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ASYMPTOTICS OF THE YANG-MILLS FLOW FOR HOLOMORPHIC VECTOR

BUNDLES OVER KAHLER MANIFOLDS: THE CANONICAL STRUCTURE OF THE

LIMIT

BENJAMIN SIBLEY

ABSTRACT. In the following article we study the limiting properties of the Yang-Mills flow associated to
a holomorphic vector bundle E over an arbitrary compact Kahler manifold (X,w). In particular we show
that the flow is determined at infinity by the holomorphic structure of E. Namely, if we fix an integrable
unitary reference connection Ag defining the holomorphic structure, then the Yang-Mills flow with initial
condition Ag, converges (away from an appropriately defined singular set) in the sense of the Uhlenbeck
compactness theorem to a holomorphic vector bundle E~, which is isomorphic to the associated graded
object of the Harder-Narasimhan-Seshadri filtration of (E, Ag). Moreover, Foo extends as a reflexive sheaf
over the singular set as the double dual of the associated graded object. This is an extension of previous
work in the cases of 1 and 2 complex dimensions and proves the general case of a conjecture of Bando and

Siu.
CONTENTS

1. Introduction
2. Preliminary Remarks
2.1. Subsheaves of Holomorphic Bundles and the HN S Filtration
2.2. The Yang-Mills Functional and Uhlenbeck Compactness
2.3. Weakly Holomorphic Projections/Second Fundamental Forms
3. The Yang-Mills Flow and Basic Properties
3.1. The Flow Equations/Lower Bound for the HN Type of the Limit
3.2.  Hermitian-Yang-Mills Type Functionals
4. Properties of Blowups and Resolution of the HN S Filtration
4.1. Resolution of Singularities Type Theorems
4.2. Metrics on Blowups and Uniform Bounds on the Degree
4.3. Stability on Blowups and Convergence of the HN Type
5. Approximate Critical Hermitian Structures/HN Type of the Limit
6. The Degenerate Yang-Mills Flow
7. Proof of the Main Theorem
7.1. The Subbundles Case
7.2. The General Case
References

1. INTRODUCTION

EIEEEREEREEEREE mam=

This paper is a study of the Yang-Mills flow, the L2-gradient flow of the Yang-Mills functional; and in
particular its convergence properties at infinity. The flow is (after imposing the Coulomb gauge condition)
a parabolic equation for a connection on a holomorphic vector bundle. Very soon after the introduction of
the flow equations, Donaldson and Simpson proved that in the case of a stable bundle the gradient flow
converges smoothly at infinity (see [DOT],[DO2],[ST]). In the unstable case the behaviour of the flow is more
ambiguous. Nevertheless, even in the general case there is an appropriate notion of convergence (a version
of Uhlenbeck’s compactness theorem) that is always satisfied. The goal of this article is to prove that this
notion depends only on the holomorphic structure of the original bundle.
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We follow up on work whose origin lies in two principal directions, both related to stability properties of
holomorphic vector bundles over compact Kéahler manifolds. The first strain is the seminal work of Atiyah
and Bott [AB], in which the authors study the moduli space of stable holomorphic bundles over Riemann
surfaces. In particular, they computed the GC-equivariant Betti numbers of this space in certain cases, where
GC is the complex gauge group of a holomorphic vector bundle E (over a Riemann surface X) acting on the
space Apo1 of holomorphic structures of E. Their approach was to stratify Ao by Harder-Narasimhan type.
The type is a tuple of rational numbers p = (i1, , up) associated to a holomorphic structure (E,g),
defined using a filtration of E by analytic subsheaves whose successive quotients are semi-stable, called
the Harder-Narasimhan filtration. One of the resulting strata of Ay consists of the semi-stable bundles.
Furthermore the action of G© preserves the stratification, and the main result that yields the computation of
the equivariant Betti numbers is that the stratification by Harder-Narasimhan type is equivariantly perfect
under this action.

Atiyah and Bott also noticed that the problem might be amenable to a more analytic approach. Specifically
they considered the Yang-Mills functional Y M on the space A}, of integrable, unitary connections with respect
to a fixed hermitan metric on E. The space A, may be identified with Ay, by sending a connection V 4 to
its (0,1) part 94. The Yang-Mills functional is defined by taking the L? norm of the curvature of V4, and is
a Morse function on A, /G, where G is the unitary gauge group. Therefore this functional induces the usual
stable-unstable manifold stratification on Ay, (or equivalently Apo;) familiar from Morse theory. It is natural
to conjecture that this analytic stratification is in fact the same as the algebraic stratification given by the
Harder-Narasimhan type. The authors of [AB] stopped short of proving this statement, instead leaving it at
the conjectural level, and working directly with the algebraic stratification. They noted however that a key
technical point in proving the equivalence was to show the convergence of the gradient flow of the Yang-Mills
functional at infinity. This was proven in [D] by Daskalopoulos (see also [R]). Specifically, in the case of
Riemann surfaces, Daskalopoulos showed the asymptotic convergence of the Yang-Mills Flow, that there is
indeed a well-defined stratification in the sense of Morse theory in this case, and that it coincides with the
algebraic stratification (which makes sense in all dimensions).

When (X,w) is a higher dimensional Kéahler manifold, the Yang-Mills flow fails to converge in the usual
sense. This brings us to the second strain of ideas of which the present paper is a continuation: the so-called
“Kobayashi-Hitchin correspondences”. These are statements (in various levels of generality) relating the
existence of Hermitian-Einstein metrics on a holomorphic bundle F, to the stability of £. Namely, F admits
an Hermitian-Einstein metric if and only if E is polystable. This was first proven in the case of a Riemann
surface by Narasimhan and Seshadri. Their proof did not use differential geometry, and the condition that the
bundle admits an Hermitian-Einstein connection was originally formulated purely in terms of representations
of the fundamental group of the Riemann surface. It was Donaldson who gave the first proof using gauge
theory, reformulating the statement in terms of a metric of constant central curvature. He initially did
this in the case of a Riemann surface in [DO3] by considering sequences of connections in a complex gauge
orbit that are minimising for a certain functional, which is analogous to our HY M, functionals defined in
Section 3.2. Shortly after this, Donaldson extended the result to the case of algebraic surfaces in [DOI],
and later to the case of projective complex manifolds in [DO2]. In both [DOI1] and [DO2] the idea of the
proof was to reformulate the flow as an equivalent parabolic PDFE, show long-time existence of the equation,
and then prove that for a stable bundle, this modified flow indeed converges, the solution being the desired
Hermitian-Einstein metric. This was generalised by Uhlenbeck and Yau in [UY] in the case of a compact
Kéahler manifold using different methods. Finally, in [BS], Bando and Siu extended the correspondence
to coherent analytic sheaves on Kéhler manifolds by considering what they called “admissible” hermitian
metrics, which are metrics on the locally free part of the sheaf having controlled curvature. They also
conjectured that there should also be a correspondence (albeit far less detailed) between the Yang-Mills flow
and the Harder-Narasimhan filtration in higher dimensions despite the absence of a Morse theory for the
Yang-Mills functional.

There are two main features that distinguish the higher dimensional case from the case of Riemann
surfaces. As previously mentioned, the flow does not converge in general. However, the only obstruction to
convergence is bubbling phenomena. Specifically, one of Uhlenbeck’s compactness results (see [UY] Theorem
5.2) applies to the flow, which means that there are always subsequences that converge (in a certain Sobolev
norm) away from a singular set of Hausdorff codimension at least 4 inside X (which we will denote by Zan),
to a connection on a possibly different vector bundle F.,. A priori, this pair of a limiting connection and
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bundle depends on the subsequence. In the case of two complex dimensions, the singular set is a locally finite
set of points (finite in the compact case) and by Uhlenbeck’s removable singularities theorem E, extends
over the singular set as a vector bundle with a Yang-Mills connection. In higher dimensions, again due to
a result of Bando and Siu, F., extends over the singular set, but only as a reflexive sheaf. Although we
will not use their result, Hong and Tian have proven in [HT] that in fact the convergence is in C* on the
complement of Z,, and that Z,, is a holomorphic subvariety.

A separate, but intimately related issue is the Harder-Narasimhan filtration. In the case of a Riemann
surface the filtration is given by subbundles. In higher dimensions, it is only a filtration by subsheaves. Again
however, away from a singular set Z,s, which is a complex analytic subset of X of complex codimension at
least 2, the filtration is indeed given by subbundles. Once more, in the case of a Kahler surface this is a
locally finite set of points (finite in the compact case).

The main result of this paper (the conjecture of Bando and Siu), describes the relationship between the
analytic and algebraic sides of the above picture. To state it, we recall that there is a refinement of the Harder-
Narasimhan filtration called the Harder-Narasimhan-Seshadri filtration, which is a double filtration whose
sticcessive quotients are stable rather than merely semi-stable. Then if (E, Jg) is a holomorphic vector bundle
where the operator dr denotes the holomorphic structure, write GrZNS(E, 0g) for the associated graded
object (the direct sum of the stable quotients) of the Harder-Narasimhan-Seshadri filtration. Notice that by
the Kobayashi-Hitchin correspondence, Gr7V3(E, dg) also carries a natural Yang-Mills connection on its
locally free part, given by the direct sum of the Hermitian-Einstein connections on each of the stable factors,
and this connection is unique up to gauge. The main theorem says in particular that the limiting bundle
along the flow is in fact independent of the subsequence chosen in order to employ Uhlenbeck compactness,
and is determined entirely by the holomorphic structure dz of E. Furthermore, the limiting connection is
precisely the connection on GriIVS(E, 0p).

Theorem 1.1. Let (X,w) be a compact Kdhler manifold, and E — X be an hermitian vector bundle. Let
Ag denote an integrable, unitary connection endowing E with a holomorphic structure Op = 0a,. Let A
denote the Yang-Mills connection on GriNS(E,0p) restricted to X — Zag induced from the Kobayashi-
Hitchin correspondence. Let A; be the time t solution of the flow with initial condition Ag. Then ast — oo,
Ay = A in the sense of Uhlenbeck, and on X — Zag U Zay, the vector bundles GrfNS(E,gE) and the
limiting bundle E~ are holomorphically isomorphic. Moreover, Eo, extends over Z,, as a reflexive sheaf to
(GriNS (B, 5,))".

This theorem was proven in [DW1] by Daskalopoulos and Wentworth in the case when dim X = 2. In this
case, the filtration consists of vector bundles, whose successive quotients may have point singularities. As
stated earlier, this means E,, extends as a vector bundle and [DW1] proves that this bundle is isomorphic
to the vector bundle (GriVN9(E, 5E))**

We now give an overview of our proof, pointing out what goes through directly from [DW1] and where we
require new arguments. Section 2 consists of the basic definitions we need from sheaf theory, including the
Harder-Narasimhan and Harder-Narasimhan-Seshadri filtrations and their associated graded objects, as well
as the corresponding types. We also discuss the Yang-Mills functional, the Hermitian-Yang-Mills functional
and the version of the Uhlenbeck compactness result that we will need. Although we will primarily be
concerned with the flow, the proof of Theorem [I.1] is set up to work for slightly more general sequences of
connections, so we state the compactness theorem in this generality first, and specialise to the flow when
appropriate. Lastly, we recall the notion of a weakly holomorphic projection operator associated to a subsheaf
first introduced in [UY], the Chern-Weil formula, and a lemma on the boundedness of second fundamental
forms from [DWT]J.

In Section 3 we introduce the Yang-Mills flow and its basic properties. We recast Uhlenbeck compactness
in the context of the flow, which satisfies the boundedness conditions required to apply the general theorem.
We recall one of the main results of [DWI], that the Harder-Narasimhan type of an Uhlenbeck limit is
bounded from below by the type of the initial bundle with respect to the partial ordering on types. Finally,
Section 3 ends with a discussion of Yang-Mills type functionals associated to Ad-invariant convex functions
on the Lie algebra of the unitary group.

Section 4 details the main results we will need about resolution of singularities. This is the first place
in which our presentation differs fundamentally from that of [DW1]. The main strategy of the proof is to
eliminate the singular set of the Harder-Narasimhan-Seshadri filtration by blowing up, and doing all the
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necessary analysis on the blowup. In the two-dimensional case, since the singularities consist only of points,
this can be done directly by hand as in [DW1] see also [BUI]. In the general case we must appeal to the
resolution of singularities theorem of Hironaka see [HI] and [H2]. We consider the filtration as a rational
section of a flag bundle, and apply the resolution of indeterminacy theorem for rational maps. If we write
7: X — X for the composition of the blowups involved in resolution, the result is that the pullback bundle
7*E — X has a filtration by subbundles, which away from the exceptional divisor E is precisely the filtration
on X.

We will need to consider a natural family of Ké&hler metrics w. on X, which are perturbations of the
pullback form 7*w by the irreducible components of the exceptional divisor, and which are introduced in
order to compensate for the fact that 7*w fails to be a metric on E. The filtration of 7*FE by subbundles is
not quite the Harder-Narasimhan-Seshadri filtration with respect to w. but is closely related. In particular,
the main result of this section is that the Harder-Narasimhan type of 7*E with respect to w. converges to the
type of E with respect to w. This was proven in the surface case in [DW1] using an argument of Buchdahl
from [BUI]. The proof contained in [DWI] seems to be insufficient in the higher dimensional case, so we
give a rather different proof of this result. The main ingredient is a bound on the w. degree of a subsheaf
of 7* F with torsion-free quotient in terms of its pushforward sheaf that is uniform as € — 0. To prove this
we use standard algebro-geometric facts together with a modification of an argument of Kobayashi [KOB]
first used to prove the uniform boundedness of the degree of subsheaves of a vector bundle with respect to
a fixed Kéahler metric. In particular we prove the following theorem:

Theorem 1.2. Let (X,w) be a compact Kihler manifold and S be a subsheaf (with torsion free quotient Q)
of a holomorphic vector bundle E on X, where m: X — X is given by a sequence of blowups along complex
submanifolds of codim > 2. Then then there is a uniform constant M such that the degrees of S and Q with
respect to w. satisfy: deg(S,w.) < deg(m.S) +eM, and deg(Q,w.) > deg(m.Q) — M.

Similar statements are proven in the case of a surface by Buchdahl [BUI] and for projective manifolds by
Daskalopoulos and Wentworth see [DW3].

Section 5 is the technical heart of the proof. An essential fact needed to complete the proof of Theorem
[T is that the Harder-Narasimhan type of the limiting sheaf is in fact equal to the type of the initial
bundle. This fact seems to be closely related to the existence of what is called an LP-approximate critical
hermitian structure. In rough terms this is an hermitian metric on a holomorphic vector bundle whose
Hermitian-Einstein tensor is LP-close to that of a Yang-Mills connection (a critical value) determined by the
Harder-Narasimhan type of the bundle (see Definition [.]). Since any connection on E has Hermitian-Yang-
Mills energy bounded below by the type of E, and we have a monotonicity property along the flow, the result
of Section 3 implies that the existence of an approximate structure then ensures that the flow starting from
this initial condition realises the correct type in the limit. Then one shows that any initial condition flows
to the correct type, essentially by proving that the set of such metrics is open and closed (and non-empty by
the existence of an approximate structure) in the space of smooth metrics, and applying the connectivity of
the latter space. This last argument appears in detail in [DW1] and we do not repeat it. The main theorem
of Section 5 is the following:

Theorem 1.3. Let E — X be a holomorphic vector bundle over a Kdhler manifold with Kdahler form w.
Then given 6 > 0 and any 1 < p < oo, E has an LP d-approzimate critical hermitian structure.

The method does not extend to p = co. This is straightforward in the case when the filtration is given
by subbundles (even for p = c0). Given an exact sequence of holomorphic vector bundles:

0—S—F—Q—0

and hermitian metrics on S and @, one can scale the second fundamental form 5 — ¢3 to obtain an isomorphic
bundle whose Hermitian-Einstein tensor is close to the direct sum of those of S and Q. In general it seems
difficult to do this directly. The problem here is that the filtration is not in general given by subbundles, and
so the vast majority Section 5 is an argument needed to address this point. This is precisely where we need
the resolution of the filtration obtained in Section 4. We first take the direct sum of the Hermitian-Einstein
metrics on the stable quotients in the resolution by subbundles, which sits inside the pullback 7*E under
the blowup map 7 : X — X. Then the argument above shows that after modifying this metric by a gauge
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transformation, its Hermitian-Einstein tensor becomes close to the type in the LP norm. We complete the
proof by pushing this metric down to £ — X using a cutoff argument.

In broad outline our discussion in Section 5 follows the ideas in [DWI1]. The principal difference is that
the authors of [DW1] were able to rely on the fact that the singular set was given by points when applying
the cutoff argument, in particular they knew that there were uniform bounds on the derivatives of the cutoff
function. We must allow for the fact that the singular set is higher dimensional, and therefore need to
replace their arguments involving coverings of the singular set by disjoint balls of arbitrarily small radius by
calculations in a tubular neighbourhood. We first assume Z,j; is smooth and that blowing up once along
Za1g resolves the singularities. The essential point is that the Hausdorff codimension of Z,, is large enough
to allow the arguments of [DWI] to go through in this case. We then reduce the general theorem to this
case by applying an inductive argument on the number of blowups required to resolve the filtration. It is
here that we crucially use the convergence of the Harder-Narasimhan type proven in section 4.

In Section 6, following Bando and Siu, we introduce a degenerate Yang-Mills flow on the composition of
blowups X with respect to the degenerate metric 7*w. We review some basic properties of this flow that are
necessary for the proof of Theorem [[LIl In particular we show that a solution of this degenerate flow is in
fact an hermitian metric, and solves the ordinary flow equations with respect to the metric 7*w away from
the exceptional divisor E.

Section 7 completes the proof of the main theorem by showing the isomorphism of the limit F,, with
(GrENS(E, 5E))** The basic idea follows that of [DWI] which in turn is a generalisation of the argument
of Donaldson in [DOI]. His idea is to construct a non-zero holomorphic map to the limiting bundle as the
limit of the sequence of gauge transformations defined by the flow. In the case that the initial bundle is
stable and has stable image, one may apply the basic fact that such a map is always an isomorphism. In
general, the idea in [DWT1] is simply to apply this argument to the first factor of the associated graded object
(which is stable) and then perform an induction. The image of the first factor will be stable because of the
result in Section 5 about the type of the limiting sheaf. The difficulty with this method is in proving that
the limiting map is in fact non-zero. This follows directly from Donaldson’s proof in the case of a single
subsheaf, but it is more complicated to construct such a map on the entire filtration. The authors of [DW1]
avoid applying Donaldson’s method directly by appealing to a complex analytic argument involving analytic
extension see also [BU2]. Arguing in this fashion makes the induction rather easier. However, this requires
the complement of the singular set to have strictly pseudo-concave boundary, which is true in the case of
surfaces, but is not guaranteed in higher dimensions.

Therefore we give a proof of a slightly more differential geometric character. Namely, in the case that
the filtration is given by subbundles, we follow the argument of Donaldson, which goes through with modest
corrections in higher dimensions, and does indeed suffice to complete the induction alluded to. In the general
case, we must again appeal to a resolution of singularities of the filtration and apply the previous strategy
to the pullback bundle over the composition of blowups X. The problem one encounters with this approach
is that the induction breaks down due to the appearance of second fundamental forms of each piece of the
filtration, which are not bounded in L* with respect to the degenerate metric 7*w. To rectify this, we
apply the degenerate flow of Section 6 for some fixed non-zero time ¢ to each element of the sequence of
connections, and this new sequence does have the desired bound. This is due to the key observation of
Bando and Siu that the Sobolev constant of X with respect to the metrics w. is bounded away from zero.
A theorem of Cheng and Li then implies uniform control over subsolutions to the heat equation, which is
sufficient to understand the degenerate flow. One then has to show that the limit obtained from this new
sequence of connections is independent of ¢ and is the correct one. This section is an expanded and slightly
modified account of an argument contained in the unpublished preprint [DW3].

We conclude the introduction with some general comments. First of all, as pointed out in [DW1], the proof
of Theorem [Tl is essentially independent of the flow, and one obtains a similar theorem by restricting to
sequences of connections which are minimising with respect to certain Hermitian-Yang-Mills type functionals.
Indeed, the statement appears explicitly as Theorem [[.Il Secondly, one expects that there should be a
relationship between the two singular sets Zajz and Z,,. Namely, in the best case Z,i; should be exactly the
set of points where bubbling occurs. One always has containment Za; C Zan, and in the separate article
[DW2] Daskalopoulos and Wentworth have shown that in the surface case equality does in fact hold. We
hope to be able to clarify this issue in higher dimensions in a future paper.
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Finally, the author is aware of a recent series of preprints [I1],[J2],[J3] by Adam Jacob which collectively
give a proof of Theorem [[.T] using different methods.
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2. PRELIMINARY REMARKS

2.1. Subsheaves of Holomorphic Bundles and the HN S Filtration. We now recall some basic sheaf
theory. All of this material may be found in [KOB]|. As stated in the introduction, the main obstacle we will
face is that we must consider arbitrary subsheaves of a holomorphic vector bundle. Throughout, X will be
a compact Kéahler manifold (unless otherwise stated) with Kéahler form w, E a holomorphic vector bundle,
and S C E a subsheaf.

Recall that an analytic sheaf £ on X is called torsion free if the natural map & — £** is injective. We call
& reflexive if this map is an isomorphism. Of vital importance is the fact that a torsion free sheaf is “almost a
vector bundle” in the following sense. For £ a sheaf on X recall that its singular set is Sing(€) = {zr € X | &
is not free}. Here &, is the stalk of £ over z. In other words Sing(€) is the set of points where £ fails
to be locally free, i.e., a vector bundle. The set Sing(&) is a closed complex analytic subvariety of X of
codimension at least 2.

Recall that the saturation of a subsheaf S C E is defined by Satg(S) = ker(E — @/ Tor(Q)) and that S
is a subsheaf of Satg(S) with torsion quotient, and the quotient E/Satg(S) is torsion free. We also have
the following lemma whose proof we omit.

Lemma 2.1. Let E be a holomorphic vector bundle. Suppose S1 C So C E are subsheaves with Sa/S;
torsion. Then Satg(S1) = Satg(Ss).

The w-slope of a torsion free sheaf £ on X is defined by:
deg (8) 1 / n—1
&) =—2= = E)N .
mol8) ==Ey ~ @) J, AN

Note that the right hand side is well defined independently of the representative for ¢; (&) since w is closed.

Throughout we will assume that the volume of X with respect to w is normalised to be —2%— . where

(n—1)1"
n = dim¢ X.

Definition 2.2. We say that a torsion free sheaf £ is w-stable (w-semistable) if for all proper subsheaves

S CE, 1(S) < 1(€) (1(S) < 1 (E)). Bauivalently 1, (Q) > p(€) (1,(Q) > 1o (€)) for every torsion
free quotient Q.

We have the following important proposition.

Proposition 2.3. There is an upper bound on the set of slopes u,(S) of subsheaves of a torsion free sheaf
&, and moreover this upper bound is realised by some subsheaf & C E. Furthermore, we can choose & so
that for any S C &, if u,(S) = p,(E1) then 1k(S) < rk(&E1). Moreover such a subsheaf is unique.

For the proof see Kobayashi [KOB|. The sheaf &; is called the maximal destabilising subsheaf of £.
This sheaf is also clearly semistable.

Remark 2.4. If S C &€ is a subsheaf with torsion free quotient Q = E/S, then Q* — £* is a subsheaf and
deg(Q*) = —deg(Q). By the above proposition u,(Q*) is bounded from above, so p,(Q) is bounded from
below.

Remark 2.5. Note also that the saturation of a sheaf has slope at least as large as the slope of the original
sheaf. Therefore the mazximal destabilising subsheaf is saturated by definition.

Definition 2.6. We will write ™ () for the maximal slope of a subsheaf, and ™" (E) for the minimal
slope of a torsion free quotient. Clearly we have the equality ™ (&) = —pu™a*(£*).



ASYMPTOTICS OF THE YANG-MILLS FLOW 7

We now specialise to the case of a holomorphic vector bundle E, although the following all holds also for
an arbitrary torsion-free sheaf.

Proposition 2.7. There is a filtration:
O=FCFE,C---CE=F

such that the quotients Q; = E;/E;_1 are torsion free and semistable, and i, (Qi+1) < i, (Q:). Furthermore,
the associated graded object: GriN(E) = @;Q;, is uniquely determined by the isomorphism class of E and
is called the Harder-Narasimhan filtration. The Harder-Narasimhan filtration is unique.

In the sequel we will usually abbreviate this as the HN filtration, and we will write FZY(E) for the
it" piece of the filtration. The previous proposition follows from Proposition 2. The maximal destabilising
subsheaf is F/V (E). Then consider the quotient E/FZY (E) and its maximal destabilising subshseaf. Define
FZN(E) to be the pre-image of this subsheaf under the natural projection. Iterating this process gives the
stated filtration, and one easily checks that it has the desired properties.

Another invariant of the isomorphism class of F is the collection of all slopes of the quotients Q).

Definition 2.8. Let E have rank K. Then we form a K-tuple
where ((Q;) is repeated rk(Q;) times. Then u(E) is called the Harder-Narasimhan (or HN ) type of E.

We will also need a result describing the HN filtration of E in terms of the HN filtration of a subsheaf
S and its quotient ). The following lemma and its corollary are elementary and we omit the proofs.

Proposition 2.9. Let 0 - S — E — Q — 0 be an exact sequence of torsion free sheaves with E a
holomorphic vector bundle such that p™»(S) > u™*(Q). Then the HN filtration of E is given by:

0CFIN(S) - cFIN(S) =S cFIN(E) C - CF'N(BE) = E,
where FIN(E) = ker(E — Q/FIN(Q)), for i = 0,1,---,1 — k. In particular, this means that Q; =
FEN(E)/FHEN_((E) =FEN(Q) and therefore GrHN (E) = GriN (S) & GriN (Q).

Corollary 2.10. Suppose that 0 C Ey C --- C Ej—1 C E; = FE is a filtration of E by subbundles, and
suppose that for each i, p™"(E;) > u™*(E/E;). Then the Harder-Narasimhan filtration of E is given by:

0 ¢ FIN(EB)C- cFINE) =B C---CFAY L (Bi1) =B
C FkHl]-l\[-..-l-szl-l-l(E) C--C FkHl]-vi-‘i‘kl (E) =E.

Now we will define the double filtration that appears in the statement of the Main Theorem. Its existence
follows from the existence of the HN filtration and the following proposition.

Proposition 2.11. Let QQ be a semi-stable torsion free sheaf on X. Then there is a filtration:
OCFhC---CF=Q

such that F;/F;_1 is stable and torsion-free. Also, for each i we have u(F;/F;—1) = p(Q). The associated
graded object:

Gri(Q) = @ Fi/Fi_4
is uniquely determined by the isomorphism class of Q, though the filtration itself is not. Such a filtration is
called a Seshadri filtration of Q.

Proposition 2.12. Let E be a holomorphic vector bundle on X. Then there is a double filtration {E; ;}
with the following properties. If the HN filtration is given by:

OCEFL,C---CE_1CE =E,

then E;_1 = E;0 C E;1 C -+ C E;;, = E;, where the successive quotients Q;; = E; ;j/E; j—1 are stable and
torsion-free. Furthermore: p(Qi;) = ty,(Qij+1) for 7 > 0, and p,(Qij) > p,(Qit1,5). The associated
graded object GriINS(E) = @,®;Q;,; is uniquely determined by the isomorphism class of E. This double
filtration is called the Harder-Narasimhan-Seshadri filtration (or HNS filtration) of E.
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Similarly, we can define an K-tuple:

= ((Qr,1), 5 w(Qig)s - W(Quk,))

where each p(Q; ;) is repeated according to rk(Q); ;). Note that this vector is exactly the same as the Harder-
Narasimhan type of E (the slopes of a Seshadri filtration are all equal). Since each of the quotients Q; ; is
torsion-free, Sing(Q;;) lies in codimension at least 2. We will write:

Zalg = Ui,j Slng(E”) U Slng(Qm)

This is a complex analytic subset of codimension at least two, and corresponds exactly to the set of points
at which the HN S filtration fails to be given by subbundles. We will refer to it as the algebraic singular set
of the filtration.

2.2. The Yang-Mills Functional and Uhlenbeck Compactness. Recall that for £ — X a complex
vector bundle, the set of holomorphic structures on E may be identified with the set of operators O satisfying
the Leibniz rule and the integrability condition 0zodr = 0. When we wish to make the holomorphic structure
explicit we will sometimes write (F, 0).

In general we will represent a connection either abstractly by its covariant derivative V4 or in local
coordinates by its connection 1-form A. We will be careless about this distinction and use whichever notation
is more convenient. We will write 94 and 94 for the (0,1) and (1,0) parts of V 4 respectively. If (E,Jg) is
equipped with a smooth hermitian metric h, then there is a unique h-unitary connection V 4 on E called the
Chern connection that satisfies 94 = 9. More specifically the local form of this connection in terms of h
is: A = h~'0h, with curvature F4 = 0 (71’1871). Sometimes we will denote this connection by V4 = (9g, h).
Conversely, if we have in hand a unitary connection V4 whose curvature Fy = V4 0 V4 is of type (1,1)
(i.e. F2’2 = 0), then 94 defines a holomorphic structure on E by the Newlander-Nirenberg theorem, and
Va=(0a,h).

Let Aj, denote the space of h-unitary connections V4 on E, and write .A,ll’1 for the subset consisting of
those with F2’2 = 0. The above discussion translates to the statement that there is a bijection between .A,ll’l
and the space Ay, of integrable O operators. We will write G for the set of unitary gauge transformations
of E. The set G is a bundle of groups whose fibres are copies of U(n), and G acts on A, by the usual
conjugation g- V4 = g1 oV 4 0g. Moreover this induces an action on F4, which is also by conjugation, so
the subspace .A,ll’1 is preserved. We will write:

B =An/G, B = A6

for the quotients.

Finally there is also an action of the full complex gauge group G® (the set of all complex gauge transfor-
mations of E) on Ay, again by conjugation, i.e. g-0p = g~' 0 dg o g. The set of isomorphism classes of
holomorphic structures on F is precisely the quotient A}/ GC, and via the bijection Ay =~ A,ll’l we see that
GC also acts on A}L’l, extending the action of G. Moreover, G also acts on the space of hermitian metrics
via h +— g - h where g - h(s1, s2) = h(g(s1),g(s2)). In matrix form this reads g - h = g7 hg.

Now, starting from a holomorphic bundle E with hermitian metric A and Chern connection (9g, h), we
may use a complex gauge transformation to perturb this connection in two different ways. We may either let
g act on O or on h. If we write g* for the adjoint of g with respect to h, then g - h(sy,s2) = h(g*g(s1), 52).
If we set k = g*g, then the connection corresponding to h and g - h are related by:

On = Ogn, and Oy, = ko o k™1
Now note that the action of a complex gauge transformation g on a connection V 4 is
g-Va=g-odao(g) ' +g 'odaoy,
sogoVgaog t=kodsok™ ' +04=(9r,g-h)or
Vga=(g- Op,h) = g to (0g,g-h)og.
Taking the square of this formula also gives the relation between the respective curvatures:

Flydpm =9 ©Fa, gm°0
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If we denote by u((E,h)) C End(E) the subbundle of skew-hermitian endomorphisms, then for a section
o of u(E), we will write |o| for its pointwise norm. This is defined as usual by

K 3
2
o] = (zw )
=1

where the A, are the eigenvalues of o at a given point and K is the rank of £. Now we may define the
Yang-Mills functional (Y M functional) by:

YM(V ) = / |Fal? dvol.
X
If we assume that X is Kahler, we have:
M) = [ IFaP 2
D¢ n.

This functional is gauge invariant and so defines a map Y M : Bp— R. Its critical points are the so called
Yang-Mills connections and satisfy the Euler-Lagrange equations for Y M: d% Fa = 0, where d4 is the
covariant derivative induced on End(FE) valued 2-forms by V4. If V4 € .A,ll"1 then we may also define the
Hermitian-Yang-Mills functional:

wn
HYM(VA):/ IAWFA|2—,,
b'e n:

where A, is, as usual the adjoint of the Lefschetz operator, (which is given by wedging with the K&hler
form). For a (1,1) form G =Y G; jdz; A dZ; this can be written explicitly in coordinates as

AwG = —2\/—1 (gijGij)

where ¢% denotes the inverse of the metric. The quantity A, Fj4 is called the Hermitian-Einstein tensor
of A. Again HY M is gauge invariant and so defines a functional HY M : B,ll’l — R. Critical points of the
functional satisfy the Euler-Lagrange equations: d4A,F4 = 0. On the other hand, just as in the preceding
discussion, we may regard the holomorphic stucture as being fixed and consider the space of (1, 1) connections
as being the set of pairs (O, h) where h varies over all hermitian metrics. We may therefore think of HY M
as a functional HY M (h) = HY M (0g, h) on the space of hermitian metrics on E. A critical metric of HY M
is referred to a critical hermitian structure on (E,d).

An important fact that we will use is that when X is compact, there is a relation between the two
functionals Y M and HY M. Explicitly:

472

[ - rr

for any A € A,ll"l. The second term depends only on the topology of F and the form w, so Y M and HY M
have the same critical points on A}L’l. Furthermore, V 4 is a critical point of Y M and HY M, if and only if
h is a critical hermitian structure for the holomorphic stucture on E given by A.

For a Yang-Mills connection we have the following proposition.

YM(Va)=HYM(V,)+

Proposition 2.13. Let V4 € A,ll’l be a Yang-Mills connection on an hermitian vector bundle (E,h) over
a Kdihler manifold X. Then Va = ©'_ V., where E = ®'_,Q; is an orthogonal splitting of E, and where
V—1ALFa, = \Idg,, where \; are constant. If X is compact, then A; = p(Q;).

The proof is simply the observation (stated above) that the Hermitian-Einstein tensor of a Yang-Mills con-
nection is covariantly constant, and so has constant eigenvalues and eigenspaces of constant rank. Therefore
E breaks up into a direct sum of the eigenspaces of this operator.

Definition 2.14. Let E — (X,w) be a holomorphic bundle. Then a connection V g such that there exists a
constant \ with:

V—1A,F4 = A\ldg
is called an Hermitian-Einstein connection. If A is the Chern connection of (Og, h) for some hermitian
metric h, then h s called an Hermitian-Einstein metric.
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The existence of such a metric is related to stability properties of E. This is the Kobayashi-Hitchin
correspondence (or Donaldson-Uhlenbeck-Yau theorem).

Theorem 2.15. A holomorphic vector bundle E on a compact Kdhler manifold (X,w), admits an Hermitian-
Einstein metric if and only if E is polystable, i.e. E splits holomorphically into a direct sum of w-stable
bundles of the same w-slope p,(E). Such a metric is unique up to a positive constant.

For the proof in the case of projective surfaces and projective complex manifolds see [DO1] and [DO2]
respectively. For the proof in the general case see [UY]. From the HY M equations it is clear that an
Hermitian-Einstein connection is Hermitian-Yang-Mills (and so Yang-Mills).

Remark 2.16. Note that if E is holomorphic and V o = (0g, h) for some hermitian metric h, then the same
argument shows that (E,h) = @®._,(Qi, h;) where the h; are Hermitian-Einstein metrics and the splitting
is orthogonal with respect to h. Since the splitting is preserved by the Chern connection V 4, it is also
holomorphic with respect to the holomorphic structure on E given by Of.

We now give the statement of the general Uhlenbeck compactness theorem. Although we will be primarily
concerned with the theorem as it applies to the Yang-Mills flow of the next section, the proof of the main
theorem in Section 7 will also rely on this more general statement.

Theorem 2.17. Let X be a Kdhler manifold (not necessarily compact) and E — X a hermitian vector
bundle with metric h. Fiz any p > n. Let Va, be a sequence of integrable, unitary connections on E such
that HFAJHL?(X) and ||AUJFAj||Loo(X) are uniformly bounded. Then there is a subsequence (still denoted
Aj), a closed subset Zn, C X with Hausdorff codimension at least 4, and a smooth hermitian vector bundle
(Foos hoo) defined on the complement X — Z,, with a finite action Yang-Mills connection V4., on Eo,
such that V a,x_z,, 18 gauge equivalent to a sequence of connections that converges to Va_, weakly in

LP, (X = Zan).

1,loc

The statement of this version of Uhlenbeck compactness may be found for example in Uhlenbeck-Yau
([UY] Theorem 5.2). The proof is essentially contained in [U2] and the statement about the singular set
follows from the arguments in [NA]. We will call such a limit V 4__ an Uhlenbeck limit. Furthermore, we
have the following crucial extension of this theorem due essentially to Bando and Siu.

Corollary 2.18. If in addition to the assumptions in the previous theorem, we also require that:
HdAjAwFAJ’HLz(X) — 0,

then any Uhlenbeck limit Va_, is Yang-Mills. On X — Z,, we therefore have a holomorphic, orthogonal,
splitting:

(Foos oo, Va,) = EBé:l(QOO,ia oo i, vAoo,i)
Moreover Eo extends to a reflexive sheaf (still denoted Eo ) on all of X.

Most of the content of this corollary resides in the last statement, which may be found in [BS] as Corollary
2. The proof presented there is based on results in the papers [B] and [SIU]. The statement about the splitting
follows directly from the fact that an Uhlenbeck limit is Yang-Mills and Proposition Therefore it only
remains to prove that the stated condition implies the limit is Yang-Mills. For a proof of this see for example
[DW1].

We will need the following simple corollary of Uhlenbeck compactness, which we will use repeatedly.

Corollary 2.19. With the same assumptions as in Theorem[2.17, A, Fa; — Ay Fa., in LP(X — Zay) for all
1<p<oo.

For the proof see [DW1].

In general, if € is only a reflexive sheaf, Bando and Siu ([BS]) defined the notion of an admissible
hermitian metric. This is an hermitian metric h on the locally free part of F such that:

A Fy € L™(X,w)

- Fy € LA(X,w).

Corollary says that the limiting metric is an admissible hermitian metric on the reflexive sheaf
E, that is a direct sum of admissible Hermitian-Einstein metrics. We also point out the version of the
Kobayashi-Hitchin correspondence for reflexive sheaves, due to Bando and Siu [BS].
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Theorem 2.20. (Bando-Siu) A reflexive sheaf & on a compact Kdihler manifold (X,w) admits an admissible
Hermitian-Einstein metric if and only if it is polystable. Such a metric is unique up to a positive constant.

Note that this theorem says the (GrIV9(E))** carries an admissible Yang-Mills connection (where ad-
missible has the same meaning for connections), which is unique up to gauge.

2.3. Weakly Holomorphic Projections/Second Fundamental Forms. Let S C F be a subsheaf with
quotient Q. Then away from Sing(S)USing(Q), S is a subbundle. If we fix an hermitian metric h on E, then
we may think of S as a direct summand away from the singular set, and there is a corresponding smooth
projection operator w : E — S depending on h. The condition of being a holomorphic subbundle almost
everywhere can be shown to be equivalent to the condition: (Idg — )97 = 0. Since 7 is a projection
operator we also have 72 = m = m*. Furthermore it can be shown that 7 extends to an L? section of End E.

Conversely it turns out that an operator with these properties determines a subsheaf.

Definition 2.21. An element m# € L2(End E) is called a weakly holomorphic projection operator if the
conditions -
(IdE—7r)8E7T:Oandﬂ'?:ﬂ'j:ﬂ';f *

hold almost everywhere.

Theorem 2.22. (Uhlenbeck-Yau) A weakly holomorphic projection operator w of a holomorphic vector bundle
(E, h) with a smooth hermitian metric over a compact Kdahler manifold (X,w) determines a coherent subsheaf
of E. That is, there exists a coherent subsheaf S of E together with a singular set V. C X with the following
properties:

-Codim V' > 2,

‘T x—v 18 C°° and satisfies *,

Six—v = mx-v(Ex_v) = E|x_v is a holomorphic subbundle.

The proof of this theorem is contained in [UY]. From here on out we will identify a subsheaf with its
weakly holomorphic holomorphic projection.

If S C FE is a subsheaf, then away from Sing(S) U Sing(Q) there is an orthogonal splitting £ =S¢ Q. In
general we may write the Chern connection V5, 1y connection on E as:

- 5
i B (657}7’5)
V(op,n) = ( 6" V(aq-,hce)>

where v(és.,hs) and V(a hq) are the induced Chern connections on S and @ respectively, and S is the

second fundamental form. Recall that 8 € Q%! (Hom(Q, S)). More specifically, in terms of the projection
operator, we have Opm = 8 and dgm = 3*. Also 3 extends to an L? section of Q%! (Hom(Q, S)) everywhere
as Ogm since 7 is L2. We also have the following well-known formula for the degree of a subsheaf in terms
of its weakly holomorphic projection.

Theorem 2.23. (Chern-Weil Formula) Let S C E be a saturated subsheaf of a holomorphic vector bundle
with hermitian metric h, and 7 the associated weakly holomorphic projection. Let O denote the holomorphic
structure on E. Then we have:

1
degS’— %/)(’I‘I' vV — 1A FaE h)ﬂ- 27Tn/ |B|

The statement of this theorem as well as a sketch of the proof may be found in [SI]. This formula will
also follow as a special case of our discussion in Section 4.

Clearly any sequence 7; of such projection operators is uniformly bounded in L*>°(X). As an immediate
corollary of the Chern-Weil formula we have the following.

Corollary 2.24. A sequence m; of weakly holomorphic projection operators such that degm; is bounded from
below is uniformly bounded in L3. In particular, if deg; is constant then 7; is bounded in L3.

Now suppose V 4, is a reference connection, g; € G® is a sequence of complex gauge transformations,
and V4, is the sequence of integrable unitary connections on an hermitian vector bundle (E,h) given by
Va; = gj-Va,, and assume as before that ALF 'a; is uniformly bounded in L*°. Let S C E be a subbundle
with quotient (). We have a sequence of projection operators 7; given by orthogonal projection onto g;(.5)
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(with respect to the metric h) from E to holomorphic subbundles S; (whose holomorphic structures are
induced by the connections V4;) smoothly isomorphic to S. We will denote by Q; the corresponding
quotients. Each of these holomorphic subbundles has a second fundamental form which we will write as 3.
Assume that the 3, are also uniformly bounded in L? (this will later be a consequence of our hypotheses).
Then with all of the above understood, we have the following result.

Lemma 2.25. For any 1 < p < oo, the (3; are bounded in Lllj,loc(X — Zan), uniformly for all j. In particular
the B; are uniformly bounded on compact subsets of X — Zan.

The proof is the same as in [DW1] Section 2.2.

3. THE YANG-MILLS FLOW AND BASIC PROPERTIES

3.1. The Flow Equations/Lower Bound for the HN Type of the Limit. As stated in the introduc-
tion, although many of our arguments are valid for minimising sequences of unitary connections, our primary
interest will be in sequences obtained from the Yang-Mills flow. This is a sequence of integrable unitary
connections A; obtained as solutions of the L?-gradient flow equations for the Y M functional. Explicitly:

0A:
ot
It follows from [DOIT] and [SI] that the above equations have a unique solution in A,ll’l x [0, 00). Moreover,
the flow preserves complex gauge orbits, that is, A; lies in the orbit G& - Ag. This may be seen as follows.

Instead of solving for the connection, fix Ay so that 5,40 = 0g, and consider instead the family of hermitian
metrics h; satisfying the Hermitian-Yang-Mills flow equations:

oh T
h;la—tt = —2( _1Atht - Mw(E)IdE) :

In the above, Fy,, is the curvature of (O, h¢). The Yang-Mills and Hermitian-Yang-Mills flow equations are
equivalent up to gauge. If A; = g: - Ap is a solution of the Yang-Mills flow, then h; = hog; g+ is a solution
of the Hermitian-Yang-Mills flow. Conversely, if hy = hok: (where hoki(s1, $2) = ho(kes1, s2)) for a positive

1,1
= —dZtFAt, Ap € Ah .

definite self-adjoint (with respect to hg) endomorphism k, then A; = (kt)% Ap is real gauge equivalent to a
solution of the Yang-Mills flow. To spell out the equivalence precisely, the map:

9t : (E,0p, hokt) — (E, g:(98), ho)

is a biholomorphism and an isometry, where k; = g;g¢. For a detailed discussion of this see [WIL] section
3.1 for details.

Lemma 3.1. Let A; be a solution of the Y M flow. Then:

(1)
O,

= —ALF
ot At A

and therefore,
GBI = =23, Fa 32 <0
Hence, t = Y M(A:), and t — HY M(A;) are non-increasing.
(2) |AwFa,|” satisfies
9 |AuFa, |’
ot

so by the mazimum principle sup |A, Fa,

For the proof see [DOKR] Chapter 6.
Now we may apply the Uhlenbeck compactness theorem to a sequence of connections given by the flow.

+ A AGFa, P = =2y, Fa,|* <0,

2 . o
|“ is decreasing in t.

Proposition 3.2. Let X be a compact Kdihler manifold. Let Ay be any fized connection, and A: denote
its evolution along the flow. Fiz p > n. For any sequence t; — oo there is a subsequence (still denoted
tj), a closed subset Znn, C X with Hausdorff codimension at least 4, and a smooth hermitian vector bundle
(Eso, hoo) defined on the complement X —Z,,, with a finite action Yang-Mills connection Ao on Eo, such that

At X~ 7., 18 gauge equivalent to a sequence of connections that converges to Ao, weakly in Lzl),loc(X — Zan)-
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Away from Z,, there is a smooth splitting: (Foo, Aco,hoo) = @ﬁzl (Qoo,is Aco,is hooi), where A ;i is the
induced connection on Q;, and ho, ; is an Hermitian-Einstein metric. Furthermore, E extends over Zy,
as a reflexive sheaf (still denoted Eo ), so that the metrics hoo; are admissible Hermitian-Finstein metrics
on the extension.

Proof. The functions ||Fa,||;. and [[Ay,Fa, || - are uniformly bounded by parts (1) and (2) of Lemma [3.1]
respectively. By [DOKR] Proposition 6.2.14, lim; o ||V 4,AwF4, || 2 = 0. The remaining statements follow
from Corollary O

Just as before we call A, an Uhlenbeck limit of the flow.

Lemma 3.3. If A is an Uhlenbeck limit of Ay, then Ay, Fa; — AyFa_, in LP(X — Zay) for all 1 < p < oco.
Moreover, limy_,oo HY M(A;) = HY M (As).

Proof. The first part is immediate from Corollary 2.19 The second statement is immediate from the facts
that ¢ — HY M (A) is non-increasing, and HY M (Ay;) — HY M(Ax). O

The set of all HN types of holomorphic bundles on X has a partial ordering due to Shatz [SH|. For a
pair of K-tuples p and A with pi; > py > -+ > ppe and Ay > Ay > --- > Ag and Y, p; = >, A, we write

PN Y ;<> N forallk=1,--- K.
J<k J<k

This partial ordering was originally used by Shatz to stratify the space of holomorphic structures on a
complex vector bundle.

The first crucial step in [DW1] is to prove that the HN type of an Uhlenbeck limit is bounded below by
the HN type p, of E. For the proofs of this and its corollaries, we refer to [DW1] as the proof is unchanged
in the general case.

Proposition 3.4. Let A; be a sequence of connections along the Y M flow on a holomorphic vector bundle
of rank K, with Uhlenbeck limit Aw. Let py be the HN type of E with holomorphic structure Oa,. Let A
be the HN type of Oa_,. Then pg < Aso-

Corollary 3.5. Let p = (pq,--- , jigc) be the HN type of a rank K holomorphic vector bundle (E,dg) on

X. Then
X 1
ZN? < —/ A Fal®wm
=1 ™ D'

and

Nl=

X 1

(}jﬁ) <o [ AuFaun
, 2mn Jx

1=1

for all unitary connections V 4 in the G& orbit of (E,Og).

3.2. Hermitian-Yang-Mills Type Functionals. The Y M and HY M functionals are not sufficient to
distinguish different HN types in general. In other words there may be multiple connections with the same
Y M number, but which induce holomorphic structures with different HN types. In this subsection we
introduce generalisations of the HY M functional that can be used to distinguish different types. This is
only a technical device, but will be used essentially in Section 5.

Write u(K) for the Lie algebra of the unitary group U(K). Fix a real number o > 1. Then for v € u(K),
a skew hermitian matrix with eigenvalues =T\, -+ ,v/— 1Ak, let ¢, (v) = S35 [Ai|*. Tt can be seen that
there is a family ¢, ,, 0 < p <1, of smooth convex Ad-invariant functions such that ¢, , — ¢, uniformly on
compact subsets of u(K). By Atiyah-Bott ([AB]), Proposition 12.16, ¢, is a convex function on u(K). Now if
E is a vector bundle of rank K equipped with an hermitian metric, we may consider a section o € I'(X, u(E))
as collection of local sections {os} such that o3 = Ad(gs,)o~ where gg, are the transition functions for E.
By the Ad-invariance of ¢, ¢,(03) = ¢, (0,), so ¢, induces a well-defined function ®, on u(£). Then for
a fixed real number N, define:

HY Ma n(A) = / ®o(AuFa + V—1INIdg)dvol,
X
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and HY M, (A) = HY M, o(A). Note that HY M = HY My is the usual HY M functional. In the sequel we
will write:
2m

(n—1)!
where p+ N = (ug + N, -, pg + N)

is identified with the matrix diag (p; + N, -, g + N). Therefore:

HY Mo () = HYMo(ut N) = o/ I (1 + V).

K
27
HYM(p) = ——— 2,
(W)= ;u
We have the following elementary lemma whose proof we omit.

1
Lemma 3.6. The functional v — ([ ®o(v))® is equivalent to the L*(u(E)) norm.
The following three propositions will be crucial in Section 5. For the proofs see [DWT].

Proposition 3.7. (1) If p < A, then @4 (vV/—1p) < Po(v/—1X) for all a > 1.
(2) Assume g >0 and Ag > 0. If Do (v/—1p) = o (v/—1A) for all o in some set
A C [1,00) possessing a limit point, then pu = A.

Proposition 3.8. Let A; be a solution of the Y M flow. Then for any o > 1 and any N, t — HY M, n(A)
1S NON-INCreasing.

Proposition 3.9. Let A be a subsequential Uhlenbeck limit of Ay where Ay is a solution of the Y M flow.
Then for all @ > 1, limy—,oo HY My n(Ar) = HY My N (As).

4. PROPERTIES OF BLOWUPS AND RESOLUTION OF THE HNS FILTRATION

In this section we discuss the properties of blowups of complex manifolds along complex submanifolds
that will be used in the subsequent discussion. Essentially all of this material is standard, but we review it
carefully now because we will need to employ these facts often in the proofs of the main results.

4.1. Resolution of Singularities Type Theorems. The HNS filtration is in general only given by
subsheaves, making it difficult to do analysis. We will therefore need some way of obtaining a filtration by
subbundles, that is, a way of resolving the singularities. In two dimensions, when the singular set consists
of point singularities this can be done by hand (see [BUI]), but in higher dimensions the only available tool
seems to be the general resolution of singularities theorem of Hironaka. Specifically:

Theorem 4.1. (Resolution of Singularities) Let X be a compact, complex space (or C-scheme). Then there
exists a finite sequence of blowups with smooth centres:

X=Xn = Xpmoy — - — X) =5 Xo=X
such that X is compact and non-singular (a complex manifold) and the centre Y;_1 of each blowup m; is
contained in the singular locus of X;_1.

For the proof see [HI] and [H2]. What we will actually use is the following corollary:

Corollary 4.2. (Resolution of the Locus of Indeterminacy) Let X and Y be compact, complex spaces and
let ¢ : X --»Y be a rational (meromorphic) map. Then there exists a compact, complex space X5 X
obtained from X by a sequence of blowups with smooth centres and a holomorphic map 1 : X =Y such that
the following diagram commutes:

X
LN .
X --» Y

@

In our case both X and Y (and hence also X ) will be complex manifolds. Note that in this case a blowup
with “smooth centre” is the same as the blowup along a complex submanifold. We will apply the Corollary
in the following way.
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The HN S filtration of a bundle E, which in the sequel we will abbreviate for simplicity as:
O=FCEC---CE_1CE=F

(i.e. we ignore the notation indicating that it is a double filtration), as stated previously, is in general a
filtration only by subsheaves of E. We may think of a subbundle S C E of rank k as a holomorphic section
of the Grassmann bundle Gr(k, E), the bundle whose fibre at each point is the set of k-dimensional complex
subspaces of the fibre of E. Similarly a filtration by subbundles corresponds to a holomorphic section of
the partial flag bundle FL(d,,--- ,d;, E), the bundle whose fibre at each point is the set of [ flags of type

(d1,---,d;) where d; = rk(E;). On the other hand a filtration by subsheaves corresponds to a rational
section X -Z» FL(dy,--- ,d;, E). The corolliiry says that by blowing up finitely many times along complex
submanifolds, we obtain an honest section X — FILL(dy, - ,d;, 7*E). More explicitly, we have a diagram:

X & FL(E)

LNl

X ‘7 FL(E)

where & will be constructed below. The outer square is just the pullback diagram for the map X 5 X. First
we claim that the triangle:

X

VNN
X +— FL(E)

commutes. If we write ¢ for the desingularised map X — FLL(E), then note that for a point & € X —E, we
have 1(2) = ¢(7~!(z)) for & € Zag. Then we have: p(¢(z)) = p(o(n(Z))) = = 7() since o is well-defined
and a section away from Z,; and we know the diagram:

X
N
X -2 FL(E)

commutes. In other words on X — E we have po = w. But since both of these are holomorphic maps
X — X,poyp=mon X by the uniqueness principle for holomorphic maps, since they agree on a non-
empty open subset. Now FL(7*E) = 7*FL(E) = {(&,v) € X x FL(E) | (%) = p(v)}. Now define
& : X — FL(7*E) by 6(Z) = (Z,¢(&)). Since pot¢ =  this is indeed a map into FL(7*E), and it is
manifestly a section.

In other words there is a filtration of 7*E:

O:E()CElC"'CEl,lCEl:?T*E

where the E~l- are subbundles.
Now note that we have the following diagram:

Qi
T
™ FE
71
7T*Ei —-=2 El

where the dashed line is the rational map corresponding to the equality of 7* F; and E; away from E (both
are equal to E;), and Q; is the quotient of 7*F by E;. Then Q; is a vector bundle and in particular torsion
free. On the other hand the image of 7*E; under the composition 7*F; — 7*E — Ql is torsion since it is
supported on the divisor E, and hence must be zero. If we write Im 7n* E; for the image of 7*F; — n*E, this
means there is an actual inclusion of sheaves Im 7* E; — Ei. The quotient sheaf Ei /Imn*E; is supported
on E, hence torsion and so it follows from Lemma 2] that E; = Sat, g(Im7*E;).

Since W*Ei is equal to E; away from Sing F; there is a birational map F; --» W*Ei. Now consider the
short exact sequence:

0— E, —E—Q;, — 0.
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Pushing this sequence forward, and noting that W*Qi is torsion free and hence injects into its double dual,
we have an exact sequence:

0 — mE; — E — (W*Ql)
Recall that a sheaf S is normal if for any analytic subset Z of codimension at least two, the map S(U) —
S(U — Z) on local sections is an isomorphism for any open set U. In other words, the local sections of a
normal sheaf extend over codimension two subvarieties. Furthermore, recall that a sheaf is reflexive if and
only if it is both torsion free and normal. Then (7,Q;)** and E are in particular both normal since they
are reflexive. A simple diagram chase reveals that normality of these sheaves together with the exactness of
this last sequence implies that 7, E; is also normal (and in fact reflexive, since it is also torsion free).

Because F; is saturated by construction, it is also reflexive and therefore normal. It is easy to see from
the definitions that a map between normal sheaves that is defined away from a codimension two subvariety
extends to a map on all of X. Since Sing E; has singular set of codimension at least three, the map
E; --» 7T*E extends to an isomorphism F; = 7T*E

Similarly, if Q; = E; / E;_1, then m,Q; is equal to Q; away from Sing @; so again we have a birational
map (Q;)"" --» (W*Qi)**. Since the double dual is always reflexive, these sheaves are normal, so the map
extends to an isomorphism. To summarise:

Proposition 4.3. Let
O=FCEiC---CE_1CE=F
be a filtration of a holomorphic vector bundle E — X by saturated subsheaves and let Q; = E;/E;_1. Then

there is a finite sequence of blowups along complex submanifolds whose composition ™ : X — X enjoys the
following properties. There is a filtration

OZEOCEHC"'CEl,lCEl:E:Tr*E

by subbundles. If we write Inm*E; for the image of m*E; — w*Ej, then E; = Satr-p (Im7*E;). If Qi =
E;/E;i_y then we have m.E; = E; and Q* = (1.Q;)**.

We will also have occasion to consider ideal sheaves 7 C Ox whose vanishing set is a closed complex
subspace Y C X. If Y is smooth for example then we may blowup along Y to obtain a smooth manifold
7 : X — X. Denote by 7*Z is the ideal sheaf generated by pulling back local sections of Z, in other words
the ideal sheaf in Oy generated by the image of 7~'Z under the map 7~ *Ox — O where 77'Z and
7 1Ox are the inverse image sheaves. Note that this is not necessarily equal to the usual sheaf theoretic
pullback of Z which is given by 7 'Z®,-10,Ox% and may for example have torsion. The sheaf 7*Z is
sometimes called the “inverse image ideal sheaf”’. If the order of vanishing of Z along Y is m, then 7n*Z C
Oz (—mE), that is, every element of 7*Z vanishes to order at least m along the smooth divisor E. In this
situation we will use this notation without further comment. In general Y is not smooth, so we appeal to
the following resolution of singularities theorem, which is sometimes referred to as “principalisation of Z” or
more specifically “monomialisation of Z” | and results of this type are usually used to prove resolution of
singularities.

Theorem 4.4. Let X be a complex manifold andY a closed complex subspace. Then there is a finite sequence
of blowups along smooth centres whose composition yields a map © : X — X such thatm: X —B — X —W is
biholomorphic, E = w1 (W) is a normal crossings divisor, and 7*T = O (= >, m;E;) where the E; are the
irreducible components of E. Moreover, 7*T is locally principal (monomial) in the following sense: for any
x € X there is a local coordinate neighbourhood U C X containing x and a local section fo of Oz (=Y, miE;)
over w=H(U), such that if f;j is any local section of T over U, then 7* f; = fOfJ/- where fJI is a non-vanishing
holomorphic function on w=Y(U). Furthermore, if &, are local normal crossings coordinates for E, then there
is a factorisation:

fo=TI&"™
k

so that we may write:

’

=[1&"
k

For the proof, see for example Kollar [KOJ.



ASYMPTOTICS OF THE YANG-MILLS FLOW 17

4.2. Metrics on Blowups and Uniform Bounds on the Degree. Now we consider the case that the
original manifold is Kéhler. The following proposition says that this property is preserved under blowing up
and is standard in K&hler geometry.

Proposition 4.5. Let (X,w) be a Kdhler manifold, and Y a compact, complex submanifold. Then the
blowup X = BlyX along Y is also Kdhler. Moreover X possesses a one-parameter family of Kdhler metrics
given by we = m*w + en where € > 0, 7 : X — X is the blowup map and n is itself a Kahler form on X.

For the proof see for example [VOI.

We will need a bound on the w,. degree of an arbitrary subsheaf of a holomorphic vector bundle E that
depends on ¢ in such a way that as ¢ — 0 the degree converges to the degree of a subsheaf on the base
(namely the pushforward). This will be a consequence of the following lemma.

Lemma 4.6. Let X be a compact complex manifold of dimension n and let T and n be closed (1,1)-forms
with T semi-positve and n a Kdhler form. Let E — X a holomorphic vector bundle. Then there is a constant
M such that for any subsheaf S C E with torsion free quotient and any 0 < k <n —1:

degy,(S,7,m) E/ a(S)ATTFE AR < M.
X

Proof. Note that when k = n—1, deg,, (S, 7,7) is the ordinary n degree of S. We follow Kobayashi’s proof that
the degree of an arbitrary subsheaf is bounded above. Fix an hermitian metric h on E. The general case will
follow from the case when S is a line subbundle L. In this case we can use the formula: Fr, = nFgm+ 8A %,
where 7 is the orthogonal projection to L and 8 is the second fundamental form. Since ¢;(L) = ﬁF T we
have that:

i i * —_ e —
degk(LaT,W):%/ 7TFE7T/\Tn7k71/\77k+%/ BAB*AT" k 1/\7716'
X X

Since ||7]| Loo(x) < 1, the first term is clearly bounded from above. Therefore we only need to check that the

second term is non-positive. This is the case since 3 is a (0,1) form, and therefore i3 A 8% < 0. Therefore
deg, (L, 7,n) < M, for a constant independent of L. To extend the result to all subbundles F C E, simply
find such an M as above for each exterior power APE for p = 1,--- ,tk F, and take the maximum. Then
apply the above argument to the line bundle L = det F' < APE.

In general S <%y E is not a subbundle but there is an inclusion of sheaves det S — APE where p is
the rank of S. If V is the singular set of S, then S is a subbundle away from V', and so the inclusion

det S <5 APE is a line subbundle away from V. Let ¢ be any local holomorphic frame for det.S. Now
consider the set: W = {x € X |4(0)(x) = 0}. Since detS is a line bundle this is clearly independent of o.
Furthermore because 1 is an injective bundle map away from V, any x € W must be in V; that is, W C V.
Now write H = ¢* (APh). This is an hermitian metric on det .S over X — W. On the other hand there is
some hermitian metric G on det .S over all of X. We would like to show that:

degy (S, 7,m) = / c1(det S,G) AT AR = / c1(det S, H)y A"~ F=1 ApP
X X-W
Then applying the above reasoning, the last integral is bounded since just as before
/ cl(detS,H)/\T"*kfl/\nk:/ (S, hg) AT TR AR < ¢ / 7 Fgm AT E1 Ak
X-W X-V o X_v

where hg is the metric on S| x_y induced by h. Again this is bounded independently of 7.
We will construct a C'*° function f on X such that H = fG on X — W. Then the usual formula for the
curvature of the associated Chern connections implies:

ci(det S, H) = igé)logH - ;—ﬁgalogf + 1 (det S, G)
—  c1(det S, G) = ci(det S, H) — 2iéalogf on X —W.
T

Finally we will show:

/ —8810gf/\7'” k=L Ak =o.
X-w 2
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To construct f, let o be any local holomorphic frame for det S. If (eq, - -+ , e,-) is a local holomorphic frame
for E, then define: +(c) = >_; o’er, where e = ¢e;, A+ A ei,, with 4; < --- <i,. Then let

f=H(o,0)/G(o,0) = ZH[JO’O’

where Hy; = APh(er,e;)/G(o,0). Then one may check that f is well-defined independently of o. It is a
smooth non-negative function vanishing exactly on W. Since the matrix (Hy) is positive definite, f vanishes
exactly where all the o vanish. It is also clear that we have the equality H = fG.

To complete the argument we will show that %58 log f integrates to zero. Let Z be the sheaf of ideals
in Ox generated by {o;}. By Theorem (4] there is a sequence of smooth blowups 7 : X — X such
that 7*Z, the inverse image ideal sheaf of Z, is the ideal sheaf of a divisor E = Zi m;E; where the E;
are the irreducible components of the support of the exceptional divisor supp E = Ul E;. In other words

I = Og(— >, m;E;) for some natural numbers m;. Furthermore, we have: m*o! = p! §m” X §m”,
where {fij} are normal crossings coordinates for E on an open set where 7*o/ is deﬁned and p’ is a non-
vanishing holomorphic function. Therefore we may locally write: 7* f = x - \gil ‘2mi1 e |§1 ‘Qmis, where y is

a strictly positive C*° function defined on X. If we write ® = %(ﬂog X, and Tye for the current defined by
do = %58 log x, then since by definition:

Tya (W*(Tn7k71 A nk)) _ _qu)(ﬂ,*(Tnfkfl A nk))
To(d(x* (7" " Ag*) = 0
since (7" 7F~1 A n¥) is closed. Away from the exceptional set we may write locally:
Lalogw*f - (0log x + 2m;,dlog ‘ﬁi ‘ + .-+ 2m; Olog ’51- D
2T 2T ! ? s
= (1)4__(#4_...4_ s s
2m &i, &,

The second term is integrable on its domain of definition and so #38 log7*f is a (1,1) form with L}

loc (X>
coefficients, and so defines a current. On the other hand by the Poincaré-Lelong formula, 0 applied to the

second term is equal to Z mg, TEij , in the sense of currents, where TEij is the current defined by the smooth

hypersurface E;;. Finally then:

/ Léalogf AT TR A gk = / —8810g7r fAT R A ek
x-w 2m X-E 2

= T%galogﬂ*f(w*T"_k_l Am*nk) = (Z miTEi> (m R AR = Zmz/ TR LA =0

since the image of E; under 7 has codimension at least two. This completes the proof. g

Remark 4.7. If0 - S — FE — @ — 0 is an exact sequence, where E is a vector bundle and Q is torsion
free, then the dualised sequence 0 — Q* — E* — S* is exact, and so as in the above lemma there is a
constant M associated to E independent of @ so that

—/ a@ AT AR = / (@) AT ARt <M.
X X

In other words there is a uniform constant M so that: —M < fX c1(Q) ATV R A0k where Q is any
torsion-free quotient of E.

Remark 4.8. In the case that k = n — 1, deg,(S,7,n7) = deg(S,n) and the above constitutes a proof of
Simpson’s degree formula.

We note that if X — X is a composition of finitely many blowups then we also have a family of Kahler
metrics on X by iteratively applying Proposition We would now like to compute the degree of an
arbitrary torsion-free sheaf S on X with respect to each metric w. on X.
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Theorem 4.9. Let S be a subsheaf (with torsion free quotient Q) of a holomorphic vector bundle E on
X, where 7 : X — X is given by a sequence of blowups along complex submanifolds of codim > 2. Then
there is a uniform constant M independent of S such that the degrees of S and Q with respect to w. satisfy:
deg(S,w.) < deg(m.S) +eM, and deg(Q,w.) > deg(m.Q) — M.

Proof. The general case will follow from the case when S is a line bundle L (perhaps not a line subbundle).
Recall that the Picard group of the blowup Pic(X) = Pic(X) ® ZO(Ey) @ - -- ® ZO(E,,) where the E; are
the irreducible components of the exceptional divisor. That is, we may write an arbitrary line bundle as
L=7*L®0%(>; m:E;) where L is a line bundle on X. Then by definition:

deg(L,w.) = /~ ci(D) Awt™t = /X (L) A (*w + 577)"_1 )

X
Then we have an expansion:

n—1

(W*W—FE’I]) — r*un l—i-a(n—l) * T 2/\,'7_|_ +En72(n_l)ﬂ,*w/\nn72+5n71nn71'

Note that /~ (O (E))Amw™ ! = / (m*w)" "' = 0, since the image in X of each E; lives in codimension
E.

X
at least 2. Therefore we are left with

deg(L,w.) = /f( (L) ATt 4 Z (n B 1> </f( cr(L) Am*wm R A nk)
= /Xw*cl(L YA T —i—Zmz/ (E)) Artw™ !
—I—Zak( ; > /~ c1(L) AR Ak
’ X
= deg(L,w)+ ; ek (n ; 1> /~ c1(L) A ¥R Ak

X

By the previous lemma the terms / ) cl(i) AT*w k=1 A ¥ are all bounded uniformly independently of e
X

since 7w is semi-positive and 7 is a Kéhler form. Therefore we have: deg(i, we) < deg(L,w) +eM.

Now note that if X = Bly X then 7,0(mE) = Ox if m > 0 and 7.O(mE) = I{"™ if m < 0, where Iy is
the ideal sheaf of holomorphic functions on X vanishing on Y. The determinant of an ideal sheaf is trivial
if Y has codimension at least 2, so we have det(m.L) = det(L) so finally: deg(L we) < deg(w*L) +eM.

Now for an arbitrary subsheaf S C E, by definition deg(S,w.) = deg(det(S),w.). When 7S is a vector
bundle, that is, away from its algebraic singular set, we have an isomorphism det(7.S) = . det S. Their
determinants are therefore isomorphic away from this set, and so by Hartogs’ theorem there is an isomorphism
of line bundles: det(7,.S) = det(n. det.S) on X. Therefore by the previous argument:

deg(S,w.) = deg(det(S),w.) < deg(m, det S) + eM = deg(m,.S) +eM .
The exact same argument together with the previous remark proves the second inequality as well. O
4.3. Stability on Blowups and Convergence of the HN Type.

Proposition 4.10. Let EF—-Xa holomorphic vector bundle where X > Xisa sequence of blowups. If
7. E is w- -stable, then there is an €5 such that E is we-stable for all 0 < & < es.

Proof. Suppose there is a destabilising subsheaf S. C E, i.e. ng(sa) > fhy, (E) for each e. Now among all
proper subsheaves of 7, E, the maximal slope is realised by some subsheaf F, in other words:
1,(F) = sup{yi, (S) | § € m B},
Then by the previous theorem we have:
:uw(ﬂ-*E) —eM < e, (E) < /Lw(ﬂ*gi) +eM < :uw(]:) +eM.

In other words: R
:uw(ﬂ-*E) S :LLw(‘F) + 2EM
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Since m. E is w-stable, u,(F) < p,(7«E). Since the constant M is independent of &, when ¢ is sufficiently

small (more specifically, when e < (u, (7. E) — p,(F))/2M), we have

:uw(Tr*E) S :uw(]:) + 2€M < :uw(Tr*E)v

which is a contradiction. O

Remark 4.11. This shows in particular that for any resolution of a HNS filtration, the quotients Qi =
E;/E;_1 are stable with respect to w. for € sufficiently small, since the double dual of the pushforward is the
double dual of Q; which is stable by construction. This fact will be important in Section 5.

For each of the metrics w, there is also an HN S filtration of the pullback 7* E. We will need information
about what happens to the corresponding HN types as € — 0. Namely we have:

Proposition 4.12. Let E — X be a holomorphic vector bundle and 7 : X = X bea finite sequence of
blowups resolving the HN S filtration. Then the HN type (13, -, pu5%) of m*E with respect to w. converges
to the HN type (11, ,pug) of E with respect to w as e — 0.

Proof. Let
0=FyCFE,CEyC---CE_,CE =x*F
be a resolution of the HN S filtration. Since all the information about the HN type is contained in the HN
filtration
0=FiN c FEN(E) cFIN(E) c--- cFEN(E) = E,

we will just regard this as a resolution of singularities of the HN filtration and forget about Seshadri
filtrations for the rest of this proof.

We would like to relate the resolution of the HN filtration of (E,w), to the HN filtration of (7*E, w.) for

small €. We claim that for all € in a sufficient range we may arrange that ML“;“(Ei) > pg(r*E/ E~’Z) Let
Fi C E; C F, C m*E be any subsheaves such that E~’i/]:1 is torsion free. Note that for 7 € X with (%) =z,
we always have maps on the stalks (7.F;), — (F;);. Since 7 is in particular a biholomorphism away from

E, when # € X — E these maps are isomorphisms. In other words the sequences:
0— mF — B — . (Bi/F1) — 0

and
0— B — m,Fp —> s (]-"Q/El-) —0

are exact away from the singular set Z,j;. In particular this means F; /7, F; — m(Ei/]:l) and m.Fa/E; —
7.(Fa/ E;) with torsion quotients, which implies (E; /7. F1)** = (m.(Ei/F1))** and (1. Fa2/E;)*™* = (m.(Fo/ Ei))**.
Then finally we have u (E;/mF1) = p,(ma(Ei/F1)) and p, (7. Fa)Es) = p, (7. (F2/E7)).

The above argument together with Theorem 9 now implies that p,,_ (Ei/F1) > p,(Ei /7. F1) —eM and
fo (F2/ Ei) < i, (72 Fa/ E;)+eM. On the other hand: p,,(E;/meF1) > 1, (Qi) > 11,(Qit1) > p, (maF2/ Ed),
where we have used the facts that u_(Q;) = p™»(E;) and p(Qiy1) = 2 (E/E;). Therefore we have:

foo, (B | F1) = oy (F2/Ei) > (py(Bi /7. F1) — p, (. Fa/ E)) — 2 M.

As we have shown, the first term on the right hand side is strictly positive, so when ¢ is sufficiently small

the entire right hand side is strictly positive. Since F; and Fa were arbitrary, for € small ,uSEi“(Ei) must be
strictly bigger than pl*(7*E/ E;).

Now it follows from Proposition 2.9 that the HN filtration of (7*E,w,) is:

HN, - HN, ~ ~ HN, ~ ~
0 C Fy (B C--CF S (BY)=E1C--- CFLT L (Bie) = B

HN, % HN, ) —
C Fk1+i+k171+1 (El) c-C Fkl-l‘f'-‘rkz (El) =7mE.

That is, the resolution appears within the HN filtration with respect to we, and two successive subbundles
in the resolution are separated by the HN filtration of the larger bundle. Then for any ¢ we consider the
following part of the above filtration:

[ HN, - HN, ~
Eior = Filp , (Binn) CFo g (B ©
HN, ad HN, ~ ~
C Fk1+i+ki_1(Ei) C Fkl.’_.‘.s._,_ki (E1) =F;.
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We claim that:
HN, ~ HN, ~
e, (Fk1+f.+ki71+]‘ (Ei)/Fk1+.‘.€.+ki71+j_1(Ei)) :uw(EZ/Elfl) = :uw(Ql)

for each 1 < j < k;. Then the proposition will follow immediately. The slopes of the quotients in the HN
filtration are strictly decreasing so we have:

5 eHN, - HN, HN, -
Hos, (Ei/Flirf.Jrkifl(Ei)) < M, (]Fk1+f~+ki,1+j (Ez)/Fk1+-‘-E-+ki,1+jf1(Ei))
HN, - -
< e, (Fk1+f+ki71+1(Ei—l)/Ei—1> :
Therefore it suffices to prove convergence of
& mHN, - HN, - -
M, (Ei/FliriJrkifl(Ei)) and fr,,, (Fk1+f-+ki,1+1(Ei—l)/Ei—l)
to u,(Q;) as € — 0. Note that just as before we may argue that
5 HN, - HN, -
o (e (BfFENS o a(B) ) = o (Bo/mELNS 0 (B)
and

HN, - - HN, -
e, (m (Fkﬁf._kkifl“ (Eifl)/Eifl)) = [, (W*Fkl_,_f._kkiil_i_l(Eifl)/Eifl) .
By Theorem [4.9] we have:

Q) =M = iy (mQ) —eM < g, (Q0) < o, (P24 a(Bisa) /B
< My, (F*FkHlJierkile(ENi—l)/Ei—1> +eM <, (Ei/Ei—1) +eM

HN,e
where we have used that By ik 1

imally destabilising in E/E;_1. So

HN, ~ ~
Hy, (Fk1+f.+ki71+1(Eifl)/Eifl) — 1, (Qi).

(Ei,l) is maximally destabilising in W*E/Ei,l and F;/F;_1 is max-

Similiarly we have:

P (Qi) —eM = p, (Ei/Ei—1) —eM < p, (Ei/W*FkHIZ.Vf.Jrki—l(Ei)) —eM
<t (Bof/FEYE 2 (BD) < 10, (@0) < i (7.Qi) +eM
= py (Qi) +eM
where we have used that p,, (E;/E;_1) = p5™ (E;) and p,,_ (E’Z/FkHl]ia+k71(El)> = pon (E;). Then taking
limits implies x,,_ (E~’Z /IE‘,CHIJXE +ki71(E~1i)) — 11,(Q;). This completes the proof. O

Remark 4.13. Note that the argument of the above proof also shows that we have convergence:

(s (@) 1 () = (@), Q).

where as usual fi,,_ (Qi) is repeated vk(Q;) times. We will use this fact in the following section.

5. APPROXIMATE CRITICAL HERMITIAN STRUCTURES/HN TYPE OF THE LIMIT

In this section we accomplish two important aims. One is the construction of a certain canonical type of
metric on a holomorphic vector bundle over a Kéhler manifold called an LP-approximate critical hermitian
structure. The other is identifying the Harder-Narasimhan type of the limiting vector bundle E., along the
flow, namely we prove that this is the same as the type of the original bundle E. This latter fact will be a
crucial element in the proof of the main theorem, whereas the former will play no role in the remainder of
the proof. However we remark that these two theorems are, due to certain technical considerations to be
discussed below, very much intertwined.

If we fix a holomorphic structure on F, then a critical point of the HY M functional, thought of as a
function h — HY M (0g,h) on the space of metrics, is called (see Kobayashi [KOB]) a critical hermitian
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structure. The Kéhler identities imply that this happens exactly when the corresponding connection (Jg, h)
is Yang-Mills, and hence in this case the Hermitian-Einstein tensor splits: v/=1AuFg, 5) = pyIdg, ® - ®
pldg,. Here the holomorphic structure Op splits into the direct sum ®;Q; and the metric induced on each
summand is Hermitian-Einstein with constant factor p,;.

In general, the holomorphic structure on F is not split, and of course the @); may not be subbundles as
at all, so it is not the case that we always have a critical hermitian structure. We therefore need to define
a correct approximate notion of a critical point. In the subsequent discussion we follow Daskalopoulos-
Wentworth [DWIJ.

Let h be a smooth metric on E and F = {F;}!_, a filtration of E by saturated subsheaves. For every F; we
have the corresponding weakly holomorphic projection 7%. These are bounded, L? hermitian endomorphisms
of E. Here Fy = 0, and so 7§ = 0. Given real numbers gy, ,u,;, define the following L? hermitian
endomorphism of E :

l
\Ij(]_—v (Mlu e 7#[)7}”) = ZNZ (7"'iI — ﬂ-?fl) .
=1

Notice that away from the singular set of the filtration (points where it is given by sub-bundles), the
bundle E splits smoothly as ®Q; = @®;F;/F;_1, and with respect to the splitting, the endomorphism
U(F, (g, -+ ), h) is just the diagonal map uqIdg, @ - & pldg,.

In the special case where F is a holomorphic vector bundle over a Kéhler manifold (X, w), we will write
VHNS (9, h) when the filtration of E is the HNS filtration F; = FANS(E) and puy,- -+, are the distinct
slopes appearing the HN type.

Definition 5.1. Fiz § > 0 and 1 < p < oco. An LP §-approximate critical hermitian structure on a
holomorphic bundle E is a smooth metric h such that:

|V=TAuF g, 0 — WS @s,m)| <6

Lr(w)

The following theorem first appeared in [DW1].

Theorem 5.2. If the HNS filtration of E is given by subbundles, then for any 6 > 0, E has an L™
d-approzimate critical hermitian structure.

We begin by giving a (very simple) proof of this theorem in the case that the HNS filtration has length
two (the general case follows from an inductive argument). Namely we assume that there is an exact sequence
of the form:

0—S—F—>0Q—0
where S and @ are stable vector bundles. Then fix Hermitian-Einstein metrics hg and hg on S and @. There
is a smooth splitting F ~ S @ ) and so we may fix the metric hg = hg @ hg on E. Of course in general we

there is no holomorphic splitting. The failure of the sequence to split holomorphically is determined by the
second fundamental form 8 € Q% (Hom(Q, S)), and the holomorphic structure of E may be written as:

and similarly

Now the curvature of the connection (O, hg) is Flophe = (0p,hg)o(0p, hg) = Opodr+0podg. Therefore
we have:

F- _ F(és,hsl—ﬁ/\ﬁ* OEp
(Os:he) —0pf" Flagne =B NB)"

Now applying v/—1A,, and using the Kéhler identities we have:
V=TIAF G ey — V=TAu (B A B) —(9p)" B )

—1ALF 5 = . «
V-1 (Op,hE) < — ((8E) ﬁ) \/__1AwF(5Q,hQ) —V—=1A, (B A B)



ASYMPTOTICS OF THE YANG-MILLS FLOW 23

Therefore we have:

HV IAGF (5 1) — Mo (S)ds @ 1, (Q IdQHmeu)

[V=TAF g, 1y — (8)1ds | +H\/ T F(ag ) — 1 (@)1da|

L~ (X,w) L~ (X,w)

+2C sup (|ﬁ|2 + }(5E)* 6\2)

_ 2
= 20sup <|ﬂl2+ [CON )

where we have used that hg and h¢ are Hermitian-Einstein as well as the fact that Tr —/—1A,, (B A %) =
|B|2. Now change the holomorphic structure on E by applying the complex gauge transformation g; =

t~11ds @ tldg, so that:
A\ 55 t2[3
9+(0p) = (O o)
Then we have:

VTG F g, (31 ) — () s @ uw(Q)IdQHLOO(XM) < 20t sup (Iﬁ|2 +|(@s)" 6‘2)

which goes to 0 as ¢ goes to 0.

In general, we will not obtain an L° approximate structure. In the remainder of this section we show
that for an arbitrary holomorphic bundle we have such a metric for 1 < p < co. We must modify the above
approach in the general case, since the filtration is not given by subbundles. A simple example of where this
can happen is as follows.

Example 5.3. It can be shown (see [OSS| page 103) that for k < 3 there is a locally free representative of
rank 2 in Extly, (T, Ocp2 (—k)), where T, is the ideal sheaf of a point. In other words there is a short exact
sequence:
0—0—FE—7ZI,®0cp(k) — 0

where O is the trivial line bundle. Moreover, one can compute that ¢1(E) = k. Therefore, if we take k < 0,
then uw(E) < 0. Since u(0O) = 0, the section given by O — E vanishing at p, is a destabilising subsheaf of
E, so E is unstable in this case. Since O and I, ® Ocpz2(k) are rank one and hence are stable, and the slopes
are strictly decreasing (0 = p(O) > w(Z, ® Ocpz2(k)) = k) this sequence is precisely the Harder-Narasimhan
filtration for E. On the other hand the quotient I, ® Ocp2(k) fails to be locally free at the point p, since the
ideal sheaf of a point on a complex surface is not locally free. Generalisations of this example are given by
replacing the point p in CP? by a locally complete intersection in CP™ with n > 2, or replacing CP? by a a
Kdhler surface X with dim H?*(X,Ox) = 0 for instance.

Example 5.4. In the above example, the only singular point of the filtration is the point p. If we blowup

the point p, and consider Bl CP? = @2 5 CP?, then the exceptional divisor B in this case is just a copy
of CP'. By construction n*E is trivial over this CP' and is equal to E away from it. Therefore, since E
contains the trivial line bundle O as a subsheaf, T*E contains as a subbundle a copy of the line bundle O(E).
Since O(E) = O away from E and 7*O = O, there is an inclusion of sheaves O — O(E). Indeed, since the
quotient is supported on E and therefore torsion, by Lemmal21], Sat,-g O = O(E). In other words, a single
blowup of the point p, gives a resolution of singularities in this case, and the filtration by subbundles of ™ F

2
is given by O(E) C n*E. Therefore on CP we have an exact sequence:
0— OE) — 7"E — O(—E) @ n*O¢p2 (k) — 0.

Therefore, in the general case we will need a more sophisticated argument to deal with the fact that the
subsheaf S (and the quotient Q) can have singularities. We outline our argument as follows. First we pass to
a resolution of singularities 7 : X —s X for the HNS filtration. The blowup X is equipped with a family of
Kahler metrics w. as described in the previous section. Therefore, if we fix some value 1, then with respect
to the metric w,, on the blowup X, we will be in the same situation as above, when the filtration is given
by subbundles. Just as in that case, by scaling the extension classes we can produce a metric h with the
desired property on the pullback bundle 7*E — X.
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Of course this is not what we want, but we may use this metric to produce a metric on F via a cut-off
argument. Namely, we first assume that the singular set is a complex submanifold, and that the resolution
of singularities is achieved by performing one blowup operation. Then we choose a cut-off function ¥ in
a tubular neighbourhood of the singular set, and fix any smooth background metric H on this tubular
neighbourhood. We define the metric on E — X by h = ¢ H + (1 — ¢)h.

Now we can break the estimate up into three estimates on three different regions. We define v so that on
a smaller neighbourhood of the singular set h is equal to H. The desired estimate will follow on this region
by taking the radius of the neighbourhood to be arbitrarily small. Outside of the tubular neighbourhood,
h is equal to h and we can estimate as in the case of subbundles. Finally we must also estimate in the
annulus defined by these two open sets. This can be achieved by defining ¢ to have bounds on its first
and second derivatives that depend on the reciprocal of the radius of the tubular neighbourhood and its
square respectively. The Hermitian-Einstein tensor will depend on two derivatives of ¥ on the annulus, so
a pointwise estimate on this quantity will depend on this radius, but a simple argument using the fact that
the Hausdorff codimension of the singular set is a least 4, shows we can also obtain the appropriate estimate
in this region.

Strictly speaking, we need to estimate the difference of the Hermitian-Einstein tensor A, F}, of this metric
with the endomorphism W#N9(y, .- 1) constructed from the slopes obtained from the HNS filtration
on E — X. On the other hand, h has been constructed from iL, which has been defined so that the
difference between its Hermitian-Einstein tensor Awsl F; and the corresponding endomorphism coming from

the filtration (by subbundles) of 7*E — X can be estimated on X. Because w., is a perfectly defined
Kéhler metric on X away from the singular set (which is where this estimate must be performed), one could
try to do the estimate on this region directly, as described in the preceding paragraph, by first estimating
A, F; in terms of A%1 F; uniformly in e; and the size of the neighbourhood, but attempts to do this were
unsuccessful.

Therefore, in order to perform the estimate properly, we will need to work on the blowup. Namely, we
estimate the Hermitian-Einstein tensor for 7*h with respect to the family of K&hler metrics w.. Since this
metric is a pullback, it suffices to show that we obtain estimates on the blowup that are uniform in e. Then
taking the limit as ¢ — 0 will yield an estimate with respect to the metric w on X. However, note again
that the metric i must be chosen at some point, and this requires fixing a value €;. Therefore, to imitate
our argument above, we need to estimate the LP norm of A,,_Fj, uniformly in ¢ in terms of A,,_ Fj,. Here we
crucially use the fact that we are working on the blowup. Namely, all that is required is an estimate close
to the exceptional divisor (since it is trivial on the complement of such a neighbourhood). The fact that the
exceptional divisor has only normal crossings singularities is the key to proving that such an estimate holds.

Something very similar was done in [DW1]. The author has noticed an error in [DW1] on this point. In
particular, Lemma 3.14 is slightly incorrect. Instead, the right hand side should have an additional term
involving the L? norm of the full curvature. This does not essentially disrupt the proof, because the Yang-
Mills and Hermitian-Yang-Mills functionals differ only by a topological term, but it has the effect of changing
the logic of the argument somewhat, as well as increasing the technical complexity.

This is the reason behind most of the work done in this section. The precise proof, given below, is a
delicate balancing act between the scaling parameter ¢, the parameter €; used to define i~L, the radius R
of the tubular neighbourhood, and the parameter 0 < e < &1 defining the family of Kéhler metrics on X.
Furthermore, the scheme explained above will only give the correct estimate in LP for p sufficiently close to
1. On the other hand, such a metric is all that is required to prove that the Harder-Narasimhan type of the
limiting sheaf F is the same as that of E. With this knowledge, it is in fact very easy to prove in turn that
E has an LP §-approximate structure for all 1 < p < co. This new metric depends on the value of p, and is
in fact given by running the Yang-Mills flow for some finite time.

We begin with a preliminary technical lemma, which will be used repeatedly throughout this section. It
will be used in conjunction with Holder’s inequality to show that certain quantities depending a priori on
€ can in fact be estimated independently of ¢ in certain LP spaces with p very close to 1. It is the use of
this lemma that limits this particular method of constructing a d-approximate structure to these particular
values of p. We use this to prove the L” bound on A, F' in terms of A, F' for any (1,1)-form F. The
construction of the metric together with the estimate in L? for p close to 1 is the substance of Proposition
B We use this and the material in Section 3.2 to prove the statement concerning the HN type of the
limit. Then we quote a result about convergence of the HN filtration along the flow from [DWI], and use
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this to prove the existence of an LP structure for each 1 < p < co. Finally, at the end of this section we
do an inductive argument on the number of blowups required to resolve singularities in order to remove the
restriction we put on the singular set. This argument actually uses the existence of an LP structure for p = 2
(in the special case in which it has been proven).

Lemma 5.5. Let X be a compact Kihler manifold of dimension n, and let 7 : X — X be a blowup along a
complex submanifold Y of complex codimension k where k > 2. Consider the natural family w. = 7*w + en
where 0 < & < &1 and 1 is a Kdhler form on X. Then given any a and & such that 1 < a < 1+ 2(kl g ,and
m < a < oo, and if we let s = &dj then if we write g. for the Ifahler metric associated to
We, and go for the hermitian metric associated to a fized Kdhler form w on X, we have: det (g;lgw) €

L2(a_1)5(X,w), and the value of the L* @~V norm is uniformly bounded in .

Proof. Since g. converges to the Kéhler metric 7*w away from the exceptional divisor E, on the complement
of a neighbourhood of E there is always such a uniform bound (and on this set (det g./det gw)2(1_a)s is
clearly integrable). It therefore suffices to prove the result in a neighbourhood of the exceptional divisor.
Let y € Y and U be a local coordinate chart containing y consisting of coordinates (21, ,zn). Now Y
has codimension k so that locally Y is given by the slice coordinates {z; = 22 = -+ = 2z = 0}. Recall
that on the blow-up X we have explicit coordinate charts U, C U = 7~ 1(U) where Up = {zeU-Y|
2m # 0} U{(2,[V]) € P({)jynu | ¥m # 0}, where P(() is the projectivisation of the normal bundle of Y. Let

(&1, ,¢&,,) denote local coordinates on U,.. In these coordinates the map 7 : X 5 X is given by:

(517 U 7611) — (glgmv U 755—1§m7§m7§m+1€m7 o 7§k§m7§k+17 U 7571)

Now locally, we may write the Kahler form on X in terms of the associated metric g, as w = %gijdzi AdZ.
Then the top power has the form: w™ = n!(i/2)" det g;; dz1 AdZi A--- Adz, AdZ,, and using this coordinate
description we may compute: 7*w” = nl(i/2)" (7* det g;;) 1€ 12572 dey NdEL A -+ N dE, N dE,,.

Note that 7* det g;; is non-vanishing since det g;; is non-vanishing, and so degeneracy of the pullback
occurs only along the hypersurface defined by &,, = 0. In other words, (£ 1,00 ,€,,) are normal crossings
coordinates on the blow-up for the exceptional divisor E, and locally E takes the form {¢,, = 0}.

The top power of the Kahler form w; is:

Wl =W Fenmr W LA L 4+ € <7> WA e It w AT 4 e

In the local coordinates (&;,---,&,) we have: w? = n!(i/2)" det g5;d&; A dEy A -+ AdE, AdE,. We may
therefore obtain a lower bound (not depending on ) on det g;; as follows. Note that > 0. On the other
hand, the only degeneracy of 7*w is only on vectors tangent to the exceptional divisor (in other words, the
restriction of 7*w vanishes on E), so m*w > 0. Therefore 7*w! A n™"~! is non-negative for every .

Then comparing the two expressions for wf, this implies that we have the lower bound: detg;; >
C|§m|2k_2, where C' = inf 7* det g;; on Uy, for each 0 < ¢ < ¢;. Taking the 2(1 — a)s power of both
sides we see that

|, (et detgept-rar < [ (aeggomr <o [, ot

Unm Unm

where the last two integrals are with respect to the standard Euclidean measure. Using the condition on &
one computes that 4(1 — a)(k — 1)s > —2 and so the functions |§m|4(17a)5(k71), are integrable (as can be

seen by computing the integral in polar coordinates), and the result follows. O

Lemma 5.6. Let m: X — X, the codimension k, and the family of metrics w. be the same as in the previous
lemma. Let B be a holomorphic vector bundle on X and F a (1,1)- form with values in the auziliary vector
bundle End(B). Let 1 < o <1+ 4k(k_1)and 1—2(k—1)(a—1) <a<l+ m Then there is a number Ko
such that for any 0 < k < Ko, there exists a constant C' independent of €, €1, and K, and a constant C(k)
such that:

e Pl 500y < © (I8 Fll oy + 5 0F i ) + 0100 1 a5
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Proof. In the following argument, out of convenience, we will engage in the slight (and quite orthodox) abuse

of notation of dividing a top degree form by the volume form. Since the determinant line bundle of T*X is

trivial, any such form may be written as the product of some smooth function (or in this case endomorphism)

with the volume form, and so dividing by the volume form simply returns this function (endomorphism).
Recall that (A, F)w? = F Aw! ! and (A, F)wl = F Aw?! so that:

FA w?l’l

n
wal

_ Fawrt!

n
WE

a2 Ao, F =

Note also that

n

o detg®
Ye T et get Wer

Now we write:
FAwr b FA@WMT 4wl —wi h)

A, F = =
- wl wr
_ (EA w4 S E - eN)("HF A=l Ay
wy? '
_ det g, A Fa 7;11 (el —¢&b) ("l_l)F A ==L A g
detg. \ 1 wr '
Therefore: .
det g, |* o o |FAm*wm=D=1 At "
a € l l
P < 0| <b&%lfﬁ IR -
=1 1

(by convexity of the function |-|* when o > 1). Again, we set s = =% (note again that s is a conjugate

variable to %) By the above expression and Hélder’s inequality with respect to the metric we,:

1
||AUJEF||LQ(X)WE) - (\/}; |AWEF|0((U?> S

1
det g. (1=e)s o / &
C n Ao, F|" W2
(@(@ma) e Mo F

By the previous lemma the factor
1
/ detg: \ 7" L\
% \ det ge, €1
is uniformly bounded in .

Now we need to control the second term of the second factor above. We divide X into two pieces: an ar-

bitrarily small neighbourhood V,; with Vol(V;,w.,) = k75 of the exceptional divisor E and its complement.
We will perform two separate estimates, one for each piece. Write the components of F' in a local basis as
F:[" At any point we may choose an orthonormal basis for the tangent space so that 7 is standard and 7*w
is diagonal. Then if we call this basis {e;}, we have

n
wal

Q=
_|_
\
1
(]
—~
™
o~
~—
o}

FAgrwm=D=0 A pl 28 (Zm‘ Fjei N éa’) A (X giie' A éi)(nil)il A (et A éi)l 20
wg, B wg,
a 2
C 2 1F[,,
< —= | X |F[ ] ce—=
’wal 4.3,:7:p ’wal ‘

Now note that on X — V. the pullback 7*w determines a metric, in other words (m*w)™ is non-vanishing, so
since w?, — (7*w)", the quantity ‘w?l ‘QQ is uniformly bounded away from 0. Therefore

a

<C|F|;.

‘F/\ﬂ_*w(n—l)—l /\nl

n
wal
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On the other hand, if we again choose a basis for which 7 is standard and such that w,, is diagonal, we have:
& &
2& _ yo2 1
|F|77 - Z |Fpij| <cC Z g€1 €1 | pZJ| =C |F|wEl
1.9,75P igyy,p 2 79I

since the product of the eigenvalues g7 g;} is again uniformly bounded (g7 g5} — 7*g:im*g;; as €1 — 0).

Thus, on X — V,. we have the further pointwise bound: |F|g <C |F|gsl. Therefore the integral on X — V,

is:
& 1 1
1\ & ” ¢
</~ (e1) W;) < C=a (/~ |F|351 W?1>
X-v, X-V,

Cer[|Fl Law.,) < C(R)en [[F| Lo
since by assumption & < 2.

Now we estimate this term on V.. Choose an orthonormal basis for the tangent space at a point in Vj
such that w,, is standard and 7 is diagonal. Then we have gfjl = T"gij + €104, so if i # j, 7 gi; = 0, and if
1=7,M; = % Note also that 0 < g;; < 1 since 0 < n;;. If we write {2 for the standard Euclidean volume

form then:

FA 7.‘_*w(n—l)—l A nl

n
wgl

IN

u)El

n—1 5 %, (n=1)=1 A 1%
() FAT*w : An }
=1 We,
(Zi)j Fe; A éj) AN gget Ae) T A (S (1wt el ne) |
- )
=1

o

IN

c| > || <cird

1.9,75P

~ 1
n—1 a &
E : n
Vi =1

é
< C (/v |F|g€1 w?1> < CVol(Vi,we, )72 ”FHLZ(Vmel) < Cf<;||F||L2(X_’w€1) (Holder).

wey

Therefore:

F A m*w®m=D=1 A n!
wg,

Now we obtain the desired estimate:
Mo Pl ey < C (1o Fll gy + 5 IF Dt 00s)) + 100 1Fl o 5 -

O

Proposition 5.7. Let E — X be a holomorphic vector bundle of rank K over a compact Kdahler manifold
with Kdhler form w. Assume that E has Harder-Narasimhan type pn = (uq,- - , b ) that the singular set
Zag of the HNS filtration is smooth, and furthermore that blowing up along the singular set resolves the
singularities of the HNS filtration. There is an o > 1 such that the following holds: given any § > 0 and any
N, there is an hermitian metric h on E such that HYM(‘;)N@E, h) < HY Mq n(p) + 6, for all 1 < a < ag.

Proof. As before, let m : X — X be a blow-up along a smooth, complex submanifold Y, and we assume
that this resolves the singularities of the HN S filtration. In other words there is a filtration of E = 7*E on
X that is given by sub-bundles and is equal to the HNS filtration of E away from the divisor E. Let w,
denote the aforementioned family of Kéhler metrics on X given by w. = 7*w + en where 0 < ¢ <1 and 7 is
a fixed Kéhler metric on X. We will construct the metric h on E from an hermitian metric i on 7*E to be
specified later.
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Since Z,jz is a complex submanifold, we consider its normal bundle ¢, or more particularly the open
subset: ¢ = {(z,v) € ¢ | |v| < R}. By the tubular neighbourhood theorem, for R sufficiently small this set
is diffeomorphic to an open neighbourhood Ugr of Z,,. We choose a background metric /{ on this open set.

Let 9 be a smooth cut-off function supported in U; and and identically 1 on Uy /o and such that 0 < <1
everywhere. Then if we define ¢z(z,v) = 9 (x, %), ¥ g is identically 1 on Ug/, and supported in Ur with
0 <4¢p <1 and furthermore there are bounds on the derivatives:

dg| _ C 9
8Zi ~ R ’ 851' 821 - R2
where the constant C' does not depend on R. Suppose for the moment that we have constructed an hermitian

metric k on 7 E. If we continue to denote by H and 1 their pullbacks to X, then we may define the following
metric on 7 F :

C

hy, = YpH + (1= ¢p)h
Observe that on X — Ug we have hy, = h and on Urj2, hy, = H.
Now we need to estimate the difference:

’HYM;EN@E, hy,,) — HY M, N(H)’
= ‘/ DAy, Fr,,, +V—1INI5) = @4 (V=1(u1 + N), -+, V=1(ug + N))‘
X

where ®, is the convex functional on u(E) given as in Section 3.2 by @, (a) = 2521 |A;|%, where the v/—1);

are the eigenvalues of a. From here on out we will write /—1(p+N) in place of (v —1(p; +N), -+ , v/ —=1(pug+
N)). Therefore we have:

‘HYM:,EN((?Ea hwR) - HYMQ,N(,UJH

< '/ @4 (Aw, Fn,, +V—1NIg) —@a(\/—_l(quN))'

X—n=1(Ugr/2)

+

/ Ou(Ay. Fi,, +V—1INIg) — @o(v—1(u+ N))‘

~1(Ury2)

/~ @a(AwthwR +\/__1NIE)_(I)O¢(\/__1(M+N))>

X—n=t(Ugr/2)

+

/ Do (Ao Fry +V—1INIg) — 0o (vV-1(1 + N>>|

~1(Ury2)

where the last equality comes from the fact that hy, is equal to H on Ug/y. Dividing the first integral
further we have:

‘HYM;{EN(éE, hy,,) — HY My (1)

<

/ (I)Q(AwthwR +V—1NIE)—‘I)Q(AWEFH—F\/—lNIE)
7= (Ur—Ug/2) ‘

+ /~ @a(AwEFE+V_1NIE)_‘I)a(\/_l(ﬂwsl +N))
X—7m=1(Ur/2)

+| [ PalvTlp, +N))—‘1>a(\/—_1(u+N))’
X—m=1(Ugr/2) '

+ / Do (Aw. Fry+ V—1NIz) — Do (vV—1(u + N))
7= (Ur/2)

where in the first integral on the right hand side we have used the fact that outside of Ur the metrics hy
and h agree. Here, Fo, denotes the usual K-tuple of rational numbers made from the w., slopes of the
quotients of the resolution.
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Recall that the norm on L*(u(E)), a — (far @a(a))l/a is equivalent to the L® norm and so there is a
universal constant C' independent of R and ¢ such that:

/ ‘ba(AwthwR+\/—1NIE)—(I)a(AwEF;;‘F\/—lNIE)
7= (Ur—Ugr/2)

_|_

/~ Do (Ao, B, +V=1NIg) — @0 (V-1  + N))’

X—n=Y(Ury2)

«

[ B = V=T

(o

Le(n=1(Ur—Ug/2),we) LO‘(X—WI(URQ);WE)) '

First we dispose of

/ DoV Tt + V) — @V + N))|

X—7=1(Ury2)

by choosing €1 close to zero and using RemarKZ.I3l That is, we may choose 1 small enough so that

N |

<

/~ DalV Tty + N)) = Dalv/“T( + N))

X—n=1(Ugr/2)

Next will will bound:

Ay F, — V-1 Id*‘a : '
H et h uwil E L(X—7=Y(Ugy2),we)

Note that at this point we have not specified the metric h on 7 E. We will do so now. Each of the w-stable
quotients @; of the Harder-Narasimhan-Seshadri filtration remains stable on the blowup with respect to the
metrics w, with e sufficiently small (see RemarZ.IT)), so that the quotients Q; are also we, -stable and admit
a unique Hermitian-Einstein metric éfl The prototype for our metric h will be the metric C:'El = @iéfl.
Just as in the beginning of this section, we need to modify C:'El by a gauge transformation in order to obtain
the appropriate bound. More precisely, since holomorphic structures on the bundle E are equivalent to
integrable unitary connections, this is the same as showing that if we fix the metric égl, there is a complex
gauge transformation § of E such that HA%F@(%%@EJ - \/—_Luwsl IdEHLa(X—w*I(UR/z),wE) is small. When
we take the direct sum, the second fundamental form enters into the curvature and so we ask that there is
a gauge transformation making this contribution small.

We will do this iteratively. If we write S = El = Ql C 7*FE for the first sub-bundle in the filtration of
7*E on X, then the discussion at the beginning of this section applies in exactly the same way to the exact
sequence:

0—S—71TE—Q—0
where Q = @liZQQi. Therefore if we apply the gauge transformation g; = t_lldg @ tIdQ to the operator 5@
as before, the curvature may be written as:

4 2
o B F(gé‘véil),_t B/\ﬁg t 6Eﬁ5v
_ - * * .
(gt(aE);Gsl) —t28EB§ F(5Q1®é:2é:1) - t46§ AN ﬁg
Taking A,,_, we obtain terms involving:
ABEAwWrL OpBa Awi™t
Ao BABY = t4—ﬁ Bsn *— t*A,.0pBg :tziEﬂSwn <,
€ €
_ Opft Awn1 BENBs Awr!
A, 0pBy = P—2 = '\, B NBg =t —2 < jn S
€ €

Recalling also that
det g

7

n,

We

det g,
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and applying Holder’s inequality we see that
18w Figu 00,60 = V1o, il Lo (5o 00100
HAWE GEI \ _1Mw51 (S)IdélHLO‘(Xfﬂ-*l(UR/g),wE)

+HA%F@§ - V-1oj, Hoe, (Qi)IinHL"‘(Xffrfl(UR/Q),wE)

(1—a)s =
( ) U (0
X—n=t(Ugr/2) X—n=Y(Ugry2)
1
(1—a)s as
( ")
X—m="1(Ur/2) X—nm=1(Ugr/2)

where & and s are as in Lemma (recall that s and % are a conjugate pair). By the lemma, the last two

terms above are bounded uniformly in . Therefore, the contribution of these terms can be made small by
making ¢ sufficiently small.

Similarly, we can apply the same argument to the extensions:

~€1
:2Gi

det ge JBABE AW

n

2 8E65 A\ w?_l «

det g,

a

det g

3Eﬂ*~ Awnt .
t2 S €

* _ -1
n + t4ﬂSAﬂS/\w2
n

n

det g,

0— E;/E;_1=Q; — 7" E/E;_y — 7" E/E; = @é‘:iﬂéj —0

using the gauge transformation g; = Ids @ - ® Idy, | @ tillin @é‘:iﬂ tIde. Such an extension will
give a further second fundamental form S , and its contribution can be estimated in exactly the same way
as above.

Continuing in this way, we see that there is a complex gauge transformation g of 7*E such that:
HAWEF(!}(gE‘)7Gsl) v _1'uws IdEHLO‘ X—W*I(URQ ),we) ||A“"5F _1‘UW51 (Ql)ldélnlﬁ"()—(—ﬂ 1(

N Ugy2),we)
4 || Aw F = —V=Tp,, (Q) IdQlH +O(t,Ba,. . Ba,)

Lo(X == (Up p)we)

where O(t, [3@1, e ,[3@1) — 0 as t — 0. Therefore we have reduced this estimate to an estimate on each of
the terms:

HA% s —V=1p,_ (Qi)Id

Lo‘().(*“'il(UR/Q)wws)

On the other hand we have:
HAWEFéjl - _1MW£1 (QZ)Isz

Ewa Feo,, (Qz)IdQZ)

Lo(X—m=1(Upy2)we)

g

Aws <FC-;51 -

Lo(X—n=Y(Ugrya).we)

/=1 ~
# YA — v, @)1,

Lo(X—n=1(Ugys)we)

where we have used the fact that A, _w. = n. Now by Lemma [5.6] we have:

v—1 ~
HA% (Fon = @b, (@0)1dg)

Lo(X—n=1(Ugy2)we)

<C<HA% Fger =V Tu,,,, (Q)1dg,

LD‘(X Weq )>
L2(X,w51)>
L2(5<,w51))

1 -
+ kC (HFcl () + ‘ we, foy, (Qi)Idg,

Wey Mo, (Qz)ldél

i

e Ok (HF o

4
L2(Xwe,) N
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and

Y20 e o, (@1

Le(X—n=1(Ugys)we)

+HHnuw (Qi)1d

IN

5_10 <H (Awre, 1) o, (@Qi)Idg

L& (f(,wg

L2(X,w€1))

again using Lemma [5.6] Here we have used the fact that we, —we = (e1 — €)n in the second inequality. Of
course, HA% Faer =V =1py,| (Qi)idg, = 0, by the construction of G{*. On the other hand:

c H Id-
+ Nhe,, (Qi)Idg, L3Rt

L&(X ,we 1)

) _ ) 2 _ SN 206, n—2
HF . LA (Fier) = HAwleG? 2 (Faey) + m“n(n 1)/}2 (202(621) cl(Ql)) Awe;
= 2:)1d 2n(n—1) | (262(Qu) - ) e
o @t o= [ (20a@0 = Q0) not
which is bounded. Likewise the terms ‘ Wey P, , (Qi)ldéi LA e) and Hnuws (Q:)Id @il s, o) are bounded.
The only remaining issue is: H we, 1 ) e (Q )1d ey, But writing
€1 Lo (X ,wey
A ‘a ‘77/\&;?1_1 ‘77/\&1" ! ‘detgn ’
we, M = n n
t wl, n det g,
and
n det g51 n
Yo7 | et
et gy
A dildg ||
H( €1 77) /J’Wsl (Q ) Qi La(X;wgl)
(-a)s  \ 1y
detg., |V Y7 o AW ~ B
< C / — n" /‘781 ’uw Qi)ldg,| n"
< x| det g, x| o (@oldg,
by Holder s inequality with respect to the metric n. Here again & is as in Lemma [B.6] and 5§ = i where

5
W < f < 0o. By Lemma[5.5] this is uniformly bounded in &; since we also have w?~ s L
Therefore we may choose t, k, and €1 so that

1)
< =

HAwE Ge \/__1/'Lw51 (Qi)ld 4

e
! La(xfﬂ'il(UR/z)vWE)

for all € and all « sufficiently close to 1. We will now fix these values of t,x, and ;.
The term

/ ( )%(A%FH+\/—_1NIE>—<1>Q(¢—_1(;L+N)>|
=1 (Ury2

is bounded by:
C ||Aw5FH - \/_IUHLQ (=Y (Ugy2)we)

Now write )
T N )
: € nt det g.
and
n detg.| ,
e det In n
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we have

[ Pt = V=10 o omr 0y oy S Ct I8l i) ) + C2 VOLURp2,w) <

1
(1—a)s s&
Ch / n" /
7= (Ugy2) 7= (Ury/2)

where « and s are as in Lemma 5.5 By that lemma, the factor

( (1—a)s )
/ d
7= (Ury2)

is uniformly bounded, and so the result is that there is an R such that

Fy Awnt|
/r]’ﬂ

det g
det g,

77") + C2 Vol(Ugy2,w),

det g.
det g,

OOIOq

/ o Bl P+ VIV = 00T V)| <
“1(Ury2

Therefore the only remaining estimates required are on: HA% Fﬁw — A, FﬁHLa(rl(UR—UR/g) o)’ If we let
R 7 yWe

ky , be an endomorphism such that h = ky  hy,. Then

Fy,, — Fj, = 0(k; 03k )

YR

where 0j, is the (1,0) part of the Chern connection for h. The expression on the right hand side involves
only two derivatives of ¢, and so, using the bound on the derivatives of 1, there is a bound of the form:

Co
’Fhw F~‘<01+R2

where C7 and Cy are independent of both € and R. Now as usual we have:

« (F;WR — F;I) /\w?_1 (FiWR - Fﬁ) /\w?_l det g, a
o (i, =) = v - : o
' € n 9e
det
and wl = dtha "
n

Then we compute:

HA%FMR - A%FH‘

Le(n=Y(Ur—Ug/2),we)
1
“ det g, n

«
det g
. 1
det g,

/ (F;% - F,;) Awl=l
7Y (Ur—Ugr/2)

/]771

1 L
det g€>(1a)s n ” / ( G2 ) m )
n Ol + D2& n .
</771(UR—UR/2) (det In ™ (Ur=Ur/2) e

Here s and & are as in Lemma and we have applied Holder’s inequality to the conjugate pair s and ¢ .
By that lemma, the first factor is uniformly bounded in €. We must therefore show that as R — 0, the first
factor can be made arbitrarily small. To do this we note that the open set Ur may be covered by a union
of balls U; BJ. Therefore:

det g,

IN

/ Ch + CQRiQ& < Z(Ol + CQR725‘)'UOZ(B£)
(Ur—Ugry2) j
and up to a constant vol(BJ) = r?" where n is the complex dimension of X.
The key observation is now that the singular set Z.j; is a complex submanifold of X and has complex
codimension at least 2, in other words it is of real dimension at most 2n — 4. This implies that Z, has
Hausdorff dimension at most 2n—4, i.e. it has zero d-dimensional Hausdorff measure for d < 2n—4. In other
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words, for each 0 < d < 4, and a given 0 > 0, there is a cover of Z,j; and an 7 > 0 such that Zj r2n=d < 6.
Now assume that we have chosen R = r. Then then the cover described above is also a cover for Ur so

/ Ci + OQRiQ& < Z(Cl’l”2n + CQT2n72d).
=1 (Ur—Ug/2) j

Note that by assumption & < 2. In other words, we may select R so that:

)

A, F; — A I ‘ 16"
H S hyp et h Le(r=1(Ur—Ug/2),we) 16

Thus choosing €1 and R in the manner specified above gives us for each € a bound on the difference of the
HY M functionals: ’HYM;"fN(gE, iLd,R) - HYMQVN(M)‘ < 4. Now sending ¢ — 0 we finally see that there
exists a metric h with ’HYM(‘;)N(@E, h) — HYMQ,N(M)’ < 6, for all N and all « sufficiently close to 1. [

Lemma 5.8. Let E — X and ag be the same as in the proposition. Let h be any smooth hermitian
metric on E and A; a solution of the Yang-Mills flow whose initial condition is (Og,h). Let p, denote the
Harder-Narasimhan type of E. Then limy oo HY My n(A) = HY My n(po), for all 1 < o < ag and all N.

As a consequence, if Ay, is an Uhlenbeck limit along the flow: HY M, n(Ax) = HY My n(g), since
HY My n(Aso) = limyoo HY My n(A¢). The proof of Lemma [5.8is exactly the same as in [DWI]. It uses
Proposition 071 One easily shows that for any initial metric such that the conclusion of Proposition .7
holds, the property lim; ,oo HY My n(At) = HY My N (i) holds. The fact that this is true for any metric
then follows from a distance decreasing argument.

We can now identify the Harder-Narasimhan type of the limit.

Proposition 5.9. Let E — X have the same properties as before. Let A; be a solution to the Y M flow
with initial condition Ay whose limit along the flow is Aso. Let Eo be the corresponding holomorphic vector
bundle defined away from Za,. Then the HN type of (Eoo, Aso) is the same as that of (Ey, Ag).

Proof. Let py = (q,-++ , i) and piog = (u§°, -+, u¥) be the HN types of (Ep, Ap) and (Fw, Axs). A
restatement of the above lemma is that @, (g + N) = @ (o, + N) for all 1 < a < g and all N. Choose N
to be large enough so that g + N > 0. Then we also have u + N > 0 by Proposition 34 and therefore
g + N = pu® + N by Proposition BT so pp = p. O

Let (E,04,) be a holomorphic bundle, and Ay an initial connection, and Ay, its evolution along the flow
for a sequence of times ¢;. Then we have the following.

Lemma 5.10. (1) Let {7T Z)} be the HN filtration of (E, 8,4, ) and {7T } the HN filtration of (Foo,0a.,).

@ 7T((>o) strongly LP N L1 tloc Jor all 1 < p < oo and all 7.

(2) Assume the original bundle (E, Da,) is semi-stable and {WSS)J} are Seshadri filtrations of (E, 5Atjj)'
(@)

Then after passing to a subsequence, T;

Without loss of generality assume the ranks of the subsheaves j are constant in j. Then there is a filtration

{wss o} of (E 8,4 ) such that after passing to a subsequence {7T 2 } — {wss Oo} strongly m LP N L1 loc for

all1 <p < oo and alli. The rank and degree of 7T55 oo s equal to the rank and degree 0f7r j Joralli and j.
For the proof see [DW1] Lemma 4.5. It uses Proposition (.9l

Proposition 5.11. Assume as before that E — X is a holomorphic vector bundle such that Z,, is smooth
and that blowing up once resolves the singularities of the HNS filtration. Then given 6 > 0 and any
1 <p<oo, E has an LP §-approximate critical hermitian structure.

Proof. Let A; be a solution to the Y M flow with initial condition Ay = (5;3, h), and let A be the limit along
the flow for some sequence A;;. Then we may apply the previous lemma to conclude that WHNS (5Atj Jh) =

WHNS (94 hoo) after passing to another subsequence if necessary. Since A is a Yang-Mills connection,
V=IA, Fa_ = VIN(D, , he). Therefore:

|[V=TAuFa,, = WV (04, )]

HAwFAtj —AwFAmHL w H‘I’st(éAtjah)—‘I’st(éAmahoo)‘

<
Lr(w)

— 0

Lr(w)
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where we have also used Lemma [3.3] O

Now we would like to eliminate the assumptions that Z,, is smooth and that blowing up once resolves
the singularities of the HN S filtration.

Theorem 5.12. Let E — X be a holomorphic vector bundle over a Kdahler manifold with Kdhler form w.
Then given 6 > 0 and any 1 < p < oo, E has an LP é-approzimate critical hermitian structure.

Proof. By 43 we know that we can resolve the singularities of the HN S filtration by blowing up finitely
many times. Moreover, the i*" blowup is obtained by blowing up along a complex submanifold contained in
the singular set associated to the pullback bundle over the manifold produced at the (i — 1)st stage of the
process. In other words there is a tower of blow-ups:

Tm—1

X=X, ™ Xy =5 2 x T X=X

such that if £ = Ej is the original bundle, and E; = 7} (E;_1), then there is a filtration of E = 7w (Em—1)
that is given by sub-bundles and isomorphic to the HN S filtration of E away from E. Note that on each
blowup X; we have a family of Kahler metrics defined iteratively by we, ... c; = T*we, ... ¢,_, + &n;, Where
n; is any Kahler form on X;. Then consider we, ... .,, on X to be a fixed metric for specified values of
€1, ,&m < 1, and fix § > 0. Fix dg to be a number that is very small with respect to . By the previous
proposition, for every p there is a dg-approximate critical hermitian structure on F,_;. In particular there
is such a metric for p = 2. In other words there is a metric h,,_1 so that:

H\/—lAwgl,...gmflF(gEmfl,hmfl) —wlns (5Em717hm—1)‘

Weq, emo1

< dg.

L2(wey ey, )

By construction this metric depends on the values of €1, - - - , &, since it is constructed from a metric on the
blowup which itself is constructed using the notion of stability with respect to we, ... c,.-

We prove the result by induction on the number of blowups. Assume that we have an L? §p-approximate
critical hermitian structure for each of the bundles E; — X; for 1 < i < m — 2. Then in particular, with
respect to the metric w., on X;, we have a metric h; on E; — X; such that:

H\/ —1Aw€1 F(gElth) — \I/f;lvs(gEl,hl) < dp.

LQ(Wsl)

Since X is obtained from X by blowing up along a smooth, complex submanifold, we may use the exact
same cut-off argument, choosing a cutoff function with respect to a neighbourhood Ug as in Proposition [5.7]
to construct a metric hr on the bundle £ — X which depends on the value of 1. In the following we will
continue to denote by hg its pullback to X;. As in the proof of Proposition [5.7] we have hr = hy outside of
the set 7, ' (Ur). We divide the proof into two steps.

(Step 1) There is an L? j-approximate critical hermitian structure for p close to 1

First let us assume that p satisfies the hypotheses of Lemma In other words, substitute p for «
in the statement. Similarly, substitute p for & We will show that a single metric, namely hg, gives an
LP j-approximate critical hermitian structure for all p within this range. We need to estimate the difference

H\/—lAwaF(nghR) —HNS (G hp)

LP(we)

where i = n¥h. Now:

V=10 B, gy — WENS (0, )

<

LP(we)

+ || WY (B, ) — WENE (g, hn)
P(we)

HAWE F(gEl hR) T Awi F(gEl 2h1)

L LP(we)

| A Fia, ) — NS (B )

LP(we)
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We can make the second term smaller than % by choosing €1 small and using the convergence of the HN
types. The third term is bounded by two applications of Lemma as follows:

HAwEFaE ) — Yo N (g, h)

<

LP(we)

1 A 1
HAws (F(BEl,hl) - gwal‘l’fgfs(a& hl))

+ EAWE (WEI — WE) \I’f:[s(gE, hl)

LP(we) LP(we)

L2()~(,w51)>
L2(X,w51))

L2(X,w51)> ’

Recall from the statement of Lemma that none of the above constants depends on €1. All terms with a
k in front and no C(x) can be made small by choosing x small, so these terms can be ignored. Clearly the

terms
’ L2(X ,we,) L2(X,we,)
are bounded independently of €; since the HN type converges. Therefore we need only show that

< C A, Fiop, iy — WENS @, 1)

LP(wey)

e, WIS (D, )|

e <HF(8E1”“) L2(X we;) E‘

1
=1
n

Wey ‘I’fi]:[s (5E7 hl)‘

+e1C(k (HF(BEl hi) L2(Rwe)
Wey

g2 ~
+E1(j(,{) Hﬁ‘l’fgs(a& hl)}

L (X,we,)

€1 HNS
o HAW HNS (G ‘
+— ( ) G CToN Y LR wey)

+ K H’I]\I’HNS((?E, hl)‘

We, \I’ijjs(gE, hl)‘

,Hﬁ‘I’HNS(éE,hl)‘

wal

_ HNS (3 _ HNS (5
HA%F(@EIM - .., " (0g, hl)” || F@r, ) L2(Kwe,) e ¥, O, hl)‘ LA(R o)
Lﬁ(wsl) Weq Weq
are uniformly bounded in ;. Then we can choose « first and then €1 so that:
= )
HAwEF(éE hy — WIS (0, by) < -
v ! LPwe) O
Firstly we have:
HNS (5 HNS (5
HAWH F@Elﬁhl) B \I/Wsl (O, hl)H < CHAwm F(éElahl) B \I/Wsl (O, h1)||L2( ) <o
we,

Lﬁ(wsl)

by Holder’s inequality (since p < 2), and the induction hypothesis. Note that the constant above is indepen-
dent of €1 since the w., volume is bounded. Also, the following bound:

: +m2n(n — 1) /X (2c2(E1) — ¢(Er)) Awl?

HF(éEl’hl) - HAwalF(éEl’hl)

Lz(wsl) LQ(wE1

H\IJHNS (0g, hl)H + 80 + 7*n(n — 1) /~ (2C2(E1) - c%(El)) /\w?;2

X

wal

obtained from the usual relationship between the Hermitian-Einstein tensor and the full curvature in L2,
together with the induction hypothesis, shows that this term is bounded in €; as well. Finally, writing

A B 77/\wn 1 nAwal detgn
we I = wl B nn det g,
L detge, ,
&1 det gy,

then by Holder’s inequality we have:
1

1
(1 p Ps w w w
i S / / }77/\“81 } \PENS(gEvhl)’ nn
LP(X,we,) b'e !

< w < 00. By Lemma [5.5] this is bounded in ¢;.

_ det
A, IS (D, )| S

det g,

~ w ﬁ
where 5§ = w——;ﬁ and m
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We have already seen that
HA"-’EF(nghR) - AWEF(gElJH) H

LP(we)
can be estimated, since it is 0 outside of Ur and the same argument as in the proof of Proposition [B.7],
shows that by making R sufficiently small, we can make the contribution from this term over Ug less than
%. Therefore the estimate on H\/__lAwF(éE,h) — WHNS (9 h)HLp(w) for these values of p follows by sending
e —0.

Step 2 (Extending to all p)

Repeating the arguments of Lemma [5.8] Proposition 5.9 Lemma .10, and Proposition 511} now gives
the existence of an LP §-approximate critical hermitian structure on E for each p. This metric will depend
on p. O

Notice that during the course of the above proof we have also proven the following:

Theorem 5.13. Let E — X be a holomorphic vector bundle over a Kdhler manifold. Let A; be a solution
to the YM flow with initial condition Ay whose limit along the flow is As. Let Eo be the corresponding
holomorphic vector bundle defined away from Z,,. Then the HN type of (Ex, Aso) is the same as (Fo, Aop).

6. THE DEGENERATE YANG-MILLS FLOW

In this section we introduce a version of the Yang-Mills flow with respect to the degenerate metric wg = m*w
on a sequence of blowups 7 : X — X along complex submanifolds. This flow will solve the usual Hermitian-
Yang-Mills flow equations on X — E with respect the metric w. It will be useful in the proof of the main
theorem, because we will again need to desingularise the HN S filtration, and consider a sequence of blowups.
The discussion in this section is an extension of ideas in [BS].

Let 7: X — X be a sequence of smooth blowups, and let w, be the usual family of Kahler metrics on X.
We will write LY (X ,we) for the corresponding Sobolev spaces. The following lemma is clear.

Lemma 6.1. Fiz a compact subset W cC X —E. Let E be a vector bundle. Then there exists a family of
constants C(e) — 0 as € — 0, such that for any r-form F € Q"(X — E, E)

(1= CENIFN e wwo) < IFll L wwy < A+ CE) IFI Lo (W) -

Throughout this section FE — X will be a holomorphic vector bundle of rank K, equipped with a smooth
hermitian metric hg. Although later we will mainly be interested in the case where £ = 7*E |, we do not
assume this here.

Note that HA% F(SE o) is uniformly bounded in e, since for any fixed Kéhler form @ on X we

LY (we)
have:
-1 1
A F. - _ F(ggﬁo) Awg - F(é,;,fm) Nwe det g
’ We (5E7h’0) n - n )
We w det g
W detg.
© det o

SO

n

- —1
F(gE_”ho) A CLJ?
B |\w

Li(w.) /x

which is clearly bounded uniformly in e. Write iLE,t for the evolution of ko under the HY M flow with respect,
to the metric we.

HA‘—UE F(éé,;lo)

wn

Lemma 6.2. (1) Let tg > 0. Then ’Awa F@E);% t)’ is uniformly bounded for allt > tog > 0 and all e > 0. The

bound depends only on tg and the uniform bound on HA% F(%ﬁo)

L (we)
(2) AWEF(%,EE | bounded uniformly on compact subsets of X — E for all t > 0 and all ¢ > 0. The

bound depends only on the local bound on ’Awa F(ég,ﬁo)‘ and the uniform bound on HA“’E F@Eﬁ())

LY(we)
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Proof. By Lemma[31](2), the pointwise norm ‘Aws Fa, i t)‘ is a subsolution of the heat equation on (X, w,)
(see also [BY] equation 3.3). If K¢(z,y) is the heat kernel for the w. Laplacian on X then

/X Ki(z,y) ‘AwEF(géﬁo)‘ (y)dvol,_(y)

is a solution of the heat equation and therefore:

(z) — /~ Ki(x,y) ‘A“’EF(%,%)‘ (y)dvol,, (y)
X

‘AMEF(éE',};/Eyt)
is also a subsolution. Because

/X K (@) | Ao Fig, iy | 0ol () = Mo Fig, i)
the maximum principle for the heat equation now implies that

Aoy 0| @) < [ i) [\ g, | )00l )

By [BS] Lemma 4, there is a bound: K (z,y) < C(1+ 1/t™) for some constant C' independent of €. Part
(1) now follows.

For part (2), let Q; CC Q CC X —E, and let ¥ be a smooth cut-off function supported in  and identically
1 in a neighbourhood of ;. Then just as in part (1) we have:

(z) /~ Ki(z,y) ‘AwEF(géﬁo)‘ (y)dvol,,_ (y)
b'e

(z),

AW& F(gE;L

IN

s,t)

= [ 0KE @) |8 P, 5| @dvol. 0

[ =0 K ) |Aa. B | ()0l ()
X

By the maximum principle, the first term on the right hand side is bounded from above by:
sup{‘AwaF@EﬁO)‘(y) | y € Q}. Since Q CC X — E, the function 1/ det g;; is uniformly bounded in &,
so this sup and hence the first integral above are uniformly bounded in . By [GR] Theorem 3.1, there are
positive constants §, C1, Co, independent of ¢ and ¢, such that for x # y,

2
Kf(xvy) S Cl (1 + 52%) exp <_W> )

where d,,_ is the distance function on X with respect to the Riemannian metric induced by w.. Of course
dy_(x,y) is bounded from below for z € ©; and y € supp(l — @) uniformly in e. Therefore, K{(x,y) is
uniformly bounded in ¢ and ¢, for these values of x and y. Then the second term on the right is uniformly

bounded in terms of HA“’F@E%) X SO ‘Aws F@E,}m)‘ is uniformly bounded on ;. O

LY (w

If we write ils,t = Iésytﬁo, then it follows from the HY M flow equations and the second part of the previous
lemma that both k. ; and k; tl are uniformly bounded on compact subsets of X —Efor0 <t <tp (one sees
easily that their determinant and trace are bounded, which is enough). The statement that |A,,, F( Bhe)

is uniformly bounded on compact subsets of X - E translates to the statement that there is a section
fer € u(E), uniformly bounded on compact subsets of X — E, such that:

V—1A,,_ 04, (1;;1515,40/;5,15) = fet,

where Ay is the connection (5;3, BQ). It therefore follows from [BS| Proposition 1, that /%a,t has a uniform

C1* bound (for any 0 < o < 1) on compact subsets of (X — E) x [0, 00). Furthermore, we may write:
vV—1A,,. 5A0 (ff;tlaAo ];a,t) = /NCE_} vV—1A,,. (5,408,40 ];57,5) + V1A, (ng ];;tl) (8,40 ];57,5)

= ];;tlA(éAo,ws)];&t — ]’%;tl V _1Aw€ (5A0k57t> ];;tl (5,40];5),5) 5
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where in the last equality we have used the Kéhler identities and the expression for 8,40 - +. Therefore we
have:

A(éAU,wE)l}s,t - \/__1Aw5 (3,40 5 t) (3,40 5 t) = I;s,tfs,t-

By elliptic regularity, this yields a uniform L% bound (for 1 < p < o0) on Iésyt on compact subsets of
(X — E) x [0,00). It now follows from the HY M the flow equations, that agi‘t has a uniform LP bound

on compact subsets of (X — E) x [0,00), and so for any W CC (f( — E) and T" > 0, there is a uniform

2/1(VV x [0, 7)) bound on h.;, where the 2/1 in the previous notation refers to the fact that there is 1
derivative in the time variable and 2 derivatives in the space variables. By weak compactness, there is a

subsequence €; — 0, so that he. St h; weakly in LY ,1 on compact subsets. By the Sobolev imbedding

theorem, haj,t — ht in C1/0 on compact subsets. By a further diagonalisation as T" — oo, Baj,t — ﬁt for all
t>0.

Definition 6.3. We will refer to the resulting limit hy corresponding to the initial metric ho and the degen-
erate metric wy as the degenerate Hermitian- Yang-M:ills flow.

Of course a priori hy may depend on the subsequence ¢;. It is possible to show that under the assumption
that A,,_F; i, 1s uniformly bounded in L, hy is unique. This assumption will not be satisfied in our case. We
will show however that h; solves the HY M equations on X — E with respect to the metric wg with initial
condition hy.

Lemma 6.4. Let h; be defined as above. Then he is an hermitan metric on E — X — E for allt >0, and
solves the HY M equations on X — E :

oh
hi! 8; = =2 (Aw, Fy, — 1, (E)Idg) .

Proof. Clearly hy is positive semi-definite since it is a limit of metrics. Therefore we only need to check that
det h; is positive. Taking the trace of both sides of the HY M equations for the metric w,, we get:

% (logdet ;L&t) =—-2Tr (A%Fgm — . (E)IdE)

det A1 /T
log | ——=L T (A F; —p, (E)Idg)|.
g< det hg ) 0 ( “he T H (B) E)

By the previous lemma, the right hand side is bounded uniformly in €, so det hy = lim,_,, det fzsj_,T must
be positive. Since izsjyt — hy weakly in LY N and C/0 it follows that h; solves the HY M equations on
X - E. O

integrating both sides:

=2

For the remainder of this section, we will write F'(—) for the curvature of a metric in order to avoid a
preponderance of subscripts.

Lemma 6.5. HF(BQ‘

and HAwoF ht H are uniformly bounded for all t > ty > 0. The

L2(X,wo) L= (X wo)

bound depends only on tg and the uniform bound on HAWEF(BQ)} i)

Proof. Let W cC X — E be a compact subset. By construction F(h ;) — F(h;) weakly in L*(W,wo).
Applying Lemma [l and the relation between F(h.+) and A, F(h.+) in L? we have:

7 < . . 7 < . . 7
HF(ht L2(Wwo) lim 1nf HF(hat) L2(W,wo) Crlim Elg% HF(hs,t) L2(W,we)
S Cl lim 1nf HF e, t H < Cl lim inf HAMEF(;L&t)} N + 02
L2(X,we) e—0 L2(X,we)
<

Cs lim inf HAwEF(ha,t H 40y,
=0 Lo=(X)
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where Cs is independent of W, and Cs is the product of C; with a topological constant. The bound in L2
now follows from Lemma (1).

For the second part again fix W CC X — E. We claim that for fixed ¢t and W, as ¢ — 0 there is a uniform
bound

Ay F (R < [[Aw. o 1.
H oF(het) L?(W,wo) F(he) LP(W,w0)+
Otherwise, there is a sequence €; such that:
Ay F(he, > [[Aw., Flh, 1.
H oF (e, 1) LP(Wywo) < (he;.t) LP(W,wo)+

Then

>1
LP(W,(.U())

)

A = Ao,

HF(BEj’t)‘ LP(W,wo) Z H (Awo B Awii) (F(ﬁgjt))‘

where ‘Awo —Aw., ‘ denotes the operator norm. Now we have ﬁaj,t — h, weakly in L5(wo, W), so HF(EEJ )

,t

LP(W,W[))
is uniformly bounded. Since Ang — Ay, on W, this is a contradiction, and so we have proved the claim.

Therefore:

‘AwOF(ht) e (W) < lim 1nf HAwoF het) (W) < lim 1nf HA F( Et) (W) +1
< Climinf Ao Fhen)| o +1.
e—0 L>(X)
Taking p — oo, the lemma now follows from Lemma a
Proposition 6.6. For almost allt > tg > 0, we have:
_ _ 7 < . . _ _ 7 .
Hv(abht)A””F(ht) L2(Xwo) — lira Inf Hv(abhs,t)A“EF(hs’t) (R
As will be seen in the course of the proof, this implies that: / HV AwOF(ht)‘ L )dt < 00.
wo
Proof. By Lemma 1] (1) we have:
: d Flies)| Ao, Fhe)|[
T I e
dt H ‘LQ(X Ws) (aé,ht) ( E,t) L2(X7w5) V(aﬁ,ht) € ( E,t) LQ((—UE)
Then:
2 [ Ao, Pl dt < | Flhes)| Ao, Flhes)||” c
ool = ol <[
/to H (05:he) e (he.t) L2(Xwe) (heta) LK we) — Flheto) L2(X,w£)jL

By Lemma (1) the right hand side is uniformly bounded as € — 0. Then by Fatou’s lemma we have:

o0 2 2
2/ lim 1nf HV 8, )AWEF( )‘ _dt < 2lim inf HV AWEF( )H _ o dt
to L2(X w.) £—0 L2(X w.)
2
< lim inf HA%F(hE,tO) 40 <.
=0 L2(X,we)
Therefore, for almost all ¢ > tg, we have:
2
lim 1nf HV b, )AMEF( )‘ (R o) 0.
Now we prove the first inequality:
Hv(ééﬁt)AWOF(ht)’ L2(Z o) < lim 1nf HV 85 ke )AMEF( e t)’ LR we) .

It is enough to show this for an arbitrary compact subset W CC X — E. For almost all t > to, we may
choose a sequence ¢; — 0 such that

~ 2
lim |V (5, . A, Flhe,0) —b< o0,

- 2
Jim, LW, = lim 1nf HV . ’t)AwsF(hE,t)

L2(W,we)
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Since ng’t — hy weakly in L5(W), we have Ao Iy — Ay Fy weakly in LP(W), and V(éé hee) V(g )
Ej,t t
in CO(W). It follows by the triangle inequality and Lemma .1} that

[¥ 2.y e )

< (1+C) |V, ) A, Flhc, )

+Cj

L2(W,wo) L2(Ww.))

where C; and ¢; — 0. Then, HAwOF(isz,t)

is uniformly bounded as 5 — oo. Choose a subsequence

L2(W,hs,wo)
(still written j) such that Ay, F(he, ) converges weakly in LT(W,wo). By Rellich compactness we also have
strong convergence AwOF(ﬁsjyt) — Ay, F(hy) in L2(W). By the choice of £; and the previous inequality, we

~ 2
have ||V (5, ) Ao F (e, 1) — b. Then finally:

L2(W,wq)
Aun F(h)| 1 £ |AwF e, )
< I i )
H wo ( t)‘ L2(Wihpwo) 1ij>100H wo ( Ej)t)‘Lf(Wﬁt,wo)
- 2 - 2
< lim inf <HAw0F(hsjyt) L2(W)WO)+Hv(éé,ﬁt)/\woF(hsj,t) L2(W7w0))
S HAwoFfu HL2(W,wo) +0b.
-2 -2
Since HAWOF(ht)‘ LW heoe) = HAWOF(ht)‘ (W) HV AMOF(ht)‘ L2 (W)’ , we have
- 2
HV 95 ht)A“’OF(ht)‘ L2(W,wo) sb= hmslgfo Hv(géﬁs,t)A“EF(hE’t)‘ L2(Ww.)
The second statement in the proposition now follows since:
o0 -2 oo -
Vs iAo F(h it < lim inf ||V (5, . ) A F(R o dt
/t0 H (BE,ht) 0 ( t) L2(X,w0) — /to 1m ln = h ,t) = ( E,t) L2(X,w5)
’ < tming [ [¥(a, . )|
(Fatou's lemma) < lim 51ng v(aﬁ,ha,t)AwsF(h&t) (R ) dt
2
< lim 1nf HA%F eto) + C < 0.

L (X we)

The following is an immediate consequence.

Corollary 6.7. There is a sequence t; — oo such that Hv(%,fu )AWOF ht ||L2(X wo) 0.

)
One result of all this discussion is the following corollary, which follows from the previous corollary, Lemma

[6.5] and Corollary 218 Although we will not use it in the sequel, we feel it is worth stating explicitly.

Corollary 6.8. Let t; — oo as in the previous corollary. Consider the sequence flt = (5E,Btj) of
connections defined over X-E=X- Zaig. Then there is a further subsequence (still denoted t;) such that
A has an Uhlenbeck limit A on a reflexive sheaf Es, which is a vector bundle away from a set Zay of
Hausdm’ﬁ codimension at least 4. The connection A is Yang-Mills.

In the next section we will also need the following proposition.

Proposition 6.9. For almost all t > 0, there is a sequence £;(t) — 0 such that Awst(iLEﬁt) — Ao F(hy)
in LP for all 1 < p < oo. In particular: HY My~ (v(%ﬁsjm)) — HY MY° (V(é,;-ﬁt)) for all a.

Proof. Fix § > 0. Let U be an open set containing E with vol(U) < @ where C' is an upper bound on

’Aws Fy t} which exists by Lemma [6:21 Now let ¢, €; be such that
2 2
< 0

hm Hv(gﬁ‘vﬁaj,t)Awsj F(h’sj,t>

Jj—o0

= lim 1nf HV Iy ,t)AwsF(iLs,t)

L2(Wowe ) L2 (Wwe)
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as in the proof of the previous proposition, where W = X-U . Therefore, by the same argument as in the
above proof we have strong convergence A, F(he; 1) — Moo F(he) in L?(W,wp). Therefore the same is true

for Awaj F(haj)t). In particular there exists a J such that for j, & > J, we have:

1)
< —.
L2(Wwo) ~ 3

A, Fhe, ) = Mo, Flhey o)

wsk

By the choice of U, it follows that for i k> J:

A, B ey ) = B Pl 1) <5

L2(X,wo)

Since A, F;sz is a Cauchy sequence it converges strongly in L2(X,w). Since Awst(lea].,t) — Ao F(hy)

,t

weakly in L? (X — E,wq), it follows that Awst(IN"Laj,t) — Ay F(hy) strongly in L?(X — E,wg). Since

loc

both Awsj F(ﬁsjﬁt) and A, F(h;) are bounded in L (see Lemma and Lemma [6) it follows that
Ao, F(izsjyt) — Ay F(Ry) strongly in LP(X — E,wy) for all p. By Lemma 6.2 and Lemma 3.6 we have:

HY My (V(g )) — HY M" (V@E,m)'

E'vhsj;t

7. PROOF OF THE MAIN THEOREM

In this section we complete the proof of the main theorem. The result is a direct corollary of the following
theorem.

Theorem 7.1. Let Ay be an integrable, unitary connection on a holomorphic, hermitian vector bundle E ,
o the Harder-Narasimhan type of (E,0a,), and A C [1,00) be any set containing an accumulation point.
Let A; be a sequence of integrable, unitary connections on E such that:
e (E,Da,) is holomorphically isomorphic to (E,0a,) for all i;
o HY My N(Aj) — HY My n(1g) for all o € AU{2} and oll N > 0.
Then there is a Yang-Mills connection Ass on a bundle Eo defined outside a
a closed subset of Hausdorff codimension at least 4 such that:
(1) (Ewo,0a..) is isomorphic to GrNS(E 04,) as a holomorphic bundle on
X - Zan;'
(2) After passing to a subsequence, A; — Aoo in L (X — Zan);
(3) There is an extension of the bundle Ex to a reflexive sheaf
(still denoted Eo,) such that Eo, = GrANS(E, 04,)**.

The proof will be a modification of Donaldson’s argument from [DO1] that there is a non-zero holomorphic
map (E,04,) — (Fs,0a_) in the case that (F,04,) is semi-stable. If the bundles in question are actually
stable, we may then apply the elementary fact that a non-zero holomorphic map between stable bundles with
the same slope is necessarily an isomorphism. Of course in our case (E,d4,) is not necessarily semi-stable
so the argument must be modified. We first construct such a map on the maximal destabilising subsheaf
S C E (which is semi-stable). If we assume that S is stable (in other words if we construct the map on the
first piece of the HN S filtration) this identifies S with a subsheaf of the limiting sheaf E.,. We then use an
inductive argument to identify each the successive quotients with a direct summand of F,. This is relatively
straightforward in the case that the HN S filtration is given by subbundles, but in the general case technical
complications arise. Therefore, to clearly illustrate our technique, we will first present an exposition of the
simpler case where there are no singularities, and then explain the modifications necessary to complete the
argument.

7.1. The Subbundles Case. We begin with the following proposition.

Proposition 7.2. Let E be a holomorphic, hermitian vector bundle and A; = g;(Ao) be a sequence of
integrable, unitary connections on E. Let A C [1,00) be any set containing an accumulation point. Assume
that HY My, n(A;) — HY My n(110) for all N >0 and all « € AU{2}. Let S C (FE,04,) be a holomorphic
subbundle. Then there is closed subset Z,, of Hausdorff codimension at least 4, a reflexive sheaf Eo which
is an hermitian vector bundle away from Z,, and a Yang-Mills connection As on FEo such that:
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(1) After passing to a subsequence A; — Ao in L2 (X — Zap);

loc

(2) The Harder-Narasimhan type of (E, 0a..) is the same as
that of (E,04,); -
(3) There is a non-zero holomorphic map g2 : S — (Eu,0a.)-

Proof. We first reduce to the case where the Hermitian-Einstein tensors A, F4, are uniformly bounded.
Write A;, for the time ¢ solution to the Y M flow equations with initial condition A;. By Lemma B]

|AwFA].,t ‘2 is a sub-solution of the heat equation. Then for each t > 0 and each x € X :
2 2
AP [ (2) < /X Ki(,y) [AwFa,, | (y)dvols(y).
Here Ky(z,y) is the heat kernel on X. By a theorem of Cheng and Li (see [CHLI]) there is a bound:

O<Kt(x,y)§0<1+tln>,

AwFAj,to H Lo (X,w)

we assume in particular that HY M(A;) — HY M (py) we know that [[A,Fa, HL2(X ) is uniformly bounded

and so for any fixed ¢y > 0, is uniformly bounded in terms of HAwFAj HL2(X o) Since

independently of j, and therefore HAWF A is uniformly bounded.

Jsto HLOO(XM))
For the remainder of the argument we would like to replace A; with A;,,, so that we may assume in the
sequel that we have the above bound. In order to do this we must know that the Uhlenbeck limit of the new

sequence A;;, is the same as that of A;. We argue as follows:
1
2 2
d8>
L2

Minkowski to to
A, — Al < / ds < Vg < /
0 L2 0

fo1d : t 1
Va ([ g e lats) =2 o) - v — o

because A; is minimising for the Y M functional and Y'M is non-increasing along the flow. This shows that
the two limits are equal, and moreover the proof also shows that Hd’Aj,SFD s || ;2 — 0 for almost all s, so
this limit is a Yang-Mills connection. Since we have assumed additionally that HY M, n(4;) (and hence
HY My ~n(4;,,)) is minimising for « € A, it follows from Propositions 37 (2) and B9 that the HN type of
(Fso, Ao) is the same as that of (Ep, Ag).

We may therefore assume from here on out that the Hermitian-Einstein tensors A, Fa; are uniformly
bounded independently of j. Note that we have already proven both (1) and (2) above. It remains to
construct the non-zero holomorphic map.

Observe that for any holomorphic section o of a holomorphic vector bundle V' — (X, w) equipped with
an hermitian metric (—, —), and whose Chern connection is A, we have that

V=100 |o)? = =100 (0,0) =/—1 ((040,040) + (0,04040))
= V—=1({0a0,040) 4 (0, Fa0))
since ¢ is holomorphic. Applying A, and using the Kéahler identities, we have:

Nolo)? = V=1A,08 |0 = — |8a0]? + {0,V =1 (AuFa) o).

0A; s
Js

*
dAjYSFAj,s

Now let gjs : S = (E,éAj) be given by the restriction of g; to S. By definition, this is a holomorphic
section of Hom(S, E), whose Chern connection is A ® A;. Then applying the above formula to gf and
writing kJS = (gjs)*(gjs), and h® and h; for the metrics corresponding to Ags and Aj, we have

AaTrkJS + ‘3,4;;@,4]-933‘2 = <gf,\/—1 (Athjgf — ngths)>,
and so
Ao(Tr k) < (Trk) (|AwFn,| + |AuFps]) .



ASYMPTOTICS OF THE YANG-MILLS FLOW 43

Now we use the bound on ’Athj ‘ Let C = sup; HAthjHLOO(X ) and Cy = ||Aths||L°°(X)' Multiplying
both sides of the above inequality by Tr kjs and integrating by parts shows:

/|V”I‘rkf|2dvolw§(01+02)/ |Tr k5| dvol,,.
X X

2n
By the Sobolev imbedding L? < L»=T the previous inequality gives a bound

Ik an < O AT

LT (X,w) X,w)

where C depends only on C7,Cy and the Sobolev constant of (X,w). A standard Moser iteration gives a
) s s
bound: HTrkﬂ HLOO(X,w) S c H’I‘rkj HLQ(X,w)'

At this point we may repeat Donaldson’s argument (appropriately modified for higher dimensions). For
the reader’s convenience we reproduce it here. By definition Tr(kjs ) = ‘ g]S ‘2. Since non-zero constants act
_ s
HL4(X) - HTr(kJ )Hm(x
that there is a subsequence of the gf that converges to a limiting gauge transformation g3 weakly in every
LY for example. Since Z,, has Hausdorff codimension at least 4, we may of course find a covering of Z,, by
balls {B]'}; of radius r such that: C' (>, Vol(B])) < 1/2. If we write K, = X — U; B] U Sing(E«), then our
L bound implies that: HgJS ) > 1/2 for all j. This implies that gfo is non-zero. We now show gfo is

holomorphic. -
If we denote by Ja,04., the (0,1) part of the connection on E* ® Es = Hom(E, Fs) induced by the
connections Ag and A,.. We will identify E and Fo, on K,. Then by definition we have:

Dazoandy = (9540 — Asegl) = (95 Ao(g]) " = Ase)gf = (A — Axo)gs -

Since Ag — Ao in L?(K,) this implies 94,04 g5 = 0, in other words g2, is holomorphic on K. Since this
argument works for any choice of r, and the K, give an exhaustion of X — Z,,USing(E.,), g5 is holomorphic
on X — Zay, USing(Fo). By a version of Hartogs theorem (see [SHI] Lemma 3) there is an extension of
g3 to X — Sing(E). Finally, by normality of these sheaves (both are reflexive) there is an extension to a
non-zero map g5, : S — Eu. O

trivially on A! we may normalise the gf so that H g]S )= 1. The above bound implies

s,

We are now ready to perform the induction, and therefore prove the main theorem in the case when
the HNS filtration is given by subbundles. We first assume the quotients @); = E;/FE;_1 in the Harder-
Narasimhan filtration 0 = Ey C Ey C --- C E; = (E,04,) are stable (so the HN and HNS filtrations are

the same). From Proposition 213] E has a holomorphic splitting E., = @li,leoo,i- By Theorem the
HN types of E and E. are the same, so | = [" and pu(E;) = 1(Qoo,1) > Qo) for i = 2,--- 1. By the
above proposition there is a non-zero holomorphic map g : F1 — F«. Since we are assuming E; is stable,
and the Qo (¢ > 1) have slope strictly smaller than Fj, the induced map onto these summands is 0 and
hence goo : F1 — Qoo,1- Again by stability of £; and Qw01 and the fact that E; and (Qso,1 have the same
rank and degree, this map is an isomorphism. This is the first step in the induction.

The inductive hypothesis will be that the connections A; restricted to E;_; converge to connections on the
bundle Gr(E;_1), in other words Gr(E;_1) C Ex. Let Ex; = Dj<iQ0,j and set: Eoo = Gr(E;—1) @ R, and
consider the short exact sequence of bundles: 0 — E;_1 — E; — @; — 0. Since Gr(E;) = Gr(E;—1) ® Q;, to
complete the induction we need only show that @; is a direct summand of R. The sequence of connections
on E induced by A; satisfy the hypotheses of the proposition, so we may apply this result to the dual exact
sequence: 0 — Qf — Ef — Ef | — 0, and therefore obtain a holomorphic map Qf — (E,)*. Because
Q7 is the maximal destabilising subsheaf of (Ew ;)* this implies that Q7 is isomorphic to a summand of R*.
This completes the proof under the assumption that the quotients are stable.

To extend this to the general case, it suffices to consider the case that the original bundle (E da,) is
semi-stable. In other words the filtration is a Seshadri filtration of E. Then as in the above argument we
may conclude that Ej is isomorphic to a factor of E,, we also again obtain a non-zero holomorphic map
goo 1 QF = (Foo,i)*. However, the Seshadri quotients all have the same slope, so we do not know via slope
considerations that )7 maps into R*. On the other hand we know that the weakly holomorphic projections
converge. If 7r§-171) denotes the sequence of projections to g;(E;—1) and m(f{l) the projection onto Fus i1,

then 7T§-i71) — m(f;l) by the proof of Lemma 4.5 of [DWI]. If we denote by ﬁgifl) the dual projection, then
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71)

for each j, the image of Q7 is in the kernel of ﬁgz . In other words the image goo(Q7) lies in the kernel of

§i_l). Therefore since we have convergence, the image of goo (QF) lies in the kernel of irg,_l) which is in R*.

Therefore @} is isomorphic to a factor of R* and this completes the proof.

T

7.2. The General Case. In general the HNS filtration is not given by subbundles. The argument we
have given in Proposition for the construction of the holomorphic map S — E., remains valid if S is an
arbitrary torsion free subsheaf since the connections in question are all defined a priori on the ambient bundle
E, and since the second fundamental form § of S drops out of the estimates, there is no problem obtaining
a uniform bound on the Hermitian-Einstein tensors. On the other hand, when we try to run the inductive
argument, the restrictions of the connections A; to the pieces E; of the HN S filtration only make sense on
the locally free part of these subsheaves. This prevents us from applying the argument of Proposition
in the inductive step because to do so requires global L® bounds on the appropriate Hermitian-Einstein
tensors, which we do not have, since the restrictions of the A; do not extend over the singular set Z,.

The strategy for proving the main theorem in the general case mirrors our method in Section 4. Roughly
speaking we proceed as follows. Let A; = g;(Ao) be a sequence of connections. First we pass to an arbitrary
resolution m : X — X of singularities of the HNS filtration. Then we construct an isomorphism from the
associated graded object of the filtration for the pullback bundle 7*E (away from the exceptional set E)
to the Uhlenbeck limit of the sequence 7*A; on the Kihler manifold (X — E,wp) = (X — Zaig, w) where
wo = m*w. Then we will use the fact that these bundles extend as reflexive sheaves over Z,; to the double
dual of the associated graded object of E' and the Uhlenbeck limit of A; respectively, and hence by normality
of these sheaves, the isomorphism extends as well.

The outline of the proof given above has to be modified somewhat for technical reasons which we will
now explain. Just as for the case of subbundles, by first running the Y M flow for finite time we may assume

where A; = 7*A;. As usual

there is a uniform bound HAwFAj HLOO(X) or equivalently on HAwoFAj (F_E)
L>(X—E

we will denote by Ao the Uhlenbeck limit of A; on (X,w) and we have A; — Ao in LY, (X — Zan) for
p > n. The proof of the proposition proves all but (3) of Theorem [l Let E; C E be a factor of the HNS
filtration and A;i) = w;i)Aj be the connections on g;(F;) induced from A;, and AY =r0 A, By Lemma
B0 it follows that A — AY weakly in L%, (X — Zan U Zag)-

If #: X — X is the aforementioned resolution of singularities then the filtration of 7*E = FE is given by
subbundles E; C E, isomorphic to E; away from the exceptional divisor E. Write §; = g; o m and let flgl)
be the connection induced by A; = 7*A; on g;(E;). We will write 7; for the projection to g;(£;) and 3,
for the second fundamental forms for the connections A; with respect to the subbundles E;; in other words
these are sections of the bundle Q0! (f( JH om(Qi, El)) for an auxiliary bundle Q;. Then this sequence of

connections satisfies the following:

(1) There is a closed subset Zan C X — E of Hausdorff codimension at least 4
and a Yang-Mills connection [L(fo) defined on a reflexive sheaf EN’OOJ- X —-E (which is a bundle on
X — (Zan UE)), such
that A — AQ weakly in L ,, (X = (Zuw UE)).

(2) We have the standard formula for the curvature:
,/_1AMOFAJ(_1') =/ _1Awo (ﬁjFAjﬁj) + vV _1Awo (B] A B:) .

Also:
e The Bj are locally bounded on X — (Z,, U E) uniformly in j (Lemma 2.25)

e The 3, — 0 in L?(wp). In particular, they are uniformly bounded in L?(wo) (see the proof of [DW1]
Lemma 4.5).

Note that the term

V_IA, (ﬁjFAJ_ﬁj)
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is bounded in L°(X,wp) since A; = 7*A;. The key point here is that term
V=M, (B, 1 5))

is not bounded in L™ (X, wo) since it may be written as

(Bj A Bj) Awg™!

n
Wo

VI

which blows up near E. This is a problem because in order to carry out the induction in the preceding
sub-section we had to consider exact sequences of the form:

O—)Qf—)Ef—)Ef_l—>0

(here Q; = E;/FE;_,) and apply Proposition [[:2 to construct a non-zero holomorphic map Q’; — E;” This
involved knowing that there was a uniform L bound on the Hermitian-Einstein tensors of the induced
connections (A;Z))* and (A;Z)Q)* on Ef and QF. Since this is not the case we cannot apply this argument
directly. On the other hand we do know that for all positive times ¢ > 0, the degenerate Yang-Mills flow
of Section 6 gives connections flgzz such that A, F ) is uniformly bounded (see Lemma [6.5]). For each ¢

the deformed sequence of connections has an Uhlenbeck limit fl((fo)t on a reflexive sheaf E(’;” which a priori
depends on t.

There are now two points to address. In parallel to Proposition we will show that after resolving the
singularities of the maximal destabilising subsheaf S to a bundle S there is a non-zero holomorphic map
S — E!, (where E’_ is an Uhlenbeck limit of A;;) away from E. This is not automatic from the proof of
Proposition because the connections /Nljﬁt do not extend smoothly across E, so the integration by parts
involved in the proof is not valid. We will instead derive this map as a limit of the maps produced from
the corresponding argument for the family of Kéahler manifolds (X ,we). Secondly we need to know that
the Uhlenbeck limits (Ef)o, Aoo,t) are independent of ¢ and are all equal to (Es, As). Again, this does not
follow from our previous argument since, as we have noted, the second fundamental forms of the restricted
connections are only bounded in L? and therefore the curvatures are only bounded in L!. In particular we
do not have that A;Z) is minimising for the functional Y M. Establishing these two facts will complete the
proof of the main theorem, since then we may use induction just as for the case when the HN S filtration is
given by subbundles.

We begin with the first point.

Proposition 7.3. Let E — X be a vector bundle with an hermitian metric h. Let /L— = gj(flo) be a
sequence of unitary connections on E, and assume AwoFAj is bounded uniformly in j in L'(X,wp). Let

flj,t be the solution of the degenerate Y M flow at time t with initial condition Aj, and suppose that this
sequence has an Uhlenbeck limit (E!_, As¢). Finally let S C E be a subbundle of (E, Ay). Then there is a
non-zero holomorphic map §oo : S — E%, on X —E. Furthermore, assume that (EY, A’Zloo,t) has an extension
(EL,, Acct) as a reflezive sheaf over Zyg to X, assume S also extends to a reflexive sheaf S on X. Then

Joo tnduces a non-zero holomorphic map goo : S — E° .

Proof. Let w. be the standard family of Kahler metrics on X and fix ¢ > 0. Let ¢; — 0 be a sequence as
in Section 6, i.e. if Aj, is the time t Y M flow on (X, w,, ), then A5, — A;, in C'/% on compact subsets of
X — E. Choose a family of metrics Bi on S converging uniformly on compact subsets of X — E to a metric

is uniformly bounded as ¢; — 0 (take for example the

Bg defined away from E, and such that sup ’AwaiFﬁf_
time 1 HY M flow of h with respect we). For each jl and each g; > 0, we have a non-zero holomorphic map
gfm .S — (B, (ig;it). Just as in Section 7.1, we set k§J = (gfj)* gfiﬁj. As in Proposition [C.2] we have the
inequality:

1)

Both factors on the right are uniformly bounded as e; — 0 by assumption. It follows that we have the

inequality: H’I‘r I;i)jHLw()—{) < CHTrINfiJHN(X’%), where the constant C' depends only on these uniform

Ao (TrkS ;) < (T ES ) (|Aw., i,

+ ’Awm‘Fﬁ
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bounds and the Sobolev constant of (X, w.,) is also uniformly bounded away from zero by [BS| Lemma 3.
As in the proof of Proposition [[.2] we rescale g gs j so that Hgsl j ||L4(X w) = = 1. A diagonalisation argument

for an exhaustion of X —-E together with the sup bound gives a sequence of non-zero holomorphic maps
~S : S — (FE, 8~ ) defined on X — E with gfi’j — gf uniformly on compact subsets as £; — 0 such

that Hg HLOO < C and Hg HL4 = 1. Repeating the proof of Proposition yields a nonzero limit

u)[))

G5 S = (E',, Awt). The last statement follows from the normality of the sheaves in question. O
Secondly we have:

Proposition 7.4. Let E — X be a Hermitian vector bundle with a unitary integrable connection Ay. We
assume that the holomorphic bundle (E, 0a,) restricted to X-E=X- Zalg extends to a holomorphic bundle
(E,0r) on X with Harder-Narasimhan type p = (uy,--- ,pp). Let flj = gj(/io) be a sequence of unitary
connections on E, and assume there is a subset Zoy C X — B of Hausdorff codimension at least 4, and a
Y M connection Ay, on a bundle Eo, — X — (Zan UE) such that A; — A, weakly in LY, (where p > n)
on compact subsets ofX — (Zan UE). We assume that the constant eigenvalues of \/—1A,, Fj__ are given
by the vector p. Finally assume A, FAj — Ao Py in L'(wo). Then there is a subsequence such that for
almost all t > 0, AJt — Ao in LY

initial condition Aj .

1,loc

away from Zan UE where Aﬁ 1s the time t degenerate Y M flow with

1,loc

This will follow from a sequence of lemmas.
Lemma 7.5. For anyt >0, ||Aw,Fz
lim o0 HY M0 (Aj,t) = HY M(y).

i HLOO(X—E) is uniformly bounded in j. Moreover, for almost allt > 0,

Proof. The first statement follows from Lemma 6.5l By assumption, we have A, F’ A, Ay Fg_ in L', and

K HY M
S pE= T(“) Alsolet puy o, -+, juge . be the

HN type of (E, ng) with respect to w., and set M2 = ZK,l p7 .. By Corollary B3 we know:

M. <_/ ‘A%FAE

By Proposition [6.9], for almost all ¢, we can find a sequence €; = €;(t) — 0 such that A,,_ Fzei — Ay, FAj .
i gt s

A, F5__ has constant eigenvalues iy, -+, fig. Set M? =

dvol,_

in any LP(wg). Let &; — 0 and using the convergence of the HN type:

M< —/ ’AwOF

dvol,,

for all j and almost all t > 0. We also have:

rey [@ < [ Kia[aa Py ool ()

= M—|—/Kf(3:,y) (’A%FA_’—M)dvole
X J

where K£(x,y) is the heat kernel on (X,w.) (since K(x,y) has integral equal to 1). Since we have the
bound: Kf(z,y) < C(1+ 1/t"™), there is a constant C(t) independent of € such that:

}AWEFA"E.
J,t

() <M +C H}A%FAJ_} - M‘

LU(R we)

Then just as above we have:

Ao g, | @) < M+ C|AuuFy | - M|

L1(X wo)

for almost all z € X — E and almost all ¢ > 0. Since ‘AwoFAj‘ — }AWDFAOO} = M in L', we have

lim sup }AWDFA], t} (x) <M

j‘)OO
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for almost all z € X —E and almost all ¢ > 0. On the other hand since Ay F A is uniformly bounded in j,
we can use the lower bound for

1
o /X AP, | dvola,
and Fatou’s Lemma to show:
M §/ lim sup AWOF ‘dvolwo.
X

‘]*}OO

It follows that lim;_, sup|Aw0 F A |2 = M? almost everywhere. By Fatou’s lemma we therefore have:

HYM(p) < lim inf HYM“°(A;,) < lim sup HY M“°(A; ;)

j—oo j—o0

= lim sup/ ’AwoFA- dvolwo
X 7t

Vimde

dvol,, S/ lim sup AWUF
X

j‘)OO

= 2rM?* = HY M(p).

Lemma 7.6. For almost all ty > 0, : — /Nljﬁto

—0 ; [ Imost all t > tg.
L3(% 100) , uniformly for almost all t > tg

Proof. As before let ; — 0 be a sequence such that Ajt — Aj; and Ajto — Aj4 in CP .. Then we again

have:
. . t A€
Minkowsksi 0AS
< ],
to

Os

|z, - 4

Jrto

L2

([l ([l )
= S (rantd = vancd) = (s, - i)
< \/g (HYM(AZ,) - HY M(p.))”

Using Proposition [6.9and Proposition [£.12] this yields:

HAj,t ~ A < \/g (HYM(Aj,tO ) — HYM(M))

The result follows by applying the previous lemma. |

Nl=

L2(X,wo)

Lemma 7.7. There is a Y M connection AOQ* on a reflexive sheaf Eoo)* — X — E with the following
property: for almost allt > 0 there is a subsequence and a closed subset Z!, C X —E, possibly depending on
t and the choice of subsequence, such that A;; — Ao . in LY, (p > n) away from Sing(Es ) U ZL, UE.

1,loc

Proof. As in Proposition and using Proposition we have:

ds

~ ~ t2
HYM(Ajﬂfl) - HYM(ijt2) 2 2/ dj‘j,sFAi’s L2(wo)
wo

ty
for almost all to > t; > 0. It follows from Lemma and Fatou’s lemma that:

L2 (wo)

)

lim nggo Hdiﬁ“j,sFA;‘ .
for almost all ¢. Choose a sequence tj, of such ¢t with ¢t — 0. For each k there is a subsequence Jm(ti), a Y M
connection A ., and a set of Hausdorff codimension at least 4 which we denote by Zan, depending on the
choice of subsequence such that A; ; — Ay, in LY 1, away from Z!s. By a diagonalisation argument,
assume without loss of generality that the original sequence satisfies Aj7tk — Aw7tk for all t5. On the other
hand, by Lemma [7.6] Aw7tk = floo)* is independent of t;. For any ¢, there is a k with ¢ > t;, so Lemma
also implies A;; — Ao . in L7, for almost all ¢ > 0. Hence, any Uhlenbeck limit of A;; coincides with
Aco x- O
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The proof of Proposition [ will be complete if we can show Ay, = AOQ*. First we will need:
Lemma 7.8. A, FAj , s bounded on compact subsets of X —E, uniformly for all j, allt >0, and all € > 0.

Proof. By our assumptions it follows that A,_F i, are uniformly bounded in L' and that they are uniformly
locally bounded. The result now follows just as in the proof of Lemma [6.2)2). a

is bounded in any L¥ | away from Z,,UE, uniformly for all j and all0 < t < tq.

1,loc

Corollary 7.9. ’Aj,t — Ay

In particular, the singular set Z.ﬁn is independent of t and is equal to Zon-

is bounded in C}

loc*

Proof. Since A — Ay in LP Aj t— Aj

1,loc?

€; such that A;ft — Aj; in CL.. Tt suffices to prove ‘A is bounded in C},
Ajt = gjt(fl]) and l;jt = (3;4)"9;%- It suffices to show that (kJE )~! is bounded and l;jt has bounded
derivatives, locally with respect to a trivialisation of E. The local boundedness of /%jt and (/%jt)_l follows
from the flow equations and the preceding lemma. Namely, it is easy to see that the determinant and
trace of these endomorphisms are bounded, and this easily implies the boundedness of the endomorphisms
themselves. The boundedness of the derivatives follows from [BS| Proposition 1 applied to the equation

A((f§A0,wE)];5Jf - \/__1Aw5 (5140235,15) I;;tl (aAo];?s,t) = I;s,tfs,t-

it suffices to prove that Choose a sequence

uniformly in ;. Write

O

Now we can complete the proof of Proposition [l Fix a smooth test form ¢ € Q'(X,u(E)), compactly
supported away from Z,, UE. Choose 0 < § < 1. For £ > 0 we have:

/<¢, >dvol - /dt/ <¢, >dvolw5

(flow equations) = —/ dt/j{ <¢), (dA;t)* FAE’t> dvol,,,
0 3 3,

(Kdhler identities) = \/—_1/06 dt/f( <¢, (8A§,t - 5A§,t) A, FA?¢> dvol,,_
_ \/—_1/06dt/5(<(8/;§’t 05 ,) 6. Aw Fy: ) dvol,.

By Lemmal[l8 A, F;. . is bounded on the support of ¢ for all j, all e > 0, and all 0 < ¢ < 4, and the bound
may be taken to be indépendent of §. Therefore:

/<¢, — ;) dvol,, <c/ dtH %m)*qs‘

Applying this inequality to a sequence, A . — AJ ¢ in C}

‘/X <¢, Ajs— AJ—> dvol,,,

By the Corollary [7.9] ‘AN — Ay

L'(wo)

oc)

<o [ a|(os,~35.) o

is locally bounded in any L? independently of j. Then

‘/X <¢, A — Aj> dvol.,,

where C' depends only on the L' norm of 949 5Aoo¢ and the bounds on A,_F;. . and ‘A]‘7t — floo‘ In

particular C' is independent of j. Taking limits as j — oo we have:

‘/X <¢, Aos — AOO> dvol,,,

and since § and was arbitrary and /10015 = /1007* for almost all small ¢, this implies /1001* = As. This
concludes the proof of Proposition [[.4land hence the proof of the main theorem.

LY(wo) |

<C6

<C6
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