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BRST COHOMOLOGIES FOR SYMPLECTIC REFLECTION

ALGEBRAS AND QUANTIZATIONS OF HYPERTORIC

VARIETIES

TOSHIRO KUWABARA

Abstract. We study algebras constructed by quantum Hamiltonian reduc-
tion associated with symplectic quotients of symplectic vector spaces, includ-
ing deformed preprojective algebras, symplectic reflection algebras (rational
Cherednik algebras), and quantization of hypertoric varieties introduced by
Musson and Van den Bergh in [MVdB]. We determine BRST cohomologies
associated with these quantum Hamiltonian reductions. To compute these
BRST cohomologies, we make use of method of deformation quantization
(DQ-algebras) and F-action studied by Kashiwara and Rouquier in [KR], and
Gordon and Losev in [GL].

1. Introduction

Symplectic reflection algebras were introduced by Etingof and Ginzburg in [EG].
For a symplectic vector space V and a finite group W generated by symplectic
reflections of V , they defined a symplectic reflection algebra as noncommutative
deformation of symplectic quotient singularity V/W . ForW = G(ℓ, 1, n), a complex
reflection group, the associated symplectic reflection algebra is also called a rational
Cherednik algebra.

In [GG2], [Go] and [EGGO], they studied construction of the symplectic reflec-
tion algebra associated to W = Γ ≀ Sn, the wreath product of a finite subgroup
Γ ⊂ SL2(C) with the symmetric group Sn, by quantum Hamiltonian reduction.
These results were generalization of a result of [H] which studied construction of
deformed preprojective algebras by quantum Hamiltonian reduction.

Hypertoric varieties are quaternionic analogue of toric varieties and are con-
structed by Hamiltonian reduction of a symplectic vector space with an action of
a torus. Musson and Van den Bergh constructed quantization of the hypertoric
varieties by using quantum Hamiltonian reduction in [MVdB].

We briefly review these quantum Hamiltonian reductions. Let V be a vector
space over C with an action of a reductive algebraic group G. Let D(V ) be the
algebra of algebraic differential operators on V . Then the action of G on V induces
an action of G on D(V ). Moreover, we have a Lie algebra homomorphism µD :
g(=

def
LieG) −→ D(V ) which we call a quantized moment map. We consider the

subalgebra of G-invariant elements in the quotient of D(V ) by the image of µD,

D(X0, c) =
(
D(V )/D(V )(µD + c)(g)

)G
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cohomology, quantum Hamiltonian reduction, deformation quantization.
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where c : g −→ C is a character of g. This algebra can be regarded as quantization
of a Hamiltonian reduction X0 = µ−1

T∗V (0)//G of the cotangent bundle T ∗V , where
µT∗V : T ∗V −→ g∗ is the corresponding moment map. Thus, we call the algebra
D(X0, c) a quantum Hamiltonian reduction of D(V ) with respect to the G-action.

We study BRST cohomologies associated to the quantum Hamiltonian reduction.
The BRST cohomologies were first introduced by theoretical physicists and now
play an important role in mathematical physics and representation theory to give
a cohomological description of quantum Hamiltonian reduction. (see e.g. [KS]).

For finite W-algebras, quantizations of Slodowy slices, vanishing of Lie algebra
homologies and cohomologies associated with quantum Hamiltonian reduction cor-
responding to them was proved by Gan and Ginzburg in [GG1] and [Gi]. These
results immediately imply that the BRST cohomologies associated with the finite
W-algebras are concentrated in degree 0.

Motivated by their results, we study BRST cohomologies associated with the
quantum Hamiltonian reductions corresponding to the deformed preprojective al-
gebras, the symplectic reflection algebras and quantized hypertoric algebras. For
these algebras, positive BRST cohomologies do not vanish in contrast to ones for
the finite W-algebras. Nevertheless, we prove vanishing of negative BRST coho-
mologies for these algebras and determine positive BRST cohomologies explicitly.

Recently, (micro-)localization of these quantum Hamiltonian reductions was
studied by using deformation quantization (DQ-algebras) based on the ideas of
[KR] and [L] (see also [DK], [BK] and [BLPW]). A DQ-algebra is a sheaf of non-
commutative C((~))-algebras on a (symplectic) resolution X of the singularities of
X0 which is isomorphic to OX⊗CC((~)) as a sheaf of vector spaces. By considering
analogue of the quantum Hamiltonian reduction for D(X0, c), we can construct a
DQ-algebra WX,c on X . Moreover, by introducing an equivariant C∗-action on the
DQ-algebra, we can obtain the algebra D(X0, c) as the algebra of its C∗-invariant
global sections.

We briefly review the construction. On the symplectic vector space T ∗V , we
have a canonical DQ-algebra WT∗V with an equivariant G-action. Consider an
open subset X consisting of semistable points with respect to the G-action. The
symplectic manifold X can be constructed as X = (µ−1

T∗V (0) ∩ X)/G. Let p :

µ−1
T∗V (0) ∩ X −→ X be the projection. Set WX =

def
WT∗V |X. We have a homomor-

phism of algebrasD(V ) −→ WT∗V (T
∗V ) and this induces a quantized moment map

µW : g −→ WX(X). For the character c of g, the DQ-algebra WX,c on X is a sheaf
associated to the presheaf

U 7→ WX,c(U) =
(
WX(U)/WX(U)(µW + c)(g)

)G

where U ⊂ X is an open subset such that p−1(U) = U ∩ µ−1
T∗V (0). Under some

geometrical conditions, we obtain an isomorphism WX,c(X)C
∗

≃ D(X0, c).
Associating with the above two quantum Hamiltonian reductions, we define

BRST cohomologies H•
BRST,c(g,D(V )) and H•

BRST,c(g,WX) (see Section 6 for the

definition of the BRST cohomologies). The main result of the paper is the following
two theorems.

Theorem 1.1 (Theorem 7.8). We have the following isomorphism of sheaves on
X,

Hn
BRST,c(g,WX) ≃ WX,c ⊗C H

n
DR(G)

where H•
DR(G) is the (algebraic) de Rham cohomology of G.

By using the two kinds of equivalences between the category of C∗-equivariant
WX,c-modules and the category of D(X0, c)-modules, which are called abelian and
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derived W -affinities, we also have the following explicit description of the BRST
cohomology H•

BRST,c(g,D(V )).

Theorem 1.2 (Theorem 7.12). We have the following isomorphism of C-algebras,

H•
BRST,c(g,D(V )) ≃ D(X0, c)⊗C H

•
DR(G).

This paper is organized as follows: In Section 3, we review the definition and basic
properties of DQ-algebras. In Section 4, we introduce the quantum Hamiltonian
reduction both for usual algebras of differential operators and for DQ-algebras.
Section 5 is review of construction of symplectic reflection algebras and quantized
hypertoric algebras by the quantum Hamiltonian reduction. We do not use facts
in this section later for proving our main theorem, and thus, the reader can skip
this section. In Section 6, we introduce BRST cohomologies associated with the
quantum Hamiltonian reduction. Section 7 is the main part of this paper. In
Section 7.2, we prove that negative BRST cohomologies vanish if the moment map
is flat, and in Section 7.3, we determine positive BRST cohomologies. Finally, we
apply these results for the algebras, which reviewed in Section 5, and determine the
BRST cohomologies associated to them explicitly in Section 7.4.

Acknowledgments. The author is deeply grateful to Tomoyuki Arakawa for his
introduction to the BRST cohomologies and valuable discussions and comments.
He also thanks Gwyn Bellamy for his valuable comments and his advice about
geometric facts for the quiver varieties and hypertoric varieties. He is also grateful
to Masaki Kashiwara and Ivan Losev for valuable discussions. The author is grateful
to Max Planck Institute for Mathematics for hospitality during the period from
February to May 2011.

2. Preliminaries

Let G be a group and V be a G-module. We denote the subset of all G-invariant
elements of V by V G. For a character θ : G −→ C∗, we denote the subset of all
G-semi-invariant element belonging to the character θ by V G,θ. For an element
v ∈ V , let Gv = {g ∈ G | g · v = v} be the stabilizer of v.

For a Lie algebra g, we denote the universal enveloping algebra of g by U(g). We
also denote the symmetric algebra over g by S(g) = C[g∗] and the exterior algebra
over g by Λ(g).

For a commutative algebraA overC, let SpecA be the affine scheme associated to
A. For a commutative graded algebra A =

⊕
n∈Z≥0

An, let ProjA be the projective

scheme over SpecA0, which is associated to A. Throughout the paper, we only
consider integral, separated and reduced schemes over C. We call them varieties.

Let X be a variety over C. For a sheaf F on X and an open subset U ⊂ X ,
we denote the set of local sections of F on U by F(U) or Γ(U,F). We denote the
structure sheaf of X by OX and the coordinate ring of X by C[X ] = OX(X). For
a smooth complex manifold X , let D(X) be the algebra of algebraic differential
operators on X .

3. DQ-algebras

In this section, we recall the definition of (~-localized) DQ-algebras according to
[KR].

Let ~ be an indeterminate. Given m ∈ Z, let WT∗Cn(m) be a sheaf of formal
series

∑
k≥−m ~kak (ak ∈ OT∗Cn) on the cotangent bundle T ∗Cn of Cn. We set

WT∗Cn =
⋃

m WT∗Cn(m). We define a noncommutative C((~))-algebra structure on
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WT∗Cn by

f ⋆ g =
∑

α∈Zn
≥0

~|α|
1

α!
∂αξ f · ∂

α
x g

where, for a multi-power α = (α1, . . . , αn) ∈ Zn
≥0, we set α! = α1! · · ·αn! and

|α| = α1 + · · ·+ αn. Note that WT∗Cn(0) is a C[[~]]-subalgebra of WT∗Cn .
Let X be a complex symplectic manifold with symplectic form ω. A DQ-algebra

on X is a sheaf of C((~))-algebras W such that for any point x ∈ X , there is an
open neighborhood U of x, a symplectic map ϕ : U → T ∗Cn, and a C((~))-algebra

isomorphism ψ : W |U
∼−−→ϕ−1WT∗Cn .

We have the following fundamental properties of a DQ-algebra W as listed in
[KR].

(1) The algebra W is a coherent and noetherian algebra.
(2) W contains a canonical C[[~]]-subalgebra W (0) which is locally isomorphic

to WT∗Cn(0) (via the maps ψ). We set W (m) = ~−mW (0).

(3) We have a canonical C-algebra isomorphism W (0)/W (−1) ∼−−→OX (com-
ing from the canonical isomorphism via the maps ψ). The corresponding
morphism σm : W (m)→ ~−mOX is called the symbol map.

(4) We have

σ0(~
−1[f, g]) = {σ0(f), σ0(g)}

for any f , g ∈ W (0). Here { • , • } is the Poisson bracket of X which induced
from the symplectic structure of X .

(5) The canonical map W (0)→ lim
←−

m→∞

W (0)/W (−m) is an isomorphism.

(6) A section a of W (0) is invertible in W (0) if and only if σ0(a) is invertible
in OX .

(7) Given φ, a C((~))-algebra automorphism of W , we can find locally an in-
vertible section a of W (0) such that φ = Ad(a). Moreover a is unique up
to a scalar multiple. In other words, we have canonical isomorphisms

W (0)×/C[[~]]×
∼

Ad
//

∼

��

Aut(W (0))

∼

��

W ×/C((~))×
∼

Ad
// Aut(W ).

(8) Let v be a C((~))-linear filtration-preserving derivation of W . Then there
exists locally a section a of W (1) such that v = ad(a). Moreover a is unique
up to a scalar. In other words, we have an isomorphism

W (1)/~−1C[[~]] ∼−−→
ad

Derfiltered(W ).

(9) If W is a DQ-algebra, then its opposite ring W opp is a DQ-algebra on Xopp

where Xopp is the symplectic manifold with symplectic form −ω.

A tuple (x1, . . . , xn; ξ1, . . . , ξn) of elements xi, ξi ∈ W (0) are called quantized
symplectic coordinates of W if they satisfy [xi, xj ] = [ξi, ξj ] = 0 and [ξi, xj ] = ~δij .

Next, we review the notion of F-actions. Let X be a symplectic manifold with
the action of Gm: C∗ ∋ t 7→ Tt ∈ Aut(X). We assume there exists a positive integer
m ∈ Z>0 such that T ∗

t ω = tmω for all t ∈ C∗.
An F-action with exponent m on W is an action of C∗ on the C-algebra W ,

Ft : T−1
t W

∼−−→W for t ∈ C∗ such that Ft(~) = tm~ and Ft(f) depends holo-
morphically on t for any f ∈ W . An F-action with exponent m on W extends
to an F-action with exponent 1 on W [~1/m] = C((~1/m)) ⊗C((~)) W given by

Ft(~
1/m) = t1~1/m. For an F-action on W with exponent m, we consider the
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C-algebra of global sections of W [~1/m] which are invariant under the F-actions,
and denote it by ΓF (W ); i.e. ΓF (W ) =

def
Γ(X,W [~1/m])C

∗

.

For the DQ-algebra WT∗Cn on T ∗Cn, we consider an F-action Ft (t ∈ C∗) defined
by Ft(xi) = t1xi, Ft(ξi) = t1ξi and Ft(~) = t2~ for i = 1, . . . , n. It is an F-action

of exponent 2. Set W̃T∗Cn = WT∗Cn [~1/2]. Then we have the following injective
homomorphism of C-algebras,

D(Cn) −→ W̃T∗Cn(T ∗Cn), xi 7→ ~−1/2xi,
∂

∂xi
7→ ~−1/2ξi.

This homomorphism induces an isomorphism of C-algebras, ΓF (WT∗Cn) ≃ D(Cn)
(see [BK, Lemma 2.9]).

4. Quantum Hamiltonian reduction

4.1. Hamiltonian reduction. Let V be a vector space over C. Its cotangent
bundle T ∗V has natural symplectic structure. Let G be a reductive algebraic group
which acts algebraically on V . This action induces a Hamiltonian action of G on
T ∗V and we have a moment map µT∗V : T ∗V −→ g∗ = (LieG)∗. Let X be the set
of all characters G −→ C∗ of G and let XQ = X ⊗Z Q be the space of fractional
characters. We fix θ ∈ XQ and call θ a stability parameter. A point p ∈ T ∗V is
called θ-semistable if there exist a function f ∈ C[T ∗V ] and m ∈ Z>0 such that
g · f = θ(g)mf for any g ∈ G and f(p) 6= 0. Let µX = µT∗V |X : X −→ g∗ be the
restriction of the moment map µT∗V to X. The subset µ−1

X (0) of X is closed under
the G-action. We consider the affine GIT quotient

X0 = µ−1
T∗V (0)//G = SpecC[µ−1

T∗V (0)]
G,

and the projective GIT quotient

X = µ−1
T∗V (0)//θG = Proj

⊕

m∈Z≥0

C[µ−1
T∗V (0)]

G,θm

.

The inclusion morphism X −→ T ∗V induces a morphism X −→ X0.
Throughout this paper, we assume

(1) µ−1
X (0) is not empty,

(2) G acts freely on µ−1
X (0),

(3) The moment map µT∗V is flat over g∗,
(4) The morphism X −→ X0 is birational and X0 is a normal variety.

By the assumption 1 and 2, the variety X is isomorphic to the quotient space
µ−1
X (0)/G and it is a smooth symplectic manifold. Moreover, we conclude that the

above morphism X −→ X0 is a resolution of singularity. Let p : µ−1
X (0) −→ X be

the projection.
Let OX be the structure sheaf of X. The action of G on V induces an equivariant

G-action on OX. Moreover, the moment map µX induces a comoment map µ∗
X :

g −→ OX. Let {A1, . . . , Adimg} be a basis of g. Then we have the isomorphism

Oµ−1
X

(0) ≃ OX/
∑dimg

i=1 OXµ
∗
X(Ai) and the structure sheaf OX of X is isomorphic

to (p∗(OX/
∑dimg

i=1 OXµ
∗
X(Ai)))

G.
Let K•(OX, {µ

∗
X(A1), . . . , µ

∗
X(Adimg)}) be the Koszul complex associated to OX

and the sequence of global sections {µ∗
X(A1), . . . , µ

∗
X(Adim g)}. Then its zeroth

homology coincides with Oµ−1
X

(0). Note that the moment map µT∗V is flat and

hence so is µX. The following lemma is due to M. Holland ([H]).

Lemma 4.1 ([H], proof of Proposition 2.4). The sequence of the global sections
{µ∗

X(A1), . . . , µ
∗
X(Adimg)} is a regular sequence in OX(X). Thus, for any open sub-

set U of X, higher homology of the Koszul complex K•(OX(U), {µ
∗
X(A1), . . . , µ

∗
X(Adim g)})
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vanishes; i.e. we have

Hn(K•(OX(U), {µ
∗
X(A1), . . . , µ

∗
X(Adim g)})) ≃

{
Oµ−1

X
(0)(U) if n = 0,

0 otherwise.

4.2. Quantum Hamilton reduction. Let D(V ) be the ring of algebraic differen-
tial operators on V . The action of G on V induces an action on D(V ). Moreover,
by differentiating the action of G on OV , we have a morphism of algebras

µD : g −→ D(V )

which we call a quantized moment map. Fix a parameter c : g −→ C to be
a G-invariant linear function, i.e. a character of g. We consider the following
subquotient of the algebra D(V ) with respect to the G-action:

D(X0, c) = (Lc)
G, where Lc = D(V )

/ dim g∑

i∈1

D(V )(µD(Ai) + c(Ai)).

Let WT∗V be the standard DQ-algebra associated to the symplectic structure
T ∗V . Set WX = WT∗V |X be its restriction onto X. The action of G on D(V )
induces an equivariant G-action on WT∗V : i.e., for g ∈ G, we have Tg ∈ Aut(X)
and we have an isomorphism

ρg : T−1
g WX

∼−−→WX

such that ρg(~) = ~.
The quantized moment map µD induces the following homomorphism of algebras

µW : g
µD

−−→ D(V ) →֒ WT∗V (T
∗V ) = WX(X).

We call the above homomorphism µW also a quantized moment map. This homo-
morphism is known to be satisfied the following properties (see [KR]).

(1) [µW (A), a] = d
dtρexp(tA)(a)|t=0,

(2) σ0(~µW (A)) = µX(A),
(3) µW (Ad(g)A) = ρg(µW (A)),

for every A ∈ g, a ∈ WX and g ∈ G.
Let c be a parameter as stated above. We define the WX-module Lc by

Lc = WX

/ dim g∑

i=1

WX(µW (Ai) + c(Ai)).

Define a sheaf of algebras WX,c on X by

WX,c = (p∗Lc)
G
.

As shown in [KR], WX,c is a DQ-algebra on X .
Set WX(m) = WT∗V (m)|X. Then {WX(m)}m∈Z is a C[[~]]-algebra filtration of

WX such that WX(m)/WX(m− 1) ≃ ~−mOX for all m ∈ Z. Define

Lc(0) = WX(0)
/ r∑

i=1

WX(−1)(µW (Ai) + c(Ai)).

Then Lc(0) is a WX(0)-submodule of Lc such that Lc = WX⊗WX(0) Lc(0). Setting

WX,c(0) = (p∗Lc(0))
G, this sheaf of C[[~]]-algebras on X gives the C[[~]]-subalgebra

in (2) of the list of properties of DQ-algebras in Section 3.
Define an F-action on WT∗V by Ft(x) = t1x, Ft(ξ) = t1ξ and Ft(~) = t2~

where x ∈ V ∗ ⊂ C[T ∗V ], ξ ∈ V ⊂ C[T ∗V ] and t ∈ C∗. This F-action on WT∗V

induces an F-action on WX,c with exponent 2. This F-action commutes with the
equivariant G-action on WT∗V ; i.e. Tg and Tt commute, ρg and Ft commute, and
µW (A) is C∗-invariant for g ∈ G, t ∈ C∗ and A ∈ g.
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Note that we assume that the moment map µT∗V is flat and X0 has normal
singularity. Then, we have the following proposition.

Proposition 4.2 ([BK], Proposition 3.5). We have the isomorphism of C-algebras
ΓF (WX,c) ≃ D(X0, c).

5. Algebras constructed as quantum Hamiltonian reduction

In this section, we introduce some algebras which are constructed by quantum
Hamiltonian reduction defined in Section 4. Throughout this section, we use the
notations introduced in Section 4.1 and Section 4.2.

5.1. Quantization of Quiver varieties. Let Q = (I, E) be a finite quiver. We
assume that Q has no loop. Let εi ∈ ZI ⊂ CI be the standard basis corresponding
to the vertex i ∈ I. We denote v =

∑
i∈I viεi ∈ CI by (vi)i∈I . For v = (vi)i∈I ,

w = (wi)i∈I ∈ CI = ZI ⊗Z C, we consider the inner product v · w =
∑

i∈I viwi.

For v = (vi)i∈I ∈ CI , set p(v) = 1 +
∑

α∈E vout(α)vin(α) − v · v.

Fix a dimension vector v = (vi)i∈I ∈ ZI . Let V be a vector space V =⊕
α∈E Hom(Cvout(α) ,Cvin(α)), and let T ∗V be its cotangent bundle. Set G =∏
i∈I GL(C

vi)/C∗
diag, a reductive algebraic group, and let g =

⊕
i∈I gl(C

vi)/Cdiag

be its Lie algebra where C∗
diag (resp. Cdiag) is the diagonal subgroup of

∏
i∈I GL(C

vi)

(resp. the diagonal Lie subalgebra of
⊕

i∈I gl(C
vi)). Consider an action of G on V

defined by
g · e = (gin(α)eαg

−1
out(α))α∈E

for g = (gi)i∈I ∈ G and e = (eα)α∈E ∈ V . The action induces a Hamiltonian action
on T ∗V and a moment map µT∗V : T ∗V −→ g∗ which is explicitly given by

µT∗V : T ∗V =
⊕

α∈E

T ∗Hom(Cvout(α) ,Cvin(α)) −→ g∗ ⊂
⊕

i∈I

End(Cvi),

µT∗V ((X
α, Y α)α∈E) =

( ∑

α∈E
in(α)=i

XαY α −
∑

α∈E
out(α)=i

Y αXα
)
i∈I
.

Then we have the following fact.

Lemma 5.1 ([CB], Theorem 1.1). The moment map µT∗V is a flat morphism if
and only if µ−1

T∗V (0) has dimension v · v − 1 + 2p(v).

We identify a stability parameter θ ∈ XQ with θ = (θi)i∈I ∈ QI satisfying θ·v = 0
by θ(g) =

∑
i∈I(det gi)

−θi for g = (gi)i∈I ∈ G. Fix a stability parameter θ and let X
be the subset of θ-semistable points in T ∗V with respect to the G-action. Consider
the moment map µX = µT∗V |X and we have Hamiltonian reductions X = µ−1

X (0)/G
and X0 = µT∗V //G as in Section 4.1. By the assumption in Section 4.2, X is a
smooth symplectic manifold.

Next we consider quantum Hamiltonian reduction. The action of G on V induces
an action on D(V ) and WX. By differentiating the action of G on OV , we have
quantized moment maps µD : g −→ D(V ) and µW : g −→ WX(X). As written in
[H, Lemma 3.1], the quantized moment maps are given explicitly by

(1) µW (A(i)
pq ) =

∑

α∈E
out(α)=i

vin(α)∑

j=1

~−1xαjpξ
α
jq −

∑

α∈E
in(α)=i

vout(α)∑

j=1

~−1xαqjξ
α
pj

where A
(i)
pq is the (p, q)-th matrix unit of the i-th summand gl(Cvi) of G and

(xαpq ; ξ
α
pq)1≤p≤vin(α),

1≤q≤vout(α)

is the standard symplectic coordinates of the symplectic vector

space T ∗Hom(Cvout(α) ,Cvin(α)). Fix a parameter c : g −→ C as in Section 4.2. It is
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easy to see that the parameter c can be identified with c = (ci)i∈I ∈ CI satisfying
c · v = 0 by c =

∑
i∈I ci Trgl(Cvi ). Then we have quantum Hamiltonian reductions

of D(V ) and WX with respect to the G-action as follows:

D(X0, c) =
(
D(V )

/ ∑

i∈I

vi∑

p,q=1

D(V )(µD(A(i)
pq ) + ciδpq)

)G
,

WX,c =
(
WX

/ ∑

i∈I

vi∑

p,q=1

WX(µW (A(i)
pq ) + ciδpq)

)G
.

5.1.1. Deformed preprojective algebras. Let Q = (I, E) be a quiver whose underly-
ing diagram Q0 is a Dynkin diagram of type affine ADE. We identify the lattice
ZI with the root lattice associated to the Dynkin diagram Q0. We also identify
εi ∈ ZI with the simple root associated to the vertex i ∈ I.

Set the dimension vector v = δ where δ is the minimal positive imaginary root
of Q0. Fix a stability parameter θ ∈ QI such that θ · δ = 0 and θ · α 6= 0 for any
root α satisfying αi ≤ 1 for all i ∈ I and α 6= δ. Applying the facts in Section 5.1
to the above Q, v and θ, we have the Hamiltonian reduction X and the quantum
Hamiltonian reduction WX,c on X for a parameter c ∈ CI such that c · δ = 0. Then
we have the following facts.

Lemma 5.2 ([CB], [H]). The moment map µT∗V : T ∗V −→ g∗ is a flat morphism.

Proof. It is easy to check the equality dimµ−1
T∗V (0) = δ · δ − 1 + 2p(δ). Therefore,

by Lemma 5.1, µT∗V is a flat morphism. �

Proposition 5.3 ([K], Corolary 3.12). The Hamiltonian reduction X is a smooth
symplectic manifold and it is a minimal resolution of the Kleinian singularity of
type Q0.

The quantum Hamiltonian reduction D(X0, c) was studied by Holland in [H].
He showed the algebra D(X0, c) is isomorphic to the deformed preprojective alge-
bra corresponding to the quiver Q which was introduced by Crawley-Boevey and
Holland in [CBH]. On the other hand, we have the isomorphism of Proposition 4.2.
Then, we have the following proposition.

Proposition 5.4 ([H]). The algebra ΓF (WX,c) is isomorphic to the deformed pre-
projective algebra Oc+ε0+∂ introduced by Crawley-Boevey and Holland in [CBH],
where ∂ = (∂i)i∈I ∈ ZI is defined by ∂i = −δi +

∑
α∈E

out(α)=i
δin(α).

Proof. By Proposition 4.2, we have an isomorphism ΓF (WX,c) ≃ D(X0, c). [H,
Corollary 4.7] says that there exists an isomorphism between D(X0, c) and the
deformed preprojective algebra Oc+ε0+∂ and hence we have the isomorphism of the
proposition. �

5.1.2. Symplectic reflection algebras. LetQ′ = (I ′, E′) be a quiver whose underlying

diagram Q′
0 is a Dynkin diagram of type affine ADE. We identify ZI′

with the root

lattice associated to the Dynkin diagram Q′
0 and εi ∈ ZI′

with the simple root
corresponding to the vertex i ∈ I ′. Let Q = (I = I ′ ⊔ {∞}, E = E′ ⊔ {∞ → 0})
be a quiver defined by adding a vertex ∞ and an arrow ∞ → 0 where 0 is the
extended vertex of Q′

0. The quiver Q is called a Calogero-Moser quiver.
Set a dimension vector v = nδ + ε∞ where δ is the minimal positive imaginary

root of Q′
0. Fix a stability parameter θ = (θi)i∈I′ ∈ QI′

such that θ · α 6= 0 for
any root α = (αi)i∈I′ satisfies αi ≤ n for all i ∈ I ′. Then we have the Hamil-
tonian reduction X and the quantum Hamiltonian reductions D(X0, c) and WX,c
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for a parameter c = (ci)i∈I′ ∈ CI′

. By combining [GG2, Theorem 3.2.3(iii)] and
Lemma 5.1, we have the following lemma (see also [Go, Theorem 2.6]).

Lemma 5.5 ([GG2], [CB]). The moment map µT∗V is a flat morphism.

Proposition 5.6 ([N] Theorem 2.8. See also Theorem 4.1). The Hamiltonian
reduction X is a smooth symplectic manifold of dimension 2n. Moreover, we have
a resolution of singularity X −→ C2n/W where W is the wreath productW = Sn ≀Γ
of the finite subgroup Γ of SL2(C) corresponding to the Dynkin diagram Q′

0.

The quantum Hamiltonian reduction D(X0, c) was studied in [GG2], [Go] and
[EGGO], and is known to be isomorphic to a symplectic reflection algebra of corre-
sponding type, which was introduced by Etingof and Ginzburg in [EG]. Together
with the isomorphism of Proposition 4.2, we conclude the following proposition.

Proposition 5.7 ([GG1], [Go], [EGGO]). The algebra ΓF (WX,c) is isomorphic to
a symplectic reflection algebra corresponding to the quiver Q.

5.2. Quantization of hypertoric varieties. In this subsection, we review hy-
pertoric varieties and their quantization introduced by Musson and Van den Bergh
in [MVdB]. For facts about hypertoric varieties, see also [P].

Let V = Cn be an n-dimensional vector space and G = (C∗)d be a d-dimensional
torus acting algebraically on V . We take a basis {v1, . . . , vn} such that there exists
a matrix M = (µij)1≤i≤d

1≤j≤n
and G acts by

(t1, . . . , td) · vi = tµ1i

1 . . . tµdi

d vi

for (t1, . . . , td) ∈ G. We assume that M is a unimodular matrix. Consider the
cotangent bundle T ∗V of V . We denote the coordinates of V with respect to the
basis {v1, . . . , vn} by (x1, . . . , xn); i.e. xi(vj) = δij . Let (ξ1, . . . , ξn) be the dual
coordinates so that the symplectic form on T ∗V is given by ω =

∑n
i=1 dxi ∧ dξi.

The action of G on V induces a Hamiltonian action on T ∗V and we have a moment
map µT∗V with respect to this action.

Lemma 5.8 ([BK], Lemma 4.7). The moment map µT∗V is flat.

We identify a stability parameter θ ∈ XQ with (θ1, . . . , θd) ∈ Qd and fix it. Let
X be the set of θ-semistable points of T ∗V . Set µX = µT∗V |X. Then we have
Hamiltonian reductions of these spaces:

X = µ−1
T∗V (0)//θG = µ−1

X (0)/G, and X0 = µ−1
T∗V (0)//G.

For j = 1, . . . , n, set µj = t(µ1j , . . . , µdj) ∈ Cd. Note that we assume M =
(µij)1≤i≤d

1≤j≤n
is a unimodular matrix. Then we have the following proposition.

Proposition 5.9 ([BK], Corollary 4.13). If the stability parameter θ ∈ XQ satisfies
θ 6∈

∑
j∈J Qµj for all J ⊂ {1, . . . , n} such that dimQ(SpanQ{µj}j∈J ) = d − 1,

then the variety X is a smooth symplectic manifold and we have the resolution of
singularity X −→ X0.

Consider the algebra of algebraic differential operators D(V ) on V . The action
of G on V induces an action on D(V ). Moreover, by differentiating the action of G
on OV , we have a quantized moment map µD explicitly as follows:

µD : g =
d⊕

i=1

CAi −→ D(V ), µD(Ai) =
n∑

j=1

µijxj
∂

∂xj
.
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We identify a character c : g −→ C of g with (c1, . . . , cd) ∈ Cd and fix it. Set

Lc = D(V )
/ d∑

i=1

(µD(Ai) + ci),

and we have a quantum Hamiltonian reduction D(X0, c) = (Lc)
G of D(V ) with

respect to the G-action. This algebra D(X0, c) is known as an algebra studied by
Musson and Van den Bergh in [MVdB].

Next we consider the canonical DQ-algebra WT∗V on T ∗V . The action of G on
V induces an equivariant action on WT∗V and on WX = WT∗V |X. The quantized
moment map µD induces the following quantized moment map for WT∗V ,

µW : g −→ D(V ) →֒ WX(X),

µW (Ai) =

n∑

j=1

~−1µijxjξj .

For the above parameter c = (c1, . . . , cd) ∈ Cd, set

Lc = WX

/ d∑

i=1

WX(µW (Ai) + ci).

Then we have a quantum Hamiltonian reduction WX,c = (p∗Lc)
G. The following

proposition is a direct consequence of Proposition 4.2.

Proposition 5.10 ([BK], Proposition 3.5). We have an isomorphism of algebras
ΓF (WX,c) ≃ D(X0, c) and this algebra is the algebra studied by Musson and Van
den Bergh in [MVdB].

6. BRST cohomology

In this section, we review the definition of BRST cohomologies in terms of graded
superalgebras. First we recall notions of superalgebras and Clifford algebras.

6.1. Superalgebras and Clifford algebras. A superalgebra R is a Z/2Z-graded
algebra over C, R = R0 ⊕ R1. A homogeneous element in R0 is called an even
element, one in R1 is called an odd element. For a homogeneous element a, we
denote the Z/2Z-degree of a by |a| and call it the “parity” of a, instead of “degree”.
For homogeneous elements a, b ∈ R, we define super-commutator of a and b by
[a, b] = ab− (−1)|a||b|ba and extend it onto whole R linearly.

In this paper, we consider Z-graded superalgebras. A Z-graded superalgebra is a
superalgebra with (usual) Z-grading. In the rest of paper, we always use the notion
“degree” for the Z-grading and call the Z/2Z-grading “parity”.

For two superalgebras R and S, the tensor product of these algebras is a super-
algebra R ⊗C S with products (a ⊗ b) · (a′ ⊗ b′) = (−1)|a

′||b|aa′ ⊗ bb′. Its parity is
given by

(R ⊗ S)0 = R0 ⊗ S0 ⊕R1 ⊗ S1, (R⊗ S)1 = R1 ⊗ S0 ⊕R0 ⊗ S1.

For a finite-dimensional vector space g with a basis {A1, . . . , Adim g}, a Clifford
algebra Cl(g⊕g∗) associated to the symplectic vector space g⊕g∗ is a superalgebra
generated by 2 dim g odd elements ψ1, . . . , ψdim g, ψ

∗
1 , . . . , ψ

∗
dim g with the following

defining relations

[ψi, ψj ] = [ψ∗
i , ψ

∗
j ] = 0, [ψi, ψ

∗
j ] = δi,j1 for 1 ≤ i, j ≤ dim g.

We regard the exterior algebra Λ(g) (resp. Λ(g∗)) as a subalgebra of Cl(g⊕ g∗) by
Ai 7→ ψi (resp. A∗

i 7→ ψ∗
i where {A∗

1, . . . , A
∗
dimg} is the dual basis). As a vector

space, the Clifford algebra Cl(g⊕ g∗) is isomorphic to the tensor product of these
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exterior algebras, i.e. Cl(g⊕g∗) ≃C Λ(g)⊗CΛ(g
∗). The Clifford algebra is Z-graded

by degree deg(ψi) = −1 and deg(ψ∗
i ) = 1 for i = 1, . . . , dim g. We have

Cl(g⊕ g∗) =
⊕

n∈Z

Cln(g⊕ g∗),

Cln(g⊕ g∗) =

{⊕
i+j=n Λ−i(g)⊗C Λj(g∗) for − dim g ≤ n ≤ dim g,

0 otherwise.

Moreover Cl(g⊕ g∗) is a double-graded superalgebra as follows:

Cl(g⊕ g∗) =
⊕

i,j∈Z

Cli,j(g⊕ g∗),

Cli,j(g⊕ g∗) =

{
Λ−i(g)⊗C Λj(g∗) for − dim g ≤ i ≤ 0, 0 ≤ j ≤ dim g,

0 otherwise.

6.2. Definition of BRST cohomologies. In this subsection, we define the BRST
cohomologies of WX and D(V ) with respect to the G-action. In this subsection, we
use the notation introduced in Section 4.2.

Fix U be an open subset of X which is closed under the G-action. Set R = WX(U)
or D(V ). Consider the Clifford algebra Cl(g⊕g∗). We regard R as a superalgebras
with purely even parity; i.e. R0 = R and R1 = 0. Consider the tensor product
superalgebra C(R) = R ⊗C Cl(g ⊕ g∗) of R and Cl(g ⊕ g∗). The Z-grading of
Cl(g⊕ g∗) induces a Z-grading of C(R) as follows;

C(R) =
⊕

n∈Z

Cn(R), Cn(R) = R⊗C Cl
n(g⊕ g∗).

For a character c : g −→ C, let Qc be an odd element of C(R) defined by

Qc =

dimg∑

i=1

(µW (Ai) + c(Ai))⊗ ψ
∗
i +

1

2

∑

i,j,k

χk
ij ⊗ ψkψ

∗
i ψ

∗
j

where χk
ij is the structure constant of g; namely [Ai, Aj ] =

∑
k χ

k
ijAk. Note that

the F-action on WX induces a C∗-action on C(R) and Qc is a C∗-invariant element
with respect to this action. The adjoint operator adQc = [Qc, • ] on C(R) is
a homogeneous operator with degree +1. Since it is an odd operator, we have
(adQc)

2 = 0. Thus, the pair (C(R), adQc) is a cochain complex. We call it a
BRST complex of R with respect to the action of g and its cohomologies

H•
BRST,c(g, R) = H•(C(R), adQc)

are called BRST cohomologies of R with respect to the action of g. Note that the
algebra structure of R induces a graded algebra structure on H•

BRST,c(g, R).
Next, we introduce BRST cohomology of a sheaf of algebras. For an open subset

U of X , let U be an open subset of X such that U is closed under the G-action and
p−1(U) = U∩µ−1

X (0). Then a BRST cohomology sheaf H•
BRST,c(g,WX) of WX with

respect to g is defined as a sheaf on X which is obtained by pushing-forward of the
sheaf associated to the presheaf U 7→ H•

BRST,c(g,WX(U)).

Lemma 6.1 (cf. [AKM], Theorem 1.3.2.1). Assume that the moment map µT∗V

is flat. The sheaf U 7→ H•
BRST,c(g,WX(U)) is supported on µ−1

X (0) and hence

H•
BRST,c(g,WX)(U) does not depend on the choice of U. Namely, H•

BRST,c(g,WX)
is a well-defined sheaf on X.

This lemma will be proved in Section 7.2.
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7. Computing BRST cohomologies

Throughout this section, we use the notations introduced in Section 4 and Sec-
tion 6. Fix an open subset U of X and an open subset U of X such that U is closed
under the G-action and p−1(U) = U ∩ µ−1

X (0). Set R = WX(U).

7.1. Double complex. We consider a double complex structure of the BRST com-
plex (C(R) = R⊗ Cl(g⊕ g∗), adQc). Set

C(R) =
⊕

m,n∈Z

Cm,n(R), Cm,n(R) = R⊗ Clm,n(g⊕ g∗),

and

d+ : Cm,n(R) −→ Cm,n+1(R),

(2)

d+(a⊗ ϕϕ
∗) =

dim g∑

i=1

[µW (Ai), a]⊗ ϕψ
∗
i ϕ

∗ +
1

2

∑

i,j,k

χk
ija⊗ ϕ[ψk, ϕ

∗]ψ∗
i ψ

∗
j

d− : Cm,n(R) −→ Cm+1,n(R),

d−(a⊗ ϕϕ
∗) =

dim g∑

i=1

a ⋆ (µW (Ai) + c(Ai))⊗ [ψ∗
i , ϕ]ϕ

∗ +
1

2

∑

i,j,k

χk
ija⊗ ψk[ψ

∗
i ψ

∗
j , ϕ]ϕ

∗

where a ∈ R, ϕ ∈ Λ−m(g) and ϕ∗ ∈ Λn(g∗). By direct calculation, (C(R), d+, d−)
is a double complex and adQc = d+ + d−. Moreover, by considering a spectral
sequence associated to the double complex (C(R), d+, d−), we have the following
lemma.

Lemma 7.1. Consider a spectral sequence Ep,q
r associated to the double com-

plex (C(R), d+, d−) whose second term is given by Ep,q
2 = Hp(Hq(C(R), d−), d+).

Then the spectral sequence converges to the total cohomology Hp+q(C(R), adQc) =

Hp+q
BRST,c(g, R).

Proof. Since the double complex C(R) =
⊕

m,nC
m,n(R) is bounded on − dim g ≤

m ≤ 0 and 0 ≤ n ≤ dim g, the spectral sequence is convergent and weekly conver-
gent in the sense of [CE, Chapter 15]. �

7.2. Vanishing of negative BRST cohomologies. In this section, we show that
the negative degrees of the BRST cohomology H•

BRST,c(g,WX) vanish.

Consider the C[[~]]-algebra filtration {WX(m)}m∈Z of WX. The following prop-
erties of the filtration immediately follow from its definition.

Lemma 7.2 ([BK], Lemma 2.2). The filtration {WX(m)}m∈Z is exhaustive and
separated; i.e.

(1) exhaustive:
⋃

m∈Z WX(m) = WX, and
(2) separated:

⋂
m∈Z WX(m) = 0.

We introduce a filtration {FmC(R)}m∈Z of C(R) as follows: For m ∈ Z and i,
j ∈ Z, set

FmC
i,j(R) = WX(m+ i)(U)⊗C Λ−i(g)⊗C Λj(g∗).

It is easy to check that we have d−(FmC
i,j(R)) ⊂ FmC

i+1,j(R) and hence the
filtration is a filtration of complex (C•,j(R), d−) for each j ∈ Z. The following
lemma immediately follows from Lemma 7.2.

Lemma 7.3. The filtration {FmC
•,j(R)}m∈Z is exhaustive and separated for each

j ∈ Z.
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Fix j ∈ Z such that 0 ≤ j ≤ dim g. The filtration {FmC
•,j(R)}m∈Z induces a

spectral sequence ′Er
p,q as follows:

′Zr
p,q = FpC

p+q,j(R) ∩ d−1
− (Fp−rC

p+q+1,j(R)),

′Br
p,q = FpC

p+q,j(R) ∩ d−(Fp+rC
p+q−1,j(R)),

′Er
p,q = ′Zr

p,q/
′Br

p,q +
′Zr−1

p+1,q−1,

for r ∈ Z≥0, p, q ∈ Z. The differential d
(r)
− : ′Er

p,q −→
′Er

p+r,q−r+1 is naturally
induced from the original differential d−.

By Lemma 7.3, we have the following lemma.

Lemma 7.4. The spectral sequence ′Er
p,q is convergent and weekly convergent to

the cohomology grpH
p+q(C•,j(R), d−) for each j ∈ Z in the sense of [CE, Chapter

15].

Proof. Since the filtration is exhaustive and separated (Lemma 7.3), the spectral
sequence ′Er

p,q is weekly convergent. By Lemma 7.3, we have
⋂

p FpC
n,j = 0 for any

j ∈ Z. By definition FpH
n(C•,j(R)) = (FpC

n,j(R)∩Ker d−+Im d−)/ Im d−, and we
have

⋂
p FpH

n(C•,j(R)) = 0. Hence, the spectral sequence ′Er
p,q is convergent. �

We have ′E0
p,q ≃ grp C

p+q,j(R) for each p, q ∈ Z. Moreover, the complex

(′E0
p,q, d

(0)
− ) ≃ (grp C

p+q,j(R), d−) is isomorphic to the Koszul complex

K−(p+q)(OX(U), {µ
∗
X(A1), . . . , µ

∗
X(Adim g)}). Thus, by Lemma 4.1, we have the fol-

lowing facts.

Lemma 7.5. For each j ∈ Z and p, q ∈ Z, we have an isomorphism

′E1
p,q ≃ H

p+q(grp C
•,j(R), d−) ≃

{
~−pOµ−1

X
(0)(U)⊗C Λj(g) if p+ q = 0,

0 otherwise.

Proposition 7.6. The spectral sequence ′Er
p,q collapses at r = 1 and we have

Hn(C•,j(R), d−) ≃

{
Lc(U)⊗C Λj(g∗) if n = 0,

0 otherwise.

Proof. By Lemma 7.5, we have ′E1
p,q = 0 for p + q 6= 0 and hence the differential

d
(1)
− : ′E1

p,q −→
′E1

p+1,q is zero morphism for all p, q ∈ Z. Thus, the spectral
sequence ′Er

p,q collapses at r = 1. Then, by Lemma 7.4, we have

Hp+q(C•,j(R), d−) ≃
⊕

p∈Z

′E∞
p,q ≃

⊕

p∈Z

′E1
p,q ≃

⊕

p∈Z

~−pOµ−1
X

(0)(U)⊗C Λj(g∗) ≃ Lc(U)⊗C Λj(g∗).

�

Proof of Lemma 6.1: By Proposition 7.6, the spectral sequence Ep,q
r collapses at

r = 2 and we have the isomorphism

Hn
BRST,c(g,WX(U)) ≃ H

n(
⊕

j

H0(C(R), d−), d+) ≃ H
n(Lc(U)⊗ Λ•(g), d+).

By the property (6) in Section 3, the sheaf Lc is supported on µ−1
X (0) and we have

the claim of Lemma 6.1.
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7.3. Positive BRST cohomologies. By Lemma 6.1, the sheaf Lc with the equi-
variant G-action is supported on µ−1

X (0). Since p−1(U) = µ−1
X (0) ∩ U is closed

under the G-action, Lc(U) is a G-module. The WX(U)-module Lc(U) has a fil-
tration as a WX(0)(U)-module {Lc(m)(U)}m∈Z. This filtration coincides with the
filtration of the cohomology H0(C•,j , d−) ≃ Lc(U) ⊗C Λj(g∗); Namely, we have
FmH

0(C•,j , d−) ≃ Lc(m)(U) ⊗C Λj(g∗) for each 0 ≤ j ≤ dim g. Since the G-
module Lc(U) over C is completely reducible and the filtration is a filtration as a
G-module, we have the isomorphism Lc(U) ≃ grLc(U) as G-modules. Moreover,
by Proposition 7.6, we have

Lc(U) ≃ grLc(U) ≃ Oµ−1
X

(0)(U)⊗C C((~))

as G-modules, where G acts trivially on C((~)). Now we assume that the G-bundle
µ−1
X (0) −→ X is (locally) trivial on the open subset U. Then we have Oµ−1

X
(0)(U) ≃

Oµ−1
X

(0)(U)
G ⊗C C[G] as G-modules, where G acts trivially on Oµ−1

X
(0)(U)

G and by

left translation on C[G]. Therefore, we conclude that

(3) Lc(U) ≃ Lc(U)
G ⊗C C[G]

as G-modules, where G acts trivially on Lc(U)
G.

Proposition 7.7. For an open subset U on which the G-bundle µ−1
X (0) −→ X is

trivial, we have the isomorphism

Hn
(⊕

j∈Z

H0(C•,j(WX(U)), d−), d+
)
≃ WX,c(U)⊗C H

n
DR(G)

where H•
DR(G) is the (algebraic) de Rham cohomology of G.

Proof. By the definition of the differential d+ in (2) and Proposition 7.6, the com-
plex (

⊕
j H

0(C•,j , d−), d+) is a Lie algebra cohomology complex associated to the

g-action on Lc(U). By the above isomorphism (3), we have

Hn(g,Lc(U)) ≃ H
n(g,C[G])⊗C Lc(U)

G ≃ Hn(g,C[G])⊗C WX,c(U).

Since the cochain complex for the Lie algebra cohomology Hq(g,C[G]) is the alge-
braic de Rham complex for G, we obtain the isomorphism of the proposition. �

Theorem 7.8. We have the following isomorphism:

Hn
BRST,c(g,WX) ≃ WX,c ⊗C H

n
DR(G).

Proof. Fix an arbitrary point x ∈ X . Since the algebraic group G acts on µ−1
X (0)

freely, we can take an open subset U ⊂ X and U ⊂ X satisfying the assumption of
Proposition 7.7. Consider the spectral sequence Ep,q

r defined in Section 7.1. Then,
by Proposition 7.7, we have

Ep,q
2 ≃ Hp(Hq(C(WX(U)), d−), d+) ≃ WX,c(U)⊗C H

p+q
DR (G)

By Lemma 7.1, the spectral sequence Ep,q
r converges to the BRST cohomology

Hp+q
BRST,c(g,WX(U)). Consider the differential d(2) : Ep,q

2 −→ Ep+2,q−1
2 of this spec-

tral sequence. By Proposition 7.6, we have Ep,q
2 = 0 unless q = 0. Therefore we

have d(2) = 0 and the spectral sequence Ep,q
r collapses at r = 2. Thus we have

Hp+q
BRST,c(g,WX(U)) ≃

⊕

p∈Z

Ep,q
∞ ≃

⊕

p∈Z

Ep,q
2 ≃ WX,c(U)⊗C H

p+q
DR (G).

This induces an isomorphism of stalksHp+q
BRST,c(g,WX,p−1(x)) ≃ (WX,c)x⊗CH

p+q
DR (G)

at any point x ∈ X , and hence, we have the isomorphism Hn
BRST,c(g,WX) ≃

WX,c ⊗C H
n
DR(G) as sheaves on X . �
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Remark 7.9. In the above proof, we use the fact that the G-bundle µ−1
X (0) −→ X

is locally trivial in order to take a suitable U. Since our algebraic groups G are
direct products of general linear groups so that the local triviality holds for such
algebraic groups G even in the Zariski topology. When G is not a direct product
of general linear groups, we may need to consider in complex analytic topology or
étale topology.

One can consider the BRST cohomology of the algebra D(V ) with respect to the
G-action and the moment map µD. We say that the DQ-algebra WX,c is W -affine
(cf. [KR]) when we have the following equivalence of the abelian categories

(4) ModgoodF (WX,c)
∼−−→D(X0, c)-mod, M 7→ HomWX,c

(WX,c,M )C
∗

where ModgoodF (WX,c) is a category of good WX,c-modules with equivariant C∗-
action (F-action) (cf. [KR, Section 2]) and D(X0, c)-mod is a category of finitely
generatedD(X0, c)-modules. Its quasi-inverse functor is given by N 7→ WX,c⊗D(X0,c)

N . It is known that when the parameter c is generic, the DQ-algebra WX,c is W -
affine (see [KR], [BK], [BLPW]).

In [GL, Section 5.6], derived analogue of the above equivalence was studied
(see also essentially the same result by a different approach in [MN]). First we
define a C[[~]]-algebra D~(X0, c) = Γ(X,WX,c(0)). For further discussion, we also
define D~(X0, c)-modules L∧

X,c = Γ(X, p∗(Lc(0))) ≃ Γ(X,Lc(0)), and L∧
T∗V,c =

Γ(T ∗V,LT∗V,c(0)), where LT∗V,c(0) is a left WT∗V (0)-module defined by

LT∗V,c(0) = WT∗V (0)/

dimg∑

i=1

WT∗V (−1)(µW (Ai) + c(Ai)).

Note that we have a natural embedding L∧
T∗V,c ⊂ L∧

X,c because WX = WT∗V |X.

Since Γ(X,WX,c[~
1/2])C

∗

= D(X0, c) (Proposition 4.2), and

WX,c ≃C OX ⊗C C((~)) ⊃ OX ⊗C C[[~]] ≃ WX,c(0)

as sheaves of C-vector spaces (see Section 3), then we have an isomorphism of
C-algebras

(5) (C[~1/2, ~−1/2]⊗C[~] D~(X0, c))
C∗

≃ D(X0, c).

We also have a natural isomorphism

(6) (C[~1/2, ~−1/2]⊗C[~] L
∧
T∗V,c)

C∗

≃ Lc.

Now assume that D~(X0, c) is of finite global dimension. Then, we have the
following equivalence of triangulated categories:
(7)

Db(WX,c(0)-mod) ∼−−→Db(D~(X0, c)-mod), M 7→ RHomWX,c(0)(WX,c(0),M )

where Db(C) is the bounded derived category of an abelian category C. Its quasi-
inverse functor is given by the tensor product functor

(8) Db(D~(X0, c)-mod) ∼−−→Db(WX,c(0)-mod), M 7→ WX,c(0)
L
⊗D~(X0,c) M.

Remark 7.10. In [GL, Section 5.6], such a derived equivalence was studied for
the rational Cherednik algebra associated with the wreath product group G(ℓ, 1, n) =
(Z/ℓZ) ≀ Sn. Our algebra D(X0, c) does not coincide with the rational Cherednik
algebra, but with its spherical subalgebra. However, one can easily check that their
proof works also for the spherical subalgebra by replacing their quantized Procesi
bundle by WX,c(0) when the spherical subalgebra has finite global dimension. More-
over, it is also easy to check that their proof works not only in the case of the
rational Cherednik algebra for G(ℓ, 1, n), but also for every other algebras obtained
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by quantum Hamiltonian reduction under the basic conditions which we assumed in
Section 4.1 if D(X0, c) has finite global dimension.

Let c0 be a parameter such that the DQ-algebra WX,c0 is W -affine. By [KR,
Theorem 2.9], we have RnΓ(X, p∗(Lc0)) = 0 for n 6= 0. Since we have an isomor-
phism p∗(Lc0) ≃ p∗(Oµ−1

X
(0)) ⊗C C((~)) as sheaves on X , it induces the following

vanishing of cohomologies,

(9) RnΓ(X, p∗(Oµ−1
X

(0))) = 0 for n 6= 0.

Now let c be an arbitrary parameter such that D(X0, c) has finite global dimen-
sion.

Lemma 7.11. We have the isomorphism

RHomWX,c(0)(WX,c(0), p∗(Lc(0))) ≃ L∧
X,c

in the derived category Db(D~(X0, c)-mod).

Proof. Since p∗(Lc(0)) is a locally free WX,c(0)-module, we have

RHomWX,c(0)(WX,c(0), p∗(Lc(0))) ≃ RΓ(X,H omWX,c(0)(WX,c(0), p∗(Lc(0)))),

≃ RΓ(X, p∗(Lc(0))).

By [KR, Lemma 2.12], (9) induces RnΓ(X, p∗(Lc(0))) = 0 for n 6= 0. Thus
RHomWX,c(0)(WX,c(0), p∗(Lc(0))) is isomorphic to its zeroth cohomology

HomWX,c(0)(WX,c(0), p∗(Lc(0))) ≃ Γ(X, p∗(Lc(0))) ≃ L∧
X,c.

�

Theorem 7.12. Assume that D(X0, c) has finite global dimension. Then we have
the isomorphism of C-algebras

Hn
BRST,c(g,D(V )) ≃ D(X0, c)⊗C H

n
DR(G).

Proof. Consider the derived equivalence (7). By Lemma 7.11, we have isomor-
phisms

WX,c(0)
L
⊗D~(X0,c) L

∧
X,c ≃ WX,c(0)⊗D~(X0,c) L

∧
X,c ≃ p∗(Lc(0))

in the derived category Db(WX,c(0)-mod). Using these isomorphisms for the Lie
algebra cohomology Hn(g, p∗(Lc(0))), we have isomorphisms

Hn(g,Lc(0)) ≃ H
n(g,WX,c(0)

L
⊗D~(X0,c) L

∧
X,c),

≃ Hn(g,WX,c(0)⊗D~(X0,c) L
∧
X,c),

≃ WX,c(0)⊗D~(X0,c) H
n(g,L∧

X,c).

Here the last isomorphism follows from the fact which g acts trivially on WX,c(0).
On the other hand, by the proof of Proposition 7.7, we have an isomorphism

Hn(g, p∗(Lc(0))) ≃ WX,c(0)⊗D~(X0,c) D~(X0, c)⊗C H
n
DR(G).

Applying the equivalence (7) again, we have the following isomorphism

Hn(g,L∧
X,c) ≃ D~(X0, c)⊗C H

n
DR(G) for n ∈ Z.

We compare Lie algebra cohomologies Hn(g,L∧
X,c) and Hn(g,L∧

T∗V,c). Since we

assume that the moment map µT∗V is flat, by [BK, Proposition 2.6] (or equivalently
by Proposition 7.6), we have isomorphisms of vector spaces

L∧
T∗V,c ≃

⊕

m≥0

C[µ−1
T∗V (0)]~

k ⊂ L∧
X,c ≃

⊕

m≥0

C[µ−1
X (0)]~k.
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Moreover, since the filtration of L∧
T∗V,c and L∧

X,c is closed under the G-actions, the
above isomorphisms are isomorphisms of G-modules. Thus, it is enough to compare
Hn(g,C[µ−1

T∗V (0)]) and H
n(g,C[µ−1

X (0)]).
Note that the G-actions are induced from the linear action of G on V , the G-

module C[T ∗V ] is a graded G-module with respect to the total degree and images
of the dual moment map {µ∗

T∗V (A) | A ∈ g} are homogeneous elements. Thus,

the G-module C[µ−1
T∗V (0)] is again graded as a G-module. Moreover, since the G-

action and the C∗
diag-action on T ∗V commute, C[µ−1

X (0)] is spanned by ratios of
two homogeneous polynomials: i.e. we have

C[µ−1
X (0)] = SpanC

{
f

g

∣∣∣ f, g are homogeneous elements in C[µ−1
T∗V ]

such that g has no zero on X and f , g are coprime

}
.

For p, q ∈ Z≥0, set

C[µ−1
X (0)]p,q = SpanC

{
f

g

∣∣∣ f, g are as above and deg f = p+ q, deg g = q

}
.

Then, C[µ−1
X (0)]p,q is closed under the G-action and we have a decomposition as a

G-module, C[µ−1
X (0)] =

⊕
p,q C[µ

−1
X (0)]p,q. Setting C[µ−1

T∗V (0)]p = C[µ−1
X (0)]p,0 ∩

C[µ−1
T∗V (0)], we also have the decomposition C[µ−1

T∗V (0)] =
⊕

p C[µ
−1
T∗V (0)]p. Since

C[µ−1
X (0)]p,q is a finite dimensional G-module and G is a reductive group, the G-

modules C[µ−1
X (0)] and C[µ−1

T∗V (0)] are completely reducible.
Since we assume that X −→ X0 is birational and X0 is normal, we have

C[µ−1
X (0)]G = C[µ−1

T∗V (0)]
G (see [BK, Lemma 3.1]). Thus, we have C[µ−1

X (0)] =

C[µ−1
T∗V (0)] ⊕ N for a G-module N such that N is a direct sum of irreducible G-

modules which are non-trivial. Since G is a reductive group, we have Hn(g, N) = 0
for any n by [W, Theorem 7.8.9]. Therefore, we conclude that Hn(g,C[µ−1

T∗V (0)]) ≃

Hn(g,C[µ−1
X (0)]) and hence

Hn(g,L∧
T∗V,c) ≃ H

n(g,L∧
X,c) ≃ D~(X0, c)⊗C H

n
DR(G)

for any n ∈ Z.
Now apply the functor (C[~1/2, ~−1/2] ⊗C[~] )C

∗

to the above isomorphism.
Note that ~ is invariant under the action of C∗ and the differential d+ of Lie
algebra cochain complex (2) commutes with the C∗-action since µW (Ai) are C∗-
invariant elements. Thus, the functor (C[~1/2, ~−1/2]⊗C[~] )C

∗

commutes with the
Lie algebra cohomology Hn(g, ). Finally, we have an isomorphism (5) and (6).
Therefore, we conclude that the above isomorphism implies the isomorphism

(10) Hn(g,Lc) ≃ D(X0, c)⊗C H
n
DR(G) for n ∈ Z.

Consider the double complex (C•,•(D(V )), d+, d−), which is defined in Sec-
tion 7.1, for R = D(V ). Since we assume the moment map µT∗V is a flat morphism,
for j ∈ Z we have

Hn(C•,j(D(V ), d−)) ≃ H−n(g,D(V )) ≃

{
Lc ⊗ Λj(g) (n = 0),

0 (n 6= 0),

by the same argument of Section 7.2. Combining it with the isomorphism (10), the
second term of the spectral sequence Ep,q

2 associated with the double complex is
isomorphic to

Ep,q
2 ≃ Hp(g, H−q(g,D(V ))) ≃ D(X0, c)⊗C H

p
DR(G)

if q = 0, and 0 otherwise. As in the proof of Theorem 7.8, the spectral sequence Ep,q
r

collapses at r = 2 and it converges to the BRST cohomologyHp+q
BRST,c(g,D(V )). �
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Remark 7.13. This computation of the BRST cohomology is essentially based
on techniques used in [GG1] and [Gi] to compute the Lie algebra homology and
cohomology for the finite W-algebras. On the other hand, in the case of this paper,
the group G does not act freely on µ−1

T∗V (0) and this makes an obstruction to compute
the Lie algebra cohomology. To avoid this difficulty, we make use of deformation
quantization and the two kinds of W -affinities.

7.4. Examples. Applying the results of Theorem 7.8 and Theorem 7.12, we can
determine explicitly BRST cohomologies for the algebras defined in Section 5.

Consider the exterior algebra Λ(e1, e3, . . . , e2m−1) generated by the generators
e1, . . . , e2m−1 where ei is regarded as an element of degree i. It is a graded algebra.
The de Rham cohomology of the general linear group GL(Cm) is given as follows.

Lemma 7.14. We have the following isomorphism of graded algebras

H•
DR(GL(C

m)) ≃ Λ(e1, e3, . . . , e2m−1).

7.4.1. BRST cohomology of the deformed preprojective algebras. For the deformed
preprojective algebra associated to the quiverQ = (I, E) defined in Section 5.1.1, we
consider the reductive algebraic groupG =

∏
i∈I GL(C

δi)/C∗
diag ≃

∏
i∈I\{0}GL(C

δi).

Here we use the fact δ0 = 1 for the last isomorphism. By using Lemma 7.14 and
the Könneth formula, it is easy to calculate the de Rham cohomology H•

DR(G).
Then, we have the following isomorphisms by Theorem 7.8 and Theorem 7.12.

H•
BRST,c(g,WX) ≃ WX,c ⊗

⊗

i∈I\{0}

Λ(e1, . . . , e2δi−1),

H•
BRST,c(g,D(V )) ≃ D(X0, c)⊗

⊗

i∈I\{0}

Λ(e1, . . . , e2δi−1).

In the case that Q0 is the affine Dynkin diagram of type A
(1)
ℓ , δi = 1 for all

i ∈ I\{0} = {1, . . . , ℓ}, and

Hm
BRST,c(g,WX) ≃ W

⊕( ℓ

m)
X,c

where
(
ℓ
m

)
is the binomial coefficient.

In the case that Q0 is the affine Dynkin diagram of type D
(1)
ℓ , we have G ≃

(C∗)3 ×GL(C2)×ℓ−3, and

Hm
BRST,c(g,WX) ≃ W

⊕νn
X,c

where νm is determined by the generating function (1+ t)ℓ(1+ t3)ℓ−3 =
∑

m νmt
m.

The type E
(1)
ℓ case can be determined similarly.

7.4.2. BRST cohomology of the symplectic reflection algebras. For the symplectic
reflection algebra associated to the quiver Q′ = (I ′, E′) of rank n, i.e. with di-
mension vector nδ, we consider the reductive algebraic group G =

∏
i∈I′ GL(Cnδi).

Thus, we have the following isomorphisms

H•
BRST,c(g,WX) ≃ WX,c ⊗

⊗

i∈I′

Λ(e1, . . . , e2nδi−1),

H•
BRST,c(g,D(V )) ≃ D(X0, c)⊗

⊗

i∈I′

Λ(e1, . . . , e2nδi−1).

For the type A
(1)
ℓ case, δi = 1 for all i and we have

Hm
BRST,c(g,WX) ≃ W

⊕ν′
m

X,c

where ν′n is determined by the generating function (1 + t + t3 + · · · + t2n−1)ℓ =∑
m ν′mt

m
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7.4.3. BRST cohomology of the quantization of hypertoric varieties. Consider the
algebra D(X0, c) defined in Section 5.2 associated with a torus action given by the
d× n matrix M . For this algebra, we consider the d-dimensional torus G = (C∗)d.
By Theorem 7.8 and Theorem 7.12, we have the isomorphisms

Hm
BRST,c(g,WX) ≃ W

⊕( d

m)
X,c ,

Hm
BRST,c(g,D(V )) ≃ D(X0, c)

⊕( d

m).
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