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Andriy Bondarenko*, Danylo Radchenko, and Maryna Viazovska

Abstract
For each N > C4t% we prove the existence of a well-separated

spherical t-design in the sphere S% consisting of N points, where Cy

is a constant depending only on d.
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1 Introduction

In this paper we will discuss the interrelation between several classical opti-
mization problems on spheres S¢ such as minimal equal-weight quadratures
(spherical designs), best packing problems, and minimal energy problems.
For d = 1, a regular polygon is an optimal configuration for all of these prob-
lems. However, for d > 2 exact solutions are known in very few cases. Even
asymptotically optimal configurations are sometimes very hard to obtain (see
for example Smale’s 7th Problem [1§]).

We will prove the existence of certain configurations in S¢ which are

spherical t-designs with asymptotically minimal number of points and that
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simultaneously have asymptotically the best separation property. These con-
figurations also provide approximate solutions for several other optimization
problems.

Let S¢ = {z € R™ :|z| =1} be the unit sphere in R™™ equipped
with the Lebesgue measure py normalized by ug(S?) = 1. A set of points

x1,...,on € S%is called a spherical t-design if

1 N
[P ) = 5 3Pl

for all polynomials in d+1 variables, of total degree at most ¢. The concept of
a spherical design was introduced by Delsarte, Goethals, and Seidel [9]. For
each d,t € N denote by N(d,t) the minimal number of points in a spherical
t-design in S¢. The following lower bound

((d+k d+k—1 )
(P9 (T

2(d+k) 4= 2%k 41,
“\ g

(1) N(d,t) > <

is proved in [9] (see also the classical monograph [§]). On the other hand,
it follows from the general result by Seymour and Zaslavsky [17] that spher-
ical designs exist for all positive integers d and t. The method of proof
used in [17] was not constructive and authors did’t indicate an upper bound
for N(d,t) in terms of d and ¢. First feasible upper bounds were given by
Wagner [19] (N(d,t) < C4t%") and Bajnok [3] (N(d,t) < C4t°?). Ko-
revaar and Meyers [12] have improved these inequalities by showing that
N(d,t) < Cyt(@+D/2 They have also conjectured that N(d,t) < Cyt?. Note
that () implies N (d,t) > c4t?. Here and in what follows we use the notations
Cya, Lg, etc. (cq, Ag, etc.) for sufficiently large (small) constants depending
only on d.

Korevaar and Meyers were motivated by the following problem coming

from potential theory: How to choose N equally charged points z1,...,xy
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in S? to minimize the value

Ur(x1,...,xx) := sup € (0,1)?

|z|=r

X
NX;M'—L —1

The classical Faraday cage phenomenon states that any stable charge dis-

tribution on the compact closed surface cancels the electric field inside the
surface. According to this model the minimal value of U, should rapidly
decay to 0, when N grows.

It was shown in [12] that if the set of points zi,...,zx is a spherical
t-design for some t > ¢N'/? then

Ur(z1,...,2n) < paN?.

The estimate is optimal up to the constant in the power.

Recently we have suggested a nonconstructive approach to obtain an opti-
mal asymptotic bound for N(d, t) based on the application of the topological
degree theory; see [4, [5]. We have proved the following
Theorem A. For each N > Cyt? there exists a spherical t-design in S?
consisting of N points.

This implies the Korevaar-Meyers conjecture.

Now we will give the definition of a well-separated sequence of configura-
tions. A sequence of N-point configurations Xy = {x1y,...,zyy} in S¢is
called well-separated if

1/d
(2) 1<r2r<ujriN|sz —xn| > ANV

for some constant Ay and all N > 2. The inequality (2)) is optimal up to the
constant \y. That is, there exists a constant L, such that for any N-point

configuration {xy,...,zn}

min _|x; — x| < LgN =<,
1<i<j<N

Many authors have predicted the existence of well-separated spherical -

designs in S?¢ of asymptotically minimal cardinality O(t¢) as t — oo (see,
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e.g. [2] and [1I]). Moreover, in [II] it was shown that if such spherical de-
signs exist then they have asymptotically minimal Riesz s-energy. In this
paper we prove the existence of above mentioned spherical designs. Our

main result is:

Theorem 1. For each d > 2 there exist positive constants Cy and Ag depend-
ing only on d such that for eacht € N and each N > Cyt¢ there exists a spher-
ical t-design in S consisting of N points {x;}N, with |v; — z;| > N\gN~V4
fori# 7.

Theorem [I] is a natural generalization of Theorem A. The paper is orga-
nized as follows. In Section 2 we will reduce Theorem [I] to the construction
of a certain N-tuple of maps x1,...,Xy : P, — S% Then in Section 3 we will
prove several auxiliary results concerning area regular partitions of sphere S¢
and spherical Marcinkiewicz-Zygmund type inequalities. Finally in Section 4

we will construct the maps xy, ..., xy, proving Theorem 1.

2 Application of topological degree theory

We will use the approach similar to that of [4]. Let P; be the Hilbert space

of polynomials P of degree at most ¢t on S¢ such that
/ P(x)dug(z) =0,
Sd
equipped with the usual inner product
(P.Q) = [ P)Q)duta).

By Riesz representation theorem, for each point € S? there exists a unique
polynomial G, € P; such that

(G, Q) = Q(z) forall Q € Py.

Then a set of points x1,...,zy € S¢ forms a spherical t-design if and only if
(3) Gy + -+ Gy =0.
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The gradient of a differentiable function f : R4*! — R is denoted by

ﬁ_<ﬁ of
Or "~ \0&™ " O

For a polynomial ) € P; we define the spherical gradient

VQ@>:7%(QQ%))

Now we will use the following result from topological degree theory [15, Ths.
1.2.6 and 1.2.9].

Theorem B. Let f : R" — R" be a continuous map and €2 an open bounded
subset, with boundary OS2, such that 0 € Q C R". If (z, f(x)) > 0 for all
x € 0N, then there exists v € Q satisfying f(x) = 0.

We will apply Theorem B to the following open subset of a vector space P

)7 x2(§1a"'>€d+l)'

(4) Q:{PePt

memwm<@.

Observe that if continuous maps x; : P, — S¢, i = 1,..., N, satisfy for
all P € 00}

ZP(XZ-(P)) > 0

then there exists a spherical t-design on S? consisting of N points. To this
end let us consider a map f : Py — P, defined by

f(P) = GX1(P) T+t GXN(P)‘

Clearly
N

(P, f(P)) =) P(xi(P))
i=1
for each P € P,. Thus, applying Theorem B for the map f, vector space
Py, and the subset 2 defined in (@) immediately gives us the existence of a
polynomial P € Q such that f (ﬁ) = 0. Hence, by (3), the images of this

polynomial x;(P), ..., xy(P) form a spherical ¢t-design in S consisting of N
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points. If additionally there exists a constant A; such that |x;(P) —x;(P)| >
AN~V foralli # j, and P € Q, then the above mentioned spherical t-design
is well separated, proving Theorem [l

The maps x;, 7 = 1,..., N, will be constructed in Section @] below.

3 Area-regular partitions and convex sets

For z,y € S% denote by dist(x,y) = arccos((z,y)) the geodesic distance
between x and y. Also for a set A C S define the geodesic distance between
x and A as follows
dist(x, A) = inf dist )
ist(2, A) = inf dist(z,y)

Recall that a spherical cap of radius r with center at x € S? is the set
Az, r) = {z € S dist(x, 2) <71}

Below we will use extensively the notion of an area-regular partition. Here
is the definition.

Let R = {Ry,..., Ry} be a finite collection of closed sets R; C S? such
that UM, R; = S% and pg(R; N R;) =0 for all 1 <i < j < N. The partition
R is called area-regular if py(R;) = 1/N,i=1,...,N. The partition norm
for R is defined by

|IR|| = maxdiam R = max max dist(z, y).
ReR ReR z,yeR

It is easy to prove using isodiametric inequality that each R; has diameter
at least cgN =4, Therefore, |R|| > c4N~? for each R. However for some
Cy and each N € N there exists an area-regular partition R = {Ry,..., Ry}
of S% with diameter at most C;N~Y¢. Such area-regular partitions are used
for many optimization problems where a well distributed set of N points
on a sphere having no concentration points is needed (see e.g. [1], [6], [14],
and [13]). In this paper we need area-regular partitions of small diameter
with additional constraint of geodesic convexity. A subset A C S¢is geodesi-

cally convex if any two points z, y € A can be connected by a geodesic arc
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contained in A. The partition R = {Ry, ..., Ry} is said to be convez if each
set R;, i1 =1,..., N, is geodesically convex. First we will prove the existence

of convex area-regular partitions of “small” diameter.

Proposition 1. For each N € N there exists a convex area-reqular parti-
tion R = {Ry,..., Ry} such that |R| < K4N~Y¢, where Ky is a constant
depending only on d.

The following construction for the sphere S? and N = 6n?, where n € N,
is given by Alexander in [I]. Let us first explain his simple and elegant proof.

We begin with a spherical cube, and consider one of its facets. Using n—1
great circles from the pencil determined by two opposite edges we can cut the
facet into n slices of equal area. Each slice can be cut into n quadrilaterals of
equal area using great circles in the pencil in the other pair of opposite edges
of the face. The diameters of the quadrilaterals are of the right magnitude.

This construction has an obvious generalization to higher dimensions.
Start with the appropriate spherical hypercube, then divide each face into n
equal pieces, and so on. In this way we obtain a convex partition of S¢ into
2(d + 1)n? parts of diameter at most Cy/n.

Now we generalize the approach of Alexander to prove Proposition [l for
all N € N. For each m € N and a vector with positive coordinates a =
(a1,...,ay) € RY denote by P(a) the m-dimensional rectangle [—ay,a4] x

- X [=Qm, am]. Also, a measure dn(x) = a(x)dx defined on P(a) is said to

be M-uniform if

a(r) < Ma(y) forall z,y € P(a).
To prove Proposition [Il we need the following lemma.
Lemma 1. Let a € R with

Q;
max — < B
1<4,j<m a;

and dn be a M-uniform measure defined on P(a). Then for each N € N

there exists a partition of P(a) into N m-rectangles Py, ..., Py with facets
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parallel to the corresponding facets of P(a) such that

) [ = [ o)

(6) diam P, < C(m, B, M)a; N~Y/™
forallt=1,... N.

Proof. We will prove the lemma by induction on m. For m = 1, first we

choose a point t; € [—ay, a;] such that

/ i) = [ dnto)

Then similarly we choose ty € (t1,a1] such that

| i@ = [ anto

—ai

and so on. Finally, we get the partition of P(a) = [—aj,a1] into N segments
P =[—ay,t1], Py = [t1,ta],. .., Py = [tn-1, a1] satisfying (B by its definition.
Moreover, M-uniformity of n implies (@) with C'(1, B, M) = 2M. Assume
that the lemma is true for m = [ — 1. Let us prove it for m = [. Put
k=[N s=[N/k],and r = N —ks. Also for a fixed a = (ay,...,q) € R,
denote by Pi(a) the rectangle [—aj,a1] X ... X [—a;—1,a;-1]. To obtain a
required partition of P(a) first we choose step by step points —a; = ty <
t1 <...<tp_1 <t = q such that

s+1
/ dw) =" [ dnta)
[ti—1,ti]x P1(a) P(a)

foralli=1,...,r, and

S
/ anw) = [ dnta)
[ti,1 ,ti] x Py (a) P(a)
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foralli =7r—+1,... k. Clearly,

2(s+1)

(7) t: — tiiq| < Ma; < AN"Y'BMa,.

Consider the following measures on P;(a)
dn;(x) = ay(x)dx,

where
t;
(8) Oél(.ilf) = ozi(xl,...,xl_l) = / Oé(l‘l,...,l’l)dflfl
ti—1

for all (xq,...,2;-1) € Pi(a) and ¢« = 1,...,k. Clearly, each 7; is 2M*-
uniform. Hence, by induction assumption for each ¢ = 1,...,k and N; € N
there exists a partition of P, into N; rectangles P;q,..., P, n, with facets

parallel to the corresponding facets of Pj(a) such that

) [, i@ = [

»J

and
(10) diam PZ,] S C(l — 17 B’ M)ale—l/(l—l)

forall j =1,...,N;. Choose N; = s+ 1fori=1,...,r and N; = s for
i=7r+1,..., k. Consider the following partition of P(a) into N rectangles

B,jx[ti—lati]a Zzl,,]{?,jzl,,NZ

By ([8) and (@) we immediately get that

/ dn(x) = /
Pi,jX[tifl,ti] P;

foralli=1,...,kand j = 1,..., N;. So, for this partition (&) holds. Finally,
combining ([7) with (I0) we get (@) for some constant C(l, B, M). Lemma [I]
is proved. O

1 1
dn;(z) = N b )dm@) = N /P( )dn(x)

2J



Now we are ready to construct the required convex area-regular partitions.

Proof of Proposition[1: We may assume that N > 8d?. First we consider the
case when N is even. For a (d+1)-rectangle P(a), a € S¢, denote by Fy;_;(a)
its facet z; = a; and by Fy;(a) its facet v; = —a;, i =1,...,d + 1. One can
naturally associate with P(a) a convex partition { Ry (a), ..., Ragi2(a)} of S¢,
where R;(a) = g(Fi(a)), and g(x) = z/|z| for all x € R\ {0}.

Consider a one-parametric family of (d + 1)-rectangles P(a,), where

/1—)\2 /1—)\2
a,\—

Now we will choose such a A = A(N) that our required convex area-regular

partition could be obtained as a subpartition of {R;(ay),..., Rogr2(ax)}-
Consider the function G(\) = pg(Ri(ay)). Clearly, G(1/v/d + 1) = 1/(2d+2)
(in this case P(a,) is a hypercube). On the other hand R;(a,) is contained in
the spherical cap A((1,0,...,0),arccos A). Therefore, we can estimate G(\)
from above as

G(A) < pa(A((1,0,...,0),arccos A)).

Below we will use the following inequalities: for all d € N and N > 8d?

N/2 —d([N/(2d +2)] + 1) < 1
N —2d+2

wa(A((1,0,...,0),arccos(1—1/10d)) <

The left hand side inequality is very rough. We need this inequality with any
constant strictly less than 1 and depending only on d in place of 1 — 1/10d.
Now, by continuity of G there exists

(11) A€ [1/vVd+1,1—1/10d]

such that

N/2 —d([N/(2d+2)] + 1)
N :
By symmetry arguments pq(R1(ay)) = pa(Ro(ay)) and

G(\) =

[N/(2d +2)] + 1

pa(Rz(ax)) = ... = pa(Reata(ay)) = N
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For each i = 1,...,2d + 2 consider the unique measure 7; on Fj(ay) such
that 7;(E) = pa(g(F)) for each measurable set £ C Fj(ay) (this is indeed
a measure, since g is one-to-one). Clearly, (II)) implies that each n; is M-
uniform for large enough M,. Choose

N/2 —d([N/(2d+2)] + 1)

Ni:
N

fort=1,2

and N/(2d+2)] +1

N
Now applying Lemma [I] for each d-rectangle F;(a,) with measure n;, i =

fori=3,...,2d + 2.

1,...,2d 4+ 2 we can get corresponding partition of F;(ay) into N; rectangles

P, ; such that
dni(x / dni(x
o 0= 5

for y =1,..., N;. Moreover,
(12) diam P, ; < Cy;N V4,

By its definition pq(g(P;;)) = 1/N,i=1,...,2d+2, j =1,...,N;. Now
we observe that each ¢(P; ;) is a geodesically convex closed set. Indeed, the
image under the map g of a line segment contained in F; is a geodesic arc on
sphere S?. Therefore, the image of the convex set P; ; is geodesically convex.
Finally, the estimate diam g(P; ;) < Cy N~/ follows from (1) and (I2).

Now it remains to prove the proposition in the case when N is odd. To
this end we apply the same argument, with only difference that we replace
(d + 1)-rectangles P(ay) by another family of polytopes @ ,. Namely, for
A€ (0,1) let @y, be the convex hull of 277! vertices

1—)\2 1— A2 1—p? 1 — p?
(e F o f ). (s )

Consider the map ¢ : [—1, 1] — Q, ,, given by

+
2 2 2v/d 2vVd
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where t; € [~1,1] and t € [-1,1]%. Let Fy,..., Fagys be the facets of
[—1,1]%"! numbered as before. As in the case of even N we can choose
A€ [1/v/d+1,1—1/10d] such that

pa(go o(Fy)) = (N-1)/2~ d(%\f/(Qd +2)]+1)

and then choose p € [1/v/d + 1,1 —1/10d] such that

salg 0 d(Fy)) = N E V2= d(KfV/@d +2)] + 1)

Now by the symmetry argument for ¢ = 3,...,2d + 2

N/(2d+2)] +1
palg o o(R)) = L ECEHEL
Consider the pull-back measures 7; on F; defined by n;(E) := p4(g 0 ¢(E))

for any measurable subset £ C F; (this is a well-defined measure, since g o ¢

is a.e. one-to-one). Clearly, each n; is My-uniform for large enough M,,
1 =1,...,2d + 2. Applying again Lemma [I] to the measures 7; we get the
corresponding area-regular partition of S¢. Also, the map ¢ has a useful

d+1 is

property that the image of a hyperplane parallel to a facet of [—1, 1]
again a hyperplane. Therefore the partition is convex. Finally Lemma [II
provides that the diameter of this partition is at most KyN~Y¢ for some Ky

large enough. O

Remark. The fact that R is convex easily implies that each R;, 2 =1,..., N,
contains a spherical cap of radius by N~/<,

The following Theorem C states that an arbitrary large enough and well
distributed set of points is “almost” an equal weight quadrature formula in
S% see [14, Theorem 3.1].

Theorem C. There exist constants rq > 0 and By > 0 such that for each
integer m > By, each n € (0,1), an arbitrary convex area-reqular partition
R = {Ri,..., Ry} with [|R|| < n*2, and each collection of points x; € R;,

1=1,..., N, the following inequalities
N
1
(13) (=) [ IP@ldua) < 5 1P < 1+ 0) [ 1P@ldnato)
=1
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hold for all polynomials P of total degree at most m.

To prove Theorem [I] we need the following lemma.

Lemma 2. For each n € (0,1), an arbitrary convex area-reqular partition
R:{Rl,..., nf—cil-l’
i, ¥ € Ry, 1 =1,..., N, the following inequalities

and any two collections of points

1) 52 IVPE) — VP < 8dy [ |VP@) duta),
(19

(1—sd) / VP difa) < 5 3| TP(0)] < (1+5d) / VPG dpal),

hold for all polynomials P of total degree m > By. The constants rq and By

are given by Theorem C.

Proof. First we will prove (I4). Since |[VP| = \/ P?+ P2 |, where
P, ePpifori=1,...,d+ 1, we have
L N d+1
(16) ~ > |VP(z;) — VP(y;)| < ZZ |P;(x:) — P;(y:)].
i=1 i=1 j=1

Now, for each ) € P,,;1 we will estimate the value

¥ 2l - Qo

Let I; be the set of indexes ¢ = 1,..., N such that the value Q(z) has the
same sign for all x € R;, and I5 be the set of all other indexes, that is the set
of i =1,..., N, for which there exists a point z € R; with Q(x) = 0. Let I3
be the set of indexes i = 1,..., N such that |Q(z;)| > |Q(y;)|. Put z; := z;,
if i € I3 and z; := y; otherwise. Put t; :=y;, if ¢« € I; N I3, and t; := x;, if
i € 11\ I3. For i € I, let t; be a point in R; such that Q(t;) = 0. We have

© D106 Q) = 5 Y IR -5 Y1)+ Y100 QM)

zeh zeh 2612
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< =Y leE) - & S lew) + = 310G - = Q)

iely zeh 2612 2612

S%ZIQZZ ZIQ

where z;, t; € R;; i =1,..., N. Thus, by (I3]) we have

210 — Qi < 41 | Q) drta).

So, the inequality (Il implies

d+1

NZIVM TPy < 41 Z/ V@)l dps(o) < S | VP&t

This proves (I4]). Now by the mean value theorem there exist y; € R; such
that

1 .
IV = / VP()\dpala), i=1,....N.
R;

Finally, we obtain the inequality (I5) from (I4]) and the following easy in-
equalities

1 N 1 N N
% 2 IVP(:) —NZ — VP(y)| < + Z
i=1 i=1 i=1

N

%Z VL) + — D IVP @) — VPl

=1

The following lemma is crucial to construct the maps x;,...,xy : Py —
S? in the next section.

Lemma 3. For x € S denote by T, the space of all vectors y € R¥™ with
(x,y) =0. Let R C S be a closed geodesically convex set with diam R < /2.
Then for each interior point x € R and y € T, \ {0} the following holds:

14



(i) there exists a unique Tyax € R with (Tymax, y) = max,er(z,v);

(ii) the map M, : T, \ {0} — R given by y — Tmax is continuous on T, \ {0};
(i11) for each w € R and a geodesic v : [0, 1] — R with ¥(0) = Tmax, 7(1) = w
the function (y,~v(h)) is decreasing on [0, 1].

Proof. Consider an orthogonal projection p : R4 — T, given by
p(z) =z — (x, 2)x.
Clearly,

(17) (2,9) = (p(2),9)

for all z € R.
Denote by S = p(R) the image of R under the projection p. Since
dist(z, z) < m/2 for each z € R, then p is a homeomorphism between R

and S and the inverse map is given by
ptu) =u++/1—|uPz, uwes.

Now we will show that S is a strictly convex subset of T}, i.e. for each pair
of distinct points u, v € S and each h € (0,1) the point hu + (1 — h)v is an

interior point of S. To this end we note that
(18) p ' (hu+ (1 —h)v) = hp~'(u) + (1 — h)p~ ' (v) + ax,

where o > 0. We will use the following simple statement:

If wy, wo € S% are such that (wy,ws) > 0, and ws = ayw; + aswy € S¢ for
some o, g > 0, then ws lies on the shortest geodesic connecting wy and w,.
This statement and the fact that p~'(u), p~'(v) € R immediately imply
that 2/|z| € R, where z = hp~'(u) + (1 — h)p~'(v). Hence, applying again
the statement for z/|z| and x we get by ([I8)) that p~'(hu + (1 — h)v) € R.
Moreover, since z is an interior point of R, and o > 0, then p~*(hu+(1—h)v)
is an interior point of R as well, and therefore hu + (1 — h)v is an interior

point of S.
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To prove (i) we will use the known fact that a nonconstant linear function
given on a closed strictly convex subset in R? attains its maximum in a unique
point. Using this fact we get that there exists a unique zy.x € S such that
(Zmax, ¥) = Max.cg(z,y). Finally, by (IT) we get that Zmax = P~ (Zmax)-

Now we will prove (ii). Since p is a homeomorphism it suffices to show
that the composition map p o M, : T, \ {0} — S is continuous. Note that
(y,p o M,(y)) = max,es(y, z). Since S is a closed strictly convex set then for
each € > 0 there exists § = d(g) > 0 such that for all v € T, with |[v—y| < ¢
the diameter of the set {z € S|(v, z) > (v,p(M.(y)))} is less than . Hence,
Ip(M,(y)) — p(M,(v))| < e. Thus, the map p o M, is continuous at y, and so
is M. This proves (ii).

Finally, we prove part (iii) of the lemma. Let G be the great circle con-
taining . and w. There is a unique point Wy, € G such that (y, wyay) =

max.ec ¢(y, z). Now for each z € G we have

(19) (¥, 2) = (¥, Winax) (2, Winawx)-

Hence the scalar product (y, z) is increasing on both geodesic arcs connecting
—Wmax and Wyay. The geodesic v : [0,1] — R is an arc of G. To prove
(iii) it is enough to show that both —wyay and wy.x are outside of the arc
~v. The point wp., is outside of v by the definition of x,... Moreover,
(Y, Tmax) > (y,x) = 0. Therefore, substituting z = zyax to (I9) we see that

(zmaxa wmax) > 0. Hence,
diSt(zmax> _wmax) > 7T/2

Finally, the fact that diam R < 7/2 implies that —wp,.x is outside of v as
well. Thus, the function (y,v(h)) is decreasing on [0, 1]. O
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4 Proof of Theorem 1

Fix t € N. In Section 2 we explained that it is enough to construct an

N-tuple of continuous maps xi,...,xy : P, — S¢ such that

N

1
~ > P(xi(P)) >0

i=1

for all P € 09 and
dist(x;(P),x;(P)) > AN~ Y4 1<i<j<N,

for all P € €, where Q is given by (@).
Fix €,0,7 > 0. Consider the function

tle ift<e,
g:(t) :== '
1 otherwise.
Let N > td(%)d and R = {Ry,..., Ry} be an area-regular partition pro-
vided by Proposition [Il For each : = 1,..., N choose a point x; € R; such

1/d

that R; contains a spherical cap of radius byN~"/* with center at x;. Recall

that ||R| < K4N~V4,

Let P € P;. By Lemma [3] for each ¢ = 1,..., N there exists a unique
zi = zi(P) € R; satisfying
(20) (z;, VP(z;)) = max(x, VP(x;)),

TER;

provided that VP(z;) # 0. In the case VP(x;) = 0 put 2z, = z;. Let
Viwoz) © 10,1] = R; be a geodesic connecting z; and z;. We assume that
the curve 7, . has an equal-speed parametrization, i.e. the derivative with

respect to parameter h satisfies |, . (h)| = dist(z;, z;) for h € (0,1). Define

(21) Xi(P) = Yayzq) (1= 0) ge(| VL (2i)])) -

By the definition of g. the map x; : P, — S? is continuous in a small
neighborhood of the set {P € P;|VP(z;) = 0}. On the other hand, part (ii)
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of Lemma [l implies that x; is continuous on the set {P € P, : VP(x;) # 0}.
Thus the maps x1,...xy are continuous in P;. The following Lemma [4] will
finish the proof of Theorem [II

Lemma 4. There exist constants €,0,n depending only on d such that for
each N > td(%)d the N-tuple of maps x1, ..., Xy : Py — S¢ defined by (1))

satisfies the following properties:

(22) 3 P(P) > 0

for all P € 09 and
(23) dist(x;(P),x;(P)) > \gN~ Y4 1<i<j<N,
for all P € ().

Proof. Fix P € P;. For each @« = 1,..., N choose 2;max € R; such that
P(%imax) = maxX,er, P(). Denote y; o := Vg, 2 (9:(|VP(2;)])), where z; and
v are as in (2I)). We can split the sum (22)) into four pieces

24) © D0 PP = 5 D Pl

+ % ;(P(zl) — P(Zi,maX>>

_|_
==

(P(yic) = P(z))

1

-
Il

_|_

==

(P(xi(P)) = P(yic))-

=1

We will estimate each of these sums separately.

Clearly,
N N
(25) N Z P(Zimax) = Z / (P(Z@max) — P(x))d,ud(x).

18



Now note that if 2; max & OR; for some i = 1,..., N then VP(2;max) = 0,
therefore

(26) P(z;max) — P(x) > min | VP(y)| dist(z, OR;)

yeR;

foralli=1,...,N and z € R;. Let A; be a spherical cap of radius bgN /¢
contained in R;. Since |R|| < K4N~'/? we obtain that

(27) / dist(x, OR;)dpug(x) > /A dist(x, 0A;)dpg(x) > dm,

0 1

for some constant [3;. Thus, it follows from (28) and (26) that

1 o IRl
NZP(%,W) > Z n| VP(y)
i=1

Since by Theorem [l we have ||R| < nrq/(t + 1), using Lemma 2l we arrive
at

N

@) 52 Pl > IRl A1 = 8a0) [ |VP(@)] duta).

i=1

Next we estimate the sum

Let v:[0,1] = R; be a geodesic connecting z; and z; max. We can write

PGimed = P() = [ (VPG (), (1) dh > .

By Lemma [3 (iii) the inequality (7/(h), VP(x;)) < 0 holds for all h € (0, 1).
Thus, we have

1

/O(VP(V(h))W/(h))th/ (VP(y(h)) = VP(x:),7'(h)) dh

0

S/o |VP(y(h)) — VP(x;)| |7 (h)| dh < diam R; maX|VP( ) — VP(z;)|.

z€eR;
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Using Lemma [2] we arrive at

N
1
(29) 5 DI P(sima) — Pl2)] < |[R| 8 /Sd | VP ()| dpa()-
i=1
Now we estimate the third sum in the left-hand side of (24)). Recall that

2 for [VP(x;)| > ¢

Yie =
VP(z;)|/e) otherwise.

7[%‘,21’](

Hence, we obtain

(P~ P() = (P(2) = P(=))
i=1 i:| VP (z;)|<e

Since z; and y; . are both in R;, we can write an obvious estimate
|P(yie) — P(%)| < diam R; max | VP(z)].
TER;
Foreachi =1,..., N choose w; € R; such that | VP(w;)| = max,eg, | VP(x)|.

Then
1

~ 2 |VPw)l<
©:|VP(z;)|<e
1 1
v > (VP@)-|VPE) )ty Y (VP VP@)).
| VP(x;)|<e :|VP(z;)|>e

Thus, Lemma 2] implies that
1
v Y IVP@)l <e+sdn /S |V P(2)| dpral).

| VP(z;)|<e

Hence, we arrive at

B0 |5 D0 (P — P(:)

<IRI s+ 840 [ | 1VP(@)]duta)
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It remains to estimate the sum

% Z(P(XZ(P)) = P(yie))-

The distance between x;(P) and ;. is less than 0 | R|. Hence,

% ;@(xi(P)) - P(yi,e))‘ < w ; max |V P(x)].

Using again Lemma [2] we arrive at

(31)

L3 (Px) - Plyi)
N <4

< IRI6 (1 +8an) [ |VPLa)] dula)
Sd
Now for P € 09, we get by 24)), [28), (29), ([B0), and (B1)) that
(32) 5 D2 PO(P) 2 IRI(E(1 —8dn) — Sdy — (Sdy -+ <) — 5(1 -+ 8a).

Take n = £4/(48d),d = (4/3 and € = [33/12, where (3, is provided by (27]).
Without loss of generality we may assume that 5; < 1. Thus we get

Ba(1 — 8dn) — 8dn — (8dn +¢) — o(1 + 8dn) > 0,

which together with (32)) imply (22]).

It remains to show the separation property [23). Fix P € Q and i €
1,...,N. By the definition 1)), x;(P) is in R;. Thus to prove [23) it is
enough to show that dist(x;(P), OR;) > \gN~'/? for some constant \y. Recall
that x;(0) = x;, and R; contains a spherical cap of radius r = bgN~'/¢ with
center at x;. The main reason why z;(P) is “far away” from the boundary

OR; is because x;(P) lies on the geodesic 7, »,), where z; € R;, and

We will also use the fact that R; is geodesically convex and contains a spher-

ical cap of “big” radius with center at x;.
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Denote by T, the space of all vectors in R orthogonal to z; and let

p: R — T, be the orthogonal projection
p(z) =z — (x;, 2)x;.
As we have pointed out in Lemma [B] the image S; = p(R;) is a convex subset
in 7},. Clearly,
dist(x;(P), OR;) > distenc(p(x:(P)), 05;),

where distey(2,0S;) stands for the Euclidean distance between point z and
the set 0S; in T,,,. The point p(x;(P)) lies between the points p(x;) = 0 and

p(z;) on the line connecting them. Thus we have

(33) Ip(x;) — p(2;)| = sin(dist(z, 2;)),
and
(34) Ip(z;) — p(x;(P))] < sin((1 — 0)dist(z;, 2;)).

Moreover, the fact that R; contains the spherical cap A(z;,r) implies that
(35) disteuc(p(x;), 0S;) > sinr.
Finally we note that the function diste,.(z,0S;) is concave on S;. Therefore
by ([B3)-B5) we get

dist(x;(P), 0R;) > gsinr > NN~V

which implies (23). Lemma [is proved.
U
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