p-ADIC ANALYTIC TWISTS AND STRONG SUBCONVEXITY
TWISTS p-ADIQUE ANALYTIQUES ET SOUS-CONVEXITE FORTE

VALENTIN BLOMER AND DJORDJE MILICEVIC

ABSTRACT. Let f be a fixed cuspidal (holomorphic or Maafl) newform. We prove a Weyl-exponent sub-
convexity bound L(f ® x,1/2 + it) <p. q'/3*¢ for the twisted L-function of f with a Dirichlet character
x of prime power conductor ¢ = p™ (with an explicit polynomial dependence on p and t). We obtain our
result by exhibiting strong cancellation between the Hecke eigenvalues of f and the values of x, which act
as twists by exponentials with a p-adically analytic phase. Among the tools, we develop a general result on
p-adic approximation by rationals (a p-adic counterpart to Farey dissection) and a p-adic version of van der
Corput’s method for exponential sums.

Soit f une forme primitive nouvelle (holomorphe ou Maass). Soient p un nombre premier, n > 1 un
entier, et ¢ un nombre réel. Nous démontrons une borne sous-convexe de type Weyl pour la fonction
L de f, tordue par un caractére de Dirichlet x de conducteur ¢ = p". Plus précisément, on démontre
L(f®x,1/241t) <p ql/“e7 avec une dépendance polynomiale et explicite en p et t. La preuve repose sur
la compensation entre les valeurs propres de Hecke de f et les valeurs de x, dont 'oscillation est gouvernée
par une phase p-adique analytique. Au cours de la démonstration, on développe quelques outils p-adiques,
analogues de méthodes classiques ou archimédiennes, telles que la dissection de Farey et la méthode de van
der Corput pour les sommes d’exponentielles.

1. INTRODUCTION

1.1. Orthogonality of arithmetic functions. It is a central question in number theory to understand
the asymptotic distribution of arithmetic functions such as the Md&bius function, Dirichlet characters of
large conductor, or Hecke eigenvalues of automorphic forms. It is expected that they display a certain
degree of randomness, and one also expects a certain degree of (asymptotic) orthogonality between classes of
sufficiently independent arithmetic functions. On average, this can often be proved in a strong quantitative
sense by large sieve inequalities.

In this paper we are interested in convolutions of Hecke eigenvalues a(m) of automorphic forms for the
group SL9(Z) and arithmetic functions g that are periodic modulo a large prime power ¢ = p™. Such
arithmetic weight functions (possibly with a general defining modulus ¢) have been studied recently in
various contexts for instance in [5, 9, 10]. We develop methods to exhibit cancellation in sums of the type

(1.1) > almg(m),  g:(Z/p"Z)* —C,

m<M
(m,p)=1

where g is a “twisting” function satisfying certain natural conditions in small p-adic neighborhoods (which
we discuss in this introduction), and M is comparatively small in terms of q. As a prototypical example
we work out in full detail the case where g = x is a primitive Dirichlet character of large conductor p™.
Our main result is as follows.
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Theorem 1. Let p be an odd prime. Let f be a holomorphic or Maafi Hecke eigenform for SLo(Z) with
Hecke eigenvalues a(m), let x be a primitive character modulo ¢ = p", let W be a smooth weight function
with support in [1,2] satisfying W) < Z7 for some Z > 1, and let M > 1. Then

(1.2) L= a(m)x(m)Ww (%) Ko Z2pT/6 . N2 g/34e

m

for any € > 0.

We outline our approach in the proofs of Theorems 1 and 2 (see below) in Section 1.3. Theorem 1 is
properly seen as the p-adic analogue of cancellation in Dirichlet polynomials of the type

(1.3) Z a(m)m'

m<M

for large t € R, which have occupied an important place in number theory and, in particular, in connection
with subconvexity of automorphic L-functions. Our twists in (1.2) are p-adically analytic (see (2.2)), and
Theorem 1 is a true analogue of bounds on (1.3) in the sense that we study a twist that is highly ramified
at one fixed place of Q. It should come as no surprise that Theorem 1, which establishes strong asymptotic
orthogonality between Hecke eigenvalues and p-adic twists, will both be of independent interest and have
applications to subconvexity, which we describe in Section 1.2.

We now comment on the results of Theorem 1 within a more general framework. Our method can be
adapted to treat sums of the form (1.1), where g is sufficiently well-behaved in small p-adic neighborhoods.
In particular, we need to be able to control the terms that take place of the first and second derivative
(which, for p-adic analytic functions, can be read off from their p-adic power series expansion) of a specific
phase resulting from g; see also the discussion at the end of Section 4. Corollary 4 displays a prototype
of a requisite two-term expansion, such as that given by (2.3) below in the case of a Dirichlet character.
In general, such expansions are easily available for functions g given by complete exponential sums that
can be explicitly evaluated by discrete stationary phase (such as in our Lemmas 7 and 9), or for functions
g that are exponentials of any p-adically analytic phase with a sufficiently explicit power series expansion
(such as, for example, the class F in [26], which is also fairly stable under natural operations).

The proof of Lemma 9 contains the evaluation of an implicit function where the special shape of (2.3)
comes handy. A prototype of a general implicit function theorem can be found in [26, Lemma 9]; analogous
technology can be used for a corresponding version of Lemma 9 for general weight functions g. With some
careful bookkeeping, the method can also be adapted to yield hybrid bounds for sums of the form (1.1)
and (1.2) for characters (and more general arithmetic weights) to all sufficiently powerful moduli q.

We comment on the ranges of various parameters in Theorem 1. In this paper, ¢ is the basic parameter,
and we think of p and Z as being relatively small. We do emphasize right away, however, that all results,
including Theorems 1 and 2, are completely uniform across all primes p and all prime powers ¢ = p"™ (as
well as across all values of Z in Theorem 1). Thus, while particularly strong results are obtained in the
so-called “depth aspect”, taking p fixed and having n tend to infinity, we obtain at the same time new
results already for n moderately large, say with such n fixed and p tending to infinity.

The Rankin-Selberg bound (2.9) implies that L <y M, so that (1.2) yields a non-trivial result in the
range

(1.4) M > Z5p7/3 . 2/3+9

for § > 0. On the other hand, if M is substantially larger than Zgq, one can apply the functional equation
of L(f ®x, s) to reduce the length of the sum to about Z2¢?/M. We present the details of this well-known
argument at the beginning of Section 5 below, and conclude from this discussion that the real value of
Theorem 2 lies in the range ¢%/3+% <« zp M <Lz, g3 9.



p-ADIC ANALYTIC TWISTS AND STRONG SUBCONVEXITY 3

While we did not try to optimize the exponent of the parameter Z in Theorem 1, the (explicit) polynomial
dependence on Z gives us the flexibility to have slightly oscillating weight functions or weight functions
with sharp cut-offs. In particular, in the situation of Theorem 1 we obtain

(1.5) Z a(m)x(m) <. P3O/ 224

m<M

which beats the trivial bound if M > p7/3¢?/3+0 cf. (1.4).

We put considerable care into the exponent of p in Theorem 1, although we do not claim that it is
the best obtainable from our method. Finally, the implied constant in (1.2) depends polynomially on the
archimedean parameter of f (weight or Laplacian eigenvalue). This can be seen by using the uniform
bounds for Bessel functions in [16, Appendix|. Also, the case p = 2 can be dealt with in the same fashion
at only the cost of some rather cumbersome notation; see [26] for a prototype where small primes are
treated uniformly.

It should be noted that Theorems 1 and 2 (stated in the next subsection) are completely independent
of bounds towards the Ramanujan conjecture. In fact, the only “automorphic information” needed are an
approximate functional equation, the Voronoi summation formula, and a Rankin-Selberg-type mean value
bound for Hecke eigenvalues.

We also remark that the natural but easier continuous spectrum analogues of both Theorem 1 and 2,
involving the Eisenstein series and their Fourier coefficients di(m) := > ,_, (a/b)¥, are known. By Mellin
inversion, we have

m 1

; di(m)x(m)W <M> =5 /(1/2) L(s+it,x)L(s —it, X)W(S)Msds.

According to [26], one has (the sub-Weyl) subconvexity bound L(1/2+it,x) < A, - ¢/ for a primitive
character x of conductor ¢ = p" with an explicit 4,; > 0 and absolute § > 0. From this, one obtains the
desired cancellation between d;(m) and characters of conductor ¢ = p™ in the situation of Theorem 1 with
the even stronger bound < B, 7 - ql/g_Q‘le/2 with an explicit By, 7z > 0.

A very beautiful theory for a somewhat different family of twisting functions g has been and is currently
being developed by Fouvry, Kowalski and Michel [9, 10]. Their twists are algebraic in nature and come
as trace functions of ¢-adic sheaves on Alp, including in particular exponentials and Dirichlet characters
with rational functions and hyper-Kloosterman sums. Using both spectral-theoretic and algebro-geometric
methods, they obtain cancellation in twisted sums of the form

Lg := Za(m)K(m)W (%)

m

where K : Z/qZ — C (q prime) is an “admissible trace weight” and W is as in Theorem 1. For instance, in
[9, Theorem 1.5] they establish the bound Ly < Z-M'/2¢3/3+¢ for M < Zq. It would lead too far to give a
detailed discussion on the similarities and differences of the two approaches, and we restrict ourselves to two
fairly obvious observations: as the theory of Fouvry-Kowalski-Michel is powered by algebraic geometry and
in particular the Riemann hypothesis over finite fields, their trace weights are naturally periodic modulo
a prime. In contrast, our method uses p-adic analysis, hence we consider moduli that are a sufficiently
large prime power. (It should be noted, however, that the method of stationary phase, in its geometric
incarnation due to Laumon, is also a fundamental tool in [9], and it would be interesting to compare the
use of stationary phase in [9] and the present paper.) Secondly and perhaps most importantly, our bound
is stronger in terms of ¢ which constitutes precisely the difference between a “Weyl-type” exponent and
a “Burgess-type” exponent. We will continue this discussion in the next subsection when we consider
applications of Theorem 1 to L-functions.
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1.2. Applications to subconvexity. A classical result states that the Riemann zeta function satisfies
the bound

(1.6) C(1/2 +it) <. (1 + [¢)/0Fe

on the critical line. It was proved first by Hardy and Littlewood (cf. [24]), based on work of Weyl [30], and
first written down by Landau [23] in a slightly refined form and generalized to all Dirichlet L-functions.
Results of similar strength to (1.6) exist (in the t-aspect) for automorphic L-functions of degree 2. Using
deep bounds on triple products, Good [12] proved that, for a fixed holomorphic cusp form f, one has

(1.7) L(f,1/2 4+ it) <z (14 |t])/3+=.

A very different approach to prove (1.7), much more in the spirit of the Weyl-Hardy-Littlewood method,
was developed by Jutila [20] and generalized to Maaf forms by Meurman [25]. While (1.6) was improved
slightly over the years, (1.7) is still the current record (except for replacing e-powers by powers of the
logarithm).

Subconvexity in the conductor aspect seems to be a harder problem. The analogue of (1.6) is Burgess’
[6] bound L(x,1/2 4 it) <; cond(x)3/16*¢, and again one has a result of similar strength for automorphic
L-functions of degree 2 (see [7, 2])

(1.8) L(f ®x,1/2 +it) <4 s cond(x)*/8+

for a fixed automorphic form f. Unless x is quadratic [8], (1.8) has not been improved, and in particular
the exponent 1/3, i.e. the quantitative analogue of (1.7), is unknown. As a corollary of Theorem 1, we
can close the gap between (1.7) and (1.8) if the conductor of x is a prime power g = p", while we retain
explicit polynomial dependence in the parameters p and t.

Theorem 2. Let p be an odd prime. Let f be a holomorphic or Maaf$ cuspidal newform for SLo(Z), and
let x be a primitive character of conductor ¢ = p™. Lett € R. Then one has

L(f @ x,1/2 +it) <o (14 [t])%/2p7/6 . g1/3Fe,

The quality of subconvexity exponent in the g-aspect in Theorem 2, one-third of the way from the trivial
bound toward the Lindel6f hypothesis and often referred to as a Weyl-type bound, is a serious barrier that
has been breached only for two families of degree-one L-functions [26] and in the present situation is very
unlikely to be improved with current technology. The Weyl exponent is known for very few families of
L-functions. It is the current record for subconvexity of GLa L-functions in the t-aspect and the eigenvalue
aspect [21], and it comes up naturally in sup-norm bounds for automorphic forms on hyperbolic surfaces
of large volume [11, 4] which may be thought of as partly analogous to subconvexity bounds.

As is the case with Theorem 1 and (1.3), Theorem 2 is a close analogue of (1.7) as involving a twist
highly ramified at one fixed (finite) place of Q. The analogy between analytic number theory at finite
and infinite places and in particular subconvexity in the depth aspect (cf. early work [1, 15]) has recently
received considerable attention (see [26] for a consistent application of p-adic analysis in this context and
[27]); see also Vishe [29], who establishes a fast algorithm to compute the value of L(f ® x,1/2) using
an idea of Venkatesh [28] based on equidistribution of long p-adic horocycles. Theorems 1 and 2 and the
p-adic methods we develop in the course of proving them lend strong support to the understanding that,
within what we call the level or g-aspect in analytic arithmetic problems, the square-full direction plays a
very distinctive role.

For fixed p, our results produce subconvexity of Weyl-type quality as n — oo, but we get subconvexity
as soon as n > 7, and improve on the Burgess bound as soon as n > 28, uniformly across all (odd) primes
p.

1.3. Method of proof and overview of the paper. Our method of proof of Theorems 1 and 2 is
inspired by Jutila’s treatment [20] and establishes the p-adic counterpart of this flexible argument. Large
parts of the paper are consequently p-adic in nature, and we develop several p-adic results of independent
interest, two of which we specifically discuss in Sections 1.4 and 1.5 below. In Section 4, we provide a brief
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sketch of Jutila’s archimedean argument for reader’s reference. The central section of the paper, Section 5,
presents proofs of Theorems 1 and 2, which we outline below. For clarity, two crucial estimates for these
proofs and the methods we develop to address them are then presented in subsequent Sections 6-9.

The starting point of our argument is (2.2) below, which describes our twisting function x(m) =
0(alog, m/p"™) as the result of evaluation of the standard additive character 6 : Q, — C* on a “phase”
given by a p-adic analytic function. (As discussed there, we need much less information than analyticity.)
We split the sum L in Theorem 1 into suitable arithmetic progressions to high powers of p (that is, inter-
sections of small p-adic balls with Z), in which the derivative a;/m of the non-archimedean phase « log, m
is very well p-adically approximated by a/b, with a,b of controlled (archimedean) size and coprime to p.
This is the p-adic analogue of a Farey decomposition, and in particular a precise version of Dirichlet’s
approximation theorem; we state and discuss this theorem in Section 1.4 and prove it in Section 3.

We decompose the localized sums using multiplicative characters; the effect of the p-adic approximation
effort is a serious reduction of the modulus in this harmonic analysis. An application of Voronoi summation
to the resulting sums produces certain complete exponential (character) sums and oscillatory integrals, the
former containing the essential asymptotic information. Both are evaluated in Lemmas 2 and 3, which we
prove by intricate (archimedean and p-adic) stationary phase method in Sections 6 and 7. In particular,
our explicit evaluation of the character sum features exactly two terms, each of which is essentially an
exponential with an entirely explicit p-adically analytic phase; see Section 7.2 for a more thorough discussion
and underlying intuition.

Corresponding to each of the various arithmetic progressions, we thus obtain a short sum of Hecke
eigenvalues highly twisted by exponentials with explicit p-adically analytic and linear archimedean phases.
A trivial estimation of these sums individually recovers the convexity bound. However, after applying
the Cauchy-Schwarz inequality, we extract extra cancellation on average over the various arithmetic pro-
gressions (and get rid of the automorphic information in the process). We achieve this by developing in
Section 8 a p-adic second derivative test, an analogue of van der Corput’s technique, which we discuss in
Section 1.5. We then apply this machinery in Section 9 and obtain generically full square-root strength
savings in the resulting exponential sums, thus providing the final ingredient in the proof of Theorem 1.

We point out that all results are written entirely explicitly and with no direct reference to p-adic analysis,
in order to make minimal assumptions and various extensions completely transparent. Nevertheless, the
p-adic analysis does underlie a lot of important intuition in this article, and the reader may keep the
p-adic metaphor in mind throughout; in particular, all of the apparently ad hoc calculations and massive
cancellations in Sections 7 and 9 appear for structural reasons.

1.4. p-adic approximation. The Farey dissection is a classical tool in diophantine approximation. It is
the starting point for variants of the circle method without minor arcs and contains as a direct consequence
Dirichlet’s approximation theorem. In Section 3, we prove the following p-adic Farey dissection theorem
that decomposes Z; into small p-adic balls, centered at rational numbers a/b with a and b of bounded
size. For our application, we want to approximate the derivative at/m of the phase in (2.2); therefore, we
state the dissection in the following form.

Theorem 3. Let o € Z;, { € N, and an integer —0 < r < { be given. Write r* = max(r,0) and
r~ = max(—7,0), and let*
S = {(a,b, k)€ ZxNxNy:b < phter |al <pk+2T+, (a,b) = (a,p) = (b,p) = 1}.
For (a,b,k) € S, let
ZX[a,b,k] = {m € Z) | ba/m — a € p"tI+F7,}.
Then there exists a subset S° C S such that

(1.9) zy= || Z}a,bk
(a,b,k)eS0

Here and in the following, we use the notation No := N U {0} = {0,1,2,...}.
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and in addition the following two properties hold: if (a,b, k1), (a,b, ko) € S°, then ki = ko, and for each
(a,b,k) € S° one has k < £ — |r|.

Theorem 3 can also be seen as a statement about integers; its statement and proof are valid practically
verbatim by replacing every instance of Z,, and Z,; by Z and Z\pZ, respectively. Under such interpretation,
the theorem states that Z \ pZ can be partitioned into arithmetic progressions such that, for integers m in
each individual partition, a/m is very well p-adically approximated by a/b. The conclusion of Theorem 3
should be contrasted with Dirichlet’s familiar approximation theorem, which states that, for every =z € R,
there is a rational number a/b with b < B such that |z — a/b| < 1/bB. Indeed, we will prove Theorem 3
by an elaboration of Dirichlet’s Box Principle argument.

Theorem 3 features a parameter r» with which one can control the relative size of a and b. This extra
flexibility is very important in our application for the proof of Theorem 1. In the most difficult range
M = (¢2)(H°M) we will be setting = 0 in the application of Theorem 3, cf. (5.19). In other words, we
will be approximating p-adic units by a/b with the (archimedean) size of both a and b equally bounded
from above. In other ranges, however, it is necessary to choose different values for r. In the extreme case
|7| = ¢, Theorem 3 reduces (except for the appearance of the absolute value in the condition |a| < p*, an
asymptotically insignificant distinction) to the trivial statement that every p-adic integer can be approxi-
mated within p~2¢ by an integer no greater than p2.

Finally we comment on the application of Theorem 3 in the context of estimating (1.1) where g is a more
general twisting exponential with a p-adically analytic phase, or an arithmetic weight function satisfying
a two-term expansion as in Corollary 4 (or some variation of it). Then it follows as in Lemma 10 that, for
a suitable fixed k, the “first derivative” gi(x) of the phase satisfies g1 (x + p*t) — g1(z) € p"‘+)‘tZ;, and in
particular g (z + t) — g1(x) € pHZ, for t € p*Z,, if and only if ¢t € p*~*Z,,. Therefore, in such a situation,
the dissection of Z provided in Theorem 3 according to p-adic approximations of g1(m)/|g1(m)[, by a
rational number also induces a dissection of the original values m € Z, into p-adic balls; moreover, the
radii will typically be commensurate in these two dissections since generically ord, g1 ~ A.

1.5. p-adic van der Corput theory. Van der Corput’s theory (see [14]) relies on fundamental estimates
of exponential sums in terms of the known information about the rate of change of a sufficiently smooth
phase. As a typical case, one is interested in non-trivial bounds for sums of the type

(1.10) > et

Mi<m< M2

where g is sufficiently smooth and one has some control on the derivatives of ¢g. In particular, the second
derivative test estimates an exponential sum in terms of the size of the second derivative of the phase g(z),
since this quantity can be used to control the number of stationary phase points.

We are interested in functions f of arithmetic nature that enjoy some p-adic regularity. In this case, we
can establish bounds of the same strength as in the classical theory. In the following we give a prototype
of a second derivative test for p-adic exponential sums. A much more general and flexible version of the
theorem, tailored for a variety of applications, will be given in Section 8. Our theorem provides an estimate
for an exponential sum of the form

> f(m)

Mi<m< M2

(and generalizations thereof) where f is a function for which the values f(z + p®t) along arithmetic
progressions with difference p” (which can be thought of as p-adic balls around x) are sufficiently well
modelled by quadratic exponentials f(x) - 9(91 (z) - pt + %gg(x) -p2“t2). Here, 0 is the standard additive
character on Qp; see Section 2.1.
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Corollary 4. Let \,p € Ng. Let f : Zy, = C*, g1 : Zp = p ¥ZLyp, g2 : Zp — p_’\Z;, h:Zy,xZy,xNog = 7Z,
be functions satisfying

h(z,t, k) >

f(z +p"t) = f(x)0 <gl (z)p"t + 592(‘%)])2/%2 + Zm
for every x,t € Z, k € Ng. Let My < Mo be real numbers. Then
> fm) < flloo(Mz = My) +p? 4 p)p~/?

Mi<m< M2

for any € > 0.

The more general version, Theorem 5 below, allows, among other things, a smooth weight function
W(m), an extra archimedean linear phase e(wm) with w € R, substantially more general assumptions on
f, and a sum not over a full interval [M;, Ms], but over a collection of residue classes modulo some power
of p.

Finally, we remark that, while the statements of both Theorem 3 and Theorem 5/Corollary 4 can be
formulated so as to involve integers only (without mentioning the p-adic completions), they are bona fide
p-adic statements (even if an elementary reformulation may be preferable for certain purposes). After all,
the same could be said about their archimedean analogues: for example, the archimedean van der Corput
theory is also concerned with the values of the exponentials in (1.10) over m € Z only. It goes without
saying, however, that formulating its methods in the language of integers only would be but an exercise
in forceful futility, and, in that case as well as in ours, the appropriate completions provide a natural
framework in which to formulate analytic assumptions and methods.
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European Research Council. Initial work on this paper was completed while the second author visited the
Max Planck Institute for Mathematics in Bonn; it is a pleasure to acknowledge the support and excellent
research infrastructure at MPIM. Finally, we would very much like to thank the referee for an extremely
helpful report that substantially improved the presentation of the paper.

2. PRELIMINARIES AND NOTATION

In this section we set up some notation and compile for future reference a number of useful results, some
of which are well-known.

2.1. Notation. We denote by Z, the ring of p-adic integers in the field Q, of p-adic numbers, and by
Zy = Zp \ pZp the group of its units. Then Q; = Q, \ {0} = ukezka;; for x € ka;, we write
ord,x =k, |z|, = p*, and
xTo =2 - |x\;1 =z-p "

that is, o denotes the unit part of . In Sections 9 and 5.5, we also formally write ord,0 = oo and
P2y ={0}.

If k > 0 and a domain A C Z, are such that A+ p*Z, C A, or equivalently if .A(z) is a property enjoyed
by some z € Z, such that A(x + p*t) < A(x) for every t € Z,, and if f is a p*Z,-periodic function, then

by
St ad Y f@)
x mod pk, z€A x mod pk : A(x)

we mean, respectively, the (finite) sum of f(x) over an arbitrary set of representatives of classes in A/p*Z,
(such as AN {1,2,...,p*}), and the sum of f(x) over an arbitrary set of representatives of those classes
x € Z,/p*7Z, for which A(z) holds (such as {z € {1,2,...,p*} : A(z)}). The sum is understood to be
only over those classes that satisfy all specified conditions if more than one is listed. We keep analogous
conventions for appropriately periodic subsets of (or properties defined on) Z.
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For z € Z coprime to the modulus (or sometimes for z € Z), the notation Z will always denote the
multiplicative inverse to a modulus which will be obvious from the context. In particular, if no obvious
modulus is specified, then Z = 2~ will denote the inverse of z in Z, , which agrees with the multiplicative
inverse of  to any prime power p”. While both Z and z~! have the same meaning for € Z;, for aesthetic
reasons we usually give preference to the former in notations that explicitly depend only on the congruence
class of = to an obvious modulus (such as in e-factors, Kloosterman sums, and so on) and to the latter in
expressions of a more direct p-adic nature such as phases in the context of p-adic local analysis (even when
the expression happens to be locally constant).

The prime p = 3 requires a very minor technical adaptation at one place in our argument; to track it,
we denote ¢/ =1 if p = 3 and ¢/ = 0 otherwise. This notation compares to ¢/(3) in [26].

For r € Z, we denote

r* =max(r,0), r~ = (—r)" = max(-r,0).

We use the standard Landau notation. We write f = O(g) or, equivalently, f < g, if there exists a
constant C' > 0 such that |f| < Cg whenever all variables involved belong to the specified ranges. The
notation f = Oy g, . (g) or f <4, B,. g denotes that the constant C' may depend on the specific values of
AB,. ...

We write e(z) = €™ for z € R, and we write 0 : Q, — C* for the standard additive character on
Qp trivial on Z,. Specifically, if x = .. . ajp’ € Qp, then 0(z) = exp(2mi > j<0 a;jp’). In particular, on
Z[1/p] € Q, NR we have 6(-) = e(-), and this relation is crucial for moving arithmetic oscillation between
p-adic and archimedean places.

2.2. Certain classes. We introduce the following terminology, including an auxiliary class of functions.

Definition 1. Let k € Z. We denote by My~ an arbitrary element of p~Z,, which may be different from
line to line. For k € Ny, we denote by pu,x = 0(-/p*) = H(Mpw) an arbitrary complex (p®)™ root of unity,
which may be different from line to line.

Further, let Ay, ..., Ay C Z, and Qo € N be such that (1 +pQOZp)Ai C A; forevery1 <1< s. We
denote by Mgg [Y1,-..,Ys] an arbitrary function M : [[;_, Ai — p"Z, , which may be different from line to
line, such that, for every yi,...,ys, every Q = Qq, and every y; € (1 +pQZp)yi,

M(y£77y;> - M(yla' . '7y8) ep’ﬁ_QZp'

We also write Mps[y1, ..., ys| if the value of Qg is clear from the context (such as Qo =1).

The classes M=, pp, and Mg? [y1,.-.,ys] will be useful for efficient tracking of terms which we think of
as remainders in certain two-term p-adic expansions. The domains Ay, ..., As; will always be clear from the
context. Some examples of immediate interest to us will be introduced in Subsections 2.3 and 2.4 below.
We will only need s = 2 in Definition 1.

We will frequently use that

(2.1) Miyi, .. ys) - Mps[yt, ..., ys] € Mps[yn, - -, Ys]

for classes My and M,~ on the same underlying domains Ay, ..., Ay (or, equivalently, when restricted to
the intersection of their respective domains). Indeed, for every f € Milyi,...,us], 9 € Mps[y1,...,Us),
Q> Q, and yl, ...,y with ¢/ € (1 + pZ,)y; as above, we have that

= (fWh V) = f W1 ¥)) W W)+ F s ys) (9 - 9) — g(yt, -4 ys)) € PP,

In other words, functions in M;j[yi,...,ys] on fixed domains Ay, ..., A, form a ring, and Mp=[y1, ...,y
is an My[y,. .., ys]-module.
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2.3. Characters. We recall the structure of multiplicative characters modulo ¢ = p™. In this section,
as everywhere else in the paper, p denotes an odd prime; all statements hold with minor but necessary
modifications in the case p = 2. The p-adic logarithm log,, is defined on 1 + pZ, by the convergent series

o .

1)y .
og,(1+2) =3 "0 (2 e pz,)

— ]

]_
and gives an isomorphism of the multiplicative group (1 + pZ,) with the additive group pZ,. From [26,
Lemma 13] we recall that, for every primitive character x of conductor p”, there exists a € Z such that,
for every m =1 (mod p),

(2:2) xom) =0 ()
p

We recall this argument briefly for completeness. For every a € Zj, the map x(q(m) = 0(alog, m/p")
is a character of the multiplicative group (Z/p"Z)y := (1 + pZ)/(1 + p"Z); let ', 1 denote the dual of
(Z/p"Z)y. The map « +— x[q defines a homomorphism from Z, — T'y 1, and it is easy to see that its
kernel is exactly p"~'Z,. A counting argument shows that we thus obtain an isomorphism (and hence a
surjection) Z,/p" Z, — T'n1. The restriction of a primitive character y of conductor p" to (Z/p"Z); lies
in 'y 1 \ I'n—1,1 and is hence of the form X]a] for some o € Z}f.

In fact, we do not need the full strength of (2.2). However, we will use the following corollary, valid for
every £ > 1 and every u € Z), t € Zy:

a1 1 5.
(2:3) x(u+p"t) = x(u)f <pn (=Pt = 559" + My, t]) :
where 2y = 1 in the sense of Definition 1. Here and later, x is identified with its obvious p"Z,-periodic
extension to Z,', which also satisfies (2.2) for all m € 1+ pZ,. The equation (2.3) is all the p-adic local
information we will require about the function y. To prove (2.3), we note that (2.2) implies that

et 0) = XL+ ) = x5 (St S ) 4 f(wn )

P \u
where
. .
_1)371 . .
2.4 B = aprn S EVT sy
(24) flut) = ap™™" ) S—5—p
7j=3
For p > 5 and j > 4, the inequality p’—3 > j follows by trivial induction; the same is true for p = 3 and
j = 5. Hence, in all of these ranges,
loo 7
ordyj < 2L < i -3 < (j - 3)k.
logp

From this it follows that f(u,t) € M s for u € Z;, t € Zy.

That f(u,t) € M SRS ru, t] follows immediately by subtracting (2.4) and the same expression for
f(u t’) with arbltrary u' € (14+p%Zp)u, t' € (1+pZy)t, and Q > 1, and observing that #/ /u! — 7 /u'l =
((u't)) — (ut')?) /(uu')) € pZ, for every j € N.

It will suffice for many (but not all) of our purposes to know that there exists an o € Z \ pZ such that,
for every k € N with 3x > n and every t € Z,

(2.5) x(1+pft) =6 (;1 (p"t — épthQ)) .

The equality (2.5) is (for p > 3) a trivial consequence of (2.2), but it is also entirely elementary. In-
deed, for 3k > n, one checks immediately that the right-hand side is a multiplicative function of 1 + p*t.
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Then, o — 9(a(p"‘t - %p2“t2)/p") defines an injective homomorphism from (Z/p"~*Z)* to the group of
characters of order p"~" of the group (14 p*Z)/(1 + p"Z), which is hence a surjection. In all our uses of
(2.5), we will work under the assumption that 3x > n + ¢/; in such case, (2.5) follows from (2.2) or (2.3)
with the same value of a. (We remark that, for a fixed x > 1, an a € Z,; can be found so that (2.3) and
(2.5) hold with ¢/ = 0 even when p = 3; however, such a value of a will depend on &, and the notational
complexities involved do not appear any more pleasant than our simple and from the point of view of the
series expansion of log,, natural implement of setting /=1

Finally, for a Dirichlet character v modulo N, we denote by

= 3 wine(y)

h mod N
the GauB sum with |7(y)| = V/N if x is primitive.

2.4. p-adic square roots. For every z € Z;z, there are exactly two solutions to the solution u? = x; we

now describe them more precisely. Recall that by Hensel’s lemma (for p odd) Z;2 is the finite union of
sets r + pZ, over all square congruence classes r € (Z/pZ)*?
congruence u? = x (mod p*) has exactly two solutions +u (mod p*). These solutions come in two p-adic
towers as kK — 0o, whose limits are the two p-adic solutions to u? = x which we alluded to and which we
wish to denote as £ 5().

More precisely, for every r € (Z/pZ)*?, there are exactly two classes s € (Z/pZ)* such that s? = r.
Suppose we are given a choice function s : (Z/pZ)*? — (Z/pZ)* such that, for every r € (Z/pZ)*2,
the class s(r) € (Z/pZ)* satisfies s(r)> = r. Then, for every z € ZX?, we let uy/5(z) € ZX be the
unique p-adic integer u such that u? = x and u € s(x + pZ). In this way, each of the 2(P=1)/2 choices for
s : (Z/pZ)** — (Z/pZ)* gives way to a unique function uy /s : Z;* — L5 we may think of these 2(p=1)/2
functions as p-adic square roots (or branches of the p-adic square root), and we will fix once and for all
one of them. We also write x5 for u;/y(z); for k € Z, by x’f/Q we always mean ($1/2)k. Note that,

. For every z € Z;Q and every k > 1, the

for K > 1, u?> = 2 (mod p*) has solutions if and only if € Z]f2, in which case the congruence holds if
and only if u = £z, /5 (mod p~). Also, note that, for every z,y € Z;Q and every k£ > 1, uyo(x) = u/2(y)
(mod p®) if and only if z =y (mod p~). Finally, /2,5 = /5 and (1/:51/2)2 = 1/z for every x € Z;2,
simply because x% 2 =T

Next, we note that, for every x > 1 and every u € Z;Q, t € Zy,

1 K 1 2Kk 42 ? K 3
t— -ptt € t 5,
<u1 /2 + 2us p 8%2 p (u+ p*t) + p**Z,
so that
(2.6) (u+pFt), ,, =u+ ! Pt — ! p*t?  (mod p**)
‘ /2 = /2 2u1 /2 8“’?/2 .

With the terminology of Definition 1, we claim that actually

1 1
2.7 RE) o = ot — 2542 L M s [, t
( ) (u +p )1/2 Uy/2 + 2u1/2p 8u:1),/2p + p3 [uv ]a

again with Qy = 1 in Definition 1. Both equalities (2.6) and (2.7) can also be proved using a power
series expansion as was done in Section 2.3 (since it is not hard to see that actually (u + pt); =
uy (1 + p*t/u)'/2, with the latter power given by the familiar power series expansion of (1 + z)'/? for
x € pZy,), but we give a simple elementary proof of (2.7) instead. This equality contains all the p-adic local

information we will require about the function (-); /5.
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Indeed, write (2.7) as g = h+ f, where f € p*Z,, and, for v’ € (14 p®Z,)u, t' € (14 p*Z,)t', write the
corresponding equality as ¢’ = h/+ f/, where f’ € p**Z,; then we need to prove that f'—f € p3**+97Z,. Here,
the function (+); /2 is a fixed branch of the p-adic square-root, and, in particular, since u + p"t = u' + ptt’

(mod p%), we have that g — ¢’ € pZ,. Then, g> — h? = %p?’“ts/u2 — 6i4p4”t2

(92 _ h2) _ (g/Q _ h/2) c p3K+QZp-

/u? and so

Writing h = g — f and h/ = ¢’ — f/, the above may be re-written as
29f =g f) = (FP=1*)=2f(g-9)+ (F=F)2d - - f) €p* ",

In light of f(g —¢') € p**9Z, and 2¢' — f — f' € Zy, it is immediate that f — f' € p*HR7Z, as was to
be proved.

2.5. Automorphic forms. We recall the Voronoi summation formula [22]:

Lemma 1. Let D be a positive integer and v a character modulo D. Let g be a holomorphic newform of
weight K+ 1 > 1 or a weight zero Maaf$ newform of spectral parameter k/2 € [0,00) U (—i/2,i/2), level D
and character ¢ with Hecke eigenvalues ag(m). Let a € Z and b € N with (b,aD) = 1. Let h := g|lw where
W is the classical Fricke involution of level D sending newforms of level D and character ¢ to newforms
of level D and character 1. Denote by a(m) the Hecke eigenvalues of h. Let F : (0,00) — C be a smooth,
compactly supported function. Then

5 (3 o= S5 o () [ ()

mz=1
where
THa) = {277(2]“4;;]_,{};1:) ,(x) g holomor].)hz'c of weight k + 1,
i o) 0 9 Maap with spectral parameter r/2,
and

T (2) 0, g holomorphic of weight xk + 1,
x) = VT
a zw% = 4 cosh(nk/2)K;x(x), g Maaf with spectral parameter /2.

The Selberg eigenvalue conjecture (known for SLo(Z)) implies k € R, but we will only use the “trivial
bound” |Sk| < 1/2.

We are interested in the special case when g = f ® x for a newform f of level 1 and y a primitive
character modulo N. Then g is a newform of level N? and character x? (see [18, Prop. 14.20]), and a
matrix computation shows (see [17, Theorem 7.5]) that h = (7(x)?/N)g. Hence we conclude that, under
the above assumptions,

ar(m)x(m)e <gm> F(m)
28) 7

— N : bN ZZ“ (;ZZm)/OOOF(x)jHi (47r;Nﬁ>

(note that f has real coefficients because it has trivial central character). We will frequently use the
Rankin-Selberg bound

(2.9) > ag(m)]? <5 .

m<x
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2.6. Bessel functions. We start with the bound

=188l (1 41 0 <1
+ T ( + ‘ ng‘)v <z sl
jﬂ (33) <<H {ZU_1/27 X > 17

for k € C, which follows from the power series expansion [13, 8.402.1, 8.445] for x < 1 and from the
asymptotic formula [13, 8.451] for > 1. Integration by parts in combination with [13, 8.472.3, 8.486.14]
shows the formula

[ v = (£2) [T 2 w25, 0y
0 « 0 €T

for Bs € {Js,Ys, K5}, a >0,s€C, j € Nand F: (0,00) — C smooth and of compact support. Here, the
+ sign applies for K, and the — sign applies for Js and Y;. In particular, if F' has support in the interval
[M,2M], and FU) <j M~9Z} for some Zy > 1 and all j € Ny, then

(2.10) /0 " Pla) T2 (avE)ds < M (1 + W%a)m%% ( \/ZM(]Q)j |

Finally we record the representation
(2.11) TE(@) = TQE @) + e 0 (=)
for a smooth and non-oscillating function QF, i.e.

3K
s x (1+|logz|), 0<z<1,
(2.12) o (@) (@) < {m—l/?, Y

for all j € Ny. This follows as in [19, Section 4] (where Q is given explicitly) in the +-case, and it follows
trivially with Q (z) = e~ 7 (x)/2 from the rapid decay of the K-function in the other case.

In our applications of (2.10) and (2.12), we will have |Sk| < 1/2 by the trivial bounds towards the
Selberg eigenvalue conjecture.

3. PROOF OF THEOREM 3

To keep notation simple, we prove the theorem in the case r > 0. The proof in the case r < 0 is along
exactly the same lines, mutatis mutandis, by switching the roles of a and b.

First, we claim that, for any two (a1, b1, k1), (ag, b2, k2) € S, with k1 < ko, exactly one of the following
two situations occurs:

(1) (ll/bl — ag/bg ¢p£+r+k1Zp, and Z;; [al, b1, k‘l] N Z;; [CLQ, ba, k‘Q] = @, or
(2) a1/bi—az/by € pTTHRIZ, and L) [az, by, ko] C 7 [ay, by, k1], with set equality if and only if k1 = ko.

For suppose that a; /by — ag/by & p**" %17, and that m € Z) a1, by, k1] N Z [ag, ba, ko). Then a/m —
a1 /by € pHTRZ, and a/m—az /by € pTTR2Z, C pttrHRIZ ) since ky < k. Tt follows that a1 /b1 —ag /by €
pt k7, contradiction. Hence, if ay /by — ag/by & p*"T#Z,, then Zyla1, b, k1] N2 [az, b2, ko] = 0, i.e.
(1) holds.

On the other hand, suppose that aj/b; — as/bs € p“’"“‘klZp, and let my € Z; [ag, ba, k2] be arbitrary.
Then my € Z) and a/ma — as/by € p””k?Zp C p“”klzp, since k1 < ko, and therefore a/mg — a1 /by =
(a/mg — az/b2) + (az/by — a1/b1) € pz“'”klZp too, so that mg € Z)[a1,b1,k1]. This proves that, if
a1 /by — ag/by € p””klZp, then Z)[ag, bz, ko] C Z)[a1,b1, k1], ie. the first statement of (2) holds. If
k1 = ko, then the reverse inclusion also holds, and so Z, [a1,b1, k1] = Zy [ag, ba, ko]. If k1 < ko, then, letting
ma € Z, [ag, ba, k2] be arbitrary (for example, ma = abz/az), we have that mq 4 pttrth ¢ Zy a1, b1, k1] \
Z, [ag, b2, ko], so that / [ag, ba, ko] C / [a1,b1, k1]. This completes the proof of (2).

It is clear that (1) and (2) are mutually exclusive.
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Let Sk = {(a,b) | (a,b,k) € S}. We now inductively construct a set SY C Sy, as follows. Consider the

relation ~g on Sy defined for (ai,b1), (az,b2) € Sy as
(al,bl) ~Q (ag,bg) < al/bl — ag/bg € p€+TZp.
This is clearly an equivalence relation. We let 5’8 be a set of unique representatives of the equivalence
classes of ~g. Suppose the sets SO have been constructed for all 0 < k < k. Let
S,z ={(a,b) € Sy : a/b—ay/by & pT"TrZ, for every 0 < w < k, (a1,b1) € SY}.
Consider the relation ~j on Sg defined for (a1,b1), (ag,be) € Sg as
(a1,b1) ~ (a2,b2) <= a1/by — az/by € p"*" 47,

Again, this is clearly an equivalence relation. We let S,g be a set of unique representatives of the equivalence
classes of ~;. Proceeding inductively, we can construct sets SJ,SY,. .., S?ﬂq. Let

SO = {(a,b,k):0<k<l—r, (a,b)e S}
We are now ready to prove the statements made in the lemma. We first prove that the union in (1.9)
is disjoint. Suppose that the sets Z a1, b1, k1] and Z, [az, b2, k2] are not disjoint, for some (a1,b1) € 5’21,
(az2,b2) € S,gQ, (a1,b1,k1) # (az,be, k), and (without loss of generality) k1 < k2. According to (1) and (2)
above, we must have aj/b; — ag/bs € p”““klZp. If k1 = ko, then (a1,b1) ~g, (a2,b2); however, this is
impossible in light of (a1,b1) # (a2,bs2) and the construction of Sgl as a system of unique representatives
of equivalence classes of ~j,. On the other hand, if k; < kg, then, since (a1,b1) € SOI, we have that

(ag,b2) & 522, so we certainly cannot have (ag, b2) € 522 — a contradiction.

We proceed to prove that the disjoint union of subsets of Z, on the right-hand side of (1.9) indeed
equals the entire set Z;. Let m € Z,; be given, and consider the following elements of Z:

Ala,b) =ba—ma, 0<a<p™, 0<b<p.
This gives us p*"(p’~" + 1) > p? numbers in Z,. Since |Z,/p*Z,| = p*, there must be two distinct
(a1,b1) # (a2,bo) with 0 < a; < p™™™, 0 < b; < p®" and (without loss of generality) b; < by such that
A(ag, by) — A(ar, by) € p*Z,, that is,
(b —b1)a —m(ag — ay) € p%Zp.

We note right away that we cannot have by = by, since then p** | (ag — a;). Along with |ag — a;] <

' < p?, this would imply that a; = as, so that (ay,b;) = (az,b2), a contradiction.

So let by — b = psl; for some s > 0 and b € N with (p, l~)) = 1. Since 0 < by — by < by < p' 7, we have
that s < ¢ — r, and in particular s < 2¢. It follows that we must have p° | (a2 — a1); let ag — a1 = p®a for
some @ € Z. We note that 0 < b < p*~"* and |a| < p’*"—°. We find that

pbar — mp®a € p%Zp
and hence

ba — ma € p%_sZp,

o —ma/b € p*°7,.
Moreover, since a € Z,, it follows that a € Z; too, that is, (a,p) = 1. Recall that @ and b are usual
integers. Let d > 1 be their (positive) greatest common divisor, let a = a/d, and let b = b/d; note that
(d,p) =1 and that 1/b = d/b, and so

a—ma/b e p%_SZp,
with b € N, b < p™"°, |a| < p*"~°, and (a,b) = (a,p) = (b,p) = 1.
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Letting k = ¢ — r — s, we have that (a,b) € Sy and
m € Z, [a, b, k].
Let
S'={k e Ng: Zy[d V', k] NZ;[a,b,k] # 0 for some (a',b') € S,}.
Clearly k € S'; let ko = min S, so that kg < k, and let (a’,b’) € S, be such that Z)[a’, ', ko] NZ, [a, b, k] #
(). According to (1) and (2) above, we have that Z,[a, b, k] C Z,'[a’, V', ko], and, in particular,
m € Zy[a', b, ko).

We claim that, if kg > 1, then (a/,b') € S&,. For if this were not the case, we would have that
a’ /¥ —d [V € pTTTRE, for some 0 < K < ko, (a”,b”) € SY. But then, according to (2), ZX[a’,b', ko] C
Zy[a",b", k], so that € S’, contradicting the minimality of #o. This implies kg = 0 or (a’,b') € Sﬁo. In
any case, since 520 is a full set of unique representatives of ~,, we must have (a’, V") ~,, (ag,b;) for some
(ag, by) € S, But then, according to (2), Z) [, ', ko] = Z} [ag, by, ko], so that

m e Z; [ag, by, ko)

with (ay, by, ko) € SY. This shows that an arbitrary m € Zy is included in the union on the right-hand
side of (1.9). This completes the proof of (1.9).

The final claim of Theorem 3 is immediate, for if, say, k; < kg2, then a/b — a/b € p"T"+k1Z,, with
(a,b) € S}, so that (a,b) & S,ﬁc2 and so a fortiori (a,b) & S . O

4. A SKETCH OF JUTILA’S METHOD

In this section we give a very brief sketch of Jutila’s method [20] for bounding (1.3), ignoring all tech-
nicalities. We use a lot of imprecise notation and suppress in particular smooth weight functions and &’s.
The full proof with all details can be found in [20], but we hope that the following sketch can guide the
reader through the argument.

Let a(m) denote the Fourier coefficients of f and consider (a smoothed version of)

L= Z;/[a(m)m%it = %a(m)e(tlogm)

where t2/3 < M < t (for smaller M we estimate trivially, for bigger M we use the functional equation).
Step 1: Farey Dissection. Let p=a/b =< t/M be a typical rational number with b < B, a < tB/M. We
consider intervals I, centered at t/p of length ~ M /(AB). These AB intervals cover [M,2M]. This gives

L~ Z Z )e(tlogm).
p mel,

A Taylor expansion about t/p suggests to re-write this as

Z Z e(tlogm — mp).

p mel,

Step 2: Voronoi summation. We apply Voronoi summation to the inner sum:

S alm)emp)e(tlogm —mp) bZ (mp) [ etttoge o). () o

melp P

Let us assume that

(4.1) MB™ 2> /2,
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so that one can run a stationary phase argument. We recall our assumption that all sums and integrals
are understood to be smooth. After some moderately pleasant computation one obtains

/1,, e(tlogz — zp)Jx <4W\/z%> d ~ 8,prp-2B(M /)2 p~2T e (w (4 bt))

with ¢(z) = arcsinh(z'/2) 4 (z + 2%)"/? — z. Substituting back, we obtain

Nﬂifz Ty a(m)e(mp)e <¢<4 bt>>

mx<xMB~—2

Since the sum over p contains tB2/M terms, a trivial estimate returns (Mt)'/2 which at most recovers the
trivial bound, but we can hope to exploit cancellation in the p-sum. This is the purpose of the next two
steps.

Step 3: Cauchy-Schwarz inequality. By Cauchy-Schwarz and a standard Rankin-Selberg mean value

bound for a(m), we get
M pl)—QTrit a;  as m }1/2
A Loz top | —— .
tl/QB{mZm</’2 2 ¢ (m (bl b2) o ( bﬂf) i <a2b2t>>
Step 4: Bounding exponential sums. For p; # ps we treat the m-sum by van der Corput’s technique,

m=xMB~2
see e.g. [IK, Corollary 8.13]), while for p; = p2 we estimate trivially. In this way we obtain

L <«

I < % 2B o a1 /24)3
upon choosing B = M'/2/t!/3 which is in agreement with (4.1). This is non-trivial for M > t%/3+9.

An inspection of the method shows that it works for more general sums
> a(m)e(fi(m))
mx=M

where f/(m) = t/M, f’(m) = t/M? and £ (m) < t/M? for j > 3.

5. PROOFS OF THEOREMS 1 AND 2

5.1. General ranges, assumptions, and notation. Already in the introduction we mentioned that the
critical range for applications of Theorem 1 is M = Zq, and that, for larger M, one can reduce the length
of the sum to about Z2¢?/M. We now make this more precise. By Mellin inversion and the functional
equation of L(f ® x,s) we have

_ m
;a(m)x( m)W (7) = 772 m)x(m (qug/]w) )
where 17 = n(x) is a constant of absolute value 1, and

W) = 2% 5 L(fff’))wu _ 8)(Z22)*ds,

where ﬁ/\(s) is the Mellin transform of W. It is easy to see that W(s) <psa (L4 s]/Z2)A for any A >0
and hence by Stirling’s formula

. Z\7
W(J)(ac) Lefjr © (>

x
for any ¢ > 0 and j € Np. In particular, choosing a smooth partition of unity, we find that

Za(m)x(m)W (%) =1 Z Za(m);‘c(m)qm (%)
- R=2v m
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for smooth, compactly supported functions ® satisfying

) R\,
Y <o | 55+ 2

ROTICN 222 /M
for any ¢ > 0 and j € Ng. In particular, by choosing ¢ sufficiently large, we can assume that R <
(¢>Z%/M)'*¢, and, for those R, we choose ¢ = ¢ in the preceding estimate and apply Theorem 1 with ®p
in place of W. The upshot is that in the situation of Theorem 1 we can assume without loss of generality
that

(5.1) M < (qZ)Me.

We recall the set-up and our general assumptions that will be in force for the rest of the paper. Let
« € Z, be such that (2.2) holds for the character x modulo ¢ = p" in Theorem 1. (As pointed out
in Section 2.3, we will only use the corollary (2.3) in our arguments.) We fix a positive integer ¢ and a

parameter r with |r| < £. At the end of the proof of Theorem 1, in Section 5.5 in (5.18) and (5.19), we
will optimize £ and r. At this point, we only assume

(5.2) ¢ < n/d.
In view of (5.2), (5.1), and (1.4), we may and will assume without loss of generality that
(5.3) n=5s and 7B < M < (qZ)'°,  in particular M < min(q?, Z¢*/?).

Other than n > 5, much of our argument until the final choice of parameters in Section 5.5 is in fact
insensitive to the precise form of the conditions (5.3) and requires only that Z < M Aand M < ¢ for
some large constant A > 0; we list them here since their concrete form imparts no loss while simplifying
the writeup.

5.2. Splitting into arithmetic progressions and harmonic analysis. Jutila’s method succeeds by
decomposing the m-sum into short intervals, in which the derivative ¢/m of the archimedean phase tlogm
is well-approximated by a rational number a/b. We begin our argument by using Theorem 3 with the
values of «a, £, and r specified in Section 5.1, and obtain a set S° of triples (a, b, k) inducing the partition
(1.9) of Z,; into sets Z) [a, b, k], in which the derivative of the non-archimedean phase is very well p-adically
approximated by a/b = ab, and whose intersections with Z are arithmetic progressions of difference pltIrltk,
Corresponding to this partition, we can decompose

L= > X amxmw(3)= > Lo

s=(a,b,k)€S% meZNZ) [a,b,k] s=(a,b,k)€S0
where :
a m
L, = Zm:a(m)fs(m)e (pnm) w (M)
and, for every m € Z,
ab .
(5.4) Fo(m) = x(m)o <—pnm> , m € Zy[a,b, k],
0, else.

In other words, keeping in mind that 0 < k < £ — |r| for all (a,b,k) € S°, we split the original sum into
arithmetic progressions of moduli between p!tIrland p2¢. Tt is convenient to split the sum over s further
into O(log® ¢) pieces according to the size of a and b. We have

5.5 L <¢ ma L ) L = L.
(5.5) q ogkge)fm 1 La,B.k A,Bk Z s

— 0
1 prort s=(a,b,k)eS'
AL A<a|<2A4
Bg%pkﬁ»Qr_ ngg?B
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In light of (5.5), a good bound for every individual L4 g will be satisfactory for Theorem 1. We keep
A, B,k fixed for the rest of this section.

It is important to observe that, for every s = (a,b, k) € SV, the function f; defined by (5.4) is periodic
modulo p" ¢~ I"1=* Indeed, in light of (5.2) and k < £ — |r|, we have n — £ — |r| — k > n — 2(n/4) = n/2,
so that (2.5) gives, for every m € Z,[a, b, k] and p € Z,

fs (m + pn—é—\r|—k'u) _ X(m +pn—€—|r\—kﬂ)6 <_C;/nb(m + pn—é—r|—k'u)>

= x(m)f <—C;/7f)m> x(1+p" M R 0 (—Zfﬁ“’"’“u)

B (a/m = afb)u
= fs(m)0 <pe+|r+k -
According to the definition of Z[a, b, k], we have that a/m — a/b € p““"'““Zp; this clearly implies that
fs (m + p”_g_m_ku) = fs(m). In particular, fs (m + pr=t=Irl=k ) £ 0 if and only if fi(m) # 0, and so
m 4 pt =k, € Zyla,b, k] if and only if m € Z;[a, b, k]. (The latter is also immediate from £+ |r|+k <
n—~0—|r|—k.)
For a Dirichlet character 1) modulo p
(5.6) fs() == > fs(m)p(m).

m mod pn7€7|r|7k

—t—|r|—k
n—t=Irl=k " denote

Then, we have that
S N
fs(m) = ﬁlrl—k Z fs(@)p(m),
b 4 mod pnfef\ﬂfk
where §, = (1 — p~!)~!. Hence we may write

6p
Ls = mrmr Y. Lee

0<esn—L—|r|—k

where

(5.7) he= ONAEDS a(mw(m)e( - afgm)e (bpm) ()
mod p
cond p=p°

here we employed the well-known reciprocity formula for the exponential: e(au/v)e(av/u) = e(a/uv) for
every a € Z, (u,v) = 1.

5.3. Voronoi summation and stationary phase evaluation. We are now prepared for the second step
of Jutila’s method, the application of the Voronoi formula (2.8) to the inner sum in (5.7), with N = p°
and F(m) = e(bp%m)W ().

For technical reasons it is convenient to estimate the contribution of ¢ < 1 separately. In this case, 9 is
periodic modulo p, and hence

o ()« 5 (£ )

& mod p
for certain complex numbers 3(¢) satisfying > |3(€)]? < p. We write £/p — ap™/b = y/w with w < pb in
lowest terms and apply the Voronoi formula (Lemma 1 with D = 1, b = w) to the m-sum in (5.7) obtaining

= oL S (o) [ () () (L)

& mod p m>=1
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for the m-sum in (5.7). By (2.10) with Zy = Z + AM/(Bp") and the size condition on A, B, k in (5.5),
the above expression is

[ w \'*2 ((Z+ AM/(Bp)w)’
< 3 1o 3 i (14 ) (A

< (1 . p1+er)j+§ Zpitt—r . P+ /AT J
v M v M pr

for any j > 3. Here we used —|r| + 2r* = +r. Summing this over characters ¢ with conductor dividing p

as in (5.7) and using the trivial bound |ﬁ(1/))| < p2UHITHR) the total contribution of these characters to
L is at most

-r +3 —-r r J
(5:8) B = Mp*~ (4170 (1 i P”‘)j 2 (zpt |y
VM VM o

for any j > 3. Our choice of parameters will imply that E is very small; we return to this point in (5.20).
From now on, we assume that ¢ > 2 and observe that in this case ¥ coincides with its underlying primitive
character as an arithmetic function on the integers.

For ¢ > 2, we apply (2.8) to the inner sum in (5.7) getting

R 2 T 2 B an™n2c
Lo= X RS8R S amyime( T m )2,

¥ mod pn—t-Irl—k m>1
cond ¥Y=p°
with
> T a 4m/ma
. Is c = a5 T * )
(5.9) c(m) /0 W<M>e(bp”x> p < e )daj
and hence
é 1 ap"p2e
(5.10) Ly = pnféfp\rkk Y = 3 (m)e( ; m) Ty o(m) - Lso(m) + O(E),
2<e<n—t—|r|—k ¥~ m>1
where
2
7_ _ o~
(5.11) Lom = S T ym) ).
¥ mod p¢ p
9 primitive

We need to analyze the integral Z, . and the character sum L, .. The integral Z . will be computed by an
(archimedean) stationary phase argument, while the character sum L, . will be evaluated by an involved
non-archimedean stationary phase computation. This is the content of the following two lemmas, whose
proof we postpone to the next two sections. We recall the general notation at the beginning of this section
and in particular the conditions (5.2) and (5.3).

Lemma 2. Let s = (a,b,k) € SO be such that A < |a| < 24, B<b<2B. Let m>1and 2 < ¢ <
n—{—|r| — k. Let the number M and the function W be as in Theorem 1. Fiz 0 < e < 1/100. Then the
function Is .(m) defined in (5.9) is O((gm) %) unless

B272  A2M\\!T® B272  A2M
<p2<: < + )> qa < p2c ( + ) q3e — Mq36‘

(5.12) T it o

3
N

In the range (5.12) one has

3e\ 1/4 n
(5.13) Zsc(m) = (an > min <M7 Bip > e(Vs,cm)Ws o(m) + O(q_loo)
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where W . is smooth and satisfies

I )
(514) mJ WWS,C<m) <<j q3E(Z2q58)j
and where )
no2 o AM
1950: _pab v BZ2pn = ]-7
’ 0, else.

The statement of the lemma looks a bit artificial, but it is most useful for the rest of the argument.
Although the proof gives slightly more information, the lemma claims no asymptotic formula, but only
an upper bound for e(—v; .m)Zs (m) and all its derivatives. The function W .(m) depends on whether
AM/(BZ?p™) > 1 or not, and hence implicitly on A, B, M, Z, but this is not displayed in the notation.

Lemma 3. Let s = (a,b,k) € S°, and, for m € Zy, let fs(m) be defined as in (5.4). Further, let
2<c<n—LC—|r|—k, and, for every primitive Dirichlet character 1) modulo p°, let f;(i/)) be defined as
in (5.6). Finally, let Ls.(m) be defined as in (5.11). Then

fypnTJrC*FP”\*kX(db) Z ®(m/ab), abm/a € L)?,
L c(m) = ee{£1}
0, else,

where 7y is a constant of absolute value 1 — p~! which depends only on the parity of n, and ®% : ozZ,;Q —-C
is a function of absolute value 1 given explicitly in (7.1).

5.4. Extracting cancellation on average. We insert (5.10), Lemma 2, and Lemma 3 into (5.5), obtain-
ing
(5.15) L <q¢ max max  (|La el + (AB¢)E +q %),

0<k<l—|r| A<pk+2"'
2<e<n—L—|r|—k =

ngk+27'_
where E is as in (5.8), and
3e
min(M, BZp"™/A) A1 Mg 1/
LaBpe:= ro)2
p m=1 m

a(m)x(ab) ( rap"p* -
Z 2 e ( ) + 19370)771 Ws.c(m) Z ®°(m/ab).
s=(a,b,k)€S°, abm/acZy? €
A<|a|<24, B<b<2B

For s1 = (a1, b, k), so = (ag,ba, k) € SO, let
(5.16) Esien = Z e(Wsy 50,eM) Wy (M)W s, o () Z P (m/aibr) e (m/asbs),

1<m< @M £1,82
abim/a1, abzm/azEZ;;Q
where _ __
a1p"p*  agp"p*
Ws1,s2,c = bl - b2
By the Cauchy-Schwarz inequality and the Rankin-Selberg bound (2.9), we obtain

(5.17)

1
min(M,BZp" /A 1 — : 1 c—n —
LAvak’C < ;(nJrc)/ZB/ ) (q3sM) 2 ( Z |:‘51,52 |> < M?2 Zq2€p 2 ( Z |‘:‘Sl,82|)

51,82650 81,52650
A<|GJ|<2A Ag\a]\<2A
B<b;<2B B<b;<2B

+ 1981,0 - 198270'

N
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In order to bound Ly g ., the crucial remaining step is to bound the sum =y, 5,. The proof of the
following lemma is an application of the second derivative test for p-adic exponential sums that we develop in
Section 8 below; it will be given in Section 9. Recall our convention from Section 2.1 regarding ord, 0 = oo

Lemma 4. Let s; = (aj,b;,k) € S° (for j = 1,2) be such that A < |a;| < 24, B < b; < 2B. Let
2<e<n—L—|r|—k. Let 2, s, be defined as in (5.16), where M, Wsﬁ, and @ are as in Lemmas 2 and
3. Then
Hs1,s0 = Z Es1,52,02)
QE{0,0rdp(a1b1—a2b2)}

where the summands Es, s, o are defined in (9.10) and satisfy

, 2% (p" T M4, 0 <e-2,
‘:'517827(2 <
¢ M, c—1<0Q< o0

5.5. The end game. We are now prepared to complete the proof of Theorem 1. Splitting the Z;, 5, terms
in (5.17) into g, 4,0 for various © and regrouping, we have that

c—2

1 c—n
Lpis <<Mzzmz( S it S Y e

s1,52€89 QQ 1 51,52€59
A<aj]<24 <8AB A<|a;|<2A, B<b;<2B
B§|b]"<2B ordp(albl a2b2) Q

~ 1/2
F Y Y Eeest X :m) |
Q=

51,82€8° 51,52€80
p9<8AB A<|a;|<2A, B<b;<2B A<|a;|<2A, B<b;<2B
ordp (a1b1 —agb2)= ai1bi=asbs

Here, both Q-sums may be restricted to p < 8AB in light of p | (a1b1 — agbs) and |a;| < 24, |bj| <

To estimate the number of terms in the correspondmg aj, bj-sums, we see that, for each of the < AB
choices of a; and by, there are < AB/p® +1 < AB/p® choices for the (clearly non-zero) product azby and
hence no more than (AB/p?)(AB)® < ¢°(AB/p®) choices for as and by by the divisor bound; this gives
a total of < ¢AB(AB/p®) terms. The number of terms in the fourth sum is analogously estimated as
< ¢°*AB. Applying Lemma 4 and recalling the definition of M in (5.12), we thus obtain

LABkC<<M2ZqH€ <ZAB Qp<
Q=c—1

1/2
Mp) 22 ZAB M+ABM>

’rL

< M%Zqulap% 24+l

5 B272  A20M\ V2
e o) (25 Y

This is our final estimate for L4 p .. Referring to (5.15), we have that

3c_n 1

max ’LABkc’ <<M2Z2q115 —2t2
Agpk+27+
ngk+2r7

1/2

c 3c_ 1 Z2 - M

PRy S L kirl g b (2D e & it 4 p2Ri |
M p2"
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For every fixed 0 < k < ¢ — |r|, the above expression is monotone in ¢, so that

max max |Lappk.cl
2<c<n—Ll—|r|—k Agpk+2r+

ngk+2r7

—n Z MY 2pr 5
< M3 Z2M5p" " [(pj(n—e)+§(k+|r|) _'_p%(n—é)—%(kﬂr\-l-l)) Pl <M1/2pr 4 pnp 4 pin=0+5 D) |

Applying monotonicity in k, we find that

1n Z M2
s gl a2 (et b (T MO ]
SKSL—|T Agpk+2r

2<e<n—Ll—|r|—k

M1/2pr P
ngk+2r_

The above bound holds for all £ € N and —¢ < r < ¢, subject only to the constraint (5.2). We choose

n 1n 1 n
(5.18) le [6—2,6+3] N [1,1) AN.

It is easily verified that such a choice is possible for every n > 5. Also, our basic condition (5.3) guarantees
that p—2(n/6-1/2)-1 « Zp" /M < p2(n/6-1/2)+1 (in other words, Z¢*? < M < Zq4/3) and consequently
that

Z Vel
p72£fl < ]\Z < p%H.
It follows that we can choose an integer r such that —¢ < r < £ and p?" ! < Zp"/M < p?"*!, so that
- Zpr 1/2 Zpr 1/2
519 12 [ 4P r 12 [ 4D '
(5.19) p A <p'<p i

We first show that with these choices of £ and r the term AB¢®FE in (5.15) is negligible. Indeed, the bounds
on M in (5.3) imply Z*p™/? < ¢*/3(Zq)%, and hence a fortiori

P8 Z1/2  gl1/42+e

By (5.8), (5.3), (5.19) and (5.18) and the size conditions on A and B in (5.15), we conclude

2 2 4 pter i+ ZJH%JF%ZU2 ’ 2 de —j/15 100
(5.20) ABg“E <« Mp“q* (1 + NiTi ) T < Mp*q* g7 < g
for j > 2000. Hence (5.15) yields
19 e —2ql | 4p 101 (7 12 Sptl 1,8 T 1ille
LK M2Z7qg" p 272 [p3"T6T2 ﬁ +pe"Te | K M2Z2p6qs3 .
This completes the proof of Theorem 1. O

5.6. Proof of Theorem 2. Theorem 2 is now an easy consequence. By a standard approximate functional
equation [18, Theorem 5.3] we have under the assumptions of Theorem 2 that

L(f®x,1/2+it) = zm: alm)x(m) . <"Z> LT ; alm)x(m) <’m>

ml/2+it q ml/2—it q

where Vi, is a smooth weight function satisfying a:jVj(E? (z) <ja (1 +z/|t|)~ for all j,A € Nyg. By
symmetry it is enough to estimate the first term on the right hand side. We can assume without loss of
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generality 0 < ¢ < g (for Theorem 2 follows from the convexity bound if || > ¢q). We apply a smooth
partition of unity and need to bound

i S ammw (7).

where W is a smooth weight function with support in [1,2] satisfying W) (z) <; #7, and M < (tq)'*=.
An application of Theorem 1 completes the proof of Theorem 2. O

6. ARCHIMEDEAN STATIONARY PHASE COMPUTATION

In this section we give a proof of Lemma 2. We use two general results on exponential integrals from
[3, Section 8]: Lemma 8.1, which shows that an integral is very small by a general elaboration of the
integration by parts argument, and Proposition 8.2, a general stationary phase estimate which extracts
the principal term and a finite number of secondary principal terms with a very small error term.

It follows directly from (2.10) with Zy = Z+ AM/(Bp™) and o = 47/m/(bp°) that Z, .(m) is negligible
outside the range (5.12). More precisely, we have that
By’ >J‘+% ((z + AM/(Bpn))ch>j
vVMm vVMm
upon choosing j = [500(1 +¢)/e].

76]‘
s c(m) < M <1 + < M(gm)20+e) < (qm)_loo,

From now on, we assume (5.12). As a preparation for the proof of (5.13) and (5.14), let us momentarily
assume

AM > qu‘s.
Bpn

In this case we insert the representation (2.11) into (5.9) getting

Lotm) = [ (5 e (o Dt ) o () a

(6.1)

(6.2) ’ M bp™ bp© ®
) > x a 2v/mx\ =+ [ 4mv/mx
— — - Q )
+/0 W(M)e<bp”x bp¢ ) 5< bp¢ >d$

The integral Z, .(m) in (6.2) will be estimated using the above mentioned Lemma 8.1 from [3]. Without
loss of generality, we assume a > 0 (the other case being identical). The first term of (6.2) has no stationary
point, and we use [3, Lemma 8.1] with

AM  vmM s, AM A
X=q¢, U=M/Z, Q=M, Y= e -
¢ /% ' Bp» Bp¢ <e Bpn’ Bp"’

so that min(RU, QRY ~1/2) > ¢°/*. Hence by [3, (8.3)] the first term is negligible. By the same argument,
the second term is negligible, unless

(6.3) o Ym0
2pn /Mpc pn

We keep this in mind, and proceed now to the proof of (5.13) and (5.14) under the assumption (5.12).
We distinguish the two ranges AM/(Bp™) > Z%q* and AM/(Bp") < Z%q¢*¢, according to whether the
exponential in (5.9) oscillates visibly or not. Let us first assume
AM
Bpn

(6.4) < Z%¢%.
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Then we find by (2.12) that

i VMM~ ~1/2 /M Mqg3e\ i VmMy —1/2 .
6.5 J__ . A nahaie: S 2 de\jg
(6.5) ml ST o(m) <<]M( B ) ( By ) <<M( By ) (Z%q*).

If AM/(Bp") < Zg*, this is

1/4 ‘ n 3¢\ 1/4 ,
<M <M> (Z%¢*) < min (M, B2Zp ) e (Mq > (Z2¢%)7.
m A m

If AM/(Bp") > Zq*, we recall (6.3) and estimate (6.5) by

n\ 1/2 . n 3e\ 1/4 )
< MY? (Bj ) (Z%¢*)? < min (M, Bip ) ¢ (an ) (Z2¢*).

In addition, in this range one has (recall (5.12))

o BZ?*p"  AM
J— "950 (
m e(¥sem) < < o7t By

J
o >q36> < (Z2q5€)j‘

The preceding three bounds confirm (5.13) and (5.14) under the present assumption (6.4).

We proceed to prove (5.13) and (5.14) if (6.4) is not satisfied, i.e. if
(6.6) AM/(Bp"™) > Z%¢*.
In particular, (6.1) holds, and hence Z; .(m) is negligible unless (6.3) is satisfied, which we assume from
now on. Then the phase e(a:c/bp" + 2\/mx/bpc) in (6.2) has a stationary point at

2n—2c

mp
o = = M.
a

Recalling (2.12) and (5.3) and applying [3, Prop. 8.2] with
(\/mM>—1/2 v(p”B
Bpe¢ “\AM
vmM AM
Bpc " Bpr’

1/2
) . Vi=M, V=M/Z

Yy =

e
Q=M, PPz d=¢

(satisfying [3, (8.7)] by our present assumption (6.6)), it follows that

n—2c n
mp Bp —100
s,C = - 7P5 c
Ts o(m) e( ” > 1 b (m) 4+ O(q )

where PS(,j) (m) < (m/Z)~9 by [3, (8.11)]. This confirms (5.13) and (5.14) in the case (6.6) and completes
the proof of the lemma. O

7. p-ADIC STATIONARY PHASE COMPUTATION

In this section we give a proof of Lemma 3. Our method actually works in great generality. The functions
entering the complete and incomplete exponential sums which we consider in this section are p-adic analytic
functions, and this allows for a beautiful analogy on which this paper and [26] are built. However, we will
see that, for our particular purposes, we require quite a bit less information than full analyticity.
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7.1. Preliminaries. The following three lemmas are essentially known (see e.g. [18, pp. 320-322]), but for
completeness we include full proofs.

Lemma 5 (Gauss sum). Let p be an odd prime, A € ), B € p~"Zy, s € {0,1}, n > s, and let
S= > 0(4p~°2’ + Bx).

x mod p"

Then S = 0 unless B € p~*Zy,, in which case

B2 s
_ ,.n—s/2 S . b
S=p E(A,p)«9< 1A )
where
1, s =0,
e(A,p°) = (%), s=1,p=1 (mod4),
(%)z’, s=1,p=3 (mod4).

Proof. Note that the summand is indeed p"Z,-periodic. If s = 0, then S = 0if B € Z, and S = p"
otherwise. If, on the other hand, s = 1, then

S= > > 0Ap'z+pt)’+B+pt)= > 6(Ap 'z’ +Bz) > 6(Bpt),

z mod pt mod pn—1 z mod p t mod pn—1

sothat S=0if B ¢ pilZp. In the case B € pilZp, we find that

B2
Sy T (e @AY B0 (A B =S - D).
x mod p
by the classical evaluation of the quadratic Gauss sum (see e.g. [18, (3.29) and (3.22)]). O

Lemma 6 (p-adic stationary phase). Let n > k, let A C Z, be such that (A + p"Z,) C A, and let
f:A/p"Zy, — C*, g1,92 : A — Qp be functions such that, for everyt € Zy,

Assume that ord, gi1(xz) > —n and ordy g2(x) = p for every x € A, and that —2n < p < —2k. Write
w=—=2r—pwithr € Z and p € {0,1}. Then

Z f(z) = pn+(ﬂ/2) Z f(:p)e(i(gz(x))ovpp)g ( gl($)2> |

292(%‘)

x mod p”,z€A z mod p",x€A

g1(x)EP~" P Ly

We make a very important remark that, even though this may not be immediately obvious from its

shape, the summand on the right-hand side is p"Z,-periodic, as will be clear from the proof. Conditional

sums on both sides are understood in the sense of Section 2.1. In particular, in applying the lemma, one

can substitute on the right-hand side arbitrary representatives of the congruence classes modulo p"Z,,
including, of course, those which are most convenient.

Proof. Let S denote the sum on the left-hand side. Note that our assumptions imply that K <r <n — p,

so that we may write
S= > > flz+pt)

x mod p”, €At mod pn—T"

= Y J@ Y (e @),

z mod p",x€A t mod pn—"
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Since r + ordy, g1(z) > —(n —r) and 2r + p = —p, Lemma 5 can be applied to the inner sum, yielding

T 2,.2r+
S=p 2 S f(@)e(2ga(2))o, p)0 (‘%) ’ )

z mod p",z€EA
g1(z)Ep™" Ly

Lemma 7 (Kloosterman sum evaluation). Let p be an odd prime, let u € ZX let m > 2, and let
* r+u/x
S(Lup™) = Y 0 <pm>
x mod p™

be the Kloosterman sum. Then, S(1,u;p™) = 0 unless u € ZXQ, i which case, denoting p = 0 or 1
according to whether m is even or odd,

2
S(l u; p m/2 Z :I:ul/g, < U1/2> .

Proof. Note that, for every x € Z;, t€Zp,and k > 1

1 1
(z +p"t) - ( — —pt+ 3p2"‘t2> €1+p*7Z,,
r x
so that . )
Iit - = _ F\Zt _ 2/43t2 d 3K
(35 +p ) xzp + $3p (mod p°*),
and the function g,(z) := 6((z + u/x)/p™) satisfies

u _ u _

as long as 3k > m. We may apply Lemma 6 with p = —m as long as —2m < p = —m < —2k, that is,
whenever m > 2x. We make an arbitrary choice of k > 1 with x € [m/3,m/2]; such a choice can be made
for every m > 2. Writing m = 2r + p with » > 1 and p € {0, 1} as in the statement of our lemma, we have
that

. 2 * r+u/x 3 3 u\2 1
S0up™) =™ 2 9( o ) (ur®)0( = 1,(1-22) o)
z mod p”
1—u/x?=0 (mod p™~""P)
The summation condition is equivalent to #? = u (mod p"). Since r > 1, it follows that S(1,u;p™) =0

unless u € ZXQ, in which case the condition is equivalent to z = fuy 9 (mod p"), so that the sum has
exactly two terms. Their contributions may (by the remarked periodicity) be evaluated by substituting
exact values of +uy /9; this gives the announced result. O

7.2. Proof of Lemma 3. We return to the situation in Lemma 3 and recall our notational conventions.
Let ¢ < n/4 be a positive integer satisfying (5.2), and let r be an integer with —¢ < r < £. We recall that
the set Z, [a, b, k] was defined by the condition m — ab/a € pHIr+kz, For s = (a,b, k) € SO, write

by =L+ |r|+k<n/2
by (5.2). Recall that y is a fixed primitive character modulo p™. According to (2.5), we have

x(1+pt) =0 (:;(p"‘t — ép%t?))

for every k with 3k > n+ ¢ and every ¢ € Zj.
We split the proof of Lemma 3 into two steps, which are treated in Lemmas 8 and 9 below. Lemma 3
follows immediately by combining these two statements.
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Lemma 8 is a purely algebraic and spectral statement, in which L, .(m) is replaced by its dual sum
via discrete harmonic analysis. In other words, Lemma 8 is an expression of discrete Parseval’s identity,
with the Kloosterman sum (the multiplicative convolution of 6(-/p™) and 6(~/p™), which can be seen as
the discrete analogue of the Bessel function) appearing on the dual side as the transform of the square of
the Gauss sum.

The resulting sum is a complete exponential sum; it is ezactly evaluated in the analytic Lemma 9 by
using the p-adic method of stationary phase, Lemma 6, and exploiting p-adic local information; this is also
facilitated by an explicit evaluation of the Kloosterman sum in Lemma 7. The resulting explicit evaluation
of Lsc(m) in Lemma 9 is a sum of at most two terms ®$(z) defined in (7.1) below, each of which is
(upon recalling (2.2)) essentially an exponential with a completely explicit p-adically analytic phase. (The
p-adically analytic phase implicit in (7.1) is entirely analogous to Jutila’s ¢(x) in [20, (4.1.6)].) We will
develop a general machinery for estimating sums involving terms of this nature in Section 8.

Lemma 8. Letm € 2. Fors = (a,b,k) € Y, let fs(m) be defined as in (5.4). Further, let2 < ¢ < n—/{y,

and, for every primitive Dirichlet character 1 modulo p°, let j/”;(w) be defined as in (5.6). Fmally, let
Lsc(m) be defined as in (5.11). Then,

Lsc(m) = 51p Z x(x)0 <—(;/bx> S(l,mb_2x;p8),

x mod pnts

2€Z) [a,b,k]
where 6, = (1 — pil)fl.

Proof. The definition of L;.(m) in (5.11) features a sum over all primitive characters modulo p®. In
preparation for passage to dual sums, we observe that, for every (u,p) = 1 and every ¢ > 2, one has

p —(ip U:CU—lcflu
oo W= 3T W=k S ) =80 = e (u),

z;[) mod p° 1 mod p¢ 1 mod pc—1
primitive
where Jpc is the characteristic function of 14 p°Z,. On the other hand, for any character ¢» modulo p® and

any w € Z,

T(¥) ZZ (urugw™ )9<u11—;u2): Z ¥(u)S(1, wu; p°).

u1,u2 mod p® u mod p°
Returning to £, .(m) and opening up fs(1), we thus obtain
1 B _
Locm)=— > > fu@)S,mb2u;p?) > (a)(u)
p ) . .
x mod pn—¥%s u mod p 7 mod p'
1) primitive
1 _ 1 _
=5 Z fs(2)S(1, mb%z; p°) — o5, Z fs(zx) Z S(1,mb2(x + p°Lo); po).
P ¢ mod pn—ls P & mod pn—Ls o mod p

Since the inner sum in the second term vanishes trivially, we obtain the desired result. O

Lemma 9. For s = (a,b,k) € S, 2 < c<n — L, and m € Z, , let

e

p

z mod pn—¥s

z€Zy [a,b,k]

be the sum featured in Lemma 8. Then ¥ = 0 unless abm/a € ZZfQ, in which case . can be exactly
evaluated as follows. Let p resp. p1 be 0 or 1 according as ¢ resp. n is even or odd. For e € {1} and
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p €{0,1}, define ®(x) for x € aZy? as
O (2) := e(e(az) /e, P)x (04+ * w4 ep™ “(az + 1 p*" c)x2)1/2)

(7.1)
><0< (%pn ‘z+e(az+ 1p 2n— C)x2)1/2>>.

Then
= p(n+c)/2—€sx(ab)9(_1%>€( _ Qa,pm) Z @i(%)

ee{£1}?

Proof. We can evaluate the Kloosterman sum by Lemma 7. We find that S(1,mab=2;p°) = 0 unless
mab? € Z;Q; in light of x — ab/a € p*7Z, for every = € Z,[a,b, k|, this is equivalent to abm/a € Zgz. If
this condition is satisfied, then

(7.2) S=p" > x@e (—bZw)zqammapp)e(e“éfff”),

x mod pn—¥s
z€Zy [a,b,k]

with p as in the statement of the lemma. Here, we replaced for convenience (mab~2), /2 by (mz); /gb_l,
since they differ by a unit factor 6 € {£1} that is the same for all # € ab/a + pZ, and consequently
absorbed by the e-sum. Also, note that the e-term only depends on x mod p”.

Using (2.5) and (2.6), it follows that the function f5,, .(v), defined for x € Z)[a, b, k] as

Fimele) = (@10 () elctma)y )0 (250,

bp™
satisfies
arl 1 a € 1 1
nt 0 7|:7 Ht—i 2&t2:| = nt 7|: I3 t— 2% 2t2:|
smc($+p ) smc(-x) <pn .fp 2$2p bpnp +bpc (ml')l/Qp m (mx>§,/2p m
n—~—ls—c m2ph—¢
o a\ _ mp" s e (—t «Q p 265—n42
o ((§ =5 R -
sm.e(?) ( Y +€(mm)1/gb P + 212 54(m:v)?/2b P

for every t € Z, and every x > {5 (which ensures that = + p"t € Z,[a, b, k] if and only if x € Z,7) with
3k = n+'. (In particular, recalling that o/ —a/b € p*Z,, we can confirm that fZ “m.e 18 D" ts7,,-periodic
in light of n > 2/,.)

We now apply Lemma 6 to ., with y = —n, which we may do as long as n — {5 > k and —2(n — £4) <
—n < —2k, that is, n > 2k. In light of n > 268, we may choose any k € [max((n +(¢')/3,4s),n/2] (such a
choice is always possible, since n > 4 is assured by either (5.3) or £ < n/4). Writing n = 2v + p1, we find
that

2 n—~ls—c
S = pC/% not) Z Z fsm c 20 )0 <3; [(% B %)p*fs * ETﬂzx)l/2b]2p3£sn>7

where summation is over all x € Z,[a, b, k], * mod p”, such that

n—C

a_¢ B S Y/
(:U b)+€(maz)1/2b€p p =P S

This condition can be written equivalently as

a m n—C

—mx — €

b b

(mz)12 —am =0 (mod p").
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Denote § = (mz)y/2 € Z,. Recalling that x € ab/a + p*7Z, and amb/a € Z;2, we have that £ €
(amb/a), 2 + p*7Z, is such that

%{2 - E’mpb E—am=0 (mod p"),
mpnTey 2 _ amb m2p2(nfc) .
(E Y ) T + 4a? (mod p”).

This congruence in ¢ has two solutions, of which exactly one is in the requisite class modulo p’ and yields
the corresponding stationary point x:

mp" ¢ €(amb N m2p2(n—c)

f=e )1/2 (mod p"),

2a 4a?
ab mp2(nfc) P ramb m2p2(nfc)
= — d p”).
= + 2a? te a ( a + 4q2 )1/2 (mod p”)

Returning to the result of the stationary phase evaluation of ., we see that the sum over = has exactly
two summands. Keeping in mind the remark immediately following the statement of Lemma 6, we may
further evaluate . as

B B 2(n—c) bpn—¢ 2,.2(n—c)
_ (nto)/2—L, - P\ f _ iy, (20 mp P am  mp 7
y p 66%:1}6(8(0””0“1))1/271) )6( 20[,]) )X< a + 2a2 +e a ( ab + 4a2b2 )1/2>

9< —pln[a—i— % +€pn_c<% + %)1/2} +plc[m§;

_p. (b « _ -
= pnta)/2 géx(g)ﬁ(——n)e( - 20z,pp1) Z e(s(amab)l/g,p”)
p ee{£1}
2(n—c) 2(n—c),,,2 1 n—c 2(n—c),.,2
P (5 P (e ),
X<a+ 2ab tep ab * 4a2b? 1/2> pel 2ab te ab + 4a2b%2 /1721 )’
by replacing € by de (with ¢ as in the remark after (7.2)). This evaluation of . is equivalent to the
statement of the lemma. O

c 2, 2(n—c)
+2€<O;Tbn m41;2b2 )1/2}>

— +

8. p-ADIC VAN DER CORPUT ESTIMATES

The main result of this section is Theorem 5 below, which is a broad generalization of Corollary 4 stated
in the introduction. Our theorem provides an estimate for an exponential sum of the form

> e(wm) f(m)W (m),

meMH

where w € R, .# is (roughly speaking) an interval (subject to finitely many congruence conditions), and
f:# — C is a function satisfying

flx+p"t) = f(z) 0(gi(z) - p"t + Lga(x) - p*1?).

We precede Theorem 5 with two auxiliary results in different directions. Lemma 10 is purely local in
nature. It allows us to extract information about the “first derivative” gy (z) if sufficient information about
the size of the “second derivative” go(x) and the remainder term p is available. (The reader is reminded
that no analyticity is assumed on f and that, in any case, no Mean Value Theorem or similar statements
are available in the p-adic situation.) Lemma 11, on the other hand, is analytic in nature and presents
an estimate for the sum of a function defined on integers for which only a good first-order linear model is
assumed in arithmetic progressions to moduli which are very high powers of p.
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Lemma 10. Let k, w be nonnegative integers, let A C Zj, be such that (A+p"Z,) C A, and let f : A — C*,
91,92 : A — Q) be functions such that, for every t € Z,,

flz+p"t) = f(w)9<91 (x) - "t + 592(2) - 2“t2>up
Then, for every t € Zyp,
g1 (:L' +p”t) —g1(x) € g2(z) - Pt +p " VL.
Proof. Let u € Zjy, be arbitrary. Then
f(z+pfut) = f(a:)@(gl () - put + Lga(z) -p2“u2t2)upu, as well as

[z +phut) = :1:+p“t)—|—p(u—1))p,p

= f(z +p"t)0 (91(93+p t) - p"(u— 1t + Sga(x + pt) - p*(u — 1)2t2)upw

= f(z)0 ({ 1(z) + (u—1)g1 (2 +p”t)} Pttt 5 [92(33) + (u—1)%ga(x +p“t)} -pQ”t2> P -
It follows that
(u—1) [gl (z+p"t) — gl($)} Pt —S(u—1) [(u + 1)g2(x) — (u—1)g2(z +p””t)} pt € Ly,

so that, assuming that v — 1 € Z and writing 7 = ord, t,

91(z 4 p"t) — g1(x) — ga(z) - pt + 5(u—1) [92 (z 4 p"t) — 92(x>} pit € pT YT Ly,

The above holds for every u € Zj, such that v — 1 € Z;. In particular, it is possible to choose such uy, uz
with u; —ug € Z; (for example, u; = 0, ug = 2). Comparing the above conclusion with these choices for
u1 and wue, we infer that

[92 (z+p"t) — gz(ﬂ«“)} Pt € pT YLy,
and hence that
g1(z +p"t) = gi(x) — g2(2) - Pt € p VL,
Ift € Z;, then 7 = 0 and we are done. If t € pZ,, then we may choose a t; with t1,(t —t1) € Z, (for
example, t; = 1). This gives

9 <(<E +ptt) +p (- tl))) —gi(z+ ) — gam + Pt PRt — 1) € pETVT,
hence
91(z+p"t) = 91(2) = g2(2) Pt = |g2 (2 + 1) = go(@)| - P"(t 1) € PV
Since the third summand is in p™"~“Z,, the statement of the lemma follows. 0

Lemma 11 (Pre-second derivative test). Let w € R, and let Kk, € Ng and & : Z — C*, &1 : Z — p~¥Z
be such that |®(z)| < ®¢ and

<I>(a: —i—p”t) = q)(x)e(fl)l(a:)p“t) = @(x)&(@l(x)p“t)
for every x,t € 7. Let M C 7 be the intersection of an interval [My, M| with a union of arithmetic
progressions modulo p* for some p € Ng. We write My = My — M. Let j > max(k, ), let A5 be a full
set of representatives of those congruence classes modulo p? which occur in M , and suppose that
}{a: S %(J) : (131(56) S f —i—p*jZ}‘ < pﬁ

for every f € p~¥Z and some 5 = 0
Then, for every continuously differentiable function W : [My, My] — C,

S e(com)(m)W (m) <€ Bo(Mo + 17 + 1) (IW oo + [WW7[11)05 7 log(2 + Mo).
meN
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Proof. Note that, for every z,t € Z, one has ®(z + 2p’t) = ®(x)e(2®(z)p’t) and ®(z + 2p't) = ®(x +
Pt)e(@1(2)p't) = ®(z)e((P1(x) + P1(x + p't))p’t), so that ®i(x + pit) — ®1(z) € pJZ. In particular,
for any given f € p~¥Z, the condition that ®1(z) € f + p~7Z does not depend on the choice of the
representative = of a congruence class modulo p/.

We first estimate

S = Z e(wm)®(m) = Z Z e(w(m+p7t)><1>(m+p7t)

me.A me ;) t:m+piteH
= Z e(wm)®(m) Z e((w + @1(m))Pit)
mE.///(]-) t:m+pited
M, =
< Py Z min <0 +1, || (w+ <I>1(m))p]H 1) )
p]
me///(j)

Here, in light of j > pu, the inner sums are over an interval of values for ¢t and are estimated as the sum of
a finite geometric progression as usual, with || - || denoting the distance to the nearest integer. This basic
estimate for S is a sort of a “first derivative test”, in that an exponential sum over each small (p-adic)
neighborhood around m is estimated in terms of the value of (essentially) the first derivative of the phase.
The estimate obtained for the local sum around m seriously depends on H (w + <I>1(m)) » H

We proceed to exploit the given information about the distribution of values of ®; to estimate the total
sum of e(wm)®(m) over .#. Denoting X = My/p’ +1 and picking a parameter Y > 0, we have by adapting
a standard argument that

S< - X-|{z €y :Pi(x) €(~w—Y,—w+Y)+p 7}

E ! .
+ ®q | rY-pj |{a:€.//1(]) :(I)l(x)e_Wi(?“Y,(r+1)Y)+p ]Z}‘
1<rgp=Iiy -1

Y 1 .
Pdg ([ —— +1) (X + ——log(2+p iy !
<L p 0<p—<ﬂ+ ) < +YpJ og(2+p )

< pPoo (pP VX 1) (X + 5

log(2 + X)>

< P (X +p°77)p log(2 + X)
< ®o (Mo + p? + p?)p° I log(2 + M),
by choosing Y = p~# X 1. (We note that log(2 + My) can be replaced by log(2 +p(9"_j)+), if desired, since

at most O(p(“’*jﬁ) terms in the above sum do not vanish. However, this is a minor point for us.)
Denoting S(z) = 3_,,c snn, o) €(wm)®(m), it follows by summation by parts that

M>

Z e(wm)®(m)W(m) = S(Ma)W (Ma) — SE)W'(t)dt
me.H M
) . Mo
< oo+ + ) os(2 + 20 (WO + [ 0]
My
which immediately implies the announced bound. U

The following theorem is our main result on p-adic van der Corput theory. Its proof combines Lemma 11
to estimate an exponential sum involving sufficiently well-understood p-adic fluctuations in terms of the
frequency with which the derivative of the phase (g1(z) in the language of Theorem 5) enters a specific
short “bad” range and Lemma 10 to control this frequency in terms of the size of the second derivative,
g2(x), and information on the quality of the approximation.
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Theorem 5 (Second derivative test). Letw € R, let ko, , A € Ng and A C 7Z,, be such that (A+p"°Z,) C A,
andlet f:A—=C*, g1 : A—=p %Ly, go: A—=p ’\ZX, and Q : {k € Ny : k > Ko} = Ny be functions such
that | f(z)| < fo,
fla+p"t) = F@)0(g1(2) Pt + o) - ™8 )ty
for everyx € A, t € Zp, kK = Ko, and
Qr) < (A=26— 1) for every k > k.

Let # C ANZ be the intersection of an interval [My, Ms] with a union of arithmetic progressions modulo
p* for some p € Ny. Let k = max(kg, i), k1 = max(\/2, ko, p), My = My — M.
Then, for every continuously differentiable function W : [My, Ms] — C,

> e(wm) f(m)W(m) < fo(Mo +p? +p™ ) (W lleo + [W/[l1)p™ 51250 Tog (2 + M).
meH

Before proceeding to the proof, we note that Theorem 5 has been formulated with a number of parameters
for flexibility in use. However, in a typical situation (thinking of f as an exponential with a p-adically
analytic phase), the parameters ko and p will be small (for example, equal to 1): they account for the fact
that f may have several different branches modulo a small power of p, that its true p-adic analytic nature
shows up only in sufficiently small neighborhoods, or that we are summing only in specific congruence
classes modulo a small power of p. The parameter A, on the other hand, measures the size of the second
derivative of the phase and will typically be large in a depth-aspect problem. For example, if f equals
a primitive character x of conductor p™ as in (2.2), then A = n. Therefore, typically one has k1 = \/2.
Moreover, Theorem 5 is proved by splitting the sum into arithmetic progressions of difference p™; thus,
nontrivial information can be expected in the principal range My > p™. The upper bound provided by
Theorem 5 is thus roughly < Mop~/? = Mo||g- (m)||;1/2; this is exactly what one expects from a second
derivative test (compare with [14, Theorem 2.2]).

Proof. In light of 261 — A > 0 and Q(k1) = 0, we have that

fz+p™t) = f(@)0(g1(x) - p™t)

for every x € A, t € Z,. We will be applying Lemma 11 with ®; = g; mod p™™ and j = k1.
According to Lemma 10, for every ko < k < K1, we have that

g1 (a: +p”t) —g1(x) € ga(x) - Pt +p*“*Q(”)Zp
for every x € A, t € Zy.

From here, we claim that gi(z + p"t) — g1(x) € p~™7Z, if and only if ga(x) - p®t € p™™7Z,. Note
that this claim only depends on the value of the product p”t (rather than on the separate values of
k € [ko, k1] and t € Zp). Therefore, by rewriting p*t = prin(rtordptirn) g pymin(ordy tr1-K) - we may assume
that x = k1 or that ¢ € Z). We then distinguish two cases according to the value of Q(k). If Q(x) =
0 (as is the case when k = k1), the claim is clear in light of p™"Z, C p~"Z,. Otherwise, we must
have t € Z,; and Q(k) < A — 2k — 1, in which case —x — (k) > —A + & and our claim follows from

ordy (g2(z) - pt + p UL, = —X + k = ord, (ga() - pt).
Further the condition that go(z) - p"t € p ”1Z holds if and only if

A—k— +
t e pAr—r) L.
In particular, gi(z + p*t) — g1(z) € p~™7Z, if and only if
i A
pnt e pmax( K1 K)Zp-

Let .4 ,,) be a full set of representatives of those congruence classes modulo p*' which occur in .,
and let .Zz) be a subset of .#(,,) which is a full set of representatives of congruence classes modulo P~
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occurring in .# . For every f € p~¥Z,, we have that
‘{.%' € %(nl) : gl(x) SN +pilﬂzp}‘

= Z {t € Z/p" R7 .z + pit € M (1) N (:L' —I—p’%t) € f+p MLy} < pin(2e1— Atk
"L‘G.///(g)

Applying Lemma 11, we conclude that

> elwm)@(m)W(m) < fo(Mo +p? +p™) (IW [loo + [W[l1)p™ 51250 log(2 + M),
meA

as announced. O

9. ESTIMATION OF THE SUM OF Zg, s,

In this final section, we prove Lemma 4 and thereby complete the proofs of Theorems 1 and 2. The
sum Z;, g, , introduced in (5.16), will be estimated using the tools of Section 8. To prepare ground for this
application, for any 0 < ¢ < n, denote v =n — ¢, and let, for ¢ € {£1} and z € aZ;Q,

T v v v 1 v v
(9.1) OF(x) = X(a + %p2 z+ep’(az + ipz $2)1/2>9<pc (%p z+¢e(az + in x2)1/2>>.

Further, for any (£1,¢2) € {£1}? and any a1, b1, as, bs € Z, such that a1biazbs € Z;Q, consider the function

€1, & x 2 (F)
(92) (I)alhb?,ag,bz,c(x) = éil_c(a)(PZQ_c(@)
For s1 = (a1, b1, k1), so = (a2, b, k2) in the set S of Theorem 3, we also write ®51°52 (z) := (1)2117,2@2,172,0(93)‘

With this notation, and denoting
Wi s2,6(@) 1= Wiy (1) Wi, (),
where W . is the weight function from Lemma 2, which satisfies (5.14), we have by (5.16) and (7.1) that

(9.3) Es1,82 = Z Z eiizig,c(m)e(wshsz,cm) (I)iizig,c(m)WShS%C(m)’
(e1,62)€{%1}2 m<g** M
abim/ay, abgm/az€Zy 2

where

eiijié,c(m) = 5(51(0””5151)1/2,Pp)5(52(0<m(_1252)1/2,pp)
£1,€2

(with p € {0,1} being the parity of ¢) depends only on the class of m modulo p; in particular, €55 .(m +
pit) = €5175% c(m) for every K > 1.

The following lemma will be essential in estimating =g, s, in (9.3) using Theorem 5, the Second Derivative
Test. Recall our convention from Section 2.1 regarding ord, 0 = co.

Lemma 12. Let 0 < ¢ < n, let a1, by, az,by € Z,; be such that aibiazby € Z;Q. For any pair (e1,e2) €
{£1}2, there are Q € NgU{oo} and functions gi,léisz,w QS}QT?SQ,C : aalblz;2 — pQZ; such that the function
H°102 (x) defined in (9.2) satisfies

a1,b1,a2,b2,c

1

1 2K 42
TR 0) P G () M),

51,52,C 51,52,C

(9.4) D52 (z+pht) = BV (2)0 (

for every x € ozalblZ;2, k=1, and t € Zp.
Moreover, there are ezactly two choices of (€1,e2) € {£1}? for which Q = ordy(ai1by — azbs), while for
the remaining two choices we have £ = 0.
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Proof. First, we analyze the function ®¢(z) introduced in (9.1). Let, for brevity,

v =7(z) = (az + %p2l’m2)1/2,
B=p(x) = at 5™ +ep’y(z) = a+ 5p™a + ep’ (az + jp*a’
so that
D 1 1. v
(9:5) ¥ () = x(B)6 (- ; (b7 + £9(x)) ).

Recalling the expansion (2.7) and (2.1), we find that

v(z + pt) = (a(a: +p"t) + 1p*(z + p“t)Q) »

- ((ax + ip%:z:?) + (ozp“t + %p2”+”xt + ip2”+2”t2)) "

)12

1 1
=+ 7(apnt + %p2u+nxt + %p25+2yt2) _ 7(04th + %p2u+nxt)2 + Mp3“ [x’ t]

2 8v3

1 1 2
=7+ g (et M)t + oy (0w + 1p?a?)p® — (a + }p*a)*)
1 1
=7+ o (0 + 597 2)p"t — 0Pt + M [z, 1],

2 83

Further, recalling also (2.3) as well as k,v > 1, kK + v > 2, we conclude that

X (B(z + pt))

- X(a + 1p% (x4 pt) +ep” - y(x + p”t))

PPt + M [z, ]

€ €
_ X(Oé n %1021/:5 4 %p2l’+”t+5p"7 + %(a 4 %pQVx)pH-i-l/t N +Mp3n+u[x,t])

83

a € €
= X(5)0<Bp"(2fy . [a + evp” + %le’x]p“*”t _ 7a2p2n+ut2)

(9.6) 83
_ ﬁ o+ evp” + 3p? 2] P22 £ Messon [x,t])
= X(B)9<2iznp“+”t = S;ﬁpwwz = ﬁ 2P 4 Mooz, ﬂ)
= x(B)0 (22;19”*”75 — 8;); —(a+ 3p™z)p” Tt + Mppatvnz, t]),
since
;; + 2132" = ﬁ}y?)(oz2 +efyp”) = 6173 (a2 +e(a+ %p2”x)fyp” + nypz”)
= ﬁ}YS ((a + %pz”x)2 +e(a+ %pQ”x)fyp”) = 553(06 + 1p*z) = 713(04 + ip*a).
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We also obtain, with ¢ =n — v,
1
0 (pc <%p” (z+p"t) +e-v(z+ p”t)))

£
2y

1
0 < (%p”x + "t ey + — (o + LpPz)ptt —

£
pc 70[2])%752) + M- [z, t])

(9.7) &’

1 € 1 €
9<pc(%pux + 57))0<27pn (a + %p2u$)pn+ut + 2P7p5+2ut _ Wazpmﬁ_ytz + Mp3n—e[$, t])

Ly € + € 2 2ktu,2
= 9(1)6(2]91156 + EV))H(WﬂpK Vt — WO( p k Vt -+ Mp3n+ufn[f1}', t] .
Combining (9.5), (9.6), and (9.7), we find that the function ®%(z) satisfies

P° (z+p"t) = @i(w)ﬁ(

g (o + B)p 7t — 85 (20 + $p*2)p* Tt + Mpntv—n[z, t]>

(9.8)

~ 1
= @7 (z)0 <mp” (57 + %xp”)p“*’”t — ——p¥trgt M, sxtv—n 2, t]) ,

4xyp™
since
1, 2v, ., —-1_2 _ 1, 2v V. _ —1 v
20+ 5pTr =227, a+f=2a+5p"x+ep’y =7 (22 "y +ep”).
In particular, (9.8) shows that ®5]°52 . satisfies
1 x T x/ 1 1
st =8 (o) oo 25) 5o~
817827C($ +p ) 51752,c(x) <$pc €1y a1by €27y a2bs + 2 \aiby azbs p)p
o ( €1 €2 > 2442
— — P t +M 3n+u—n>
dxp® \arbyy(xz/a1by)  agboy(x/ashs) P

for every x € ozalblZ;2 and every x > 1. We write the above equation as

1 1
09) BT+ = 8500 (00 ) 505 (0 My )

. . oy £1,€2 €1,€2
with the obvious definitions for g7, () and g5'0%, .(2).
. €1,62 £1,€2 X s
It remains to find ord, g7 %, (%) and ordy, g5’ %, .(x). For every u,v € Z;, we make the trivial remark

that
(ut+v)(u—v)=u? -0 (o ! v = —(w) 2 (u? — v?).
For odd p, it is immediate from here that exactly one of ord,(u +v) and ord,(u — v) equals ord,(u? — v?),
while the other one is zero, and similarly for ord,(u~! + v~!) and ord,(u~! —v~!). (Note that this holds
even if u? = v%, when ord,(u? — v?) = co.) Applying this argument with
2v,.2 2v,.2
x

00 = () () = () (e ey

and (u/,v") = (a1b1u, azbav), respectively, where

u? — 0% u/? — 0" € (a1b) — azbo)Zy, eu’ — g9v’ = a1bi(e1u — e9v) + e2v(a1by — asbs),
it follows that there are exactly two choices of (e1,¢e2) € {#1}? for which
ord,, Qti:,léf?@,c(fc) = ord, 9;,1;15,252@(1’) = ord,(a1by — agbs),
while for the remaining two choices we have

€1,€2 _ €1,€2 _
Ordp 91,81,8270(:’6) - Ordp 92,81,82,c(x) = 0.

€1,€2 €1,€2

Let Q = ord, 9178175276(1') = ord, 9275178276(@.
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It remains to prove (9.4). This is already established in (9.9) when Q = 0. If Q > 0, then

ar p2VZL'2 _azx p2”332

a1b1 4a%b% - (1252 4&%()5

(mod p),

and we may assume that the same branch of the square-root is in ®<' _(z/a;b;) and ®Z2 (x/azbs). In that
case, 2 > 0 is achieved when 1 = ¢, so that (9.4) follows from (9.8) upon recalling that (a1b1) ™! = (aby)~*
(mod p®). We remark that the equation (9.4) is the ultimate fruit of the more precise bookkeeping required
by Definition 1. O

We complete our work with the proof of Lemma /. First, we split the sum in (9.3) as

(910) E51,82 = Z 55175279
Qe{0,0rdy(a1br —azbs)}

according to the value of 2 in the expansion (9.4) for the function ®5;°52 . corresponding to (g1,2). In the

case 2 < ¢ — 2 (so in particular a1by # agbe) we apply Theorem 5 with
p=A=c—Q, Qk)=(—-Q-3x)", w= Wey 50,
- Q
K=pu==rg=1, mzmax()\/&l)zcz , My =1, MQ:q?)aM

and note that by (5.14) the archimedean weight W := W, g, . satisfies |[W|loo + |[W'|1 < Z%¢'3¢. We
obtain

—Q

(9.11) 551,52,0 & q17522 (M _i_pcfQ) picTJrl,

and the first bound of Lemma 4 follows. In the case c—1 < Q < oo, one cannot expect a sharp result from
the application of the second derivative test. Here we estimate trivially =, 5, 0 < ¢”* M, which yields the
second estimate. (Although in many cases far from optimal, this is the only available estimate in the case
Q = oo, that is, a1by = azbs.) O
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