GL:-REPRESENTATIONS WITH MAXIMAL IMAGE

NATHAN JONES

ABSTRACT. For a matrix group G, consider a Galois representation
p: Gal(Q/Q) — G(2)

which extends the cyclotomic character. For a broad class of matrix groups G, we prove a theorem charac-
terizing when such a representation has image which is “as large as possible” inside a fixed open subgroup
G C Q(Z) As applications, we obtain such a characterization for the Galois representation on the tor-
sion of a simple principally polarized k-dimensional abelian variety A defined over Q (where G = GSpyy,)
and also for the Galois representation on the torsion of a product of k elliptic curves over Q (where
G ={(g1,---,91) € GLE : detgs = --- = detgx}). Our results are motivated by open image theorems for
classes of abelian varieties initiated by Serre in the 1960s.

1. INTRODUCTION

Let K be a number field and let £ be an elliptic curve defined over K. Consider the action of G :=
Gal(K/K) on the n-torsion E[n| of E, which gives rise to a Galois representation

CEmn: Gk — Aut(E[n]) ~ GLo(Z/nZ).

Taking the inverse limit over all n > 1 (ordered by divisibility), one may consider the action of Gk on

Etors = U E[n]v
n=1

obtaining a continuous homomorphism
PEK: G — Aut(Etors) ~ GLQ(Z),
where GLy(Z) = lim GLy(Z/nZ). As discussed in [14], it is of interest to understand the image of ¢p,. . For
—

example, if K = Q, the image pr(Gg)® plays a crucial role in a conjecture of Lang and Trotter which counts
primes with fixed Frobenius trace. (This conjecture is still open, although average versions (see [5] and [4])
have been obtained.)

Serre [18] proved that, when E has no complex multiplication, the image of ¢g, is open in GLQ(Z) (i.e.
has finite index in GLy(Z)). He also noted that ¢, can never be surjective when K = @, because of the
following “cyclotomic obstruction.”

Let us introduce the notation

K(E[n]) := K emen K (the x and y-coordinates of all P € E[n]),
K(Fiors) = K ere _ i (the  and y-coordinates of all P € Eyops).

Serre noticed that if K = Q, then for some positive integer d = dg > 1 we have

Q(VAr) € QE)) N Q(ua)
C Q(E[2) N Q(E[d),
where Ap denotes the discriminant of any Weierstrass model of £ and Q(q) denotes the d-th cyclotomic
field. By Galois theory, this forces ¢ (Gg) € GL2(Z). More precisely, it implies that

(1) #5(Ge) € GLo(Z)y—. == {g € GLa(2) : x(9) = =(9)}

IWhen K = Q, we will denote the Galois representation on Etors (resp. on E[n]) simply by ¢g (resp. by ¢ »).
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where the “signature”
(2) e: GLy(Z) — GLy(Z/2Z) — GLy(Z/27))|GLo(Z)27), GLy(Z/2Z)] ~ {£1}
is the unique non-trivial character of GLo(Z/2Z) pre-composed with reduction modulo 2 and

x: GLy(Z) — 2° — {£1}

A A
is defined by x(g) = (detEg>’ with (E> the Kronecker symbol, i.e. the unique character which satisfies

A
Frob,(vAg) = (Frof) ) v/ AEg for each prime p not dividing d.
P

Serre also gave examples of elliptic curves E over QQ for which “pp has image as large as possible modulo
this obstruction,” i.e. for which

(3) ¢5(Gg) = GL2(Z)y—.

Following Lang and Trotter, we call an elliptic curve E over Q a Serre curve if (3) holds. One has
(4) E is a Serre curve <= [GLy(Z) : ¢p(Gg)] = 2.

It has been shown (see [10], [3]) that “almost all” elliptic curves E over Q are Serre curves (see also [15],
which, building on [6], gives an asymptotic formula for the number of Serre curves of bounded height).

In the present paper, we consider the following generalization of the above. Fix once and for all a level
m > 1 and a subgroup G(m) C GLy(Z/mZ), and let

(5) G = 7} (G(m)) C GLa(2)

be the entire pre-image of G(m) under the canonical projection. Suppose that we have found an elliptic
curve F over Q for which the associated Galois representation maps into G:

(6) vr: Gop — G.

Our goal is to describe the analogue of (1) in this context, thus making precise the notion that “pg has image
as large as possible, given that it lands in G” and allowing us to define the relative concept of a G-Serre
curve; this is Definition 2.9 below. We will then prove a theorem (see Theorem 2.6) which characterizes
G-Serre curves in terms of explicit criteria at finite level.

There is a modular curve X (,,) whose non-cuspidal Q-rational points correspond to j-invariants of elliptic

curves E over Q for which (6) holds (up to GLsy(Z)-conjugation). When the genus of X (m) is zero and
X6 (m)(Q) # 0, one may fix a morphism

f: Al — Xg(m),

and count the rational points tg € Q for which f(ty) corresponds to a G-Serre curve. One may use the
same techniques as in [3] to prove that “almost all elliptic curves in a one-parameter family on X¢(n, are
G-Serre curves” (see Theorem 2.11). As another application, in [11] we use these results to prove that, when
ordered by height, almost all k-tuples of elliptic curves over Q have division fields with composita “as large
as possible.”

Finally, we remark that the techniques used in the current paper are exclusively group-theoretical. Conse-
quently, our results are applicable in a wider context than we have stated here; see Theorem 2.18 in Section
2.1. For instance, in Corollary 2.20, we apply Theorem 2.18 to the Galois representation on the torsion of a
simple principally polarized k-dimensional abelian variety.

2. STATEMENT OF RESULTS

To motivate our definitions, we begin by re-examining (1) in more detail. Let E be an elliptic curve
over Q without complex multiplication and let Ag denote the discriminant of any Weierstrass model of F.
Recall that, thanks to the Weil pairing (see [20]), for any d > 1 the d-th cyclotomic field Q(pq) is contained
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in Q(E[d]). Furthermore, choosing a Z/dZ-basis of E[d] (and thus an imbedding ¢: Gal(Q(F[d])/Q) —
GLy(Z/dZ)), the following diagram is commutative:

Gal(Q(E[d])/Q) —— Gal(Q(1a)/Q)
™) | |
GLy(Z/dz) —=—  (Z/dL)*,
where the unlabeled vertical arrow is the usual (canonical) isomorphism. Since
[GL2(Z/2Z), GLo(Z/2Z)] = (kere (mod 2)) C SLo(Z/27),
we see (assuming ¢g 2(Go) = GL2(Z/2Z)) that

Q = Q(u2) = Q(E[2))*=*/8) C Q(B[2])[Ch=E/2: G220 = Q(/Ap).

Since Q(v/AEg) is an abelian extension of Q, it is contained in some Q(u4), by the Kronecker-Weber Theorem.
This containment, together with (7), implies (1).
This may be re-cast as follows. We will denote by

QY= | J Q(pa)

d>1

the cyclotomic closure of Q and by Q* the maximal abelian extension of Q. By the Kronecker-Weber
theorem, one has Q%° = Q*". Let us denote the Galois representation g simply by . The commutator
subgroup? [p(Gg), ¢(Go)| satisfies

(8) [p(Ga): ¢(Ga)l € ¢(Gg) N SL2(Z).
Furthermore, by Galois theory (and since Q¢ C Q(F}ors)) we have
QY = Qab _ Q(Etors)[“D(GQ)"O(GQ)] > Q(Etors)(p(GQ)mSL2(Z) — Qe

which implies that we must have equality in (8):

[¢(Ga), ¥(Go)] = ¢(Gg) N SL2(Z).
This motivates the following definitions.
Definition 2.1. A subgroup H C GLy(Z) is called commutator-thick if

[H,H] = HNSLy(Z).

Definition 2.2. A subgroup H C GLy(Z) is called determinant-surjective if det(H) = Z*.

Remark 2.3. The above discussion shows that ¢ (Gg) C GLa(Z) is always a commutator-thick, determinant-
surjective subgroup.

As in the previous section, assume now that G C GLQ(Z) is a fixed subgroup of finite index, and that
¢r(Gg) C G. The following definition captures the notion that ¢g(Gg) is as large as possible, given that
it’s a subset of G.

Definition 2.4. We call a commutator-thick subgroup H C G a G-maximal commutator-thick sub-
group of G if [H, H] =[G, G].

Remark 2.5. Suppose that H C G is determinant-surjective and commutator-thick. Noting the exact
sequence
(9) 1 — HNSLy(Z) — H — 7 — 1,

and that the kernel H N SLy(Z) = [H, H] C [G, G, it follows that, if H is a G-maximal commutator-thick
subgroup of G in the sense of Definition 2.4, then H is also maximal (with respect to subset inclusion)

2For a profinite group H, we are defining the commutator subgroup [H, H] to be the closure of the subgroup generated by
its set of commutators {xyz "'y~ :z,y € H}.
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among the determinant-surjective commutator-thick subgroups of G. Furthermore, it follows from (9) and
the corresponding sequence with G replacing H that

HNSLy(Z) = [G,G] « [G:H]= [G NSLy(Z) : [G, G]] .

Thus, Definition 2.4 is equivalent to H having minimal index in G among the determinant-surjective
commutator-thick subgroups of G.

Our main result gives the following theorem, which explicitly characterizes G-maximal commutator-thick
subgroups of G. Recall the set-up: m > 1 is any positive integer, G(m) C GLo(Z/mZ) is an arbitrary
subgroup, and G := 7~ }(G(m)) C GLy(Z) is the full pre-image of G(m) under the natural projection.
Define the positive integer mq by

(10) mo :=lem | 27.3%.5%, [ ¢+l

¢ prime
£lm

Theorem 2.6. With m > 1 and G C GLy(Z) as in (5), let mg be defined by (10). Let H C G be any
subgroup. Then [H, H| =[G, G] if and only if
(11) [H (modn), H (modn)] =[G (modn),G (modn)] (Vn € {mo} U {L prime: £{mp}).

In particular, if H is commutator-thick, then H is a G-mazimal commutator-thick subgroup if and only if
(11) holds.

We remark that, since for any prime ¢ > 5, [SLo(Z/¢Z),SLo(Z/{Z)] = SLo(Z/¢Z) (this follows because
PSLy(Z/¢Z) is simple for £ > 5), Theorem 2.6 is equivalent to the following theorem.

Theorem 2.7. With m > 1 and G C GLy(Z) as in (5), let mo be defined by (10). Let H C G be any
subgroup. Then [H, H] = [G,G] if and only if the following two conditions hold.

(1) For each prime £ not dividing mg, one has SLo(Z/¢Z) C H (mod £).

(2) One has [H (modmg), H (modmg)] = [G (mod myg), G (mod my)].

In particular, if H is commutator-thick, then H is a G-mazximal commutator-thick subgroup if and only if

conditions (1) and (2) above hold.

In applications, it is often useful to have the level mq given explicitly in terms of m, which is part of the
motivation for our theorem.

Remark 2.8. If each prime ¢ which divides m satisfies £ # £ 1 (mod 5), then Theorems 2.6 and 2.7 hold
with

(12) mo = lem | 2333, H g20rde(m)+1

£ prime
£lm

Returning to our original example of an elliptic curve, we make the following definition.

Definition 2.9. Let G C GL2(Z) be an open subgroup. An elliptic curve E over Q which satisfies ¢ p(Gg) C
G is called a G-Serre curve if pp(Gg) is a G-maximal commutator-thick subgroup. If the group G is
understood, one may refer to a G-Serre curve simply as a relative Serre curve.

As an immediate corollary of Theorem 2.6, we will give a characterization of G-Serre curves. For any
positive integer n > 1 denote by G(n) the reduction of G modulo n, viewed as a subgroup of GLy(Z/nZ),
and define the following set of subgroups of G(n):

Me(n) = {H C G(n) : [H, H] € [G(n),G(n)]}.
Note that, for any prime ¢ not dividing my,
Me(t) ={H C GLo(Z/VZ) : SLo(Z/IZ) & H}.
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Also, let X(n) denote the complete modular curve of level n, which parametrizes elliptic curves together
with chosen Z/nZ-bases of E[n]. Let H be a subgroup of GLo(Z/nZ) satistfying —I € H and for which the
determinant map

det: H — (Z/nZ)*
is surjective, and consider the quotient curve Xy := X (n)/H together with the j-invariant
j: Xy — PL

Any z € P}(Q) is in the image of j if and only if there exists an elliptic curve E over Q with j-invariant z
for which ¢ g, (Gg) is contained in a subgroup conjugate to H in GLy(Z/nZ).
We define the following set of modular curves:

Xo=| |J (Xu: He Mg} | U{Xn: H e Ma(mo)}.

¢ prime
Limg

Now suppose we choose the group
G =717YG(m)) C GLy(Z)

as above so that the corresponding modular curve X¢(,,) has genus zero and satisfies X¢(m)(Q) # (¢, and
suppose that
E:y> =23+ A@t)x+B(t)  (A@t),B(t) € Q(t))

is an elliptic curve over Q(¢) satisfying

(13) vr0¢) (Gow) = G-

(Note in particular that E then defines a morphism P! — Xa(m)-) For a real parameter 7' > 0, define the
sets
Fe(T) :={to € Q: H(to) <T, E;,/Q is an elliptic curve},
E non-G-Serre(T') :={to € Fu(T) : E4, is not a G-Serre curve},
Er,xy(T) :={to € Fe(T) : jr(to) € Q is the image under j of a point in Xy (Q)non-cusp. }»

where E}, denotes the specialization of E at to, H(to) denotes the height of ¢y (i.e. if we write tg = a/b in
lowest terms, H(a/b) := max{|a|,|b|}), and j: Xz — P! denotes the j-map associated to Xz. We have
the following corollary of Theorem 2.6.

Corollary 2.10. Let m > 1 and G C GLa(Z) be as in (5), and let E/Q(t) be an elliptic curve satisfying
(13). Then, for any T >0,

&E,non—G-Serre(T) = U EJE,XH (T)
Xu€eXa

Corollary 2.10 allows us to deduce the following generalization of [3, Main Theorem].
Theorem 2.11. Let € > 0 be arbitrary. One has
|(€]E,non—G—Serre(T)| = O]E,S(TIJ'_E).

Since |Fg(T)| < T?, Theorem 2.11 implies that “almost all specializations of E are G-Serre curves.” The
main theorem of [3] gives Theorem 2.11 when G = GLy(Z), and also gives much better bounds in some cases.
The proof of Theorem 2.11 proceeds along the same lines (with Corollary 2.10 replacing [3, Corollary 19]),
and also gives better bounds in the appropriate cases. For the sake of brevity, Theorem 2.11 states only the
weakest form of what one can deduce from Corollary 2.10, and (since its proof is exactly the proof of [3,
Main Theorem], mutatis mutandis) we will not include it in the present paper.
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2.1. The general case. The definitions and theorems we have described apply more generally to the fol-
lowing situation. Let 7 > 1 be a positive integer and let G C GL, be any matrix group, i.e. G is a subgroup
scheme of GL,. Assume further that there is a homomorphism &: G —s GL; for which G(Z) — GL(Z) is
surjective, and let S := ker § denote its kernel, which is also a matrix group. We have an exact sequence

/A 1.

Note that (since they are algebraic groups) the Chinese remainder theorem holds for G and for S:

(14) G62)~ [] 9z, Sz~ [] 8.

¢ prime ¢ prime

1 —— S(Z) —— G(Z)

We will be considering the reductions of G(Z) and S(Z) modulo positive integers, and so we make the
definitions

(15) G(m) := G(Z)(mod m), S(m) := S(Z)(mod m).
It follows from (14) that, for any positive integer m, one has
[T o). st~ T s¢m).
£nellm e |lm

The subsets ggm C M.« (Z¢) and s¢n C M, (Z,) defined by the exact sequences

(16) 1 —— I+0"gm —— G(Zy) —— G(U") —— 1
and
(17) 1 —— I+0"spn —— S(Zy) —— SU") —— 1

will play an important role for us, and in particular, we will consider their reductions modulo ¢. We define
gen (€),80n () C My (Z/LZ) to be the reductions modulo £ of gy and s respectively, so that there is an
exact sequence

1 —— I+ 0spm(l) — SW) —— S¢") —— 1.
It follows from the proof of [17, Lemma 3, IV-23] that we have an increasing sequence of Z/{Z-vector spaces
5(0) C5p2(0) C - Cspn(0) C ... © My (Z/LZ) (£ 0dd)
64(2) Csg(2) C -+ Csan(2) C... C M, (Z)27) (£ =2),

which must stabilize. We will assume that this sequence stabilizes immediately, i.e. we will assume that for
any prime /£,

se(l) = sp2(€) = -+ =5n(0) = - C My (Z/UZ).
Fix now a positive integer m > 1 and an arbitrary subgroup G(m) C G(m), and let
(18) G:={g€G(Z): g(modm) e G(m)}

denote the corresponding finite index subgroup of G (Z) Furthermore, suppose that
p:Ggp — G

is any Galois representation for which dop: Gg — 7 agrees with the cyclotomic character. In this context,
Definition 2.1 may be phrased as follows.

Definition 2.12. A subgroup H C G(Z) is called commutator-thick if
[H,H] = HNS(Z).
Definition 2.4 remains the same, and we replace Definition 2.2 with
Definition 2.13. A subgroup H C G(Z) is called d-surjective if §(H) = Z*.

We remark that (for the same reason as in the GLy case) the image ¢(Gg) must be commutator-thick
and d-surjective.
Following [17, IV-25], we make the following definition.
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Definition 2.14. Given a topological group G and a finite simple group ¥ we say that ¥ occurs in G if
and only if there are closed subgroups G; C G and Go C G with G2 a normal subgroup of G; and such
that G1/Go ~ X.
Let us now make the following assumptions about the groups G and S. Recall that g (£) := g (mod £)

and sgn (€) 1= spn (mod £), with ggn,8pm C Myx.(Zy) as in (16) and (17).

A0 For any prime £ and any n > 1, one has s (£) = s4(¢).

A1 There is a finite set £ of primes such that, for any prime ¢ ¢ L there is a finite simple non-abelian

group PS(¢) and a finite set of surjective homomorphisms

w;: S() - PS(¥)
satisfying the conditions
(19) ¥ normal subgroup N < 8(¢), either N C ker w; for some i, or N = S(¥)
and
(20) V prime ¢, ¢/ # ¢ = PS(¢) does not occur in S(¢').
We will assume for convenience that {2,3} C L.
A2 For any prime ¢, one has
(CD—DC :C,D € gy(l)) =s4(0).
A3 For every prime ¢, s,(¢) may be generated as a Z/¢Z-vector space by a set of matrices {u;} which
satisfy
Vi, u? =0
Vi, I 4+ u; € S(0).
Remark 2.15. The discussion in [17, IV-25] shows that assumption Al implies that in fact, for any prime
¢ ¢ L and any positive integer n,
(21) (V¢ | n, PS(¥) does not occur in S(¢')) = PS(¢) does not occur in HS(ZK/).
on
Remark 2.16. Taken together with the proof of [17, Lemma 3, IV-23], assumption AQ implies that, for
each prime ¢, there is an exponent e, < 3 such that, whenever K C S(Z;) is a closed subgroup and

K (mod ¢¢¢) = §(¢°*), one has K = S(Z;). If £ is an odd prime, one may take e, < 2. Assumption A3
additionally implies that es, e3 < 2, and e, = 1 for any prime ¢ > 5.

Remark 2.17. For all but finitely many prime powers £, we have that G(Z/¢"Z) (vesp. S(Z/¢™Z)) consists
entirely of smooth points. For such primes, it follows that G(Z/("Z) = G(£™) (resp. S(Z/{"Z) = S(L™)),
and also that assumption AQ holds. In particular, assumption AO need only be verified for a finite set B of
“bad” primes ¢ for which G(Z/¢Z) (resp. S(Z/{Z)) contains singular points. For these primes, it is possible
that S(¢™) C S(Z/¢"Z) for some n > 1. In particular, the sequence

1 —— S(m) —— G(m) —2— (Z/mZ)* —— 1

may fail to be exact when m is divisible by a prime ¢ € B.

We now define

(22) mo:=lem [ JJ¢*, [ eordtm+
Lel £ prime
£lm

We will prove the following general theorem, of which Theorem 2.6 is a special case.

Theorem 2.18. Let G C GL,. be any matriz group satisfying assumptions A0, A1, A2, and A8 above, and
for any m € N, define G(m) by (15). Let G(m) C G(m) be any subgroup and G C G(Z) the corresponding
finite index subgroup defined by (18). Define mg by (22). Let H C G be any subgroup. Then [H, H] =[G, G]
if and only if the following two conditions hold.

7



(1) For each prime £ not dividing mg, one has [H (mod{), H (mod ¢)] = [G (mod ¢), G (mod ¢)].

(2) One has [H (modmg), H (modmg)] = [G (mod myg), G (mod my)].
In particular, if H is commutator-thick, then H is a G-mazimal commutator-thick subgroup if and only if
conditions (1) and (2) above hold.

Remark 2.19. Remark 2.16 together with assumptions A1l and A3 imply that for any £ ¢ £ and any n > 1,
one has
[S(e"), S(")] = S(€")
and also
N (mod ¢) C ker w; for some i, or

In particular, condition (1) in Theorem 2.18 is equivalent to

For each prime ¢ not dividing myg, one has S(¢) C H (mod ¢).

In Section 6, we apply Theorem 2.18 to the Galois representation ¢4 on the torsion of a k-dimensional
simple principally polarized abelian variety A over Q, which maps into G(Z) for G = GSp,y, the group of
degree k symplectic similitudes. Fix any subgroup G(m) C GSpy,.(Z/mZ) and let

be the corresponding finite index subgroup of GSp,;(Z). In this case myg is given by

(25) mo = lem 23 . 337 H g?ord[,(mﬂ»l

¢ prime
Llm

Corollary 2.20. Let A be a simple principally polarized abelian variety over Q of dimension k > 2 and
assume that 4 (Gq) C G, where G is as in (24). Define mg by (25). The image pa(Gg) C G is a G-mazimal
commutator-thick subgroup if and only if the following conditions hold.

(1) For each prime £ {mg, one has Spyy,(Z/¢Z) C pa(Gg) (mod?).

(2) One has [pa(Gg) (modmyg), pa(Gg) (modmyg)] = [G (modmy), G (mod myg)].

Finally, we apply our study to the Galois representation ¢g,) on the torsion of a k-tuple (Ey, ..., Ey) of
elliptic curves F; over QQ, in which case the appropriate group G is

G = (GLo)k == {(g1,92,...,9%) € GL : detg; = detgo = --- = det g }.
Indeed, one has
¢, Go — (GL2)X(2).
In analogy with (4), we make the following definition.
Definition 2.21. A k-tuple (F4,..., Ey) of elliptic curves over Q is a Serre k-tuple if
[(GL2)A(Z) : (s, (Go)] = 2~

A Serre k-tuple is a k-tuple for which ¢(g,)(Gg) is as large as possible. In Section 6, we obtain the
following corollary.

Corollary 2.22. The k-tuple (E1, Es, ..., Ey) is a Serre k-tuple if and only if the following conditions hold.
(1) For each prime { > 5, one has SLa(Z/VZ)* C (¢(g,)(Gg) (mod ().
(2) One has [¢(5,)(Gg) (mod 36), ok, (Gg) (mod 36)] = (SL2(Z/36Z) Nkere)k, where € is as in (2).

The special case k = 1 gives the following corollary, which improves [10, Lemma 5] to an “if and only-if”
statement.

Corollary 2.23. An elliptic curve E over Q is a Serre curve if and only if the following two conditions
hold.
8



(1) For each prime £ > 5, one has SLo(Z/lZ) C v (Gg).
(2) One has [¢E,36(Ga), ve36(Gg)] = SL2(Z/36Z) N (ker e (mod 36)), where € is as in (2).

In [11], Corollary 2.22 is used to prove that, when ordered by height, almost all k-tuples (E;) are Serre
k-tuples.

Remark 2.24. The fact that ¢z (Gg) must be commutator-thick is a consequence of the Kronecker-Weber
theorem, and so one cannot draw the same conclusion if E is defined over a number field K # Q. Indeed, as
shown in [7] (see also [21]), there are number fields K and elliptic curves E over K for which ¢g, (Gg) =

GLy(Z), and (by (34) below) GLy(Z) is not commutator-thick.

3. NOTATION AND PRELIMINARIES
Throughout the paper, we will use the following notation. For positive integers n and m, we will write
n | m>
to mean that, for every prime number p, if p divides n then p divides m. The symbols p and ¢ will always
denote prime numbers. We use the usual notation

7 :=lmZ/mZ
—

for the inverse limit of the projective system {Z/miZ — 7Z/msZ : mi,mge > 1, ma | m1}. The Chinese
remainder theorem gives an isomorphism
Z >~ H Ze,
¢

where Z, denotes the ring of f-adic integers. We will often make implicit use of this isomorphism. For any

fixed positive integer m, we will denote by Z,, (respectively by Z,,)) the quotient of Z which corresponds

under this isomorphism to HZZ (respectively to HZg). Given a subgroup H C GLT(Z)7 we will denote
Llm “m

by H,, the image of H under the canonical projection GLT(Z) — GLy(Zm), by H(m) the image of H under

GL,(Z) = GL(Z(s)), and by H(m) the image of H under GL,(Z) — GL,(Z/mZ). We will overwork the

symbol 7, using it to denote any of the following canonical projections:

7: G(Z) — G(Z)
7: G(Z) — G(m)
m: G(mi) — G(ma)  (ma [ m).
As a consequence of the convention mentioned in Section 2.1, G(m) is always equal to the image modulo m
of G(Z), so that each of these maps is surjective. In some cases we will use 7y to denote the restriction of
any of these projections to a subgroup H; hopefully the meaning will be clear from context.
For a pair of elements h and k in any group, we will use the standard notation for the commutator:
[h, k] := hkh™ k™"

For any positive integer M and any prime ¢ dividing M, consider the kernel of the reduction modulo M/¢
map:

LM ( My, (Z/MZ)

¢ \ M, (Z/MZ)

My (Z/MZ)

éMrX T (Z/MZ)

I+ %MMT(Z/EZ) C M,y (Z/MZ),

) C Myor (Z/MT).

In light of the isomorphism ~ M,w(Z/¢Z), we will use the abbreviated notation

M
and refer to I + 714 € Myxr(Z/MZ) when A € M,x,(Z/¢Z), hoping that this will not cause too much
confusion. In particular, we will use g¢(¢) and s,(¢) in the exact sequences

1 —— I+ 0g(f) —— Gty —— Gg(Un) —— 1
9



and
1 —— I+ 0"s5,(0) —— S —— S(¢") —— 1.

4. PROOF OF THEOREM 2.18

In this section, we will prove Theorem 2.18. Note that the “only if” part is trivial, so we will focus on the
“if” part. We remark that many of the essential ideas are already present in the proof of the Proposition on
page IV-19 of [17], wherein a slightly weaker hypothesis than that of Theorem 2.18 is used to deduce that

H is an open subgroup of GLa(Z). We begin with some preparatory lemmas.
4.1. Preparatory lemmas. Our first lemma will be used repeatedly throughout the paper.

Lemma 4.1. (Goursat’s Lemma) Let Go and G1 be groups and G C Gog X G1 a subgroup satisfying
™ (G) = G; (i € {0,1}),
where m; denotes the canonical projection onto the i-th factor. Let N; := m;(G Nkermi_;). Then there is an
isomorphism of groups ¥ : Go/Ng — G1/N;1 (whose graph is induced by G) for which
G ={(90,91) € Go x G1 : ¢(goNo) = g1 N1 }.

Proof. See [16, Lemma (5.2.1)], which shows that the image of G in G¢/Ny x G1/N; is the graph of an
isomorphism . Thus, G C {(go,91) € Go X G1 : ¥(g9oNo) = g1 N1}. Now note that Ny x N7 C G, from
which the equality follows. O

Remark 4.2. When applying Lemma 4.1 in this paper, we will usually formulate the conclusion equivalently
as “then there exists a group @ and surjective homomorphisms ¥g: Gog — @, ¥1: G1 — @ for which

G ={(90,91) € Go x G1 : ¢o(g0) = ¥1(g1)}.”

The following corollary may be viewed as a “fibered version” of Lemma 4.1. Suppose now that Gy and
(G1 are groups, together with surjective homomorphisms

no: Go — R, m:G1 — R
onto a fixed group R. Let
Go xr G1:={(g0,91) € Go x G1 :10(g0) = m(g1)}
denote the fibered product of Gy and G over R.
Corollary 4.3. Suppose that G C Gy xg G1 is any subgroup satisfying m;(G) = G; for i € {0,1}. Then

there is a group @) together with surjective homomorphisms f: Q — R, ¥o: Go = Q, and ¥1: G1 — Q for
which fo; =n; (i € {0,1}), and

G ={(90,91) € Go x G1 : ¥o(g0) = 1(g1)}
Proof. We apply Lemma 4.1 and note that there is a well-defined surjective group homomorphism
f:Q~=G;/N;,—> R (i € {0,1})
9ilNi = ni(g:).
The corollary follows. (]
4.2. Working in G(Z,,,).

Lemma 4.4. Fiz a prime number £, an exponent n > 1, and a pair of matrices C,D € M,«,(Zy). Then
one has

[[+¢"C,I+("D] =1+ (*(CD - DC) + *"E,
where E € My (Zy).

Proof. A calculation, using the series representation (I + ¢"C)~! = —("C + ¢*"C? — {3"C3 + ... verifies
the statement of the lemma. |

Recall that an integer my is called square-full if, for each prime ¢, one has
l | mgy — 62 | mo.

10



Lemma 4.5. Let ¢ be any prime number and let A € M,«.(Z/0Z). Suppose that mq is any positive square-
full integer divisible by £, and in case £ = 2 assume further either that 8 divides mqo or that A? = 0 (mod 2).
Let H C GL;(Zy,,) be any subgroup and let M be any multiple of mo satisfying mg | M | m§°. We then have

I+ %A € H(mg) = I+ %A e H(M).

Proof. The proof is by induction on M, the base case M = myg being trivial. If M > my, then there is a
prime p dividing M for which mg | M/p. By induction, we have that

I+ %A € H(mo) = I+ /pA € H(M/p),
which implies that
/p
(26) I+—= - -pAe H(M/p),

since H is a subgroup.
Case: p # (. We regard H(M) as a subgroup of the fibered product

(27) H(M) C {(ho,hl) cH (f) < H <J‘j> : mo(ho) = m(hl)}

M M M
via the embedding h +— (h (mod M/p),h (mod M/{)). Here, mo: H () — H <£) and m: H (E) —
p p

M
H () are the natural projections. By Corollary 4.3, there must be a group @, a surjective group homo-

tp
morphism f: Q — H (@) and surjective group homomorphisms
M M
¢01H<p)—>Qa 1ﬁ11H<€>—>Q

for which fo; =m; (i € {0,1}) and, under (27),

H(M) = {(ho, hi) € H (f) x H (124) 1ho(ho) = wl(hl)} .

M
Furthermore, since the degrees of my and m; are relatively prime, we see that @ must be equal to H (£>,
p

Y; = m;, and (27) is in fact an equality:
M M
H(M) = {(ho,hl) €EH (p> x H (6) Zﬂo(ho) = Wl(hl)}.

By (26) we have that (hg,hi) = <I +— /p A,I> belongs to the right-hand side above, and this corre-
sponds under h +— (h (mod M/p),h (mod M/?)) to h =1+ (M/¢)A, which therefore belongs to H(M).

M M M M
Case: p = {. Now we have I + e—zA cH <€> Let I+ e—zA—l— TB € H(M) be any lift. In case £ is odd,

M
note that ¢ divides M/¢? (since mg is square-full), and so I + 6—214 = I (mod¥). It follows that

M _\* M \°
<I+£2A+€ > = (I+€2A) (mod M)

=1+ TA(modM).

11



In case £ = 2 and A? %0 (mod 2) note that 8 then divides M /2, so 16 divides (M/4)?, and so we may use
the same reasoning. In case £ = 2 and A% = 0 (mod 2), one computes

M M\ M M?2 M?2 M?
I+—A+—B) =I+—A+MB+—A?>+ —(AB + BA) + — B? (mod M)
4 2 2 16 8 4
M
=1+ 7A(modM).
This concludes the proof of Lemma 4.5. O

The following key lemma is a corollary of Lemma 4.5.

Lemma 4.6. Assume that A3 holds. Let mg be any positive square-full integer and H(mg) C S(mg) any
subgroup satisfying

(28) Ve | mo, I+ %ﬁl(e) C H(my).
Suppose that K C §(Z,) is any closed subgroup for which K (mg) = H(mg). Then we must have
K= 7rg(lzmo)(H(mO))~

Remark 4.7. In case A3 does not hold (in particular if s2(2) cannot be generated as a Z/2Z-vector space
by matrices u; simultaneously satisfying u? = 0 (mod 2) and I +u; € S8(2)), then the same conclusion follows
from the additional hypothesis that 8 divides myg.

Proof. Since K is closed, it suffices to show that K(M) = 7w~ '(H(mg)) € S(M), for any positive integer
M satisfying mg | M | mg°. This is proved by induction on M, the base case M = mg being trivial. If
M > my, then there is a prime ¢ for which mq | (M/¢). By induction, K(M/{) = 7=*(H(mg)) C S(M/¢).
Considering the exact sequence

1— I+ (M/0O)si(l) — S(M) — S(M/l) — 1,

we see that K(M) = n~1(H(my)) if and only if I+ (M/€)s,(¢) C K(M). This last containment follows from
(28) and Lemma 4.5. O

Proposition 4.8. Suppose G satisfies assumptions A2 and A3. Let m > 1 be any positive integer and define
mo by (22). Let G(m) C G(m) be any subgroup and let Gy = wé(lzmo)(G(m)) be the corresponding finite
index subgroup. Suppose Hy,, C Gy, is any subgroup which satisfies
(29) [H (mo), H(mo)] = [G(mo), G(mo)].
Then

[(Hings Himo| =[Gy, Gm,] = 7-‘—;(127”0) ([G(mo), G(mo)]) -

Proof. By Lemma 4.6 (and noting (29)), the proposition will follow from the containment

V| mo, I+ %54(5) C [G(mo), G(mo)).

Define mj, by mo = mj, - £7%(m0) 5o that ¢ { mj), and view G(mg) C G(m}) x G(¢£°74¢(m0)) via the Chinese
remainder theorem. The above condition then becomes

(30 Ve o, {1} x (147 sy(0)) € [Glmo). Glma)] € Glmp) x G(eem)),

To prove this, fix a prime ¢ dividing mg. If ¢ divides m, then since G,,, = Wg(lz )(G(m)), we see that for
mo
any C € g(Zy), one has
(I,1+ "M C) € Gy € Gy % Gy
Likewise, pick (I,1 + (%™ D) € @G,,, for another arbitrary D € g(Z,;). Applying Lemma 4.4 to the
commutator [(I, I+ £*4¢(MC) (I, + ¢°7%(™) D)]  and using assumption A2, we see that (30) is satisfied. If
¢ does not divide m, then similarly one finds that
(I, I +1LC),(I,I + D) € Gy C Gy X G,
for any C, D € g(Zy), implying (30) again by assumption A2. This completes the proof of the proposition. O
12



4.3. Working in G(Z(,,))-

Lemma 4.9. Assume that A1 and A8 hold. Let mqg be any integer divisible by Hﬂ (where L is as in
Lel
assumption A1) and suppose that K C S(Zy,)) is any closed subgroup satisfying

Vltmo, K()=S8().
Then K = S(Z(mo)).
Proof. Since K is closed, it suffices to show that, for each integer M with ged(mo, M) =1, K(M) = S(M).
We prove this by induction on the number of prime divisors £ of M. The base case where M = {" is a prime

power follows immediately from Remark 2.16. For the induction step, suppose that M is divisible by more
than one prime and write M = ¢"M’, where £ M’ and M’ > 1. By induction, we have that

KM =8M') and K({")=S8{").
By Lemma 4.1, there is a common quotient group @, together with surjective homomorphisms
Yo: K(M') — Q, ¢1: K(") — Q,
such that under the isomorphism of the Chinese remainder theorem, we have
K (M) ={(ho, ) € K(M') x K(£") : ¢o(ho) = h1(h1)}.

Now we apply the observation (23) (with N = ker ), concluding that either @ has PS(¢) as a quotient, or
else @ = 1. But since M’ is not divisible by ¢, (21) implies that @ cannot have PS(¢) as a quotient, and so
Q =1and K(M) = §(M), finishing the proof of Lemma 4.9. O

Applying Lemma 4.9 with K a commutator subgroup, and using Remark 2.16, we conclude the following
corollary.

Corollary 4.10. Assume that A1 and A8 hold. Suppose that mq is any positive integer divisible by H l
el
and H(myy € G(Zm,)) is any subgroup satisfying
Ve tmg, S(€) S H().
Then, [Hme), Himo) = [G(Zmo)), G(Zme))l = S(Zmy))-

4.4. Finishing the proof of Theorem 2.18. We will now finish the proof of Theorem 2.18. If H C G is
any subgroup satisfying

Vn € {mo} U {primes £: ¢t mg}, [H(n),H(n)]=[G(n),G(n)],

then by Proposition 4.8, Corollary 4.10 and Lemma 4.1, we see that there is a group () and surjective
homomorphisms g : [Gmgy, Gme] — Q and ¥1: S(Z(,)) — Q for which (regarding H C Hypy X Hpy))

[H, H] = {(ho,h1) € [GMmG"m] X S(Z(mo)) : ¢0(h0) = wl(hl)}-

We now only need to show that @ = {1}. Consider the subgroup kert C S(Z(pn,)), and its projection
ker 1 (¢) C S(¢). By assumption Al, either S(¢)/ker;(¢) has PS(¢) as a quotient, or ker s (¢) = S(¢). If
S(¢)/ ker 11 (£) had PS(¢) as a quotient, then so would @, and hence so would [G,,,, G, ], contradicting (21).
Thus we see that, for each prime £ { mg, ker¢;(£) = S(¢). By Lemma 4.9, it follows that ker ¢y = S(Z,)),
and so @ =1 and [H, H] = [G, G], finishing the proof of Theorem 2.18.

5. EXAMPLES AND REMARKS

Having proved Theorem 2.18, we will give a few examples which illustrate some of the subtlety of this
study. The first example highlights the fact that, even though there may exist a determinant-surjective,
commutator-thick subgroup H of a given finite index subgroup G C GLo (Z), there may nevertheless be no
elliptic curve E over Q for which ¢g(Gg) C G.
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Example 5.1. Let £ be a prime,
G() = {(g Z) b e ZIT; ard € (Z/KZ)X},

and G = 7 1(G(f)) € GLy(Z). Even though there do exist commutator-thick, determinant-surjective
subgroups H C G, Mazur has shown (see [13]) that, for £ > 163, there is no elliptic curve E over Q for which

¢r(Gg) C G. More generally, when the index of G in GLQ(Z) is large enough, one expects that no subgroup
of G arises as ¢g(Gg) for E over Q (see [18, § 4.3] and [1]).

The next example shows that there do exist finite index subgroups G C GLg (Z) which have no commutator-
thick, determinant-surjective subgroups.

Example 5.2. Let ¢ be an odd prime and fix any element e € (Z/¢Z)* which is not a square, i.e. for which

(E> = —1. Let Cps(¢) denote the non-split Cartan subgroup

/
Cos(0) 1= {(z ig’)} C GLy(Z/(Z).

The group G := 7 (Cys(£)) € GLy(Z) has no subgroup H which is simultaneously commutator-thick and
determinant-surjective.

Proof. If there were a commutator-thick, determinant-surjective subgroup H C 7 1(Cps(¢)) then there would
necessarily be a group homomorphism v : Z* — Cys(¢) for which the diagram

X — 1LX
(31) wl redl

Cos(l) =2 (2/02)*
commutes. We will show that such a homomorphism 1 cannot exist. Suppose for the sake of contradiction
that such a ¢ does exist. The group Cps(€) is a cyclic group of order £2 — 1, from which it follows that

factors as

2 s @/em'T) Y W((Z/m'Z)¥) C Cas(),
where ¢ does not divide m/. Let g be a generator of Cps(¢) and consider the image under ¢ of (Z/¢Z)* x {1} C
(ZJ0Z)* x (Z/m'Z)*. By order considerations, we must have

D(ZNML)* x {1}) C (g"),
from which it follows by (31) (since g‘*! is a scalar matrix) that the canonical projection (Z/fm'Z)* —

(Z/0Z)* maps into [(Z/¢Z)*]?, a contradiction. Thus, there is no ¥ making (31) commute, proving the
assertion. g

Remark 5.3. By Remark 2.3, the previous example gives another proof (See also [19, Lemme 17, p. 197])
that
BE/Q for which ¢ (Gg) C Cus(f).

Our third example illustrates, among other things, that the Z/¢Z-vector space V C Mayo(Z/¢Z) defined
by the exact sequence
1—-I+mV—HWm)— H(m)—1

may shrink when we replace m by a multiple of m (thus, care must be taken in Lemma 4.6). Let the
split-Cartan subgroup Cs(Z/¢"7Z) and the Borel subgroup B(Z/{"Z) be defined as usual by

C.(Z/0"T) = {(g 2)} - {(g Z)} —. B(Z)I"T) C GLy(Z/0"T).

Let Xé}l), Xéi): B(Z/t"Z) — (Z/"Z)* be the characters defined by

o ((z v\ ._ @ ((r )Y ._
(G 9) = ()=
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and let us use the same symbols to denote their corresponding restrictions to Cs(Z/¢"Z). Note that, if
7 YCs(Z/0Z)) C GLo(Z/*Z) denotes the full pre-image of Cs(Z/¢Z), then there is a surjective group
homomorphism

w: TN C(ZJET)) — C(Z/1PT)

x4+ 3a 3b [T+ 3a 0
. 3¢ z+43d)) T\ 0 z+4+3d)

Finally, we use Ly: (Z/¢Z)* — (Z/3Z)* to denote the (unique) surjective homomorphism which sends a
generator of (Z/¢Z)* to —1.

Example 5.4. Suppose that G C GLs (Z) is a subgroup with
G(3-7-13) = { (93,97, 913) € C(Z/3Z) x B(Z/T-13Z) : det(gs) = L7 (97)). x5 (98) = L1a(x13 (910))}

It is possible that G(9-7-13) C GL(Z/9 - 7 - 13) is smaller than the full pre-image 7=1(G(3 -7 - 13)) C
GL5(Z/9 - 7-13Z). For example, one could have

G(97:13) = { (99, 97, 013) € 71 (C(Z/3Z)) x B(Z/T-132)) : det(ga) = 0t (97)), X8 (1(99)) = 0133 (913)) }
where 0: (Z/0Z)* — (Z/9Z)* denotes any surjective homomorphism.

Suppose that G = 7~ 1(G(9-7-13)) C GLy(Z), where G(9-7-13) is as above. To see that 7(G(9-7-13)) =
G(3-7-13), note that HE(Xél)(gg)) (mod 3) = £g(xé1)(g¢)) and Xgl)(,u(gg)) (mod 3) = Xz())l)(gg (mod 3)). Also
note that the exact sequence

1= I+3M2y2(Z/3Z) - G(9) = G(3) = 1

has a larger kernel than

1—>I+3.7{<CCL ba) (mod3)}—>G(9-7)—>G(3-7)—>1,

whose kernel is still larger than

0 b

1—>I+3-7~13{<C 0) (modS)}—>G(9-7~13)—>G(3-7-13)—>1.

Remark 5.5. The torsion conductor mg of an elliptic curve E over Q is defined in [9] to be the smallest
positive integer m > 1 for which

¢5(Go) = 7 (pE,m(Ga))-
Example 5.4 indicates that the determination of mg can be quite delicate.

6. THE SPECIAL CASES G = GSp,;, AND G = (GLg)k

For any positive integer k > 1, our study may be applied to the group G = GSp,;, of degree k symplectic
similitudes. This group arises when one considers the action of Galois on the torsion of a simple principally
polarized abelian variety of dimension k. For any commutative ring R, the group GSps(R) of R-valued
points is

GSpoy(R) = {g € GLax(R) : Jc= ¢, € R* with ¢'Qg = 0},
where (2 is the 2k x 2k matrix given in block form by

o 0 I
0 (0 1),

Note that GSp, = GLg, and the k£ =1 case coincides with that of an elliptic curve; this case will be treated
below when considering G = (GLg)X . Therefore, for most of our consideration of G = GSp,,,, we will assume
that k& > 2.

It is well-known that the function

d: GSpy,(R) — R, g+ ¢4
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is a group homomorphism, whose kernel defines the symplectic group Sps;,, which is also a subgroup of SLoy:
Spak(R) = {g € SLak(R) : ¢'Qg = Q}.
Furthermore, if
pa: Gg — GSpyy(Z)
is the Galois representation defined by letting Gg operate on the torsion of A, then (by virtue of the Weil

pairing) o pa: Gg — 7% agrees with the cyclotomic character.
We will now verify assumptions A0, Al, A2 and A3 for G = GSpy.

Lemma 6.1. If k > 2, then assumption Al holds for G = GSpyy, with PS({) = PSpy,(Z/IZ) :=
Spor(Z/EZ) /{£I}, L ={2,3} and a single map

@: Spoy(Z/UZ) — PSpyy,(Z/{Z)
given by the natural projection.

Proof. In [8, Hauptsatz 9.22] one may find the proof that PSp,,(Z/¢Z) is simple in the stated cases. Fix
any normal subgroup N < Sp,,(Z/¢Z). Considering the exact sequence

1 — {£I} — Spo(Z/0Z) — PSpy,(Z/LZ) — 1,

one sees that if N ¢ kerw, it follows that N = Sp,,(Z/¢Z) since the above sequence doesn’t split. Finally,
it follows by considering Sylow subgroups that PSp,, (Z/¢Z) does not occur in Spyy(Z/¢'Z) for £ > 5 and
0" # £, completing the proof of Lemma 6.1. O

Lemma 6.2. Assumptions A0, A2 and A8 hold for the group G = GSpgy.

Proof. Note that, for any n > 1, one has
5zn<£) = {A S Mgkxgk(Z/KZ) . A'Q + QA = 0}

In particular, assumption AO holds. For indices ¢ and j with 1 <14,j <k, let E; ; denote the £k x k block
matrix with a 1 in the ¢-th row and j-th column and with all other entries equal to zero, and set

I B otherwise.
One verifies that
E; 0 0 S;,; 0 0 E;; E;;
R LG L ()] WS ) SO (& B )
0 *Ejﬂ' 1§£gj§k 0 0 1§izé]j§k Si,j 0 1Si%]]§k *Eiﬂ' 7Ei71' 1<i<k

is a basis of 54(¢) as a Z/{Z-vector space. Furthermore, one verifies that for each u; € U, u? = 0 (mod ¢) and
also that I +u; € S(¢). Thus, assumption A3 holds for G = GSp,,.. Now note that

s¢0(0) = {A € Mapwon(Z/IZ) : A'Q+ QA =0}
= Q- Symy, (Z/Z),

where

Symyy (Z/4Z) := {A € Mapwor(Z/lZ) : A' = A}
is the set of symmetric matrices. Consider the Lie bracket

OSymy,, (Z/LZ) x QSymy, (Z/0Z) — QSymy,, (Z/0Z)
[QX,QY] =QX-QY — QY - QX.
Since Q™ 1Symy, (Z/0Z)Q = Sym,,. (Z/0Z), we may replace X with QXQ, so that the Lie bracket becomes
[Q-QXQ QY] = XY + QY XQ.
Writing X andy Y in block form as
X:(élt g) and Y:(gt 1;),
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one computes that

— t ot t "
XY+QYXQ:(AE JD+BF" - I'B BJ—I—JB+AF+FA>

B'E+EB+ DF'+FD —FA+DJ+ B'F—FB!
Taking A=D=FE=J=0and F =E;;, B=EF,; (with i # j), we conclude that

Similarly, taking A=F;;, E=1and B=D = F = J =0 gives us that

(_E,,j 0 > € (CD—DC:C,D € g(l)).

(Eéz 7% ) € (CD—-DC :C,D € go(()).

Taking A = FE,;,, F = E;; (i # j)and B =D = E = J = 0 and similarly B = E, ;, E = E;; and
A=D=F=J=0 gives

0 Ei7j + E‘j’i 0 0 _ .
(o ! >7(Ei7j+Ej7i o) € (CD—DC:C,D e g(l)),

while taking A=F,;;, F=E;,;and B=D=FE=J=0andalso B=E,;;, E=E,;and A=D=F =
J =0 gives
0 2E;; 0 0 .
<0 0 > ) (2E” 0) € (CD —DC :C,D € g,(0)).
This verifies A3 when ¢ is an odd prime. For £ = 2, one uses the fact that

90(0) = {A € Mypyor(ZJIZ) : A'Q+ QA € ZJIZ, - Q},

(0 §)<ca

0 Eii) (0 0 (0 0\(0 E,\_ (0 Ey
0o 0 )\o I o rJ)\o o) \o o)

and a similar calculation verifies that

0 E;; 0 0
(0 0>(E 0)€<CDDC:C’D€M€)>7

)

so that in particular,

Thus,

finishing the proof of Lemma 6.2. (]

As mentioned in Section 2, we may apply Theorem 2.18 to the Galois representation ¢4 on the torsion
of a k-dimensional simple abelian variety A over Q. Fix any subgroup G(m) C GSpy(Z/mZ) and let

_ -1 7
G=mgl  :(Gm) C GSpyy(2)

be the corresponding finite index subgroup of GSp,,(Z). In this case mg is given by

mo = lem 23 . 337 H€20rd1(m)+l
Llm

The following corollary restates Corollary 2.20 from Section 2, which we may now deduce from Theorem
2.18.

Corollary 6.3. Let A be a simple principally polarized abelian variety over Q of dimension k > 2, and
assume that o 4(Gg) C G. The image ¢ 4(Gg) C G is a G-mazimal commutator-thick subgroup if and only
if the following conditions hold.

(1) For each prime £ {mg, one has Spyy,(Z/¢Z) C wa(Gg) (mod{).

(2) One has [pa(Gg) (modmy), p4(Gg) (mod my)] = [G(mo), G(myo)].
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If a k-dimensional abelian variety is a product of elliptic curves, the representation ¢4 maps into a
different group, which we now consider. Define the group (GLg)X by specifying its R-valued points, for any
commutative ring R as

(GL2)A(R) := {(91,92, -, 9x) € GLa(R)" : det(g1) = det(ga) = - - = det(gx)}.
Note that the diagonal imbedding

g1 0 0
(32) (gla927'~'agk) — . . .. .
0 0 e Ok

realizes (GLg)X as an algebraic subgroup of GLgy. Taking 6((g1,g2,.-.,9%)) := detg; to be the common
determinant of any of the entries, one has

S = (SLy)".
We will presently verify the assumptions AO through A3.
Lemma 6.4. Assumption A1 holds for G = (GL2)K, with £ = {2,3,5}, PS({) = PSLy(Z/{Z), and
w;: SLo(Z/0Z)* — PSLy(Z/VZ) (i=1,2,...,k)
given by projection onto the i-th factor followed by the projection SLo(Z/lZ) — PSLo(Z/CZ).
Proof. The well-known fact that PSLy(Z/¢Z) is simple for £ > 5 may be found in [8, Hauptsatz 6.13].
To prove that any normal subgroup N < SLo(Z/¢Z)* must satisfy either N C kerc; for some i or

N = SLy(Z/¢Z)*, we proceed by induction on k > 1. The k = 1 case follows immediately from the fact that
the exact sequence

1 — {£I} — SLy(Z/¢Z) — PSLy(Z/0Z) — 1
does not split. By induction we assume that the statement of the lemma holds for some fixed k£ and now let
N <SLy(Z/¢Z)5 ! be any normal subgroup satisfying N ¢ ker w; for each i. Let 7 : SL’;Jrl — SLIQC be the
projection onto the first k factors and o : SL’Qc+1 — SLy the projection onto the last factor. By induction,
we have that 71 (N) = SLy(Z/¢Z)* and 72(N) = SL2(Z/¢Z). By Lemma 4.1, we have that
N = SLy(Z/tZ)* x g SLa(Z/¢Z)

for some group Q. Either Q has PSLy(Z/¢Z) as a quotient, or Q = {1}. Conjugation by {I}* x SLy(Z/(Z),
one sees that the first possibility contradicts N <ISLy(Z/¢Z)* being a normal subgroup. Thus @ = {1}, and
the induction step is complete.

Finally, we verify that PSLy(Z/¢Z) does not occur in SLo(Z/¢'Z)* for £ > 7 and ¢’ # (. Define the
notation

Occ(@G) := { finite simple non-abelian groups ¥ occurring in G }.
Then for any exact sequence of groups

1—G —G— Gy — 1,

one has
Occ(G) = Oce(G1) U Oce(Ga).
This observation reduces to the case k = 1, which in turn follows from the fact that

Occ(SLa(Z/0Z)) = Oce(PSLy(Z/0Z)) C {PSLy(Z/(Z), As},

where A5 is the alternating group on 5 elements (see [8, Hauptsatz 8.27]). This finishes the proof of Lemma
6.4. O

Lemma 6.5. Assumptions A0, A2 and A3 hold for the group G = (GL2)k.

18



Proof. To verify assumption A2, first note that the imbedding (32) realizes go(¢) as

A, 0 ... 0
0 Ay ... 0
gg(f) = . . . ) Al S MQXQ(Z/KZ),trAl = tI"AQ =...= trAk
0 0 ... Ag
If 7 is odd, we observe that
A O 0
0 =xI 0
N )
0 0 ... af
where 2x = tr A1, and similarly with the other main diagonal entries. If / = 2 then we observe that
A 0 ... 0 B 0 ... 0
0o I ... 0 0O B ... 0
o e s e 22D
0o 0 ... I 0O 0 ... B

(where tr A = 0 and tr B = 1), and similarly for the other main diagonal entries. These observations reduce
us to the case k = 1, which is a special case of Lemma 6.2. This verifies assumption A2. For assumptions
A0 and A3, one takes the special case k = 1 of the basis U occurring in the proof of Lemma 6.2, applied to
each main diagonal entry. This verifies assumptions AO and A3, finishing the proof of Lemma 6.5. ]

As mentioned above, the group G = (GLg)kA just considered arises when one considers the Galois repre-
sentation A

¢ Go — (GL2)X(2)
attached to a k-tuple (E1, Es, ..., Ey) of elliptic curves F; over Q.

Theorem 2.18 gives a criterion for detecting Serre k-tuples (see Definition 2.21) that involves the level
mo = 23-3%-5% = 27,000. With a bit more work, using particular information about GLs, one can improve
this to mg = 22-32 = 36, as follows. First, we observe that Remark 2.8 holds. Indeed, choosing £ minimally
so that Al is satisfied, we may decompose L as a disjoint union £ = Lq U L1, where

V finite simple non-abelian group PS(¢) and V set {w;}
Lo:=1leL: of surjective homomorphisms w; : S(¢) - PS(¥), u{2,3}
AN <98(¢), with Vi N ¢ ker w; and N # S(¢)

and £ := L — Ly. Thus, Ly is the subset of primes in £ for which condition (19) fails (together with the
primes 2 and 3), while £; is the subset of primes in £ for which condition (20) fails.

For the group G = (GLg)K, one has £y = {2,3} and £; = {5}. We now show that, replacing mq with
(12), the proof of Theorem 2.18 still holds in this case. Indeed, the proof of Proposition 4.8 remains valid
for the new value of mg. Furthermore, replacing £ = {2,3,5} with {2,3} in Lemma 4.9, and choosing ¢ in
the decomposition M = "M’ occurring in its proof so that £ # 5, one sees that Lemma 4.9 also remains
valid. Finally, for any prime £ # 5 with ¢ # £ 1 (mod 5), since 5 doesn’t divide | SLy(Z/¢Z)|, the group
PSL3(Z/5Z) ~ As does not occur in SLy(Z/¢Z). Thus, under the hypothesis that no prime ¢ dividing m
satisfies £ = +1 (mod 5), it follows from (21) that PSLy(Z/5Z) does not occur in [G,, Gm,], and so the
proof occurring in Section 4.4 also remains valid. Thus, Theorem 2.18 holds with mg given by (12) when
G = (GL2)%. In particular, this justifies Remark 2.8.

In case m = 1, we may further reduce mg from 23 - 33 = 216 to 22 - 32 = 36. For this, we will need the
following technical lemma. Suppose (G; and G2 are groups together with surjective group homomorphisms

w1 - Gl — A
w9 . G2 — A
onto a common abelian group A. Let G = GG; X 4 G5 denote the fibered product

G =1{(91,92) € G1 x G : w1(g1) = wa(g2)}
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Lemma 6.6. With notation as above, suppose that there exists a subset By C Go satisfying wa(B2) = A
and all of whose elements commute with one another. Then one has

(G, G] = [G1,G1] X [Ga, Ga].
Proof. See [12, Lemma 1, p. 174]. O
We will now use Lemmas 6.6 and 4.6 to deduce Corollary 2.22 from Section 2:

Corollary 6.7. The k-tuple (E1, Es, ..., Ey) is a Serre k-tuple if and only if the following conditions hold.
(1) For each prime { > 5, one has SLa(Z/UZ)* C (¢(g,)(Gg) (mod ?)).
(2) One has [¢(g,)(Gg) (mod 36), ¢(k,)(Gg) (mod 36)] = (SL2(Z/36Z) Nkere)*, where £ is as in (2).

Proof. In this case one has G = (GLa)k and m = 1. Put mo = 36. As in the argument of Section 4.4,
Lemma 4.6 and Corollary 4.10 reduce the proof to showing that

(33) [(GL2(Z/36Z))k., (GL2(Z/36Z))& ] = (SL2(Z/36Z) Nkere)*.
We observe that for any level n, the image of the embedding

(Z/nZ)* — GLy(Z/nZ), x> (‘5 (1))
defines a subgroup By C GLa(Z/nZ) which realizes the conditions of Lemma 6.6 for Gy = (GLa(Z/nZ))%™!
and Gy = GL2(Z/nZ). By induction, we are reduced to verifying (33) in the case k = 1. This case follows
from [12, Theorem 2.1, p. 166] and the discussion on pages 181-183 of [12]. (In fact, these observations
imply that

(34) [GLy(Z), GLy(Z)] = SLy(Z) Nkere,
an index 2 subgroup of SLy(Z).) This finishes the proof of Corollary 2.22. O
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