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ON ”OBSERVABLE” LI-YORKE TUPLES FOR INTERVAL MAPS

HENK BRUIN AND PIOTR OPROCHA

ABSTRACT. In this paper we study the set of Li-Yorke d-tuples and its d-
dimensional Lebesgue measure for interval maps T': [0, 1] — [0, 1]. If a topolog-
ically mixing T" preserves an absolutely continuous probability measure 9with
respect to Lebesgue), then the d-tuples have Lebesgue full measure, but if
T preserves an infinite absolutely continuous measure, the situation becomes
more interesting. Taking the family of Manneville-Pomeau maps as example,
we show that for any d > 2, it is possible that the set of Li-Yorke d-tuples has
full Lebesgue measure, but the set of Li-Yorke d + 1-tuples has zero Lebesgue
measure.

1. INTRODUCTION

Abundance of Li-Yorke pairs (see [26] and Definition below) is a frequently
used criterion for declaring that a dynamical system 7: X — X on a compact
metric space (X, p) is chaotic. A milestone was the result that positive topological
entropy implies the existence of an uncountable scrambled set, i.e., a set in which
every pair of distinct points has the Li-Yorke property [6]. However, 2°° maps (i.e.,
with periodic points of period 2* for each k& > 0, but no other periods) have zero
entropy, but they can still have uncountable scrambled sets [37], so that Li-Yorke
pairs give a slightly more refined view on mathematical chaos than the condition
that ]’Ltop(T) > 0.

Multimodal interval maps never have closed invariant scrambled sets, and it can
be proved that C® multimodal interval maps with nonflat critical points only have
scrambled sets of Lebesgue measure zero, see [12]. In view of these results, when
speaking about ”observable chaos” it is more reasonable to consider the size of the
set of Li-Yorke pairs, than scrambled sets themselves. This idea comes from Lasota,
and was first employed by Pidrek in [34].

Various papers (see e.g. [4, [12]) comment on the measure-theoretic properties of
Li-Yorke pairs and scrambled sets. In particular, [12] gives a comprehensive account
in the setting of smooth multimodal interval maps T': [0,1] — [0, 1], on questions
whether Li-Yorke pairs have full two-dimensional Lebesgue measure Ay := A X A
in [0,1]2. Under certain mixing conditions of X (exactness suffices but we use the
weaker condition of limsup full, see Definition this is indeed the case. One
question left open in [I2] is whether there are smooth conservative maps for which
Ag-a.e. pair (z,y) is Li-Yorke and additionally its orbit under T' x T' is not dense
in [0,1]2.
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The topic of this paper is the d-fold measure of Li-Yorke d-tuples. We give the
definitions first. Let (X, p) be a compact metric space and T: X — X a continuous
map acting on it.

Definition 1.1. A d-tuple x = (21,...,24) is called:
(1) asymptotic if lim, max; ; p(T"(x;), T™(x;)) = 0;
(2) proximal if liminf, max; ; p(T™(z;), T"(z;)) = 0;
(8) 6-separated if lim sup,, min,;¢; p(T" (x;), T™(x;)) > 0; if x is 0-separated for
some § > 0, we call it separated;
(4) Li-Yorke (LY for short) if it proximal and separated, that is:

lim inf,, max; ; p(T"(x;), T™(x;)) = 0,
{lim sup,, min;; p(T" (z;), T"(x;)) > 0.
(5) 6-Li-Yorke (or simply, 6-LY) for some § >0, if z is LY and:
limnsup Iln?gl p(T" (), T" () > 0.

We denote by LYy and LYd‘S the set of all LY and §-LY d-tuples, respectively. Also
we use Ty as abbreviation for the d-fold product map T x --- x T on X¢.

It is known that a transitive system with a fixed point has a LY d-tuple for any
d > 2 [43], and consequently, every totally transitive system with dense periodic
points (hence topologically weakly mixing) must have such tuples. It is also not
hard to see that T has LY d-tuples if and only if 7™ has them for every n > 1.
Therefore, each transitive map on the interval must have LY d-tuples. In fact,
every topologically mixing map on an infinite space has a dense Mycielski set M
such that any d > 2 distinct points in M form a LY d-tuple (see e.g. [24]). On
the other hand, maps of the interval with zero topological entropy never have LY
3-tuples [23]. However, there are dynamical systems on the Cantor set such that
each d-tuple of distinct points is LY, but no uncountable set with this property for
(d+ 1)-tuples exists [24]. In fact, the system need not have LY (d + 1)-tuples at all
[15].

The main motivation of the paper is the following question.

Question: How large is the set of LY d-tuples?

Obviously, there is no one good answer to this question without specifying what
”large” means. In purely topological case it would be a residual set. But in many
cases, e.g. on the interval, there is a natural reference measure such as Lebesgue
measure. Even with this natural tool at hand, the answers depend on the degree of
smoothness of the map. The smoother the map is, the better the proposed method
of measurement is appropriate.

Let A be Lebesgue measure, or more generally a non-singular Borel reference
measure. We will assume that A is fully supported, i.e., A(U) > 0 for every open
U C X, or otherwise assume that A is non-atomic and restrict T to supp(A). Let
Ad = A X --- x A denote the d-fold product measure on X?.

The following definitions come from [3] and [35] respectively:

Definition 1.2. Let A be a non-singular probability measure on X. Then X\ is
called:
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(1) limsup full if A(A) > 0 implies that limsup,, ,  A(T"(A)) = 1;
(2) fulll] if A(A) > 0 implies that lim, e AN(T"(A)) = 1.

When d > 3, then A being lim sup full is no longer sufficient to guarantee that Ag4-
a.e. d-tuple is Li-Yorke. Instead, if A admits an equivalent weak mixing T-invariant
probability measure p, then this holds, see [4] and Lemma We show

Theorem A. Let A be a non-singular, fully supported, Borel probability measure,
and denote by \g the d-fold product measure.
(1) If X is limsup full then X\o(LYY) =1 for any 6 < diam(X)/2,
(2) If X\ is full then A\g(LY?) = 1 for every d > 2 and some 6 > 0. If X is
additionally connected then \q(LY) =1 for every § < diam(X)/2(d — 1).

Remark 1.3. Without the connectedness assumptions, a bound § < diam(X)/2(d—
1) cannot work. For instance, if X is a union of two small intervals but placed at
long distance, then diam(X) is large but two points in any triple have to be very
close.

For a smooth topologicallly mixing interval map 7T preserving a probability mea-
sure p < A, the above theorem supplies an abundance of Li-Yorke d-tuples. If the
T-invariant measure p is only o-finite, then the difficulty in showing the abundance
of Li-Yorke d-tuples for d > 3 lies in the separation along a subsequence. Under
mild conditions, any two points in a d-tuple separate infinitely often, but it is dif-
ficult to show that three or more points separate at the same time. The family of
Manneville-Pomeau maps Ty, : [0,1] — [0, 1] defined by

To(z) = z(1+2%z%) ifzel0,1),
2z —1 if € [$,1].

FiGURE 1. Graph of T%, Ty and Tis.

illustrates this perfectly.

The point 0 is a neutral fixed point, weakly expanding, but the speed at which
points move away from 0 is slower as « increases. The typical situation can thus
be that one point in a d-tuple separates itself from the rest, while the other d — 1
points linger in a neighbourhood of 0. Using known techniques of renewal theory
to a first return induced map we prove the following theorem.

1Compared to lim sup full, lim full seems a more logical name for this property, but it is called
full by Proppe & Boyarski in [35], hence we follow this terminology.
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Theorem B. For the Manneville-Pomeau map Ty, the following conditions hold:
(1) Xz-a.e. pair is §-Li-Yorke,
(2) and for d > 3:
(i) if o < %=L and § < 1/2(d — 2), then Ag-a.e. d-tuple is 5-Li-Yorke;
d—1

(i) if « > §=5 and € > 0, then \g-a.e. d-tuple is not e-separated; in

particular \g-a.e. d-tuple is not Li- Yorke.
Remark 1.4. For a > 2, the product system is A\o-dissipative, whence orbits of
typical pairs are not dense in [0,1]%, however still A\y-a.e. pair is LY. This addresses
a question posed in [12, p. 527].

If % <a< %, then Ag-a.e. x is LY in [0,1]2, however A\gy1-a.e z is not LY,
nor asymptotic (i.e., T} ;(z) #» A, the diagonal).

When measuring tuples using Lebesgue measure as reference, much may depend
on the class of maps we are considering. In the class of continuous maps we can
quite easily perturb the dynamics, and hence topological conjugacy can completely
change qualitative description of the map in terms of reference measure. We can
prove the following:

Theorem C. There exist pairwise topologically conjugate maps P,S,T: [0,1] —
[0,1] and sets K, L, M such that:

(1) K,L,M have full Lebesgue measure;

(2) there are positive numbers 04 such that every d-tuple of distinct points in L
(resp. in M) is 64-LY for S (resp. T);

(3) w(z,S) =10,1] for every x € L;

(4) there exists a Cantor minimal set A of positive measure such that w(x,T) =
A for every x € M.

(5) none of the pairs (z,y) € K x K is LY for P; in particular the set of LY
pairs has zero Lebesgue measure.

The maps P, S, T are the same from dynamical point of view, however the size of
the set of LY tuples detected by Lebesgue measure is completely different in each
case.

The paper is organised as follows. Section [2| gives preliminary information from
ergodic theory. Section [3]shows the results on LY d-tuples that can be derived from
the assumption that A is full or limsup full. In Section [ we present and prove our
results for the C° setting. Finally, in Section [5| we discuss the situation of o-finite
measure (Manneville-Pomeau) which provides the most interesting examples where
the theory of Section |3 break down.

2. PRELIMINARIES FROM MEASURE THEORY

Let X be a compact topological space with Borel o-algebra B and let T: X — X
be a Borel measurable map. We will only consider measures A for which every
B € B is measurable, and such that \(U) > 0 for every open set, i.e., A is fully
supported Borel measure. In particular, this means that if ¢ > 0, then g(¢) :=
inf,ex M(B(x;¢)) > 0. Indeed, if g(¢) = 0, then, due to compactness of X, we
can find a convergent sequence z,, — z such that A(B(z,;e)) — 0. But then
B(z;e/2) C B(xn;e) for n sufficiently large, so A(B(z;¢/2)) < lim, A(B(zy;¢€)) =
0, in contradiction to supp(\) = X.
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Definition 2.1. A measure \ on B is (with respect to T ):
(1) non-singular provided that A\(A) =0 if \(T~1(A)) =0,
(2) conservative if for every set AM(A) > 0 there is n > 0 such that A(A N
T (4)) >0,
(3) ergodidf] if A =T—1(A) (mod \) implies that \(A) = 0 or A\(A®) =0,
(4) exact if the tail-field \/,, T~"B is trivial, or equivalently A(A) or A\(A°) =0
whenever T~™ o T™(A) = A (mod \) for alln € N.

Remark 2.2. If X is conservative, then A\(ANT™(A)) > 0 for some n > 0 and so
there is m > 0 such that

AANT™™(A)) > MANT™(A) NT™(ANT"(A))) > 0.

In other words (by induction), for every n > 0 there exists k > n such that A\(AN
T*(A)) > 0, provided that A(A) > 0, and hence it follows that A-a.e. x € A returns
to A infinitely often.

With any non-singular measure A w.r.t. T' we can associate the Perron-Frobenius
operator £: L'(A\) — L()\), uniquely defined by the formula

/ Lfd\ = / fdx forall f € L*(\) and all A € B.
A T-1(A)

Remark 2.3. An equivalent property to exactness (assuming that X is non-singular)
is that [ |L™f]dX\ = 0 as n — oo for any f € L*(X\) with [ fdu =0, where L is the
Perron-Frobenius operator (see [25] or [, Theorem 1.3.3.]).

Lemma 2.4. If \ is a non-singular, o-finite and exact Borel measure, then d-
dimensional direct product measure A\g is ergodic for every integer d > 1.

Proof. Parallel to Lemma 18 of [12]. O
We repeat the following fact after Thaler [39)].

Lemma 2.5. Let A be an exact non-singular Borel measure and p < \ an infinite
o-finite T-invariant measure. Then

/E”fd)\ﬁo as n — 0o,
A

for all A€ B, u(A) < oo and all f € L*(\).
Proof. Fix B € B, 0 < u(B) < oo and denote

_ Jx fdx
1(B)
where h = Z—‘/{ and observe that [, (f — g)dA = 0. Then

/AE”fdA = /AE"(f—g)d)\+/Tn(A)gd)\

i Jx fax
fu=ons S

1 h

(T "(A)N B)

2 If Borel sets A, B are such that A(A\ B) = 0 then we write A C B (mod )). Similarly, when
A C B (mod \) and B C A (mod ) then we denote this fact by A = B (mod \).
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Since A is exact (see Remark [2.3), the first term tends to 0. By invariance of y we
obtain u(T-"(A) N B) < u(T~"(A)) = p(A) and hence

: n n(4)
hmsup/AE fdx < M(B)/de)\.

n— oo

But p is infinite and o-finite, so we can start with arbitrarily large p(B) which
completes the proof. O

Lemma 2.6. Let A be an exact non-singular Borel measure and p << X an infinite
o-finite T-invariant measure. Then X is not full.

Proof. Since p is o-finite, there is A € B with 0 < p(A4) < oo, in particular
A(A) > 0. While u(X) = oo, there are countably many pairwise disjoint sets F; such
that p(F;) < oo and |J;2, Fi = X. Fix any k > 0. Since 1 = A\(X) = Y .2, M(F))
there is 7 > 0 such that Y772 .| A(F;) < 27%1. Hence, for every n > 0 we have

ANT™(A)) = i AT MA)NE) <27+ Z NT (AN F).

But, for any ¢ we obtain by Lemma [2.5] that

AMT™"A)NE) = / 1p,dX\ = / L"(1g,)dX — 0.

T-n(A) A

Hence, there is ny > 0 such that \(T-"*(A)N F;) < 27%"1/r foreach 1 <i <r
and consequently A\(T~"*(A)) < 27%. In particular, if we set B := Ug>, T~ (A)
then 0 < A(B) < 1. The proof is finished by the fact, that A(B¢) > 0, but
T™ (B)N A =0 for all k> 1, which shows that A is not full. O

Note that none of above properties required that A be invariant i.e., \(A) =
MT71(A)) for any A € B. A definition that requires invariance is weak mizing: for
every A, B € B, there is a sequence ny — oo such that p(T~"(A)NB) — pu(A)u(B)
as k — oo. It is known that if p is weak mixing, then for every A, B € B, there is
a set AN/ C N of full density such that imprsp—eo (T "(A) N B) = p(A)u(B).

Let us recall two facts, which are Theorem 23 and Proposition 24 from [12],
respectively. We write C3 ([0, 1]) for the collection of C3 multimodal interval maps
f:10,1] — [0,1] where all critical points ¢ are non-flat, i.e., there is £, € (1,00)
such that |T(z) — T(c)|/|z — ¢|* is bounded and bounded away from zero for all =
sufficiently close to c.

For interval maps, we call a closed invariant set A C [0, 1] an attractor (see [29)])
if its basin {z € [0,1] : w(z) C A} has positive Lebesgue measure, and no proper
subset of A has this property. Examples of attractors A which are also Cantor sets
are the Feigenbaum attractor and the “wild” attractor of a Fibonacci unimodal
map of sufficiently high critical order, see [13].

Theorem 2.7. LetT € C’Sf([O, 1]) be a topologically mizing map having no Cantor
attractors. If X is conservative, then it is lim sup full.

Theorem 2.8. Let T € C’flf([(), 1]) be topologically mizing and denote by \ the
Lebesgue measure on [0,1]. Then the following statements are equivalent:

(1) there exists an invariant probability measure 1 < A,
(2) liminf, oo A(T™(A)) > 0 for every measurable set A € B, \(A) > 0,
(3) s full for T .
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This shows that Lebesgue measure is lim sup full but not full (for T' € C} ;([0,1]))
precisely when it is conservative but admits no absolutely continuous probability
measure. The first such examples (within the quadratic family) were constructed
by Johnson [21], and more detailed constructions can be found in [20, [8]. Whether
there exists a quadratic map for which A does not even admit a o-finite invariant
probability measure is unknown. However, there are cases where a o-finite measure
p < A exists such that u(J) = oo for all intervals J C [0, 1], see [8, 2] [11].

Lemma 2.9. Let )\ be a fully supported non-singular probability measure which is

limsup full. If A admits an equivalent T-invariant probability measure p, then X is
Jull.

Proof. Let gt (e) = sup{u(A) : M(A) < e} and g~ () = sup{\(A) : u(4) < &}.
Since p < A and both i, A are probability measures, we easily obtain that g* () — 0
as € — 0, and since A < p also g7 (¢) — 0 as ¢ — 0. Let B be an arbitrary
measurable set with A(B) > 0, and let (ny) be a sequence such that A(T™(B)) >
1 —1/k. Then pu(T™(B)) > 1 — g*(1/k) and by invariance, also p(T™(B)) >
1 — g (1/k) for all n > ny. Using the definition of ¢~, we find \(T"(B)) >
1—g (g7 (1/k)) for all n > ny. Since lim._,0 g™ (¢) = lim._0 g~ () = 0, it follows
that A is full. d

3. LI-YORKE TUPLES AND d-FOLD PRODUCT MEASURES

Another way of expressing the LY;-tuples is

LYd:(ﬂ ﬂ U Ak,n)ﬂ(U m U Dy.n),

k=1r=1n>r k=1r=1n>r
where
Ap = {z :max; ; p(T"(x;), T (x;)) < 1/k},
Dy = {x : ming; p(T™(x;), T"(z5)) > 1/k}.

Similarly, we can write

LY(? = (m ﬂ U Ak,n)m(ﬂ U Di),

k=1r=1n>r r=1ln>r
where
D}, = {z : min p(T"(x;), T" () > 0}
J

i
Since Ay, and Dy, and Dfl are open, LY, and LYU? are Borel sets (in fact
Gs-sets), hence their indicator function is measurable w.r.t. Borel measures on X d
and we can use Fubini’s theorem.
The following result is an extension of a result in [I2] which states (for interval
maps, but the argument is general) that if A is lim sup full, then the LY-pairs have
full measure w.r.t. As.

Proof of Theorem A. We argue by induction. The initiation step is for 6-LY-pairs
with § < diam(X)/2. Given z € X, let LY, = {y € X : (z,y) € LY }. First we
argue that A-a.e. y is d-separated in pair with z. If this was not the case, the set
of points which are not d-separated in pair with x has positive measure, i.e.,

A (G Ay : p(T"(2), T"(y)) < 5}> > 0.

r=1n>r
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Therefore, we can find r € N such that A := Ny~ {y : p(T"(z), T™(y)) < ¢} has
positive measure. Fix 0 < v < diam(X)— 26 and observe that diam(7"(A)) < 26 <
diam(X)—- for every n > r and hence there exists x,, such that T"(A)NB(x,;7) =
0. In particular A(T™(A)) < 1 —g(v) < 1 for all n > r. This contradicts the
assumption that A is lim sup full.

Similarly, we argue that A-a.e. y is proximal w.r.t. . Indeed, if not, then
we can choose k € N sufficiently large such that the set D := Np>o{y € X :
p(T™(x), T™(y)) > 1/k} has positive measure. But then 7" (D)NB(T™(x); 1/k) = 0,
and thus A(T"(D)) <1 —g(1/k) < 1 for all n, so again A is not limsup full.

The set of §-LY-pairs can be written as LYQ‘S = U, LY., so by Fubini’s theorem,
it has full measure. This completes the first step of induction and proves also that
if A is limsup full then \y(LYy) = 1 for any ¢ < diam(X)/2.

We continue the induction, fixing d > 2 and assuming that LY has full d-fold
product measure for any ¢ < diam(X)/2(d —1) when X is connected, and for some
e > 0 otherwise (hence every ¢ sufficiently small). If X is connected, then we fix
any 0 < 6 < diam(X)/2d. If X is not connected, then we fix any distinct points
ai,...,a4+1 and put 6 = min {mins4; p(as, a;)/6,}.

Take z € LYd‘S, let (my)y>1 and (ny)y>1 be sequences along which z is asymp-
totic, resp. separated, that is

lim inf, max; j p(T™ (z;), T (x;)) = 0,
lim sup,, ming; p(T™ (x;), T™ (x;)) > 9.
and let

 liminf, max; p(T™(x;), T™*(y)) =0,
LY, = {y €X: lim sup,, min; p(T™ (x;), T (y)) > 0. }

We show that A-a.e. y is d-separated with z along the subsequence (m,). If
the set of non d-separated points has positive measure, then there is » € N such
that A :=(,,{y : min; p(T""(x;), T™(y)) < 0} has positive measure. But then
Tm(A) C Ule B(T™v(x;);0). If X is connected, then take any £ > 0 such that
2d(6 + 2¢) < diam(X) and in the other case put & = 4.

We claim that U?Zl B(T™u(x;);6 + &) # X. First, we consider the case that
X is connected. If the claim does not hold then, since X is connected, for every
points p,q € X there are pairwise distinct numbers i1, ..., i, where k < d, such
that p € B(T™(xi,);6 + &), ¢ € B(I™*(2i,);0 4 §) and B(T™(z4,);6 + §) N
B(T™ (24,,,);0 +&) # 0. But then

ppq) < S+E+2k—1)(04+E&) 4+ +E&<2d6 + 2dE
< 2d(6 + 28) — 2d¢ < diam(X) — 2¢.
which is a contradiction, since p,q were arbitrary. Indeed, the claim holds. Simi-
larly, if X is not connected, then by the definition of §, each ball B(T™(z;,,); 0+§)
can contain at most one point as, and hence also in this case U?zl B(T™(x;);0 +
€) # X. Indeed, the claim holds.
By the above claim, for every u there is a point ¢, such that
d
B(gu; &) N | BT (w);6) = 0

i=1
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which in particular implies that A(T"™(A4)) < 1—g(&) for all w > r. This contradicts
that A is full. This proves that A-a.e. y is d-separated with z along the subsequence

Similarly, we argue that A-a.e. y is proximal w.r.t. z along the subsequence (n,,).
Indeed, otherwise we can choose k € N sufficiently large such that the set D :=
Mooy € X : max; p(T™(x;),T™(y)) > 1/k} has positive measure. Passing to a
subsequence of n,, if necessary we may assume that for every u there is j such that
if y € D then p(T"(x;), T (y)) > 1/k. But then T"(D)N(B(T"(z;);1/k)) =0
and so A(T™ (D)) <1 —g(1/k) < 1 for all u, therefore again X is not full.

The set of 6-LY (d + 1)-tuples contains the set LY ; D UxGLYd’S LY,, so again
by Fubini’s theorem, it has full measure. This completes the proof. O

Lemma 3.1. If the d-fold product (X%, Ty) has a conservative non-atomic product
measure \q, then the set of d-tuples that are not asymptotic has full \g-measure.

Proof. Assume on the contrary, that the set of asymptotic d-tuples has positive
measure, i.e.,

(3.1) (VU () Akn) = >0.
k>0r>0n>r
where Ay, = {z : max; ; p(T"(z;), T"(x;)) < 1/k}. Take ¢ > 0 sufficiently small,
such that if we denote by A, the e-neighbourhood of the diagonal A = {z : z; =
xj for all 1 <4,j < d} then Ag(A;) < a/2. Fix any k € N such that 1/k < e. By
(3.1)) there is m > 0 such that
m
)\d(U ﬂ Ak,n) > af2.
r=1ln>r
Denote A =", Nyor Akn = Nnsm Ak,n- Note that T (A) C A, for all n > m
and Ag(A’) > 0 for A’ = A\ A.. By conservativity, A\(T7(A") N A’) > 0 for some
n > m which contradicts the definition of A. Therefore the set of asymptotic
d-tuples is of measure zero and the lemma follows. O

The following is a simple extension of a well-known fact for LY-pairs (see e.g.
41):
Lemma 3.2. If X has at least two points and p is a weakly mizing, fully supported,

T-invariant Borel measure, then there is g > 0 such that the §o-LY d-tuples have
full pg-measure for any integer d > 1.

Proof. We start with proximality. Assume by contradiction that there is a set
A c X4 with pg(A) > 0, and m € N, € > 0 such that T?(A) N A; = ) for every
n > m. Since p is fully supported, pug(A:) > 0. But pg is weak mixing, hence the
product measure pg is weak mixing too, and so there is a subsequence (ny) such
that pq(T, " (Az) N A) — pa(As)pna(A) > 0. This implies that there is n > m
such that T7(A) N A, # 0, contradicting the definition of A. Therefore pgq-a.e. z is
proximal along a subsequence.

Since X has at least two points and p is weakly mixing, X is infinite. In par-
ticular, there exists an open set U C X% such that U N A j = 0 for every i # j,
where A, ; :=={z € X g = xj}. Take any 0 < 6 < infycy minz; p(z;, z;). We
use the same argument, to show that a.e. x visits U infinitely often under action of
T4. Combining the two, we obtain that ug4-a.e. d-tuple is §-LY. O
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Remark 3.3. It is clear from the proof that the statement of Lemma[3.2 holds for
any 62 < diam(X).

4. LI-YORKE TUPLES IN THE CONTINUOUS SETTING

Let T be a continuous map on compact metric space (X, p). We say that T is
topologically mizing if for every pair of open sets U,V C X, T"(U) NV # ) for all
n sufficiently large. We say that T is topologically weak mizing if T x T is transitive
on X x X.

The following fact is standard and its utility to Li-Yorke chaos dates back at
least to works of Iwanik [19].

Lemma 4.1. Let (X, p) be a compact metric space with at least two points and let
T: X — X be topologically weakly mizing. For every d > 1 there is g > 0 such
that the set of 64-LY d-tuples is residual.

Proof. Since X is not a singleton, topological mixing implies that X is an infinite
set without isolated points. Fix a sequence of pairwise distinct points {ai}fil and
let 04 = infi<;<j<aplai,a;)/3. Now, any d-tuple with orbit dense in X% is §4-LY
and the set of such tuples is residual by transitivity of Tj. (I

Let us recall an important fact which can be derived from works of Kuratowski
and Mycielski (see e.g. [31]). We recall that M C X is called a Mycielski set if it is
a countable union of Cantor sets.

Theorem 4.2 (Kuratowski-Mycielski). Let X be a perfect complete metric space,
and assume that Ry is a residual subset of X™, where ny > 2 for each k € N.
Then there exists a Mycielski set M dense in X such that for each k € N if points
X1, &y, € M are pairwise distinct then (x1,--+ ,2n,) € Ry.

The following fact is known, but since the proof is simple, we sketch it for
completeness.

Lemma 4.3. Let (X, p) be a compact metric space with at least two points and let
T: X — X be topologically weakly mizing. There is a sequence {04};-, C (0,1)
and a Mycielski set M C X such that for any d > 2, any d pairwise distinct points
Z1,...,2q € M and any integers s1,...,8q > 0 the d-tuple (T**(x1),...,T%(xq))
is 0q-LY. Additionally, w(xz,T) = X for every x € M.

Proof. Combine the technique from the proof of Lemma [4.1] with Theorem [£.2) and
the fact that the set of points with dense orbit is residual in X to obtain a desired
Mycielski set. U

Let 5 = {0, 1}N be endowed with the standard prefix metric, and let o be
the left shift on X3 . The following fact was proved by Moothathu in [32] (which
extends the existence of horseshoes argument from Misiurewicz & Szlenk [30] to
the C° setting ensuring that the map 7 is really injective everywhere).

Lemma 4.4. If a map T acting on the unit interval has positive topological entropy,
then there exist n > 0, a T™-invariant closed set A and a homeomorphism 7: A —
Y4 such that mo (T"|p) = o o.

Theorem 4.5. Let T: [0,1] — [0,1] be topologically mixing. There exist dense
Mycielski sets My, Mo, M3 and numbers 6, > 0 such that:
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(1) each n-tuple consisting of n > 2 distinct points in M; is §,-LY, where
i=1,2,

(2) every point in My has dense orbit in [0,1],

(8) there exists a minimal Cantor set A such that w(z,T) = A for every x € My
and My N A contains a Cantor set,

(4) M3 x Ms contains no Li-Yorke pairs.

Proof. The set M; is obtained by a direct application of Theorem[{.3] Constructing
the set M requires a little more work.

It is known that every mixing map on the unit interval has positive topological
entropy, so by Lemma [£.4] we can find n > 0 and a T"-invariant set A where
the dynamics is conjugated with the full one-sided shift ¥3. Clearly, we may
assume that A C (0,1). Take any minimal weakly mixing subset of X3 (e.g. one-
sided version of the Chacén flow [5]) and let us denote it by A,. Passing through
conjugating homeomorphism, we may assume that A,, C A. Clearly it is a Cantor
set as a perfect subset of the Cantor set E;" (up to conjugating homeomorphism)
and also it is not hard to see that A = U;l;ol T7(A,) is a minimal subsystem of
T. Let us apply Theorem to the dynamical system T™|4,, and let numbers
dq > 0 and a Cantor set C' C A,, C A be such that for any d > 1, any d pairwise
distinct points z1,...,24 € C and any integers si,...,s84 € nN U {0} the tuple
(T (1), ...,T%(xq)) is 64-LY for T™ (clearly, it is also d4-LY for T).

Since C' is homeomorphic to C? we can find pairwise disjoint Cantor sets {C; }.=,
such that U;C; C C. There is also € > 0 such that C' C (¢,1—¢). Let {U;};~; be a
sequence composed of all open subintervals of [0, 1] with rational endpoints. Since
T is mixing, for every i there is k; such that T (U;) N [0,¢] # 0 and T (U;) N
[1—¢,1] # 0. It is known that if an image of a compact set via a continuous map
is uncountable then there is a Cantor set on which this map is one-to-one (see e.g.
[38, Remark 4.3.6]). Hence, for every ¢ there is a Cantor set D; C U; such that
T"ki|p, is one-to-one and T™*(D;) C C;. Denote My = Cy U Ui=, D;. Since for
every x € My there is j > 0 such that T7(x) € A and A is a minimal set, we
immediately obtain that w(x,T) = A for every = € Ms.

Let us take any tuple (x1,...,24) of pairwise distinct points in Ms. There are
numbers i1,...,iq such that z; € D;,. Denote z; = Tk (z;) € C; and observe
that points z; are also pairwise distinct. Let m = max; k;; and denote s; = m—Fk;;.
Now, it is enough to note that

p(T"™ (), T () = p(T"r i) (), Tathia) (1))
= p(T™"(2p), T (24))

The construction of Ms completed by the definition of the set C.

To construct Ms, let us first recall that every Sturmian minimal system does
not contain Li-Yorke pairs [6, Example 3.15] (it is a so-called almost distal system)
and ¥ contains an uncountable family of pairwise disjoint Sturmian systems [22]
Proposition 4.44]. Repeating conjugacy argument from the previous step we may
view Sturmian minimal subshift M (which is a Cantor set) as a subset of [0, 1].
Note that since M is an infinite minimal system for 7™ without Li-Yorke pairs,
set M = Uj;OI TI(M) is also minimal, and cannot contain Li-Yorke pairs (sets
TI(M), T*(M) for i # j are either disjoint of equal).

Proceed the same way as in the construction of Ms to obtain a dense Mycielski set
M3 such that every point x € Ms is eventually transformed into a point z, € M.




12 H. BRUIN AND P. OPROCHA

Now, take any z,y € Ms and k sufficiently large, so that T%(z), T*(y) € M.
If TF(z) # T*(y) then (x,y) is not Li-Yorke pair by the definition of M and if
T*(x) = T*(y) then (z,y) is not Li-Yorke pair neither. O

As a direct consequence of theorem by Oxtoby & Ulam (see [33, Thm. 9]) we
obtain that if B C [0, 1] is a dense Mycielski set then there exists a homeomorphism
¢: [0,1] — [0, 1] such that ¢(B) has full Lebesgue measure.

In fact, if A, B C [0, 1] are dense in [0, 1] and either of them is the union of pair-
wise disjoint Cantor sets, then there is an increasing homeomorphism ¢: [0,1] —
[0, 1] such that ¢(A) C B.

Note that the dense Mycielski sets My, Mo, M3 in Theorem are pairwise
disjoint. In particular, if one of them has full Lebesgue measure, the other have
measure zero. As a direct consequence of Theorem [£.5] we obtain Theorem C.

The above theorem shows that in interval dynamics Cantor attractor and no
Cantor attractor cases always coexist, but their ”physical” visibility depends on the
special structure of the map. In fact, using the sets My, M5, M3 from Theorem
we can distribute Lebesgue measure in any proportion between Li-Yorke pairs made
of points with dense orbits, Li-Yorke pairs with a Cantor attractor, or without Li-
Yorke pairs.

Remark 4.6. If f € C}(I) then by Theorem E in [42], any minimal set must
have zero Lebesgue measure. Hence, the situation described in Theorem C can
never occur for these maps.

5. THE MANNEVILLE-POMEAU MAP

5.1. Inducing. Suppose that we are in the case when every non-singular Borel
measure p < A for T' is o-finite and infinite. Then Theorem indicates that A is
not full, so the results of Section [3]are not applicable in this case. Another approach
to address the question of Li-Yorke d-tuples is via inducing. The idea is to choose
an appropriate subset Y C X and consider the (first return) induced map (Y, F),
such that Y can be decomposed in countably many subsets Z := {Y}};en with
MY \ U;Y;) = 0 and such that F(Y;) = T7(Y;) = Y where the first return time
T(x) =min{n > 1:T"(z) € Y} is constant 7; of Y;. Assume that the distortion of
the Jacobian is bounded uniformly in the iterate n i.e.,

J n
(5.1) sup sup sup °F (z) .
neN ZEV?;OI F-iz x,Yye€Z JF" (y)

We take the Jacobian w.r.t. Lebesgue measure A: For any j, the push-forward
measure A(F'(A)) for A C Y, is well-defined and absolutely continuous with respect
to A\. Hence, Jp = d’c‘l(;\F is well-defined for A-a.e. € Y. Similarly, we can define
Jpn on any set Z € \/;:01 F~iZ. By the definition Y = U;Y; (mod 0) and sets
Y; are in practice intervals, hence we may view each Jacobian Jp» as a function
defined on Y.

In the case of bounded distortion (Y, F') preserves an absolutely continuous in-
variant probability measure. Let us call this measure v; its density % is bounded
and bounded away from 0. It projects to a T-invariant measure

n—1
(5:2) pA) =YY T (A n{y e Y :r(y) =n}),

n =0
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which can be normalised if the normalising constant fY T dv < 00, but if not, then
w is o-finite, see e.g. [7, Chapter 6]. The measure v is ergodic and exact, and
and these properties carry over to (X, T, u) (for exactness to carry over, we need
the additional condition that ged(r) = 1). In fact, uly and v|y differ by a fixed
constant, regardless whether fY 7 dv < 0o or not, because F': Y — Y is the first
return map, see (|5.2]).

If the tail v({y : 7(y) > n}) is sufficiently heavy (and regular), then the proba-
bility of two independently chosen initial points to return to Y at the same time
infinitely often under iteration of T' can be zero.

Let us denote

up, =A{y €Y :T"(y) € Y'})
and observe that
M{y € YT (y) € YY) = up.
Since Z—‘; is bounded and bounded away from zero on Y, we can freely interchange
1 and A in these formulas. Therefore, if

(5.3) > ul < o0,

then the Borel-Cantelli Lemma gives
pa( () J{yev: T}y e v
m=1n=m

= pa({z € Y?: T} (z) € Y infinitely often}).

The following recurrence lemma seems to be standard (see [II, Proposition 1.2.2]).
However we could not find exact reference in the literature and hence decided to
provide a proof for completeness.

0

Lemma 5.1. Let p be a o-finite, non-singular and T-invariant Borel measure. If
there exists Y € B such that 0 < u(Y) < oo and

(5.4) Z LMy = 0 w-a.e. onY
n>0

where L 1is the Perron-Frobenius operator), then'Y is a recurrent set in the sense
here L is the P Frobeni t then'Y i t set in th
that

(5.5) Y| JT(Y) (mod p).

n>1

Moreover, if u is ergodic and T-invariant, then u is conservative.

Proof. First, we need to show that the set A :=Y \ {J,~; T~ "(Y) of points which
never return to Y has measure zero. We must have ANT 7 (A) = ) for every j > 1
because A C Y. This immediately implies that A is a wandering set for 7', that is,
the preimages T~"(A), n > 0, are pairwise disjoint. Directly from the definition of
Perron-Frobenius operator £ we have [, L1y du = p(Y N T~"(A)), hence

/A S LMy dp =3 p(Y AT(A)) < p(Y) < oo,

n>0 n>0
By assumption (5.4) we obtain that p(A) = 0 which ends the proof of (5.5]).
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As a consequence of we see that the set E = J, -, T "(Y) satisfies
T=Y(E) = E (mod p). Since Y C E, we have u(E) > 0. If T is ergodic, then we
can conclude that X = J,,~, 7~ "(Y) (mod p). This, since T' is measure preserving
transformation, implies that assumptions of Maharam’s Recurrence Theorem are
satisfied (see e.g. [1, Thm 1.1.7]) which thus ensures that T is conservative. O

Proposition 5.2. Let us assume that T preserves a non-singular exact Borel prob-
ability measure | equivalent to \. If there exists a set Y C X recurrent in the sense
of such that u(Y') > 0 and the first return map (Y, F') has only onto branches
with bounded distortion (in the sense of ) then the following conditions are
equivalent for every integer d > 1:

(1) 3, ul = oo, where u, = AN{y €Y : T"(y) € Y}),
(2) d-fold product measure Ay is ergodic and conservative.
Proof. To prove — let us first observe, that if Ay is conservative then
0< (YY) = MN({zeY?:TP(z) € Y infinitely often})
(oo} oo
M(() Ulyey?: Tiy) e Y™

m=1n=m

and hence by the Borel-Cantelli Lemma (see (5.3))) we must have > ul = co.
To prove (|l) = , denote by £ and P the Perron-Frobenius operator for T’
and F, respectively, both w.r.t. A\. Then for every n > 0 and a.e. x € Y we have

(5.6) P =)

yeEF—"(x)
where Jg» is the Jacobian w.r.t. \. The bounded distortion of Jg» applied to (5.6))
allows us to verify that there is a constant x > 0 such that for every measurable
A C X and n > 0 we have

n

inf PFly(z) > k- su Pr1y (2).
xeAJ;) vl = xegkzo v

A similar estimate for the d-fold product system with Perron-Frobenius operator
Pd7
n n
inf ZPﬁlyd (z) > k- sup Z Prlya(z).
240 €420

Hence, if there is a set A C Y of positive measure such that Y ;_, Phlya(z) is
uniformly bounded for all n > 0 and z € A, then > ;_ P¥1yu(z) is uniformly
bounded for all n > 0 and \-a.e. yE Y.

Observe that for any Borel set A C Y we have

2[4551yd dhg < Z/Apjﬂyd drg < Z/Ac’;lyd dXg.

If there exists a set A C Y4 with Ag(A) > 0 and M > 0 such that > k>0 LE1ya(z) <
M for every x € A then there is ¢ > 0 such that

M > Z/ Phlya drg > cZ/ Phlya drg > CZ/ LE1ya dAg.
A yd yd

k>0 k>0 k>0
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Consequently, divergence of 33, o uff = 37~ [ya Lilya dAg implies that

ZL’Slyd =00 A-a.e. on Y

k>0
By Lemma [2.4] d-dimensional direct product measure \g4, is ergodic with respect
to Ty for every d > 1. Recall that pg is a Ty-invariant, non-singular and o-finite
measure. But A\ is ergodic and pg4 is equivalent to Ay, hence g4 is ergodic. Applying
Lemma to ug and Ty, we obtain that ug is conservative, and using once again
equivalence of uy and Ay we conclude that \g is conservative, which completes the
proof. (I

5.2. Manneville-Pomeau maps. The classical example from interval dynamics
where the u, can be computed is the Manneville-Pomeau family, where Lebesgue
measure A will be our reference measure for p. These are interval maps with a
neutral fixed point and the inducing is with respect to a set Y bounded away from
this fixed point. For us, it is convenient to use the family T, : [0, 1] — [0, 1] defined
by
To@) = {:c(l +200%) e e, Ly,
2x — 1 ifze(i,1]=Y.

It has an indifferent fixed point at 0, and the first return map F : ¥ — Y is
uniformly expanding with bounded distortion (uniformly in all iterates, in the sense
of (5.1), see e.g. [28]), F : Y — Y preserves an ergodic measure which pull back to
an ergodic and conservative T,-invariant measure p, see Theorem 1 and Corollary 2
in [40].

Remark 5.3. More precise estimates on the invariant density h were given by

Thaler [40, Corollary 1]), who showed that h(x)z® is bounded and bounded away

rom 0. In addition (see |27, Lemma 2.3]) for a € (0,1) the density h = % is
J Y ax

Lipschitz outside a neighbourhood of 0 and p is mizing (see e.g. [28] Theorem 7]).

If yo = % and y;41 is the unique point in T (yx) N [0, y,], then y,, \, 0 such
that 1

Yo ~ 0P for = —,
«

where a, ~ by, stands for lim, a,/b, € (0,00), see [14]. If y; ., € [%,1] is the
other preimage of ¥y, then [3,4/,,1) = {y € Y : 7(y) > n+ 2}. By Remark
p{y €Y :7(y) = n}) ~ |yh_o — 3| = $yn—1 ~n~" and therefore

[rin = S nutiyey i) =n)

<oo ifae€(0,1);
=00 ifa>1.

(5.7) S u{y ey :r(y) = n}) {

Theorem 5.4. Assume that o > 1 and write 3 = 1/a € (0,1). Then u, ~ n°~1.
In particular, ), ud = 0o if and only if a < %.

Proof. From the above considerations, we have for the Manneville-Pomeau map
that

pa e :7(@) =n) ~ A[Yn,yn-1]) ~ (n = 1) —nF ~ =05,



16 H. BRUIN AND P. OPROCHA

Then the estimate on u,, is a special case of the results of Gouézel [18], partly cor-
recting results from Doney [I7] (see [I8, Section 1.3]). More precisely, [I8, Propo-
sition 1.7] applied to u = v = 1y gives u, = fY w-voT™dy ~ nP~t. Now it follows
immediately that Y, u? = oo if and only if a < 745 O

Proof of Theorem B. Recall that by Remark for a < 1 the map T, preserves a
mixing absolutely continuous probability measure, and hence the result follows by
Lemma (see also Remark .

If @« > 1, then there is an infinite o-finite measure p ~ A (by Remark
the density of p is bounded and bounded away from 0). More precisely, using
Remark [5.3] again, p([yx, 1]) < oo for fixed k, but p([yi, yx]) = oo as I — co. This
means that given a neighbourhood U of the fixed point 0, Lebesgue-a.e. point x
spends almost every iterate in U (i.e., N(x,U) :={n > 0: T"(x) € U}. has density
1 for v-a.e. x). Indeed, for U = [0, y;), we have

.1 . i . #{0<i<n:T(z)€ [y, 1]}
nh_)rréo ﬁ#{O <i<n:T'(z) € [y, 1]} nh_)rr;<> 20<i<n Tix) € [ 1]}

pi(yw 1])
([, 1])
by the Ratio Ergodic Theorem (see e.g. [I, Theorem 2.2.5.]). It follows that Agz-a.e.
d-tuple is proximal along a subsequence.
Next, we claim that every pair is LY. This follows easily from the fact that T,
is expanding away from 0. More precisely, for every two x,y € [0, 1] which are not
eventually mapped to one another, p(T} (z), T¢ (y)) < % implies that p(T: (x), Tt (y)) >
p(Ti(x), Ti(y)). Therefore (x,y) is 3-separated.
Nowletd >3, 1 <a< % and choose 6 < 1/2(d —2). By Theorem applied
to d—1 coordinates, >, u?™! = oo and hence, ([0,1]%"*, \q_1,T4_1) is conservative
by Proposition Therefore, taking A C Y9! with pugq_1(A) > 0, for pg_i-a.e.
z, there is a sequence (t,) such that (T;—1)' (z;) € A for all n € N. The set

[11+]><[1+ ! 1+ ! +n x - x 1 1]
22 TG T ey 2 T o—2) T T
has positive A\q_i-measure, and clearly points y € A are ﬁ —2n-separated d— 1-

tuples. Choosing 7 so small that m — 2n > § then shows that the d — 1-tuple

x is d-separated along a subsequence (t).

We claim that the remaining coordinate x4 is close to 0, or more precisely: for
M-a.e. g we have T'" (z4) < 1 — 4 infinitely often. Indeed, take Uy := {zq € [0,1] :
Tir(zq) > 2 — 6 forallm > N} and let 2 € Uy be arbitrary. Let H, > z be
the maximal interval such that T/ (H,) = [3(3 — 0),1] and H], C H, is such that
Ti(H}) = [5(3-0),1-6). Since t,, is increasing, we clearly have lim,, o |Hy| = 0.
The maps T : H, — [5(3 — 6),1] have uniformly bounded distortion (this is
proved in virtually the same way as the distortion bound for the branches of F*
is proven, cf. [28]). Therefore there is K > 0 such that |H]| > |H,|/K for all
n € N. Since Uy N H], = 0 for n > N, it follows that z}; cannot be a Lebesgue
density point of Uy. This means that A(Uy) = 0 and hence A(UyUx) = 0 as well,
proving the claim. Using Fubini’s Theorem, we conclude that Aj-a.e. d-tuple is

indeed d-separated along a subsequence.

IN

— 0 as | — oo,

A:
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Finally, if a > %, typical d — 1-tuples = (1, ...x4—1) visit Y simultaneously
only finitely often. Now let ¢ = y; and assume by contradiction that z visits
[e,1]9~! infinitely often for a set of x of positive A\gq_j-measure. Hence, there are
integers ag,...aq—1 € {0,1,...,k} such that TV (z1),..., T %1 (g, 1) € Y
for infinitely many n, still for a set U of positive A\;_1-measure. Take a = max; a;
and for each z € U take a d — 1-tuple y with coordinates y; € T~ *(x;) N Y.
Since T' is non-singular (and the Cartesian product H?;ll T%~% is non-singular
too), we have A\q_1({y : z € U}) > 0. Now for every y, there is an infinite
sequence (ng)ren (depending on y but not on the index i = 1,...,d —1), such that
T (y;) = Tmet%=%(g;) € Y for each i and k. This contradicts the first statement
of this paragraph.

Coming back to a typical d-tuple (21, ..., 24), the above argument shows that no
matter how we select a d — 1-tuple z from it, for all sufficiently large n, at least one
coordinate T"(x;) € [0,¢). Therefore at least two coordinates of the d-tuple belong
to [0,¢). Since € > 0 can be taken arbitrary small, the proof is complete. ([

Remark 5.5. We can replace the right branch of the Manneville-Pomeau map by
2(1 — z) if a continuous map is preferred. The dynamical properties that we are
concerned with remain the same. The same is true, if we view Manneville-Pomeau
map as a continuous map on the unit circle.

Remark 5.6. One can increase the number of neutral fized point, e.g. define the
map

x +20gite ifx €0,3%),
Ta,ﬁ( ) = { 8 148 . 1 2

x—2°(1—x) if v € [3,1],
see Figure[3, and consider the Li-Yorke behavior of tuples for this map. If o >
B > 1, then neutral fized point 0 dominates, and we expect the same behaviour
as in Theorem B. For the case o = 3, we expect that A3-a.e. 3-tuple is Li-Yorke
(where for typical triples (x1,x2,x3), there are infinitely many n with T™(x1) =~ 0,
T"(z3) ~ 1 and T"(x3) € [, 2], as well as are infinitely many m with T™ (1) ~
T™(xq) = T™(x3) =~ 0. Conjecturally, for d > 4, typical d-tuples are Li-Yorke if
and only if a < %.

FIGURE 2. Graph of T, g for a = 8 =



18

H. BRUIN AND P. OPROCHA

ACKNOWLEDGEMENTS

The first author wants to thank Dalia Terhesiu and Roland Zweimiiller for shar-
ing their expertise on the infinite measure preserving examples in this paper. Also
the support of OeAD (Project Number: PL 02/2013) and MNiSW (Project Num-

ber:

AT 2/2013-15), as well as the hospitality of the Max Planck Institute for

Mathematics in Bonn, are gratefully acknowledged.

(1]
2]

[3]
[4]
[5]
[6]
7]
(8]
[9]
(10]

(11]

(12]
(13]

(14]
(15]

[16]

(17]
(18]
(19]
20]
(21]
(22]
23]

[24]

REFERENCES

J. Aaronson, An Introduction to Infinite Ergodic Theory, Mathematical Surveys and Mono-
graphs, 50 American Mathematical Society, Providence, (1997)

J. Al-Khal, H. Bruin, M. Jakobson, New examples of S-unimodal maps with a sigma-finite
absolutely continuous invariant measure, Discrete Contin. Dyn. Syst., 22 no. 1-2, (2008)
35-61

J. A. Barnes, Conservative exact rational maps of the sphere, J. Math. Anal. Appl. 230
(1999) 350-374.

F. Blanchard, B. Host, S. Ruette, Asymptotic pairs in positive-entropy systems, Ergodic
Theory Dynam. Systems, 22 (2002), 671-686.

F. Blanchard, J. Kwiatkowski, Minimal self-joinings and positive topological entropy. II.,
Studia Math. 128 (1998), 121-133.

F. Blanchard, E. Glasner, S. Kolyada, A. Maass, On Li- Yorke pairs, Journal Reine Angew.
Math., 547 (2002), 51-68.

A. Boyarski, P. Géra, Laws of chaos, Birkhauser, Basel New York, 1997.

H. Bruin. Invariant measures of interval maps, Ph.D. Thesis, University of Delft, 1994.
H. Bruin, Topological conditions for the existence of invariant measures for unimodal
maps, Ergodic Theory Dynam. Systems, 14 (1994), 433—451.

H. Bruin, Induced maps, Markov extensions and invariant measures in one-dimensional
dynamics, Comm. Math. Phys. 168 (1995) 571-580.

H. Bruin, M. Jakobson, G. Levin, New examples of topologically equivalent S-unimodal
maps with different metric properties, in: Geometric and probabilistic structures in dy-
namics, Contemp. Math., 469, Amer. Math. Soc., Providence, RI, 2008, pp. 119-139.

H. Bruin, V. Jiménez-Lépez, On the Lebesgue measure of Li- Yorke pairs for interval maps,
Comm. Math. Phys. 299 (2010) 523-560.

H. Bruin, G. Keller, T. Nowicki, S. van Strien, Wild Cantor Attractors exist, Ann. of
Math., (2), 143 (1996) 97-130.

N. G. de Bruyn, Asymptotic methods in analysis, Dover Publications New York, 1981.

J.  Dolezelova, Scrambled and distributionally scrambled mn-tuples, Preprint,
arXiv:1311.4734.

A. Dvoretzky, P. Erdoés, Some problems on random walks in space, in: Proceedings of
the Second Berkeley Symposium on Mathematical Statistics and Probability, University
of California Press, Berkeley and Los Angeles, 1951, pp. 353-367.

R. A. Doney, One-sided local large deviation and renewal theorems in the case of infinite
mean, Probab. Theory Related Fields, 107 (1997), 451-465.

S. Gouézel. Correlation asymptotics from large deviations in dynamical systems with in-
finite measure, Collog. Math., 125 (2011) 193-212.

A. ITwanik, Independence and scrambled sets for chaotic mappings, in: The Mathematical
Heritage of C. F. Gauss, World Sci., River Edge, 1991, pp. 372-378.

F. Hofbauer, G. Keller, Quadratic maps without asymptotic measures, Comm. Math.
Phys., 127 (1990), 319-337.

S. D. Johnson, Singular measures without restrictive intervals, Comm. Math. Phys., 110
(1987), 185-190.

P. Kurka, Topological and symbolic dynamics, Société Mathématique de France, Paris,
2003.

J. Li, Chaos and entropy for interval maps, J. Dynam. Differential Equations, 23 (2011),
333-352.

J. Li, P. Oprocha, On n-scrambled tuples and distributional chaos in a sequence, J. Dif-
ference Equ. Appl., 19 (2013), 927-941.


http://arxiv.org/abs/1311.4734

ON "OBSERVABLE” LI-YORKE TUPLES FOR INTERVAL MAPS 19

[25] M. Lin, Mizing for Markov operators, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete,
19 (1971), 231-243.

[26] T. Li, J. A. Yorke, Period three implies chaos, Amer. Math. Monthly, 82 (1975) 985-992.

[27] C. Liverani, B. Saussol, S. Vaienti, A probabilistic approach to intermittency, Ergodic
Theory Dynam. Systems, 19 (1999), 671-685.

[28] S. Luzzatto, Stochastic-like behaviour in non-uniformly expanding maps, in: Handbook of
Dynamical Systems, 1B, B. Hasselblatt and A. Katok (Eds), Elsevier, 2006, pp. 265-326.

[29] J. Milnor, On the concept of attractor, Comm. Math. Phys., 99 (1985), 177-195.

[30] M. Misiurewicz, W. Szlenk, Entropy of piecewise monotone mappings, Studia Math. 67
(1980), no. 1, 45-63.

[31] J. Mycielski, Independent sets in topological algebras, Fund. Math. 55 (1964), 139-147.

[32] T. K. S. Moothathu, Syndetically proximal pairs, J. Math. Anal. Appl. 379 (2011), no. 2,
656—663

[33] J. C. Oxtoby, S. M. Ulam, Measure-preserving homeomorphisms and metrical transitivity,
Ann. of Math., (2), 42 (1941), 873-920.

[34] J. Pidrek, On the generic chaos in dynamical systems, Univ. Iagel. Acta Math., 25 (1985),
293-298.

[35] H. Proppe, A. Boyarski, On the fullness of surjective maps of an interval, Trans. Amer.
Math. Soc. 269 (1982) 445-452.

[36] A. Rohlin, Ezact endomorphisms of a Lebesgue space, Amer. Math. Soc. Transl. 39 (1964),
1-36.

[37] J. Smital, Chaotic functions with zero topological entropy, Trans. Amer. Math. Soc., 297
(1986) 269-282.

[38] S. M. Srivastava, A Course on Borel Sets, Graduate Texts in Mathematics, 180, Springer
Verlag, New York, 1998.

[39] M. Thaler, A limit theorem for the perron-frobenius operator of transformations on [0, 1]
with indifferent fized points, Israel J. Math., 91 (1995), 111-127.

[40] M. Thaler, Estimates of the invariant densities of endomorphisms with indifferent fized
points. Israel J. Math., 837 (1980), no. 4, 303-314.

[41] M. Thaler, Transformations on [0, 1] with infinite invariant measures. Israel J. Math., 46
(1983), 67-96.

[42] S. van Strien, E. Vargas, Real bounds, ergodicity and negative Schwarzian for multimodal
maps, J. Amer. Math. Soc., 17 (2004), 749-782.

[43] J. Xiong, Chaos in topological transitive systems, Sci. China Ser. A, 48 (2005), 929-939.

(H. Bruin) FACULTY OF MATHEMATICS, UNIVERSITY OF VIENNA, OSKAR MORGENSTERNPLATZ
1, A-1090 VIENNA, AUSTRIA
E-mail address: henk.bruin@univie.ac.at

(P. Oprocha) FAacuLTy OF APPLIED MATHEMATICS, AGH UNIVERSITY OF SCIENCE AND TECH-
NOLOGY, AL. MICKIEWICZA 30, 30-059 KRAKOW, POLAND
E-mail address: oprocha®agh.edu.pl



	1. Introduction
	2. Preliminaries from Measure Theory
	3. Li-Yorke tuples and d-fold product measures
	4. Li-Yorke tuples in the continuous setting
	5. The Manneville-Pomeau map
	5.1. Inducing
	5.2. Manneville-Pomeau maps

	Acknowledgements
	References

