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SIMILAR RELATIVELY HYPERBOLIC ACTIONS OF A GROUP

VICTOR GERASIMOV AND LEONID POTYAGAILO

Abstract. Let a discrete group G possess two convergence actions by homeomorphisms on compacta X and Y .
Consider the following question: does there exist a convergence action GyZ on a compactum Z and continuous
equivariant maps X ← Z → Y ? We call the space Z (and action of G on it) pullback space (action). In such
general setting a negative answer follows from a recent result of O. Baker and T. Riley [BR].

Suppose, in addition, that the initial actions are relatively hyperbolic that is they are non-parabolic and the
induced action on the distinct pairs are cocompact. Then the existence of the pullback space if G is finitely
generated follows from [Ge2]. The main result of the paper claims that the pullback space exists if and only if the
maximal parabolic subgroups of one of the actions are dynamically quasiconvex for the other one.

We provide an example of two relatively hyperbolic actions of the free group G of countable rank for which the
pullback action does not exist.

We study an analog of the notion of geodesic flow for relatively hyperbolic groups. Further these results are
used to prove the main theorem.

1. Introduction

This paper is a further development of our project of studying convergence group actions including the actions
of relatively hyperbolic groups.

An action of a discrete group G by homeomorphisms of a compactum X is said to have convergence property
if the induced action on the space of distinct triples of X is properly discontinuous. We call such an action
3-discontinuous. The complement ΛXG of the maximal open subset where the action is properly discontinuous
is called the limit set of the action. The action is said to be minimal if ΛXG=X.

The goal of the paper is to establish similarity properties between different convergence actions of a fixed group.
The first motivation for us was the following question:

Q1 : Given two minimal 3-discontinuous actions of a group G on compacta X,Y does there exists a 3-
discontinuous action G y Z on a compactum Z and continuous equivariant maps X ← Z → Y ?

We call such an action pullback action and the space Z pullback space.
The answer to this question is negative in general. This follows from a recent result of O. Baker and T. Riley

[BR]. They indicated a hyperbolic group G and a free subgroup H of rank three such that the embedding H → G
does not admit an equivariant continuous extension to the hyperbolic boundaries ∂∞H → ∂∞G (so called Cannon-
Thurston map). It is an easy consequence of this result that 3-discontinuous actions Hy∂∞H and HyΛ∂∞GH
do not possess a pullback 3-discontinuous action (see section 4).

The question Q1 has a natural modification. Suppose in addition that our actions GyX, GyY are 2-cocompact,
that is the quotient of the space of distinct pairs of the corresponding space by G is compact. This condition
is natural because the class of groups which admit non-trivial 3-discontinuous and 2-cocompact actions (we say
32-actions) coincides with the class of relatively hyperbolic groups [GePo2, Theorem 3.1].

So the following question is the main subject of the paper.
Q2 : Given two minimal 32-actions of a group G on compacta X,Y does there exist a 3-discontinuous action

GyZ possessing continuous equivariant maps X ← Z → Y ?
We note that if such an action G y Z exists then one can choose it to be 2-cocompact (see Lemma 5.4). So

the pullback action is also of type (32).
Recall few standard definitions. An action on a compactum is called parabolic if it admits a unique fixed point.

For a 3-discontinuous action G y X a point p ∈ X is called parabolic if it is the unique fixed point for its stabilizer

Date: May 27, 2014.
2010 Mathematics Subject Classification. Primary 20F65, 20F67; Secondary 57M07, 22D05.
Key words and phrases. Convergence actions, relatively hyperbolic group, equivariant map between actions, pullback space.

1



2 VICTOR GERASIMOV AND LEONID POTYAGAILO

P = StGp and StGp is infinite. The subgroup P is called a maximal parabolic subgroup. We denote by ParX the
set of the parabolic points for an action on X. If G y X is a 32-action then the set of all maximal parabolic
subgroups is called peripheral structure for the action. It consists of finitely many conjugacy classes of maximal
parabolic subgroups [Ge1, Main theorem, a].

If G is finitely generated then an affirmative answer to the question Q2 can be easily deduced from [Ge2, Map
theorem] (see section 5 below). Furthermore there exists a "universal" pullback space in this case. Namely every
32-action of a finitely generated group G on a compactum X admits an equivariant continuous map from the
Floyd boundary ∂fG of G to X. The space ∂fG is universal as it does not depend on the action on X (it depends
on a scalar function f rescaling the word metric of the Cayley graph and a fixed finite set of generators of G).

However the same method does not work if the group is not finitely generated. One cannot use the Cayley
graph since the quotient of the set of its edges by the group is not finite (the action is not cofinite on edges)
the condition which is needed for the construction of the above map. Replacing the Cayley graph by a relative
Cayley graph changes the situation since the latter graph depends on the 32-action of G on a compactum X.
Indeed the vertex set of the graph contains the parabolic points for the action G y X. This problem turns out
to be crucial since the answer to the question Q2 is negative in general. We show in the following theorem that a
counter-example exists already in the case of free groups of countable rank.

Theorem I (Proposition 5.5). The free group F∞ of countable rank admits two 32-actions not having a pullback
space.

We note that this is a rare example when certain properties of the relatively hyperbolic groups are true for
finitely generated groups and are false for non-finitely generated (even countable) groups.

Our next goal is to provide necessary and sufficient conditions for two 32-actions of a group to have a common
pullback space.

The following theorem is the main result of the paper.

Theorem II (Theorem 5.6, Theorem B). Two 32-actions of G on compacta X and Y with peripheral structures
P and Q admit a pullback space Z if and only if one of the following conditions is satisfied:

1) C(X,Y ) : every element P ∈ P acts 2-cocompactly on its limit set in Y .
2) C(Y,X) : every element Q ∈ Q acts 2-cocompactly on its limit set in X.

Here are several remarks about the theorem. As an immediate corollary we obtain that C(X,Y ) is equivalent
to C(Y,X). This statement seems to be new even in the finitely generated case. It follows from Theorem II that a
parabolic subgroup H for a 32-action of a finitely generated group G acts 2-cocompactly on its limit set for every
other such action of G. Theorem I implies that this is not true if G is not finitely generated (see Corollary 6.1.f).

The peripheral structure R for the pullback action on Z is given by the system of subgroups R = {Q ∩ P :
P ∈ P, Q ∈ Q, |P ∩ Q| = ∞}. In particular Theorem II provides a criterion when the system R is a peripheral
structure for some relatively hyperbolic action of G (Corollary 6.1.a).

The proof of Theorem II uses several intermediate results which occupy first sections of the paper and which
have independent interest. We will now briefly describe them.

In section 3 we study an analog of the geodesic flow introduced by M. Gromov in the case of hyperbolic groups.
If the group G admits a 32-action on a compactum X, then there exists a connected graph Γ such that G acts
properly and cofinitely on the set of edges Γ1 of Γ [GePo2, Theorem A]. The set of vertices Γ0 of Γ is ParX ⊔G.

The union X̃ = X ∪ Γ0 = X ⊔ G admits a Hausdorff topology whose restriction on X and on G coincide with
the initial topology and the discrete topology respectively, and G acts on X̃ 3-discontinuously [Ge2, Proposition
8.3.1]. The action is also 2-cocompact (Lemma 5.4). We call the space X̃ attractor sum of X and G.

Consider the space of maps γ : Z→ X̃ for which there exist m,n ∈ Z ∪ {±∞} such that γ is constant on one
or both (possibly empty) sets ]−∞,m], [n,+∞[ and is geodesic in Γ0 outside of these sets. We call such a map
eventual geodesic and denote by EG(Γ) the space of all eventual geodesics. We prove in section 3 (Proposition
3.3) that EG(Γ) is closed in the space of maps XZ equipped with the Tikhonov topology. Then we show that
the boundary map ∂ : EG(Γ) → X̃2 is continuous at every non-constant eventual geodesic (Proposition 3.1). In
particular we show that every two distinct points of X̃ can be joined by a geodesic (Theorem 3.7). This allow us
to consider the convex hull Hull(B) of a subset B ⊂ X̃ which the union of the images of all geodesics in X̃ with
the endpoints in B. We prove that Hull(B) is closed if B is.
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We extensively use so called visibility property of the uniformity of the topology of X̃, that is for every two
disjoint closed subsets A and B of X̃ there exists a finite set F ⊂ Γ1 such that every geodesic with one endpoint
in A and the other in B contains an edge in F. At the end of the section using the group action we show that the
space X̃ cannot contain geodesic horocycles, i.e. non-trivial geodesics whose endpoints coincide.

In Section 4 we study properties of subgroups of a group acting 3-discontinuously on a compactum X. According
to Bowditch [Bo2] a subgroup H of a group G is called dynamically quasiconvex if for every neighborhood u of
the diagonal ∆X of X2 = X×X the set {g∈G : (gΛXH)2 ̸⊂ u}/H is finite.

Using the results of Section 3 we obtain here the following theorem.

Theorem III (Theorem A). For a 32-action GyX a subgroup H < G is dynamically quasiconvex if and only if
its action on ΛXH is 2-compact.

The proofs of Theorems I and II are given in Section 5. They use the results of the previous sections.
In the last section we provide a list of corollaries of the main results (Corollary 6.1).

Acknowledgements. During the work on the paper both authors were partially supported by the ANR grant
BLAN 2011 BS01 013 04 ”Facettes des groupes discrets” and by Labex CEMPI (ANR-11-LABX-0007-01). The
first author is also thankful to the CNRS for providing a research fellowship for his stay in France. The second
author is grateful to the Max-Planck Institute in Bonn where a part of this work was done.

2. Preliminaries

2.1. Entourages and Cauchy-Samuel completions. We recall some well-known notions from the general
topology. For further references see [Ke].

Let X be a set. We denote by SnX the quotient of the product space X× . . .×X︸ ︷︷ ︸
n times

by the action of the

permutation group on n symbols. We regard the elements of SnX as non-ordered n-tuples. Let ΘnX be the subset
of SnX whose elements are non-ordered n-tuples whose components are all distinct. Denote ∆nX = SnX \ΘnX.

An entourage is a neighborhood of the diagonal ∆2X = {(x, x) : x ∈ X} in S2X. The set of entourages of
X is denoted by EntX. We use the bold font to denote entourages. For u ∈ EntX a pair of points (x, y) ∈ X2 is
called u-small if (x, y) ∈ u. Similarly a set A ⊂ X is u-small if S2A ⊂ u. Denote by Small(u) the set of all u-small
subsets of X.

For an entourage u we define its power un as follows: (x, y) ∈ un if there exist xi ∈ X such that (xi−1, xi) ∈
u (x0 = x, xn = y, i = 1, ..., n− 1). We denote by n

√
u an entourage v such that vn ⊂ u.

A filter U on S2X whose elements are entourages is called uniformity if

∀u ∈ U ∃ v ∈ U : v2 ⊂ u.

A uniformity U defines the U-topology on X in which every neighborhood of a point has a u-small subset
containing the point for some u ∈ U . A pair (X,U) of a set X equipped with an uniformity U is called uniform
space. A Cauchy filter F on the uniform space (X,U) is a filter such that ∀u ∈ U : F ∩ Small(u) ̸= ∅. A space X
is complete if every Cauchy filter on X contains all neighborhoods of a point. The uniform space (X,U) admits
a completion (X,U) called Cauchy-Samuel completion whose construction is the following. Every point of X is
the minimal Cauchy filter ξ. For every u ∈ U we define an entourage u on X as follows:

u = {(ξ, η) ∈ S2X : ξ ∩ η ∩ Small(u) ̸= ∅}. (1)

The uniformity U of X is the filter generated by the entourages {u : u ∈ U}. We note that the completion (X,U)
is exact [Bourb, II.3, Théorème 3]:

∀a, b ∈ X a ̸= b ∃ u ∈ U : (a, b) ̸∈ u.

If X is a compactum then the filter of the neighborhoods of the diagonal ∆2X is the unique exact uniformity
U consistent with the topology of X, and X equipped with U is a complete uniform space [Bourb, II.4, Théorème
1].



4 VICTOR GERASIMOV AND LEONID POTYAGAILO

2.2. Properties of (32)-actions of groups. Let X be a compactum, i.e a compact Hausdorff space, and G be
a group acting 3-discontinuously on X (convergence action). Recall that the limit set, denoted by ΛXG (or ΛG
if X is fixed), is the set of accumulation (limit) points of any G-orbit in X.

The action G on X is said to be minimal if X = ΛG.
The action G y X is elementary if |ΛG| < 3. If the action is not elementary then ΛG is a perfect set [Tu2].

If G is non-elementary then ΛG is the minimal non-empty closed subset of X invariant under G.
An elementary action of a group G on X is called parabolic (or trivial) if ΛXG is a single point. A point

p ∈ ΛXG is parabolic if its stabilizer StGp is a maximal parabolic subgroup fixing p. The set of parabolic points
for the action on X is denoted by ParX .

A parabolic fixed point p ∈ ΛG is called bounded parabolic if the quotient space
(ΛG \ {p})/StGp is compact.

We will use an equivalent reformulation of the convergence property in terms of crosses. A cross (r, a)× ∈ X×X
is the set r×X ∪X×a where (r, a) ∈ X ×X. By identifying every g ∈ G with its graph one can show that G acts
3-discontinuously on X if and only if all the limit points of the closure of G in X×X are crosses [Ge1, Proposition
P]. The points a and r are called respectively attractive and repelling points (or attractor and repeller).

A point x ∈ ΛG is conical if there is an infinite set S ⊂ G such that for every y ∈ X \ {x} the closure of the
set {(s(x), s(y)) : s ∈ S} in X2 does not intersect the diagonal ∆2X.

A group G acting on the space X acts on the set of entourages EntX. For u ∈ EntX we denote by gu the
set {(x, y) ∈ X2 : g−1(x, y) ∈ u} and by Gu the G-orbit of u. We will say that the orbit Gu is generating if it
generates EntX as filter.

An action G y X is 2-cocompact if Θ2X/G is compact. Suppose that a group G admits a 3-discontinuous
and 2-cocompact non-parabolic minimal action (32-action) on a compactum X. Then every point of X is either
a bounded parabolic or conical [Ge1, Main Theorem]. P. Tukia showed that if X is metrisable then the converse
statement is true [Tu2, Theorem 1C, (b)].

Let Γ be a graph. We denote by Γ0 and Γ1 the set of vertices and edges of Γ respectively. Recall that an action
of G on Γ is proper on edges if the stabilizer StΓe of every edge e in Γ is finite. The action G y Γ is called cofinite
if |Γ1/G| <∞.

According to B. Bowditch [Bo1] a graph Γ is called fine if for any two vertices the set of simple arcs of fixed
length joining them is finite.

It is shown in [GePo2, Theorem 3.1] that if G admits a non-parabolic 32-action on a compactum X then
Bowditch’s condition of relatively hyperbolicity is satisfied. This means that there exists a connected fine and
hyperbolic graph Γ acted upon by G cofinitely and properly on edges. Every vertex of Γ is either an element of
G, or belongs to the set of parabolic points ParX .

Consider the union of two topological spaces X̃ = X ⊔ G = X ∪ Γ0 where G is equipped with the discrete
topology. By [Ge2, Proposition 8.3.1] X̃ admits a unique compact Hausdorff topology whose restrictions on X

and G coincide with the original topologies of X and G, and the action on X̃ is 3-discontinuous (the description
of this topology see in Proposition 5.2)

Following [Ge2] we call the spaceX̃ attractor sum of X and Γ.
The action on X̃ is also 2-cocompact. Indeed by assumption the action of G y Θ2X is cocompact. So there

exists a compact fundamental set K ⊂ Θ2X. Hence K̃ = K ∪ ({1} × (X̃ \ {1})) is a compact fundamental set
for the action on Θ2X̃. Therefore the action G y X̃ is a 32-action. We summarize all these facts in the following
lemma.

Lemma 2.1. [Ge2], [GePo2]. Let G admits a non-parabolic 32-action on a compactum X. Then there exists a
connected, fine and hyperbolic graph Γ acted upon by G properly and cofinitely on edges. Furthermore G acts
3-discontinuously and 2-cocompactly on the attractor sum X̃ = X ∪ Γ0 and Γ0 = G ∪ ParX is the set of all
non-conical points for the action on X̃. �

We will consider the entourages u ∈ EntX̃ on the attractor sum X̃ as well as their restrictions on Γ and on X.

Following Bowditch [Bo1] for a fixed group G a G-invariant set M is called connected G-set if there exists a
connected graph Γ such that M = Γ0 and the action G y Γ1 on edges is proper and cofinite.

Recall some more definitions. An entourage u on a connected G-set M is called perspective if for any pair
(a, b) ∈M ×M the set {g ∈ G g(a, b) ̸∈ u} is finite.
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An entourage u given on a connected G-set M is called divider if there exists a finite set F ⊂ G such that
(uF )

2 ⊂ u where uF = ∩f∈F fu.

We say that uniformity U of a compactum X̃ is generated by an entourage u if it is generated as a filter by the
orbit Gu.

Lemma 2.2. [Ge2, Proposition 8.4.1]. If a group G acts 3-discontinuously and 2-cocompactly on a compact space
X then the uniformity U on the compactum X̃ = X ∩G is generated by a perspective divider u.

The following result describes the opposite way which starts from a perspective divider on a connected G-set
M = Γ0 and gives a 32-action on the compactum X̃ = X ∪ Γ where X is a "boundary" of Γ.

Definition 2.3. Let e ∈ Γ1 be an edge. A pair of vertices (a, b) of Γ is called ue-small if there exists a geodesic
in Γ with endpoints a and b which does not contain e.

A uniformity U0 on M = Γ0 has a visibility property if for every entourage u0 ∈ U0 there exists a finite set of
edges F ⊂ Γ1 such that uF = ∩{ue | e ∈ F} ⊂ u0.

The following lemma describes the completion X̃ mentioned above and will be often used in the paper.

Lemma 2.4. [Ge2, Propositions 3.5.1, 4.2.2]. Suppose that a group G acts on a connected graph Γ properly and
cofinitely on edges. Let W0 be a uniformity on Γ0 generated by a perspective divider. Then W0 has the visibility
property. Furthermore the Cauchy-Samuel completion (Z,W) of the uniform space (Γ0,W0) admits a 32-action
of G.

Let Γ be a connected graph. We now recall the definition of the Floyd completion (boundary) of Γ mentioned
in the Introduction (see also [F], [Ka], [Ge2]).

A function f : N → R is said to be a (Floyd) scaling function if
∑

n>0 fn < ∞ and there exists a positive λ

such that 1 > fn+1/fn > λ for all n∈N.
Let f be a scaling function and let Γ be a connected graph. For each vertex v∈Γ0 we define on Γ0 a path

metric δv,f for which the length of every edge e ∈ Γ1 is f(d(v, e)). We say that δv,f is the Floyd metric (with
respect to the scaling function f) based at v.

When f and v are fixed we write δ instead of δv,f .
One verifies that δu/δv > λd(u,v) for u, v∈Γ0. Thus the Cauchy completion Γf of Γ0 with respect to δv,f

does not depend on v. The Floyd boundary is the space ∂fΓ = Γf \ Γ0. Every d-isometry of Γ extends to a
homeomorphism Γf → Γf . The Floyd metrics extend continuously onto the Floyd completion Γf .

In the particular case when Γ is a Cayley graph of G we denote by ∂fG its Floyd boundary or by ∂G if f is
fixed.

3. Geodesic flows on graphs

In this section we study the properties of geodesics on a class of graphs. Let Γ be a connected graph. We will
assume that Γ0 ⊂ X̃ for a compactum X̃. Let U be the uniformity consistent with the topology of X̃. Since X̃ is
Hausdorff the uniformity U is exact. In this section we will always admit the following.

Assumption. The uniformity U has the visibility property on Γ0.

The most of the material of the section does not relate to any group action. However the only known example
when the above assumption is satisfied is the case when a compactum X admits a 32-action of a group G and
X̃ = X ∪ Γ is the attractor sum (see Lemma 2.4).

A path in Γ is a map γ : Z→ Γ such that γ{n, n+1} is either an edge of Γ or a point γ(n) = γ(n+1). A path
γ can contain a "stop" subpath, i.e. a subset J of consecutive integers such that γ|J ≡ const.

For a finite subset I ⊂ Z of consecutive integers we define the boundary ∂(γ|I) to be γ(∂I). We extend
naturally the meaning of ∂γ over the half-infinite and bi-infinite paths in Γ0 ⊂ X̃ in the case if the corresponding
half-infinite branches of γ converge to points in X̃. The latter one means that for every entourage v ∈ U the set
γ|[n,∞[ is v-small for a sufficiently big n.

Lemma 3.1. Every half-infinite geodesic ray γ : [0,∞[→ Γ converges to a point in X̃.
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Proof: Fix an entourage v ∈ U . By the visibility property there exists a finite set of edges F ⊂ Γ1 such that
uF =

∩
e∈F

ue ⊂ v. Since γ is a geodesic, the ray γ|[n0,∞[ does not contain F for some n0 ∈ N. So γ|[n0,∞[ is

uF -small and therefore v-small. �

Definition 3.2. A path γ : I → Γ is an eventual geodesic if it is either a constant map, or each its maximal
stop-path is infinite and outside of its maximal stop-paths γ is a geodesic in Γ0.

The set of eventual geodesics in Γ is denoted by EG(Γ).

The image of every eventual geodesic in Γ is either a geodesic (one-ended, or two-ended or finite) or a point.

Proposition 3.3. The space EG(Γ) is closed in the space of maps X̃Z equipped with the Tikhonov topology.

Proof: Let α belongs to the closure EG(Γ) of EG(Γ) in X̃Z. If α is a constant then α ∈ EG(Γ) and there is
nothing to prove. So we assume that α ∈ EG(Γ) is a non-trivial map. The proof follows from the following three
lemmas having their own interest.

Lemma 3.3.1 If α(n) ̸= α(n + 1) then there exists a neighborhood O of α in X̃Z such that γ(n) = α(n),
γ(n+ 1) = α(n+ 1) for every γ ∈ O ∩ EG(Γ). In particular {α(n), α(n+ 1)} is an edge of Γ.

Proof of the Lemma. Since U is an exact uniformity there exists u ∈ U such that (α(n), α(n + 1)) /∈ u ∈ U
(see Section 2.1). Since U is a uniformity ∃ v ∈ U : v3 ⊂ u and v ∈ U . By the visibility property there exists
a finite set F ⊂ Γ1 such that uF ⊂ v. Let F 0 denote the set of vertices of the edges in F . Let On be a v-small
neighborhood of α(n) disjoint from F 0\{α(n)} and On+1 be a neighborhood of α(n+1) defined in the same way.

Set O = {γ ∈ X̃Z : γ(n) ∈ On}. If γ ∈ O then (γ(n), γ(n + 1)) ̸∈ v and γ(n) ̸= γ(n + 1). If in addition
γ ∈ EG(Γ) then γ|[n,n+1] is a geodesic and necessarily {γ(n), γ(n + 1)} ∈ F . By the definition of On and On+1

we obtain γ(n) = α(n), γ(n+ 1) = α(n+ 1). �
Lemma 3.3.2. Every maximal stop for α is infinite.

Proof of Lemma. By contradiction assume that J ⊂ Z is a finite maximal stop for α. By Lemma 1 this means that,
for m,n ∈ Z such that n −m>3 one has α(m) ̸= α(m+ 1), α(n − 1) ̸= α(n) and α(k) = b ∈ Γ0 for m < k < n.
Moreover, by Lemma 1 there exists a neighborhood O of α in X̃Z such that if γ ∈ O then γ(m) = α(m),
γ(m+1) = α(m+1), γ(n−1) = α(n−1), γ(n) = α(n). Since α belongs to the closure of EG(Γ) such γ does exist.
But this implies that γ(m+ 1) = γ(n− 1) = b. As γ is an eventual geodesic the interval {k ∈ Z : m < k < n} is
a stop for γ so either α(m) = γ(m) = b or α(n) = γ(n) = b contradicting the maximality of J. �
Lemma 3.3.3. If J is a finite subset of consecutive integers and J does not contain stops for α then α|J is
geodesic.

Proof of the Lemma. By the hypothesis each two consecutive values of α|J are distinct. Since J is finite by
Lemma 1 there exists a neighborhood O of α in X̃Z such that if γ ∈ O∩EG(Γ) then γ|J = α|J . Since α ∈ EG(Γ)
such γ does exist. �

It follows from lemmas 2 and 3 that α ∈ EG(Γ). The proposition is proved. �
We stress that the vertex set Γ0 is not supposed to be locally compact. However we have the following.

Corollary 3.4. For every n > 0 the ball Bnq of radius n in Γ0 centered at any q ∈ Γ0 is closed in X̃.

Proof. Let p ∈ Bnq \ Bnq. For a neighborhood O of p in X̃ let γO : {k ∈ Z : 06k6n} → Γ0 be a geodesic
joining q with a point in O. We make each such γO an eventual geodesic by extending it by constants. Since
X̃Z is compact there is an accumulation point γ for the set of all γO. By Proposition 3.3 γ ∈ EG(Γ). Since the
projections X̃Z → X̃ are continuous and X̃ is Hausdorff we have γ(0) = q, γ(n) = p. Since γ is eventual geodesic
we have p ∈ Γ0. �

Corollary 3.5. For every finite path l = {a1, ..., an} ⊂ Γ the set

(EG(Γ))l = {γ ∈ EG(Γ) : γ(I) = l, I ⊂ Z, γ(−∞) ̸= a1, γ(∞) ̸= an}

is open.
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Proof: By the proof of Proposition 3.3 γ admits a neighborhood O ⊂ EG(Γ) such that ∀λ ∈ O γ|l = λ|l. �
By Lemma 3.1 for a half-infinite geodesic ray γ : Z>0 → X lim

t→+∞
γ(t) exists. The following proposition refines

this statement.

Proposition 3.6. The boundary map ∂ : EG(Γ)→ X̃2 where ∂ : γ → ∂γ = { lim
t→−∞

γ(t), lim
t→+∞

γ(t)} is continuous

at every non-constant eventual geodesic.

Proof: For α ∈ EG(Γ) we denote by α−∞ and α+∞ the limits lim
t→−∞

α(t) and lim
t→+∞

α(t) respectively. We will
prove that both coordinate functions π− : α → α−∞ and π+ : α → α+∞ are continuous for every non-constant
geodesic α.

Fix α ∈ EG(Γ) and suppose that a = α+∞. We need to prove that for every small neighborhood U of a there
exists a neighborhood of Nα ⊆◦ EG(Γ) such that one of the endpoints of every eventual geodesic belonging to Nα

is in U.
Case 1. α(n) (n ≥ 0) are all distinct.
Let U be a closed neighborhood of a such that b = α(0) ̸∈ U. Choose a "smaller" closed neighborhood V of a

such that the interior
◦
U of U contains V. By the exactness of the uniformity U there exists an entourage v ∈ U

such that v ∩ (U × V ) = ∅. Then, by the visibility property, we have uF = ∩e∈Fue ⊂ v for some finite set F of
edges of Γ. So every eventual geodesic γ passing from b ∈ U ′ = X̃ \ U to V contains an edge from F. Denote by
d the diameter (in the graph distance) diamF = max{d(ai, aj) : ai ∈ F 0} of the set of vertices F 0 of F. Since Γ

is connected and F is finite d is finite. Since {α(n)}n converges to a there exists m such that α(m+ i) ∈
◦
V ∩ Γ0

for i = 0, ..., d+ 1.
Consider the following set:

Nα = {γ ∈ EG(Γ) : {γ(m), ..., γ(m+ d+ 1)} ⊂
◦
V ∩ Γ0}. (1)

We have Nα ̸= ∅ as α ∈ Nα. Furthermore Nα is open in EG(Γ). Indeed
◦
V ∩ Γ0 is open in Γ0 so the condition

γ(t) ∈
◦
V ∩ Γ0 defines an open subset of EG(Γ) and Nα is the intersection of finitely many such subsets.

Let γ ∈ Nα. We claim that γ cannot quit U ∩Γ. Indeed if not then γ contains a finite subpath γ′ which passes
from U to V , then it passes through at least d + 1 distinct consecutive vertices γ(i) ∈

◦
V (i = m, ...,m + d + 1),

and after it goes back to U ′ = X̃ \ U. Assuming γ′ to be the minimal subpath of γ having these properties, by
Lemma 3.3.2 we obtain that γ′ a geodesic of length at least d + 1. Then there is a couple (i, j) of indices such
that i ≤ m, j ≥ m+ d+ 1, {qi = γ′(i), qj = γ′(j)} ⊂ F 0 and d(qi, qj) ≥ d+ 1 > diam(F ) what is impossible.

Case 2. a ∈ Γ0.
A similar argument works in this case too. We can assume that a = α(0). Up to re-parametrisation of α we

can assume that ∀ t ≥ 0 : α(t) = a and α(−1) = b ̸= a. Consider two disjoint closed neighborhoods U and V of a
such that V ⊂

◦
U and b ̸∈ U . As above there exists a finite set F ⊂ Γ1 such that every eventual geodesic passing

from V to U (or vice versa) contains an edge of F . Let d = diamF.
For k ≥ d+ 1 put

Nα = {γ ∈ EG(Γ) : γ(−2) = α(−2), γ(−1) = α(−1), {γ(0), ..., γ(k)} ⊂
◦
V }. (1′)

The set Nα is non-empty as α ∈ Nα. We have Nα = N1 ∩ N2 where N1 = {γ ∈ EG(Γ) : γ(−2) =

α(−2), γ(−1) = α(−1)} and N2 = {γ ∈ EG(Γ) : {γ(0), ..., γ(k)} ⊂
◦
V }. Since α(−2) ̸= α(−1) by Corollary 3.5

N1 is open. The set N2 is also open so is Nα.
Every γ ∈ Nα passes from the point b to V and admits a geodesic sub-interval in V of length at least d+1. So

by the argument of Case 1 we have that γ+∞ ∈ U.
We have proved that the coordinate functions π− and π+ are continuous. Therefore ∂ = (π−, π+) is continuous

at every non-trivial eventual geodesic. �
Remark. Note that the map ∂ is not continuous at any constant eventual geodesic α(t) = a ∈ Γ0(t ∈ Z). Indeed
the eventual geodesics of the form {γ ∈ EG(Γ) : γ|]−∞,n] ≡ a, γ+∞ = b ̸= a} converge to α when n→∞ in the
Tikhonov topology but π+(γ) ̸= a.

Theorem 3.7. For every two distinct points p, q ∈ X̃ there exists an eventual geodesic γ such that γ−∞=p,
γ+∞ = q.
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Proof: If both p and q belong to Γ0 then the assertion follows from the connectedness of Γ. So we suppose that
at least one of the points does not belong to Γ0. We first consider the case when both p and q do not belong to
Γ0. Then we explain how to modify the argument when exactly one of the points belongs to Γ0.

Let P0, Q0 be two closed disjoint neighborhoods of p, q respectively. By the exactness of U there exists an
entourage u0 ∈ U such that u0 ∩ P0×Q0 = ∅. By the visibility property there exists a finite set F⊂Γ1, such that
uF ⊂ u0. Let {(ai, bi) : i=0, 1, . . . ,m} be the list of ordered pairs such that {ai, bi}∈F .

For closed neighborhoods P,Q of p, q contained in P0, Q0 respectively let

Wi,P,Q = {γ ∈ EG(Γ) : γ−∞ ∈ P, γ∞ ∈ Q, γ(0) = ai, γ(1) = bi}. (2)

We claim that Wi,P,Q is closed. Indeed suppose γ /∈Wi,P,Q. If γ is not a constant then Propositions 3.3 and 3.6
imply that the opposite of every condition in (2) defines an open subset in EG(Γ). Then their finite intersection
is open. If γ ≡ c is a constant then either γ(0) ̸= ai or γ(1) ̸= bi. So there is an open neighborhood Nγ ⊂ EG(Γ)
such that every β ∈ Nγ satisfies {β ∈ EG(Γ) : β(0) ̸= ai} or {β ∈ EG(Γ) : β(1) ̸= bi} respectively. In each case
Nγ ∩Wi,P,Q = ∅ and the claim follows.

There exists i ∈ {0, ...,m} such that all Wi,P,Q are nonempty. Indeed if not then for every i ∈ {1, ...,m} there
exist neighborhoods Pi and Qi of p and q such that Wi,Pi,Qi = ∅. Then, there would no geodesic between the closed
non-empty subsets

∩m
i=0Pi and

∩m
i=0Qi which is impossible. Then for some i, say i = 0, the family W0,P,Q ̸= ∅

for all P and Q. So it is a centered family of non-empty closed sets. Since EG(Γ) is compact ∃ γ ∈ EG(Γ) such
that γ ∈

∩
P,Q W0,P,Q. By definition of W0,P,Q the point γ+∞ belongs to any neighborhood of q. Hence γ+∞ = q,

and similarly γ−∞ = p.
The assertion is proved for the case p /∈ Γ0, q /∈ Γ0. If one of the vertices, say p, belongs to Γ0 then we modify

the definition of Wi,P,Q as follows: Wi,P,Q = {γ ∈ EG(Γ) : γ−∞ = γ(−ni) = p, γ+∞ ∈ Q, γ(0) = ai, γ(1) = bi}
where ni is the distance between p and ai. Then the above argument works without any change. �
Let B ⊂ X̃ be a closed set. Define its (eventual) geodesic hull as follows:

Hull(B) = ∪{Imγ : ∂γ ⊂ B}. (3)

The following lemma and its corollary will be used further.

Lemma 3.8. The set

C = {γ ∈ EG(Γ) : ∂γ ∈ B2} (3)

is closed in EG(Γ).

Corollary 3.9. If B ⊂ X̃ is closed then Hull(B) is a closed subset.

Proof of the corollary. The projection π : γ ∈ C → γ(0) is continuous by the definition of the Tikhonov topology.
Since XZ is compact and if C is closed then π(C) is closed. �
Proof of the lemma. Let us show that EG(Γ) \ C is open. Let α ∈ EG(Γ) \ C does not belong to C.

Suppose first that α is not a constant. Then ∂α ̸∈ B2. Since B2 is closed in X̃2 there exists an open
neighborhood W of ∂α such that W ∩B2 = ∅. By Proposition 3.6 Nα = ∂−1(W ) is an open subset of EG(Γ), so
we are done in this case.

Suppose now that α is a constant: α ≡ a ∈ X̃ \Hull(B). Choose a closed neighborhood U of a disjoint from B.
By the visibility property there exists a finite set F ⊂ Γ1 of a finite diameter d such that every eventual geodesic
passing from U to B passes through F.

Suppose by contradiction that every neighborhood Nα of a in EG(Γ) intersects C. Note that every such Nα

contains a non-trivial eventual geodesic γ ∈ EG(Γ) since otherwise U ∩ B ̸= ∅ which is not possible. So for any
k ∈ Z+ we can find a non-trivial γ ∈ C such that ∂γ ∈ B2 and γ(i) ∈ U (i = 0, 1, 2..., k). Then γ contains an
edge from F on its way from B to U and it meets F again on its way back from U to B. So there is a geodesic
subsegment γ′ of γ passing through k consecutive points in U and having its endpoints in F. Therefore for k ≥ d
it would imply diamF ≥ k ≥ length(γ′) > d which is a contradiction. �

At the end of this section we obtain a description of the endpoints of one-ended and two-ended eventual
geodesics. It is the first (and the last) time in the section when we use a group action.

Let a group G admits a non-parabolic 32-action on a compactum X. Then by Lemma 2.1 there exists a
connected and fine graph Γ such that the action on Γ is proper and cofinite on the edges. We also suppose that
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Γ0 = G∪{the parabolic points ∈X̃} = {the non-conical points of X̃}. The existence of a G-finite G-set Γ1 making
Γ0 into the vertex set of a connected graph is proved in [GePo2, Theorem 3.1]. We note that it is also shown in
[GePo2] that the graph Γ is hyperbolic but we will not use it in this section.

Proposition 3.10. For every non-trivial eventual geodesic γ one has γ−∞ ̸= γ+∞.

Remark. In other words the proposition claims that the graph Γ does not have non-trivial eventual geodesic
horocycles.

Proof: Since the action G y X is 3-discontinuous and 2-cocompact every limit point is either conical or bounded
parabolic [Ge1, Main theorem]. We can assume that the action on X is minimal so X = ΛXG.

Suppose first that p = γ−∞ = γ+∞ is conical. Then there exist closed disjoint sets A,B ⊂ X and infinite
subset S of G such that for every closed set C ⊂ X̃ \ {p} and every closed neighborhood B̃ of B in X̃ disjoint
from A there exists a subset S′ ⊂ S such that |S \ S′| < ∞, S′(C) ⊂ B̃ and S′(p) ∈ A. For an arbitrary finite
set J ⊂ Z we have sγ(J) ⊂ B̃ for all but finitely many s ∈ S. By Lemma 3.8 the set ∂−1(B̃2) is closed. So every
accumulation point of the set Sγ belongs to ∂−1B̃2. On the other hand every eventual geodesic sγ belongs to the
closed set ∂−1A2 as ∂(sγ) = s(p) ∈ A. So ∂−1B̃2 ∩ ∂−1A2 ̸= ∅ which is impossible as A2 ∩ B̃2 = ∅.

Let p = γ−∞=γ+∞ ∈ Γ0. In this case γ cannot be of finite length so p is a limit point for the action G y X̃.
Hence p is bounded parabolic. Let K be a compact fundamental set for the action StGpyX̃\{p}. Let u be an
entourage such that u∩ ({p}×K) = ∅. By the visibility property there exists a finite set F ⊂ Γ1 such that every
eventual geodesic from p to K contains an edge in F. For every n ∈ Z there exists h ∈ StGp such that hγ(n) ∈ K.
Since ∂(hγ) = (p, p), the geodesic hγ has edges in F in both its parts: hγ(] −∞, n]) and hγ([n,+∞[). Hence
distΓ(p, γ(n)) = distΓ(p, hγ(n)) 6 distΓ(p, F

0)+diamΓF
0 < ∞ (n ∈ Z). So γ(Z) is bounded and can not be an

infinite geodesic. �

Proposition 3.11. Let γ : [0,+∞)→ Γ0 be an infinite geodesic ray then γ+∞ /∈ Γ0 and it is a conical point.

Proof: If the assertion is not true then the point p = γ+∞ is bounded parabolic. Let K be a compact fundamental
set for the action StGp y X̃\{p}. Since the geodesic ray is infinite the graph distance d(γ(0), γ(n)) tend to infinity.
Let hn be an element of StGp such that hn(γ(n)) ∈ K(n ∈ Z+). By applying the “flow map” γ(n)→ γ(n−1) to the
geodesic hnγ we obtain a geodesic γn such that γn(0) ∈ K. The sequence of their other endpoints {hn(γ(−n))}
converges to p as n→ +∞. Each accumulation point α of the set {γn : n > 0} in EG(Γ) is an eventual geodesic
whose both endpoints are equal to p. Furthermore it cannot be a constant since it has a value in K. We have a
non-trivial α ∈ EG(Γ) such that α−∞ = α+∞ which contradicts Proposition 3.10. �

In the following Proposition we show that the absence of the horocycles is equivalent to the hyperbolicity of
the graph Γ.

Proposition 3.12. The uniformity U0 = U|Γ0 is generated by the collection {ue : e∈Γ1}.

Proof. Let us prove that ue is an entourage. By Proposition 3.6 the boundary map ∂ is continuous on the closed
set K0,e = {γ ∈ EG(Γ) : e = {γ(0), γ(1)}}. Hence ∂K0,e is closed. Its complement in X̃2 is exactly ue. By
Proposition 3.10 the open set ue contains all diagonal pairs (p, p), p∈X̃, and so is an entourage.

By the visibility property for every v0 ∈ U0 there exists a finite set F of edges for which uF = ∩e∈Fue ⊂ v0.
So U0 is generated by the set {ue : e ∈ Γ1} as a filter. �

Remark. By [Ge2, subection 5.1] this corollary implies that Γ is hyperbolic. Namely each side of every
geodesic triangle △ is contained in the metric δ-neighborhood of the union of the other sides. The constant δ is
determined as follows. Let E# be a finite set of edges intersecting each G-orbit in Γ1. For every e ∈ E#, since
ue is an entourage, there exists a finite set F ⊂ Γ1 such that u2

F ⊂ ue (this property is called alt-hyperbolicity in
[Ge2]). It follows directly from the definition of ue that one can choose δ = 1+max{distΓ(e, F (e)0) : e∈E#}.

This gives an independent proof of Yaman theorem without metrisability and cardinality restrictions. Note
that it uses [GePo2] where a connected graph Γ was constructed. It also uses [Ge2] where the visibility property
was proved.
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4. Dynamical quasiconvexity and 2-cocompactness condition.

4.1. The statement of the result. Let X be a compactum. We first restate the definition of the dynamical
quasiconvexity in terms of entourages [GePo3].

Definition 4.1. Let G be a discrete group acting 3-discontinuously on a compactum X. A subgroup H of G is
said to be dynamically quasiconvex if for every entourage u of X the set Gu = {gG : g(ΛH) /∈ Small(u)}/H is
finite.

The aim of this Section is the following theorem giving a characterization of the dynamical quasiconvexity.

Theorem A. Let G be a group which admits 3-discontinuous and 2-cocompact non-trivial action on a compactum
X. Let H be a subgroup of G. The following conditions are equivalent.

1. The action H y ΛXH is 2-cocompact.

2. H is dynamically quasiconvex.

Remark. Since every parabolic subgroup is always dynamically quasiconvex we will regard every group action
on a one-point set as 2-cocompact.

4.2. Proof of the implication 2) ⇒ 1). The action G y X is 2-cocompact. So there exists a compact
fundamental set K for the action of G on Θ2X. Denote by u the entourage X2 \K. For every two distinct points
p and q in X there exists g ∈ G such that g(p, q) ∈ K. So (p, q) ̸∈ u1 where u1 = g−1u. This means that the
orbit Gu has separation property.

Let us first show that the index of H in the stabilizer StG(ΛH) = {g ∈ G : g(ΛH) = ΛH} of ΛH is finite.
Indeed for fixed two distinct points {p, q} ⊂ ΛH by the exactness there exists u1 ∈ U such that (p, q) ̸∈ u1.
So for every h ∈ StG(ΛH) we have {p, q} ⊂ h(ΛH) and h(ΛH) ̸∈ Small(u1). By the dynamical quasiconvexity
applied to u1 there are at most finitely many such elements h ∈ StG(ΛH) distinct modulo H. So StX(ΛH) =
∪j∈JkjH (|J | <∞).

Consider now the orbit G(ΛH). Applying the dynamical quasiconvexity to u we obtain a finite set {gi ∈ G :
i ∈ I} such that once g(ΛH) is not u-small for some g ∈ G then g(ΛH) = gi(ΛH) for some gi.

Consider the following entourage of ΛH :

v =
∩

i∈I,j∈J

(k−1
j g−1

i u ∩Λ2H).

Let (x, y) ∈ Θ2(ΛH). Since the orbit Gu has separation property there exists g ∈ G such that g(x, y) ̸∈ u and
hence g(ΛH) ̸∈ Small(u). We have g(ΛH) = gi(ΛH) for some i ∈ I. Hence g−1

i g(ΛH) = ΛH and g−1
i g = kjh for

some j ∈ J and h ∈ H. So g(x, y) = gikjh(x, y) ̸∈ u. Consequently h(x, y) ̸∈ v. We have proved that for every
(x, y) ∈ Θ2(ΛH) there exists h ∈ H such that (x, y) ̸∈ h−1v. This means that the set Θ2(ΛH) \ v is a compact
fundamental set for the action H y Θ2(ΛH). �

4.3. Proof of the implication 1)⇒ 2). We fix a group G and a 32-action of G on a compactum X. By Lemma
2.1 G acts on the attractor sum X̃ = X ∪Γ where Γ is a connected, fine, hyperbolic graph and the action G y Γ1

is proper and cofinite. The canonical uniformity U of X̃ is generated by an orbit Gu. By Lemma 2.2 the restriction
u|Γ0 is a perspective divider.

Let H < G be a subgroup. Denote by ΛH ⊂ X̃ its limit set for the action on X̃. By Corollary 3.9 the set
C = Hull(ΛH) is closed in X̃.

Lemma 4.2. Every point v in C0 = C ∩ Γ0 is either parabolic for the action H y ΛH or the number of edges
incident to v in the graph C is finite (i.e. the degree of v in C is finite).

Proof: Let v ∈ C0 \ΛH. The set ΛH ⊂ X is compact. So by the exactness of U there exists an entourage w ∈ U
such that {v} × ΛH ∩ w = ∅. By the visibility property there exists a finite set F ⊂ Γ1 such that uF ⊂ w.
Hence every eventual geodesic γ with endpoints a = γ−∞, b = γ+∞ ∈ ΛH and containing v passes through e−
and e+, where e− and e+ are edges of F belonging to the geodesic rays joining γ−∞ with v and v with γ+∞
respectively. Thus every arc γ in C1 has a simple subarc l between e− and e+ which also contains v. Since γ has
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no intermediate stops l is a geodesic. By the finess property of Γ the number of such geodesic subarcs is finite.
Hence the number of edges incident to v is finite.

Suppose now that v ∈ C0 ∩ ΛH. Then it is a parabolic point for G. Since H acts 2-cocompactly on ΛH
every point of ΛH is either conical or bounded parabolic [Ge1, Main theorem, b]. If p is conical in ΛH then by
3-discontinuity of the action G y X it is also conical for G y X which is impossible by [Tu2, Theorem 3A]. �
Lemma 4.3. Let C = Hull(ΛH). If |C1/H| <∞ then H is dynamically quasiconvex.

Proof: We extend the visibility property (see Definition 2.3) from Γ0 to X̃. By Theorem 3.7 for every (x, y) ∈ X̃2

there exists a geodesic γ ∈ EG(Γ) whose endpoints are x and y. So for an edge e ∈ Γ1 and (x, y) ∈ X̃2 put
(x, y) ∈ ue if there exists such γ which does not contain the edge e.

Let u ∈ U and v3 ⊂ u. Since the graph Γ has the visibility property there exists a finite set E ⊂ Γ1 such that
uE = ∩e∈Eue ⊂ v|Γ0 . Let (x, y) ̸∈ u and let γ be an eventual geodesic joining x with y. Choose {x′, y′} ⊂ γ such
that (x, x′) ∈ v and (y, y′) ∈ v. Since (x, y) ̸∈ u we have (x′, y′) ̸∈ v|Γ0 . Hence (x′, y′) ̸∈ uE . So the piece of γ
between x′ and y′ contains an edge from E. Hence (x, y) ̸∈ ue. We have proved the inclusion uE ⊂ u on X̃2.

If now H is not dynamically quasiconvex then by Definition 4.1 the set Gu = {g ∈ G : g(ΛH) /∈ Small(u)}/H
is infinite for some u ∈ U . By the above argument there exists a finite E ⊂ Γ1 such that uE ⊂ u on X̃. Since
|Γ1/G| < ∞ there exists an edge e ∈ E for which the set {g ∈ G : g(ΛH) ̸∈ Small(ue)}/H is infinite. Therefore
the set {g ∈ G : e ∈ g(C1)}/H = {g ∈ G : g−1(e) ∈ C1}/H is infinite too. �

Suppose that the action H y ΛH is 2-cocompact. By Lemma 4.3 it is enough to prove that |C1/H| < ∞
where C = Hull(ΛH).

Let K be a compact fundamental set for the action H y Θ2(ΛH). So HK = Θ2(ΛH). Let u ∈ U be an
entourage such that u3 ∩ K = ∅. By the visibility property there exists a finite set F ⊂ Γ1 such that uF ⊂ u.
Thus u3

F ∩K = ∅. Up to adding a finite number of edges to F we can assume that F is the edge set of a finite
connected subgraph of Γ.

We call the edges of C1 which belong to HF red edges. The other edges of C1 are white. Similarly we declare
parabolic points of H red and other vertices of C are white.

Lemma 4.4. Every infinite ray ρ : [0,∞[→ C contains at least one red edge. Furthermore every geodesic between
two red vertices contains a red egde.

Proof of the lemma. By Lemma 3.1 the ray ρ converges to a point x = ρ(∞) ∈ ΛH. Since the action H y ΛH is
2-cocompact by [Ge1] every point of ΛH is either conical or bounded parabolic. By Proposition 3.11 x is conical
for the action H y ΛH.

Therefore there exists an infinite set S ⊂ H and two distinct points a and b in ΛH such that a and b are
limit points for the sets S(ρ(∞)) and S(ρ(0)) respectively. Let Ua and Ub be disjoint u-small neighborhoods of a
and b for u defined before the Lemma. Thus ∃ s ∈ S : s(ρ(∞)) ∈ Ua, s(ρ(0)) ∈ Ub. There exists h ∈ H such
that h(a, b) ∈ K. Hence h(a, b) ̸∈ u3. Since h(sρ(∞), a) ∈ u and h(sρ(0), b) ∈ u we obtain ∂(hs(ρ)) ̸∈ u. Thus
∂(hs(ρ)) ̸∈ uF for the finite set F defined therein. It follows that hs(ρ) contains a red edge and so is ρ.

Let now γ be a geodesic between two red points in C. Then ∃ h ∈ H : h(∂γ) ∈ K so the pair h(∂γ) is not
uF -small. Thus every geodesic γ connecting two red points contains at least one red edge. The Lemma is proved.
�

It remains to show that the set of white edges of C1 is H-finite.
Let us say that a segment of an eventual geodesic in C is white if all its edges and vertices are white. Denote

by F the subgraph of C1 obtained by adding to the set F 1 all adjacent white segments. Since F is connected F
is also connected. By the first statement of Lemma 4.4 every geodesic interval containing only white edges has
finite length. Furthermore by Lemma 4.2 the degree of every white vertex is finite. Thus by König Lemma the
connected subgraph F is finite.

We claim that HF1 = C1. Indeed if e = (a, b) ∈ C1 is a white edge then by the second statement of 4.4 one of
its vertices, say a, is white. Consider a maximal a white segment l1 of C starting from a and not containing e. It
has a finite length and ends either at a red vertex c or at a red edge. Our aim is to prove that the second case
does happen for one of such segments. Suppose it is not true for l1. Then the other vertex b of the edge e cannot
be red. Indeed if b is red, then l1 ∪ e has two red ends c and b, and by Lemma 4.4 l must contains a red edge
which is impossible. So b is white. Since e ∈ C1 there exists another maximal white segment l2 starting from b.
If it ends up at a red vertex d then applying again 4.4 we obtain that l1 ∪ l2 ∪ e contains a red edge. So there
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exists a white eventual geodesic segment l starting from e and terminating at a red edge e1. Thus there exists
h ∈ H : h(l ∪ e) ⊂ F . The Theorem is proved. �

The proof of the above Theorem gives rise to another condition of the dynamical quasiconvexity.

Corollary 4.5. The following conditions are equivalent:

a) H satisfies one of the conditions 1) or 2) of Theorem A;

b) |C1/H| <∞ where C = Hull(ΛH).

Proof: By Lemma 4.3 it remains to prove that a)⇒ b). By the statement 2)⇒ 1) of Theorem A the dynamical
quasiconvexity implies 2-cocompactness of the action H y ΛXH. We have proved above that the latter one
implies that |C1/H| <∞. �

5. Pullback space for 32-actions

In [Ge1, page 142] the following problem was formulated. Let a group G admit convergence actions on two
compacta Ti does there exist a convergence action on a compactum Z and two G-equivariant continuous mappings
πi : Z → Ti (i = 0, 1) ?

Z
�

�	
@

@R
π0 π1

(1)
T0 T1

Definition 5.1. We call the space Z and the action G y Z pullback space and pullback action respectively.

Answering a question of M. Mitra [M] O. Baker and T. Riley constructed in [BR] a hyperbolic group G
containing a free subgroup H of rank 3 such that the embedding does not induce an equivariant continuous map
(called “Cannon-Thurston map”) ∂H → ∂G where ∂ is the boundary of a hyperbolic group. Denote T0 = ∂H, and
let T1 = Λ∂GH be the limit set for the action of H y ∂G. The following proposition shows that Baker-Riley’s
example is also a contre-example to the pullback problem.

Proposition 5.2. The compacta Ti (i = 0, 1) do not admit a pullback space on which H acts 3-discontinuously.

Proof: Suppose by contradiction that the diagram (1) exists. Consider the spaces Z̃ = Z ∪H, T̃0 = T0 ∪H, T̃1 =

T1 ∪H equipped with the following topology (which we illustrate only for T̃0 and is defined similarly in the other
cases). A set F is closed in T̃0 if

1) F ∩ T0 ∈ Closed(T0);

2) F ∩H ∈ Closed(H);

3) ∂1(F ∩H) ⊂ F where ∂1 denotes the set of attractive limit points.

The topology axioms are easily checked. Since H is discrete, its points are isolated in T̃0 and the condition 2)
is automatically satisfied.

By [Ge2, Proposition 8.3.1] the actions G y T̃i and G y Z̃ are 3-discontinuous. By the following lemma
the maps πi can be extended to the continuous maps π̃0 : Z̃ → T̃0 and π̃1 : Z̃ → T̃1 where π̃i|Z = πi and
π̃i|H = id (i = 0, 1).

Lemma 5.3. Let G be a group acting 3-discontinuously on two compacta X and Y . Denote X̃ and Ỹ the spaces
X ∪ G and Y ∪ G respectively equipped with the above topologies. Suppose that the action on Y is minimal and
|Y | > 2. If f : X → Y is a continuous G-equivariant map then the map f̃ : X̃ → Ỹ such that f̃ |X = f and
f̃ |G ≡ id is continuous.
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Assuming the lemma for the moment let us finish the argument. By hypothesis H y Z is 3-discontinuous.
The map π0 is equivariant and continuous and the action H y T0 is minimal. So π0 is surjective. Since H is
hyperbolic all points of T0 are conical [Bo3]. By [Ge2, Proposition 7.5.2] the map π0 is a homeomorphism. So we
have the equivariant continuous map π = π1 ◦ π−1

0 : T0 → T1. By Lemma 5.3 it extends equivariantly to the map
π̃ : T̃0 → T̃1 where T̃0 = H ∪ ∂H and T̃1 = G ∪ ∂∞G. This is a Cannon-Thurston map. A contradiction with the
result of Baker-Riley. The Proposition is proved modulo the following.

Proof of Lemma 5.3. Let F ⊂ Ỹ be a closed set. Denote FY = F ∩Y and FG = F ∩G. We need to check that the
set f̃−1(F ) = f−1(FY ) ∪ FG is closed. The conditions 1) and 2) are obvious for f̃−1(F ) ∩X and for f̃−1(F ) ∩G
respectively.

Let z× = r×X ∪X×a be a limit cross for FG on X. To check condition 3) for the set f−1(F ) we need to show
that b = f(a) ∈ FY . Suppose not, and b ̸∈ FY and let B be a closed neighborhood of b such that B ∩FY = ∅. Let
v ∈ EntY be an entourage such that Bv∩FY = ∅ where Bv = {y ∈ Y : (y, b1) ∈ v, b1 ∈ B}. Set A = f−1(B) ∋ a.
For a neighborhood R of the repelling point r ∈ X the set F0 = {g ∈ FG : g(X \R) ⊂ A} is infinite.

Let w× = p× Y ∪ Y × q be a limit cross for F0 on Y, and P × Y ∪ Y ×Q be its neighborhood. Since FY ⊂ Y
is closed by condition 3) we have q ∈ FY . Suppose that Q is v-small. By the hypothesis there exist three distinct
points yi ∈ Y (i = 1, 2, 3). Since the set Y is minimal and f is equivariant one has f−1(yi) = Xi ̸= ∅ and Xi are
mutually disjoint (i = 1, 2, 3).

Let us now put some restrictions on R. Suppose that R ∩Xi = ∅ for at least two indices i ∈ {k, j} ⊂ {1, 2, 3}
and for one of them, say k, we have yk ̸∈ P.

If g ∈ G is close to w× we have g(Y \P ) ⊂ Q and g(yk) ∈ Q. From the other hand g(Xk) ⊂ A since Xk∩R = ∅.
Thus g(yk) ∈ Q ∩B and so (q, g(yk)) ∈ v. Hence q ∈ Bv and q ̸∈ FY . A contradiction. The lemma is proved. �

Since the answer to the pullback problem for general convergence actions is negative, it seems to be rather
intriguing to study the pullback problem in a more restrictive case of 2-cocompact actions. The rest of the section
is devoted to a discussion of this problem.

If G is a finitely generated group acting 3-discontinuously and 2-cocompactly on compacta X1 and X2 then
by the Mapping theorem [Ge2, Proposition 3.4.6] there exist equivariant maps Fi : ∂G → Xi (i = 1, 2) from the
Floyd boundary ∂G of G. By [Ka] the action on ∂G is 3-discontinuous. So ∂G is a pullback space for any two
32-actions of G.

If G is not finitely generated this argument does not work as the Mapping theorem requires the cofiniteness
on edges of a graph on which the group acts and which is not true for the Cayley graphs in this case. An action
of such a group on a relative graph depends on the system of non-finitely generated parabolic subgroups [GePo2,
Proposition 3.43]. Furthermore the action on the closure of the diagonal image of the group in the product space
may not be 3-discontinuous. However if there is a pullback action for two 3-discontinuous actions of G and both of
them are 2-cocompact then as shows the following lemma a quotient of the pullback space also admits a 32-action.

Lemma 5.4. Suppose that G acts 3-discontinuously and 2-cocompactly on two compacta Xi (i = 1, 2). Let X be
a pullback space for Xi and πi : X → Xi be the corresponding equivariant continuous maps. Then the action on
the quotient space T = π(X) = {(π1(x), π2(x)) : x ∈ X} is of type (32).

Furthermore the action of G on the attractor sum T̃ = T ⊔G is also of type (32).

Proof: We will argue in terms of the attractor sums to obtain the more stronger last statement. By lemma 5.3
the maps πi extend to the continuous equivariant maps π̃i : X̃ → X̃i where X̃ = X ⊔ G and X̃i = Xi ⊔ G,
π̃i|G = id, π̃i|Xi = πi.

By Lemma 2.1 the actions on Xi extends to 32-actions on the attractor sums X̃i. Since the action G y X̃i is
2-cocompact there exists an entourage ui of X̃ such that the uniformity Ui on X̃i is generated as a filter by the
orbit Gui (i = 1, 2) [Ge1, Proposition E, 7.1].

Let ũi denotes the entourage π̃−1
i (ui) on X̃(i = 1, 2). Their G-orbits generate the lifted uniformities Ũi. Then

w̃ = ũ0 ∩ ũ1 is an entourage of X̃ whose orbit Gw̃ generates a uniformity W on X̃. Note that W is not a priori
exact. Indeed there could exists 2 points in X such that πi(x) = πi(y) and there is no way to separate them using
the uniformities Ui (i = 1, 2). So we consider the following quotient spaces:

T̃ = π̃(X̃) = {(π̃1(x), π̃2(x)) ∈ X̃0 × X̃1 : x ∈ X̃}, T = π(X) where π = π̃|X .
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Since π̃i (i = 0, 1) are equivariant the map π̃ is equivariant too. Denoting by π̃i : T̃ → X̃i−2 (i = 3, 4) the
projections on the factors we obtain the following commutative diagram.

X̃

?

π̃

T̃

�
�

�	

@
@
@R

π̃1 π̃2 (3)

X̃1 X̃2

@
@

@I

�
�
��π̃3 π̃4

Since the map π is continuous and surjective the action G y T̃ is 3-discontinuous too [GePo1, Proposition 3.1].
It remains to prove that it is 2-cocompact in the quotient topology. Let ṽ = π(w̃) and consider the uniformity Ṽ
on T̃ generated by the orbit Gṽ. To show that G y T̃ is 2-cocompact it is enough to prove that Ṽ is exact [Ge1,
Proposion E, 7.1].

So let x, y be two distinct points of T̃ . Then either π̃3(x) ̸= π3(y) or π̃4(x) ̸= π̃4(y). For example in the first
case by the exactness of Ũ0 there exists g ∈ G such that g(π̃3(x), π̃3(y)) ̸∈ ũ0. By definition of w̃ we obtain that
(π̃(x), π(y)) ̸∈ ṽ. So Ṽ is exact. �

The aim of the following Proposition is to show that two 32-actions may not have a pullback. We note that
it is one of the rare cases when a fact known for finitely generated relatively hyperbolic groups is not in general
true for non-finitely generated ones.

Proposition 5.5. The free group F∞ of countable rank admits two 32-actions not having a pullback space.

Proof: Let G =< x1, ..., xn, y1, ..., ym, ... > (n ≥ 2) be a group freely generated by the union of a finite set
X = {x1, ..., xn} and an infinite set Y = {y1, ...}. Let A =< X > be a subgroup generated by X, and let H be a
subgroup of A freely generated by an infinite set W = {wi : i ∈ N}.

Set Z = {zm = ymwm : m ∈ N}, P =< Y > and Q =< Z > . The set X ∪ Z is obtained by Nielsen
transformations from X ∪ Y [LS]. So X ∪ Z is also a free basis for G, and the map φ : xi → xi, yk → zk (i =
1, ..., n; k ∈ N) extends to an automorphism of G. We have two splittings of G :

G = A ∗ P, and G = A ∗Q. (1)

Each splittings in (1) gives rise to an action of G on a simplicial tree whose vertex groups are conjugates of
either A or P (respectively Q). We now replace the vertices stabilized by A and its conjugates by their Cayley
trees. Denote the obtained simplicial G-trees by Ti (i = 1, 2). Their edge stabilizers are trivial and vertex
stabilizers are non-trivial if only if they are conjugate to P (respectively to Q). The vertices of T1 (respectively
T2) are the elements of G and the parabolic vertices corresponding to conjugates of P (respectively Q). The graph
Ti is a connected fine hyperbolic graph such that the action of G on edges are proper and cofinite. Hence the
actions satisfy Bowditch’s criterion of relative hyperbolicity [Bo1]. By [Ge2] both actions on the trees extend to
32-actions on compacta Ri which are the limit sets for the actions G y Ti (i = 1, 2).

We claim that P ∩ g−1Qg = {1} for all g ∈ G. Indeed consider the endomorphism f such that f(xi) =
xi, f(yj) = 1 (i = 1, ..., n, j = 1, ...). The map f is injective on Q as well as on every conjugate g−1Qg. From the
other hand Y ⊂ Kerf . So P < Kerf. We have proved that

∀g ∈ G : P ∩ g−1Qg = {1}. (2)

Arguing now by contradiction assume that there exists a pullback space R and equivariant projections πi :
R→ Ri (i = 1, 2). By Lemma 5.4 the action on the quotient space:

T = π(R) = {(π1(r), π2(r)) | r ∈ R}
is 3-discontinuous and 2-cocompact. Note that the action G y T is minimal because G y R is minimal.

By [Ge1, Main theorem, b] all points of T are either conical or bounded parabolic. If p ∈ T is parabolic then
πi+2(p) are parabolic points in both Ri for the map πi+2 = π̃i+2|T (see the diagram in Lemma 5.4). Indeed the
preimage of a conical point by an equivariant map is conical [Ge2, Proposition 7.5.2]. So p must be fixed by the
intersection of some parabolic subgroup g1Pg−1

1 of the first action and a parabolic subgroup g2Qg−1
2 of the second

(gi ∈ G). However by (2) this intersection is trivial. Thus there are no parabolic points for the 32-action G y T .
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By [Bo3, Theorem 8.1] (see also [GePo2, Corollary 3.40]) the group G is hyperbolic and so finitely generated.
This is a contradiction. �

Definition. The set of the stabilizers of the parabolic points for a 32-action on a compactum X is called peripheral
structure on G.

The following theorem provides a sufficient condition for the existence of pullback space for two 32-actions of
a group.

Theorem 5.6. Let G be a group which admits 32-actions on compacta X and Y . Let P be the peripheral structure
corresponding to the action on X. Suppose that every P ∈ P acts 2-cocompactly on ΛY P . Then there exists a
compactum Z equipped with a 32-pullback action of G with respect to its actions on X and Y .

Remark. Using Theorem A one can reformulate the hypotheses above by requiring that the action of each
subgroup P ∈ P is dynamically quasiconvex on their limit sets in Y .

Proof of Theorem 5.6. Denote

R = {P ∩Q : P ∈ P, Q ∈ Q, |P ∩Q| =∞}. (4)

We will indicate a compactum Z acted upon by G 3-discontinuously and 2-cocompactly whose peripheral
structure is R. Denote by Par(Y, P ) the set of parabolic points for the action of P ∈ P on Y. We will need the
following lemma.

Lemma 5.7. Let G,X, Y,P,Q be as in Theorem B. The following properties of a subgroup H⊂G are equivalent:
a: H ∈ R;
b: there exist P ∈ P and q ∈ Par(Y, P ) such that H = StP q.

Proof of the Lemma. b⇒a). If the action of P ∈ P on Y admits a parabolic point q then its stabiliser H is an
infinite subgroup of P . By [Tu2, Theorem 3.A] the point q is parabolic for the action G y Y . We note that the
assumption of [Tu2] that the space is metrisable can be omitted by a small modification of the argument. Let
Q = StGq ∈ Q be the stabilizer of q. We obtain H = P ∩Q ∈ R.

a⇒b). Let H = P ∩ Q for (P,Q) ∈ P×Q. We may assume that P = StGp and Q = StGq for p ∈ Par(X,G),
q ∈ Par(Y,G). Since H is an infinite subset of Q we have ΛY H = {q}. Since H⊂P we have q ∈ ΛY P . If
q is conical for PyΛY P then it is also conical for GyY contradicting by [Tu2, Theorem 3.A] the fact that
q ∈ Par(Y,G). The lemma is proved.

The peripheral structure P consists of finitely many G-conjugacy classes [Ge1, Main Theorem, a]. Since for
every P ∈ P the action P y ΛY P is 2-cocompact there are finitely many P -conjugacy classes of maximal
parabolic subgroups in P. So it follows from Lemma 5.7 that R consists of finitely many G-conjugacy classes.
Since the subgroups in R are infinite, each of them is contained in exactly one P ∈ P and in exactly one Q ∈ Q.
So the inclusions induce well-defined maps P π←− R σ−→ Q equivariant by conjugation.

We now extend the maps π, σ identically over the sets P̃ = G⊔P, Q̃ = G⊔Q, R̃ = G⊔R. Denoting the
extensions by the same symbols we have G-equivariant maps P̃ π←− R̃ σ−→ Q̃. By Lemma 2.1 the set P̃ is the
vertex set of a connected fine graph ∆ such that the action on edges G y ∆1 is cofinite and proper.

We will construct a connected graph Γ whose vertex set is Γ0 = R̃ and the action on edges is cofinite and
proper. The set of edges Γ1 will be obtained by replacing the parabolic vertices P of ∆ by connected graphs
coming from the action of the groups P ∈ P on Y. We do it in the following four steps.

Step 1. Definition of Γ1
1.

Choose a set R# ⊂ R that intersects each conjugacy class by a single element. For every R ∈ R# we join the
vertex R with each element of R ⊂ G and denote by ER this set of edges. Then put

Γ1
1 =

∪
{gER : g ∈ G, R ∈ R#} .

The set Γ1
1 corresponds to the well-known coned-off construction over every coset gR where g ∈ G,R ∈ R#

[Fa], [Bo1].

Step 2. Definitions of Γ1
2 and Γ1

3.
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Choose a set P# ⊂ P that intersects each conjugacy class of P by a single element. For each P ∈ P# we add
to Γ1 a connected G-finite set of pairs according to one of the following ways.

Case 2.1. (hyperbolic case) P ∈ P#\Imπ (or equivalently π−1(P ) ∩R = ∅).
Then P acts on Y either as an elementary loxodromic 2-ended subgroup, or the action P y ΛY P is a non-

elementary 32-action without parabolics [Tu1, Theorem 3A]. In both cases every point of ΛY P is conical [Ge1,
Main Theorem, b] and G is a hyperbolic group [Bo3, Theorem 8.1] (for another proof of this fact see [GePo1,
Appendix]). There exists a P -finite set Γ1

P of pairs of elements of P such that the graph (P,Γ1
P ) is connected.

Put Γ1
2 =

∪{
gΓ1

P : g ∈ G, P ∈ P#\Imπ
}
.

Case 2.2 (non-hyperbolic case) P ∈ P# ∩ Imπ.
There is a canonical bijection τP : Par(Y, P )→ π−1P . Let

MP = {g ∈ G : g is joined by a Γ1
1-edge with some R ∈ π−1P}.

The set MP is P -invariant and P -finite by the construction. Let Γ1
P be the P -finite set of pairs of the elements

of the P -invariant set MP∪π−1P such that (P,Γ1
P ) is connected. The latter one exists as the graph corresponding

to the 32-action P y ΛY P is connected by Lemma 2.1. Put

Γ1
3 =

∪{
gΓ1

P : g ∈ G, P ∈ P# ∩ Imπ
}
.

Step 3. Definition of Γ1
4. Consider in the graph ∆ the set of all its “horospherical” edges ∆1

0 = {(P, g) : P ∈
P, g ∈MP }. Let Γ1

4 be the set of all non-horospherical edges of ∆:

Γ1
4 = ∆1 \∆1

0.

Step 4. Definition of Γ1. Let
Γ1 = Γ1

1 ∪ Γ1
2 ∪ Γ1

3 ∪ Γ1
4. (5)

The set Γ1 is obviously G-finite.

Lemma 5.8. The graph Γ = (Γ0,Γ1) is connected.

Proof of the lemma. Since every vertex of Γ is either an element of G or is joined with an element of G it suffices
to verify that every two elements of G can be joined by a path in Γ. We initially join them by a path γ in the
connected graph ∆. We transform this path as follows. If all vertices of γ belong to G then γ is also a path
in Γ. It γ passes through a point P ∈ P then it has a subpath of the form g0−P−g1 where g0, g1 ∈ MP . The
graph of P corresponding to the action on Y is connected. So we can replace this subpath by a subpath with
the same endpoints all whose vertices are contained in MP (in the “hyperbolic” case) or in MP∪π−1P (in the
“non-hyperbolic” case). In both cases the edges of this new subpath belong to Γ1. The lemma is proved.

End of the proof of Theorem 5.6. By Lemma 2.2 the sets P̃ and Q̃ admit perspective dividers u ⊂ P̃2, v ⊂ Q̃2.
Since the projection π and σ commute with the group action the lifts π−1u and σ−1v are perspective dividers on
Γ0 = R̃.

It is a direct verification that w = π−1u ∩ σ−1v is a perspective divider on Γ0. Indeed if g(a, b) ̸∈ w0 then
g(π(a), π(b)) ̸∈ (u0 = u|P̃) or g(σ(a), σ(b)) ̸∈ (v0 = v|Q̃). So there exist at most finitely many such elements g ∈ G

as u0 and v0 are both perspective. Similarly w0 is a divider on Γ0 as if (∩F1{u0})2 ⊂ u0 and (∩F2{v0})2 ⊂ v0

for some finite Fi ⊂ G (i = 1, 2) then (∩F{w0})2 ⊂ w0 where F = F1 ∩ F2.

It follows that the projections π : (Γ0,w) → (P̃,u) and σ : (Γ0,w) → (Q̃,v) are uniformly continuous with
respect to the uniformities generated by the divider orbits.

By Lemma 2.4 the action of G on the Cauchy-Samuel completion Z̃ of (Γ0,w) is a 32-action. By [Bourb, II.23,
Proposition 13] the completion Z̃ coincides with the closure ClX̃×Ỹ (Γ

0) of Γ0 embedded diagonally in X̃ × Ỹ

where X̃ = X ⊔ G and Ỹ = Y ⊔ G. So the projections π and σ extend continuously to the equivariant maps
π̃ : Z̃ → X̃ and σ̃ : Z̃ → Ỹ whose restrictions to G is the identity. We have proved that Z = ΛZ̃G is a pullback
space. The Theorem is proved. �

To prove the statement converse to Theorem 5.6 we need the following direct generalization of the argument of
[MOY, Lemma 2.3, (4)] avoiding the metrisability assumption.
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Lemma 5.9. Let a group G admits two non-trivial 3-discontinuous actions on compacta X and Y , and let
f : X → Y be an equivariant continuous map. Let H be a subgroup of G such that ΛY H $ Y . Suppose that
H acts cocompactly on Y \ ΛY H. Suppose that for every infinite set B ⊂ G \ H there exist an infinite subset
B0 ⊂ B and at least two distinct points ri ∈ f−1(ΛY H) such that ∀g ∈ B0 : g(ri) ̸∈ f−1(ΛY H) (i = 1, 2). Then
f−1(ΛY H) = ΛXH.

Corollary 5.10. If p is a bounded parabolic point for the action of G on Y then f−1(p) is the limit set ΛX(StY p)
of StGp for the action on X.

Proof of the Corollary. By the equivariance and continuity of f we have ΛXH ⊂ f−1(ΛY H) where H = StGp.
So if f−1(p) is a single point then the statement is trivially true. If f−1(p) contains at least two distinct points
ri (i = 1, 2) then we have ∀g ∈ G \H : g(ri) ̸∈ f−1(ΛY H) as g(p) ̸= p. and we apply Lemma 5.9. �

Proof of the Lemma. The statement is trivial if H is finite, so we assume that H is infinite. Suppose first
that the set f−1(ΛY H) is finite. Since f(ΛXH) ⊂ ΛY H then f−1(ΛY H) is pointwise fixed under a finite index
subgroup of H. So f−1(ΛY H) = ΛXH in this case.

Suppose that f−1(ΛY H) is infinite. Suppose by contradiction that there exists a point s ∈ f−1(ΛY H)\ΛXH.
Then there exist an infinite set B ⊂ G \ H converging to the cross whose attractive limit point is s. By our
assumption there exists an infinite subset B0 ⊂ B and distinct points ri ∈ f−1(ΛY H) such that ∀g ∈ B0 :
g(ri) ̸∈ f−1(ΛY H) (i = 1, 2). Then one of them z ∈ {r1, r2} is not repulsive for a limit cross of B0. So for every
open neighborhood Us of s there exists an infinite subset B′

0 ⊂ B0 such that ∀g ∈ B′
0 : g(z) ∈ Us \ f−1(ΛY H).

Let K be a compact fundamental set for the action H y (Y \ΛY H). Since X is compact and f is equivariant
the set f−1(K) = K1 is a compact fundamental set for the action of H on X \ f−1(ΛY H). Therefore for every
g ∈ B there exists h ∈ H such that hg(z) ∈ K1. The set

As = {h ∈ H : h(K1) ∩ Us ̸= ∅}
is infinite for every open neighborhood Us. Indeed if it is not true for some Us then by the argument above the
orbit As(K1) intersects every neighborhood U∗

s of s such that U∗
s ⊂ Us. Then by compactness of K1 we would

have h−1(s) ∈ K1 for some h ∈ H, implying that f(s) ∈ h(K). This is impossible as ΛY (H) ∩ h(K) = ∅ for any
h ∈ H. Therefore there exists infinitely many h ∈ H such that h(K1) ∩ Us ̸= ∅ for every neighborhood Us of s.
Thus s ∈ ΛXH. A contradiction. �

The main result of the paper is the following.

Theorem B. Two 32-actions of G on compacta X and Y with peripheral structures P and Q admit a pullback
space Z if and only if one of the following two conditions is satisfied (and so both of them):

1. ∀P ∈ P acts 2-cocompactly on ΛY P
2. ∀Q ∈ Q acts 2-cocompactly on ΛXQ.

Proof: After Theorem 5.6 we need only to show that if the pullback space Z exists then every Q ∈ Q acts
2-cocompactly on ΛXQ. Suppose that G admit a pullback action G y Z for two 32-actions on X and Y and let
X

f1← Z
f2→ Y be the equivariant continuous maps.

By Lemma 5.4 we may assume that the action G y Z is 2-cocompact. Let q ∈ Y be a parabolic point and
Q = StGq ∈ Q.

By Corollary 5.10 f−1
2 (q) is the limit set ΛZQ. Since (Y \{q})/Q is compact, Z is compact and f2 is equivariant

and continuous, Q acts cocompactly on Z \ f−1
2 (q) = Z \ΛZQ.

The set f1(ΛZQ) is a closed Q-invariant subset of X. So ΛXQ ⊂ f1(ΛZQ). Since f1 is continuous and
equivariant we have ΛXQ = f1(ΛZQ) and the action Q y X \ΛXQ is cocompact.

By Lemma 2.1 there exists a connected, fine, hyperbolic graph Γ1 corresponding to the 32-action G y X such
that the action G y Γ1

1 is proper and cofinite.
In the following lemma we will use the notion of a dynamical bounded subgroup introduced in [GePo3, section

9.1]. Recall the topological version of this definition: a subgroup Q of G is said to be dynamically bounded for the
action on X if there exist finitely many proper closed subsets Fi of X such that ∀g ∈ G ∃ i : g(ΛXQ) ⊂ Fi.

Considering the action of Q on X̃ = X ∪ Γ1 we have.
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Lemma 5.11. If a subgroup Q of G acts cocompactly on X \ΛXQ then it acts cocompactly on X̃ \ΛXQ.

Proof of the lemma. The parabolic subgroup Q is obviously dynamically bounded for the action on Y . Indeed
since Y is compact there are finitely many closed proper subsets Ri of Y such that ∀g ∈ G ∃ i ∈ {1, ...,m} :

g(q) ∈ Ri. Since Fi = f2f
−1
1 (Ri) is closed in X and fi is surjective and equivariant, we have X =

∪
i∈{1,...,m}

Fi

and g(ΛXQ) = g(f2f
−1
1 (ΛY Q)) ⊂ Fi for some i ∈ {1, ...,m}. So Q is dynamically bounded for the action on X.

The proof of [GePo3, Proposition 9.1.3] implies that if Q is dynamically bounded on X and acts cocompactly
on X \ΛXQ then it acts cocompactly on X̃ \ΛXQ. �
Remark. The metrisability assumption stated in [GePo3, Proposition 9.1.3] was only used to satisfy another
(metric) definition of the dynamical boundness which we do not use here.

End of the proof of Theorem B. By Lemma 5.11 the action Q y (X̃ \ΛXQ) is cocompact. Let K ⊂ (X̃ \ΛXQ)
be a compact fundamental set for this action. By Corollary 4.5 it is enough to prove that |C1/Q| < ∞ where
C1 is the set of edges of C = HullX(ΛQ). Let e = (a, b) ∈ C1. Then one of its vertices, say a, is not in ΛXQ.
By definition of C there exists an infinite eventual geodesic γ such that e ⊂ γ(Z) and γ({−∞,+∞} ⊂ ΛXQ. So
there exists g ∈ Q such that g(a) ∈ K ∩ C and ge ⊂ gγ(Z).

We have ΛXQ ∩ K = ∅. By the exactness of the uniformity U of the topology X̃ there exists an entourage
u ∈ U such that u∩ (K×ΛXQ) = ∅. By the visibility property there exists a finite set F ⊂ Γ1 such that uF ⊂ u.
So every geodesic from K to ΛXQ contains an edge from F. Hence gγ(Z) contains a finite simple geodesic subarc
l such that g(a) ∈ l0 and ∂l ⊂ F 0. Since the graph Γ is fine there are finitely many geodesic simple arcs joining
the vertices of F 0. So the set E of the edges of these arcs is finite. We have proved that Q(E) = C1 and so
|C1/Q| <∞. Theorem B is proved. �

6. Corollaries

The goal of this Section is the following list of corollaries.

Corollary 6.1. Let a group G acts on compacta X and Y 3-discontinuously and 2-cocompactly. Let P and Q be
the peripheral structures for the actions on X and Y respectively. Then the following statements are true.

a) Suppose that one of the conditions 1) or 2) of Theorem 5.6 is satisfied then G is relatively hyperbolic with
respect to the system R = {P ∩Q : P ∈ P, Q ∈ Q, |P ∩Q| =∞}.

b) Every P ∈ P acts 2-cocompactly on ΛY P if and only if every Q ∈ Q acts 2-cocompactly on ΛXP .

c) Assume that ∀P ∈ P ∃Q ∈ Q : P < Q. Then the induced action of every Q ∈ Q on ΛXQ is 2-cocompact.

d) Suppose that for every P ∈ P there exists Q ∈ Q such that P < Q. Then there exists an equivariant
continuous map f : X → Y . Furthermore the induced action of every Q ∈ Q on ΛXQ is 2-cocompact.

e) If P = Q then the actions are equivariantly homeomorphic.

f) Let H ∈ P. Then we have:
f1) If G is finitely generated then the subgroup H is dynamically quasiconvex for the action on Y.
f2) If G is not finitely generated the statement f1) is not true in general.

Proof: a) directly follows from Theorem 5.6.

b) By Theorem 5.6 the pullback space Z exists. Then by Theorem B every Q ∈ Q acts 2-cocompactly on
ΛXQ.

c) By the assumptions the elements of P act parabolically on Y. So they all act 2-cocompactly on their limit
sets on Y . Then by b) the elements of Q act 2-cocompactly on their limit sets on X.

d) By the assumptions the elements of P act parabolically on Y . So they act 2-cocompactly on their limit sets
on Y . By Theorem 5.6 there exists a 32-action G y Z which is a pullback action for the actions on X and Y .
We have two equivariant continuous maps π : Z → X and σ : Z → Y.

We claim that π is injective. Indeed every point x of X is either conical or bounded parabolic [Ge1, Main
Theorem, b]. If x ∈ X is conical then π−1(x) contains is a single point [Ge2, Proposition 7.5.2].

If p ∈ X is a bounded parabolic and P = StGp then by Corollary 5.10 π−1(p) = ΛZ(P ). By Theorem 5.6 the
peripheral structure for the action G y Z is R = P ∩ Q = P. By the assumption we have P ∈ R is parabolic



SIMILAR RELATIVELY HYPERBOLIC ACTIONS OF A GROUP 19

for the action on Z, so π−1(p) is a single point. Thus π is injective and so is a homeomorphism. Hence map
f = σ ◦ π−1 : X → Y is equivariant and continuous.

e) follows from d).

f1) Indeed if G is finitely generated the Floyd boundary ∂fG is universal pullback space for any two 32-actions of
G on X and Y [Ge1, Map theorem]. So if H is a maximal parabolic subgroup for the action on X by the necessary
condition of Theorem B it acts 2-cocompactly on ΛY H. Then by Theorem A it is dynamically quasiconvex.

f2) Proposition 5.5 provides a contre-example. Indeed there is no pullback action for two 32-actions of the
free group F∞ on two spaces. By Theorem B there exists a parabolic subgroup of one of the actions which does
not act 2-cocompactly on its limit set for the other one. Again by Theorem A the sugroup is not dynamically
quasiconvex for the second action.

The Corollary is proved. �

Remarks 6.2. The statements d) and e) give rise to more restrictive similarity properties of 32-actions given by
equivariant maps.

The statement d) was already known in several partial cases. If first, G is finitely generated then it follows
from the universality of the Floyd boundary. Indeed by [Ge2] there exist continuous equivariant (Floyd) maps
F1 : ∂G → X and F2 : ∂G → Y where ∂G is the Floyd boundary of the Cayley graph of G (with respect to
some admissible scalar function). By [GePo1, Theorem A] for a parabolic point p ∈ ΛXG the set F−1

1 (p) is the
limit set Λ∂GP of the stabilizer P = StGp for the action G y ∂G. Since F2 is equivariant the set F2(Λ∂GP )
is contained in the limit set ΛY Q = {q}. So the map f = F2F

−1
1 is well-defined on the set of parabolic points

of ΛXG. Furthermore f is 1−to−1 at every conical point of ΛXG [Ge2, Proposition 7.5.2]. Since all spaces are
compacta the map f is continuous. It is also equivariant as Fi are equivariant. So the map f satisfies the claim
in this case.

The statement of d) with the additional assumptions that G is countable and X and Y are metrisable was
proved in [MOY]. Their proof uses the condition e) which was assumed to be known in this case.

The statement e) generalizes the last part of the main result of [Ya] to the case of non-finitely generated
groups. It follows from e) that for a 32-action of G on X whose set of the parabolic points is ParX , there exists
an equivariant homeomorphism from X to the Bowditch’s boundary of the graph Γ whose vertex set is G∪ParX .
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