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Abstract

The main goal of this paper is to construct non-commutative Hilbert modular
symbols. However, we also construct commutative Hilbert modular symbols. Both
the commutative and the non-commutative Hilbert modular symbols are generaliza-
tions of Manin’s classical and non-commutative modular symbols. We prove that
many cases of (non-)commutative Hilbert modular symbols are periods in the sense
on Kontsevich-Zagier. Hecke operators act naturally on them.

Manin defines the non-commutative modilar symbol in terms of iterated path
integrals. In order to define non-commutative Hilbert modular symbols, we use a
generalization of iterated path integrals to higher dimensions, which we call iterated
integrals on membranes. Manin examines similarities between non-commutative
modular symbol and multiple zeta values both in terms of infinite series and in
terms of iterated path integrals. Here we examine similarities in the formulas for non-
commutative Hilbert modular symbol and multiple Dedekind zeta values, recently
defined by the author, [H3|, both in terms of infinite series and in terms of iterated
integrals on membranes.
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0 Introduction

Classical elliptic modular symbols were introduced by Birch [Bi] and Manin [MI1] in
connection with Birch - Swinnerton-Dyer conjecture for certain congruence subgroups of
SLy(Z). We recall that a modular symbol {p, ¢} is associated to a pair of cusp points
p, ¢ € P(Q) on the completed upper half plane H' UP!(Q). One can think of the modular
symbol {p, ¢} as a homology class of the geodesic connecting p and ¢, in Hy(Xr, {cusps}),
where Xr is the modular curve associated to a congruence subgroup of SLy(Z). One
can pair {p, ¢} with a cusp form f by

q
{p.a} x f H/ fdz
P
If f is a cusp form of weight 2 then fdz can be considered as cohomology class in H'(XT).
This gives a pairing between homology (Betti) and cohomology (de Rham) that leads to
periods. Modular symbols are a useful tool applied to L-functions and computation of
cohomology groups. For a review of such topics, one can consult [M3].

Their theory was developed by Manin, Drinfeld, Shokurov, Mazur, [M1l Dz, [Shok|
Maz]. Later the theory was extended to higher ranks by A. Ash, Rudolf, A. Borel,
Gunnels [AR] [AB| [Gul.

Elliptic modular symbols are important tool in the study of modular forms. They are
particularly useful in computations with modular forms. J. Cremona designed algorithms
for computations with elliptic curves, based on modular symbols ("modular symbol
algorithm”), see [Cre]. Some of the applications include computations of homology and
cohomology. Also, the study of special values of L-functions became a vast area of
applications of classical modular symbols, see [MS|, [KMS].

Later W. Stein also has contributed to the difficult area of computations with modular
forms. See his excellent book [Ste], which contains both theory and computational
methods. For higher rank groups one can consult the Appendix by P. Gunnels in the
same book.

Manin’s non-commutative modular symbol [M2] is a generalization of both the classi-
cal modular symbol and of multiple zeta values in terms of Chen’s iterated integral theory
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in the holomorphic setting. Manin shows that the non-commutative modular symbol is a
non-commutative 1-coclycle. He also shows that each of the iterated integrals on Hecke
eigenforms that enter in the non-commutative modular symbol are periods.

The main goal of this paper is to construct non-commutative Hilbert modular sym-
bols. However, we also construct an analog of the classical modular symbol for Hilbert
modular varieties. Both symbols are generalizations of the corresponding Manin’s con-
structions.

We compute explicit integrals in terms of the non-commutative Hilbert modular
symbol of type b and present similar formulas for the recently defined multiple Dedekind
zeta values (see [H3]). We prove that the iterated integrals on membranes that enter in
the non-commutative modular symbol of type c are periods. We also give some explicit
and some categorical arguments in support of a conjecture that a certain type of non-
commutative Hilbert modular symbol satisfies a non-commutative 2-cocycle condition.

Before describing our results let us recall the non-commutative modular symbol
of Manin [M2]. Let V = d — >, X, f;dz be a connection on the upper half plane,
where f1,..., fm are cusp forms and X1,...,X,, are formal variables. One can think of
X1,..., X, as constant square matrices of the same size.

Let Jg be the parallel transport of the identity matrix 1 at the point a to the matrix
J? at the point b. Alternatively, Ji' can be written as a generating series of iterated path
integrals of the forms fidz,..., fi,dz, (see [Ch] and [M2]), namely,

m b m b
J3:1+2Xi/ fidz + Z XZ'X]'/ fidZ'fde+"'

i=1 @ i,j=1 @
Then Jngc = J¢. This property leads to the 1-cocycle c}(vy) = JYq, which is the non-
commutative modular symbol (see [M2] and Section 1 of this paper). If fi,..., fn are
normalized cusp Hecke eigenforms then each iterated integral appearing in the generating
series Jg is a period. In this paper we introduce both commutative and non-commutative
modular symbols for Hilbert modular surfaces. As it turned out we need some new tools
in comparison to the classical modular symbols. In particular for the non-commutative
Hilbert modular symbol we need iterated integrals in dimension higher than one. We
introduce them and study their properties in the special case of Hilbert modular surfaces.
In this paper, we construct both commutative and non-commutative modular symbols for
the Hilbert modular group SLy(Of). For the Hilbert modular group, one may consult
[B] and [E]. In the case of Hilbert modular surface, it is not possible to repeat Manin’s
constructions for the non-commutative modular symbols, since the integration domain is
two-dimensional over the complex numbers. Instead, we develop a new approach (Section
2), which we call iterated integrals on membranes. This is a higher dimensional analogue
of iterated path integrals. In Subsection 3.7, we explore similar relations between non-
commutative Hilbert modular symbols and multiple Dedekind zeta values (see [H3]).

In Section 3, we associate modular symbols for SLy(Ok) to geodesic triangles and
geodesic diangles (2-cells whose boundary has two vertices and two edges, which are
geodesics.) We are going to explain how the geodesic triangles and the geodesic diangles
are constructed. Consider 4 cusp points in H? UP!(K). We can map every three of them
to 0, 1 and oo with a linear fractional transformation v € GLo(K). There is a diagonal
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map H' — H?, whose image A contains 0, 1 and co. We can take a pull-back of A with
respect to the map « in order to obtain a holomorphic (or anti-holomorphic) curve that
passes through the given three points. If det «y is totally positive or totally negative then
7*A is a holomorphic curve in H?. If det vy is not totally positive or totally negative (that
is in one of the real embedding it is positive and in the other it is negative) then v*A is
anti-holomorphic. This means that it is holomorphic in H? if we conjugate the complex
structure in one of the copies of H'. The same type of change of the complex structure
is considered in [E].

On each holomorphic, or anti-holomorphic curve v*A, there is a unique geodesic
triangle connecting the three given points. However, if we take two of the points, we
see that they belong to two geodesic triangles. Thus they belong to two holomorphic,
(or anti-holomorphic) curves. Therefore, there are two geodesic connecting the two
points - each lying on different holomorphic (or anti-holomorphic) curves, as faces of the
corresponding geodesic triangles, defining the curves. There are two pairings that we
consider: the first one is an integral of a cusp form over a geodesic triangle and the second
one is an integral of a cusp form over a geodesic diangle. If we integrate a holomorphic
2-form coming from a cusp form over a geodesic triangle, we obtain 0, if the triangle lies
on an holomorphic curve. Thus the only non-zero pairings come from integration of a
cusp form over a diangle or over a triangle, lying on an anti-holomorphic curve.

Now let us look again at the four cusp points together with the geodesics that we
have just described. We obtain four geodesic triangles, corresponding to each triple of
points among the four points, and six diangles, corresponding to the six “edges” of a
tetrahedron with vertices the four given points. Thus, we obtain a “tetrahedron” with
thickened edges. We will use tetrahedrons with thickened edges as an intuition for a non-
commutative 2-coclycle relation (see Conjecture [3.15]) for the non-commutative Hilbert
modular symbol, which is an analogue of Manin’s non-commutative 1-cocycle relation
for the non-commutative modular symbol.

Usually, the four vertices are treated as a tetrahedron and a 2-cocycle is functional
on the faces, considered as 2-chains. The boundary is defined as a sum of the 2-cocycles
on each of the faces (which are triangles). The boundary of the tetrahedron gives a
boundary relation of a 2-cocycle.

In our case the analogue of a 2-cocycle is a functional on diangles and on triangles.
And the boundary map is a sum over the faces of the thickened tetrahedron. Thus, the
faces of the thickened tetrahedron are four triangles and six diangles, corresponding to
the six edges of a tetrahedron.

We show that the geodesics on the boundary of a diangle or of a geodesic triangle
lie on a holomorphic curves v*A for various elements v with totally positive or totally
negative determinant. This implies that when we take the quotient by a Hilbert modular
group the holomorphic curve v*A becomes Hirzebruch-Zagier divisor [HZ]. Then we
prove that the commutative Hilbert modular symbols paired with a cusp forms of weight
(2,2) give periods in the sense of [KZ].

In order to construct a non-commutative Hilbert modular symbol, first we define
a suitable generalization of iterated path integrals, which we call iterated integrals on
membranes (see Section 2). We choose the word “membrane” since such integrals are
invariant under suitable variation of the domain of integration.
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There is a topological reason for considering non-commutative Hilbert modular sym-
bol as opposed to only commutative one. Let us first make such comparison for the
case of SLy(Z). The commutative modular symbol captures H;(Xr), while the non-
commutative symbol captures the rational homotopy type of the modular curve Xr.
Now, let X be a smooth Hilbert modular surface, by which we mean the minimal desin-
gularization of the Borel-Baily compactification due to Hirzebruch. Then the rational
fundamental group of a Hilbert modular surface vanishes, 71(X)g = 0, (see [B]). The
non-commutative Hilbert modular symbol is an attempt to capture more from the ra-
tional homotopy type compared to what Ho (X' ) captures.

For convenience of the reader, first we define type a iterated integrals on membranes
(Definition 2.3]). They are simpler to define and more intuitive. However, they do not
have enough properties. (For example, they do not have an integral shuffle relation.)
Then we define the type b iterated integrals on membranes (Definition [2.4]), which in-
volves two permutations. Type b has integral shuffle relation (Theorem 22T (i)) and
type a is a particular case of type b.

We are mostly interested in iterated integrals of type b. If there is no index specifying
the type of iterated integral over membranes, we assume that it is of type b.

Similarly to Manin’s approach, we define a generating series of iterated integrals over
membrane of type b over U, which we denote by J(U). We also define a shuffle product
of generating series of iterated integrals over membranes of type b (see Theorem 2.21]
part (iii)),

@(J(Ul) X Sh J(UQ)) = J(Ul U Ug)

for disjoint manifolds with corners of dimension 2, U; and Us, as subsets of H2 UP!(K),
(see [BS]). This shuffle product generalizes the composition of generating series of iter-
ated path integrals, namely, Jngc = J¢, to dimension 2. Note that similar definition is
also possible in higher dimensions. Also J(U) is invariant under homotopy. This allows
to consider cocycles and coboundaries, where the relations use homotopy invariance and
the values at the different cells can be composed via the shuffle product.

We define non-commutative Hilbert modular symbols which we call ¢! and ¢?. Then
¢! is the functional J on certain geodesic diangles and ¢? is the functional J on geodesic
triangles. Conjecturally, ¢! is a 1-cocycle such that if we change the base point of ¢!
then ¢! is modified by a coboundary. Also conjecturally, ¢? is a 2-cocycle up to finitely
many multiples of different values of ¢!. Also, if we change the base point of ¢? then

¢? is modified by a coboundary up to a finitely many multiples of different values of

c'. In Subsection 3.5 we give explicit formulas in support of the interpretation of the
non-commutative symbols as co-cycles.

In Subsection 3.6, we give a categorical construction, which might help proving that
the non-commutative symbols as co-cycles.

In Subsection 3.7, we define multiple L-values associated to cusp forms and we com-
pare them to multiple Dedekind zeta values (see [H3]).

We also briefly recall the Riemann zeta values and multiple zeta values (MZVs). The

Riemann zeta values are defined as

=3 -

n>0
)



where n is an integer. MZVs are defined as

C(k1y. e bm) = Z ;ﬂ;

nkm’
0<n1<-<ng, 71 - 70m

where ny,...,n,, are integers. The above MZV is of depth m. Riemann zeta values ((k)
and MZV ((ky,..., k) were defined by Euler [Eu] for m = 1, 2.

The common feature of MZVs and the non-commutative modular symbol is that
they both can be written as iterated path integrals (see [G1], [G2]). Moreover, Manin’s
non-commutative modular symbol resembles the generating series of MZV, which is the
Drinfeld associator. Let us recall that the Drinfeld associator is a generating series of
iterated integrals of the type J? associated to the connection

Ved-a% _p &
X

1—=x

on Yp) = P! — {0,1,00}. One can think of Yr(2) as the modular curve associated to
the congruence subgroup I'(2) of SLa(Z). Then the differential forms d;“’” and ld_—xm are
Eisenstein series of weight 2 on the modular curve Yr o).

Relations between MZV and modular forms have been examined by many authors.
For example, Goncharov has considered a mysterious relation between MZV (multiple
zeta values) of given weight and depth 3 and cohomology of GL3(Z) (see [G2] and [G3]),
which is closely related to the cohomology of SL3(Z). In pursue for such a relation in
depth 4, Goncharov has suggested and the author has computed the group cohomology
of GL4(Z) with coefficients in a family of representations, [H2]. Another relation between
modular forms and MZV is presented in [GKZ].

Similarly to Manin’s approach, we explore relations between the non-commutative
Hilbert modular symbols and multiple Dedekind zeta values (see [H3]). Let us recall
multiple Dedekind zeta values. Let each of Cy,...,C,, be a suitable subset of the ring
of integers Ok of a number field K. We call each of C,...,C,, a cone. Then multiple
Dedekind zeta values are defined as

1
k) = '
) ) Z N(Oél)klN(Oél + a2)k2 ... N(Oél 4+ 4 am)km

a; €C; for i=1,...,m

Ck.01,...COm (K15 - -

The connection between non-commutative Hilbert modular symbols and multiple Dedekind
zeta values is both in similarities in the infinite sum formulas and in the definition in
terms of iterated integrals on membranes (see [H3]).

We consider a non-commutative Hilbert modular symbol of type b over one diangle
and compare it with (multiple) Dedekind zeta values with summation over one discrete
cone [H3]. However, in this case the two series look very different. We obtain that the
multiple L-values are non- commutative modular symbols defined as J evaluated at an
infinite union of diangles. We obtain that such L-values are very similar to the sum
of multiple Dedekind zeta values, in the same way as the integrals in the Manin’s non-
commutative modular symbol are similar to the multiple zeta values (MZV). Then the
sum of the multiple Dedekind zeta values is over an infinite union of cones. The idea to
consider cones originated by Zagier [Z] and more generally by Shintani [Sh].
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Classical or commutative modular symbols for SL3(Z) and SL4(Z) were constructed
by Ash and Borel [AB] and Ash and Gunnels |[AG]. For GLy(Of), where K is a real
quadratic field, Gunnels and Yasaki have defined a modular symbol based on Voronoi
decomposition of a fundamental domain, in order to compute the 3-rd cohomology group
of GLy(Ok), (see |GY]). (For the Hilbert modular group, SL2(Ok), one may consult
[B] and [F].) In contrast, here we use a geodesic triangulation of H?/SLy(Of). We are
interested mostly in 2-cells, whose boundaries are geodesics. One of the (commutative)
symbols that we define here, resembles combinatorially the symplectic modular symbol of
Gunnells, [Gu]. However, the meanings of the two types of symbols and their approaches
are different.

There are several different directions for further work on Hilbert modular symbols.
First of all, the commutative Hilbert modular symbols have good behavior with respect
to Hecke operators. It will be interesting to extend the Hecke operators to the cases
of higher equal weight case (k,k). To apply Hecke operators to the Hilbert modular
groups one either assumes a trivial narrow class group or one has to work with adeles.
Another possible continuation of the coronet work is to extend commutative Hilbert
modular symbols to the adelic setting. Then, one may try to extend these properties
- higher equal weight cusp forms and Hecke operators in the adelic setting to the non-
commutative Hilbert modular symbols. Hopefully, the abelian Hilbert modular symbol
would lead to computational tools for cohomology of some Hilbert modular groups with
coefficients in various representations.

For the non-commutative Hilbert modular symbols we expect that some of the con-
tinuations would be establishing the 2-categorical framework that define non-abelian
2-cohomology set. Such a task would also have applications to non-commutative reci-
procity laws on algebraic surfaces. In dimension 1, we have a non-commutative reci-
procity law as a reciprocity law for a generating series of iterated path integrals on a
complex curve [H4]. In dimension 2 we have proven both the Parshin reciprocity and
a new reciprocity for a 4-function local symbols [H5] defined by the author, which are
particular cases in the generating series. A 2-categorical 2-nd cohomology set would
capture algebraically the generating series of iterated integrals on membranes needed for
the general reciprocity on algebraic surfaces.

Finally, we expect that the (non-)commutative Hilbert modular symbols would be
used for studying L-functions and multiple L-functions together with their special values.

1 Manin’s non-commutative modular symbol

In this section we would like to recall the definition and the main properties of the
Manin’s non-commutative modular symbol, (see [M2]). In his paper [M2], Manin uses
iterated path integrals on a modular curve and on its universal cover - the upper half
plane. Our main constructions are parallel to some extend to Manin’s approach and for
that reason we recall it below. However, instead of iterated path integrals we introduce a
new tool - iterated integrals on membranes (see Section 2). Only this notion is adequate
for studying non-commutative Hilbert modular symbols by generalizing the iteration
process to higher dimensions.



1.1 Iterated path integrals

Here we recall iterated path integrals (see also [P], [Ch], [G1], [M2]). In the next Section,
we are going to generalize them to iterated integrals over membranes.

Definition 1.1 Let wy,...,wy,; be m holomorphic 1-forms on the upper half plane to-
gether with the cusps, H' UPY(Q). Let

g:[0,1] - H' UPY(Q),

be a piece-wise smooth path. We define an iterated integral

/wl...wm:/.../ grwi(t) A A g (tm)-
g 0<t1<ta---<tm<1

Let X1,..., X, be formal variables. Consider the differential equation
dF(Q) = F(Q)(Xiw1 + ... Xpwm) (1.1)

with values in the associative but non-commutative ring of formal power series in the
non-commuting variables Xy, ..., X, over the ring of holomorphic functions on the upper
half plane. There is a unique solution with initial condition for F'(2)(g(0)) = 1, at the
starting point g(0), equal to 1. Then F(2) at the end of the path, that is at the point
g(1), has the value

m m m
Fg(Q) =1+ ZXZ/(UZ + Z XZX] /wiwj + Z XZXJXk /wiijk + ... (12)
i=1 g

ij=1 g ij,k=1 g
Using the Solution (L2]) to Equation (I.1I), we prove the following theorem.

Theorem 1.2 Let g1 and gy be two paths such that the end of g1, g1(1) is equal to the
beginning of g2, g2(0). Let g1g2 denote the concatenation of g1 and ga. Then

Fgng (Q) = Fg1 (Q)ng (Q)

Proof. The left hand side is the value of the solution of the linear first order ordinary
differential equation at the point go(1). From the uniqueness of the solution, we have
that the solution along go gives the same result, when the initial condition at g2(0) is
Fy, (). That result is Fy, (2)F,,(Q).

The same result can be proven via product formula for iterated integrals. We need
this alternative proof in order to use it for generalization to higher dimensions.

Lemma 1.3 (Product Formula) Let wi,...,wy, be holomorphic 1-forms on C and g1, g2
be two paths such that the end of g1 is the beginning of g2, that is g1(1) = g2(0). As
before we denote by g1g2 the concatenation of the paths g1 and go. Then

m
/ W1 Wy = E /wlwl/ wi—l—l"'wm-
9192 i—0 Y91 g2
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Proof. Let g1 : [0,1] — C and let g2 : [1,2] — C. We consider the concatenation g;gs as
a map ¢192 : [0,2] — C such that its restriction to the interval [0,1] gives the path g;
and its restriction to the interval [1,2] gives go. From Definition [Tl we have that

/ Wy Wy = // (g192) wi(t1) A=+ A (g192) " wm(tm)-
9192 0<t1 < <tm<2

In the domain of integration 0 < ¢ < --- < t,, < 2 insert the number 1. Geometrically,

we cut the simplex 0 < t; < -+ < ¢, < 2 into a disjoint union of products of pairs of
simplexes such that its t; € [0,1] for £ < i and t; € [1,2] for k > i. Thus, the union
is over distinct values of ¢ for 4 = 0,...,m. And for each fixed i the two simplexes are

O<ti<---<ti<land 1<ty <--- <ty < 2. Then we have

=> / . / (9192) wi(t1) A+ A (9192) win(tm) =
; Oty <oty <15 1<t g1 <oy <2

X
—
—
A
£
N
A
A
3
A
no
Q
DN ¥
&
+
—
—~
St
+
—
>
>
Q
[
&
3
=
~

Definition 1.4 The set of all shuffles sh(i,j) is a subset of all permutations of the set
{1,2,...,i+ j} such that
p(1) <. < p(i)

and
pli+1) < - < p(i+j).

Such a permutation o is called a shuffle.

Lemma 1.5 (Shuffle Relation) Let wy,...,wy, be holomorphic 1-forms on C and let g

be a path. Then
/w1~~~w,~/wi+1”'wm: Z /wp(l)”'wp(m)’
g 9 g

o€sh(i,m—1)

where sh(i,j) is the set of shuffles from Definition [1.4)

1.2 Manin’s non-commutative modular symbol

Now let g be a geodesic connecting two cusps a and b in the completed upper half plane
H!' UPY(Q). Let Q = {fidz, ..., fmdz} be a finite set of holomorphic forms with respect
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to a congruence subgroup I' of SLy(Z), such that fi,..., f,, are cusp forms of weight 2.
Let
JP = F,(Q).

a

As a reformulation of Theorem [I.2] we obtain the following.

Lemma 1.6
JLJE = JC.

We give a direct consequence of it.

Corollary 1.7
i =)™

Now we are ready to define Manin’s non-commutative modular symbol. Note that
there is a natural action of T' on J?. If v € T then ~7.J? is defined as JJ,S’. If fi,..., fm
are cusp forms of weight 2. Then wy = fidz,...,ws, = fdz are forms of weight 0, that
is, they are invariant forms with respect to the group I'. Then

VI = Fog(wis -y wm) = Ey(g*wi, s g wm) = Fy(wi, - -+ wm) = J2.

Let II be a subgroup of the invertible elements C < X7, ..., X, > with constant term
1. We extend action of I on J® to a trivial action of I' on II.

Following Manin, we present the key Theorem for and Definition of the non-commutative
modular symbol.

Theorem 1.8 Put
() = J2.
Then ¢} represent a cohomology class in H*(T,1I) independent of the base point a

Proof. First c! is a cocycle:

deg(B,7) = J8u(B - J50) (Tha) T = TG Then JI = 1.

Second, ¢} and ¢} are homologous:
1 _Ja_JanJ’yb_Jal -Ja_llj
ca(’Y) — Yva — YbYv0Yva — bcb(’Y)(’Y b) :

Definition 1.9 A non-commutative modular symbol is a non-abelian cohomology class
in HY(T', 1), with representative

co() = J,

2 Iterated integrals on membranes

Iterated integrals on membranes are a higher dimensional analogue of iterated path
integrals. This technical tool was used in [H3] for constructing multiple Dedekind zeta
values and in [H5|] for proving new and classical reciprocity laws on algebraic surfaces.
It appeared first in the author preprint [H1] for the purpose of non-commutative Hilbert
modular symbols.
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2.1 Definition and properties

Let H' be the upper half plane. Let H? be a product of two upper half planes. We are
interested in the action of GLo(K), where K is a real quadratic field. This group acts
on H? by linear fractional transforms. It is convenient to introduce cusp points P!(K)
as boundary points of H?2.
Let wi,...,wy be holomorphic 2-forms on H?, which are continuous at the cusps
PY(K). Let
g:[0,1? = H? UPY(K)

be a continuous map, which is smooth almost everywhere. Denote by F' and F? the
following coordinate-wise foliations: For any a € [0, 1], define the leaves

El = {(t1,t2) €[0,1)*| t1 = a }.

and
Fp={(t1,t2) € 0,1 |ty =a}.

Definition 2.1 We call the above map g : [0,1]> — H? UPY(K) a membrane on H? if
it is continuous and piecewise differentiable map such that g(F}) and g(F?) belong to a
finite union of holomorphic curves in H? UPY(K) for all constants a.

Similarly, we define a membrane of a Hilbert modular variety. Let wq,...,w, be
holomorphic 2-forms on Yr = H?/I', which are continuous at the cusps P!(K)/T. Let

g:[0,1* = Xr

be a continuous map, which is smooth almost everywhere, where X1 = H? UP!(K) Let
fi : Xr — PYC) for i = 1,2 be two algebraically independent rational functions on
the Hilbert modular surface Xt. Denote by F' and F? the following coordinate-wise
foliations: For any a € [0, 1], define the leaves

Fl={(t1,t2) € [0,1*| t; = a }.

and
F}={(t1,t2) €[0,1 | ta =a}.
Let also
P; = {P € Xr| fi(P) = z}.
and

P2 ={P e Xr| fo(P) = z}.

Definition 2.2 We call the above map g : [0,1]> — Xr on Xr if it is continuous
and piecewise differentiable map such that for each a there are x1 and xo such that
o(F}) C P, and g(F2) C P2,

11



We define three types of iterated integrals over membranes - type a, type b and
type c¢. Type a consists of linear iterations and type b is more general and involves
permutations. Type a is less general, but more intuitive. The advantage of type b is
that it satisfies integral shuffle relation (Theorem 2:2]]). In other words a product of two
integrals of type b can be expresses as a finite sum of iterated integrals over membranes
of type b. However, one might not be able to express a product of two integrals of type
a as a sum of finitely many integrals of type a. Both type a and type b are defined
on a product of two upper half planes. Type c is defined on a Hilbert modular surface;
that is, on a quotient of a product of upper half planes by an arithmetic group, which
is commensurable to SLa(Of). Type c also satisfies a shuffle product, that is a product
of two integrals of this type can be expresses a finite sum of such.

Definition 2.3 (Type a, ordered iteration over membranes) Let
g:[0,1]* = H> UPY(K)

be a membrane on H? UP!(K).

m
/wl W, = / /\ g*WZ(tl,]7t27-7)’
g D j=1

where
D= {(t1,17”’7t2,m) € [0,1]2m | 0 <ta <<t <1, 0<ty; <+ <ty < 1}.
Definition 2.4 (Type b, 2 permutations) Let
g:[0,1? - H?> UPY(K)

be a membrane on H?2 UPY(K). Let p1,p2 be two permutations of the set {1,2...,m}.

P1:p2 ™
*
/ Wi Wm = / /\ 97w (t1,p1 () 2,00()):
g Do

where
D={(ti1, .. tom) €[0,1]*" | 0<t;1 < <ty <1, 0<tyy <--- <tgp < 1}
Definition 2.5 (Type c, 2 permutations) Let
g:[0,1]*> = Xt

be a membrane on the Hilbert modular surface Xt = (H? UPY(K))/T. Let py1, p2 be two
permutations of the set {1,2...,m}.

P1,02 m
*
/ Wi Wm = / /\ 9 wj(tlvpl(j)’tlpz(j))’
g D=1

where
D={(ti1, . tom) €[0,1]*™ | 0<t11 <  <tim <1, 0<tg; < o <lgpm < 1}

12



Examples of iterated integral of type b: Let «;(t1,t2) = g*wi(t1,t2). Denote by
(1) the trivial permutation and by (12) the permutation exchanging 1 and 2.
1. The following 4 diagrams

t2.2 as(ti2,t2,2) 22 |oa(t11,t2,2)

to1 |ai(ti,t21) ta1 a1 (t1,2,t2,1)
t11 t1,2 t1,1 t1,2

t2.2 ai(ti2, t2,2) 22 lon(t1,1,t2,2)

to1 |aa(tin,t21) ta1 as(t12,t2,1)
t1,1 t1,2 t1,1 t1,2

correspond, respectively, to the integrals

(1),(1) (12),(1)
/ w1+ w2, / wp - wa,
g g

(12),(12) (1),(12)
/ w1 - W2, / w1 - w2,
g g

2. The following diagram

13



ta3 as(t1,3,t2,3)

tao |oa(ti1,t2,2)

o1 ai(ti2,t21)

t1,1 t12 1,3

corresponds to the integral

(12),(1)
/ w1 - W2 - Wws.

g

Remark 2.6 Let us give more intuition about Definition [2.7) FEach of the differential

forms g*wn, ..., g*wy has two arguments. Consider the set of first arguments for each
of the differential forms g*w1, ..., g wm. They are ordered as follows
0<tip<tipg<- - <tym<l, (2.3)

(They are the coordinates of the domain D.) Since g*w; depends on t1,p1(j), we have
that t 1 is an argument of g*wpfl(k), where k = p1(j). Then we can order the differ-

ential forms g*w1, ..., g% wy according to the order of their first arguments given by the
Inequalities (2.3)), which is

G W) 9 ot )09 W )
Similarly, we can order the differential forms g*w1,..., g wm, with respect to the order
of their second arguments

T W11y 9 Wiy 9 Wi (m)

We call the first ordering horizontal and the second ordering vertical.

Now we are going to examine homotopy of a domain of integration and how that
reflects on the integral. Let g, : [0,1]> — H? U P!(K) be a family of membranes such
that ¢5(0,0) = oo and g¢4(1,1) = 0. Assume that the parameter s is in the interval [0, 1].

Put h(s,t1,t2) = gs(t1,t2) to be a homotopy between gy and g;. Let

)
Gy :[0,1]*™ — (H2UPY(K))™,
be the map

Gs(tl,la s 7t2,m) = (.gs (t1701(1)7t2,02(1)) » 9s (t1701(2)7 t2,02(2)) v 8s (tl,al(m)vtla(m))) :
14



Let H be the induced homotopy between Gg and G, defined by
H(S, t171, e ,t27m) = Gs(tlJ, e ,tg,m).
We define diagonals in the domain D C (0,1)?™, where

D ={(tin,t21,- s timitom) € (0, 1) [0 <ty <toa <o <ty <1,
and0 <tgq <too < -+ <ty <1}

We define Dy for & = 0,...,m as Dig = Dl =0, Dix = Dlt,=t, .1, for k =
1,...,m — 1 and Dy, = D ,—1. Similarly, we define Doy, for £ = 0,...,m as
D270 = D|t2,1:0, D27k == D|t2,k:t2,k+17 for k = 1, N 1 and Dg’m == D|t2,m=1-

For iterated integrals of types a and b, we define diagonals in V = (H? UPY(K))™.
We denote a generic coordinate of V = (H? UP(K))™ by (21,1, 22,15 - - -, Z1,m, 22.m) For
k=1,...om—1,let Vix = V|, =z ., Letalso, Vig= V], =0 and V1, = V|, ,=1.
Similarly, for k = 1,...,m — 1, let Vo, = V., =2, ,,,. Let also, Voo = V., =0 and
‘/2,m = V|22,m:1'

For iterated integrals of type ¢, we define “diagonals” as fibers product of schemes
corresponding to certain varieties. (for fiber product of schemes one may look at the
book [Har]. Occasionally, it will be more natural to realize the multiple fiber products
as a finite limit in the category of schemes of finite type over C. Let X;; = Xr for
i,j =1,...,n. Let V be the universal scheme (finite limit) that maps to X;; for each
i and j as a part of a commutative diagram. The commutative diagram is defined as
follows: X; ; and X;;1; both map to P!(C) via the morphism f; for 1 <i <n — 1 and
all j and X;; and X;;+1 both map to P}(C) via the morphism fo for 1 < j <n—1
and all 7. Let V7 o be the subscheme of V' defined by putting P!(C) in the place of X 1,5
so that f1 : X1, — PL(C) is replaced by the identity map and and the corresponding
f2: X1; — PL(C) is deleted. Let V5 be the subscheme of V' defined by putting P*(C) in
the place of X; 1, so that fo: Xq; — P!(C) is replaced by the identity map and and the
corresponding f1 : X7 ; — P(C) is deleted. Let Vin be the subscheme of V' defined by
putting P}(C) in the place of X, ;, so that f : X, ; — P(C) is replaced by the identity
map and and the corresponding fo : X, j — IP’l((C) is deleted. Let V5, be the subscheme
of V defined by putting P!(C) in the place of X; ,, so that fa: X, j — P}(C) is replaced
by the identity map and and the corresponding fi : X, ; — P!(C) is deleted. Let also
V1,; be the subscheme of V' obtained by replacing each factor X ; Xp1(C) Xit1,j by the
corresponding diagonal for fixed 4 and for all j. And finally, let V5 ; be the subscheme
of V' obtained by replacing each factor X; ; xp1(c) X j+1 by the corresponding diagonal
for fixed j and all i.

Theorem 2.7 (Homotopy Invariance Theorem I) The iterated integrals on membranes
from Definition (of type b) are homotopy invariant, when the homotopy preserves
the boundary of the membrane.

Proof. Let

Q= /\ o')]'(Zl,al(j)a Z2,O’2(j))’

7=1
15



Note that €2 is a closed form, since w; is a form of top dimension. By Stokes Theorem,

we have

/ / H*dQ = (2.4)
/ GO — / GO+ (2.5)
A

s=1m—1
+ / i/ H*Q (2.6)
s=0 kZ < Dl,k D2,k>

1

L[ ( [« ) . o
L[ ( [+ ) . 28)

We want to show that the difference in the terms in (2.5 is zero. It is enough to show
that each of the terms (2.6]), [2.1) and (28] are zero. If 21 j, = 21 441 for types a and b
(or on Vi i, for type c), then the wedge of the corresponding differential forms will vanish.
Thus the terms in (Z6]) are zero. If z; = 0 then dt; = 0, defined via the pull-back H*.
Then the terms (2.7)) are equal to zero. Similarly, we obtain that the last integral (2.8])
vanishes. O

Let A be a manifold with corners of dimension 2 in [0,1]2. We recall the domain of
integration

D= {(t1,17”’7t2,m) € [0,1]2m | 0 <ta <<t <1, 0<t1 < <ty < 1}.
Let us define
AP ={(t11,...,tam) €D | (ti,ito;) € Afori,j=1,...,m}
Let p1 and p2 be two permutations of m elements. We define

Gt t2m) = (9 (tpy (1) t2,01)) 09 (Fpy (25 t20p2(2)) 5+ -+ 9 (Epy (m)s E2,pm) ) ) -

as a function on AP. Recall

/\ (21,01 )> 22,02.())-

Definition 2.8 With the above notation, we define an iterated integral over a membrane
of type b restricted to a domain U, where U = g(A) as

b P1,02
/ W1 Wy = G*Q.
q,U AD

Now we are going to define iterated integrals of type c.

16



Definition 2.9 Let Qy = /\Z;:1 Q; ;, where Q; ; = wid;; on X;; = Xr, and where
Qj=1fori#j. Letin: X — szzl X, ; be the inclusion of the finite limit into the
product of the schemes X; ;. Let Q) = in*(Qy.

With this definition of 2, we define iterated integrals of type c restricted to a domain

U, where U = g(A) as
p1,p2
c/ Wi Wiy = G*Q.
g,U AD

Let A1 and Ay be two manifolds with corners, with a common component of the
boundary as subsets of [0,1]2. Let A = A; U Ay. Let s be a map of sets with values 1 or
2,

s:{1,...,m} — {1,2}.

We define a certain set AP as a subset of A” in the following way: Consider the image
of the map G. It has m coordinates. The first coordinate, g (t17p1(1),t27p2(1)), will be
restricted to the set Ag). The second coordinate, g (t17p1(2),t2,p2(2)), will be restricted
to Ag(2),... and the last m coordinate g (tl,pl(m)vtzm(m)) will be restricted to Ag(p)-
Formally, this can be written as

ASD = {(t171, .. ,t27m) S AD ’ (tl,p1(i)7t2,p2(i)) S As(z) fori=1,... ,m}.
Note that the image of the map s is 1 or 2.

Definition 2.10 With the above notation, we define an iterated integral of type b or c
over two domains Uy and Us, where U; = g(A;) and U = Uy U Uy by

p1p2
/ W1 Wy = G*Q. (2.9)
g,U,s AD

For type b we have that U is in H? U PY(K) and for type c we have that U is in
Xr = (H? UPY(K))/T.

Again we examine homotopy of iterated integrals on membranes. Now we restrict
the domain of integration to a manifold with corners A as a subset of [0,1]2. Assume
that for the boundary of a domain A, denoted by 0A, we have that g(0A) belongs to a
finite union of complex analytic curves in H? for type b and in Xt for type c. We call a
complex boundary of g(0A) the minimal union of complex analytic (holomorphic) curves
such that g(0A) belongs to a finite union of complex analytic curves in H? for type b
and in Xt for type c.

Theorem 2.11 (Homotopy Invariance Theorem II) Iterated integrals over membranes
are homotopy invariant with respect to a homotopy that changes the boundary OU of
the domain of integration U, so that the boundary varies on a finite union of complex
analytic curves.

Proof. Assume that gg(0A) and g1(0A) have the same complex boundary. Let h be a
homotopy between gg and g1, such that for each value of s we have that h(s,JA) has the
same complex boundary as h(0,0A) = go(0A). Let A C B be a strict inclusion of disks.

17



Identify B — A° with A x [0,1]. Let i : B— A° — [0, 1] x 0A. Here A° is the interior of A
and 0A is the boundary of A. Let jo be a map from B to H? so that jo(a) = go(a) for
a € A and go(b) € h(i(b)). Since the restriction of pull-back (gjwi)|p—4 = 0 is mapped
to a finite union of complex curves, then it vanishes. Therefore

/%Q:/%Q (2.10)
A B

Let g1 be a membrane from B defined by g1(a) = g1(a) for a € A and g1(b) = g1(a) for
i(b)=(s,a). (Note that i(b) € [0,1] x JA.) Again

/ﬁQ:/ﬁQ (2.11)
A B

However, the boundary of B is mapped to the same set (point-wise) by both go and g;.
Moreover, the homotopy between gy and g; extends to a homotopy between gy and ¢;
that respects the inclusion into the complex boundary. Thus by Theorem 2.7, we have

that
/ G0 = / G,
B B

Using Equations (2.I0) and (2.I1]), we complete the proof of this theorem. O

2.2 Generating series

We are going to define two types of generating series - type a and type b, corresponding
to the iterated integrals on membranes of type a and type b.

Definition 2.12 (Type a) Let A be a domain in R%. Let g be a membrane. Let U =
g(A) C H2. And let wy,...,wn be holomorphic 2-forms on H2. We define a generating
series of type a by

JUU) =1+ > Xc(1)®"'®Xc(k)/ We(1) - - We(k)s
k=1cA{1,....k}—{1,....,m} U

where ¢ : {1,...,k} = {1,...,m} be a map of sets.

Consider a map of sets ¢ : {1,...,k} — {1,...,m} and two permutations p;, py of
{1,2,...,k}. We call two triples (¢, p}, p5) and (¢”, pf, p3) equivalent if they are in the
same orbit of the permutation group Si. That is, (¢”, p!, p5) ~ (¢, py, p) if for some
7 € S we have ¢’ = 7Y, pf = pi771 and pj = ply7—!. Then for each equivalence class
of a triple (¢, p1, p2), we can associate a unique pair (c o p1,co ps), (which are precisely
the indices of the X-variables and Y-variables in (ZI4) and (2Z.I5]), respectively.) The
reason for using such an equivalence is that the integral in (ZI5)) is invariant by the

above action of 7 € Sk on the triple (¢, p1, p2).

Definition 2.13 (Ring R, values of the generating series) The values of the generation
series of iterated integrals on membranes will be in a ring R, which we define as follows.
Let Ry be the quotient of the ring of formal power series

Ry=C<< X1,Y1,..., X, Ym >>/I
18



modulo the two-sided ideal I generated by X;Y; —Y;X; fori,j =1,...,m. Let R C Ry
be the subring of formal power series whose monomials have the following property: in
every monomial of R', X; occurs as many times as Y;.

Definition 2.14 (Type b) We define the generating series of type b on U by

PO =1+ D Ky @ @ Xpra)® (2.12)
k=1 (c,p1,p2)/~
P1,P2
g7
where the second summation is over all maps of sets ¢: {1,...,k} = {1,...,m} and all

permutations p1, pa of k elements, up to the above equivalence.

Let Yr be a Hilbert modular surface. Let o and 8 be two rational functions on Yp.
We denote by D the union of the divisors (o) and (8)s at infinity. Let F : Yp—D — C2
be defined as F(y) = (a(y), (y)). Let g: (0,1)> = Yr — D be a membrane, so that the
composition F o g respects the coordinate-wise foliations. Consider the differential forms
w; from the Definition of type b. They are invariant under the action of the arithmetic
group I'. Thus, we can treat them as differential forms on the Hilbert modular variety
Yr.

Definition 2.15 (Type ¢) With the new definition of a membrane g, and a domain
U C Yr, we define the generating series of type ¢ by

W =1+, D Ky @ @ X ® (2.14)
k=1 (c,p1,p2)/~
P1,P2
g7
where the second summation is over all maps of sets c¢:{1,...,k} —{1,...,m} and all

permutations p1, p2 of k elements, up to the above equivalence.

Definition 2.16 (Ring R, genrating series J(Uy,Us)) We define a generating series of
iterated integrals on two disjoint domain Uy and Us (see Definition[210). Let U; = g(A;).

JOLU) =143 > 2 ety @ B Xy ® (216)
k=1 s:{1,....k}—={1,2} (c,p1,p2)/~
P1,P2
®Y o1 ws1) @ O Yoot o), sk) / [, el - Welk): (2.17)
g, yS

The generating series takes values in a ring R’ defined as follows. Let R{, be a quotient
of the ring of formal power series

Ry=C< X11,X12, Y11, Y12, ..., Xin 1, X2, Yin 1, Yim 2 > /T,

where I' is the two-sided ideal generated by Lie commutators of X with any subscript and
Y with any subscript. Let R’ be a subring of R, with the property: in every monomial
of R', X;; occurs as many times as Y ;.
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Lemma 2.17 Let ¢ : R — R be a homomorphism of rings defined by ¢(X;1) =
#(Xi2) = X; and ¢(Yi1) = ¢(Yio) =Y. If U = U1 U Uy is in H?> UPY(K) then

¢(J (U1, U2)) = J°(U).
If U =U;UU;y is in Xt then
(J(Ur,Uz)) = J(U).

Proof. After applying the homomorphism ¢ the formal variables on the left hand side
become independent of the map s. Therefore, we have to examine what happens when
we sum over all possible maps s. The map s(i) is 1 or 2. Their meaning is the following;:
If 5(i) = 1 then we restrict the form g*w,(;) to Ay (instead of to A). Similarly, if s(i) = 2,
we restrict g*w(;) to Aa. If we add both choices, restriction to A; and restriction to As,
then we obtain restriction of g*w,; to A = A; U Ag. Thus, we obtain the formula

P1,P2 P1,P2
Z / wc(l) e wc(k) = /g wc(l) co wc(k).

s:{1,.. k}—{1,2} 7 9Us U

We do the same for every monomial in R. That proves the above Lemma for the gener-
ating series. O

2.3 Shuffle product of generating series

The regions of integration that we are mostly interested in will be ideal diangles, that is,
a 2-cell whose boundary has two vertices and two edges, and ideal triangles. All other
regions that we will deal with are going to be a finite union of ideal diangles and ideal
triangles. The first type of decomposition is based on a union of two diangles with a
common vertex. The second type of decomposition will be based on two of the cells
(diangles, or triangles) with a common edge.

Let g1 and g2 be two membranes. Let P = (0,0) and @ = (1,1) be the vertices of
a diangle A and Q = (1,1) and R = (2,2) are the two points of a diangle B as subsets
of R%. Assume that A lies within the rectangle with vertices (0,0), (0,1),(1,1),(1,0).
Similarly, assume that B lies within the rectangle (1,1),(1,2),(2,2),(2,1). Let U = g(A)
and V = g(B).

Theorem 2.18 (i)

m
/ W1 ...Wm = E / wl...wj/ wj+1...wm;
]_

)

(ii) The generating series of type a from Definition [2.12 satisfies the following prop-

erty:
J(g; AU B; Q) = J%(g; A;Q)J%(g; B; ©2).

The proof of the first statement is essentially the same as the combinatorial proof for
composition of path, when one considers iterated path integrals (see Lemma [[3]). The
second statement is combining all compositions into generating series (see Definition
2.12]), resembling the Manin’s approach for non-commutative modular symbol.

For generating series of type b, we have a similar statement.
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Definition 2.19 Let p' and p” be two permutations of the sets {1,...,i}, {i+1,...,i+
j}, respectively. We define the permutation p'~' U "1 of {1,...,i + j}, which acts on
{1,...,i} as p'~t and on {i +1,...,i+ j} as p"~'. We define the set of shuffles of
two given permutations, denoted by sh(p',p"), as the set of all permutations p of the set
{1,2,...,i 4+ j} such that p~! is the composition of a shuffle of sets T € sh(i,j) (see
Definition [T.) and with p'~* U p"~1. That is,

—1

p =10 (p/—l U p//_l)-

Definition 2.20 We define a shuffle of two monomials

P10

/ f— .. ... .
M= KXoy © @ X1y @ Yoyray @ @ Yo /g L G )
and

. Py Py
M — Xc//(plllfl(l))®- . '®Xcll(p,1,71(j))®}/cll(p,2,71(l))®' . .®}/C//(p/2/*1(j)) /gVUN wc//(z_j’_l) N wc//(l’_j’_]’)’
where py and ply are permutations of {1,...,i} and ¢ is a map of sets ¢ : {1,...,i} —
{1,...,m}, and p{ and p are permutations of {i+1,...,i+ j} and " is a map of sets

i+, i+ 5 = {1,...,m}. By a shuffle product of the monomials M' and M",
we mean the following sum

/ "
M xsn M™ = > Xe(ort),s1) @ B X1 i) ) @

p1€sh(p],pY),p2€sh(ph,p04)
P1,P2

DY (o1 1),51) ® 7 Yoot (i) s(i44) /g Uiy eV el

where c: {1,...,i+j} — {1,...,m} such that the map c restricted to the first i elements
is ¢ and c restricted to the last j elements is ¢’. Here the maps s takes the value 1 on the
setc H1,... i} =7H1,...,i} and it takes the value 2 on the set c 1 {i+1,... i+j} =
Wi+ 1,0+ 5.

Theorem 2.21 (Shuffle product) For iterated integrals of type b and the corresponding
generating series, we have the following shuffle relations:

(i)
PP Py p1,p2
Wy ... wj Wit - Wiy = E w1 Wi, (2.18)
U U U
’ ’ prEsh(p.pY).p2€sh(ph.p4) "9
(i1)
P1sPY 292 P1:P2
/ wl...wj/ Wil - W = E / w1 wm,  (2.19)
! 12
ov oU prEsh(p).p)) p2€sh(pypl) 9T

where s is a map from {1,...,m} to {1,2} so that {1,...,5} are mapped to 1 and the
remaining elements are mapped to 2.
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(iii)

P(JO(U") x g, JO(U")) = J*(U' LUT”) (2.20)
(iv)

d(J(U") xgp JIU")) = JNU UU") (2.21)

Proof. For part (i), it is useful to consider the two orders of differential forms, given in
Remark Note that we need to order the forms both horizontally and vertically in
the terminology of Remark Let us consider first the horizontal order. That is the
order with respect to the first variables of the differential forms g*wpflq(l), cee g*wpflq(j)
and g*wple (41) 7 g*wplllfl (m) 7 corresponding to the two integrals on the left hand
side of Equation (2.I8]). In order to arrange both of the above orderings in one sequence
of increasing first arguments, we need to shuffle them (similarly to a shuffle of a deck of
cards.) That leads to p1 € sh(p),pY) (see Definition 2T9)). We proceed similarly, with
the second arguments and the permutations ph, pj and ps.

For part (ii) apply the equality from part (i) when the differential forms g*wy, ..., g*w;
are multiplied by the function 15/ defined by

1a(z) = 1 forxe A
AVITL 0 foraog A
and the differential forms g*wji1,..., g*wy, are multiplied by 15~. For part (iii), we are

going to establish similar relation among generating series as elements of R’. Applying
the homomorphism ¢ : R — R from Lemma 217, we obtain desired equality. Every
monomial from J(U;) is of the form

P1:Ps
/ f— .. ... / 17
M= Xororay @ @ Koy @ Yo ta) @ @ Yoy /g OB
and similarly every monomial from .J(Us) is of the form
"= e 7—1y -
ME =Xy © - © X1 @
Py Py
® }/C"(pgfl(l)) R ® ch”(pgil(j)) /UN wcu(Hl) N wcn(iﬂ-),
g7

where p} and pl, are permutations of {1,...,:} and ¢ is a map of sets ¢ : {1,...,i} —
{1,...,m}, and p and pf are permutations of {i + 1,...,i+ j} and ¢” is a map of sets

i+ 1, i+ — {1,...,m}. We take the shuffle product of the monomials M’
and M" (see Definition [2.20))

/ " __ e
M xsn M = > Ke(or )s) @7 @ Koo (i45).s(45) @
p1€sh(py,pY),p2E€sh(ph,05)
P1,P2
Yoy @)s) @ O Yooy i45),s64) /g b, el) el
where the map s takes the value 1 on the set ¢ *{1,...,i} and takes the value 2 on the

set ¢ 1{i+1,...,i+ j}. It determines the map s uniquely.
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In order to complete the proof, we have to show that every monomial in J(Uy, Us) can
be obtained in exactly one way as a result (on the right hand side) of a shuffle product of
a pair of monomials (M, M) from J(U;) and J(Uz). Every monomial from J(Uy, Us) is
characterized by two permutation p1, p2, and two maps of sets ¢ : {1,...,k} — {1,...,m}
and s : {1,...,k} — {1,2}. Let i be the number of elements in s~!(1) and j be the
number of elements in s7(2). Then i + j = k. Then 4 is the number of differential
forms among g*we(1), -+, g*We(k), Which are restricted to the set A;. The remaining j
differential forms are restricted to As. Also, every permutation p; can be written in
an unique way as a composition of a shuffle 7 € sh(i,j) and two disjoint permutations
Py and pf of i and of j elements, respectively (see Definition [Z19]). Similarly, po can
be written in a unique way as a product of a shuffle 79 € sh(i,j) and two disjoint
permutation p), and pj. The map of sets ¢; is defined as a restriction of the map ¢ to
the image of p}. Similarly, the map ¢ is defined as a restriction of the map ¢ to the
image of p}. Now we can define the monomials M’ and M” in J(U;) and J(Uz), based
on the triples pl, ph, ¢ and pY, p, ", respectively. Such monomials are unique. One can
show that the shuffle product of M’ and M” contains the monomial in J(Uy,Us), that
we started with, exactly once. The proof of part (iii) is complete after applying Lemma

217 o

3 Hilbert modular symbols

In this Section, we recall the Hilbert modular group and its action on the product of
two upper half planes. Then we define commutative Hilbert module symbol, (Subsec-
tion 3.1) and its pairing with the cohomology of the Hilbert modular surface, (Subsection
3.2). In Subsections 3.3 and 3.4, we define the non-commutative Hilbert module symbols
(Definition B.I3]) as a generating series of iterated integrals over membranes of type b.
We also examine relations among the non-commutative Hilbert modular symbols (The-
orem B.12]), which we interpret as cocycle conditions or as a difference by a coboundary
(Theorem [B.14]). In Subsection 3.5, we consider a two-category C with a sheaf J on
C. Then the non-commutative Hilbert modular symbol a sheaf on a two-category. This
is done in order to give a plausible approach to defining a suitable non-commutative
cohomology set. In Subsection 3.6, we make explicit computations and compare them
to computations for multiple Dedekind zeta values.

3.1 Commutative Hilbert modular symbols

In this Subsection, we define a commutative Hilbert modular symbol, using geodesics,
geodesic triangles and geodesic diangles. Then, we prove certain relations among the
commutative Hilbert modular symbols, which are generalized to relations among non-
commutative Hilbert modular symbols (Subsection 3.4).

Let K = Q(\/E) be a real quadratic extension of Q. Then the ring of integers in K is

Z[HT‘/E] ford=1 mod 4,
Ok =
Z[\V/d] ford =2,3 mod 4.
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Then I' = SLy(Ok) is called a Hilbert modular group. Let v € I'. We recall the action
of v on a product of two upper half planes H?. Let

o [ar b
’Y—’Yl—<cl dl>

Let ao, b, ca, da be the Galois conjugate of a1, by, c1,dy, respectively. Let us define o by

([ a2 b
Let 2z = (21, 22) be any point of the product of two upper half planes H?2.
For an element v € GLo(K ), we define the following action: If det~y is totally positive,

that is det y; > 0 and det yo > 0, then the action of v on z = (21, z2) € H? is essentially
the same as for v € SLy(K), namely,

vz = (1121,72%2);
where
a1z + b1
N c1z1 +dp
are linear fractional transforms. If det~ is totally negative, that is, dety; < 0 and
det yo < 0, then we define

a2 + bo

and 29 =
1272 Ccoz9 + doy

T1z1

- <_a1§1+b1 _a2§2+b2>
i c1Z1 +d1’ C2Z9 + do '

Similarly if one of the embeddings of det~ is positive and the other is negative, for
example, dety; > 0 and dety, < 0, such as dety = v/d, then

_ <61121 + b _02?24-1)2)
ciz1+di czZatdy)

We add cusp points P1(K) to H2. Then the quotient SLay(Ok)\(PH(K) U H?) is
compact.

We are going to examine carefully geodesics joining the cusps 0, 1 and oco.

Let zg, 21, 200 be three distinct cusp points. There is a unique element v € PG Ly (K)
such that that send zp, 21 and 2z, to 0,1 and oo, respectively.

Let

i H— H?
i(x) = (z,2)

be the diagonal map and A be its image. Consider the Hirzebruch-Zagier divisor X =
~*A. It is an analytic curve that passes through the points 2y, 21 and zs. Then X is
a holomorphic curve in H? if det~ is totally positive or totally negative. If det~y is not
totally positive or totally negative, then X is a holomorphic curve in H' x ' UPHK),
in other words it is anti-holomorphic curve in H?, such as z; = —Z5. Let Ay = v*A be
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the pull-back of the geodesic triangle A between the points 0, 1, 0o in the analytic curve
X.

Given four points on the boundary in H? UP!(K), we are tempted to consider them
as vertices of a geodesic tetrahedron in H? UP!(K), whose faces are triangles of the type
Ax. However, there is one problem that we encounter: Two distinct cusps could be
connected by two different geodesics in H? UP!(K). In particular, two triangles from
the faces of the “tetrahedron” might not have a common edge, but only two common
vertices. Thus, we are led to consider a thickened tetrahedron with two types of faces
on the boundary: the first type is an ideal triangle that we have just defined and the
other type is an ideal diangle - a union of geodesics connecting two fixed points, which
has the homotopy type of a disc with two vertices and two edges. The two edges of an
ideal diangle in the boundary of a thickened tetrahedron correspond to the two geodesics
connecting the same two cusps, where two geodesics belong to the geodesic triangles that
have the two cusps in common.

Let us describe a diangle Dg .1, Whose two vertices are 0 and oo and whose two
sides are geodesics that belong to each of the ideal triangles 0,1,00 and 0, «,00. The
geodesic [y between the points 0 and oo that lie on the geodesic triangle 0,1, 00 can be
parametrized in the following way: {(it,it) |t € R, ¢ > 0} C Im(H) x Im(H). Here by
Im(H) we mean the imaginary part of the upper half plane. The element € T" that sends
a0
0 1
the geodesic [, between the points 0 and oo that lie on the geodesic triangle 0, o, 0o can
be parametrized in the following way {(|aq|it,|azlit) |t € R, t > 0} C Im(H) x Im(H).
Then, we define the diangle D o1, @s the two dimensional region in Im(H) x Im(H)
between the lines Iy and l,. We also consider the diangle with orientation. If || > |ae|
then it is positively oriented. If the inequality is reversed then the diangle is negatively
oriented; if |a1| = |az] then it is a degenerate diagle, which consists of a single geodesic.
All other diangles that we will consider are translates of Dy o1, Via the action of any
element v € PGLy(K).

0,a,00 to 0,1,00 is v = Then (o 1)*(it,it) = (Jaqlit, |asg|it). Therefore,

Lemma 3.1 (i) Each geodesic triangle Ax lies either on a holomorphic curve or on an
anti-holomorphic curve.

(ii) Fach geodesic in a geodesic triangle Ax belongs both to a holomorphic curve and
to an anti-holomorphic curve.

Part (i) follows from the construction of a geodesic triangle before the lemma. For part
(ii), consider the following: Let A(0,1,00) be the geodesic triangle in the diagonal of
H? connecting the points 0, 1 and oco. It is a holomorphic curve. Thus, a geodesic
{(it,it) € H? | t > 0}, connecting the points 0 and oo as a face of the geodesic triangle
A(0,1,00) lies on a holomorphic curve. Now consider the geodesic triangle D(0,v/d, co).
It lies on an anti-holomorphic curve in H?, by which we mean a complex curve in H?,
where we have taken the complex conjugate complex structure in one of the upper
half planes. Since, the linear fractional transform that sends D(0,v/d, o0) to D(0, 1, 00)
does not have totally positive (or totally negative) determinant. Explicitly, the linear
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fractional transform that sends (0,/d,00) to (0,1, 00) is

(5 %)

(71,72)=<<é ?/E>’<(1) (i\/a >>

We have v (it) = %it and o (it) = —%E = 71(it). Then the same geodesic (it,it)
belongs to the anti-holomorphic curve given by the pull-back of the diagonal with respect
to the linear fractional map 7. Thus, we obtain that the geodesic (it,it), connecting 0
and oo, belongs to both a holomorphic curve and an anti-holomorphic curve. Similarly,
any translate of the geodesic (it,it) via a linear fractional map from GLy(K) would
belong to both a holomorphic curve and an anti-holomorphic curve. That proves part
(i1). O

Then

Definition 3.2 Let p1, p2, p3,pa be cusp points in H2 UPY(K). To each triple of points
p1,D2,P3, we associate the geodesic triangle {pi1,p2, p3} with coefficient 1 as an element
of the singular chain complex in Co(H? UPY(K),Q). Also, to each quadruple of points
P1, P2, P3, Pa, we associate the geodesic diangle between the two geodesic connecting py
and ps so that the first geodesic is a face of the geodesic triangle {p1,p2,p3} and the
second geodesic is a face of the geodesic triangle {p1,p2,ps}. We denote such diangle
by {p1,p2;ps3,pa}. We call the geodesic triangle {p1,p2,p3} and the geodesic diangle
{p1,p2;p3,pa}, considered as elements of Co(H? UP'(K),Q), commutative Hilbert
modular symbols.

Theorem 3.3 The commutative Hilbert modular symbols modulo the boundary of sin-
gular 3-chains, 0C3(H? UPY(K),Q) satisfy the following properties:
1. If o is a permutation of the set {1,2,3} then

{pcr(l) ) po(2) ) po‘(3) } = SZgTL(O’) {pl y D2, p3}

2. If p1,p2,p3,pa are four points on the same holomorphic (or anti-holomorphic)
curve of the type v*/A then

{p1,p2, 03} + {p2,p3, P4} = {P1,p2, P4} + {P1,P3, D4}

To each four points p1,p2,ps3, pa, we associate a diangle with vertices p; and py. Let
{p1,p2;P3,pa} be the corresponding symbol.
3. If p1,p2,p3,p4 are four points on the same holomorphic (or anti-holomorphic)
curve of the type v*/A then
0 = {p1,p2;P3, pa}-
4. For every district four points p1,ps,ps3,psa, we have the following relations based
on the orientation of the domain

{p2,p1;p3, pa} = {P1,P2; Pa, 3} = —{P2,P1; P4, 03} = —{P1,DP2; P3, P4}
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5. For every five points p1,p2, p3, P4, Ps, we have

{p1,p2;p3, pa} + {P1,P2; 1,05} = {P1,D2; D3, D5}

6. We also have relation between the two types of commutative Hilbert modular
symbols. For every four distinct points p1, p2;ps, ps, we have

0 ={p1,p2,p3} + {p2, p3, pa}—
— {p1.p2,pa} — {p1,p3, pa}+
+ {p1,p2; p3, P4} + {p2, P3; P1,Pa} + {P3,P1; P2, Pa}+
+ {p3,pa;p1, P2} + {P1, P45 P2, P3} + {P2, Pa; P3, 01}

Proof. Part 1 follows from orientation of the simplex in singular homology. Part 2 is an
equality induced by two different triangulations on a holomorphic (or anti-holomoprhic)
curve with 4 vertices. In that setting the diangles are trivial, which proves Part 3. Part
4 follows from orientation of the diangle. Part 5 corresponds to a union of two geodesic
diangles with a common face, given by a third geodesic diangle. Part 5 will be used for
a non-commutative 1-cocycle relation for the non-commutative Hilbert modular symbol
(see Conjecture B.14]). Part 6 is a boundary relation for the boundary of a thickened
tetrahedron. By a thickened tetrahedron we mean a union of four geodesic triangles
corresponding to each triple of points among the four points p1, p2, ps3, ps4 together with
six geodesic diangles that correspond to the area between the faces of the geodesic
triangles. They correspond exactly to the thickening of the six edges of a tetrahedron.
Od

Part 6 will be used to derive explicit formulas for the non-commutative Hilbert mod-
ular symbol of type ¢’ resembling a non-commutative 2-cocycle relation (see Conjecture

B17).

3.2 Pairing of the modular symbols with cohomology

In this subsection, we consider pairings between commutative Hilbert modular symbols
and cusp forms. In some cases, we prove that such pairings give periods in the sense of
[KZ].

We are interested in holomorphic cusp forms with respect to I'. Equivalently, we
can consider the holomorphic 2-forms on X, which is the minimal smooth algebraic
compactification of X [Hirz]. At this point we should distinguish between geodesic
triangles p1, p2, p3 that lie on a holomorphic curve or on anti-holomorphic curve. The
reason for distinguishing is that a holomorphic 2-form restricted to a holomorphic curve
vanishes. The way to distinguish the two type of geodesic triangles is the following:
Let v be a linear fractional transform that sends the points pi,p2,p3 to 0,1,00. If
det ~y is totally positive or totally negative then the geodesic triangle p1, ps, p3 lies on a
holomorphic curve. If det~y is not totally positive nor totally negative then the geodesic
triangle p1, p2, p3 lies on an anti-holomorphic curve.

Definition 3.4 Let My(H? U PY(K),Q) be the span of the Hilbert modular symbols
{p1,p2,p3} and {p1,p2;p3,ps} as a subspace of the singular chain Co(H? UPY(K),Q).
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We define the following pairing
<, >: My(H? UP(K)) x S92(") — C,

by setting
<A{p1,p2,p3}, fdz1 Ndzg >= / fdz1 Ndz
{p1,p2,p3}
for geodesic triangles and

< Ap1,p2;p3,pa}, fdz1 Ndzg >= / fdz N dz

{p1,p2;p3,p4}

for geodesic diangles.

We are going to use that a Hilbert modular surface X(C) can be realized as the
complex points of an arithmetic surface defined over a number field F'.

Theorem 3.5 The image of the above pairing is a period over a number field F, when
we integrate a normalized cusp Hecke eigenform f of weight (2,2); (for Hecke eigenforms,
see [Shij, [BBDDDYV]).

Proof. From Lemma 3.1 (ii), the boundary of the geodesic triangles of the diangles are
geodesics that lie on holomorphic curves in H? U P!(K). Therefore, in the quotient by
the congruence group I', the geodesic lie in Hirzebruch-Zagier divisor on the Hilbert
modular surface. Thus, we integrate a closed algebraic differential 2-form, (that is, a
global differential 2-form with algebraic coefficients), on the Hilbert modular surface,
with boundaries Hirzebruch-Zagier divisors.

Conjecture 3.6 Let f € Sk ,(I") be a normalized cusp Hecke eigenform of weight (k, k).

Then
/ fdz1 N dzy
{p1,p2,p3}

/ fdzy N dze
{p1,p2;p3,p4}

for geodesic diangles are periods.

for geodesic triangles and

Theorem is a proof of Conjecture for the case of cusp form of weight (2,2).

3.3 Iteration - revisited

We have defined iterated integrals on diangles in Definitions 2.14] However, these
definitions have to be extended to other domains of integration in order to consider
iterated integrals on geodesic triangles.

A consequence of the results from this Subsection is the following;:

Theorem 3.7 [terated integrals of type c on a geodesic diangle and on a geodesic triangle
of algebraic differential 2-forms on a Hilbert modular surface are periods in the sense of
Kontsevich-Zagier.
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Before giving the proof, we need definitions of several objects as well as their prop-
erties. In the process, we will be able to extend the definition on iterated integral on
membrane when the domain of integration is a geodesic triangle.

For type b, in Definition 214, we have a map g : U — H? that sends the two R-
foliations on U into two coordinate-wise C-foliations of H?. The same definition does not
work when the domain U is a geodesic triangle. The reason is that a geodesic triangle is
either a holomorphic curve or (an anti-holomorphic curve). In both cases, a pull-back of
one leaf to the geodesic triangle is a point not a line, (which is the case for the diangles).

In order to extend Definitions .14l [2.15] to the case when the domain U is a geodesic
triangle, we are going to construct a new spaces using fiber product multiple times.

Now, we are going to define a space Y;, associated to an iterated integral on n 2-forms
on H2. We are going to use fiber products (see [Har]). Let p; and ps be the projections
of H? on the first and the second component, respectively. Define Xi; = H2for1<i<n
and 1 < j < n. (One should think of the component X;; as the complexification of the
real coordinated (s;,t;).) Let C; = H for 1 <i <n and C’J’» =Hfor 1 <j <n. Let

X=Xy Xcr Xoj Xor s X Xnj.
(X, corresponds to the variable ¢;) Then
X; C Xy x Xgj x -+ x X5,
Let also
Pj=(p1,-- ,p1) : Xij x Xoj X -+ x Xppj = Cp X -+ x

Let P]?’ = P x; be the restriction of P; to the subset X;. We define Y;, as the fiber
product of Xi,...,X,, with respect to the morphisms Pp,..., P, over the base C; x
-+ X Cy, namely

Yn:Xl Xo e Xan, (3.22)

where C'= C; x --- x Cy,. Note that X is isomorphic to X;;;. Let Z; be the subspace
of Y,, defined by setting the j- and the (j + 1)-component of Y,, = X; X¢ -+ x¢ X,
to be equal. (The space Z; corresponds to a boundary components obtained by letting
tj = t;j41.) Similarly, we could have defined Y;, by defining first

Xi = Xn x¢, Xia X, - X0y Xin
(X! corresponds to s;) so that
XZ(CXH X X0 X - X X;

Let
P/ = (p2,...,p2) : Xt X Xjg X -+ X Xjp = C x --- x Cy,

Define P/° = P/|x/ to be the restriction of P/ to Xj. We define Y;, as the fiber product
of X{,..., X, with respect to the morphisms P;°,..., P> over the base C] x --- x C/,
namely

Yn:Xi Xor X X;L, (323)

29



where C" = C] x --- x C}. Similarly we define Z/ to be the subspace of Y,, defined by
setting the i- and the (i + 1)-component of Y,, = X| x¢v --- X X] to be equal. (The
space Z! corresponds to a boundary components obtained by letting s; = s;4+1.)

We have given two Definitions and [3:23] of the space Y;,. In the two definitions
we have only exchanged the role of p; and ps. We will prove that both definitions lead
to the same object in the case of n = 2. The general case is left to the reader.

Lemma 3.8 Forn =2, the two Definitions[3.22 and[3.23 define isomorphic objects Ya.

Proof. The space Ys can be defined as a finite limit (in a categorial sense) of a diagram
in the following way. Consider the commutative diagram

N

For any space W such that

(3.24)
commutes, we have that the maps f;; : W — X;; factor through g;; : Y2 — Xj; so that

fij = gij o h, for some h : W — Y5 and Y3 is part of the commutative diagram
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i

/ \
\ /

/\/\
\/\/

s

In order to prove this universal property of Yo we follow the first definition of Y5. It
leads to the commutative diagram

X1 =— X1 Xy X1 —— X19

|

Cq w Cy

AN | /

Xo1 <—— Xo1 Xy Xog — X

Then we have that X7 = Xy Xcr X2 maps to C = C; x Cy and also X5 = Xog Xcy Xa9
maps to C = C7 x (. Thus the maps from W to any element of the diagram factors
through Y3 = X x¢ Xo. Similarly, W factors through X{ x¢v X4, where X| = X1 X,
Xgl, Xé = X12 Xy X22 and C' = Ci X Cé Since both X1 Xc X2 and X{ X Xé are
universal objects with respect to the diagram (3.24]), we have that they are isomorphic.
Od

Now, we return to the initial question of this subsection, namely, how to iterated
over a geodesic triangle so that it is consistent with the current definition of iteration
over a diangle.

For an n-fold iteration of n 2-forms of types b or ¢, we have to specify a domain
U C H?, dimrU = 2 and a pair of permutations p; and ps of n elements. We make an
essential assumption that the boundary of U C H?, denoted by AU, projected onto the
Hilbert modular surface Yt lies on a finite union of Hirzebruch-Zagier divisors. We will
denote the finite union of such Hirzebruch-Zagier divisors by HZ.
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Let
Phrpe + X1 X X Xy = Xy (1) (1) X+ X Xy (m)pa(m)

be a projection to n of the factors. Let U;; = U for 1 <i<nand1<j<n. Let

LU (0)pa(r) X X Upimpa(n) = Xpi(1)p2(1) X =+ X X1 (m)p2 ()

be the induced from the product of inclusion of the domains U — X. We will use the
following notation

U2 =Up1)pa(1) X+ X Upi(m)pa(n)

and
X7 = Xppa(1) X X X (n)pa(m)-
Then the map I becomes
1:U°— X°
Let
J:Y, = X°
be the composition of the natural inclusion Y, — Xi1 X --- X X,,;, and the projection

P, p,. Then we define the domain of integration to be
UL = UP xxo Yo,

which is the fiber product of the maps I and J. Since I : U? — X” is an inclusion, we
have that the induced map
uy. —Y,

is an inclusion.

In the above constructions, we have used a parallel between type b and type c of
iterated integrals on membranes. THe following definition allows us to extend in some
sense the two types when the domain of integration is an ideal triangle

Definition 3.9 (iterated integrals on membranes of types b’ or c¢’) For any manifold
with corners of dimension 2 on the Hilbert modular variety, we define an iterated integral

En(p1,p2)
/ (fldzl A ng) e (fndzl A ng) = / J*(fldzl Ndzo, ..., fndzy /\dZQ), (325)

U us,

where frdz A dzg is a form defined on X, (1)pok), for 1 < k < n. IfY, and Q@n
are constructed in the setting of type b iterated integrals on membranes, then the above
definition is of iterated integral on membranes of type b’. Similarly, if Y, and Q@n
are constructed in the setting of type c iterated integrals on membranes, then the above
definition is of iterated integral on membranes of type c’.

If U is a diangle, then the relation of the above integral to the ones defined by iterated
integrals over membranes is the following. The integral

En(p1,p2)
/ (fldzl AN ng) ce (fndzl A ng)
U
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is the sum of the integrals from Definitions 2.14] or 2Z.I5] namely, the sum

(pp1,pp2)
Z / (fidz1 Ndza) -+ - (fndz1 N dz2)
U

pPEX,

over the orbit of the diagonal action of the permutation group X, on any chosen pair of
permutations (p1, p2).

Proposition 3.10 (Properties of the iterated integrall3.23) (a) the iterated integral[3.27
1s well-defined when U is an ideal triangle both for types b and c;

(b) the iterated integral 323 for type ¢ is a period if U is an ideal triangle or an ideal
diangle, when fi,..., fn are normalized Hecke eigenforms of weight (2,2).

(c) the iterated integral [3.28, both for types b and c, is homotopy invariant with
respect to a homotopy that varies within the divisors

T Xy a1y X X D1 (@) X+ X Xy () pa(m))s

where q; is a point of X, (i)p,(:) for fived i and p1 : X, (i)p,:) — C; or a homotopy that
varies within the divisors

T Xy a1y X X 03 (@) X+ X Xy () pa(m))s
where q; is a point of X, ()p, () for fized i and pa : X, (5)p(i) — .

Proof. (a) The integral is well defined for any two dimensional submanifold with
corners of the Hilbert modular variety. (|[BS])

(b) The iterated integral is a period since:

(1) a Hilbert modular variety can be defined over a number field

(2) the normalized Hecke eigenforms f,..., f, of weight (2,2) can be realized as
algebraic differential forms on the Hilbert modular variety;

(3) the boundary of the region of integration U@n is a divisor on Y}, namely,

n

where

HZ; = J Xy (0)pa(r) X - X HZ X - X Xy () ()

is a divisor of Y, obtained by a pull-back of a divisor whose i-th component is a
Hirzebruch-Zagier divisor HZ and the rest of the factors are X, 1), k) for k # i.

(c¢) The proof is essentially the same as the one of Theorem 27 O

The domain Uy, might be cut into disconnected components by the divisors Z;’s
and Z]’-’s. In order to choose a connected component we need to define another region
of integration. Recall: For the case of intreated integrals on membranes of type b,
p1: H?2 — C and py : H? — C’ be projections onto the first and the second component
with C @ H and C’ = H.
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For the case of iterated integrals on membranes of type ¢, p; = ajom and py = agow
are compositions of the map from the universal cover to the Hilbert modular surface

W:H2—)XI‘

and
Q1,09 XF — ]P)l

be two algebraically independent rational functions on the Hilbert modular surface and
C; = P! and()']’-%]P’1 fori1<i<nand1<j<n.

Let qo,q1,70,71 € P! be points. Let each of Qg,Q1, Ry and R; be a connected
component of pl_l(qo), of pl_l(ql), of pgl(ro), and of pgl(rl), respectively.

Let V — H? be a domain in H? such that its boundaries lie on the union

QoUQ1URyURy,

and its interior does not meet the union Qo U Q)1 U Ry U R1. We define the divisors
Zo, Zn, Zy), Z), of Yy, which will have the following meaning: Zj will be the beginning of
the integration of the ¢; variable (t; = 0), Z,, will be the end of the integration of the ¢,
variable (¢, = 1), Z|, will be the beginning of the integration of the s; variable (s; = 0),
and Z/, will be the end of the integration of the s,, variable (s, = 1). We define them as
the a fiber product

Zy = Qo X¢ X2 X¢ - Xo Xy,

Zp=X1 X0 X0 Xn-1 %o Q1,
Zé :RQ X Xé Xor - X X,ll

and
Z;L = X{ Xor -+ Xor X’;L—l X Rl.

We will use the following notation

VP = Vo) X - X Vi (n)pa(n)

and
X2 =X, (1) X - X Xy (n)pa(n)-

Then the map I’ becomes

I':ve— XP
Let
J Y, = X*
be the composition of the natural inclusion Y;, — Xq1 X -+ x X,,;, and the projection

P,, p,- Then we define the domain of integration to be
Vh = VP xxe Vi,

which is the fiber product of the maps I’ and J'. Since I’ : U? — X” is an inclusion, we
have that the induced map
v, -+,
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is an inclusion.

Then the divisors Zy, Z1, ..., Zn_1,Zy and Zy, 21, ..., Z},_, Z, cut out from Vy a
product of two n-simplices, corresponding to the region where {0 < s < --- < 5, <
1} x{0<t <--- <t, <1} is embedded. Denote by Vé)/n the connected components of
V@n that contains the image of {0 <57 <--- <, <1} x{0<t; <--- <t, <1} under

the map ¢ from Definition

Proof. (of Theorem B.7]) We consider the type of iterated integrals defined in Definition
2,151 Using the above notation the domain of integration is U, where U C V. We define

TP 7P ~ TP
Uy, =Uy, NVy,

Then the boundary of Uf;n lies on the union of divisors

ouy. C (O Zi> U O Z;
i=1 j=1

The normalized Hecke eigenforms of weight (2,2) can be realized as algebraic differential
forms on the Hilbert modular variety. Then the iterated integrals on a membrane of
type c over the domain U is a period since:

(1) a Hilbert modular variety can be defined over a number field

(2) the normalized Hecke eigenforms fi,..., f, of weight (2,2) can be realized as
algebraic differential forms on the Hilbert modular variety;

(3) the boundary of the region of integration U@n is a divisor on Y,,, namely,

n n
(U ZZ-> ul Uz
i=1 J=1

(|

3.4 Generating series and relations

In this Subsection we examine the generating series of iterated integrals on membranes (of
types b’ or ¢’), evaluated at geodesic triangles and geodesic diangles. We prove relations
among them. Most importantly, the generating series J will be used in Subsection 3.5
for Defining non-commutative Hilbert modular symbols. Moreover, the relations that
we prove in this Section, will be interpreted as cocycles or as coboundaries of the the
non-commutative Hilbert modular symbols satisfy in Subsection 3.5.

Definition 3.11 Let f1,..., fin be m cusp forms with respect to a Hilbert modular group
I'. Let fidzy Ndzs, ..., fmdz1 A dze be the corresponding differential forms, defining the
generating series. Let J(p1,ps2,ps) be the generating series J evaluated at the geodesic
triangle with vertices p1,pa,ps. Let J(p1,p2;p3,psa) be the generating series J evaluated
at the geodesic diangle {p1,p2;p3, P4}

Both J(p1,p2,p3) and J(p1,p2;ps, ps) will be called non-commutative Hilbert modular
symbols after the action of the arithmetic group is included (see Definition B.13)).
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Theorem 3.12 The generating series J is one of the following types b, ¢, b’ or c’.
Note that J(p1,p2;ps,pa) is defined for all the types, while J(p1,p2,p3) is defined only
for types b’ or ¢’. Then the generating series J(p1,p2,ps3) and J(p1,p2;ps,ps) satisfy
the following relations:

1. If o is a permutation of the set {1,2,3} then

J(p0(1)7p0(2)7p0'(3)) = Jsign(cr) (p17p27p3)-

If p1,p2,p3,p4 are four points on the same holomorphic (or anti-holomorphic)
curve of the type v*/A then

1 =J(p1,p2,p3)J (P2, p3,p4)
J(p2,p1,p4)J (P1, P4, P3)

and
3. If p1,p2,p3,p4 are four points on the same holomorphic (or anti-holomorphic)
curve of the type v*/A then

1 = J(p1,p2;p3,D4)-

4. For every four points pi1,p2,p3,p4a, we have the following relation based on the
orientation of the domain

J(p2, p1;p3,pa) =J(p1,D2; P4, D3) =
=J " Yp2,p1;pa,p3) =
=J " (p1,p2; P3, Pa)-

5. For every five points p1, p2, p3, P4, P5, we have

J(p1,p2: 03, p4)J (D1, D23 P4, P5) = J (D1, D23 D3, D5)-

6. For every four points pi,ps,ps, P4, we have the following relation, based on the
boundary of a thickened tetrahedron,

L =J(p1,p2,p3)J (P2, P3: 1)

J(p2,p1,p4)J (p1,Pas P3)

J(p1,p2; p3,pa)J (P2, P3; P1,P4)J (P3, P13 P2, P4)
J(p3,pa; p1,p2)J (1, Pa; D2, 03)J (P2, P43 P3, P1)-

Proof. For part 1, let o be an odd permutation. Let U be an union of two triangles
along one of their the edges. Let the first triangle be with vertices pi,p2,ps and the
second triangle be with vertices ps, p2, p1 with the opposite orientation. We can glue
the two triangles along the edge pips. (Glueing along any other edge would lead to the
same result for the corresponding generating series.) From the shuffle product formula
Theorem [2.21] (iii), it follows that J(U) = J(p1,p2,p3)J(p3,p2,p1). (Note that the
product is not the product in the ring R. It is induced by a shuffle product of iterated
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integrals on membranes.) From the second homotopy invariance theorem (Theorem
2.17)) it follows that the generating series J(U) depends on U up to homotopy, which
keeps the boundary components psps, psp2, p1ps and psp; on fixed union holomorphic
curves. We can contract U to its boundaries JU so that the contracting homotopy
“keeps the boundary components” on a fixed union of holomorphic curves. Therefore,
JU)=JU) =1.

Parts 2, 4 and 5 can be proven similarly.

For part 3, if p1,p2,p3,ps belong to the same holomorphic (or anti-holomorphic)
curve then the corresponding diangle has no interior, since the two edges will coincide.
Recall that the edges of the diangle are defined via unique geodesic triangles lying on a
holomorphic (or anti-holomorphic) curve.

The proof of part 6 is essentially the same as the one for part 1; however, we will prove
it independently, since it is a key property of the non-commutative Hilbert modular sym-
bol. Consider a thickened tetrahedron with vertices p1, p2, p3, p4. The faces of the thick-
ened tetrahedron are precisely the ones listed in the product of property 6. The whole
product is equal to J(V), where V' = union of all faces of the thickened tetrahedron.
From the second homotopy invariance theorem it follows that the generating series J (V)
depends on V' up to homotopy, which keeps the boundary components on a fixed union
holomorphic curves. Since V' bounds a contractible 3-dimensional region (a thickened
tetrahedron), from Theorem [2.17], it follows that J(V) = J(point) = 1. O

3.5 Definition of non-commutative Hilbert modular symbols

In this Subsection we define non-commutative Hilbert modular symbols. They are ana-
logues of Manin’s non-commutative modular symbol (see [M2]), applicable to the Hilbert
modular group. Instead of iterated path integrals that Manin uses, we use a higher di-
mensional analogue, defined in Section 2.

Usually, a modular symbol represents a cohomology class. Manin’s non-commutative
modular symbol represent a non-commutative 1-st cohomology class. We would like
to say that the non-commutative Hilbert modular symbols represent non-commutative
cohomology classes, which we formulate as Conjectures.

After defining the non-commutative Hilbert modular symbols, we prove some of their
properties. These properties will be interpreted intuitively as co-cycle conditions or as co-
boundary conditions. The approach in this Subsection is more geometric. The purpose
for presenting them here is to give many examples of relations and to help establishing a
suitable cohomology theory that would truly capture these relations in a more structured
way.

The cocycle interpretation is only for intuition it is not precise. The formula holds
for geometric reasons. Note that the composition is not the multiplication in the ring
R, it is given by the shuffle product (see Theorem 2.21]), which works for the generating
series on iterated integrals on membranes. The multiplication is written linearly as we
would multiply several elements in a group or in a ring; however, the multiplication is
two-dimensional among regions with common boundaries.

In the next Subsection will give some intuition about higher categories for the purpose
of giving more structure to the non-commutative Hilbert modular symbols and for a
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possible approach to defining such a 1-st and 2-nd non-commutative cohomology class.
For definitions of iterated integrals on membranes of types b, ¢, b’ and ¢’ see Defi-
nitions 2.4], 2] for types b, ¢, and B9 for types b’ and c’.

Definition 3.13 We define non-commutative Hilbert modular symbols as a generating
series of iterated integrals on membranes of types b, or c, or b’, or ¢’ over a geodesic
diangle by

Czlnmz;pa (v) = J(p1, p2; p3,YP3)-

We also define non-commutative Hilbert modular symbols as a generating series of iter-
ated integrals on membranes of types b’ or ¢’ over a geodesic triangle by

2(v,6) = J(p,vp,v0p),
where p,p1, 2, p3 are cusp points in H2UPY(K) and 3,7,0 € SLa(Ok).

We are going to define an action of Mats(Ok)™ on the generating series J¢, where
Mato(Ok )™ is the semi-group of 2 x 2 matrices with a totally positive determinant.

In order to interpret c' () and c¢%(v,d) as cocycles, we are going to define an action
of the semi-group Mats(Ok )" on the whole ring R, where the generating series take
values. Such an action can be given via Hecke operators.

For simplicity, we shall assume that O has narrow class number 1. We consider
all Hecke eigenforms of weight (2,2) with respect to Mata(Ok)*. Now, let u be a unit
such that u; > 0 and uo < 0, where u; and ug are the images of v under the two real
embeddings of K into R. It exists, since the narrow class group is trivial. (For example
K = Q(+?2) is such a field.) We define an action of v € Maty(Ok) on the ring R
(Definition 2.13]), where the generating series takes values. We define

’Y‘f'_>T’y(f)

if v € Maty(Og)™. Let fi,..., fm be a basis of Hecke eigenforms of the space of the
cusp form of weight (2,2). To each f; we associate two of the generators of R X; and
Y;. Let X1,Y1,..., X, Y., be generators of R. Then the action of v € Maty(Of)™T is
given by T (X;) = c(v, fi)X; and T),(Y;) = Y;, where (v, f;) the eigenvalue of the Hecke
operator.

In this setting the group action, namely, the action of the Hilbert modular group is
trivial. This trivial action extend to the the action of T} = id on the whole ring R. In

fact, for an element 8 € SLy(Of), the trivial action on Cz}n,pz;ps and on c?, can be realized
as follows:
1 _ 1
(BCpypaips) (V) = Copy,pa;ps (B7)
and

(B¢2) (v, 6) = ¢, (Bp, Byp, BY0p).

The last two relations hold, since for a cusp form of weight (2,2) the differential form
fdz N dzy is invariant under the action of the Hilbert modular group I'. Algebraically,
for any geodesic diangle, we have

BJ(p1,p2; p3,pa) = J(p1,p2; 3, pa) = J(Bp1, Bp2; Bps, Bpa).
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similarly for a geodesic triangle,

BJ(p1,p2,p3) = J(p1,p2.13) = J(Bp1, B2, Bp3).

The relations among the symbols are based on two properties: composition via shuffle
product Theorem 2.27] (iii) and the homotopy invariance (Theorems 2.7 and [2Z.1T]).

Conjecture 3.14 The non-commutative Hilbert modular symbol c’ Cpy.paips 18 @ 1-cocycle.
Moreover, if we change the point p3 to q3, then the cocycle changes by a coboundary.

Property 5 of Theorem B.1I2] can be interpreted as a 1-cocycle relation. Consider the
analogy with non- commutative 1-cocycle of a group acting on a non-commutative ring,

we define the boundary of cp1 paips DY

dc:}n pops(B:7) = C:}n p2ps(B) (50;})1 pops) (V) (C:}n p2ps(BY)) -

The action of 8 on the cocycle is given in Definition BI3l In contrast to a 1-st non-
commutative cocycle (see for example Kenneth Brown [Br]), here we have two-dimensional
composition of symbols, that is, one can compose the symbols as two-morphisms in a
two-category.

Then

dey, pops (B2 7) = J(p1,p2; 03, Bps) (B (p1,p2; p3, ps)) T~ (p1, p2: p3, BYps)
= J(p1,p2; p3, B3)J (1, p2; Bpa, Bypa) T~ (p1, p2; p3, BYD3)
~ 1. (3.26)

If we change p3 to g3 then the cocycle changes by a coboundary. Let b = J(p1, pa; p3, g3)
be a 0-cochain. Then

J(p1,p2;p3,7P3)
J(p1,p2;p3,43)J (1, P23 63, 7q3)J (P1, P23 Y43, YP3)

J(p1, p2; 3, 03)J (1, P23 43, 7a3) (7 (P1, P2; 3, q3))

D2Cp, pass (V) (907) ™ (3.27)

Conjecture 3.15 The non-commutative Hilbert modular symbol cf,(ﬂ,’y) satisfies a 2-
cocycle relation. Moreover, if we change the point p to q, then the cocycle changes by a
coboundary up to terms involving c'.

1
Cpl,Pz;q3( )

Recall
c2(B,7) = J(p, Bp, Byp).

Then cp satisfies a 2-cocycle condition up to a multiple of the 1-cocycle cq 1.qaigs fOT various

points q1, g2, q3. For the 2-cocycle relation, we compute dcp(ﬂ,’y, d).

de2(B,7,08) =c2(B,7)c*(B,70)(*(87,6)) " (B *(7,0)) " =
=J(p, Bp, Byp)J (p, Bp, Byop) %
x J(p, Byp, Byép) " J(Bp, Byp, Byép) (3.28)
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In order to have dcf,(ﬂ,’y, §) = 1, we must multiply by suitable values of ¢!, corre-
sponding to edges of a certain thickened tetrahedron. Then

dey (8,7, 8) % e apypp(BVOBY) ™)l 3pip (BY0) i o (B)¥8B ) x
X Céw,ﬁvép;p(5)611375%13;517(575 )Cﬁp Bép; va( B~ )]
=[c2(B,7)c*(B,76)(*(B7,8)) " (B 2 (7,6)) ] x
X 1¢p 5p54p((BYSBY) ™) Chp ypip(BYO)Chp prp (B)7B7 1) x
X Céw,ﬁvép;p(5)611375%13;517(575_1)Cépﬁv&p;ﬁvp((ﬁw_l)] =
=[J(p, Bp, Byp)J (p, B, Bvép) x
x J(p, Byp, B0p) I (Bp, Byp, Br0p) ] x
x [J(p, Bp; Byp, Byop)J (Bp, Byp; p, By0p)J (B, p; Bp, BYdp) X

x J(Byp, By0p; p, Bp)J (p, Bydp; Bp, Byp)J (Bp, Byop; Byp,p)] =
=1.

The first equality follows from Equation (B.28]). The second equality follows from the
definition of the symbols. And the last equality follows from Property 6 of Theorem
with (p1,p2,ps,ps) = (p, Bp, ByP, B,70p). Therefore, we obtain that dclz,(ﬁ,%é) is1up
to values of the 1-cocycle c!.

Now we would like to have that 612, and 6[21 are homologous.

Conjecture 3.16 The conjectural cocycles 612) and cg are homologous

cp(B:7) = 5 (8,7)[dbpq (B, 7)) HJ

up to a product of J(D;),where D; are geodesic diangles.

Before we proceed, we would like to make an analogy between 1-dimensional and 2-
dimensional cocycles. For the 1-dimensional cocycle, the property that it is a cocycle uses
the geometry of a triangle where the faces of the triangle are essentially the 1-cocycle.
We want commutativity of the triangular diagram. We think of the commutativity of
the diagram as follows: consider the interior of the triangle as a homotopy of paths
and we think of the 1-cocycle as a homotopy invariant function. For the 2-cocycle, the
2-cocycle relation is represented by the faces of a tetrahedron. By a ’commutativity’ of
the diagram, we mean a homotopy invariant 2-cocycle and a homotopy from one of the
faces to the union of the other three faces.

The comparison that cp1 paips a0d cp1 paigs are homologous is given by a square-shaped
diagram. The analogy with dimension 2 is that the cocycles c?, and cg are two faces of an
octahedron. The vertices associated to cg(ﬂ,’y) are (p, Bp, Byp) and the vertices associ-
ated to cg are (g, 8q, vq). The two faces will be opposite to each other on the octahedron
Oct so that the three pair of opposite vertices are (p, 5vq), (8p, q) and (Bvyp, q). The re-
maining 6 faces are combined into two triples. Each of them corresponds to a coboundary
of a 1-chain.

Let

by(B) = [J(p.q,Bp)J(q, Bq, Bp)] [T (a, Bp; p, Ba))-
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Consider the action of v € I' on b', by action on each point in the argument of .J, denoted
as before by v - b'. Then, we define

dby, o (B,7) = b (B)[B - b, (N][by o (BN,

where 8- b}, ,(v) = [J(Bp, Bq, Byp)J (Bq, Bya, By)IIT (Ba, Bp; p; Bvq))-

Consider the above octahedron Oct. Remove from it the tetrahedron T" with vertices
(p,q,Bvq, Byp). Then the triangles of the remaining geometric figure are precisely the
triangles in the definitions of c?,(ﬂ,fy), cg(ﬁ ,7) and db}),q(ﬂ,’y). Now, consider thickening
of the edges, which are common for two triangles. It can be done in the following way.
Instead of any triangle, we can take a geodesic triangle. The two triangles that had a
common edge might have only two common vertices. Then the region between the two
geodesic, one for each of the geodesic triangles, forms the induced diangle. Take J of
the induces diangles from the octahedron Oct and J~! of the induced diangles from the
tetrahedron T'. Their product gives [ [, J(D;). The equality holds because we apply J
to the union of the faces of the thickened Oct — T', which gives 1.

3.6 A two-category

Why do we need a two-category? Is there an example of a sheaf on this category /topology?
How does the non-commutative Hilbert modular symbols represents a sheaf?

The ideas presented in this Subsection will be developed in a follow-up paper. Here
we present the basic constructions that give justification for the conjectures that the
non-commutative Hilbert modular symbols ¢! and ¢? are co-cycles in some categoric and
sheaf-theoretic setting. For sheaves on 2-categories one may consult Street [St]. Since
our 2-morphisms are invertible one may also use Lurie’s [L] constructions of sheaves on
higher categories.

We are going to construct a 2-category C' and a sheaf J on the 2-category C'. We
define p to be an object of the 2-category C' if p is a cusp point, that is p € P}(K).
We define 1-morphisms in the following way. Let o be the geodesic connecting 0 and
oo that lies on the diagonal A = ¢(H) C H x H. There is unique such geodesic. All
geodesics v*o together with a choice of orientation are defined to be 1-morphisms, where
v € PGL2(K). We define the 1-morphisms of C to be a finite concatenation of geodesics
of the type v*o or the trivial path whose image coincides with a cusp point. Consider
ideal triangles and ideal diangles as cells from which we build manifolds with corners. A
2-morphism is a finite union of manifolds with corners, made from finitely many ideal
dangles and ideal triangles, which is path connected and has orientation.

The boundary of a 1-morphism is a union of two object objects - the starting point
and the ending point of the directed path. The boundary of a 2-morphism (a 2-manifold
with corners) is a finite union of 1-morphisms (oriented loops), where the orientation of
the loops on the boundary is induced by the orientation of the 2-manifold with corners.

Now we are going to define a 2-sheaf J, whose values on a 2-morphism will be in a
subset of the ring R and whose values of an object and on a 1-morphism will be a subset
of a countable product of the ring R with itself.

As always, S22(I") denotes the space of cusp forms of weight (2,2) with respect to
the group I'. Here we will consider this space as the space of holomorphic 2 forms on
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H x H, which vanish on the cusps and which can dessend to the Hilbert modular surface
Xr =T\(H? UP}(K)). Every n-tuple of such holomorphic forms Q € (S22(I'))" defines
a value on a 2-morphism f in C. Let this values be the generating series J;(£2). Let J¢
be the collection of all values J;(£2) for all 2 € (S22(I'))". Let e be a 1-morphism. We
say that e is in the boundary of a 2-morphism f, denoted by e C 9f, if the image of the
loop e is in the boundary of the image of the membrane f together with the induced
orientation on e from f. We say that an object p is in the boundary of a 1-morphism
e, denoted by p € Oe, if p is a source or a target of e. We define the values of J on a
1-morphism e to be the product

I[H7<]I®

eCOf eCof

We define values of J on objects p to be

II < I =

pEde; eCIOf pEde; eCIOf

The sheaf conditions for 1-morphisms and the sheaf conditions for 2-morphisms re-
semble the classical conditions for a presheaf to be a sheaf.
Let f; : A; — [0,1]2 be a finite collection of disjoint 2-morphisms, whose union is
a morphism f : A — [0,1]2. We define a finite collection Z’; of 1-morphisms and 0-
morphisms (objects) such that the union (J, Im(fllj) = Im(f;) N Im(f;) is a disjoint
union of the intersection.
Then the equalizer
Jr— Jr, = J ok
T =110
is exact (for a definition of equalizer one may consult [Bor]).
Similarly, let e be a 1-morphism and let {e;}; be a finite set of disjoint 1-morphisms
such that the union |J; Im(e;) = Im(e). We can write the intersection Im(e;) N Im(e;)
as a finite union of 0-morphisms (J,, I m(efj), for some 1-morphisms e;

Then the equalizer
%%H%Fdl%
i iJ

j

is exact.
The cochain is defined as

11 J, — 11 J. — 11 Jp— 11 Jy

p: O-morph e: 1-morph f: 2-morph g : 2-morph
dg =10

The maps J. — J, and J, — J; are surjective when they are defined, resembling
flabby sheaves. Thus, we should have trivial 0-th or 1-st cohomology set. The only
non-trivial cohomology will be 2-nd cohomology set. The cocycle conditions for both
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non-commutative Hilbert modular symbols ¢! and ¢? can be interpreted as a particular

case of maps
I 7~ I

f: 2-morph g : 2-morph
dg =10

For ¢!, the boundary condition is that a union of two diangles with a common edge is a
third diangle. One can think of the these three diangles as a boundary of a degenerate
3-dimensional region. One can realize this cocycle condition as a sheaf-theoretic one
by modifying the above definition so that the 2-morphisms consists of a finite union of
ideal diangles (without using the ideal triangles). Then the sheaf-theoretic 2-nd cocycle
condition is the one for non-commutative Hilbert modular symbol c!.

If we are able to quotient the 2-category described in the beginning of this subsection
by the 2-morphisms generated by dianlges, then we have only two morphisms generated
by ideal triangles. The non-commutative Hilbert modular symbol ¢? is exactly the one
that considers ideal triangles. Note that its cocycle relation for ¢? is satisfied up to
2-morphisms generated by diangles.

3.7 Explicit Computations. Multiple Dedekind Zeta Values

In this Subsection, we make explicit computations of some ingredients in the non-
commutative Hilbert modular symbol. In [M2], Manin compares explicit formulas of
integrals in the non-commutative modular symbol to multiple zeta values. The similar-
ities are both in terms of infinite series formulas and in terms of formulas via iterated
path integrals. Here we compare certain integrals in the non-commutative Hilbert mod-
ular symbol to multiple Dedkeind zeta values (for multiple Dedekind zeta values, see
[H3]). Again the similarities are both in terms of infinite series formulas and in terms of
formulas via iterated integrals over membranes.

We are going to consider the Fourier expansion of two Hilbert cusp forms f and g. Let
wr = fdz1 Ndza, wg = gdz1 Ndzp and wg = dz1 Adzz. We are going to associate L-values
to iterated integrals of the forms wy and wy. The L-values would be iterated integrals
over an union of diangles. One can think of a diangle connecting 0 and co as a segment
or a real cone. The union will be a disjoint union of all such real cones connecting 0
and oo or simply Im(H) x Im(H). We also recall the definition of a multiple Dedekind
zeta values via (discrete) cone. Finally, we show analogous formulas for iterated L-values
associated to Hilbert cusp forms and for multiple Dedekind zeta values.

We will be mostly interested in the modular symbol associated to a diangle. Let us
recall what we mean by a diangle.

Let p1, p2, p3, p4 be four cusp points. Let v; € GLy(K) be a linear fractional transform
that sends v1(p1) = 0, 71(p2) = o0, 71(p3) = 1. Let A be the image of the diagonal
embedding of H' into H2. Then 0, 1 and oo are boundary points of A. Let A(0,00) be
the unique geodesic in A that connects 0 and co. And let

A (p1,p2) = 77" A0, 00)
be the pull-back of the geodesic A to a geodesic connecting p; and ps.
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Now consider the triple p1,ps and ps. Let 79 € GLy(K) be a linear fractional
transform that sends y2(p1) = 0, y2(p2) = oo and y2(py) = 1. Let A be the image
of the diagonal embedding of H' into H?. Then 0, 1 and oo are boundary points of A.
Let A(0,00) be the unique geodesic in A that connects 0 and co. And let

X2(p1,p2) = 73 A0, 00)

be the pull-back of the geodesic A to a geodesic connecting p; and ps.

By a diangle, we mean a region in H? U P!(K) of homotopy type of a disc, bounded
by the geodesics A1(0,00) and A2(0, 00).

We are going to present a computation for the diangle D, defined by the points
(0,00, u',u™"), where u is a generator for the group of units modulo +1 in K. Let (1)
be the trivial permutation.

Lemma 3.17 Let u be a totally positive unit. Then

N 2 2
., (271)2 (aquy + agus)(aqug + aouy)

Proof. Let u; and ug be the two embeddings of u into R. Then (0,00,u) can be

-1
mapped to (0,00,1) by v1 = < E)L (1) > . The geodesic A(0,00) can be parametrized

by (it,it) for t € R. Then the geodesic A (0,00) on the geodesic triangle (0,00, u) can be
parametrized by {(iuit,iust) | t > 0}. Similarly, the geodesic A3(0,00) on the geodesic
triangle (0,00,u~!) can be parametrized by {(iust,iuit) | t > 0}. Then the diangle D,
can be parametrized by

Dy = {(21,22) € H?| Re(21) = Re(z9) = 0,Im(z) € <Z—;t, Z—jt) ,Im(z2) =t € (0,00)}.

Then we have

vl

(1)(1) Omi(anz1tanza) 0 e omi(on 21 -+ant)
// e M eAITa222) 00 ANdzg = / er™ BT o | dt =
u (e’ Z—?t
0 u w
_ 1 / (ealét—kagt _ eoqﬁt—i—agt) dt —
2mion Joo

11 1 1 B
-~ (27mi)2al ot tar a2t o N
1 u3 — u?
(27Ti)2 (1uy + agug)(aug + aguy)

Therefore, one term of the Fourier expansion of a Hilbert cusp form paired with a symbol
given by one diangle does not resemble a norm of an algebraic integer. However, if we
integrate over an infinite union of diangles then a similarity with Dedekind zeta and with
multiple Dedekind zeta occurs.
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Consider the limit when n — 0o of Dyn. It is the product of the two imaginary axes
of the two upper half planes. Denote by

Im(H?) = Im(H) x Im(H).

One can think of this region as an infinite union of diangles.
Denote by az the sum of products o217 + asz2. Using the methods of [H3], Section
1, we obtain

N7 = /1:<1;1)> S S
and
1 1 _ W) i 2mifBz
@ri) NP N 1 A2 /Im(H2) e dz1N\dzo-(dz1 N\dzg)-(dz1 Ndz2)-€ dzy Ndzo-(dzy N\dz9)

Let f and g be two cusp form of wights (2k,2k) and (21, 2l), respectively. Consider
the Fourier expansion of both of the cusp forms. Let

f_ Z a e27rz'0cz
= o

a>>0

g= Z bﬁe27riﬁz.

B8>>0

and let

Since f is of weight (2k,2k), we have that a,o = an, where u is a unit. For such a
modular form the modular factor with respect to the transformation z — uz is 1. The
L-values of f is

W) |
ki) :/ D el dn Adzy - (d2 Adzp) Y = (2 1‘)271 > N((lz)n-
s
Im(H?2) a0k JU+ 00T /Ut

Here (9} denotes the totally positive algebraic integers in K and U™ denotes the totally
positive units.
We recall some of the definitions from [H3]. We fix a positive cone C' in Ok, by
which we mean
C=NU{a €Ok | a+be a,bec N},

where € is a generator of the group of totally positive units. By ¢*C, we mean the
collection of products e*a, where a varies in the cone C.
The following infinite sum is an example of a multiple Dedekind zeta value

CKCekan ZZ mNOé—I—ﬂ)

acC 5eekc

Let Z(m,n) = ez Cr.cckc(m,n), where C is any set representing the totally
positive algebraic integers (9;; modulo totally positive units U™ .
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Lemma 3.18 The values Z(m,n) are finite for m > n > 1.

Proof. Let € be a generators of the group of totally positive units U™ in K. For the two
real embeddings €; and €5 of €, we can assume that €1 > 1 > 5. Otherwise we can take
its reciprocal.

)= Z mNa+ek5) < (3.29)

keZ a,ﬁGC
1
<a%€:0 NG < NCESD + (3.30)
2n
+ Z >> <
1 1
<
2 < (@+5)
— 2 (N(a+B)"—N()"\\ _
1 1
-3 v (v 52
2 N(a+B)" — N(a)" B
Tad ( Nia+ B)" >> -
1
a%gc N(a)™N(a+ ﬁ) (3:33)
N 2 B
e — 1 N(a)®» N(a)™"N(a+ p)"
=Cx(Cym,n) — Eli_l(QK(C’;n)+CK(C;m—n,n)). (3.34)

Equation (3.29) is the definition. Inequality (B.30) is based on the following: € < 1 is
replaced with 1 then k& > 0. For k < 0 we use €5 = ¢;*. We put 1 for ¢ for k < 0.
The case k = 0 is treated separately. Finally we group the terms with equal powers of
€1. In the Inequality ([B.3I) we estimate the mixed terms in the brackets. In Equation
(B32) we take the sum of the geometric series in e; *. Then in Equation (B33]) we open
the brackets. And finally, in Equation (3.34]), we express the sums as a finite linear
combinations of a Dedekind zeta value and multiple Dedekind zeta values.

The following definition of an iterated L-value is the coefficient of one monomial from
the non-commutative Hilbert modular symbol of type b.

Definition 3.19 For a pair of Hilbert cusp forms f and g with Fourier expansion

f _ Z aae27riaz andg: Z 1)5627riﬁz7

a>>0 B>>0
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we define the following iterated L-values

) |
Lf,g(mvn) :/ Z (aaez’”azdzl VAN ng) . (le AN ng)'(m_l)-
I

") (o ek 01U
. (bgezmﬂzdzl A dZQ) . (le VAN d22)-(n—1).

Theorem 3.20 Using the above definition we have

aqbs
Lramm =2, 2 NapNat AT

k€EZ acC,BeekC
Proof.

Q) |
Lf,g(mvn) :/ Z (aaez’”azdzl VAN ng) . (le VAN ng)'(m_l)-
) (o preof,08)/U

. (bgezmﬁzdzl A dZQ) . (le VAN d22)-(n—1) =

B aqbs B
N Z N(a)™N(a+ )"

(a.B)E(0OF,0%)/U

B aqbg B
= 2 N(a)™N(a+ ekg)n

k€Z;a,BeC

aqnb
S ) D PRI

k€Z, aeC BEekC

O

We would like to bring to the attention of the reader the Definition B.I9 of the multiple
L- values. More specifically, we would like to point out that the region of integration
is an infinite union of diangles, (or equivalently an infinite union of real cones; see the
beginning of this Section.) Note also that in Theorem the values of the multiple
L-functoins are expressed as an infinite sums over different discrete cones, namely, over
e*C, for k € 7. However, a single real cone D,, as in Lemma [3.18] does not correspond
to a single discrete cone. Only a good union of real cones Im(H) x Im(H) corresponds to
a good union of discrete cones Jc(C, €°C) as a fundamental domain of (O}, 0%)/U.
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