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ON ¢-ANALOGS OF SOME FAMILIES OF MULTIPLE HARMONIC SUMS
AND MULTIPLE ZETA STAR VALUE IDENTITIES

KH. HESSAMI PILEHROOD, T. HESSAMI PILEHROOD, AND JIANQIANG ZHAO

ABSTRACT. In recent years, there has been intensive research on the QQ-linear relations between
multiple zeta (star) values. In this paper, we prove many families of identities involving the
g-analog of these values, from which we can always recover the corresponding classical identities
by taking ¢ — 1. The main result of the paper is the duality relations between multiple zeta star
values and Euler sums and their g-analogs, which are generalizations of the T'wo-one formula
and some multiple harmonic sum identities and their g-analogs proved by the authors recently.
Such duality relations lead to a proof of the conjecture by Ihara et al. that the Hoffman -
elements (*(s1,...,sr) with s; € {2, 3} span the vector space generated by multiple zeta values

over Q.

1. INTRODUCTION

Multiple harmonic sums (MHS) are nested generalizations of harmonic sums and multiple
zeta values (MZV) are the limits of MHS when the number of terms in the sum goes to infinity.
In recent years, MHS, MZV and their generalizations have been found to be intimately related
to Feynman integrals in perturbative quantum field theory [2, 5, 19] in physics as well as to
Hopf and Lie algebras, combinatorics (double shuffle relations) [12, 13, 14], algebraic geometry
[4, 8, 9], and even modular forms [6] in mathematics.

We now recall their basic setup. In order to unify MHS, MZV and their alternating versions
we first define a sort of double cover of the set Ny = N U {0} where N is the set of positive

integers.

Definition 1.1. Let Dy := NgUNj and D := NUN be the sets of signed nonnegative and signed
positive numbers, respectively, where

NoZ{EZkENo} and N:{fﬁ:kEN}.

In some sense, k is k dressed by a negative sign, but & is not a negative number. Define for all
k € Ny the absolute value function |-| on Dy by |k| = |k| = k and the sign function by sgn(k) = 1

and sgn(k) = —1. We make Dy a semi-group by defining a commutative and associative binary
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operation @ (called O-plus) as follows: for all a,b € Dy

la| + [b], if only one of a or b is in Np;
a®b=4 a+b, if a,b € No; (1)
la| + |b], if a,b € Np.

For s = (s1,...,8m) € D™, we define the (alternating) multiple harmonic sums by

o sgn( sj wrn sgn( sj

H,(s) == > H M , and H(s):= > H \s]|
n>k1 > >km>1j5=1 n>k1>->kp>1j=1

Correspondingly we can define the (alternatmg) Fuler sums by

= mw *(q) — sgns]
= Y Y ce= Y1 )

1>k >1 =1 k‘;s]' k> Sk >1 =1 k“s]'
where s1 # 1 in order for the series to converge. If s € N then ((s) is called a multiple zeta
value (MZV) and (*(s) a multiple zeta star value (MZSV). We call £(s) = m the length (or
depth) and |s| = |s1]| + -+ + |sm| the weight of the string s. One of the central themes in the
study of Euler sums, MZV and MZSV is to find as many Q-linear relations between these values
as possible. Conjecturally, nontrivial relations can exist only among MZV and MZSV of the
same weight. Following Glanois [7], we define the Euler § sums by
)= Y, 2P(p),
P=510820---084

where p runs through all indices of the form (s; 0 sy0---054) with “o” being either the symbol
“” or the O-plus “@”. In [17, 22] Linebarger and the third author obtained many families of
identities involving both MHS and MZSV after getting inspiration from [11]. In particular, the

third author proved the following so-called Two-one formula conjectured by Ohno and Zudilin
n [18]:

Theorem 1.2. ([22, Theorem 1.3]) Let r € N and s = ({2}, 1,...,{2}%,1) where a1 € N and
a; € Ng for all j > 2. Then we have

C*(s) = ¢*(2a1 +1,...,2a, +1).

One particularly well-behaved g-analog of the multiple zeta functions is defined in [20] by the
third author, generalizing the Riemann g¢-zeta function studied by Kaneko et al. [16]. There,
again, it is very important to understand the relations between their special values, see [3] for
some relevant results. Recently, the first two authors proved a g-analog of the Two-one formula
in [10]. Our original goal of this paper was to provide further analogs of the identities contained
n [17, 22]. However, we have achieved much more because we can now actually treat arbitrary
¢-MZSV and express it in terms of g-analog Euler sums (of the non-star version). By taking
q — 1 we obtain the following result.



ON ¢-ANALOGS OF MHS AND MZSV IDENTITIES 3

Theorem 1.3. Lets = (s1,...,5q) € N® with sy > 1. Set 1s =1 if s =1 and 1s = —1 if 54 > 1.
Suppose there exists A = (A\1,..., ) € D™ (determined uniquely by s) such that there is an
expansion of the form

C*(S) = Lsgﬁ(Aly )\27 s 7Am)
Then we have
(i) For any positive integer a,
({214, 8) = 1 (2a B A1, Aoy A

(ii) For any positive integers a and [,

C{21 {1, 8) = wC*(2a+ L {1} AL dey o A
(iii) For any positive integers ¢ > 3 and I,

CHe {1}, 8) = P2 {173 2, {1 AL Agy e ).
(iv) For any integers b >0 and ¢ > 3,

({210, e,8) = 1P 20+ 2, {1} 2 M BT, Ney .y A

This provides very elegant simplifications when s contains many 2’s in it. The following
identity is an illuminating example: for any a € N and b, ¢,d € Ny, we have

({211, {2, 1, {23, 3, {2}, 1)
=2¢(2a +2b+2c+2d +6) +4¢(2a + 1,2b + 2c + 2d + 5)
+4¢(2a +2b + 2,2c + 2d + 4) + 4¢(2a + 2b + 2¢ + 4, 2d + 2) (3)
(
(

+8((2a + 1,2b + 1,2¢ + 2d + 4) + 8((2a + 1,2b + 2¢ + 3,2d + 2)
+8¢(2a + 20+ 2,2¢ + 2,2d + 2) + 16¢(2a + 1,20+ 1,2¢ + 2,2d + 2).

We also verified this identity numerically for 1 < a <2 and 0 < b, ¢,d < 2 with EZ-face [1] with
errors bounded by 1070,

According to Theorem 1.3, we can treat arbitrary MZSV by building up from the three base
cases: C*({2}9), ¢*({2}%,1) (a > 1) and ¢*({2}*,¢) (b > 0 and ¢ > 3) treated in [11]. Here is the
general statement.

Theorem 1.4. Let ag,a; € No, ¢; € N and ¢; # 2 for all j = 1,...,d. Assume ag > 0 or
c1 >3. Setd(c) =1ifc=1 and §(c) = 0 if ¢ > 3. Moreover, put {1} = {1}™2x(%0) " Then we
have

{21, e, {25, eq, {2399) = £CH(Bo, {1} 73, By, ..., {1}73, By). (4)
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Here the leading sign &+ is + if and only if ag =0 and cg = 1, and

Aj, if Aj is odd;
B; = A_j, if Aj >0 and even;
vacuous, if Aj =0,
where
2a9 + 2 — 0(cy), if 1 =0;
Aj =14 2aq+1—0(cq), if j=d;

2a; +3 —0(cj) —d(cjq1), f0<j<d.

Formula (4) can be considered as a general duality relation which expresses arbitrary multiple
zeta star value in terms of Euler ff sums. It generalizes the Two-one formula and many other
2-¢-2-¢, 2-1-2-¢, 2-¢-2-1 formulas with ¢ > 3, proved by the third author [17, 22]. A g-analog of
Theorem 1.4 is given in Section 5, which is Theorem 5.4.

In her Ph.D. thesis, Glanois [7] studied motivic versions of multiple Euler § sums and proved
that the motivic versions of

C*(2a0 + 2,241 +3,...,2aq-1 + 3,2a4+ 1), with a; >0,

form a graded basis of the space of motivic multiple zeta values. As a consequence, by application
of the period map, she obtained the following important result.

Theorem 1.5 (Glanois). Each multiple zeta value is a Q-linear combination of elements of the
same weight in
{¢*(2ag ¥ 2,2a1 4+ 3,...,2aq-1 + 3,2a4+ 1), a; > 0}.

Note that Thara et al. [15] conjectured that the Hoffman -elements (*(s1,...,sq) with s; €
{2,3} form a basis of the space of MZVs over Q. Taking into account the Two-three formula,
which is a consequence of identity (4) with ¢; = -+ = ¢4 = 3,

Cr({2}%°,3,{2}",...,3,{2}%) = —Cﬁ(2a0 +2,2a1 +3,...,2a9-1 + 3,2a4 + 1),

and combining it with Theorem 1.5, we get the following statement confirming the conjecture
of Thara et al.

Corollary 1.6. Every multiple zeta value of weight w is a Q-linear combination of the Hoffman
*-elements C*(s1,...,8q) with s; € {2,3} and )_ s; = w.

In her Ph.D. thesis, Glanois also conjectures that the motivic version of Theorem 1.4 should
hold (see [7, Conjecture 4.5.1]), whose proof should follow from Theorem 1.4 and a Galois descent
argument used first by Brown in [4] to prove that all the periods of mixed motives unramified
over Z are Q[ﬁ]—linear combinations of MZVs. The motivic version of Theorem 1.4 would
imply the motivic version of the Conjecture of Ihara et al. for the space of motivic multiple zeta

values.
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2. PRELIMINARIES AND NOTATIONS

In this section, we first fix some notation. Throughout the paper let m and n denote nonneg-
ative integers and ¢ a real number with 0 < ¢ < 1. For any real number a, put

n—1

(a)o := (a;q)o =1, (a)n == (a;q)n == H(l —ad®), n>1.

k=0
As a convention, throughout the paper we always use | ] to denote g-analog objects. For example,
the g-analog of a positive integer n is given by

1—q"
=l = dt =L
k=0 q
and the Gaussian g-binomial coefficient
(Q)n .
if 0 <m <n,
[”] = @@
0, otherwise.
For m € Ny and s = (s1,...,8y,) € DJ', we set s = () if m = 0 and define the g-analogs of

multiple harmonic (star) sums (¢-MHS)

Hisl:= 3 Hsg“qu‘q’ amd Hils= Y Hsg“f‘s”,

n>ky>->km>1j=1 n>ky > >k >1 =1
with the convention that Hy[s] = 0 if n < m, and H}[(] = H,[0] = 1 for all n > 0. Notice that
we allow s; to be 0 or 0 in these ¢-MHS.
Now we fix a symbol 6 and define for any r € Z U {#} and k € N the function

rk(k —1)/2, if r > 0;
Q(r,k) =14 rk(k—1)/2—Fk, ifr<0;
0, ifr=20.

For s = ($1,...,8m) € DJ", t = (t1,...,tm) € (No)™, and r = (r1,...,m) € (ZU{O})™
define the mollified companion of H,[s| by

m o tiki+Q(rj,kj)
Hn[S;t;I'] = Z [n+k1 Hq (1]—|;q ) (5)

n>k1>>km>1 k1 j=1 Sgn

We call [s;t;r] an admissible triple of mollifiers if the limit li_>m Hn[s; t; 1] exists.
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Definition 2.1. Let O-plus B be a binary operation on Z U {#} such that

e Ha=aBO=aforall a e ZU{b},
e alBb=a+0forall a,b € Z with (a,b) # (1,-1),(—1,1), and
e IH(—1)=60and (-1)BH1=0.

Lemma 2.2. Letr € {§} UZ\ {0}, d € {0,—1}. Then for any k € Z

Q(Tv k) +Q(17k) = Q(TEE‘ 17]{7)7 (6)
K +Q(d k) = Q2B d, k). (7)
Moreover, the projection
T (ZU{0},8) — (Z,+)
a—a VYa€Z,

0 +—0,
is a homomorphism of semi-groups and its restriction to Z* is injective.

Proof. Clear.

d
For an admissible triple of mollifiers [s; t;r], we define
{810...08m;t1O...otm;rlo...orm}
to be the set of triples of strings produced by replacing every o in s by either comma “,” or
O-plus “@”, replacing every o in t by either comma “” or the usual plus “+”, and replacing
every o in r by either comma “” or [-plus “BH”. Moreover, the commas should be at the same
positions for all s, t and r. Now we set
Hilsitr] == > H[p; B; B.
(PsP;P)E{510°+:08m 311 0++-Oly ;710w }
In the above notation, the Two-one formulas for ¢-MHS obtained in [10] have the form
H3[{2}] = —Hn[2a; a5 1] (8)
and, for agy1 # 0
HA{2}9 1, {2y, 1) = H:[2a1 4+ 1,...,2a0 + 1;
a1 +1,...,a0+ 1;2,{0}1],
(9)

HA{2Y" 1, {2341, {2} ) = —HE 200 + 1., 200 + 1, 2005 1;
ai + 17 c.e,Qp + 1,&@4_1; 27 {0}5_17 _1]
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Finally, we define the g-analog of multiple zeta values, g-MZV for short, and g-analog of
multiple zeta star values, or ¢-MZSV, as

sgn(s;)kigi sgn
Cleli= > H ]|s > and ('fs] = > H \53| ’
k1> >km>1j=1 k1> >k >1 j=1

respectively. The mollified companion of ([s] associated with the admissible triple of mollifiers
[s; t;r] is defined by

3lsitir] i=3[s1, ..., Smite, .-, tm;rl,...,rm]

Ly et gy
N ]\Sjl ’

k1> >kpm>1 =1

and its f-version is defined by

s tir] = > 3[p; B; BJ-
(p;P;D)E{510+08m;t1 0Oty ;71 0+ 0T }
If m = 0, we put ¢*[0] = 3[0; ;0] = 1. Throughout the paper the triples of mollifiers [s; t;r| are
chosen in such a way that the above multiple series always converges. Notice that in [10] the
mollified companions of ([s]| are defined similarly.
Although our primary goal is to prove ¢-MZSV identities, throughout the paper we will always
work with binomial identities for ¢-MHS first. To obtain the corresponding ¢-MZSV identities,

we need the next result.

Lemma 2.3. ([10, Lemma 4.1]) Let 0 < ¢ < 1, ¢,c1,¢0 € R, ¢ > 0, and let Ry be a sequence of

real numbers satisfying |Ry| < k1 q%* for all k =1,2,.... Then
: E ck? [n] _
nh_}H;OZq (1— n+k>R = 0.
st "]

3. @-BINOMIAL IDENTITIES

The following two combinatorial identities have been proved by the first two authors using
q-WZ method.

Lemma 3.1. ([10, Lemma 2.1]) For integers n > 1 and | > 0, we have

DI T KAt e T U SR
=1t
3 %qwf—” (-1 [,% - 1)
=+

The next lemma is the g-analog of [22, Lemma 2.1].
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Lemma 3.2. Leta € Dy, b€ Ny, ce N, r € {#} UZ\ {0}, and [x;y;z] an admissible triple of
mollifiers. Then for any positive integer n,

1 ~ =~
Wﬂn[a,X; by;rH1,z] = > Hulp,x; P, y; P, 2.
(psDiB)€{001°(e=Do(adT); 0°¢0 b; 10 6°(c~Dor}

Proof. We prove the lemma by induction on ¢. Suppose strings x,y, z have length m. Set

Ang = (1)1 + qk)q'“(k‘””%- (12)
Then by (10),
1+¢) & (11
i 32 A= () 4 "

k=1+1
which, together with (6) yields

Hn[0,a®1,%;0,b,y;1,7,2]

- ¥

n>k>ko>k1>>kpn>1

A, kqbko+Q(T’,ko)(1+ko) m qyjkj+Q(zj’kj)(1+qkj)
(— sgn@) g sen(ey o k]

Z An,k

k=ko+1

j=1
qbko+Q(r,ko)(1+qko) m qyjkj+Q(Zj,kj)(1+qkj)

- 2 (— sgn(a))ko [ko]lal+! Hl sgn(z;)"s k11!

n>ko>k1 > >km>1 j=

1
= —Hyla,x;0,y;r Bl 2] —Hyla® 1, x;b0,y;r B1,2].

]

This proves the lemma for ¢ = 1. Now suppose ¢ > 1. By the case ¢ = 1, we have just proved,

1 1 1
W’Hn[a,x; by;rB1,z| = T <m7{n[a,x; b,y;r H 1,z]>
1

1 _
= MTIHn[a@ 1,x;b,y;r 81,z + W?—ln[o,a@ 1,x;0,b,y;1,7,2].

For the first summand, we now apply induction assumption using case ¢ — 1 with a replaced by
a @ 1. For the second summand, we apply Lemma 3.2 using case ¢ — 1 with a = 0, b = 0, and
r = 6. Then we see the above is equal to

> Hnlp, XD,y P, 7]
(p,ﬁ,;)e{ﬁolo(cfz)o((a@l)EBT) ;00(c=1D)ob; 10go(c=2) or}

+ ) Holp,a ®1,%;D,b,y; P, 7, 2]
(p,p,p)e{0010(c=1); 0oc; 10po(c—1)}

= > M. [p,%; P, y; P, 7,
(p,ﬁ,;)e{aolo(cfl)o(a@T); 0°cob; 106°(c=Dor}

since (a®1)®1 = 1@ (a®1) for all a € Dy. We have now completed the proof of the lemma. [
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The next corollary is the degenerate case of the proceeding lemma.

Corollary 3.3. For all c € Ny, we have

o= DO, (0}

Proof. The case ¢ = 0 follows from (10) by setting [ = 0. For ¢ > 1, using the ¢ = 0 case, we get

1 1 a b
= Ha[0:0:1] =~ > Halp;D:D)

[ple —  [nl° £
(p;p;p)€ll(c)

=1

by taking a = 0, b = 0, r = # and x = y = z = () in Lemma 3.2. Hence the corollary is
proved. O

4. MHS AND MZSV IDENTITIES: 2-¢ FORMULA

In this section, we start with some ¢-MHS identities involving arguments of ({2}, c)-type
(¢ > 3). This provides one of the base cases upon which we may build general formulas of
¢-MZSV and MZSV whose arguments can be any admissible strings of positive integers.

Theorem 4.1. Let s = ({2}, ¢) with a,c € Ny and ¢ > 3. Then
Hyls] = —Hi[2a +2, {1} %0 + 1, {0} % 1, {6} 2], (14)

Proof. We proceed by induction on n. Set II(s) = {(2a + 2) 01°=2); (a4 1) 00°(¢=2); 1 0g°(c=2)},
When n = 1, we have H}({2}%,c¢) = ¢**1. On the other hand,

Z Hl[P§5;§]=H1[%—M;a+1;1] :_qa—i-l’
(p;D;P)EII(s)
and therefore the formula is true. Suppose the statement is true for n — 1. Then by definition

a n(a—i) n(a+1)
*rg] — 4 g ‘ ___
Hrls] = ZE:O 2@ Hy [{2},c + [n]20te

Applying inductive hypothesis, we obtain

. a qn(a—i) o~ qn(a-‘rl)
Hys] = — Z 2@ ~Z Hp—1[p;P; P] + [nPete (15)
=0 (PiBsB) ({2} )
Set TI(u_;) = {00 1°(¢=2); pele=D); gole=D1 To save space, for any string A = (A1,..., Ap), we
write the substring Ay = (A2,..., Ap,). Then the inner sum in (15) becomes
> HaalpBidl= Y. Hoal2iF2+p,ppi+ 145, bp 18D, D
(p;B;D)€I({2}0) (p;P;D)E€M(u—1)
B Z Z qkl(i+l+ﬁ1)An_17kl l_m[ @Pi%i (1 4 gki)
- PR 2

== n>k1>.. . >km>1

(p:B;P)el(u_1) =2
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where A, ;, is defined in (12). Plugging this into (15) and summing over i by the formula

2a 2
’I’L (k n)i _ [n] (k—n)a ﬁ n—k
n 1 kz k An,k‘ <[k’]2a q [n]g q ) (16)
we obtain
ki(p1+a+1) g o Dikj k;
] q nk g% (14 q")
Hils] = — Z Z [k1]20+2+m1 1 H [k;]Pi
(piB;D)ell(u_y) k1> >km =1 =2 ’
n(a+1) klplA Djk; (1 _|_ 7) n(a+1)
q n,k q q q
+ [n]2a+2 Z Z k P1 : H + [n]2a+c’
(piDip)eM(u_y) n=k1>>km=1 ! ' il
which implies
n(a+1) n(a+1)
* ~ & q ~ =& q
Hils] = - Z Hulp;psP] + a2 Z Hulp;p;P] + [n]ate’
(p;B;P)€EI(s) (piB;P)€M (1)

where TI(t1_1) = {00 1°(¢=2); 0°(¢=1); 1 6 °(¢=2)}, Hence the theorem follows from Corollary 3.3
immediately by replacing ¢ by ¢ — 2 there. O

5. MHS AND MZSV IDENTITIES: GENERAL CASE

In this section, we prove some general rules which explain what to expect when we add strings
({232, {1} or ({2}%,¢) to a string of positive integer arguments. This allows us to extend
expansion formulas from the three base cases (8), (9) and (14) to every string that contains an
arbitrary number of repetitions of ({2}°,¢), (¢, {1})) (b >0, ¢ >3,1> 1) and ({2}%, {1}}) (a >0
except at the leading position when a > 1). For example, (3,1,2,7,1,1,5,2,2,4) can be written

as ({21°,3,{2}%,1,{2}1, 7,{2}°, {1}*,{2}°,5, {2}*,4).
For any string A = (A1,..., \y), weset A° = Ajo---0 Xy, and A = (A2, ..., Ap).

Theorem 5.1. Let n € N and s = (s1,...,8q) be a string of positive integers. Set ts = 1 if
sq =1 and 1s = —1 if s4 > 1. Suppose s uniquely determines the triple of mollifiers [A; /N\; /N\] =
A1, .. ,)\m;xl, . ,Xm;Xl, .. ,Xm] satisfying

NE-BA e {12} Vi>1, (17)
such that there is an expansion of the form

H2[8]) = tsHE A A X
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Then for any integers a,b > 0 and ¢ > 3, we have
Hy[{2)%, 8] = 1520 @ M, Ao+ h A A, (18)
HA{2}91,8] =1eHh 20+ 1, Aa+ 1, 32,0, B —2, Aq], (19)
HA{2 e8] =1eHE D 2, {113\ & T, A b+ 1, {0373, X1, {013 X, B —1, X, (20)

Moreover, in all the index sets appearing on the right hand side above, the third components still
satisfy (17).

Notice that condition (17) essentially guarantees that all the triples of mollifiers considered

in the paper are admissible.

Proof. Set II(s) = {A% X°; io} The proof of the identities is by induction on n 4 a or n + b.
When n = 1 the theorem is clear. Assume formulas (18) and (19) are true for all a +n < N
where N > 2. Suppose now we have n > 2 and n+a = N + 1. Set

Moo = {(2a® A1) 0 X% (a+ A1) 0 A% A%,

Moy = {(2a +1) 0 A% (a+1) 0 X% 20 (A1 B ~2) 0 (A)°},

o, = {(20+2)01°C 3o (N @ 1) 0 A% (b+1)o 0°(c=3) 6 X°; 10 6°(c=3) o (il H—-1)o (A7)}
We start proving the first identity. By definition, we have

n(a—i) na

Hi2 ) = 3 g Hacal(248] + o H2S)

i=1

Applying induction assumption, we obtain

n(a—i)

WS = 3 s 2 Heali BB 3 HalmBiBL )

=1

(p;P;P)€ll,; (p;D;P)€l(s)
Expanding the inner sum
> MaalpsBiPl= Y. Hno1[2®p1,p5ii+ D1, Py D)
(P;P;P)€Ell,y; (P;B;P)EII(s)

_ oy 5 1] gk ﬁqﬁjkj+Q(§j7kj)(1+qkj)
PR Tl L sen(p) (k)P

( ~ E) ( )n>k?1>'“>k?r-21 k1 j=1
and summing over ¢ in (21), we obtain

> (] (qakl qan> TPtk (1 4 gh)
]

[HE) \ k]2 [ sgn(p;)*s [k;]les]

sH{2)s] = )

(p ~ ;)GH(S) n>k1>-->kp>1 k1 j=1
qn[l
T > Halpipibs

(P;P;D)EII(s)
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which implies (18) by definition and straightforward cancelation. Similarly, for the second

identity, we have by definition

a n(a—i) n(a+1)
* a q * i q *
Hn[{Z} 7175] = Z [ 2a—2i n—l[{2} 7175] + 2a+1 Hn[s]
2] il
Applying induction assumption, we obtain
a n(a—1) n(a+1)
* a q ~ q =
Lan[{2} o1 S] = Z [n]2“—22 Z Hin 1[ p] [’I’L]2“+1 Z Hn[pa p; p]' (22)
=0 PibiP) <l (p:B;B)€l(s)

Setting ITy = {A%; A°; (;1 BH-2)o (ii)o}, we have

> HaalmsBiBl= Y, Haa[2i+1,p5i+1,5:2,D)

(P;P:D)€el,i, (p;P;p)€llo
+ Y Haa[Ri+ D) @p,pgi+ 1 +5,D1 285, byl
(p;P;P)€llo

1] (1 4 gho)glDkothotko=1) I ik QG5 k) (1 4 by

= X 2. e (R sn(py) (k]

(p;ﬁ;g)eno n>ko>k1 > >km>1 ko

=1

("] (1 4 g )qUH1+POk+QEBF k) T Bk Q ki) (1 4 )

k1
+ — - : :
IR C o T s T

j=2
Substituting the above expression into (22) and summing over ¢ by (16), we obtain

n(a+1)
a q ~ =
LSH;[{2} 7175] - [n]2a+1 E H [ p]
p;D;p)€l(s)
o] (1 + gFo)qlatDkotko(ko—1) T Psk; i+QP j.k; (1 + ¢k9)

_ [ko
=2 2 o] (kg 20+ sgn(p;)*i [k;]P]

(p:BiB) €lly \"Zko>k1>>km>11 ko i
% kj
s B [
a n '
[n] n>ko>k1 > >km>1 [ ko O] Sgn [k]] D

[]?1] (1 +qkl)q(a+1+ﬁ1)k1+Q(2ﬂﬂp17k1) quk QD j.k; )(1 + gk )

+
n>k1>§km>l ["E sgn(py)kr k2t Hed sgn(p;)*s [k;]Ps!

j=2

(- > ] (14 ghr)gPrki+QEBR k) T ikt Q) (1 4 gha)
IR N o R I A IS § Sy ]
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Noticing that the first and third sums on the right-hand side of the above add up to

> HalpiBi D),

(P;P;P)€ll2a;

we have
‘ifora gt o~ s
wH {2}, 18] = [n[2e+T Z Hyulp;P;P| = Z Hnlp; P; P
(p;ﬁ;S)EH(S) (p;p §)€H2“1
gt TPkt RER) (14 by In ] (14 gho)ghothoD)
_ —[n]2a+2 Z Z J Sgn( )k [k]|pJ| Z [n-i—ko] [ko]—l
(p:BiD) eIl "2k > >km>1 \j=1 Pj J ko=ki+1 L ko

[1?1] (1 4 qkl)qﬁ1k1+Q(2EB§17kl) quk +Q(P37 )(1 + q )

+
[n—];kl] Sgn(pl)lﬁ [kl]‘Pl‘—l i Sgn( j)k [kj]|p]|

Summing the multiple sum in the above over ko by (11) and noticing that for (p;p;p) € Iy, by
(17), the first component pl can take only values —1 and 0, we obtain with the help of (7) that

SHE2) L8l = > Halpibi bl

(p;p;p)€llzay

This proves identity (19) by induction.
Finally, to prove (20), we proceed by induction on n + b. Assume formula (20) is true for all
b+ mn < N. Now suppose b+n = N + 1. By definition, we have

, b g ¢+ .
H*[{2}°, ¢, 5] Z B H2Y e8] + e H*[s].
z:O

By the induction assumption, we see that

* b - n(b g ~ qn(b+1) ~ &
s H {2}, ¢, 8] Z 22 Z Hn—1[P; P; P] + Tohre Z Hulpspipl.  (23)
]

ZZO (P;P;p)€ell,i, (p;B;P)€ll(s)

Setting II; = {00 1°(¢=3) o (A\; ® 1) 0 A% 0°(¢=2) o X°; 9°(c=2) o (il B-1)o (T\T)O}, we have

Y Haalpipibl= Y, Ha1Ri+2@p1,pyii+ 1+ 51, Bp 1B5, Byl
(P;P;D)€El,;, (p;P;D)€Ell
B Z Z [nk—11] qkl(i+1+51)+Q(153§1,k1) r qﬁjkj‘FQ(l%jvkj)(l_’_qkj)
= 1tk (_ k 2it2+ N
e e (—sgn(p))kr [k ]2+ 2+le i sgn(p;)ki [kj]Pil
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Plugging this into (23) and summing over i by (16), we obtain

WHA{2Y e8] = Y M@0 +2) @p1,pyib+ 1+ 1, by 18D, by
(p:DiP)ells
qn(b—l—l) o~ qn(b—l—l) 3 _ ~
+ Z Halp: BB~ {oar Z: [Py, P1; P; 1 B pyl,
(p;P;p)€Il(s) (p;P;p)€Il

which implies
* b ~ =~ qn(b+1) ~ &
HA(2Y e8] = Y HalpiBiDl - T > Hnlp;PiD)
(piB;P) €M, (p;DiP)€l2
n(b+1)
q ~ &
+ e Z Halp; P; P,
(p;D;P)ET(s)

where II, = {001°C=3) o (A, ®T) 0 A% 0°¢=2) 6 X°; 1 0 9°(¢=3) o (il B(-1))o (T\T)O} Expanding
the second sum from (24), we have
> HalpiBiBl= Y. > Ho[w, py; W, By W, D1,
(p;B;p)€Ell2 (piB;P)€lls w=001°("Yo(p1&1)
w=0°("2op): w=100°"3)of |
where IT3 = {A% X°; (il B(-1))o (if)"} Applying Lemma 3.2 to the inner sum with a = py,
b=p1, r 251, c replaced by ¢ — 2, and x = p;, y = P, 2 = F)T, we obtain

~ & 1 ~ & ~
> HalpipiBl= ). g2 HulpL Py Bspy B 1B
(p;BiD)€ll2 (p;DiD)€lls
1 (25)

= 2 > HapiBi Dl

(p;P;P)EI(s)

To justify the last equality above, we need to show that for the components of A satisfying (17)
we have A1 B (—=1)B1 =X, and for any j > 2,

These can be proved by using the projection 7 of Lemma 2.2 and the fact that W(; 1B (-1)H
BN E1) =710 BB € {1,2} by 17).

Now by (24) and (25), we see that (20) is true when n + b = N + 1. We have completed the
proof of the theorem. O

Repeatedly applying the theorem, we quickly find
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Corollary 5.2. Keep the same notation as in Theorem 5.1. Then for any integers a,b > 0,
[ >1 and ¢ > 3, we have

{2} {1 8] = M 20+ 1, {111 Ava + 1, {130, X, 2, {0} Xy B -2, 4] (26)

and

Hi[{2), e 2}, {1} 8] = oAb+ 2, {1} 20+ 2, {1} 71\
b+1,{0}° % a+ 1, {111, A1, {03°°%,1, {011 Xy B —2, Xq].
Proof. Repeatedly applying (19) by attaching (2%,1), j = 1,...,l and then setting a; = --- =

a;—1 = 0 and a; = a, we can quickly verify the (26). The corollary follows by applying (20) to
(26). O

We may take limit n — oo in (18) of Theorem 5.1 and Corollary 5.2 to obtain identities for
g¢-MZSV.

Theorem 5.3. Let (51,...,8q) € NL Set1s=11ifsq=1 and 1s = —1 if sy > 1. Suppose s
~ § ~

s =
uniquely determines [X; \; N] satisfying (17) such that C*[s] = 153 [A; X; i] Then for any integers
a,b>0,1>1 and c > 3, we have
CH2) 8] = 1637120 @ A Agia + g, A A,
CTHY A1) = 20+ 1, {117 A+ 1L (11 K52, {0} X0 8 -2, 3],
U2 e8] = 163 2D+ 2, {1173, M & T, A b+ 1, {013, As 1, {03, Xy 8 —1, Aq),

e, {13 8] = 1632, {13578, 2, {111, A1, {0353, {134, A0 1, {0375, 1, {0} ~1, Xy B —2, Aq).

Proof. The first three equations are straight-forward. The last one can be obtained by applying
the middle two equations successively after setting a = b = 0. O

By letting ¢ — 1 in Theorem 5.3 we can immediately prove Theorem 1.3 which gives the
corresponding general rule for classical MZSV. Of course, to guarantee convergence we need to
restrict a > 1 there.

From Theorem 5.3, we can obtain a general formula for arbitrary ¢-MZSV.

Theorem 5.4. Let ag,a; € No, ¢; e Nandcj #2 forallj=1,...,d. Seté(c)=1ifc=1 and
5(c) =0 if ¢ > 3. Moreover, put {a}" = {a}™®(0)  Then we have

C*[{Q}ao,cl, {2}(11, ey Cq, {Q}Gd] = :tgti[Bo, {1}01_3, Bi,..., {1}Cd_3, By;
EOa {0}61_37 §17 ey {O}Cd_37 Edv

Bo, {6} 7%, By, ..., {0} %, Byl.
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Here the leading sign & is + if and only if ag =0 and cqg =1,

2a9 + 2 — 0(c1), if7=0;
where Aj =< 2aq+1—0(cq), if j =d;

B, = { Aj, if A is odd;
2a; +3 —0(cj) — 0(cj+1), f0<j<d,

A_j, if Aj is even,

e 1+ 6(cr), ifj=0;
~ +1, if0<j<d; x
Bj:{“ﬂ+ ’ Z_?—if “and By ={ (1-4(cq) B (-1), if j = d;
a if j =
& J=@ (1= 6(c;)) B (3(cjp1) — 1), if0<j<d.

Moreover, if ag =0 and cq = 1, then By, By, By are vacuous.

Proof. The theorem can be proved easily by induction on d using Theorem 5.3. We leave the
details to the interested reader. O

By letting ¢ — 1 in Theorem 5.4, we get Theorem 1.4 which gives the corresponding result for
classical MZSV. It is clear that to ensure convergence we need to assume that ag > 0 or ¢; > 3.

6. SOME APPLICATIONS

The first application gives us the general 2-¢-2 (¢ > 3) formula. Here the underline means the
({2}7, ¢)-type string may be repeated an arbitrary number of times where a and ¢ may change
in each repetition.

Theorem 6.1. Suppose £ € Ny. Let s = ({2}, c1,...,{2}%, o, {2}%+1) with aj,¢; € Ng and
c; >3 for all j > 1. Then

Hjls] = —H5[2a; + 2, {1} 7%, 200 + 3, {1} 7%, ... 200 + 3, {1} 7%, 2a011 + 1; )
27
ar + 1,40} 73 ap 4+ 1,{0Y 73 appq; 1, {oFr T2,

Proof. If apy 1 = 0, then starting from Theorem 4.1 for H}[{2}%,¢/] and repeatedly applying
(20), we get the above identity. Otherwise, starting from (8) and repeatedly applying the
attaching rule (20) we can arrive at (27) immediately. O

By applying Lemma 2.3 to Theorem 6.1 we immediately get
Corollary 6.2. With the same notation as in Theorem 6.1, we have
C*[s] = —C*2a1 + 2, {1373, 2a9 + 3, {11273, ... 2a0 + 3, {1173 2ap41 + 1;
ar +1,{0}73 . ag 4+ 1, {0} 73 agpq; 1, {9y Ttee=28),

In particular, if c1 = co = ... = ¢y = 3, we get a q-analog of the Two-three formula:
- > D |
p=(2a1i—2)o(2a2+3)o-~-o(2ag+3)o(2ag+1+1) k1> >km>1 j=1 [ j] ’

p=(a1+1)o--o(ag+1)o(ass+1)
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Remark 6.3. When ¢ — 1 one can recover all the MZSV identities contained in [17].

Now starting from (9) and repeatedly and alternatively applying the attaching rules (19) and
(20) we can find the following:

Theorem 6.4. Suppose { € Ng, n € N and agp,a;,bj,c; —3 € Ng for all j > 1. Consider the
following two possible types of compositions:
(2-c-2-1) :
s = ({2}%,c1, {2}, 1, ..., {2}%, ¢, {2}, 1), LEN,
s' = (2by +2,{1}73,2a; + 2,...,2bp + 2, {1}°73,2a; + 2;
by 4+ 1,{0} 3 ay 4+ 1,..., b+ 1, {0} 73, ap + 1;
L{oy =21, —1,{0}2731,...,—1,{0} 3 1).

appear only if £ > 1

(2-1-2-c-2-1) :
s = ({219, 1, {2}, 1, {2}, 1, ..., {2}%, ¢, {2}%,1), £ € Ny,
s’ = (2a0 4 1,201 + 2, {1} 7%, 2a; + 2,..., 20y + 2, {1}%73, 2a, + 2;
ag+ 1,00 +1,{0} 3 ay +1,...,by + 1, {0} 73 ay + 1;
2,—1,{0}73.1,...,—1,{0}31).

appear only if £ >0

Then in each case we have

H;[s] = Hils).

Corollary 6.5. With the same notation as in Theorem 6.4, we have

For example, taking £ = 1 and ¢; = 3, we get (cf. [22, (26)] and the identity after it)
CH2¥0,3, {212, 1] =320+ 2b+ 450+ b+ 2;2) + 320+ 2,20 + 2;b+ 1,a + 1;1,1]
and

C*[{2}a07 17{2}b7 3, {2}a17 1] = 3[2(@0 +b+ al) +55a0 +b+ay +3; 2]

+ 3[2a0 + 1,2a1 + 20+ 4;a0 + 1,a1 + b+ 2;2,0] (28)
28

+3[2a0 +2b+ 3,2a1 + 2;a0 + b+ 2,a1 + 151, 1]
+3[2a0 + 1,20 + 2,2a; + 2;a0 + 1,0+ 1,a1 + 1;2,—1,1].

We can also get the following identity which is the g-analog of [22, Theorem 6.1(i)].
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Corollary 6.6. Let a,b be two nonnegative integers. Then
CH23%,3, {230, 1] + {2, 3, {23, 1] = ¢ {23 T[]
+ (1 —¢)3[2a+2b+ 3;a+ b+ 2;2].
Proof. By taking n — oo in (8) and using Lemma 2.3 we get

0 e+ Dk+Q(LE) (1 L ok
G2y =520+ 2a+ 11 =Y 2 (1+¢")

2a+2
P L
Thus
CH{2%, 3, {210, 1] + ¢ {2)°, 3, {23, 1] — ¢ {2} ¢ [{ 230
B oo q(a+b+2)k+Q(2,k) (2(1 + qk) _ (1 + qk)2)
o Z [k]2a+2b+4
k=1
B e q(a+b+2)k+Q(2,k)(1 + qk)(l _ qk)
B Z [k]2a+2b+4
k=1
=(1—q)3[2a +2b+ 3;a + b+ 2;2]
as desired. ]

If we start with (8) and repeatedly and alternatively apply the attaching rules (19) and (20)
we can get:

Theorem 6.7. Suppose { € Ny, n,ap+1 € N, and ag,a;,bj,c; —3 € Ng for all 1 < j < L.
Consider the following two possible types of compositions:
(2-¢-2-1-2) :
s = ({217, c1, {217, 1, .. {237 e, {272, 1, {2}9+1), €N,
s = (201 + 2, {1} 73 2a; + 2,...,2b; + 2, {1}73 20y + 2, 2ap11;
by +1,{0} 3 a1 +1,...,by 4+ 1,{0Y 73 ap 4+ 1, ap41;
L{0} 31, —1,{0}>73,1,..., —1,{0} 3,1, -1).

appear only if £ > 1

(2-1-2-c-2-1-2) :
s = ({2190, 1, {2}% e, {2191, ... {2}%, ¢p, {239, 1, {2}90+1), £ e Ny,
s’ = (2a0 4+ 1,201 + 2,{1}73,2a; + 2, - ,2by + 2, {1}73 20y + 2, 2004 1;
ag+ 1,01 +1,{0} 3 a1 +1,... by +1,{0} 73 ay + 1, aps1;
2,—-1,{6}73,1,...,—1,{6}% 3 1,-1).

appear only if £ >0




ON ¢-ANALOGS OF MHS AND MZSV IDENTITIES 19

Then in each case we have

Hyls] = —H}[s].
By taking n — oo we have
Corollary 6.8. Let notation be the same as in Theorem 6.7. Then
¢*[s] = —5*[s].
For example, taking £ = 1 and ¢; = 3, we get in case (2-¢-2-1-2)

C*[{2}b7 3, {2}a17 L, {2}112] =

—3[2a1 + 20+ 2a9 + 4;a1 + b+ as + 2; 1]
—3[2b+2,2a1 +2a2 +2;b+ 1,a; +ag+1;1,6]
—3[2a1 +2b+4,2a9;a1 + b+ 2,a9;2, 1]
—3[2b+2,2a1 +2,2a2;b+ 1,a1 + 1,a2;1,1,—1].
By taking g — 1 this yields the identity on the bottom of [22, p. 12].

As a non-trivial example of Theorem 5.3 we may attach a string of type (2%,1) to the front
of the already treated type ({2}°,1,{2}¢,3,{2}%,1) given by (28) and get the following ¢-MZSV
identity: for any nonnegative integers a, b, ¢, d

C{21%,1,{23°,1,{2}%,3, {2}, 1] = 3[2a + 2b+ 2¢ +2d + 6;a + b+ c + d + 4; 2]
+3[2a + 1,26+ 2c+2d +5;a+ 1,b+ c+ d + 3;2,0]
+32a+2b+2,2¢c+2d+4;a+b+2,c+ d+ 2;2,0]

[
[
+3[2a +2b+2c+4,2d+2;a+b+c+3,d+ 1;1,1]
+3[2a+ 1,20+ 1,2c+2d+ 4;a+ 1,b+ 1,c+ d + 2;2,0,0]
[
[

+3[2a + 1,20+ 2¢+3,2d + 2;a+ 1,b+ c+2,d + 1;2,—1,1]
+32a+2b+2,2¢+2,2d+2;a+ b+ 2,c+ 1,d+ 1;2,—1,1]
+3[2a + 1,20+ 1,2¢+2,2d + 2;a+ 1,b+ 1,¢+ 1,d + 1;2,0,—1, 1].

By taking ¢ — 1 in (29) we discover the classical MZSV identity (3) in the introduction,
which has not been proved before.
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