"xz, T"y) < € for all n € A, ,, here the syndetic subset
Ag. depends on  and y with d(x,y) < 4.

At the end of this section, following the proof of [19, Lemma 4.1] we give a
sufficient condition for its each point being syndetically equicontinuous.

Lemma 6.3. Let 7 : (X,T) — (Y,S5) be a factor map, where (Y,S) is a mini-
mal equicontinuous system. Assume that yo belongs to Y, such that 7= (yo) is a
singleton. Then Eqs,,,(X,T) = X.

Proof. We choose a compatible metric p over Y, and recall that d is the metric
over X. Let z € X and § > 0. Say {z0} = 7 !(yo). We take open Uy C X
containing xo such that diam(Uy) < 6, and then take §; > 0 such that 7= (V) C Up
where Vo = {y € Y : p(yo,y) < 261}. As (Y,S5) is equicontinuous, there exists
91 > €1 > 0 such that p(S™y1, S"y2) < §; whenever p(y1,y2) < €1 and n € N. Set
Vi={yeY:p(y,y) <1} C V. By the minimality of (Y, 5), there exists m € N
such that S™(mz) € V1, and then put S = Ng(S™(wx), V1) which is a syndetic set.

Now take open U; C X containing = such that diam(#«U;) < €;. Let n € S and
x’ € Uy. Then S"™(wz) € Vi, and p(mx, m2’) < € and so p(S"T"wx, S"TMra') <
81. Thus 7(T"*t™mg’) = St (7a’) € Vy, and then T"t™z" € Uy by the construc-
tion of V. In particular, d(T""™z, T"*™z’) < 6. That is, € Eqg,(X,T),
because m + S C N is a syndetic set. This finishes the proof. O

7. RELATED PROPERTIES AND OPEN QUESTIONS

A family F is proper if it is a proper subset of P, i.e., neither empty nor all of
P. If a proper family F satisfies F - F C F, then it is called a filter, where F - F
is defined as {F1 N Fy : Fy, F; € F}. Recall that in [II] H. Furstenberg has showed
that a dynamical system (X, T) is weakly mixing if and only if A7 is a filter. The
inverse problem — when a filter F can be realized via Nt for a dynamical system
(X,T), is very hard (see, for instance [38]).

For § > 0, denote by Sr(d) the set of all subsets of Z, containing St (U, J)
for some opene subset U of X; and denote by Spr the set of all subsets of Z,
which come from Sp(9) for some § > 0. It seems that this problem is even much
harder for a filter realization via St (d) for a sensitive dynamical system (X, T) and
some d > 0. So, let (X,T) be a weakly mixing system and ¢ < diam(X). Then
St(U,6) D Np(U,V1)N N (U, V2) D Np(U’, V') for some opene subsets U’, V' of X
by [11], when opene subsets U, V1, V5 satisfy dist(V, V2) > 6, and so St (8) C Nr.
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We say that a dynamical system (X,T) is filter-sensitive if there is 6 > 0 such
that Sp(d) is a filter. So, obviously that a topologically mixing system is filter-
sensitive, and one can show that any filter-sensitive system is thick sensitive. We
do not know if they are equivalent for the transitive case, in particular, we do
not know if any weakly mixing system is filter-sensitive. We see here at least two
problems with realization. Take two elements St(U,d) and Sy (V,d) of Sr(d) of
a sensitive dynamical system (X, 7). When the intersection St (U, §) N Sp(V,9) is
again in S7(8)? The second question is if there is a realization of a filter-sensitive
system? Similar question is also with following situation. Let F be the family of all
thickly syndetic subsets, which can be easily checked to be a filter. What about the
realization this family via Sp(d) for a thickly syndetically sensitive system (X, T)?

Victor Jiménez Lopez and L’ubomir Snoha introduced and studied the notion of
the (Misiurewicz) stroboscopical property in [24]. One can study the stroboscopical
property via Furstenberg families. Let F be a (Furstenberg) family. We will say a
system (X, T) satisfies F-stroboscopical property if for any A € F and z € X there
is a point € X with z € wp(A, x), where wr(A, z) is the set of all limit points of
the set T4(z) = {T"z : i € A}. Moreover, we will say that the system has strongly
F-stroboscopical property if any A € F and z € X the set of such x is dense.

Recall that a system (X,T) is F-transitive if Np(U,V) € F for any opene sets
U,V C X. Ifasystem (X, T) is F-transitive, then not so hard to show (say similarly
as it was done in Lemma [BT]) that for any F € kF and opene sets U,V in X the
set F'N Np(U,V) is infinite.

Proposition 7.1. The following conditions are equivalent:

(1) (X,T) has strongly JF-stroboscopical property.
(2) (X,T) is kF-transitive.

Proof. (1)= (2) Assume that the system is not kF-transitive. Then there is a pair
of opene sets U,V for which Np(U, V) ¢ kF. Take F' € F with Np(U,V)NF = @.
Hence T"U NV = @ for all n € F. Since it, for any z € V there is no point x € U
with z € wp(F, x). A contradiction to the assumption.

(2)= (1) Fix z € X, F € F and an opene G C X. We are going to find z € G
with z € wr(F, z). Let B, be the opene ball of radius % centred at z and G = G.
Then Np(Gi,B;1) € kF and there is n; € F such that 7"*G; N By # @. Take
opene Gy C Go C Gy NT~™ By and proceed by induction.

Suppose we have defined Gi. Since Np(Gg,Br) N F = & is infinite, we can
choose in F' an integer ny > ni_1 with T"* Gy N B # @. Finally, let Gx11 be an
opene set in X such set Gy C Gry1 C G NT " By,

We have found a sequence {ng}32, € F such that T™1G) C Bj_; for k > 2.
So, we have @ # (r—, Gk, = (s, Gk, because Gy, are nested closed sets. Therefore
there is = € (;—, Gk and Tz € By, for any k. Thus z € wr(F, z). O

We end this section with the following questions:

Question 1. If (X, T) is a weakly mixing system, then does it follow that for any
point z € X there exists a point y € X such that wr(y) = wpr, ()7

Question 2. Are all non-minimal M-systems Li-Yorke sensitive?
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