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New Families of Weighted Sum Formulas for
Multiple Zeta Values

Haiping Yuan & Jiangiang Zhao

Abstract. In this paper we use the generating functions and the double shuffie relations

satisfied by the multiple zeta values to derive some new families of identities.

1 Introduction

In recent years there is a flux of research on the multiple zeta functions and their special
values due to their deep connections with many branches of mathematics and physics.
For any positive integer d (called the depth) and s1, ..., sq with s; > 1 the multiple zeta
values (MZVs) are defined by

1
g(Sl,...,Sd): Z W

ki>o>kg>0 L

These values are easily seen to satisfy the so called stuffle relation. For example,

C(51)¢(s2) = (51, 52) + ((82, 51) + (51 + 52). (1)

Euler [2] first studied the depth two case and obtained the following decomposition

formula by using partial fraction techniques.

st = 3 (0T (20w simze e

t12>2,t2>1
t1+to=s1+s2

Although he did not consider divergence problem his approach has been made rigorous
using modern techniques of regularization. Similarly to (2]) one can show that for all
$1,83 > 2 and s9 > 1,

C(s1,2)C(s3) = ) (tl ~ 1)<(t1=t2752)

S3 — 1
t12>2,t2>1
t1+t2=s1+83

t1 —1 ty — 1 t, — 1
ti1,ta,t3). (3
D I St 11 Gt o iy | RSN
t1>2,t2,t32>1

t1+ta+t3
=s1+82+s3
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In fact, nowadays this can be derived easily by the shuffle relations satisfied by the
iterated integral expression of MZVs (see [13], p. 510]). By combining the stuffle and the
shuffle relations one can obtain the so called double shuffle relations (see [9] for details).

Let d be any positive integer and define the generating function

Gd(xlw"axd) = Z xil_l"'led_lc(sla"'vsd)’ (4)

$1,..-,8¢€N,51>1

It is well-known that
Gi(z) = =y —¢(1 —2)

where v is Euler’s constant and (x) is the digamma function, i.e., the logarithmic
derivative of the gamma function. In [3], Gangl, Kaneko and Zagier used the double
shuffle relations of () and (2)) to derive the following equation:

Gi(z) — Gi(y)

Gg(:c+y,:c)+G2(:c+y,y)—Gg(:c,y) —Gg(y,l’) = T —y ) (5>

and proved some families of MZV identities. Machide [I1] generalized this to depth
three case using the extended (also called regularized) double shuffle relations.

It is well-known that in order to get complete linear relations between MZVs one
should consider regularized double shuffle relations. For example, the weighted sum
formula of Ohno and Zudilin [12] states that

> 2¢0,k) = (n+1)¢(n). (6)

J22,k>1

jt+k=n
Later, Guo and Xie [6] generalized (@) to arbitrary depths using regularized double
shuffle relations (they in fact also used the sum formula which is another consequence
of the regularized double shuffle relations [9]).

In this paper we shall use the generating functions of MZVs () to reformulate double
shuffle relations and derive some new identities of MZVs. Notice that we do not use
the extended double shuffle relations, which makes the computation a little easier. All
the identities obtained this way are therefore finite extended double shuffle relations in
the sense of [9]. For example, we get the following interesting result as a corollary (see
Corollary B.3) in depth three:

ST 2TG R D+ Y 2k 1)

>2,k,1>1 i>2,k>1
Jj+k+l=n j+k=n—1

for every positive integern > 2. For a new result in depth four please see Corollary 5.2
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2 Depth 2: some new identities

In this section we will derive some new identities of double zeta values using the gener-
ating function G5. To begin with, we recall the famous sum formula essentially known
to Euler [2)]:

> CG k) = (). (7)
J>2,k>1
jt+k=n

Using generating functions A. Granville [4] and D. Zagier proved the following general-

ization to arbitrary depth first conjectured by Moen (see [7]):

> ¢k, ko, - - Ka) = C(w). (8)

k12>2ka,....kq>1,k1+-+kg=w

Our first result provides a weighted sum formula similar to but different from ({]).

Theorem 2.1. Let n be a positive integer. Then

i:k:((k,n —k)=C(2,n—2)+2((n) — (n—2)((n—1,1), Vn >3, 9)
k=2

n—1
> kC(k,n — k) =3¢(2,n — 2) +2¢(3,n — 3) + 6((n)
k=2

—(2n—6)((n—2,2) —n(n—2)((n—1,1), Vn>4. (10)

Proof. Making the substitutions x — xt and y — yt in () and comparing the coefficients
of t"2 we get

n—1

S [ttt ) g ot = (Z 2L Y o)
k=2 r=Yy

where j = n — k. Differentiating this equation with respect to x we have
[ = 1)@+ )" 27 4+ (= Do+ )"+ (k= D)+ y)* 2y

_ (/{Z . 1)xk_2yj_1 . (] _ 1)yk_1:cj_2]C(k,j) _ <(TL ; i)zn—Q B ;L'n(;l:;)r;—l) C(n)
(11)




Specializing to (z,y) = (0,1) we find easily that

—1
(n—2)¢(n—1,1)+ C(k,n—Fk)—((2,n—2) =((n).
k=2

3

So ([@)) follows from the sum formula ([7]).
Now multiplying () by =+, differentiating with respect to x, and then specializing
to (z,y) = (0,1) we get

i
L

(n—2)%C(n—1,1)+(2n—6)C(n—2,2) + Y (k—1)*C(k,n — k)

—((2,n—2) —2¢(3,n—3) = 3((n).

B
||

Hence ([I0) quickly follows from (@) and the sum formula (7). This completes the proof
of the theorem. O

Remark 2.2. Tt is conceivable that for every fixed positive integer d a compact formula
of ZZ;; k(k,n—k) can be obtained by differentiating (IT]) repeatedly, similar to what
we have done in Theorem 2.1l However, it seems to be a difficult problem to find a
general formula for all d. Guo, Lei and the second author recently have made some

progress along this direction, see [5].

3 Depth 3: product of three Riemann zeta values

In the following we use three different methods to compute the generating function of

the product of three Riemann zeta values:

> e a0 (s2)C o).

$1,82,53>2

3.1 First method.
Combining ([2) and (B]) we have

D [ Y ) e e

t12>2,t2>1 r1>2,r>
t1+to=s1+5s2 ri+reo=ti+s3
T — 1 To — 1 To — 1
D (t —1){(1& ) Tl o) Slr2Ts)
r1>2,ra,rs>1N 1 2008 2
r1+r2+7r3
=t1+t2+s3

= > (2:1)(;:1)4(7“177”27@ (12)

122,221 ri>2,r0>1
t1+to=s1+82 r1+ro=ti1+s3



DD

t122,t2>1 ri>2,r2>1
t1+to=s1+82 r1+ro=ti1+s3

LD DEDY

t1>22,t2>1 r12>2,r2,732>1
ti+to=s1+s2 rit+ra+rs
=t1+t2+s3

+

t1>2,t2>1 r12>2,12,732>1
ti+to=s1+s2 rit+ra+rs
=t1+t2+s3

+

(]
(]

VRS VRS VRS VRS VS
[V lga St [V w
[
—_ =

t1>2,t2>1 r12>2,12,732>1
ti+to=s1+s2 rit+ra+rs
=t1+t2+s3

LD IS

t12>22,t2>1 r12>2,12,732>1
ti+t2=s1+s2 rit+ra+rs
=t1+t2+s3

We first treat (I2)) to (I7)) using the binomial identities repeatedly to derive formulas
involving the generating functions G'3. To save space we only compute (I2]) in details and
leave the others to the interested reader. Also we will use the shorthand z;; = z; + x;
and z;j, = xj + x; + x), in what follows. We also use the shorthand ) (I2)) to stand for

s1—1,_.so—1 _s3—1
231,32,3321371 ry ™ ([2). Now

Z (m) = Z Z Z (le : 1) (Z; : 1) xil_lx?—lx?—lg(’rl’ T2, t2)

81,82,832>2 t1>2,;t92>1  r1>2r9>1
ti+ta=s1+s2 r1+re=ti1+s3

tl—l 7’1—1 S1— _s 1 sa—
SID NN SEEED SR () | (g EEO S SR s

51,82,8322 1122,;t2>1  r122r22>1
t1+ta=s1+s2 ri1+re=ti1+s3

—1
- T e ea e (0 ) et
S3 —

t1,83,r12>22,t2,m2>1
r1+re=ti1+s3

21 osa1fT1—1
_ Z xfil 1;533 1<S;_1)§(r1,r2,1)

t1,53,71>2,r2>1
ri+re=ti1+s3

ry—1
D DI (e B I Gy E AN

S3 — 1
t1,83,r12>22,t2,722>1
r1+ro=t1+s3

ry—1
— Z $§2—1$§1—33$§3—1 ( 1 )C(Tla ro, 1)
S3 — 1

t1,83,r12>22,r22>1
ri+re=ti+ss3

= Z {(Ilz)”_l [(2123)™ = (212)™] — 23 [(223)™ — h'] }x?_lC(Tl +1,72,t2)

r1>1t2,re>1



- Z "23'7102_1 [(xl?))m ! l’;l 1:| /rla T2> + Z lfl 1 Tla )

t1,83,112>2,r22>1 ri>2
ri+ra=ti1+s3

:G3(I123,$12, 332) - G3(I12,$12,I2) - G3($6’23, T2, $2) + G3($27 $27$2)

ro—1 ri—1 ri—1 ry— 1
— E 22 (213) — 27 (e, 1) + g xy' T ((r, 1,1)
t1,83,m712>22,r22>1 ri>2
ri+re=ti1+s3

Similarly we find

Z(DZD G3 56’123,@3,%2) G3(SL’237$23,$2)—G3($C12,332,$2)+G3($2,$2,$2)
= Y [(we) T =B (e, 1)+ D a1, 1)

r1>2,r2>1 r1>2

which is just > (I2) under the operation x; «+ x3. Further,

Z (Dﬂ) = G3(IL"123,5523,£E3) - G3(1'23, T23, 932) - G3(1'13, IE3>ZE3) + G3($3>ZE3>ZE3)
— Z [(Ilg)rl 1 Igl 1:|LU22 1 Tl,TQ, + Z LU” 1 Tl, 1, 1)

r1>2,r2>1 r1>2

which is Y (I2) under the operation Cyc(xy — x5 — w3 — x1). By the same argument

we easily find that > (I3]), > ([IH) and > (IT) can all be obtained from » (I2)) under

different permutations of z, x5 and x3. Therefore

> T (s (s2)C (s9)

81,52,832>2

= @ {G3(I123>I12>I2) - G3(I12>ZE12,I2) - G3(1'23, X2, 932) + G3($2, $2>ZE2)

S(z1,22,23)
ro—1 ri—1 ri—1 ri—1
— g x [(:)313) T } C(ry,ra, 1) + g Ty rl,l,l)}
t1,83,r12>2,m72>1 r1>2
r1+ro=ti1+s3
where, for a function f(xy,...,z;) we define
@ f(zla"'azk): § f(IU(1)7“‘?xJ(k))'
S(x1,...,xk) o: permutations of 1,....k

3.2 Second method.

Multiplying (2]) by ((s3) and using the stuffle relations we get

> e e s)C ()G )

51,82,83>2
t1 —1 t1 —1
_ s1—1 _.so—1 _ s3—1 1 1
=Y iyt Y {(81_1)—1—(82_1)}@151,152,53) (18)
81,52,83>2 t12>22,t2>1

t1+to=s1+52



t1 —1 t1 —1
81 1 52 1 83 1 1 1 £ Sat
+ Z 3 Z (81_1)+(82_1) C(t1, s3,12)
§1,582,532>2 t1>2,t0>1 - J
t1+to=s1+52
[t —1 ty — 1\ ]
s1—1 _so2—1 _s3—1 1 1
+ Z R e Z <31 _ 1) + (Sg B 1) C(s3,t1,12)
81,52,83>2 t122,t2>1 - -
t1+to=s1+5s2
[t —1 ty — 1\ ]
31 1 _.so—1 33 1 1 1 toto+ s
P a3 (0T ()]t
51,82,53>2 t1>2,t2>1 - -
t1+ta=s1+s2
[t —1 ti —1\]
81 1 _so—1 83 1 1 1
+ t1 + s3,12).
+ Z Ty” T3 Z _(81_1) (32—1)_«1 3, t2)

81,52,83>2 t12>2,t2>1
t1+to=s1+52

Using the techniques similar to the one used in the proceeding subsection we get

(DE): {G3($12,$2,l'3 Z ztl ! 83 1 t171a83 +Zl¢1 ! tla]-?l)
S(

1,22) t1>2,53>1 t1>2

(19)

(20)

(21)

(22)

- (212)" 2y Tt 0, 1) — Gy(a, w2, 73) + Z xgl+t2_2C(t17t271)}

t1>2,t2>1 t1>2,t2>1
_ t1—1 83 1 t1— 1
(D:g) - @ Gg(l'lg,xg,l'g § €q t1>$3a + § Ty tla]-?l)
S(z1,22) t1>2,83>1 t1>2

- Z (xIQ)tl ! t2 lg(tlu 17t2> G3($2,x3,$2) + Z $gl+t2_2C(t17 17t2)}

t12>2,t22>1 t12>2,t22>1
@)= B {G3($3>I12,ZE2)—G3(IE3,!E2,CE2)
S(z1,22)
Z Itl ILE';S ! Sg,tl, —|—ZSL’SS ! 83,1,1)}
s3>2,t1>1 s3>2
G2 9312,1'3) Gz(ﬂf12>ﬂ72)
- —@
@) = @ { T3 — Ty 7y 2(T12, T2)
S(z1,22)
G -G 1 1
_ 2(362,36’3) 2(I2,36’2) —Gg(l’g,l’g)——Gg(l’l,l’g)
T3 — X9
1 _
+x_22<($12)t1 by 1) C(t1,1 +—th1 1( C(t1,1) + z3¢(t, ))}
t1>2 3 4>1
Go(x3, x2) — Ga(T12,72)  Go(ws, x2) — Ga(xe, ) 1
— + —Gy(xo, x
(m) 8@2){ T3 — T12 T3 — T2 ) 2( 2 2)
1 xt—l _ l,t—l
— —Go(x19, 9) — A t, 1) — 2,1}
e ) = 3 (B et (e 2
Therefore
Z 7' 1I§2 195§3 1(’(31)((32)((53)
81,52,83>2



= @ {Gg(l’lg,l’g,l’g Z ZL’tl ! t2 1 tl,l,tg —FQZZL'tl 1 tl,l,l)

S(ml,xQ) t1>2,t2>1 t12>2
t1—1 tz 1 t1—1 tz l t1+to— 2
- E (z12)"7 C(t1,t2,1) E xy P (1, 1) E Ty (ti,t2,1)
t12>2,t2>1 t12>2,t2>1 t1>2,t2>1
§ t1+to—2 § t1—1 t2 1 § t1—1 t2 1
+ LU C t1717t2 .fl: (t17t271) (,’,Ulg) - C(t1717t2>
t12>2,t2>1 t12>2,t2>1 t12>2,t2>1

+G3(212, 3, 12) — G3(22, T3, T2) + Gs(x3, T12, o) — Gs(x3, T2, T2) — G3(x2, T2, T3)

+G2(SL’1271’3) - G2($127$2) _ iG2(I12’I2) _ G2($275€3) - G2($275€2)
T3 — To T9 T3 — T2
2 1 G ,T2) — G , 1
+— G2(I2,SC2) - —G2(I1,SC3) + 2(x3 2) 2($12 x2) - —G2(SC12,332)
a: T3 T3 — Ty — I x12
_'_ Z x12 = 1 tlv +_th1 1( t17 +x3c t17 ) thl ! t17171>
2 4>2 3 4>2 t1>2
Ga(x3, 12) — Ga(T2, 72) ayt—att
— — - — t.1)—((2,1 }
T3 — T3 Z T3 — I LU3 C(?) C(v)

3.3 Third method.
Repeated use of stuffle relations yields
C(51)¢(52)C(s3) = ((s1, 52, 83) + (51, 83, 52) + (83, 51, 52) + ((51, 82 + 83)

+ ((s1 + 83, 52) + ( (82, 51, 53) + ( (52, 53, 51) + ( (53, 52, 51)
+ (52,51 + 53) + (52 + 83, 51) + ((51 4 52, 53) + (53,51 + 52) + ((s51+ 52 + 53). (23)

On the right hand side of the above there are essentially four types of MZVs. Sim-
ilar computation as above leads to the following four expressions of their generating

functions:

Z e T ay T (51, 82, 83) = G(1, 79, 73) — Z o108, 1)

51,52,832>2 §1>2,59>1
— § 25 s (s, 1, 83) +§ 2571 (51,1, 1)
812>2,832>1 51>2
Go(x1, w3) — Go(w1,22)  Ga(x1,x2)
1 so—1 s3—1 2(%1, 23 2(%1, T2 2(T1, T2
Do e o, sy ) = TR T - S
51,52,53>2 3 2 9
Gz Ga(z1,23) 1 1
I -1
E ' C(s1,2) + | — + — E 7 (s, 1)
§1>2 Ty T2 $1>2
s1—1_so—1_s3—1 Go(zs, x1) — Ga(xe,21) 1
E o)y’ ((s2 + 83, 81) = — —Go(x, 1)
T3 — T T2

81,582,832



s—1 s—1
x5 —x
— —GQ(Ig,IL’l + E (2, 81) — E <3$72 — x5l -2+ 53,2) C(s,1)

s1>1 52 37 T2
s1—1, so—1_s3—1 1 (Gi(zs) | Gi(z1)  Gilzs) — Gi(z)
51’8227;%22 Tr] Ty Ty C(Sl + 8o + 83) = :17_3 ( 5 + o a— )
+ 1 <G1<£L’3> — Gl(ﬂ?l) . G1(1’3> . Gl(LIZ'Q) — G1<.§L’1) + Gl(ﬂ?g)) . _@
T3 — T2 T3 — Tq ZT3 To — X1 T2 ZT3
_ i (Gl(x2) — Gl(xl) . Gl(x2) . Gl(xl) + C(Q)) Gl( ) . C(B) _ @
T To — X1 o 1 371 x

Therefore (23)) becomes

Go(21, g
> e e (s)C(s2)C(ss) = 6P {Gg(llfl,a?z,xs)_i(x’ :
§1,82,832>2 S(w1,2,23) ?
G G G
B 2($27$1)+ 2(21,23) + Galas, x1) Z 27122710 (51, 59, 1 +Zx (s,1)
L2 L3 — L2 51>2,50>1 522

+fo‘1§(s,1,1)— Z 25 s (s, 1, 83) +—Zx1 (s, 1)} ¢(3)

§>2 §1>2,53>1 §>2
iy Gi(z1) ¢(2)
(s, )+ ) (2, 8)— (u) s, 1)+ ! -
@){Z D D Ml T ALk I }
X @ { 1 Gl(l’g) — Gl(l'l) X Gl(l’g) _i Gl(ZL’Q) — Gl(l’l) _ Gl(ZL’l) }
(2 T3 — T2 I3 — X1 ) T2 To — T T
Here, for a function f(z1,...,zx) we define
k
@ f(oe, .o o) = Z (@i in, oo Tir1)
C(z1,..yxg) 1=1

where the subscript is taken modulo k.
By comparing the first and the third method we get

Theorem 3.1. We have

@ {G3($1237$12,$2) - G3($12,$12,$2) - G3($237$27$2)
S(z1,22,23)

Ga(x1, x3) + Go(z3, 1) n Ga(x1, x2) n G2($2,$1)}

+ G322, X2, T2) — G3(21, 22, 73) —

T3 — Ty i) o
_ @ { 1 <G1($3) - Gl(xl) + Gl(l’g)) . Gl([lj'Q) — Gl(xl) + Gl(xl)}
C(z2,x3) L3 = L2 T3 — 1 T2 x2(x2 - «'171) T1T92
- @ { Z ry 1 )=t ' —xg 1}C(7“1,7“2> 1)+ in_zg’(s, 1)
S(z1,m2,x3) T12>2,72>1 s>2



s—1
- Z o T (s1,1, 53) +_Zx8 1 _Z<a§3—xz>g(s’1)}

s1>2,53>1 s>2 §>2
. . Gi(x ((2
B {Taicts2)+ Y aic s+ L) BN
C(w1,m2,3) 5>2 5>2 Iy I
1,22,T3
Proof. Clear. O

This theorem is equivalent to the following result which can be regarded as a para-

metric family of weighted sum formulas.

Theorem 3.2. Let a, b and ¢ be any real numbers and let 0 = a +b. Then for any

positive integer n > 4 we have

@ { Z (ac(a +b+ ) a+ ) — ac(a + b)Y — ac(b + ¢y T

S(abe) ~j>2.k1>1

J+kt=n
+ ach T2 a’bkcl>§(j, k1) + Z <ca’bk_1 + ca®ty ! — b(ac—+bac)>g(j’ l{;)}
j22.k>1 “
jt+k=n
abc™ — bea™ e ac(b"t — a7t n—
—@{ ( T, Tach 1)— ( — )+ca 1}C(n)
C(b,c)

@{ S (abella+ ™ ol = G k1) — b C( 1 R))
S(a,b,c) j]-‘r>k2 kn>11

abc™ 1

- )g(n—1, 1)+%a”‘2bc(§(n—2, 2)+((2, n—2))+%an_2bcC(n)}.

+ (a"_lc+a"_2bc—

Proof. In Theorem [B.1] we first set z; = at, x5 = bt and z3 = c¢t. Then by comparing
the coefficient of t"~3 we get Theorem O

The following weighted sum formula seems to be new.

Corollary 3.3. For any positive integer n > 2 we have

ST 2T G kD Y 2k 1)

J>2,k1>1 Jj>2,k>1
J+k+l=n j+k=n—1

=nl(n—1,1)+3¢(n—2,2) + {(2,n — 2) + 2{(n).

10



Proof. Setting a = 1 and letting b — 1 and then ¢ — 1 in Theorem we get

> 6(32 -k D Y 3(6-n)G ket )
Jj>2,k,1>1 §>2,k>1 2
Jjt+k+l=n Jtk=n
- > 6(<2j—1—2><(j, k,1)—C(41, k>)+3(6—n>c<n—1, 1)+3¢(n—2,2)+3¢(2,n—2).
Jj>2,k>1
J+k=n—1

The following two special type sum formulas are special cases of [8, Thm. 2.3] and [7|

Thm. 5.1], respectively:

Jj>2,k>1
Jjt+k=n—1

> k1) =C(n—1,1)+((n—2,2). (25)
J>2,k>1
J+k=n—1
Notice that (25) is a also special case of Eie’s generalized sum formula in [I]. Combining

with sum formula ([7]) we get

, , . 2—3n—16
S o6(3 i — 2 (k) - T )
i

=3 ) 2¢(j,k.1)=3n¢(n—1,1) = 9(n —2,2) — 3((2,n — 2).
Jj>2,k>1
jt+k=n—1

Dividing by 3 throughout we get

2 _ —
PR A G ISR B 36” B
i>2,ki>1
Jj+k+l=n
= ) 2¢0G k1) —n¢(n—1,1) = 3¢(n—2,2) = {(2,n - 2).
j>2,k>1
Jt+k=n—1
Hence the corollary follows from [11, Cor. 4.1]. O

By comparing the second and the third method we can get another identity involving
the generating function GG3. However, it is quite long so here we just write down the

following version concerning a parametric family of weighted sum formulas.

Theorem 3.4. Let a, b and ¢ be any real numbers and let 0 = a +b. Then for any

positive integer n > 2 we have

11



> &P ( oV + 1) + ad T — (aj+k—1bcl+ajbkcl>)C(j,k,l)

§>2,k,1>1C(ab) C(j5.k.0)

Jj+k+l=n
Z @ (aa] e aj+k_1bc—ajbkc)§(j, k1)
j>2,k>1 C(a,b)
j+k=n—1
Z @ (aa] ke — a? ™ 1be — aFbed — akcbj)g(j,l,k)
J>2k>1 Cla,b)
j+k=n—1
i k k
Z ( @ @ (aﬂ bC —Cb a,]bk 1C a,]bck 1) @ (0-3 lCL(bC b— cb )_ajbck_l
]j>+2kk>nl Clabie) C c—b c(ab) €=
. k. ~j—1. .1k ' ) k—1 Y N
—a]_lbk_lac—l—ab CC_;T_ aacb —09_2bkac+@ (acb”k_z—b a(cbi 2 be))))C(J} k)

C(4.k)

bn—l —b n—1
— @ (aca"‘2 —a"le— g — 2abm 2+ L 20— ac)a )C(n -1,1)

+ EB <b2 A a"‘lb) C(n) + bea""*¢(n) + abc"*((n - 2,2)

+ P o 2bc¢(2,n —2) = bno(ab+ ac+ be)((2) — nz3abe(C(2,1) + ¢(3))
C(a,b,c)

Proof. Similar to that of Theorem We leave the details to the interested reader. [

Corollary 3.5. Let n be any positive integer. Then

Do @G RD - D P(CULK)FCURD) + D 2P k(R

71>2,k,01>1 j>2,k>1 j>2,k>1
j+k+l=n jt+k=n—1 J+k=n

(n+3)(n+1)

= 5 C(n) —3¢(n—2,2) — (2" ' +n)(n—1,1) = 3¢(2,n — 2).

Proof. Setting a = 1 and letting b, ¢ — 1 in Theorem B.4] we get

Do @2 -6)CGik D~ D [ = 6)C0 L R) + (2~ 4)( K, 1))

J22,k,1>1 j>2,k>1

j+k+i=n j+k=n—1
+ > (P(k—1) =27 =50+ 22)¢ (), k)
Jj22,k>1
jt+k=n
2-9 32
= T ) + (= 2,2) = (2 = 10)((n — 1,1) +3¢(2n - 2),
Using the weighted sum formula (@), the sum formulas (), (24]), and (25]) we can derive
our corollary quickly. O

12



4 Depth 3: product of zeta and double zeta

Set x571 = 25 12527 23! throughout this section. By (@) for all 51, s3 > 2 and sy > 1,

Yo X (s1,9) (ss)

81,83>2,52>1

= > Xt ) (::DC(%%&) (26)

$1,83>2,52>1 t1>2,t2>1
t1+t2=s1+s3

LR S Sl ()| (s L

81,83>2,52>1 t1>2,19,t32>
t1+ta+ts
=s1+s2+s3

D SEED DI (e | () HOORS) (28)

81,83>2,52>1 t12>2,t2,t3>1
t1+ta+ts
=s1+s2+s3

Similar to the last section we can get
([?BD IGs(I13,$1,$2) - G3($1,$1,$2) - Z xil_ISCSQ_lC(Sh 1, 52)7
812>2,52>1
@ZD =G3($13,$23,$2) - G3(I3,$23,372) - G3($1,$2,$2)>

28) =G5(x13, 23, x3) — G3(w3, T23, T3) — Z a3 TN (sh, 82, 1)

5122,822>1

On the other hand

> X(s1,83,90) =Gy, ws,m0) — Y a2 (s, 1,5)  (29)

§122,82>1,53>2 $122,52>1
Yo X W(sss1,8) =Galwg,ar,m) — Y 2@ (s, 1,5)  (30)
§122,52>1,53>2 $122,52>1
Z x5 (s1, 52, 83) =G3(71, T2, T3) — Z 23 7w (s, 52,1). (31)
§12>2,52>1,53>2 51>2,522>1
Also

Z XS_IC(Sl + 83,82)

5122,522>1,53>2

=Zx§2—12( > ><<>

s22>1 §22 \s122,53>2,51+s3=s
B IL’S_I - IL’S_I
= Z x5 Z (73 — L a2 5372) C(s, $2)
s2>1 5>2 T3~
1 1 1 1
= <G2($3,$€2) - Gz(Il,@)) — —Ga(z1,12) — —Go(w3, 72) + sz ¢(2,s)
T3 — I1 T T3

s>1

(32)

13



where d;0 = 1 is s = 2 and J, 9 = 0 otherwise. Similarly

Z x5 (s, 50 + 83)

§122,8202>1,53>2

I 3] D S L

5122 s>1 \s2>1,53>2,52+s3=s
-1 s—1
= s1—1 LL’3 _I2 5—2 5 —1
S (B s ) dlons)
§1>2 s>1
! s—1
:%_@(@@b%)(%@w@)——Gmmx2+—§:% C(s,1) (33)

§>2

Notice we have the stuffle relation
C(s1,52) C(s3) = C(s1, S2, 53) + (51, S3, S2) + (83, 51, S2) + ((S1 + 83, 52) + (51,52 + S3).

Hence the sum of (29) through (B3] equals the sum of (28] throught ([28), giving the

following result.

Theorem 4.1. We have

Gs(x13, 21, 22) — G3(21, 21, X2) + G3(213, Taz, T2) — G3(x3, Tog, X2) — G3(21, 22, X3)

+ G3(I13,$237$3) - G3(SC37 T23, $3) - G3($17 T2, $3) - G3($17 Zz3, $2) - G3($37 X1, $2)

1 1
- T3 — X1 (G2($3’ Z2) = Gz(xhx?)) + s — T <G2(x17 T3) — Gg(xl,x2)>
1G( ) 1G( ) IG( )
— — Gy, w2) — —G2(¥3, 72) — —Ga(21, @

T 241, L2 75 2 43y L2 o 2\X1, X9

B Z ey 5171732)+Zx§_1§ +_Zx (s,1). (34)
§1>2,52>1 s>1

Proof. Clear. -

Theorem 4.2. Let a,b and c be three real numbers. Then we have

Z [(a + ) raFf bt e 4+ a(a 4 )b + ) T (b + be)

J>2,k,1>1
Jjt+k+l=n

— e — I e — add (b4 )FTHY b — dd b — @l MY — cjakbl} C(j,k,1)

_ Z (ac? — alc)b* n o’ (be* — bre) — a7 e — abf I — @IpF ! }C(] k)
§>2,k>1 c-da et |
]tl—k =n

— Zakbn YheC(k,1,n —1— k) +ab™%c((2,n — 2) + a"'e¢(n —1,1). (35)

14



Proof. Multiplying z 2523 on (34), taking x; = at, x5 = bt, x5 = ct and then comparing

the coefficients of t" we arrive at (35]) immediately. O

Notice that Theorem [l is very similar to [II, Thm. 1.1(i)] but not the same.

Moreover, by comparing the two results we obtain the following immediately.

Theorem 4.3. We have

G3(951,I1,I2) + G3(931,£l?2, 932) - x—le(Il, 932) - x—Gz(Il, 932)

= 3 e s L) = Y a2, __Zx (s,1). (36)

$1>2,59>1 s>1 §>2

Proof. The terms appearing in (36]) are exactly those that are in Theorem E.1] but not
in [IT, Thm. 1.1(%i)]. O

Theorem 4.4. Let a and b be three real numbers. Then we have

D A N SO B S (AR IR
J>2,k1>1 §>2,k>1
J+k+l=n Jj+k=n

i
no

=Y dV Rk 1, —1— k) —ab" 2 ¢(2,n — 2) —a" " *¢(n—1,1). (37)
2

B
||

Proof. This follows from Theorem immediately. O

Corollary 4.5. Let n be a positive integer such that n > 3. Then

> (@HRCGE D= D kG, 1,1) = ((2,n-2)+4¢(n)—(3n—5)¢(n—1,1). (38)
§>2.k,1>1 E>2,1>1
j+k+l=n kti=n—1

Proof. Differentiating (B7)) with respect to a and then putting a = b = 1 we get

D @i+k-1CERD = D (25— 1)¢0, k)

J>2,k,0>1 i>2,k>1
Jj+k+i=n j+k=n
k>2,0>1
k+l=n—1
The corollary now follows from (@) and the sum formulas (8)) for d = 2, 3. O

The following corollary provides a sum formula relating some special type triple zeta
and double zeta values. It also appeared in [I1] as (5.12) which is a special case of [8]
Thm. 2.3].

15



Corollary 4.6. Let n be a positive integer such that n > 3. Then

n—1

> (ke n—k) =¢(2,n—1)+((n,1). (39)

k=2

Proof. Taking a = b =1 and let ¢ — 1 in the Theorem [4.2] we get

Z (Qj_l + 2j+k_l + 2k - 5)C(Ja ka l) - (n - 5) Z C(]a k)

J>2,k,1>1 §>2,k>1
Jjt+k+l=n Jtk=n
n—2
==Y Chln—1—k) +((2n—-2)+((n—-11).
k=2

By sum formula (§]) we see that

<Gk = D <G kD =¢m).

i>2,k>1 J>2,k,0>1
jt+k=n Jt+k+l=n
Now (B9) quickly follows from the weighted sum formula of Guo and Xie [0, Theorem
1.1] (setting k = 2 there). O

5 Depth 4: product of two double zetas

In this last section we turn our attention to depth 4 case and derive some new families of
MZV identities using the idea of generating functions developed as above. Throughout
this section we set x*~1 = 25112527152 e We also use the short hand t;; = ¢; +t;,
sij = 5; + s; and so on.

First, for integers s, s3 > 2 and s3, 54 > 1, Guo and Xie proved the following at the

end of [6]

((s1,52) C(53,54)

"2 ) (T

t12>2,t2,t3>1
t123=s123

t1 —1 ty — 1
+ Z <53 . 1) <S4 B 1)C(t17t27t37 82)

t12>2,t2,t3>1
t123=5134

t —1 ty — 1 te — 1 f— 1
L ST () P [ { i) B )
t12>2,t2,t3,t4>1 51— ti2 — S13 S4 — 1y Sq —

t1234=51234
ti—=1\( ta—1 ty—1 ty —1
t1,t9,13,14).
" <53 - 1) <t12 - 813) <<82 - t4> * <52 — 1))}« b2t )

16



Hence

D XM (s1,90) (53, 5)

81,832
82,8421

B o1 t1 —1
Z s1—1
$1,83>2 t1> >2 otz >1
892,84>1 t123 =5123
LY e (t1—1
—1
51,532 t1>2t2,t3>1 53
59,84>1 t123=S134
LY e Y (t1—1
s1—1
51,832 t1>2,t0,t3,ta>1 N1
$9,84>1 t1234=51234
IR S (O
s1—1
51,832 t1>2,82,3,04>1 N1
592,84>1 t1234=81234
XY (tl_l
s3— 1
51,532 t1>2,t0 3,841 N0
52,54>1 t1234=
51234
LY e (t1_1
s3— 1
51,532 t1>2,t0 3,841 N0
59,54>1 t1234=51234

As before we can get

{@Q) = Ga(x13, w23, T3, T4) —

[@2) =G (213, 23, T4, T4) —
@3') :G($13,$237$24,$2) —
(m:l) = O-x1,x30-x27x4(m)> GED

(
(
)
)
)
)

On the other hand, by the stuffie relation

C(s1,52)C (83, 54)

o —

to —

(

G4(ZE3, T23,T3, ZE4

G(Ig, T23, L24, ZE4)
G($3,$23,$247$2) -

= Ux17x30xz,x4m)a (m)

S9 — 1
S4 — 1
ty — 1
t12 — S13
ty — 1
t12 — S13
ty — 1
t12 — S13
ty — 1
t12 — S13

(

s1>2
52,8421

i3 —1

84—ty

) t17t27t3784>
) (t1, 12,3, S2)

)C t17t27t37t4

- G($1,$2,$24,1’4)

+ ((83, S14, 52) + C(51, 53, 524) + (83, 51, S24) + ( (513, S24)-

Thus we have

D X (s1,90) (53, 5)

51,8322
82,8421

17

G(%, T2, T24, 56’2)

= Oz1,23033,24 (m)

C(tb t27 t37 t4)

y )C(t1>t2,t3,t4)

(41)

(42)

(43)

(44)

1, s2—1, s4—1
Z ity (s, 2, 1, 84).

= g(s37 S4, S1, 82) + C(837 S1, Sa, 52) + g(slv 53, S4, 82) + C(Sh S3, S2, 84)

+ ((s1, S2, 53, S4) + (83, 51, S2, S4) + C(s13, S2, S4) + (51, S23, S4) + ((S13, S2, S4)



= Z x5 1((s3, 54, 51, 52) + Z x> (s3, 51, 54, $2)

81,8322
82,8421

-+ Z XS_IC(31783784782)+ Z Xs_lg(51753782754>

51,8322
82,8421

+ Z XS_lC(817$2a837$4)+ Z XS_1<(83’81’82’S4)

81,8322
82,8421

+ Z x*7((s13, 54, 52) + Z x5"((s1, 523, 54)

51,832
52,5421

+ > X T (s13, 82, 80) Y X553, 54 + 51, 52)

51,8322
52,8421

+ > x (1, 8,5) Y X ((s3, 51, 524)

81,8322
s9,54>1

X

51,8322
52,8421

$1,83>2
82,84>1

81,832
82,84>1

$1,83>2
52,84>1

81,832
82,84>1

81,832
52,84>1

$1,83>2
82,84>1

8137 324)

One can verify the following identities as before:

[@0) =G4(xs, x4, 21, 22) + Ga(3, 21, 24, 3)

8322
82,84>1

@D =G4(x1, x5, x4, T2) + Ga(1, T3, 2, T4)

§1>2
82,8421

[A8) =G4(x1, x2, k3, 24) + Ga(T3, 21, T2, T4)

§3>2

82,5421

Z xSZ ! 83 ! 24 1g(5371784752)

- >

§1>2

82,5421

Z x81 ! 82 ! 24 1g(5171782754)

E:xsll

E:xsglsgl

C(S?n Sa, ]-7 82)
s1—1 _so—1 _s4—1

C(Sla ]-> S4, 82)

C(Sla 52, ]-> 54)

§1>2
s2,54>1
Z sz ! 83 lxi4 1§(5371732754)
s3>2
82,8421
. Gs(x1,04,79)  Gs(w1, 4, 72) Gs(x1, w2, 24) — Gs(@1, 73, 74)
- - '
r1 — I3 T

C(z1,x3)

G3(SC1, T2, 36’4

(EDD =0z1,23022,24 (@)

s,t>1

18

(49)

(50)

(51)

(52)

Zx31t1 2ts+—2:c51t1 (5,1,1)



EI) = @ { @ {G?)izla_fc;f? _zz—ngj 75 1C t’l’s)}}

C(z2,x4) C(z1,23) ti%
S

& - @{@{(ﬁ_mg L)@y LS o)

To — X
C(wg (E4) C(:El (Eg 2 4 t>1

Hence the sum of (0) to (45) is equal to the sum of (6] to (52)). This equality
establishes an identity involving G, and four formal variables xi,...,x4. By taking
x, = at,xy = bt,w3 = ct and w4 = dt and comparing the coefficient of t"~* we can
obtain our last theorem.

Let Sy = {e,04,0b.4}, where o, (or 0, 4) denotes the transposition that switches a
and ¢ (or b and d) and Sy = {e,04.c0bd; Tac, Obcs Obd, Ocdpaf- For any subset S of the

symmetric group Gy, let @ fla,b,c,d) = Z flo(a),a(b),o(c),o(d)).

S oc€eS
Theorem 5.1. Let a,b, ¢ and d be any real numbers. Then for any positive integer

n > 2, we have

@{ Z [abe(a + )7 (b4 )t —abc' (b + )™t — ca’¥) (b + d)*td - ¢ (i, 4, K, 1)

i>2

i+j+k+l=n
- Z [(a4c) ™t = Hab(b+c)y ' cFd'¢ (i, §, k, 1)+ Z (Vd' +dbea'¢(i, 1, 5,1)
PRt i=n P T
+ Y lacd(a+ )b+ ) — addf(b+ ) —cdaibj‘l](b+d)k‘1bl~§(i,j,k,l)}
i+j-|l-;-2|-l:n
:@{ Z a'ti Fd'¢ (i, g, k l)}—l—@{ Z M—cbj_l a'd*¢(i, j, k)
‘ Y Y Y ' b _ C Y Y
Sa 1>2 S1 i>2
i+j+k+i=n i+jtk=n
ca’ — ac’ i1 i1\ 1i ke dvf —bd* , o
+ ; ( — T —ac )b]d C(i,5,k) + ; ﬁadg(z,j,k)
i+j+k=n i+j+k=n
+ > aedV(2,5.k)+ > edd®C(i,1,k)— Y Ma’b{(i 1 k)}
' ) J) ‘ ) Y ‘ b—d ) Y
jt+k=n—2 1>2 1>2
itk=n—1 itk=n—1
ca’ — ac' i L\ A —bd? o ac(db"? — bd"?)
— _— 2,n— 2).
+Z< = —ae ) B i)+ A -
i+j:n

Corollary 5.2. Let n > 5 be any positive integer. Then

2 > (L4 — Y @7 25 kD)~ Y k(R 1))

1>2 1>2 k>2
i+j+l=n—1 i+j+k+l=n k+j=n—1
+5
—20(2,n—2) + (n—3)C(n—2,2) — (20— 5)C(n—1,1) + “2¢(n). (53)
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Proof. Let a=1=band ¢ — 1 and d — 1 in Theorem 5.1l Then we get

2 N (@R it gk Lt i (k) =6 Y (i, k)

i>2 i>2
it+jtktl=n itjtk+l=n
—4 > LD +2 Y (n—6)CE k) +2 Y C(2,5.k
i>2 i>2 jAk=n—2
itj+l=n—1 i+jthk=n
i>2 i>2
i+k=n—1 i+j=n

By the sum formula and the weighted sum formula of Guo and Xie [6, Theorem 1.1]
(setting k = 4 there), we get

2 Y (LA — > @T +2Cgk D = D C(2,5,k) —3((n)

i>2 i>2 Jtk=n—2
i+j+l=n—1 i+j+k+l=n
n—2 1 n—1 n—3
> (n—i—3)¢(,L,n—i— 1)+§Z(z’—3)(n—z’— 1)C(i,n—1i)+ C(2,n—2)
i=2 i=2
(54)
Taking | = 2,41 = 2,i3 = n — 3 in [7, Thm. 5.1] we get
> (24,8 =C¢Bn—3)+((2,n-2) (55)
jt+k=n—2
Combining this with (@), (I0), (24) and the sum formula (7]) we see easily that (54) can
be simplified to (B3]). This finishes the proof of the corollary. O
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