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EIGENVALUES OF FROBENIUS ENDOMORPHISMS OF
ABELIAN VARIETIES OF LOW DIMENSION

YURI G. ZARHIN

ABSTRACT. In this paper we discuss nontrivial multiplicative relations among
eigenvalues of Frobenius endomorphisms of abelian varieties over finite fields.
(The trivial relations are provided by the “Riemann Hypothesis” that was
proven by A. Weil.) We classify all abelian varieties over finite fields of dimen-
sion < 3 that admit the nontrivial relations.

1. INTRODUCTION

There is a lasting interest in the study of multiplicative relations between eigen-
values of the Frobenius endomorphism Fryx of an abelian varietiy X over a finite
field k = IF, of characteristic p (where g is a power of p). A nontrivial multiplicative
relation between the eigenvalues gives rise to an exotic Tate class on a certain self-
product of X [26, [0, 27]. (Here exotic means that this class cannot be presented as
a linear combination of products of divisor classes.) These relations are important
in the study of ¢-adic representations attached to abelian varieties over global fields
[24, 25]. In particular, they play a crucial role in Serre’s theory of Frobenius tori
[20). On the other hand, the absence of nontrivial multiplicative relations between
the eigenvalues of most jacobians over finite fields is viewed as an analogue of con-
jectures of Q-linear independence of ordinates of zeros of L-functions over number
fields [3]. The absence of these relations for the jacobian of a given curve C over F,
was used in [I] in order to study an asymptotic behavior of the normalized error
term in Weil’s formula for the number of points of C in degree n extensions Fg» of
the ground field.

In this paper we study the nontrivial multiplicative relations for abelian varieties
of small dimension. Our main tool, as in [24] 25, 26 [6], 27], is the multiplicative
group I'(X, k) generated by the set Rx of eigenvalues of Frx. Recall that o +— ¢/«
is a permutation of Rx and notice that

1 (49)? —1, 2\~1
0 (5) =)
This implies that if e : Rx — Z is an integer-valued function such that

e(a) =e(q/a) Ya € Rx

H (q71a2)e(0¢) -1

aERx
Assuming that k is sufficiently large with respect to X, i.e., I'(X, k) does not
contain nontrivial roots of unity, we say that X is neat (see [27, Sect. 3] and Sect.
below) if it enjoys the following property.

then
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Ife: Rx — Z is an integer-valued function such that

H (q—1a2)e(a) -1
acRx
then e(a) = e(q/a) for all & € Rx.

Notice that X is neat if and only if every Tate class on each self-product of X can
be presented as a linear combination of products of divisor classes [26], 6, 27]. (In
particular, the Tate conjecture holds true for all self-products of X.) An analogy
with the Hodge conjecture for complex abelian varieties [7] suggests that up to
dimension 3 all abelian varieties over finite fields should be neat. However, it turns
out that there are non-neat abelian threefolds (see below).

Our main result is the following statement.

Theorem 1.1. Suppose that 1 < dim(X) < 3 and k is sufficiently large with respect
to X. Then X is not neat if and only if it enjoys all of the following three properties.
(i) X is abslolutely simple, all endomorphisms of X are defined over k and its
endomorphism algebra EndO(X) is a sextic CM-field that is generated by
Frx.
(ii) End®(X) contains an imaginary quadratic subfield B that enjoys the fol-
lowing property. If
Norm : End®(X) — B
is the norm map corresponding to the cubic field extension End® (X)/B then
Norm (q_lFri() =1

(i) X is almost ordinary, i.e. the set of slopes of its Newton polygon is {0,1/2,1}

and length(1/2) = 2.
Remarks 1.2. Let X and B satisfy the conditions (i)-(iii) of Theorem [Tl Let
us fix an embedding B C C of the imaginary quadratic field B into the field C of
complex numbers.

o Let
01,09,03 : End’(X) < C
be the distinct embeddings of sextic End’(X) to C that act as the identity
map on B. Let us put

a; =o01(Frx), as = 02(Frx), as = o3(Frx).

Then a1, ag, a3 are distinct eigenvalues of Frx, the set Rx consists of six
distinct elements

{041,OZ2,043; Q/Of1,Q/0427Q/CY3}

and
3

1 =Norm(q¢~'Fr%) = H g ta?.
i=1
In particular,
q3 = (041042043)2-
Notice that the set ® = {o71,09,03} is a CM-type of the sextic CM-field
End’(X), which is not primitive. (See [II, p. 406] for a concise definition
of a primitive CM-type.)
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e Since X is absolutely simple, End’(X) is a field and X is not ordinary, it
follows from [2, Th. 3.6.ii)] that p does not split completely in End®(X),
i.e., the tensor product End"(X) ®g Q, is not isomorphic to a direct sum
of six copies of Q.

e Since End’(X) is a sextic CM-field, it is a totally imaginary quadratic
extension of a certain totally real cubic field K. Clearly, B and K are
linearly disjoint over K and the natural field homomorphism

B® K — End’(X), 2@y — zy

is a field isomorphism. The cubic extension K/Q is not Galois. Indeed,
otherwise it is abelian (even cyclic), the field extension End®(X)/Q is
also a Galois extension and its Galois group coincides with the product
Gal(B/Q) x Gal(K/Q). In particular, Gal(End®(X)/Q) is abelian. By [2,
Th. 3.6.iii], p splits completely in End’(X), which is not the case.

e For each prime £ # p there exists an exotic six-dimensional ¢-adic Tate class
on X x X [27, Sect. 3].

Remark 1.3. See [27, Sect. 4] for examples of non-neat abelian threefolds con-
structed by Hendrik Lenstra,Jr. See also Section [ below.

Notice that the property to be ordinary is an open condition in the moduli
space of (polarized) abelian varieties of given dimension in characteristic p. Thus
Theorem [[1] implies that a typical abelian threefold is neat. On the other hand,
one may construct non-neat ordinary abelian fourfolds, using results of [10]; see
also Sect. [8

The paper is organized as follows. In Section 2l we express the neatness property
of X in terms of the minimal polynomial Px nin(¢) of Frx. In Section [l we review
results of [27]. In Section Ml we discuss Newton polygons of abelian varieties over
finite fields. Section [l contains a non-existence result for a certain class of simple
abelian surfaces. Section [ contains the proof of Theorem L1l Section [7] deals with
examples. In Section [§] we discuss certain abelian fourfolds over finite fields.
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2. RANKS OF NEAT ABELIAN VARIETIES

As usual, ¢ is a prime different from p and N,Z,Z;,Q,C, Q¢, Q, stand for the
set of positive integers, the rings of integers and f¢-adic integers, and the fields
of rational, complex, f-adic and p-adic numbers respectively. If z is a complex
number then we write z for its complex-conjugate. Similarly, if ¢ : £ — C is
a field embedding then we write ¢ for the corresponding complex-conjugate field
embedding

¢:E—=C, z— ¢(z).
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We write Z ) for the subring
a
Z(g) = {E |a€Z, bEZ\KZ}CQ;

we may also view Z, as the subring of Z,. (Similarly, the subring Z¢,) C Q is
defined.) If A is a finite set then we write #(A) for number of its elements. We
write rk(A) for rank of a finitely generated commutative group A. Throughout this
paper k is a finite field of characteristic p that consists of ¢ elements, k an algebraic
closure of k and Gal(K) = Gal(k/k) the absolute Galois group of k. It is well known
that the profinite group Gal(K) is procyclic and the Frobenius automorphism

op k= k, x> ad

is a topological generator of Gal(k).

Let X be an abelian variety of positive dimension over k. We write End(X)
for the ring of its k-endomorphisms and EndO(X ) for the corresponding (finite-
dimensional semisimple) Q-algebra End(X) ® Q. We write Fry = Frx  for the
Frobenius endomorphism of X. We have

Frx € End(X) ¢ End’(X).

By a theorem of Tate |21 Sect. 3, Th. 2 on p, 140], the Q-subalgebra Q[Frx]| of
End®(X) generated by Fry coincides with the center of End’(X). In particular, if
End’(X) is a field then End’(X) = Q[Frx].

If ¢ is a prime different from p then we write Ty(X) for the Z,-Tate module of
X and Vp(X) for the corresponding Q-vector space

Ve(X) = To(X) ®z, Qe

It is well known [9] Sect. 18] that Ty(X) is a free Z;-module of rank 2dim(X) that
may be viewed as a Zg-lattice in the Qg-vector space V4(X) of dimension 2dim(X).

By functoriality, End(X) and Frx acts on (T¢(X) and) V4(X); it is well known
that the action of Frx coincides with the action of o;. By a theorem of A. Weil
[9) Sect. 19 and Sect. 21], Frx acts on V;(X) as a semisimple linear operator, its
characteristic polynomial

]Px(t) = Pxﬁk(t) = det(tId — Frx, Vg(X)) S Z[[t]

lies in Z[t] and does not depend on a choice of ¢. In addition, all eigenvalues of Frx
(which are algebraic integers) have archimedean absolute value equal to ¢*/2. This
means that if

L=LxC C
is the splitting field of Px (¢) and
Rx = RX,k CcL

is the set of roots of P(t) then L is a finite Galois extension of Q such that for every
field embedding L — C we have | o |= ¢'/2 for all a € Rx. Let Gal(L/Q) be the
Galois group of L/Q. Clearly, Rx is a Gal(L/Q)-invariant (finite) subset of L*. Tt
follows easily that if « € Rx then ¢/a € Rx. Indeed, ¢/« is the complex-conjugate
a of a. We have
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Remark 2.1. Let m(«) be the multiplicity of the root o of Px(¢). Then

Pe()= ] (t— o)™ ec (1)
a€Rx
and
rk(End(X)) = Y m(e)’ (2)
a€Rx
(see |21, pp. 138-139], especially (4) and (5)). Let s be a finite overfield of k of
degree d and X’ = X xj . Then Ty(X,) and V4(X,) are canonically isomorphic
to Ty(X) and V;(X) respectively,

Frx, = Fr% C End(X) C End(X,),
Rx, ={a"|a € Rx}, Px (&)= ] (t—a®)™.

a€ERx

Suppose that «/f is not a root of unity for every pair of distinct o, 5 € Rx.
This implies that a? and 8% are distinct roots of Px_(t). It follows that for every
a € Ry the positive integer m(a) coincides with the multiplicity of root a? of the
polynomial Px_(¢). The formulas (1) and (2) applied to X,; give us the equality
rk(End(X,)) = rk(End(X)), which implies that End(X,) = End(X), because the
quotient End(X)/End(X) is torsion-free [19, Sect. 4, p. 501]. In particular, if X
is simple then it is absolutely simple.

Remark 2.2. Let Op, be the ring of integers in L. Clearly, Rx C Op. It is also
clear that if B is a maximal ideal in Oy, such that char(Op/9B) # p then all elements
of Rx are B-adic units.

Remark 2.3. Notice that Rx is a Gal(L/Q)-orbit if and only if Px(¢) is a power
of an irreducible polynomial (over Q), which means that X is isogenous over k to
a simple abelian variety over k |21, Theorem 2(e)] (see also [14, Sect. 5, Th. 5.3
and Remark after it]).

By functoriality, End’(X) and Q[Frx] act on V;(X). This action extends by
Q¢-linearity to the embedding of QQg-algebras

Q[Frx] ®g Q¢ € End’(X) ®g Q¢ = End(X) ®g Q¢ C Endg, (Ve(X)).
Example 2.4. Let us assume that
E = Q[Frx]

is a field. Then it is known [I6, Th. 2.1.1 on p. 768] that V;(X) carries the natural
structure of a free E®gQ-module and this module is free of rank e = 2dim(X)/[E :
QJ. Tt follows that

]PX (t) = []P)X7min(t)]e, 2d1m(X) = deg(]P’X) = edeg(IP’X,min)

where Px yin(t) is the minimal polynomial of the semisimple linear operator Fry :
Vo(X) — Vi(X). Clearly, Px min(t) has integer coefficients, Px min(Frx) = 0 €
End(X) and the natural homomorphism

Q[t]/Px min(t)Q[t] = Q[Frx], t = Frx + Px min(t)Q[t]

is a field isomorphism. In particular, Px min(t) is irreducible over Q.
This implies that if we fix an embedding E C C then Lx is the normal closure
of ¥ over Q and Rx is the set of images of Fry in C with respect to all field



6 YURI G. ZARHIN

embeddings E — C; in addition, every eigenvalue o € Rx has multiplicity e. Since
Frx generates E (over Q), we conclude that if

¢:E—=C,¢v: E—=C
are two distinct field embeddings of E into C then

o(Frx) # ¢(Frx).

Now assume additionally that X is simple and dim(X) > 1; if dim(X) = 2 then we
also assume that X is absolutely simple. Then it is known ([22] Sect. 1, Exemples])
that E is a CM-field. In particular, it has even degree say, 2d = deg(Px min) and
for each field embedding ¢ : E < C its complex-conjugate ¢ : F < $ does not
coincide with ¢. Now let ® be a CM-type of E, i.e., a set {¢1,...¢q} of d distinct
field embeddings £ < C such that ¢; # ¢; for all i,j. Now if ® = {¢ | ¢ € ®}
then @ ® = () and
‘I)U(I):{(bl,...,d)d; (bl,...,gbd}

coincides with the 2d-element set of all field embeddings E < C. It follows that
if we put o; = ¢;(Frx) for all ¢ with 1 <4 < d then Rx consists of 2d distinct
elements

L—_ 9 _ 9
{ag,...,aq; a1 = —,...,ag = —}.
aq Qq

Notice also that
2dim(X) = deg(Px) = e - deg(Px,min) = € - 2d.
We write
I'=I(X,k)
for the multiplicative subgroup of L* generated by Rx. Using Weil’s results men-
tioned above, one may easily check that I'x contains g and is a finitely generated

group of rank rk(I") < dim(X) + 1. Notice that the rank of T" is dim(X ) + 1 if and
only if T is a free commutative group of rank dim(X) + 1 [26].

Remark 2.5. It follows from Remark that if B is a maximal ideal in O, such
that char(Op/B) # p then all elements of I'(X.k) are B-adic units.

We write
I’ =T'(X, k)
for the multiplicative subgroup of L* generated by all the eigenvalues of q*lF@.
In other words, I is the multiplicative (sub)group generated by

Ry ={q¢'a? | a € Rx}.

Clearly, all the archimedean absolute values of all elements of IV are equal to 1.
One may easily check that

k(") + 1 =rk(T)

and T and ¢ generate a subgroup of finite index in I". We define the rank of X as
rk(I'") and denote it by rk(X). Clearly,

0 < rk(X) < dim(X).

It is known [27) Sect. 2.9 on p. 277 and Remark 2.9.2 on p. 278] that if Y is an
abelian variety over k then

max(rk(X),rk(Y)) < rk(X x V) < rk(X) + rk(Y).
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Notice also that rk(X) does not depend on a field of definition of X and would not
change if we replace X by an isogenous abelian variety. In addition, rk(X) = 0 if
and only if X is a supersingular abelian variety (|27, Sect. 2.0]).

This implies the following trivial multiplicative relation between eigenvalues

aaﬁaQ/avq/ﬁ S RX-
(3)

q
a-—=qg=p"
«

SIS

Let us put

Ry :={¢ 'o® | a € Rx}.
Clearly, all elements of R have archimedean absolute value 1 with respect to all
field embeddings L < C and the map 8 — 87! is an involution of RYy.

Assume that k is sufficiently large with respect to X, i.e., the multiplicative
group I'(X, k) generated by k does not contain roots of unity (except 1). This
implies (thanks to Remark [Z]) that all the endomorphisms of X are defined over
k. On the other hand, the map

Rx - Ry, a—d = g ta?

is a bijective map that sends ¢/« to 1/c’.
Suppose that there are an integer-valued function e : Ry — Z and an integer M

such that
H ae(a) _ qM' (4)

a€ERx
Since the archimedean absolute value of each « is |/q, we have

1
3 ( Z e(a)) =M
a€ERx
and therefore
2M = Z e(a), H a2e(@) = 2M

a€ERx a€Rx
This implies that
IT @ ta?)*™ =1 ()
a€ERx
We may rewrite (5) as
I 3@ =1 (5bis)
BER,
where €/ (a?/q) := e(a).
Conversely, if (5bis) holds for some €’ : Ry, — Z then we have
H ae(a) — qM
a€ERx
with e(a) := 2¢/(a?/q) and M = ZBER’X €'(B). We say that X is neat if it enjoys
one of the following obviously equivalent conditions (we continue to assume that k
is sufficiently large).
(i) Suppose an integer-valued function e : Rx — Z and a positive integer M
satisfy (3). Then e(a) = e(¢/a) Yo € Rx.
(ii) Suppose an integer-valued function ¢’ : R — Z satisfies (5bis). Then

e'(B)=¢€(1/8) VB € R.
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Remark 2.6. Let us consider the (sub)set Rx s of o € Ry such that ¢ *a? is a
root of unity. (Here the subscript ss is short for supersingular.) Clearly, o € Rx g5
if and only if ga~! € Rx ¢s. It is also clear that if Rx ¢ is non-empty then 1/2 is
a slope of the Newton polygon of X (see Sect. [l below). The converse is not true
if dim(X) > 1.

Recall [27, Definition 2.3 on p. 276] that k is sufficiently large with respect to
X or just sufficiently large if I'(X, k) does not contain roots of unity different from
1. If m the order of the subgroup of roots of unity in I'(X, k) and k/k is a finite
algebraic field extension then k is sufficiently large for X if and only if the degree
[ : K] is divisible by m [27, p. 276]. In particular, if &k is sufficiently large and
B € R is a root of unity then 8 = 1. Notice also that if rk(X) = dim(X) then
I(X,k) is a free commutative group [26] Sect. 2.1], i.e., k is sufficiently large.

Lemma 2.7. Suppose that k is sufficiently large with respect to X. If Rx ¢ 1
non-empty then the following conditions hold:
(i) q is a square.
(i) Rx.s is either the singleton {\/q} or the singleton {—\/q}. In both cases
R’ contains

¢ (+v9)* = 1.

Proof. Let o € Ry ss. Since the root of unity ¢~ 1a? lies in I'(X, k), we conclude
that o? = ¢. Since Ry is Gal(L/Q)-stable, we conclude that if ¢ is not a square
then both /g and —,/q lie in Ry and therefore

oV I'(X, k),
q

which is not the case, because k is sufficiently large. Therefore ¢ is a square and
Rx is either the singleton {,/g} or the singleton {—,/g}. O

Remark 2.8. Suppose that k is sufficiently large. Then if a; and a9 are distinct
elements of Rx then

|

az

1 1

and therefore ¢~ 'af and ¢~ a3 are distinct elements of R’ . This implies that

#(Rx) = #(R).

Till the end of this Section we assume that k is sufficiently large with respect to
X.

In order to compute the rank of neat abelian varieties, let us consider the minimal
polynomial Px min(t) of the semisimple linear operator Frx : V4(X) — V¢(X). The
set of roots of Px min(t) coincides with one of Px (t), i.e., with Rx; in addition, all
the roots of Px(t) are simple. It follows from Remark [Z3] that if X is simple or
k-isogenous to a k-simple abelian variety then Px yin(t) is irreducible over Q and
Px(t) = [Px min(t)]¢ for a certain positive integer d. In general case the minimal
polynomial

PX,min(t) = H (t - Oé)

aERx

and its degree deg(IPx min) coincides with #(Rx).
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Example 2.9. Suppose X a supersingular abelian variety. According to Subsection
13 o?/qis aroot of unity for all & € Ry, i.e., Rx = Rxs. It follows from Lemma
27 that g is a square and Rx is either the singleton {—,/q} or the singleton {,/g}.
Then Px min(t) is a linear polynomial that equals t — /g or t + /q respectively.
This implies that that Px () = (t£1/g)?¥™™) and Ry is always the singleton {1}.
It follows that X is neat.

Example 2.10. Suppose Rx s is empty. This implies that o # ¢/a for every
o € Rx, the set Rx consists of even, say, 2d elements. Then one may choose d
distinct elements aq, ..., aq of Rx such that

Rx ={a1,...,aq; q/aa,...,q/aq}.
If we put 8; = ¢~ 'a? then R also consists of 2d (distinct) elements and coincides
with
(B, Bay BTt BT
In particular, rk(X) < d. Now X is neat if and only if the set {81,...,84} is
multiplicatively independent, which means that

rk(X) = d.
If this is the case then

l"k(X) —d= #(RX) _ deg(PX,min)'
2 2

Example 2.11. Suppose Rx g is non-empty but does not coincide with the whole

Rx. Let us denote by ag the only element of Rx «; as we have seen above, ¢

is a square and ag = +,/g. This implies that if « is an element of Rx that is

different from «aq then « # g/, the set Rx \ {ap} consists of even number of, say,

2d elements. Then one may choose d distinct elements oy, . .., aq of Rx \ {ao} such

that

Rx ={ao; on,...,0a; q/u1,...,q/aa}.
If we put 3; = ¢~ 'a? then By = 1 and R’y consists of (2d + 1) distinct elements
{l;ﬂla"'vﬂd; ﬂl_lv"'aﬂd_l}'

In particular, tk(X) < d. Now X is neat if and only if the set {81,...,8q4} is
multiplicatively independent, which means that

rk(X) = d.
If this is the case then

#(Rx) —1 - deg(]P’X_’min) -1

2 B 2 '
Example 2.12. Suppose that X is simple and rk(X) = 1. It follows from Lemma
2.10 of [27] that R’ consists of two elements, say, § and 3~1. Clearly, 3 is not a
root of unity. This implies easily that X is neat.

tk(X)=d=

We will need the following elementary lemma.

Lemma 2.13. Let p be a prime, B an imaginary quadratic field, T the set of
mazimal ideals in B that lie above p. Let Up C B* be the multiplicative subgroup
of T-units in B and U} the subgroup of Tp that consists of all v € Ur such that
the archimedian absolute value of v is 1. If Ut is infinite then p splits in B (i.e.,
#(T)=2), tk(Ur) = 2 and tk(U}) = 1.
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Proof. By the generalized Dirichlet’s unit theorem [4, Ch. V, Sect. 1], Ur is
a finitely generated commutative group of rank #(7T). Clearly, Ur contains the
element p of infinite order. If #(T") = 1 then rk(Ur) = 1 and therefore for each

’YEU%CUT

a certain positive power of «y is a power of p. However, the archimedean absolute
value of v equals 1 and therefore v must be a root of unity, which is not the case,
since there are only finitely many roots of unity in B. So, #(T) = 2, i.e., p splits
in B. In addition, Ur has rank 2. Since no power of p (except 1 = p°) lies in
Uk, we conclude that rk(U}) < tk(Ur) = 2. Since rk(U}) > 1, we conclude that
tk(U}) = 1. O

Corollary 2.14. Let B be an imaginary quadratic subfield in L. Suppose that the
intersection
I'(X,k)p = B(\T"(X, k)

of B and TV(X, k) is infinite. Then p splits in B and the infinite multiplicative
group T"(X, k)p has rank 1.

Proof. Notice that (in the notation of Lemma.T3)) IV (X, k) p is an infinite subgroup
of Ut. In particular, U} is also infinite. Now Corollary follows readily from Lemma

213 O

Theorem 2.15. Suppose X is simple, dim(X) > 1, k is sufficiently large with
respect to X and the degree [E : Q| of the CM-field E = Q[Frx] is an even number
2d that is strictly greater than 2. Suppose that E contains an imaginary quadratic
field B such that p does not split in B. Then

NormE/B(q_lFr?X) =1€eB
and rk(X) < d.

Proof. By Remark 2I] X is absolutely simple. Let us fix an embedding of B into
C and view B as the subfield of C. Let ® be the d-element set of field embeddings
¢; : E — C that coincide on B with the identity map (1 < i < d). Then ® is a
CM-type of E and, thanks to Example [Z4] Rx consists of 2d distinct elements

.4 a4
{ag,...,aq; pREEEED }
where a; = ¢;(Frx) (1 <i <d). Clearly, (in the notation of Corollary [Z14])
d 2
v == Normpp(q 'Fr) = [ %1 e B(I(X.k) =I'(X, k)5
i=1

By Corollary 2.14] the group I''(X, k) g is finite and therefore 7 is a root of unity.
Since k is sufficiently large, v =1, i.e.

d 2
oY%

Normpg, g( 1FrX | | - =
/ Ly

This proves the first assertion about the norm. Clearly, IV(X, k) is generated by
d elements {g7'a? | 1 < d} and their product is 1. This implies that I'(X, k) is
actually generated by the first (d — 1) elements {¢g7'a? | 1 < d — 1} and we are
done. (|
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3. RANKS OF NON-SIMPLE ABELIAN VARIETIES
The following assertion was proven in [27, pp. 273, 280-281].

Theorem 3.1. Let X and Y be non-supersingular simple abelian varieties over k.
If
k(X xY) =rk(X)+1k(Y) -1

then there exists an imaginary quadratic field B enjoying the following properties.

0) p splits in B;

1) The number fields Ex = Q[Frx k] and Ey = Q[Fry] contain subfields

isomorphic to B;
2) NormEX/B(q_lFri(yk) and NormEy/B(q_lFr%’k) are not roots of unity.

Remark 3.2. There is a typo in the displayed formula for ranks in [27, Th. 2.12],
see Sect. [ It was also erroneously claimed (without a proof) in [27, Th. 2.12] that
the conditions 0,1,2 are equivalent to the formula rk(X x V) = rk(X) + rk(Y) — 1.
Actually, the conditions 0,1,2 imply only the inequality rk(X x Y) < rk(X) +
rk(Y) — 1.

Proof of Theorem [3]l. Assertions 1 and 2 are proven in [27, pp. 280-281]. Asser-
tion 0 is proven in [27, Remark 1.1.5 on p. 273]. (It also follows from Assertion 2
combined with Lemma 2.17]).

(I

Corollary 3.3 (Theorem 2.11 of [27]). Assume that E = End®(X) is a number
field. Let' Y be an ordinary elliptic curve over k. The equality tk(I'(X x Y)) =
rk(T'(X)) holds true if and only if End’X contains an imaginary quadratic subfield
isomorphic to B = End’Y and NormE/B(q’lFr%{)k) is not a root of unity.

Proof. Since tk(Y) = 1, we have
rk(X) = rk(X) +1k(Y) — 1.

This implies that in one direction (if we are given that rk(I'(X x Y)) = rk(I'(X)),
ie, tk(X xY) = rk(X)) then our assertion follows from Theorem Bl Conversely,
suppose that B = End"Y is isomorphic to a subfield of E and

vi= NormE/B(q_lFri(yk) €B
is not a root of unity. Let us fix an embedding £ C C. We have
yeBCFECLx cC.

By definition, v is a product of elements of R’y and therefore lies in IV(X, k). In
particular, in the notation of Lemma 214 v € TV(X,k)p. On the other hand,
qilFr;k C B is also not a root of unity; in addition, it generates I''(Y, k). No-
tice that (in the notation of Lemma 2I3) both v and ¢ 'Fri, lie in U}; in
particular, U}, is infinite. By Lemma 213, U} has rank 1 and therefore the
intersection of two cyclic (sub)groups generated by v and q’lFr?/)k respectively
is an infinite cyclic group. This implies that the intersection of finitely gener-
ated groups I'"(X, k) and I''(Y, k) is an infinite group. It follows that the rank of
I'(X x Y, k) =T"(X,k)IV(Y, k) is strictly less than the sum

rk(I (X, k) + rk(D'(Y, k) = tk(I'(X, k) + 1.
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In other words, rk(X xY) < rk(X) + 1, i.e., rk(X x Y) < rk(X). It follows that
rk(X x Y) = rk(X) and we are done. O

4. NEWTON POLYGONS

In order to define the Newton polygon of X, let us consider the ring Oy of
integers in L and pick a maximal ideal 3 in Oy, such that the residue field Oy, /P
has characteristic p. The set S, of such ideals constitutes a Gal(L/Q)-orbit. Let

ordg : L* - Q
be the discrete valuation map that corresponds to 3 and normalized by the condi-
tion
ordg(q) = 1.
Then the set
Slpy = ordp(Rx) CQ
is called the set of slopes of X. For each ¢ € Slpy we write

length(c) = length y (c)
for the number of roots a of Px (¢) (with multiplicities) such that
ordyp (o) = c.

By definition
> length(c) = deg(Px) = 2dim(X). (6)

cE€Slpy

Remark 4.1. It is well known that all slopes ¢ € Slpy are rational numbers
that lie between 0 and 1. In addition, if ¢ is a slope then 1 — ¢ is also a slope
and length(c) = length(l — ¢). In addition, if 1/2 is a slope then its length is
even. Notice also that the rational number ¢ can be presented as a fraction, whose
denominator is a positive integer that does not exceed 2dim(X) [25 p. 173].

Since P(¢) has rational coefficients and Gal(L/Q) acts transitively on S,, the set
Slpy and the function

lengthy : Slp, - N

do not depend on a choice of B. The integrality property of the Newton polygon
[14, Sect. 9 and 21] means that ¢ length(c) is a positive integer for each nonzero
slope c¢. Suppose that a slope ¢ # 1/2 is presented as the fraction in lowest terms,
whose denominator is greater than dim(X). Then length(c) > dim(X) and

length(1 — ¢) = length(c) > dim(X),

which implies length(c) + length(1 — ¢) > 2dim(X). This contradicts to (6). So,
each slope ¢ # 1/2 can be presented as a fraction, whose denominator does not
exceed dim(X). It is also clear, that if the denominator of ¢ in lowest terms is
exactly dim(X) then

length(c) = dim(X) = length(1 — ¢)
and Slpy = {¢,1—c}.

Remark 4.2. Suppose that X is simple. Then as we have seen, Px (¢t) = Px min(t)¢.
It follows that e divides length y (c) for every slope ¢ of the Newton polygon of X.



EIGENVALUES OF FROBENIUS ENDOMORPHISMS OF ABELIAN VARIETIES 13

Definition 4.3. An abelian variety X is called ordinary if Slpy = {0, 1}; it is
called supersingular if Slpy = {1/2}. It is well known that X is supersingular if
and only if R’ consists of roots of unity, i.e., ¢~'a? is a root of unity for all « € Rx.
(By the way, it follows immediately from Proposition 3.1.5 in [25] p. 172].)

X is called of K3 type [26] if Slpy is either {0,1/2,1} or {0,1} while (in both

cases) length y (0) = length y (1) = 1. It is called almost ordinary [0] if
Slpy ={0,1/2,1}, length(1/2) = 2.

Remark 4.4. Clearly, X is supersingular if and only if rk(X) = 0. If X is a simple
abelian variety of K3 type then End’(X) is a field and rk(X) = dim(X) [26]. It is
known ([23, Th. 7.2 on p. 553]) that if X is a simple ordinary abelian variety then
End’(X) is a field and all endomorphisms of X are defined over k. In particular,
X is absolutely simple. If X is a simple almost ordinary then End”(X) is a field
[12]. It is also known that for such X we have rk(X) = dim(X) or dim(X) — 1; if,
in addition, dim(X) is even then rk(X) = dim(X) [6].

Theorem 4.5. Let X be a simple abelian variety of positive dimension over k
and suppose that Px (t) is irreducible. Suppose that there exists a rational number
¢ # 1/2 such that Slpx = {¢,1 —c}. (E.g., X is ordinary.) If rk(X) = dim(X) —1
then dim(X) is even.

Proof. Let us put g = dim(X) and

d=2c—1=—-2(1-¢)—1].
Clearly, ¢ # 0 and for all @ € Ry the rational number ordy(a?/q) is either ¢ or
—c’ . Let us define m(«) by

/

ordy (a?/q) = m(a)c.

Clearly, m(a) = 1 or —1. By Theorem 3.6(b) of [6] there exist a,...,ay € Rx
and integers ni,...,ng such that every n; is either 1 or —1 and v = []{_, (a2 /q)™
is a root of unity. Pick P € S,. We have

g

> (1)

=1

/
C.

g g
0 =ordg(y) = Z njordy (o /q) = Z nim(a;)c =
i=1

=1

It follows that for a certain choice of signs > °7_, (+1) = 0 and therefore g is even. 0O

Corollary 4.6. Suppose that X is a simple abelian variety over k. Assume that
1 < dim(X) < 3 and k is sufficiently large with respect to X. If X is not neat then
it is almost ordinary and dim(X) = 3.

Proof. Tt follows from Remark 2] that X is absolutely simple. The equality
dim(X) = 3 follows from Theorem 3.5 in [27]. Since X is not neat, 1 < rk(X) <
dim(X) = 3. This implies that rk(X) = 2 and therefore deg(Px min) > 22 = 4.
Since deg(Px min) divides deg(Px) = 6, we conclude that deg(Px min) = deg(Px),
ie., Px(t) = Px min(t) is irreducible over Q. Since dim(X) = 3 is odd, it follows
from Theorem that the Newton polygon of X has, at least, 3 distinct slopes.
In addition, Remark [£1] implies that all the slopes different from 1/2 can be pre-
sented as fractions, whose denominator is strictly less than dim(X). In other words,
Slpx = {0,1/2,1}. In particular, length(1/2) = 2 or 4. If length(1/2) = 4 then
length(0) = length(1) = 1 and X is of K3 type, which is not the case, since the
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rank of a simple abelian variety of K3 type equals its dimension [26]. Therefore
length(1/2) = 2 and length(0) = length(1) = 2, i.e., X is almost ordinary. O

5. ABELIAN SURFACES

The following statement may be viewed as a rewording of Example (2)(A) in
[18, Sect. 8.4, p. 64]. (See [I7, Th. 5], [I3] and also [I5] where the endomorphism
algebras of abelian varieties and complex tori are discussed in detail.)

Theorem 5.1. Let L be a quartic CM-field that contains an imaginary quadratic
field B. Let S be a complex abelian surface provided with an embedding L —
End’ (S). Then S is isogenous to a square of an elliptic curve with complex multi-
plication. In particular, S is not simple.

Proof. We may view L as a subfield of C. Then B = Q(v/—d) where d is a positive
integer. The field L contains the real quadratic subfield Q(v/r) where r is a square-
free positive integer. Clearly,

L=Q®QvV—-dao Qvr o Qv—rd

is a Galois extension of Q. This implies that L contains a second imaginary qua-
dratic subfield H := Q(v/—rd). The natural map B®g H — L, b® h — bh is a
field isomorphism. In addition, the natural injective homomorphism

Gal(B/Q) x Gal(H/Q) — Gal(L/Q)

is surjective and therefore is a group isomorphism. Since [L : Q] = 2 -2, it admits
22 = 4 CM-types ® [0, Sect. 22], [5]. Here is the list of all them. We have two CM-
types Gal(B/Q) ® 72 indexed by 75 € Gal(H/Q) and two CM-types 71 ® Gal(H/Q)
indexed by 71 € Gal(B/Q). They all have nontrivial automorphism groups

Aut(®) := {0 € Gal(L/Q) | 0@ = P}.

Namely, Aut(®) = Gal(B/Q) for the former two CM-types and Aut(®) = Gal(H/Q)
for the latter two. Now the result follows from Theorem 3.5 of [B, p. 13] (applied
to F =1L.) O

Corollary 5.2. There does not exist an abelian surface Y over a finite field k that
enjoys the following properties.
(i) All endomorphisms of Y are defined over k.

(ii) End®(Y) is a quartic CM-field that contains an imaginary quadratic sub-
field.

Proof. Assume that such Y does exist. Then it is absolutely simple. Replacing if
necessary, k by its finite overfield and Y by a k-isogenous abelian variety, we may
and will assume that Y can be lifted to an abelian variety A in characteristic zero
such that there is an embedding End®(Y') < End®(A) [22, Sect. 3, Th. 2]. It
follows that A is absolutely simple, which contradicts Theorem [5.Il The obtained
contradiction proves Corollary. O

6. PROOF OF THEOREM [L1]

Assume that X is not neat, k is sufficiently large and 1 < dim(X) < 3. According
to |27, Th. 3.5 on p. 283], dim(X) = 3 and one of the following two conditions
holds.
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(a) X is simple, E = End"(X) is a number field that contains an imaginary
quadratic subfield B such that Normpg, 5(¢~'Fr%) is a root of unity.

(b) X is isogenous over k to a product Y x Z of a simple abelian surface Y and
an elliptic curve Z; EndO(Y) is a quartic CM-field containing an imaginary
quadratic subfield.

It follows from Corollary [5.2] that such an Y does not exist. Indeed, I'(X, k) =
T(Y,k)T'(Z,k); in particular, I'(Y, k) does not contain nontrivial roots of unity.
Therefore all endomorphisms of Y are defined over k. Hence Y is absolutely simple.
This contradicts to Corollary 5.2 and implies that the case (b) does not occur.

In the case (a), Corollary [ implies that X is almost ordinary. Let us fix a field
embedding B C C and let

01,02,03: F—C
be the list of field embedding £ — C that coincide with the identity map on B.
Clearly, {01,02,03} is a CM-type of E. Let us put

a1 =o1(Frx) € C, as = 02(Frx) € C,a3 = o3(a3) € C.
It follows from Example 2.4 that
Rx ={a1,a2,a3; g/a1,q/az, q/as}.
This implies that
L=Q(Rx) =Q(a1,a2,a3) = B(ay, az,as)

and the root of unity

Normp,p (¢~ Fry) Haz %) _3Ha eT(X,k).
i=1
Since I'(X, k) does not contain nontr1v1a1 roots of unity,

NormE/B(qlerig) =1.
(By the way, this gives us the relation

()

7. EXAMPLES

This ends the proof.

Throughout this section, p is a prime, B an imaginary quadratic field such that
p does not split in B, i.e., the tensor product

By := B ®qQp
is a field that is a quadratic extension of Q,. We fix an embedding of B into C and
view B as a certain subfield of C. For the sake of simplicity, let us assume that p

is unramified in B.
Let K be a totally real cubic field such that the tensor product

Kp:=K®qQ

is isomorphic to a direct sum Q, ® B,. Since Q, and B, are non-isomorphic field
extensions of Q,, the cubic field extension K/Q is not Galois. Let Ok be the ring
of integers in the number field K. The description of K, means that the ideal pOx
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splits into a product B12B5 of two distinct maximal ideals B; and B, such that
the completion Kg3, with respect to B-topology is @, while the completion K,
with respect to B>-topology is isomorphic to B,,.

Let K be the normal closure of K. Clearly, K /K is a quadratic extension and the
Galois group of K /Q is the full symmetric group S;3. Let K5 be the subfield of Aj-
invariants in K where Aj is the corresponding alternating (sub)group. Then K5/Q
is a quadratic field extension that coincides with the maximal abelian subextension
of K/Q.

Clearly, K and B are linearly disjoint over Q. Let us consider its tensor product
(compositum)

E:=B®qgK;
it is a sextic CM-field, which is an imaginary quadratic extension of totally real
K =1® K with the complex conjugation

rRQyYU—ITRyvVre BCC, ye K.

Similarly, K and B are linearly disjoint over Q and its tensor product (compositum)
L:=B ®@I~( is a degree 12 Galois closure of E. (Actually, L is a quadratic extension
of E Tt follows from [I8, Lemma 18.2.iii] that L is a CM-field.) In addition, the
natural group homomorphism

Cal(B/Q) x Gal(K/Q) — Gal(L/Q)

is an isomorphism. In particular, the quartic field extension (B ®g K32)/Q is the
maximal abelian subextension of L/Q. In addition,

Gal(B ©q K»)/Q) = Gal(B/Q) x Gal(K2/Q)

is a product of two cyclic groups of order 2. Since every root of unity in L must lie
in the (quartic) maximal abelian B ®g K, the number my, of roots of unity in L is
2,4,6 or 8. (It cannot be 10, since the order 4 Galois group of the fifth cyclotomic
field over Q is cyclic.)

Notice that every proper maximal subfield F of E is either B = B® 1 or
K =1® K. Indeed, F is either quadratic or cubic extension of Q. If F' is quadratic
and does not coincide with B then F and B are linearly disjoint over Q, their tensor
product B ® F'is a quartic field extension and the natural map

BF—=E, z,y— 2y

is a field embedding. This implies that sextic E' contains a quartic subfield, which
is not the case, since 4 does not divide 6. Now assume that F' is cubic. Since F' is
a subfield of the CM-field F, it follows from [I8, Lemma 18.2.iv] that F is either
totally real or a CM-field. Since 3 = [F': Q] is odd, F is not a CM-field. It follows
that F is totally real and therefore lies in K. This implies that F' = K.

Let us fix an embedding of L into C that acts as the identity map on B. Notice
that there is a canonical isomorphism of semisimple Q-algebras

B®oB>=B®B, uu+— (uv,uv). (7);

The complex conjugation on the first factor B (on the left hand side) permutes the
summands B’s (on the right hand side). Tensoring this isomorphism by Q,, (over
Q), we obtain the canonical isomorphism of semisimple Q,-algebras

B, ®q, Bp = B, ® B, (7bis)
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such that the nontrivial automorphism of B,/Q, (that acts on the first factor B,
on the left hand side) permutes the summands (on the right hand side). We have
E, :=E®qQ, = [B®q K] ®qQp = [B ®q Q] ®q, [K ®q Q] = By ®q, Kp =
By ®q, [Qp ® By| = B, ® [By ®q, By.

By (7bis) the second summand in the right hand side is a direct sum of two copies
of B,. In addition the complex conjugation on F = B ®g K permutes these two
copies. On the other hand, the conjugation leaves invariant the first summand B,
acting on it as the only nontrivial automorphism of B,,/Q, (induced by the complex
conjugation on B). This implies that if O is the ring of integers in E then the
ideal pOpg splits into a product of three distinct maximal ideals BoP1P2 and these
ideals enjoy the following properties.

e Py coincides the complex-conjugate 3, of P;.

e Py coincides with its own complex-conjugate Bo.

e Each completion Fsy, of F in *B;-adic topology is isomorphic to B,. In

particular,

[Ey, :Qp] =[Bp: Q] =2Vi=0,1,2.

Let us consider the (nonzero) ideal P = PoP? in Op. Clearly, its complex-
conjugate P coincides with PoJ3. We have

PP = (BoPB1) (BoPB3) = (PBoP1%B2)* = p*0O

There exists a positive integer h such that 3" is a principal 1deal, i.e., there exists
a nonzero 5 € O such that

P =5 Op.
It follows that its complex-conjugate " = 3 - O and
p*" - Op = (PP)*" = PP = 5 - Op.
This implies that the ratio

p2h

BB
is a unit in Of. Clearly, u = u, i.e., u € O). Let us put

7= uf? € Og.

u =

We have

mr=p'"', 7 Op = (P")? = P = PIP", 7 Op = BF"F,".
I claim that Q[r] coincides with E. Indeed, if Q[n] does not coincides with E then
either 7 € B or m € K. Suppose that 7 € B. Then p?* /7 is a p-unit in B with

archimedean absolute value 1. It follows from Lemma ZI3 that p?" /7 is a root of
unity. This implies that

;BQh;BMI _ 7TOE _ QhOE _ (m0m1m2)2h

and therefore P?" = P2" which is not the case. This implies that 7 does not
belong to B. Suppose that m € K. Then

fﬁ%hm‘*h =n0p =7-Op = BBy

and therefore P1"* = P3", which is not the case. This implies that 7 does not
belong to K.



18 YURI G. ZARHIN

The same arguments work if we replace h by nh and 7 by 7™ (for any positive
integer n). This implies that Q[r"] = E for all n.

Let us put

g :=p*h.

Then 7 is a Weil g-number in a sense of Honda-Tate [22]. By Honda-Tate theory
[22] there exists a simple abelian variety X over F, such that Rx coincides with the
Galois orbit of 7. We also have a canonical field isomorphism Q[Frx] = Q[n] = F
that sends Frx to w. Recall that E is a CM-field; in particular, it has no real places.
By a theorem of Tate, End’(X) is a finite-dimensional central division algebra over
E, whose local invariants are zero outside divisors of p while for each divisor B3; of
p the local invariant of End’(X) over Fy, is

ordy, ()

mod Z
ordgys;, (q)

Op; = [E‘Bi : QP] :
where
ordg, : B* = Z
is the discrete valuation map attached to B; ([22, Sect. 1, Th. 1]; see also [14, Th.
5.4]). We have

4h 0
cm1:2-EmOdZ:2modZ:O, chZQ-EmOdZZO,

cm0:2~%modZ:1modZ:O.
We obtain that all the local invariants of End’(X) are zero, i.e., End’(X) coincides
with its center E. In addition, dim(X) = [F : Q]/2 = 3. Since F = Q[r) = Q[r"]
for all positive integers n, all endomorphisms of X are defined over F, [14, Prop.
5.11]. In particular, X is absolutely simple. Let us consider the 3-element set ® of
all field embeddings
oi:E—C,i=1,2,3
that coincide with the identity map on B. As above, Rx consists of six distinct
elements
{a1,2,a35q9/01,q/ a2, q/as}
where «; = o;() for all i.

Now let k/F, be a degree my, field extension. Let X} = X X, k be the abelian
threefold obtained by the base change. Clearly, k is sufficiently large with respect
to X. It is also clear that there is an isomorphism End®(X}) 2 E that sends Fry,
to ™5 in addition, Rx, comnsists of six distinct elements

{n=a", v =ay"" ,ys =5 ¢ /71,97 /2,4 [¥3}

Theorem 7.1. The abelian variety Xy, over k enjoys the properties i)—iii) of The-
orem [T 1.

Proof. By Theorem

3
1 =Normpg,p(7") = H (q_n%?) .
i=1

It follows that the abelian threefold X} is not neat. Now the result follows from
Theorem [.11 O
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Now let us construct explicitly B and K as above. For the sake of simplicity. let
us assume that p is odd. Fix a positive integer d such that —d mod p is not a square
in F,. Let us put B = Q(v/—d). Clearly, B, is an unramified quadratic extension
of Q. Such an extension of Q, is unique, up to an isomorphism. In other words,
the field extension B,/Q, does not depend on a choice of d up to an isomorphism.

In order to construct K, choose a prime ¢ # p such that £ mod p is not a square
in IF,. Let us consider the cubic polynomial

f(z) =2(z* - 0) + (é% € Zg[2) () Zy ] < Qla].

By Eisenstein’s criterion over Zy, f(z) is irreducible over Q, and therefore over Q.
Now we may define the cubic field

= Qlz]/f()Qlz].
The reduction of f(x) modulo p coincides with the product z(z? — /) of the linear

polynomial  and the irreducible quadratic polynomial 22 — ¢. By Hensel’s lemma,
f(z) splits over Q, into a product

f(x) = fi(@) f2(2)
of a linear polynomial polynomial f;(z) and a quadratic polynomial fo(z); in addi-
tion, fo(x) splits into a product of two linear factors over an unramified quadratic
extension of Q. It follows that

Kp == K ®q Qp = Qplz]/ f1(2)Qp[2] © Qp[2]/ f2(2)Qp[z] = Qp & Qp[2]/ fo(2)Qp|2]
where Qp[z]/ f2(2)Qp[z] is an unramified quadratic extension of Q,. This implies
that Qp[z]/ f2(x)Qp[z] = By and therefore

K, =Q, ® B,.

It remains to check that K is totally real, i.e., all complex roots of f(x) are real.
Let w be a complex root of f(x). Then f(w) =0, i.e.,

pl
w(w — V) (w+ Ve —
(w = Vi + VD) =~ b
and therefore
1 1
i ; < < -
minf| w .| (0= VI || 0+ V) < g € o =2
This implies that w lies in one of three circles of radius 1/7 with real centers 0, /¢
and —v/¢ respectively. Since the distance between any two centers is > /¢ > 2/7,
these circles do not meet each other. In particular, every root w lies exactly in one
of these circles. On the other hand, let wy, ws, w3 be the set of all roots of f(z). If
a is any of the centers 0, v/, —v/¢ then a(a® — ) = 0 and therefore
3

pt  _ _ Cw
(p€+1)4 _f(a) _il;[l(a z)'

This implies that

<1
pl+1 7
It follows that each of these circles contains, at least, one root of f(x). We conclude
that each circle contains exactly one root of f(x). Since each of these circles is stable

min{|a —w; [,1<i<3} <
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under the complex conjugation, all the roots of f(z) must be real. This proves that
K is totally real and we are done.

8. ABELIAN FOURFOLDS

The following observation was inspired by results of Rutger Noot [10, Prop. 4.1
on p. 165 and p. 168] about the reduction type of abelian varieties of Mumford’s
type [8, Sect. 4].

Theorem 8.1. Let X be an abelian fourfold over k. Suppose that k is sufficiently
large with respect to X, rk(X) = 3 and X enjoys one of the following two properties.
o X is absolutely simple.
e X is isogenous over k to a product X3 x XM of an (absolutely) simple
abelian threefold X®) and an ordinary elliptic curve X1,
Then at least one of the following two conditions holds.
(i) there exist an imaginary quadratic field B and an embedding B — End®(X)
that sends 1 to 1.
(ii) X is not simple and X3 is an almost ordinary abelian threefold that is not
neat and therefore satisfies the conditions of Theorem [I1l In particular,
EndO(X (3)) contains an imaginary quadratic subfield.

Proof. We have
rk(X) = dim(X) — 1.
If X is simple then it follows from Theorem 3.6 of [6] that the condition (i) holds.

Now we may assume that X = X©® x X Recall that End®(X™) is an
imaginary quadratic field and rk(X ™)) = 1. We have

rk(X®) <1k(X) =3 <1k(X®) 4 k(X D) = rk(X®)) + 1.

This implies that rk(X ®)) = 2 or 3. If tk(X(®)) = 3 then all the roots of Py (t) are
simple and therefore End’ (X (®)) is a field (recall that X ) is simple). It follows from
Corollary B3] (applied to X = X®) and Y = X)) that there is a field embedding
End®(X™) < End°(X®)) and one may take as B the field End’(X(")), which
implies that the condition (i) holds. If rk(X) = 2 and Px) (¢) has no multiple
roots (i.e., is irreducible) then X®) is not neat. It follows from Theorem [I1] that
the condition (ii) holds. The only remaining case is when Py ) (t) has multiple
roots, i.e.,
Py (t) = Px@ min(t)

where d > 1 is an integer. Since among the roots of Px) ,,;, there are no square
roots of ¢, deg(Px ) min) is even. It follows that d = 3 and Py ) ,;, is a quadratic
polynomial. But then Rx consists of two elements and I (X @), k) is a cyclic group,
i.e., its rank is 1, which is not the case. The obtained contradiction ends the
proof. O

9. CORRIGENDUM TO [27]
e Page 274, Remark 2.1 The displayed formula should read
k() < [deg(Pain)/2) + 1.
The formula on last line should read |deg(Pmin)/2] + 1.
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e Page 280, Theorem 2.12. The beginning of second sentence
The equality

tk(D(X x Y)) = tk(X) + tk(Y) — 1

holds true if and only if there exists an imaginary quadratic field B enjoying
the following properties:

should read as follows.

If

k(X xY) =rk(X) +1k(Y) -1

then there exists an imaginary quadratic field B that enjoys the following
properties.
e Page 281, Remark 3.1, last line. The formula should read

tk(T") = |deg(Pmin)/2] + 1.
e Page 284, line 8. a — 1 should read ot

10. CORRIGENDUM TO [26]

e Pages 267, 269 (and throughout the text), £ and Z* should read L and L*
respectively.

e Page 267, line -10: multiplicities should read multiplies.

e Page 271, Definition 3.4: ignore senseless tenibk.
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