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ABSTRACT. We consider second order differential operators P with polynomial
coefficients that preserve the vector space Vi of polynomials of degrees not greater
then k. We assume that the metric associated with the symbol of P is flat and that
the operator P is potential. In the case of two independent variables we obtain some
classification results and find polynomial forms for the elliptic As and G Calogero-
Moser Hamiltonians and for the elliptic Inosemtsev model.

1. Introduction

In the paper [1] a transformation that brings the elliptic Calogero-Moser operator

H=A+g> oz —x;), (1.1)

i>j
where g is arbitrary constant, to a differential operator with polynomial coefficients. This
problem is easily reduced to two-dimensional case. Indeed, in variables y;, = x; — %, where
Y = Z?:l x; the Laplacian is given by

0? 2/ 0? 0? 0?

ay?  3\0yi  Oyi  Oyi0ys
The variable Y is separated and we reduce (L) to

1/ 0? 0?
- (L 1.2
=3 <8y% "o 0y10y2> gz oly (1:2)
where y3 = —y; — y2. It turns out that the change of variables
_ ©'(y1) — ©'(y2) _ p(1) — 9(2) (1.3)
0y (y2) — 9(y2)¢' (v1)’ oY1) (y2) — p(y2) ' (1)

and a gauge transformation of the form L — fLf~!, where f is an appropriate function in z, y,
bring (L2) to a differential operator of the form
L = o) gy + M)y + ) g + ) s +elry)ys+ fey) (14
with polynomial coefficients. We call L polynomial form of (L2)). The set of coefficients a, b,
and c is called the symbol of L.
A polynomial form for the elliptic case have been found in [I] by a deformation of known
[2] polynomial form of the trigonometric model. Concerning polynomial forms for the elliptic

Calogero-Moser see [3].
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The goal of this paper is a description and an investigation of a class of operators of the form
(L4) that contains polynomial forms o many operators related to simple Lie algebras [4]. This
class is selected by postulating of some properties of polynomial form for operator (L.2]).

It is clear that for this polynomal form L

1: the contravariant metric g defining by the symbol of L is flat [J
and

2: L can be reduced to a self-adjoint operator by a gauge transformation L — fLf~. [

Furthermore, it can be shown that for some special values of the parameter g in (I.2l)

3: the operator L preserves the vector space V,, of all polynomials P(z,y) such that deg P < n
for some n > 2. O

and that

4: L is invariant with respect to the involution 2 = x, y = —y. U

In Section 2 we consider diffrential operators of second order with one independent variable.
In this case the assumptions 1-2 are automatically satisfied. We describe all operators that
satisfy Property 3. As a result we arrive at the polynomial forms for the Lame operator and
for the more general Darboux operator [5].

Our main goal is to investigate two-dimensional polynomial operators (4] that satisfy
Properties 1-3. In Section 3.1 we describe operators that satisfy Property 3, define an action
of the group SL3 on the vector space of such operators, and find some of invariants for this
action.

In Section 3.2 we find all operators with elliptic and trigonometric symbols (see Definition 1)
that satisfy Properties 1-4. As a result, we arrive at polynomials forms for the elliptic Ay and
G>-Hamiltonians and for the Inozemtsev elliptic model. The As and G polynomial forms are
equivalent to ones presented in [|. The polynomial form for the Inozemtsev model is probably
new. Possibly it can be deduce from the rational form found in [6]. It would be interesting to
find the Hamiltonians in the Schrodinger form corresponding to five trigonometric sysmbols
obtained during the classification.

By miracle, all known operators L satisfying Properties 1-3 turn out to be integrable (i.e.
possess differential operators that commute with L).

It is clear that if a differential operator obeys Property 3, we can find several eigenvalues
and corresponding polynomial eigenvectors by means of linear algebra. In [7] such operators

are called quasi-exact solvable.
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For the elliptic models the flat metric g depends on the elliptic parameter. One of the reasons
why such a metric could be interesting in itself is that families of contravariant metrics with

linear dependence on a parameter are closely related to the Frobenius manifolds [§]
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for useful discussions. He is also grateful to MPIM(Bonn) for hospitality and financial support.

2. Differential operators with one independent variable

Suppose that an order m polynomial operator of the form

Q= alo) o 2.)

preserves the vector space V,, of all polynomials of degree < n, where n > m.

Conjecture (A. Turbiner [9]). Any such operator @ is a (non-commutative) polynomial of

order m in first order generators
Ji=1, J2:_x’ ngx%, J4:x2%—nx. O
Notice that the Lie algebra generated by Ji, ..., Jy is isomorphic to gi(2).

For small m this statement can be straightforwardly verified using the following

Lemma 1. If operator (2.1]) preserves the vector space V,,, where n > m, then the degree of
the polynomial a; is not greater then m + i.

Proof. Define a weighting scheme in the ring of differential operators with polynomial
coefficients by setting weight(x) = 1 and weight a% =—-1.Let @ =" Q;bethe decomposition
of @ into the sum of homogeneous differential operators @);, where weight((Q);) = i. We have to
show that p < m. Indeed, if p > m then Q,(2") = Q,(z" ') = --- = Q,(z"™) = 0. Since the
kernel of the differential operator (), of order m contains m + 1 linearly independent functions,
we get (), =0. 0

It follows from Lemma 1 that any operator P of second order that preserves V,, has the
following structure:

2

d d
P = (a42* + as2® + ao2® + a1 + ao)@ + (b3 + by + by + bo)% + e’ + ez +¢p. (2.2)

Taking into account that P(x™) and P(2"~!) have to be polynomials of degree not greater then

n, we find that the constants in the coefficients of (2.2]) are connected by the following identies

by = 2(1 — n) ay, ca =n(n—1)ay, ¢ =n(ag — naz — by). (2.3)



The transformation group

S$12 + So

Tr — ,
S$3% + S4

P — (s3x + s4) " P(s37 + s4)", (2.4)

acts on the nine-dimensional vector space of such operators. The coefficient a(z) at the second

derivative is a fourth order polynomial, which transforms as follows

1T + CQ)

4
— +
a(x) — (s3z + s4) a(ch o

(2.5)

If a(x) has four distinct roots on the Riemann sphere, we call the operator P elliptic. In the

elliptic case using transformations (2.5]), we may reduce a to
a(x) =4z(z —1)(xr — K),

where k # 0,1 is the elliptic parameter.

Define parameters ny, ..., n; by identities

bo = 2(1+2n,), by = —4((/% 1) (g + 1) + Ko + n3>, by = —2 (3 + 20, + 200 + 2n),

1
n= —§(n1 +ny+nz+ng), ns=co+na(l—mng)+knz(1—mnz)+ (n1 +n3) + k(ng +ny)?

Then the operator H = hPh™!, where

has the form

> d(z) d ni(l —ny)k  no(l —no)(1—k) mn3(l —n3)r(k—1)
(SL’)@ —2 %+n5+n4(1—n4)x+ n + r—1 + r— r .

After the transformation x = f(y), where f? =4f(f — 1)(f — k) we arrive at

d? ni(l—=ny)k  ne(l—mn9)(1—k) n3(l—n3)r(k—1)
H=— 1-— )
dy2+n5+n4( ng) f+ 7 1 + Fn
Here n; are arbitrary parameters. When n = —%(nl + ny + ng + ny) is a natural number, the

initial polynomial operator (2.2]) preserves the finite-dimensional polynomial vector space V.
Another form of this Hamiltonian (up to an additive constant) is given by
2
H = d—y2+n4(1—n4) o) +n1(1=n1) p(r+wi)+n2(1—n2) p(r+ws) +n3(1—n3) p(r+wi +ws),
where w; are half-periods of the Weierstrass function p(z). If ny = ny = ng = 0 we get the

Lame operator. For generic case H defines the so called Darboux-Treibich-Verdier model [10].



3. Two-dimensional case

3.1. Structure of operators having Property 3. The following statement describes the
vector space of differential oparators we are dealing with.
Theorem 1. An operator L of the form (I.4]) with polynomial coefficients satisfies Property

3 iff the coefficients of L have the following structure

a = qzt + @iy + riy?® + kad 4+ kay + kszy? + a12? + asxy + asy? + aux + asy + ag;

b= q’y + @2y + gy’ + %(kﬂ?’ + (k1 + ks)x®y + (ko + ke)zy® + k‘3y3) +
biz? + bywy + b3y? + byw + bsy + b;

c = qr®y? + @y’ + @yt + kaxy + ksay? + key® 4+ 12 + cory + csy® + e + ey + ¢
d=(1-n) (2(q1x3 + @y + qzwy?) + krx? + (ko + ks — kg)zy + k3y2> + dix + doy + ds;
(1—n) ( (1 2%y + qoay® + qzy®) + kax® + (ks + ky — k) oy + k‘gy2> + e + exy + e3;

f=n(n-1) (C_Ililf2 + gy + qzy? + (kr — k1)z + (ks — kﬁ)y) + fi.

(3.1)

Proof. Define a weighting scheme in the ring of differential operators with polynomial

coefficients by setting weight(x) =weight(y) = 1 and Weighta% = weighta% = —1. Let L =

> o L; be the decomposition of L into the sum of homogenecous differential operators L;,

where weight(L;) = i. Let us prove that m < 2. In other words we are going to show that the

degrees of polynomials a, b, ¢ in (LL4)) are not greater then 4, the degrees of d, e are not greater
then 3 and the degree of f is not greater then 2. Let

0? 0? 0? 0 0

55 T 28 Ty Thg, T

I — il
m = 0xdy + 78y2 ox

If m > 2 then it follows from Property 3 that L,(2y’) = 0 for i + j = n,n — 1, n — 2. Identities
Ly(z") = Ly(2™ ') = Ly(x" %) = 0 imply a = v = A = 0. It follows from L,(y") = L,(y"™ ') =
L,(y"?) = 0 that v = u = 0. Now the identity L,(yz""') = 0 leads to 8 = 0. Thus, m < 2.
It is easy to verify that the conditions Ly(x'y’) = 0 for i + j = n,n — 1 and L,(z'y’) = 0 for
i+ j = n are equivalent to (B.I]). The operator L, contains 3 parameters ¢;, in L; we have 8
parameters k; and Lo, L_1, L_5 are arbitrary. [

Remark 1. It is easy to verify that (B.1) is equivalent to the fact that L is a quadratic

polynomial in generators

0 0 0 0 0 0
J=——, Jo=—— Js—SC%, J4—y%7 J5—$a—y7 Jﬁ—ya_yv



0 0
Fr=alegstygo—n), Js=ylegotygo—n) (3.2)

These operators form a Lie algebra isomorphic to si(3). O

Operators J; in the case of arbitrary number k of independent variables have been presented
in [2]. The Lie algebra generated by them is isomorphic to sl(k+1). Apparently, any polynomial
operator that preserves the vector space of polynomials V,, for sufficiently large n is a polynomial
in the generators J;. Following the line of proofs of Lemma 1 and Theorem 1, one can easily
prove the following statement toward this conjecture.

Theorem 2. Suppose differential operator of order m

L= Y ay.,08 0"
i1+t <m

with polynomial coefficients preserves the vector space of all polynimials in 1, ..., z; of degree
< k, where k > m. Then deg (a;,. ;) <m+i1+ -+ i O

The dimension of the space of all operators of the form (B.I]) equals 36. The group SLs acts

on this vector space as follows

P
- ) y_R7

L=RT"LR" .
In R"LR", (3.3)

where P, (@), R are first degree polynomials in z and y. The SLj3 representation defined by
formula (33) is a sum of irreducible representations with representation spaces V;, Vo and V3
of dimensions 27, 8 and 1 correspondingly. The vector space V; is spanned by coefficients of the

symbol. As a basis in V5 one can choose

1 :5]{37—]{75—71{?1, ) :5k8_k2_7k67 XT3 :5d1+2(n— 1)(2@1"‘()2),
T4 :561+2(n—1)(261+02), Ty = 5d2+2(n— 1)(2b3+a2), Tg :562+2(n—1)(203+bg),

x7 =bd3+2(n—1)(ag +b5), xg=>es~+2(n—1)(by+ cs).

The generic orbit of the S L3 action on V5 has dimension 6. Two polynomial invariants of this

action are given by
]1 = l’% — X3Tg + l’g + 35(74255 + 3(n — 1)(:171.]77 + LUQ.CL’g),
and

Iy = 223 — 32216 — w3l + 2x) + 94w5(T3 + 26)+

9(n — 1)(x12377 + Towers — 2010677 — 2T2T3T8 + 3Tox4T7 + 3T1T5Tg).
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Assume now that an operator L given by (B.I]) obeys Property 4. Then the coefficients of L

have to satisfy the additional symmetry conditions
a(x, _y) = a(x, y)> b(I’ _y) = —b(l’, y)> C(I’ _y) = C(I’ y)a
d(SL’, _y) = d(xvy)v 6(5(7, _y) = —6(25, y)7 f(xv _y) = f(:&y)
This symmetry is not destroyed by a subgroup

ar + 8 Y

x:7x+5’ y:7x+5’

ab — fy=1. (3.4)

of the group (B.3) isomorphic to SLy. Transformations L =c¢L+c¢ and § = cyy are also
allowed.

Transformations (34 act on 15-dimensional vector space of coefficients of polynomials a, b, c.
The representation spaces for irreducible components of this S Lo-representation have dimensions
5,3,3,3,1. Let us write the coefficients a,b and ¢ in the form

a= P+ Qy b= 1(P’—R)y—i—lQ/yg, c=S+ <iP”— 1R'—l—T)yz—l—lQ”y‘l. (3.5)
4 2 12 4 2
where deg P =4, deg@ = deg R = deg S = 2, and degT = 0. Then the coefficients of these
polynomials correspond to irreducible components. Namely, under transformations (3.4) each
of these polynomials changes by the rule

M),

U(x) = (ya + 6)*=Y U(W —

(3.6)

Definition 1. Symbol ([B.5) of operator L is called elliptic if the polynomial P has four
different roots on the Riemann sphere. It is called trigonometric if P has the only one double

root. Sometimes we will call operators with elliptic (trigonometric) symbols elliptic (trigonometric).
U

In the elliptic case we may reduce P(z) to one of the following forms:
P(z)=xz(z —1)(z — K) or P(z) = (2* — 1)(2* — k)

by transformations (3.4)). In the trigonometric case we may assume without loss of generality

that
P(x)=z(x —1) or that P(z) = (2* — 1)2°.
Example 1. For any constants « # 0, 5, A trigonometric operator (L4 with coefficients

a =242 +y*) +ax® + By’ b=uay(a® + ) + (@ = Blry, c=y* (=" +y?) + B2° + v,

d=2(n—1)z(\— 2% —y?), e=2(n— 1Dy — 2% —y?), f=nn-1)(2*+y%
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satisfies Properties 1-4. The operator possesses the discrete group of symmetries isomorphic to

Dy, generated by the reflections

T— =T,y =, T =T,y — -, T =Y,y —>T. (3.7)

3.2. Classification of flat symbols. The contravariant metric associated with an operator
of the form ([L4]) is defined by

gt=a, g =g"=0b g =c (38)

This metric is flat iff Ry 219 = 0, where R 2 2 is the only non-trivial component of the curvature

tensor. This is equivalent to an identity of the form

2 <bzam — 2abbyy + aCpp + 2bcag,, — 2(b* 4+ ac)byy + 2abcy,+
(3.9)
c*ay, — 2bchy, + bzcyy> x D + first order terms = 0,

where we denote by D(x,y) the determinant a(x,y)c(x,y) — b(x,y)% In this paper we assume
that D # 0.
Example 2. The elliptic symbol

a= (2 =1)(2* — k) + (2* + K) ¥°, b=azy(x* +y*+1—2k), (3.10)

c=(k—1E@* =)+ @ +2-r)y" +y'

is flat. It defines a linear pencil of polynomial contravariant flat metrics [§].

The main observation our classification is based upon is the following

Lemma 2. Suppose that a,b,c are given by ([B.H) with P(x) # 0, S(x) # 0 and the
corresponding metric (B8] is flat; then any root of the polynomial S is a root of the polynomial
P.

Proof. Substituting (3.3) to (3.9) and setting y = 0, we get

P(—4P52P”+8PSP’S’+SQP’2+4P52R’—4PRSS’+8PQSS”—12P25’2+16QS3—R252> =0

It follows from here that S is a divisor of P2S". If the roots of S are distinct this proves the
statement. If S has a double root, then substituting S = S?, where S; is a polynomial of first
order, into above expression, we find that S; is divisor of P2S;2. [

In the elliptic case without loss of generality we set P(z) = z(x — 1)(z — k). The polynomial
P has the roots 0, 1,00, k, which can be arbitrarely permuted by some transformations (3.6]).
It follows from Lemma 2 that there are two alternatives:  A: S has a multiple root, which is
one of the roots of P; and  B: S has two distinct roots. We may put S = oz? in Case A

and S = ox(r — 1) in Case B. The constant ¢ can be normalized to 1 by a scaling of y.



9

In both cases seven unknown coefficients of the polynomials @), R, T can be easily found from
the system of algebraic equations equivalent to (3.9).

Proposition 1. In Case A the condition R;2;9 = 0 is equivalent to

Pla) = a(e - )& —r),  S(z) =2 R(x):—g(x2—2x+3fi—2/<ax),

1
Q(l’)=§(2—l’+1+l{2—/€l’—l{), T=0 0O

Proposition 2. In Case B we get
P(z) =x(z —1)(z — k), S(x) =x(x —1), R(z) = =3(2? — 2Kz + K),

1 1
Q(:ﬂ):§(9§2—2/€x+2/€2—/@), T:§(2/€—1). O

It is easy to verify that the symbol from Proposition 2 can be converted into the symbol (3.10)
from Example 2 by a transformation of the form (B.4]).
Consider now the trigonometric case P(z) = (z — x0)*(x — z1)(z — x3). According to Lemma

2 we have the following non-equivalent possibilities:
a: S)=(z—n)% b: S(z)=(x—x)(r — x2),

c: Sx)=(r—a)(x—x1), d: S(z)= (v —x)>
Without loss of generality we fix xy = 00,21 = 0,29 = 1 or, in other words, P = z(z — 1).

Proposition 3. In Case a there exists only one trigonometric symbol given by

1 D
P=x(x—1), S=a2a? Q:§, R:§(3—2x), T=0 0O

Proposition 4. In Case b we get

2
P=xz(zx—-1), S=z(z—-1), Q=1 R=3(1-2x), T:—g, O
Proposition 5. In Case ¢ we have
1 1
P:,’L’(Zlf—l), S:LU, in, R:?), ng O

Proposition 6. In Case d there exist two families of trigonometric symbols depending on

arbitrary parameter o. Up to scalings they are given by
a(z,y) =x(x — 1), b(x,y) =0, c(z,y) =1+ oy?
and by
a(z,y) = (22 - 1)’y +o(42® — 4o —y?), blz,y) =22 - 1)y (1+y?), clz,y) =41 +y")"

O
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3.3. Property 2 and linear terms for elliptic symbols. Property 2 means that we can
reduce L to a potential form

L=A,+U
by a gauge transform L = hLh™' with a proper function h. Here A, is the Laplace-Beltrami

operator corresponding to the metric (B.8]). It is easy to show that it is possible iff the coefficients
of ([I.4)) satisfies the relation

) (be — cd + cfag +by) = b(by + Cy)> (3.11)

dy D
B g(bd —ae + a(b, +¢,) — b(a, + by))
Oz D ’
where D = ac — b?. Properties 1 and 2 guaranty that L can be reduced to the form

by a gauge transform and by a proper (complex) change of variables.

Notice that given polynomial symbol of operator (L4]), (81l), condition (B.I1]) is equivalent
to a system of algebraic linear equations for the coefficients of polynomials d and e. So, for any
symbol from Section 3.2 we can easily found admissible d and e. The coefficient f is uniquely
defined up to an additive constant by formulas (B.1I).

For example, for the elliptic symbol from Proposition 1 condition (B.IT]) leeds to

1
d:§(1—n) (3(5:62—4£L’—4HSL’+3H)+(2$—1—I<L)y2>,

e:g(l—n)y<9x+y2—6m—6), f:%n(n—l)(&c—l—yz).
Therefore, in this case we have no arbitrary constants in d and e except for the coupling constant
n and the elliptic parameter k.

However there is a non-trivial observation concerning parameters in d and e. Due to the
involution y — —y the symbol admits the transformation = x, 4 = y?. For polynimial symbol
thus obtained we can again find addmissible d and e. It turns out that now they contain an
additional parameter becides n and x ! We consider the corresponding model in the next Section

in details.

4. Ay and G elliptic models

Applying the transformation 7 = z,7 = y* to the symbol from Proposition 1, we get a new

polynomial symbol with

1
a:x(x—1)(x—/~€)+§(1—z—l—x2—/{—/{z—l—/{2)y,



1 1
b:§(7a72—8x—8/€x+9/€)y+§(2x—1—/@)yz, (4.1)

4 4
c:4x2y+§(4x—3—3/{)y2+§y3.

The determinant D for this symbol is given by

D= _% K, K = ksy® + 6kyy® + 9kyy + 108k,

where
ks = (k— 1) ko=2—1)(z — k),
ky=(k+1)2* +2(k* —dx + Dx — (k — 2)(k + 1)(2k — 1),
ki = 2* +8(k + 1)2® — 2(4K? + 23k + 4)2° + 36K(k + 1)a — 27K

The transformation ¥ = x, §j = y? changes the weighting scheme in the ring of differential
operators. For the new variables we have weight(z) = 1, weight(y) = 2, weighta% = —1 and
weighta% = —2. Denote by W,, the vector space spanned by monomials z'y?, where i + 25 < n.

Theorem 3. An operator L of the form ([4)) with polynomial coefficients preserves W,,,

n > 4, iff the coefficients of L have the following structure

a = kix* 4+ kox?y + ks + kyay + a1y + agr? + asw + ay;
b = 2k123y + 2koxy? + kay? + ksat + kex?y + bizy + box® 4 bsy + bax® + by + bg;
¢ = 4k12%y? + dkoy® + dksady — 4(ks — ke)xy? + c1y? + coya®+
c3xt + caxy + csx® + coy + crx? + csT + cy;
d=(1-n) <2k:1933 + 2kowy + k4y> 4 kpa? + dix + dy;
e=2(3—2n) <k1x2y + koy? — kgscy) +2(2—n) <k5:c3 - l{:ﬁxy> + 2krzy + €1y + €27 + e3x + ey;

f=n-1n <k1x2+k2y—k3x> —nkx+ f1. O
(4.2)
We will skip the "spectral"parameter f; in all futher formulas.

Writing L in the form (£2), where a,b and ¢ are defined by (41, we find that condition
(B.I1) implies
1
d= §(1 —n)(6xr+y)2xr—1—K)+ g(:EQ — 2x — 2Kx + 3K),

2 2
e= §(9:c2 + 12zy + y* — 9y — 9ky) + ;(BIQ +ay —y — KY)+
2(n—1
%(9932 — 152y — 2y + 9y + Iky),
—1
f= M(szty) — e,

9 3
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We see that this formulas involve an extra parameter s.

Introduce parameters m; by identities

n = —3m; — mo, s =14 3mq + 3ms.
Then
x? P?
th_l = Ag + m2(1 — mg)— + 3m1(1 — ml)? + A (43)
Yy

Here A, is the Laplace-Beltrami operator, h =K %y%, and

P=32"-6(k+1)2*+ (y + ry + &)z — 2(k* — k + 1)y,

Kk+1
3

Now we are to find a transformation of the form = = ¢(y1, y2), ¥y = ¥(y1,y2)* that brings A,

to the form (cf. (L.2]))
AL (5’_2 L& )
3\t Oyi  Oyiyx)

Loking for a transformation of the form of formal series

A:

(3my + m2)(1 + 3my + 3my).

Y= Z @i(y2)u1, Y = Zwi(?ﬂ)yi,
i=0 =1

we find several first coefficients of these series in terms of g and its derivatives, derive a first
order ODE for ¢g, and after all write the transformation in the following closed form
o= JW () = F(1)* (o) = 12 (f(yl)f(yz)(f(yl) - f(yz))>2
F) f(y2) = fy) f'(y2) F) f(y2) = fy) ' (y2)
where f? =4f(f —1)(k — f). Under this transformation the operator (£3]) becomes
1 (02 0? 0?
5 (ot * 02~ oo

H: ) +v(y17y2>7

where
V = (m = D (9(ys — 12) + 9(201 + 1) + 991+ 200) )+

(mg — 1)m2
3
This is just the elliptic Gy Calogero-Moser model [4]. The elliptic A;-model corresponds to the

(0lon) + o) + oy +11)).

special case mo = 0. The invariants of the p-function are related to the parameter k as follows

ggzg(m2—m+1), g3:—2£7(m—2)(f<c+1)(2/<a—1).

The polynomial form of the Go-model preserves W, if n = —3m; — my  is a natural number.
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5. The Inozemtsev elliptic model
In this section we investigate the model related to the symbol from Proposition 2 written in
the form (3.I0). Polynomials d and e for symbol (3.I0) depend on three arbitrary parameters
becides n and . But due to D,-symmetry the symbol admits the transformation z = 22, § = y%.
As a result of this transformation and a scaling we get
a=z(x—1)(z—kr)+ (1 —kr)z(z+ k)Y,
b=a(x+1-2x)y+ (1 —kK)zy?
c=1-2)y+@+2-r)y¥*+ (1 —r)y
For this symbol we still may use the anzats of Theorem 1.
It follows from (B.I11]) that
d=Mz(x+y—ry)+X(14+y—ry)+pz,
e=MNy(r+y—ry)+A3(z—1)+quy,
f=Mz+y—Ky)+ X,
where
kp+ (1 —r)g+ M2k — 1) + Xa(2 — k) + A3(1 — £2) = 0.
Thus, d and e depend on five arbitrary parameters ! Define constants m, ng, ni, no, n3 from

relations
21 =3+ 4m + 2ny + 2ns + 2ng3, 2o = k(1 4 2ny), 2X\3 = —1 — 2ny,
—2X\y = no(1 4+ 4m + 2ng + 2ny + 2n9 + 2n3),
2p = —1 — 3Kk — 4km + 2ny — 4kn; — 2ng — 2kn09 — 2n3,
29 =4 — 3k +4m — 4sm + 4ny — 2601 + 2ng — 4kng + 2n3.
Let us put L = —4L, where L is the operator (L4)) with the polynomial coefficients defined

above. Reducing the operator L to the Schrodinger form by the transformation

B )RR VIV ) R

k—1

)

where
fP=4f(f = (f - »),
and by a proper gauge transformation, we get

H =&+ 2m(m = 1) (e + ) + ola =) + D miln = D(pla +w) + oly + )

where wy,wsy are the half-periods of the Weierstrass function p(x), wo = 0, and ws = w;y + ws.
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This is so called Inozemtsev BCy Hamiltonian [I1]. Its polynomial form preserves Vj if

k= —%(2m+ S )

is a natural number.
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