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Infinite-dimensional p-adic groups, semigroups
of double cosets, and inner functions on
Bruhat—Tits buildings

YURY A. NERETINEI

We construct p-adic analogs of operator colligations and their characteristic func-
tions. Consider a p-adic group G = GL(a+koo, Qp), its subgroup L = O(koo, Zp), and
the subgroup K = O(c0, Zp) embedded to L diagonally. We show that double cosets
I' = K\ G/K admit a structure of a semigroup, I" acts naturally in K-fixed vectors
of any unitary representations of G. For each double coset we assign a ’characteristic
function’, which sends a certain Bruhat-Tits building to another building (buildings
are finite-dimensional); image of the distinguished boundary is contained in the dis-
tinguished boundary. The latter building admits a structure of (Nazarov) semigroup,
the product in I' corresponds to a point-wise product of characteristic functions.

1 Degeneration of Iwahori—Hecke type algebras
in the infinite dimensional limit

1.1. Hypergroups of double cosets. Consider a group G and its compact
subgroup K. Consider double cosets K \ G/K, i.e., the quotient of G with
respect to the equivalence relation

g ~ kigks, where ki, ko € K.

Each double coset g = K gK is equipped with a unique probability measure pg,
which is invariant with respect to left and right translations by elements of K.
Convolution of measures pg, 1ty can be represented in the form

pormn = [ oo (0),
K\G/K
where oy py is a positive probability measure on K \ G/K. Thus we get a map

(gu h) = Ug,b

from K\ G/K x K\ G/K to the space of measures on K \ G/K. Such algebraic
structures are called hypergroupﬂ. Also the map g — ¢~ induces an involution
W — u* on the hypergroup,

(1g * py)™ = pug * pg-

REMARK. We reformulate this in two forms.
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a) Denote by M(K \ G/K) the set of all (sign-indefinite) compactly sup-
ported measures on GG, which are invariant with respect to left and right trans-
lations by elements of K. Then M (K \ G/K) is an algebra with respect to the
convolution.

b) Let G be a locally compact group with two-side invariant Haar measure
dg. Consider the set C(K \ G/K) of compactly supported left-right K-invariant
continuous functions on G. Then C(K \ G/K) is an algebra with respect to the
convolution. Sometimes it is called (generalized) Iwahori-Hecke algebra. X

Let p be a unitary representation of G in a Hilbert space H. Denote by HX
the space of K-fixed vectors, by PX the projection operator to HX. Let g € g.
Define the operator H%X — H¥ given by

pla) = P¥p(g)| (1.1)

HE'

It is easy to see that p(g) depends on the double coset and not on a representative
g. The operators p(g) also can be expressed as

— [ olhgyan
HEK K

Also, we have a representation of the hypergroup in H¥ in the following sense:

plg) = / p(k1gky)dky dka
KxK

HK

Plgxh) = / 7(t)dorg s (¢):

Several special cases of this construction are widely used in representation the-
ory, in particular for the following pairs G D K:

— ( is areal semisimple Lie group and K is the maximal compact subgroup;
or G is a compact Lie group and K is a symmetric subgroup, [2], [3];

— @G is a finite Chevalley group, K is a Borel subgroup, [4];

— G is a p-adic semisimple group and K is the Iwahori subgroup, [B].

Even for (G, K) = (SL(2,R),SO(2)) the explicit expression for oy is non-
trivial, see [6].

For smaller subgroups K C G in semisimple groups, the hypergroups K \
G/K became too complicated objects. For a noncompact subgroup K there is
no finite K x K-invariant measure on K \G/K. On the other hand, a convolution
of infinite measures is not defined (except few exotic cases).

In 1970s R.S.Ismagilov and G.I.Olshanski observed that the situation can
drastically change for infinite-dimensional groups. Now we discuss a real archetype
of our p-adic construction.

1.2. Colligations. Denote by U(co) the group of all ﬁnitargE infinite
unitary matrices g . Denote by O(oo) C U(oo) the group of real orthogonal

3 An infinite matrix g is finitary, if g — 1 has only finite number of nonzero matrix elements



matrices. We also use notation U(n + oco) for the group of block finitary unitary

matrices (CCL Z) of size (n 4+ 00) X (n 4 00). Consider double cosets
K\ G/K = 0O(00) \ U(n + 00)/0(o0),

Z) € U(n + o0) determined up to the equivalence

£ 0-C Y DY hmnrcowm

We call such equivalence classes by colligation:@.

There is no Haar measure on K, therefore there are no natural measures on
double cosets K gK, therefore we can not repeat the construction of a hyper-
group K \ G/K.

However, there is a natural multiplication

. . a
1.e., maftrices ‘

K\G/K x K\G/K — K\G/K

given by
a b 0 p 0 g¢q ap b cq
(Z Z)o(f ‘i):cdo 01 0|=[ep d eq]. (12
0 0 1) \r O ¢t r 0 cq

The matrix in the right-hand side has size (n+ 0o+ 00), we regard it as a matrix
of size
(n+ (00 +00)) x (n+ (004 00)) = (n + 00) X (n+ 00).

Proposition 1.1 The o-multiplication is a well-defined associative operation

on K\ G/K.

We also define an involution g — g* on K\ G/K induced by the map g — ¢*
(taking of adjoint operator). It is easy to verify the identity

(goh)* =bh"og".

Consider a unitary representation of G = U(n 4+ o) in a Hilbert space H.
As above consider the space HX of K-fixed vectors in H and operators (LI)).
The following multiplicativity theorem holds:

Theorem 1.2 (see [7], [§], Section IX.4) For any g, h € K\ G/K,

p(g)p(h) =n(goh).

4This is a term from operator theory, a colligation (node) is the conjugacy class (LI0)




Also, for any g,
plg”) =plg)*
These phenomena (semigroup structure on K'\G/K and the multiplicativity)
have no finite-dimensional analogs. However, for infinite-dimensional groups
they are usual, see a discussion in Subsection [[.8

1.3. Characteristic functions. We wish to describe the o-multiplication

on more usual language. For a matrix g = (Z Z) we write the following
equation
q+ (“ Z) D+
Ay c x
= _ 1.3
. e 0 ol | (1.3)
Y c d Az

where A € C, z, y € {2, p+, g+ € C™.
Eliminate variables z, y from this system of equations, this is possible if

det(\2d — d)

is not identical zero. We get a dependence

(&) = (2).

where A — x4(A) is a matrix-valued rational function on C. It is called a
characteristic function.

A characteristic function x4(A) depends only on a double coset g containing
g and not on g itself.

Theorem 1.3 If x4(A\) and xn(\) are well-defined, then

Xgoh (A) = Xg(A)xp(A). (1.4)

Also,

Xg* (A) = Xg* (/\_1)_1'

1.4. Reformulation. The language of Grassmannians. Fix A. Con-
sider the set Xy(\) of all (¢4,q—;p+,p—) € C* & C?" such that there are z, y
satisfying (3). Evidently, Xy()) is a linear subspace. Notice, that at a non-
singular point of the function x4(A), the subspace Xy(A) is the graph of the
operator xg4(A) : C* — C".

Next, we extend the function X4()\) to the Riemann sphere C = C U oo in
the following way. We write the equation

4+ a b P+
Y o c d 0

| a B\ |p-
0 c d T

and consider the set Xy(00) of all (q+,q—;py,p—) € C*" & C*" such that the
equation (CH) has a solution.

(1.5)



Theorem 1.4 a) dim Xy(\) = 2n for all X € C.
b) For any g the map A — Xg(\) is holomorphic on C.

Emphasize that the characteristic function Xy(X) is well-defined for all dou-
ble cosets g.

Next, we explain how to interpret formula (4] on the language of Grass-
mannian.

Let V, W be linear spaces. We say that a linear relation L : V = W is a
subspace LC V & W.

EXAMPLE. Let A: V — W be a linear operator. Then its graph graph(A) C
V @& W is a linear relation. The set of all linear subspaces in V & W consists
of dimV 4 dim W components. Graphs of operators constitute an open dense
subspace in one of components. X

Consider two linear relations L : V = W, M : W = Y. Define their product
LM :V =Y as the set of (r,p) € V@Y such that there exists ¢ € W such
that (r,q) € L, (¢,p) € M.

Also, for a linear relation L : V' = W we define the kernel ker L. C V and
the indefinity indef L C W,

ker L:=LN(V &0), indef L:=LnN0&W).

Theorem 1.5 For any g, b and each A € C,
Xgon(A) = Xg(A) Xy (A).

1.5. Conditions for characteristic functions. We equip the space C" ¢
C™ with a standard skew-symmetric bilinear form determined by the matrix

(_01 (1) . We regard vectors (p4,p—) and (¢4+,¢—) as elements of C" & C™.

Denote by Sp(2n,C) the group of operators preserving this form.
Equip the space (C"* @ C™) @ (C™ @ C™) by the difference of skew-symmetric
forms, i.e. by the form with matrix

0 1 .0 O
-1 0 0 O
0 0 0 -1
0 01 O

We regard vectors (p4,p—,q+,q—) as elements of this space.

Proposition 1.6 (see [§], IX.4)

a) Outside poles, values of xq(\) are contained in the complex symplectic
group Sp(2n,C).

b) The characteristic function Xq(X\) takes values in the Lagrangian Grass-
mannian.

5Recall that a subspace L in a 2m-dimensional linear space equipped with a nondegenerate
skew-symmetric bilinear form is Lagrangian if the form vanishes on L and dim L = m, see,
e.g., [9], Section 3.1.



Second, consider the Hermitian form M on C"™ & C" determined by the
matrix <_Oz é) Denote by U(n,n) the group of matrices preserving M.

We say that a linear operator A in C™* @ C" is an M -contraction (see, e.g.,
[9], Section 2.7), if for all vectors v we have

M(Av, Av) < M (v,v).

We say that A is an M -dilatation if M (Av, Av) > M (v,v).
Also, equip the space (C"®C") @ (C*@®C™) with the difference of Hermitian

forms, i.e. with a form M given by

0 %2 0 O
- 0 0 O
0 0 0 —1
0 0 ¢« O

Proposition 1.7 (see [§], Section IX.4) Let x4(\) be well-defined. Then:
a) If |\ =1, then x4(A) € U(n,n).
b) If || < 1, then x4(X) is an M -contraction.
c) If |A| > 1, then x4(X) is an M-dilatation.

Proposition 1.8 (see [g], Section IX.4)
a) If |\| =1, then the subspace Xy(\) is M-isotropic.

b) If |A| < 1, then the form M is positive semi-definite on the subspace
Xy(N).

c) If |\ > 1, then the form M is negative semi-definite on the subspace
Xy(N).

d) If || < 1, then the from M is strictly positive definite o ker Xy (A).
Also M is negative definite on indef Xy(\).

Characteristic functions also satisfy to the following condition of symmetry

. W= (o %) (g _01)1. (16)

On the language of Grassmannians this means
(p+7p—7 q+, q—) € X()\) Aad (p"r? —DP—, 4+, _q—) € X()\) (17)

Theorem 1.9 Any holomorphic map X from C to the Lagrangian Grassman-
nian satisfying the conditions of Proposition [L8 and condition (1) is a char-
acteristic function of a double coset g.

6This condition contains additional information only at points A, where X'()) is not a graph
of an operator. By statement b) M is positive semi-definite on the kernel.



1.6. Central extension. A characteristic function is not sufficient for a
reconstruction of a double coset, in fact matrices of the form

with fixed a, b, ¢, d and arbitrary e have the same characteristic function. Let
us introduce an additional invariant. We write the equation

0 a b 0
Ay| | \e d x

0o~ a B\ |o]’

Y c d Az
as an equation for z, y. Denote by ng(A) the dimension of the space of solutions
of this equation. Then

— ng(A) = 0 for all but a finite number of values of A;
) =0 A £ 1y

— 1g(\) = mg(=A);

— ng(£1) = oo.

Thus we get a finite set with multiplicities (we call it divisor).

Theorem 1.10 [1 A double coset is uniquely determined by its characteristic
function X and the divisor n.

Theorem 1.11 [§], IX.4.5)
Ngob(A) = ng(\) + ng(bh; A) + dim (indef Xy (A) Nker Xg()\)) .

Double cosets corresponding matrices

is the center of the semigroup K \ G/K. The quotient of K \ G/K with respect
to the center is isomorphic to the semigroup of rational matrix-values functions
described above.

7This and previous statements are given in [§], .IX.4.8 without formal proof. In fact, a
proof is contained in the same book, Addendum E. Precisely, in Subsection E.4 it is shown
how to reduce our statements to the standard theorem (see [10]) ’pure unitary operator node
is determined by its characteristic function’. In fact, we only need this theorem for finitary
matrices and rational characteristic functions.



1.7. Degeneration of hypergroups of double cosets. Let N > k.
Embed U(n + k) to U(n+ k + N) by

(A B,
LN.CD

Embed U(k + N) to U(n + k+ N) by
1 0 0
(a g)'_) 0 o
" 0 v ¢

Fix matrices g = <z 2), h = <]2 ;] € U(n + k). Then for N > k a matrix
tn(g)oen(h) is well-defined as an element of U(k+ N)\U(n+k+ N)/U(k+ N).
We equip the group U(n + k + N) with the metric induced by the operator

norm in Euclidean C*TA+N,

o Qe

B 0
D 0
0 1

Proposition 1.12 Fiz g, h € U(n + k) as above. Consider the corresponding
double cosets

gn, by € U(k+ N)\U(n+k+ N)/U(k+ N)

and the measure
XN = Mgy * Moy

Then for each € > 0, 6 > 0 there exists N such that the measure »xn of e-
neighborhood of tn(g) o tn(h) is > 1 —4.

See [7], [11], [12].

1.8. Semigroups of double cosets. The first example of multiplica-
tion of double cosets was discovered by Ismagilov [I3], he considered the group
G = SL(2, k) over a non-Archimedian normed non locally compact field k. The
subgroup K is the group SL(2, 0) over integer elements of k. The double cosets
are parametrized by non-negative integers Z. , and the operation o is the usual
addition. The multiplicativity theorem allows to classify spherical functions (see
also [14]). Olshanski [15] showed that this semigroup is a limit of hypergroups
SL(2,Z,) \ SL(2,Q,)/SL(2,Z,) as p — .

Next, consider a series of Riemannian symmetric spaces G(n)/K(n) (an
example is U(n)/O(n)). Olshanski [7], [II] showed that the same phenomena
hold for any pair G(k + c0) D K(00). Also he described such semigroups for
infinite symmetric groups. As far as we know description of such objects, they
became a tool of the representation theory. On the other hand, it seems that
such structure are interesting by themselves.

In [8], Section 8.5, the author observed that multiplications on K \ G/K
are quite usual for infinite-dimensional groups (see also [16], [17]). In fact this
happened more-or-less always if K is one of the following groups:



1) K is a complete infinite unitary group, orthogonal group, or symplectic
(quaterninic unitary) group (or a product of several copies of such groups);

2) K is the infinite symmetric group S(o0);
3) K is the group of automorphisms of a measure space;

These groups are infinite-dimensional imitation of compact groups (but they
are neither compact, nor locally compact) apparently some other examples also
exist (for instance, below we discuss K = O(o0,Zp)).

For precise general theorems, see [16], [I7]. To explore them we need explicit
descriptions of K \ G/K, such descriptions recently were obtained in [Ig], [20],
[16], [11].

1.9. Inner functions. Recall a definition of inner functions.

1) A holomorphic function f(z) in a unit disk |z| < 1 is called inner, if
|f(2)] <1for |z] <1 and

lim [f(re?)|=1  as. 0 €]0,2n], (1.8)
r—1-
where z = re'® and r, 0 are reafd. On this topic, see, e.g., [21]. It can be shown
that limit (I.8)) can be replaced a.s. by the nontangential limit

lim f(2), (1.9)

. 70 _
z—etf, ’arg ﬁew = ’grr/Qfs

where € > 0 is fixed (in fact we consider a limit over the angle whose vertex is
e’ the bisector is te??, and the value of the angle is 7 — 2¢.

2) A homomorphic matrix-valued (operator-valued) function f(z) in the unit
disk is called nner if || f(2)|| < 1 for |2| < 1 and boundary values of f on the
circle are unitary (see Livshits [22], Potapov [23]). Consider an operator d
closed to unitary (one of possible variants rk(dd* — 1) = rk(d*d — 1) < oco) with
|d|| = 1. We are interested its properties up to conjugations d + udu~!, where

u is unitary. Build a larger unitary matrix g = (i Z) including d as a block.

We consider g up to the equivalence

EO-( O DG D) e o

Assign to g the expression (characteristic function) by
X(A) = a+ \b(1 — M)t

Such functions (under some conditions on d) are inner functions 6(z) in the unit
disk. Invariant subspaces of d are in one-to-one correspondence with divisors of
0 in the class of inner functions. The product of inner functions corresponds to
the product of conjugacy classes (ILI0) by formula (L2)).

8We can not write a limit as z — €%?, an inner function can be discontinuous at all points

of the circle.



3) More generally, consider a pseudo-Euclidean space. We say that a mero-
morphic matrix-valued function f in the disk is innerif it is indefinite contractive
in the disk and pseudo-unitary on the unit circle. Such functions arise in the
same context but the condition ||d|| < 1 is omitted.

The characteristic function of double cosets defined above are inner in this
sense.

4) Denote by B, the set of all n X n complex symmetric matrix with norm
< 1; By, also is an Hermitian symmetric space

B, =U(n,n)/U(n) x U(n),

its distinguished boundary (Shilov boundary) consist of unitary matrices.

In [20], [16] there were considered various semigroups of double cosets on
infinite-dimensional classical groups. For instance, consider group G = U(a +
koo) consisting of block unitary matrices of size o + oo + - -+ + oo0. Consider
its subgroup L = U(co) embedded to G in the block diagonal way. Consider
the subgroup K = O(o0) C L embedded to U(co) in the natural way. Then
K \ G/K is a semigroup. Characteristic functions [20] are inner functions in
By x By, taking values at the space of 2a X 2a-matrices. This means that values
of a function are M-contractions inside By x By and are pseudounitary on the
Shilov boundary U(n) x U(n). The product of double cosets corresponds to the
product of characteristic functions.

It is possible to vary the definition and to regard a characteristic function
as a map By X B — Bag,.

1.10. Infinite-dimensional p-adic groups. Representation theory of
infinite-dimensional classical groups (see, e.g., [24], [25], [7], [8], [26], [27], [16])
and infinite symmetric groups (see, e.g., [28], [29], [I8]) exists and is well-
developed. There were several recent works concerning infinite-dimensional
classical groups over finite fields (see [30], [31], [32]).

Few is known about infinite-dimensional p-adic groups. There are the fol-
lowing works:

1) Work of Nazarov [33], [34] on the Weil representation of an infinite-
dimensional group Sp(2c0, Q,). Existence of such representation is more-or-less
evident. However, the Weil representation of Sp(2n,R) and Sp(2c0,R) admits
a continuation to a certain complex domain I' (if » < oo, then I' is a semigroup
parametrized by complex symmetric 2n X 2n matrices with norm < 1, see, e.g.,
[8], Section 4.2, [9], Section 5.1). Nazarov constructed an analog of I" for p-adic
case, see below Section 3 (for more details, see [9], Sections 10.7, 11.2)

2) A construction of Hua measures on p-adic Grassmannians and on the
inverse limit of p-adic Grassmannians in [35]. This is an analog of inverse limits
of compact symmetric spaces (see [36]) and of symmetric groups (see [29]).
Recall that in latter two cases there exists a substantial harmonic analysis on
such inverse limits, see [27], [29].

3) The group of diffeomorphisms of p-adic projective line is an object similar
to the group of diffeomorphisms of the circle (many constructions of represen-
tations of the latter group survive in p-adic case, [37]).

10



1.11. A p-adic example. Here we briefly discuss a p-adic object, which is
related to the topic of this paper but more simple. Let Q, be a p-adic field, Z, C
Qp be the ring of p-adic integers. Denote by GL(00,Q,) the group of finitary
invertible matrices over Q,. Consider conjugacy classes of GL(c + 00, Q,) with
respect to the subgroup GL(c0,Z,),

(i Z) ~ ((1) 2) (CCL Z) (é uol)’ where u € GL(00,Zyp).  (1.11)

Such conjugacy classes admit a natural o-multiplication by formula (L2]), this
multiplication is a well-defined associative operation on the space of conjugacy
classes. We wish to construct an analog of characteristic functions.

by .
d) is actually

contained in GL(a + m, Q). Consider a latticd R ¢ Q2. For this lattice we
consider the lattice

First, choose a sufficiently large m such that a matrix

RRZy CQeQy ~QyaQy.

@)‘G @(@- (1.12)

Next, consider the set x(R) of all pairs (v,u) € Qp © Q) for which there exists
y©x € R®Z such that the equality (LI2) is satisfied. Then x(R) is a Z,-
submodule in Qp ® Qp, which can be regarded as a relation Q; = Q. The
o-product corresponds to point-wise product of functions y(R) with values in
relations.

We also point out that these functions are compatible with the structure of
Bruhat-Tits buildings and are inner in a reasonable sense. Both phenomena

are discussed below for more sophisticated objects.

We write an equation

1.12. Purpose of the paper. We wish to describe multiplication of dou-
ble cosets on p-adic groups and to obtain analogs of characteristic functions.
For a double coset we assign a simplicial map from a Bruhat-Tits building 2
to a Bruhat-Tits building = such that the image of the distinguished boundary
is contained in the distinguished boundary. We also have a structure of a semi-
group on the set of vertices of the building = (the Nazarov semigroup) and the
product of double cosets corresponds to pointwise product of functions 2 — =.

Our construction is not a final solution of the problen@

1.13. A non-properly understood link. In fact our main construction
below is organized as an extension of rational maps of p-adic Grassmannians
to simplicial maps of Bruhat—Tits buildings. Also, our construction admits an

9see a definition in Subsection [B1]

10 First, we do not introduce an analog of the 'divisor’. Secondly, [19] suggests that complete
data separating double cosets must contain a sequence of characteristic functions determined
on the increasing sequence of buildings. A construction of complete data in a real case in [19]
is based on classical invariant theory, which does not valid over the ring Z,.

11



automatic pass to algebraic extensions. Constructions of such type are investi-
gated in theory of Berkovich analytic spaces, see, e.g., [39], [40]. However their
extensions are rigid, and our extensions depend on additional data]. So I can
not understand relations of our constructions and Berkovich theory.

1.14. Notation. Let

— A' be the transposed matrix;

— 1g, 1y be the unit matrix of order «, the unit operator in a space V;
— Qp be the p-adic field;

— Z,, be the ring of p-adic integers;

— Qp, C* be multiplicative groups of Q,, C.

We denote the standard character Q, — C* by exp{2mia}. For a =
Z>7Najp3, where a; =0, 1, ..., p— 1, we set

exp{2mia} = exp{Zﬂ'i Z ajpj} = exp{2m' Z ajpj}

j>—N jim12j>—N

Below we define:

— the groups GL(n,Q,), Sp(2n,Q,), Sp(2n,Q,), O(n,Z,), GL(x,Z,),
Sp(200, Qp), etc., Subsection 2.1}

— Vi, formula (ZT));

— groups G = GL(a + k0, Q,), K = O(c0, Z,), Subsection 2.2}

— g* b, the product of double cosets, Subsection 2.2}

— g*, the involution on double cosets, Subsection 2.5}

— Ry, R",, Subsection BTt

— R; /R, rigid convergence, 3.4

— LMod(V'), LLat(V'), LGr(V), spaces of Lagrangian submodules, Subsec-
tion 3.5}

— A(V), BA(V), buildings, Subsections [3.0] 3.8}

— P:V =W, ker P, indef P, dom P, im P, P9, Subsection 3.0

— Naz, Naz, Naz, the Nazarov category, Subsections .12t (.14

— We, the Weil representation, Subsection [3.1G}

— xg(@,T), a characteristic function, Subsection 4.1.

1 Below rational maps of Grassmannians originate from double cosets
O(00, Qp) \ GL(a + koo, Qp)/O(c0, Qp)

(see Proposition [.IT)) maps of Bruhat—Tits buildings from double cosets
O(00,Zp) \ GL(a + koo, Qp)/O(00, Zp).

Therefore we get many maps of Bruhat—Tits buildings with the same restriction to a distin-
guished boundary, i.e., to the Grassmannian.

12



2 Multiplication of double cosets

2.1. Groups. By V = Q) we denote linear spaces over Q,. Denote by
GL(n,Qp) = GL(V) the group of invertible linear operators in Q}; by GL(n, Z;)
the group of all matrices g with integer elements, such that g—! have integer
elements.

Consider a space V = @g" equipped with a non-degenerate skew-symmetric
bilinear form By, say <_01 (1)> The symplectic group Sp(2n,Q)) is the group
of matrices preserving this form, Sp(2n,Z,) is the group of symplectic matrices
with integer elements. We also denote

Vi:=Qla0, V.=00Q (2.1)

Also, consider a space Q) equipped with the standard symmetric bilinear
form (v,w) = g.vjwj. We denote by O(n,Qp) the group of all matrices pre-
serving this form(*4.

By GL(o0,Q,) we denote the group of all infinite invertible matrices over
Qp such that g — 1 has only finite number of non-zero elements. We call such
matrices finitary. We define GL(00,Z,), Sp(200,Q)), Sp(200, Zy), O(c0,Zy) in
the same way.

2.2. Multiplication of double cosets. Let

G := GL(00,Qp) := GL(av + koo, Q,)

be the group of finitary block (a4 00+ -+ 00) X (¢ + 00+ - - - 4+ 00)- matrices
(there are k copies of 00). By K we denote the group

K = 0(00,Z,)
embedded to G by the rule
1, 0O o
0 wu 0
J:uw . ) (2.2)
0 O U

where 1, denotes the unit matrix of order .

REMARK. Certainly, G := GL(00,Q,). But the notation of the type G :=
GL(c + koo, Q) allows us to indicate certain subgroups in G. X

We wish to define a structure of a semigroup on double cosets K \ G/K.
Set

0 Iy O
Oonv:=[1y 0 0 ]ek (2.3)
0 0 1

12There are several non-equivalent non-degenerate quadratic forms and several different
orthogonal groups over QQp, however we consider only this group.
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Let g, h € K\ G/K. Choose their representatives g, h € G. Consider the
sequence

fn:=g3(OnN)h

and double coset fx containing fy.

Theorem 2.1 a) The sequence fy of double cosets is eventually constant.

b) The limit f := limy_, o fn does not depend on a choice of representatives
g, h.

c) The product gx b in K\ G/K obtained in this way is associative.
These statements are simple, see proofs of parallel real statements in [16].

Also, it is easy to write an explicit formula for the product. For definiteness,
set k = 2. Then

a bl bg a’ bll b/2

C1 dll d12 * C/l dlll d/12 =

c2 do1 dao ¢y dy dyy

a by 0 by O\ [la 0 0 0 0\ /d ¥ 0 b, 0

C1 dll 0 d12 0 0 0 100 0 0 (&1 d&l 0 d/12 0
=10 0 1 0 O 0 1 O 0 0 0O 0 1 0 0

o doy 0 dop Off O 0 0 0 1|l &y 0 dy 0

0O 0 0 0 1 0 0 0 1o O O 0 0 0 1

Since a result is double coset, we can write the final matrix in different forms,
say

aa’ | by abf by ab)
— + — — — — —
cla’ | dll Clb/l d12 Clbé
f=a | 0 dy 0 diy (2.4)
|
C2 a' | dgl Co bll d22 Co b/2
¢ | 0 21 0 92
or
aa’ | aby b ably  bo
— + — — — —
c1a | Clb/l dll Clbé d12
f=1 a | dn 0 dip 0
|
Coa | C2 bll dgl Cgblz d22
¢ | 51 0 52 0

2.3. Multiplicativity theorem. Let p be a unitary representation of G,
denote by H¥ the subspace of all K-fixed vectors. Denote by P¥ the operator of
orthogonal projection to HX. For g € G consider the operator p(g) : HX — H¥
given by



Obviously, p(g) is a function on double cosets K \ G/K, therefore we can write
p(g)-

Theorem 2.2 For any unitary representation p, for all g, h € K\ G/K the
following equality (the “multiplicativity theorem”) holds,

p(g)p(h) = (g *h).

We give a proof in Section 6.

REMARK. Apparently the analog of Proposition [L12] for p-adic case does
not hold. ]

2.4. Sphericity.

Proposition 2.3 Let o« = 0. Then the pair (G,K) is spherical, i.e., for any
irreducible unitary representation of G the dimension of the space of K-fized
vectors is < 1.

We omit a proof, it is the same as for infinite-dimensional real classical
groups, see [10].

! induces an involution g — g* on

2.5. Involution. The map g — g~
K\ G/K. Evidently,

(gxh)" =b"xg".

Also, for any unitary representation p of G we have

2.6. Purpose of the work. Our aim is to describe this multiplication in
more usual terms. More precisely, we wish to get p-adic analogs of multivariate
characteristic functions constructed in [16], [20].

2.7. Structure of the paper. Section 3 contains preliminaries (lattices,
Bruhat—Tits buildings, relations, the Weil representation of the Nazarov cate-
gory). A main construction (characteristic functions of double cosets and their
properties) is contained in Section 4. Proofs are given in Section 5.

In Section 6 we prove the multiplicativity theorem. Section 7 contains some
constructions of representations. Theorem shows a link between the charac-
teristic function and operators p(g).

3 Preliminaries. Submodules, relations, Bruhat—
Tits buildings, Nazarov category, and Weil
representation

A. Submodules and convergence
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3.1. Modules. Below the term submodule means an Z,-submodule in a
linear space V' = @’;. For each submodule R C Q’; there is a (non-canonical)
basis e; € @’; such that

R=Qpe1® - ®Qpe; ®Zpejr1 B - B Lpey. (3.1)

If j = k then R is a linear subspace. If j = 0, | = k, then we get a lattice. A
formal definition is: a lattice R isa compact Zj,-submodule such that Q,R = Q’;.
For details, see, e.g., [41].

Denote by Mod(V) the set of all submodules in V', by Lat(V') the space of
all lattices. It is easy to see that

Lat(V) = GL(V, Q,)/GL(V, Z,).

For any submodule R denote by R the maximal linear subspace in R. By
R" we denote the minimal linear subspace containing R,

R, CRCR'

The image of R in the quotient space R'/R | is a lattice.

Conversely, let L C M be a pair of subspaces, 7 : L — L/M be the pro-
jection. Let P C M/L be a lattice. Then 7~!P is a submodule in Q’; and all
submodules have such form.

3.2. Duality. For a p-adic linear space V we denote by V' the space of linear
functionals on V. For a submodule L C V define the dual module L® C V' as
the set of all linear functionals £ € V’ such that

L) € Zy forallve L

Notice that L = L.
If L is a lattice, then L? is a lattice.

3.3. The Hausdorff convergence on Mod(V). Let V = Qp. We define
anorm on V as
o] = mae .

Denote by B(p') the ball with center at 0 of radius p'.

Let K be a metric space, A, B be closed subsets. Define the Hausdorff
deviation np(A) as the supremum of distance between a ranging in A and B (a
number 7np(A) is a nonnegative real or co). The Hausdorff on the space of
closed subset is defined by

h(A, B) = max(na(B),n5(A)).

Its restriction to the space of compact subsets is a metric. If K is compact then
the space of its closed subsets is compact.

13We allow distance = +o0
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Now we introduce the topology on Mod (V). We say that R; converges to
R if for each [ we have a convergence B(p!) N R; — B(p') N R in the sense of
Hausdorff metric. Notice that this convergence is metrized, a (non-canonical)
metric is given by

d(L, M) =" "(2p) ?h(LN B(p'), M N B")).

J=1

Lemma 3.1 a) The space Mod(V) is compact with respect to the Hausdorff
topology.
b) The space Lat(V) is a discrete dense subset in Mod(V).

Let us prove a). Choose a convergent subsequence from arbitrary sequence
of submodules L;. First, we choose a subsequence Lj, such that L;, N B(p°)
converges. From the latter sequence we choose a subsequence such that inter-
sections with B(p') converges. Etc.

3.4. Analog of the radial limit. We need an analog of the radial limit
(C8). Say that a sequence R; of submodules rigidly converges to a submodule
R (notation R; / R) if

(A) for any compact subset S C R we have S C R; starting some place.

(B) for each ¢ > 0, for sufficiently large j the set R; is contained in the
e-neighborhood of R.

EXAMPLE. Let V = Q2. Let R; = p~*Zye; ® p*Zpe;. Then R; rigidly
converges to a line Qpe;. Now let

S; = Zp(p7k61 + e2) @kapeg.

Then S; converges to the line Qpe; in Hausdorff sense but not rigidly. X

Evidently, we can reformulate the condition (A) as
nr(R;) — 0.
Lemma 3.2 The condition (B) is equivalent to
NRo (R?) — 0.

PROOF. Let us equip V' by the dual norm. Let S, S; € V' and ns(S;) — 0.

For small ¢ > 0 we have
S; C S+ Be). (32)

Passing to the duals, we get
0~ go -1
Sy D8N B(E). (3.3)

But S N B(s71) is an exhausting sequence of compact subsets in S¢. Also,

B3) implies [B.2]). O
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Lemma 3.3 If R; /' R, then (R;), C R, and (R;)T D R' starting some j.

PrOOF. The first claim. For sufficiently large k we have R C R| + B(p*),
also B(p*) + B(e) = B(p*) for e < p*. Therefore for a large j we have

R, + B(p*) D R; D (R;),

But a subspace, which is contained in a tube neighborhood of a subspace R, is
contained in R, .
The second claim. We consider a compact subset K C R generating R' as
a Qp-subspace. Then (R;)" contains K for sufficiently large j and therefore
(R;))T D R O
In particular, a -convergent sequence of linear subspaces is eventually con-
stant.

Lemma 3.4 a) Let L C V be a linear subspace. If R; /* R, then (LN R;) /
(LN R).

b) Let M C V be a linear subspace, denote by 7 the natural map V. — V/M.
IfR; /'R then w(R;) /* m(R).

PROOF. a) Only condition (B) requires a proof, i.e., for each € > 0 there
exists N such that for j > N

R;NLC(RNL)+ B(e).

It is easy to shown that there is a basis e, in Q} such that R has canonical
form 31 and L is a linear span of several basis elements. Then for sufficiently
big N we have

(R+pN ®Zye;)NL € (RNL)+p" @ Zpe;.
Passing from the basis e, to the standard basis in Q) we get
(R+B(5))NL C (RNL)+ B(CY).,

where C'= C(R, L) is a constant. Now we take § = ¢/C and choose number k,
starting which R; C R+ B(J).
b) follows from a) by the duality. O
REMARK. -convergence is not metrizable. X

B. Bruhat—Tits buildings

3.5. Self-dual modules. For details, see [9], Sections 10.6-10.7. Consider
a p-adic linear space V ~ @g" equipped with a nondegenerate skew-symmetric
bilinear form By (-,-) (as above). We say that a subspace L is isotropic if
By (v,w) = 0 for all v, w € V. By LGr(V) we denote the set of all maximal
isotropic (Lagrangian) subspaces in V (their dimensions = n).
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By L+ we denote the ortho-dual of a subspace L, i.e set of all vectors w such
that By (v, w) =0 for all v € L.

If P is a submodule, denote by P the dual submodule, i.e., the set of vectors
w such that B(v,w) € Z, for all v € P. If P is a subspace, then pi = pl,

We say that a submodule R C V is isotropic if By (v,w) € Z, for all v,
w € R.

EXAMPLE. If R is a linear subspace, then R is isotropic in the usual sense.
On the other hand, the lattice Zg" is isotropic (and self-dual, see below). X

We say that a submodule R is self-dual if it is a maximal isotropic submodule
in V. Equivalently, P*-* = P. Denote by LMod(V) the set of all self-dual
submodules in V, by LLat(V') the set of all self-dual lattices. It is easy to show
that Sp(2n,Q,) acts on LLat(V') transitively and

LLat(V) = Sp(2n,Q,)/Sp(2n, Z,).

Lemma 3.5 a) For any self-dual submodule R the subspace R is isotropic, and
R is the ortho-dual of R,.

b) Let L ranges in the set of isotropic subspaces. Denote by m: L+ — L*/L
the natural projection map. Any self-dual submodule R has the form w18,
where S is a self-dual lattice in L*/L.

¢) The unique Sp(V')-invariant of a self-dual module R is dim R .

These statement is obvious.

Sometimes it is convenient to reformulate a definition of an isotropic module.
Define a bicharacter S on V x V by

B(x,y) = exp{2miB(z,y)}. (3.4)

We say that a module P is isotropic if B(x,y) =1 on P x P.

3.6. Almost self-dual modules. Let V and B be same as above. A
submodule L in V is almost self-dual if it contains a self-dual module M and
B(v,w) € p~'Z, for all v, w € L (see, e.g., [§], Section 10.6). Notice that
L/M ~ (Z/pZ)k with k=0,1, ..., n. .

Lemma 3.6 a) Any almost self-dual module can be reduced by a symplectic
transformation to the form

(pilzpel ® Zpent1) ® - @ (pilzpek ® Zpen+k)D
D (Zpek-l-l @ Zpen+k+l) DD (Zpem ® Zpent+m)D
& Qpemt1 @ D Qpen. (3.5)
b) The only Sp(V)-invariants of an almost self-adjoint module R are dim R

and the number k (rank of an Abelian group R/S, where S is a self-dual submod-

ule in R. For almost self-dual lattices the only Sp(V')-invariant is the volume of

R, it is equal p~*.
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3.7. Graph A(V). Consider a p-adic linear space V equipped with a
nondegenerate skew-symmetric bilinear form B as above. We draw an oriented
graph A(V). Vertices are almost self-dual modules in V. If R D R/, then we
draw an arrow from R to R’.

If R, R are connected by an arrow, then R| = (R'); and R = (R')T.

Any pair of lattices can be connected by a (non-oriented) way. Denote the
subgraph whose vertices are all lattices by Ag(V).

More generally, fix an isotropic subspace L and consider the subgraph Ar, (V)
whose vertices are almost self-dual modules R such that R = L, RT = L+. We
get a connected subgraph, moreover

AL(V) ~ Ao(LY/L).

By definition,
A(V) = || AL(V).
L is isotropic subspace
If L € M, then Aj; is contained in the closure of Ay in the sense of -
convergence.

3.8. Bruhat—Tits buildings, for details, see [42], [§]. Now we consider
all k-plets of vertices of A(V') that are pairwise connected by edges. For any
such k-plet we draw a (k — 1)-simplex with given vertices and edges. Faces of a
simplex correspond to subsets of the k-plet. Thus we get a simplicial complex,
denote it by Bd(V).

Consider the subgraph Ag. It can be shown that £ < n+1 and each simplex
is contained in an n-dimensional simplex. In this way we get a structure of an
n-dimensional simplicial complex, it is called a Bruhat-Tits building. We denote
it by Bdo(V).

For a subgraph Ay, we get a simplicial complex complex Bdy, (V') isomorphic
Bd(L*‘/L).

Below we use term ’distinguished boundary of a building’ for the Lagrangian
Grassmannian, this is an counterpart of Shilov boundary.

C. Relations and Nazarov category

3.9. Relations. Let V, W be linear spaces. We say that a relation P :
V = W is a submodule in V@ W.

EXAMPLE. Let A : V — W be a linear operator. Then its graph is a relation.
X

Let P : V. = W, Q : W = Y be relations. We define their product
S=QP:V=3Y asthesetof al vy € V@Y for which there exists w ¢ W
such that vpw € P,wd y € Q.

For a relation P : V = W we define its kernelker P C V as

ker P = PN (V &0),
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L] R 040 P ot POt o Ppogt—o PO R L]

od—9o Pod—o Pod o Pod—o>o
od—9o Pod—o Pod o Pod—o>o

PRIPKPREK]
PRIPKPREK]
PRIPKPREK]
PRIKIREK]

L] R 040 P ot POt o Ppogt—o PO R L]

Figure 1: A reference to Subsections B.4] A subcomplex (Capartment’) of
the building Bd(Qj) corresponding to lattices of the form Ry & - - - & Ry, where
R; is a submodule in the line Q,e;.

1) Vertices of the central piece of the subcomplex are almost self-dual lattices of
the form L = p"Z,e1 © p*2Zyes @ p'1Zyes @ p'2Zyes. They are almost self-dual
iff k1 +14, ko + 15 are 0 or —1.

2) Four boundary pieces. Each piece corresponds to almost self-dual submodules
containing a line Que;, where j = 1, 2, 3, 4. For instance, for j = 1 such
submodules have a form M = Qpe; ® p™?Zyes & pl2Zpe4, where mg + 1o = 0
,1. A sequence of lattices -converges to M only if k1 — —oo and ky = mo
starting some place.

3) Four extreme points correspond to Lagrangian planes spanned by pairs of
vectors (e1, e2), (e1,e4), (e2,e3), (es,eq). A sequence of lattices “-converges to
Qpel D Qp€4 iff kl — +00, kQ — —0OQ.
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the indefiniteness indef P C W,
indef P=PN0®W),
the domain of definiteness
dom P = projection of P to V,

and the image
im P = projection of P to W.

We define the pseudo-inverse relation PHY : W = V being the same submodule
in WaeV ~VaW. Evidently,

(PQ)" = Q- P-.

3.10. The definition of product. A reformulation. We keep the same
notation. Consider the space Z:=V @ W & W &Y and following submodules
of Z:

— the subspace H consisting of vectors v @ w @& w @ y;

— the subspace A consisting of vectors 0 ® w & w & 0;

— the submodule P& Q C (Vo W)e (WaY).

Then we do the following operations:

— take the intersection R = H N (P & Q);

— take themap 0 : H > H/ A=V Y.

Then QP = 0(R).

3.11. Action on Mod(V). Let P : V = W be a relation, T be a submodule

in V. We define the submodule PT C W as the set of w € W such that there
is v € T satisfying v w € P.

REMARK. We can consider a submodule 7' C V as a relation 0 = V.
Therefore we can regard PT : 0 = W as the product of relations 7' : 0 = V
and @ :V =3 W. X

3.12. The Nazarov category. For a pair V, W of symplectic linear spaces
we define a skew-symmetric bilinear form B® on V & W by

B®(v @ w,v ®w') = By(v,v') — By (w,w).

Denote by
— Naz(V, W) the set of all self-dual submodules of V @ W;

— Naz(V,W) the set of P € Naz(V,W) such that ker P and indef P are
compact.

Theorem 3.7 Let P € Naz(V,W), let T be a self-dual submodule in V. Then
the submodule PT C W is self-dual.
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In [9], Theorem 10.7.2, the same statement is established under slightly
stronger condition P € Naz(V,W). In fact, a proof remains valid for P €
Naz(V, W).

Theorem 3.8 a) If P € Naz(V,W), Q € Naz(W,Y), then QP € Naz(V,Y).
b) If P € Naz(V,W), Q € Naz(W,Y), then QP € Naz(V,Y).
c) If P € Naz(V, W), Q € Naz(W,Y) are lattices, then QP is a lattice.

The statement a) was proved in Nazarov [33] (see also [9], Section 10.7), ¢)
is obvious. The statement b) is a corollary of Theorem B7] see [9], Subsection
10.7.4.

Thus we get two similar categorie, Naz and Naz. The group of automor-
phisms of an object V' is the symplectic group Sp(V,Q,) (for both categories),
an operator V' — V is symplectic iff its graph is isotropic with respect to the
form B°.

For P € Naz(V, W), we have

(ker P)** = dom P, (indef P)* = im P
((ker P),)" = (dom P)", ((indef P),)™ = (im P)T,

3.13. Action of the Nazarov category on buildings.

Proposition 3.9 a) Let P € Naz(V,W), let T be an almost-self-dual lattice.
Then PT C W is an almost self-dual lattice.

b) Let P € Naz(V,W), let T be an almost-self-dual submodule. Then PT C
W is an almost self-dual submodule.

The statement a) is [9], Proposition 10.7.5, a proof remains to be valid for
the statement b) also.

Now, let =, ¥ be simplicial complexes, let Vert(Z), Vert(X) be their sets
of vertices. We say, that a ma Vert(Z) — Vert(X) is simplicial, if for any
simplex A C = images of its vertices are are contained in one simplex of 3.
Notice, that we can extend a simplicial map to a map of complexes = — X
assuming that a map is affine on each face.

The following statement is a corollary of Proposition
Theorem 3.10 a) A morphism P € Naz(V,W) induces simplicial map
Bd(V) — Bd(W)

sending

14The Nazarov category is an analog of Krein—Shmulian type categories, see [8], [9]
15 generally, non-injective.
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b) A morphism P € Naz(V,W) induces a simplicial map Bd(V) — Bd(V),
sending BA(V) to

Bd(V) — | | Bd[M*/M]. (3.6)

M is isotropic subspace in W

M D indef(P),

REMARK. The map T'— P7T is contractive in an essentially stronger sense,
see [43]. X

Theorem 3.11 Let P € Naz(V,W). The the induced map Bd(V) — Bd(W)
is /*-continuous, i.e., for a convergent sequence T; /T of almost self-dual
modules, we have PT; /* PT.

Proor. We evaluate PT} according procedure described in Subsection [3.10]
By Lemma [3.4], both steps of the evaluation are continuous. O

D. Weil representation

The Weil representation is used below only in Section 7.

3.14. Extended Nazarov category. Now we add to the Nazarov category
an infinite-dimensional object Vao,. This is the space of vectors

(7,25, T, Ty et ), where x;t € Q, and :vjt € Z,, for almost all j.

Notice that Voo is not a Q,-linear space but is a Z,-module.
We introduce a bicharacter S(-,-) on Vase @ Vaoo by

B(z,y) = exp {2mZ(xij_ — x;yj)} = Hexp{Qm(:ijj_ — x;yj)}
=1 j=1

Notice that almost all factors of the product equal to 1. The sum in square
brackets defining a symplectic form is not well defined, more precisely it is well
defined modulo Z,.

Objects of the extended Nazarov category Naz are

— finite-dimensional spaces V' equipped with skew-symmetric non-degenerate
bilinear forms By and with the corresponding bicharacters Sy, see ([B.4);

— the space Voo.
Let V., W be two objects. We equip their direct sum with a bicharacter

o BV(Ua U/)

Prawlv S = 5wy

A morphism of the category Naz is a self-dual submodule P C V@& W such that
ker P and indef P are compact.
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Group Sp(200, Q,) of automorphisms of Voo, consists of 200 x 200 matrices

b) such that

T =

d
— all but a finite number of matrix elements are integer;

— matrix elements a;;, b, ¢ij, di; tend to 0 as ¢ — oo for fixed j; also they
tend to 0 as j — oo for fixed i;

— matrices r are symplectic in the usual sense,

(0 1N (0 1\ _ [0 1\,
"\=1 0)" 721 o) T 21 0) T

3.15. Heisenberg groups. For the sake of simplicity, set p > 2. Denote
by T, C C* the group of complex roots of unity of degrees p, p?, p>,.... Let V
be an object of the extended Nazarov category. We define the Heisenberg group
Heis(V') as a central extension of the Abelian group V' by T, in the following
way. As a set, Heis(V) ~ V x T,,. The multiplication is given by

(U7)‘) ’ (’LU,/L) = (U + wa)‘ﬂ : BV(va))'

Decompose V =V, @ V_ as in (2]]). For a finite dimensional V' we define a
unitary representation W of Heis(V) in L*(Q}}) by the formula

Vvt o, \)f(z) = f(z+vT) exp{2m’( v;ﬂrj + %Zv;rv;)} (3.7)

Next, consider the space £, consisting of sequences z = (21, 22,...) such
that |z;| < 1 for all but a finite number of j. This space is an Abelian locally
compact group, it admits a Haar measure. On the open subgroup Zp° C £,
the Haar measure is a product of probability Haar measures on Z,. The whole
space € is a countable disjoint union of sets u + Z°.

We define the representation of the group Heis(Vas) in L?(Ex) by the same

formula (B7).

3.16. The Weil representation of the Nazarov category. Formal
definition. See [33], [34], for finite-dimensional case, see [9], Chapter 11.

Theorem 3.12 For a 2n-dimensional object of the category Naz we assign the
Hilbert space H(V) := L*(Q}}). For the object Vaoo, we assign the Hilbert space
H(Vaw) 1= L2(E)-

a) Let V., W be objects of Naz. Let P:V = W be a morphism of category
Naz. Then there is a unique up to a scalar factor bounded operator

We(P) : H(V) — H(W)

such that
U(w,1)We(P) = We(P)¥(v,1) for allv@dw € P.
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b) Let V, W, Y be objects of Naz. Let P : V = W, Q : W =Y be
morphisms of Naz. Then

We(Q)We(P) = s - We(QP),
where s = s(P, Q) € C* is a nonzero scalar. In other words, we get a projective
representation of the category Naz. Also,
We(PY) =t-We(P)*, teC*.
For symplectic groups Sp(2n, Qp) = Aut(@f)") the representation We(g) co-
incides with the Weil representation.
3.17. Explicit formulas for operators for some morphisms.

1) Let V = W and P be a graph of a symplectic operator. There are simple
formulas for some special symplectic matrices:

We (61 AP—I) f(z) = | det AV f(24); (3.8)
We ((1) Jf) f(2) = exp{mizB2'};

We ( 01 (1)) flz)= f(z)exp{2mizz'} dz.
— @

Any element of Sp(2n,Q,) can be represented as a product of matrices of such
forms, this allows to write an explicit formula for We(g) for any element g €
Sp(2n, Q).

Denote by I(z) the function on Q, defined by

<1

otherwise.

Next, we need some special non-invertible morphisms.
2) Let V=Q2", W =V @Y, where Y = Q2" or Vaoo. Denote by Y (Z,) the
lattice Z2" or Z2> respectively. Denote by
Ny V=W
the direct sum of the graph graph(1y) of the unit operator 1y : V' — V and the
lattice Y(Z,) C Y. Then

We(Agv)f(Ul,.-.,Un,y1,y2,-.-) = f(vla-

e ) Ty I (y2) - -
3) Preserving the previous notation denote by

Oy W =W
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the direct sum
graph(ly) ® (Y(Z,) ® Y (Zy)) c VaV)a (Y @Y).
Then . ) .
o =N ) = () M=t (9)

The operator We(@“,/v) is the orthogonal projection to the space of functions of
the form

flor, .. vn) Iy I(y2) ...

3.18. General case. Any morphism of the category Naz can be repre-
sented as a product of morphisms of the types described above. Moreover, for
finite dimensional V', W, any P : V == W can be represented as

where Z is sufficiently large (dim Z > 2 max(dim V, dim W)). In fact, the same
decomposition holds for morphisms @ : Vooo — Vaoo, any @ can be represented
as

Q = 9%:2@\/200 *g- 9\‘2:2@‘/2007 g S Sp(‘/QOO ©® ‘/200)
4 Characteristic function

Here we define characteristic functions of double cosets K\ G/K and formulate
several theorems. Proofs are in the next section.

4.1. Construction. Consider the group

GL(v + koo, Qp) := lim GL(a+ kj,Qy).
j—o0

Let g € GL(a + koo, Q) actually be contained in GL(a + km, Qp),

a bl bk
C1 dll d/lk

g=1 . ) € GL(a + km,Q,). (4.1)
Ck dkl d/kk

We write the following equation (this is an analog of (L)), the analogy is im-
portant)

vt a by ... b 0 O ... 0 ut

y;r C1 d11 dlk 0 0 0 ,Ti’—

leir _ Ck dkl . dkk 0 0 . 0 oy I‘g (4'2)
v 0 0 ... 0 a b ... b U

yl_ 0 0 0 cp din ... dig 1'1_

Yy 0O O ... 0 ¢ dp1 ... dik T,



Here u®, vt € Qp and :vj-t, yJjE €Qy.
Before the exploring of this identity as (L5]), we need some preparations.
Define 3 spaces, V, H, {:
1) Denote V := Qg @ Q5. We regard u = u™ ©u™, v =v" ©v~ as elements

of V. Equip V with the standard skew-symmetric bilinear form (_01 (1))

2) Denote
H=HtOoH =Q oQ; (4.3)

and equip this space with the standard skew-symmetric bilinear form.

3) Denote by £, the space Q" equipped with the standard symmetric bilin-

ear form
(z,w) = szwj.
We regard x;-t, yJjE as elements of this space.

Consider the tensor product H ®q, £m, vectors

are regarded as elements of H ® ¢,,,. We equip H ® ¢,,, with the tensor product
of bilinear forms, this form is a skew-symmetric with matri

0 0 1, ... O
0 0 0 1m
—1m ... 0 0 0
0 —1n 0 0

Thus the operator in (2] is an operator
VO HRLl,) — VOHRL)

We equip the spaces V& (H & £,,) with a skew-symmetric bilinear form that is
a direct sum of forms in V and H ® £,,,. The matrix of this form is

0 14 0 0
-1, O 0 0

0 0 0 lem

0 0 —1gm O

Evidently, operators [d2) preserve this form, i.e., they are contained in Sp (2(a—|—
km), Qp).

Now we start a description of characteristic functions.

16 A tensor product of a symmetric and a skew-symmetric bilinear forms is a skew-symmetric
bilinear form.
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For any self-dual module @) C ‘H we consider the self-dual module
Q®Zp Z;n CHRLpy,.

Notice, that @ ® Z;" is a direct sum of m copies of Q.

Definition 4.1 Fix g. Fiz self-dual submodules Q, T C H. We define a rela-
tion

Xg(QaT) : V j V

as the set of allu®v € V &V for which there exist x € Q ® Zy', y € T @ L
such that (£2) holds.

4.2. An auxiliary definition.
Definition 4.2 We say that some property of a double coset holds in a general

position if for any sufficiently large m the set of points g € GL(a + km,Q,),
where the property does not hold, is a proper algebraic subvariety in GL(a 4+

km,Q,).

4.3. Basic properties of characteristic functions.
Lemma 4.3 x,(Q,T) does not depend on a choice of m.

Theorem 4.4 If g1, g2 are contained in the same double coset K\ G/K, then
Xg1 (Qa T) = Xg2 (Q, T)

Thus, for any double coset g € K\ G/K we get a well-defined map
Xg : LMod(#H) x LMod(H) — {space of relations V = V}.

Therefore, we can write
Xo(@,T), where g € K\ G/K.

We say that x4(-,-) is the characteristic function of the double coset g.
Theorem 4.5 x4(Q,T) € Naz(V, V).
Theorem 4.6 The following identity holds

Xgxb (Q7 T) = XQ(Q7 T) Xh(Qv T),

in the right-hand side we have a product of relations
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4.4. Refinement of Theorem Fix a double coset g. Substituting
T =0, y* = 0 to the equation ([E2)), we get an equation for u v € V & V.
The explicit form (see equation (B3)) is

vt =aut
0 =cut, for all j

4.4
u” =alv~ ( )
0 =btv, for all j

Denote by A(g) CV @V the linear subspace of solutions of this system.
Notice that
ker A(g) =0, indef A(g) =0

(since g is an invertible matrix).
For g being in a general position A(g) = 0.
Proposition 4.7 a) For any self-dual Q, T € LMod(H),

Xo(@, 7)) DA(g),  xe(@,T)' C Afg)"
b) If Q, T are self-dual lattices, then

Xo(@. 7)) =Ag),  xe(Q,T)" = Afg)"
Corollary 4.8 For g being in a general position, we get a map
LLat(#) x LLat(H) — LLat(V & V).

4.5. Values of characteristic functions on the distinguished bound-
ary.

Theorem 4.9 Let Q, T range in the Lagrangian Grassmannian LGr(H). Then
a) xq(@,T) is a Lagrangian subspace inV & V.
b) The map
Xg : LGr(H) x LGr(H) — LGr(V @ V)
1s rational.
c) For g being in a general position, x4(Q,T) € Sp(V,Qp) a.s. on LGr(H) x
LGr(H).

A precise description of the subset of K \ G/K, where the last property
holds, is given below in Subsection
There is a more exotic statement in the same spirit.

Proposition 4.10 For all g for almost all (Q,T) € LGr(H) x LGr(H), the
condition (vt ®u”)® (vF ®v7) € x4(Q,T) can be written as an equation

() =a@n ()

there Z(Q,T) is a symmetric matriz.
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Figure 2: A reference to Subsection A product of two simplices and addi-
tional arrows.

Point out that this can done for all g.

Proposition 4.11 Let
91, 92 € K\ G/K = O(00,Zy) \ G/O(00,Zy)
be contained in the same double coset

O(00,Qp) \ G/O(00,Qy),
then the restrictions of xq, and xg, to LGr(H) x LGr(H) coincide.

4.6. Extension of characteristic function to buildings. Next, con-
sider two almost self-dual submodules @, T and apply to them the definition of
characteristic function @, T'.

Proposition 4.12 If Q, T are almost self-dual modules, then x4(Q,T) is al-
most self-dual.

Now we construct an oriented graph A(H x H). Vertices are ordered pairs
(Q,T) of almost self-dual submodules in H. We draw an arrow from (Q,T) to
Q. THitQ>Q, TOT.

Consider the product of simplicial complexes Bd(H) x Bd(H). It is polyhe-
dral complex, whose cells are products of simplices. Two vertices (of this com-
plex) (Q,T) and (Q',T’) are connected by an arrow if @ D Q" and T = T’ or
Q = Q" and T D T'. However, our rule from the previous paragraph produces
more arrows, this provides a simplicial partition of each product of simplices
(see, e.g., [44], Section 3.B). Finally, we get a 2k-dimensional simplicial complex
Bd(H x H) (it also is a subcomplex of the complex Bd(H @ H)).

Let ®, ¥ be two oriented graphs, assume that number of edges connecting
any pair of vertices is < 1. We say that a map o : Vert(®) — Vert(¥) is a
morphism of graphs if for any arrow @ — b in ® we have o(a) = o(b) or there is
an arrow o(a) — o(b).
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A

AR

Figure 3: A reference to Subsection .6l A morphism of oriented graphs

Theorem 4.13 A characteristic function xq is a morphism of oriented graphs
AHXH) = ANV DY) (4.5)
4.7. Continuity.

Theorem 4.14 Let Q;, Q, T;, T be almost self-dual modules. If Q; / Q,
T; /T, then

Notice that characteristic function can be discontinuous with respect to the
Hausdorff convergence. Moreover, the restriction of x4 to LGr(H) x LGr(H)
can be discontinuous in the topology of Grassmannian.

4.8. Involution.
Proposition 4.15 Ifu® v € x4(Q,T), then v @ u € X (T, Q).

4.9. Additional symmetry. For a nonzero A € Q) = Q,, we define an

operator M (\) in H given by <)\ 0

0 )\_1), by the same symbol we denote the

operator (E)\ )\(_)1> in the space V.

Theorem 4.16
Yo (MONQ, MONT) = MO )xg(Q. T)M(N).
4.10. Remark. Another semigroup of double cosets. Consider the
group G = Sp(2a+2koo, Q,) of symplectic matrices ((CL Z) of size (a+ koo) +

(a 4 koo), G D G. Consider its subgroup G = GL(« + koo, Qp) consisting of
matrices (g gto_l), consider the same K = O(c0,Z,) C GL(a + koo, Qy).

Consider the semigroup of double cosets K \ CN-}/ K, the multiplication is deter-
mined as in Theorem 2.1
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We define characteristic function x3(Q,T') in the same way, in formula (Z.2])

instead the matrix (g gtol) we write a symplectic matrix (CCL Z) € Sp(2a+

2koo, Qp).
Theorem 4.17 All the statements of this section hold for x3(Q,T) except The-
orem [4.16] and Proposition

5 Proofs

5.1. Independence of representatives. To shorten expressions, set k = 2.
Let h € O(m,Zy), let J(h) be given by (2.2). Then characteristic function of
9J(h) is determined by

UJF a blh bgh 0 0 0 u+
y;r C1 dll h dlgh 0 0 0 :Z?Ir
y;_ . (6] d21 h d22h 0 0 0 ;E;_
v | Tl o 0o o a bih bh | |u”
Y 0 0 0 c1 dith digh o
y; 0 0 0 ca doth dagh (E;
or
’UJr a bl b2 0 0 0 u+
y;r C1 dll d12 0 0 0 hxf
ys | |2 dar da 0 0 0 hay
v o 0 0 a b b\ T[] u
Y1 0 0 0 1 din dia hay
Yy 0 0 0 c2 dg1 dao hay

We introduce new variables &1 = hat, T3 = hai and come to the equation for

Xg- Notice that modules Q ®z, Z;' are invariant with respect to O(m, Zj).

5.2. Proof of Proposition .11l Proof is the same, we only take h €
O(m,Qp). If @ C H is a subspace, then Q ® £, = Q ® Q)" is a subspace, it is
O(m, Qp)-invariant.

5.3. Reformulation of definition. The equation [@.2]) determines a linear
subspace in

(V@ (H@ﬁm)) o (V@ (H@Km)).
We regard it as a linear relation
¢ ((H@Em) @(H@Em)) = (Vav).
Then x4 is the image of the submodule
no,r = (Q ®z, Z;') & (T ®z, L")

17the system (@4) also must be modified.
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under £.

5.4. Immediate corollaries. The relation £ is a morphism of the category
Naz. A module g r is self-dual. By Theorem[B.7the module £ g 7 is self-dual.
Theorem is proved.

The same argument implies Theorem [£.9a and Proposition

Also Lemma became obvious.

5.5. Continuity (Theorem [4.14]). We refer to Theorem 3111

5.6. Products. Proof of Theorem To shorten notation, set k = 2.
Let

a b1 ba a bll b/2
g=|a dun di2| €GL(a+20,Qy), h=|c dn diz | € GL(a+2m,Qy).
c2 d21  da ¢y dy do

Let v @ w € xg(Q,T), u®v € xp(Q,T). Then there are x € Q ®z, Z},
y € T'®gz, Z," such that

vt a bbb 0 0 0 ut
v a din dis 0 O 0 xf
yT _ ¢ doyy  do 0 0 0 o x3 (5.1)
v 0 0 0 a by by\ u- '
Y 0 O 0 c 1 2 e
Y2 0 0 0 ¢y dy  di Ty
Also there are X € Q ®z, Zé, YeT®z, Zé such that
wt a by bo 0 0 0 vt
A ci du diz 0 0 0 X
Vi | e dai dae 0 0 0 X5 (5.2)
w™ 0 0 0 a b b\ | v '
Y™ 0 0 0 1 du di2 Xy
Y, 0 0 0 c2 dar d22 Xy
We write (.2)) as

Wi a b 0 by 0 0O 0 0 0 0 vi

Y, e1 di 0 dia O 0 0 0 0 0 Xy

yi 0 0 1 0 0 0O 0 0 0 0 ur

Y,h c2 do1 0 daz O 0 0 0 0 0 X

vi|_| 0 o o 0 1 o0 0 0 o |y

w 0 0 0 0 0 a b1 0 bs 0 v

Y, 0 0 0 0 0 cit di1 0 di2 O X

ur 0 0 0 0 0 0 0 1 0 0 u

Yy 0 0 0 0 O c2 do1 0 da2 O X5

vy 0 0 0 0 0 0 0 0 0 1 —

2 Ya
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Applying (E1]) we come to

wi a b1 0 by 0 0 0 0 0 0
Y] c1t dii 0 di2 O 0 0 0 0 0
v 0 0 1 0 0 0 0 0 0 0
Y,h c2 dor 0 daa O 0 0 0 0 0
yT 0 0 o0 0 1 0 0 0 0 0
2 1= t—1 | X
w™ 0 0 0 0 O a by 0 by O
Yf 0 0 0 0 0 c1t di1 0 dig O
yy 0 0 0 0 O 0 0 1 0 0
Y, 0 0 0 0 0 co do1 0 doa O
v 0 0 0 0 O 0 0 0 0 1
2
a 0 b 0 b 0 0 0 0 0 ut
+
01 0 0 0 0 0 0 0 0 X
g0 dy 0 d, 0 0 0 0 0 xf
00 0 1 0 0o 0 0 0 0 XS
| 0 dsy 0 dy 0 0 0 0 ot ) x
0 0 0 0 0 a 0 b, 0 bh\'"T u=
0 0 0 0 O© 01 0 0 0 Xy
0 0 0 0 O© ¢ 0 dy, 0 d, o
0 0 0 0 O© 00 0 1 0 Xy
0 0 0 0 O© ¢, 0 dyy 0 dy x5
Now

Xor e Q(Z oz, Yoye To(Z oz,
and we get u B w € xg45(Q,T). Thus,
Xoxh (@, T) D xg(Q, T)xp(Q, T).

But both sides are self-dual, therefore they coincide.
5.7. Morphisms of graphs (Theorem [4.13)). Consider the map

LMod(#) x LMod(H) — LMod(H @ ) x LMod(H @ £,,)
given by (Q,T) — (Q ®z, Z', T ®z, Z;").
Lemma 5.1 This map is a morphism of graphs
AH X H) > A((H®bn) X (HRLy)).

This statement is obvious.

Next, we have an embedding of complexes
Bd((H ® lp) ¥ (H® ) = Bd((H @ ly) ® (H @ ln)).

On the other hand, the linear relation £ is a morphism of the category Naz.
Therefore it induces a morphism of graphs A((H®/y,) ®(H®lm)) = A(VSY),
see [9], Proposition 10.7.6.

5.8. Proof of Proposition .7l We have
indef £ = A(g).
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Therefore A(g) C Eng,r C A(g)*. This is the statement a) of Proposition ETl

Also, if R is arelation V = W, Y C V is a lattice, then (RY); = (indef R),.
This implies b).

5.9. Values on the distinguished boundary. Now let @), T be La-
grangian subspaces in H.

PROOF OF PROPOSITION [LT0l Decompose H = Hy @ H- = Qp © Q.
A Lagrangian subspace ) C H of general position is a graph of an operator
HT — H~, and matrix of this operator is symmetric (see, e.g., [9], Theorem
3.1.4). To shorten notation, set k = 2. The equation (£2)) can be written in the
form

vt a by by 0 0 0 ut
yi: cr din dizg 0 0 0 :LI
Yz ca doy deo 0 0O O 3
u” 0 0 0 a ¢ & v JCE)
tuzy +tipay 0 0 0 b diy db || quyl +q2ys
t12517;r + t22517;r 0 0 0 bg d)ﬁ d§2 ihzyfr =+ q22y§r
We denote
o (1 Q12 oo (1 fi2
' qi2 qo2)’ ' t12 o2
and write (B.3)) as
vt =aut +bxT (5.4)
yT =cut +dat (5.5)
u” =a'v” +clay™ (5.6)
ot =blvT +dseyt. (5.7)

We regard lines (5.5)),(5.7) as a system of equations for 2+, y*. The matrix of

the system is
—d 1
a0ar) = (1 )

Evidently, the polynomial det Q(s¢, 7) is not zero. Indeed, fix > and take
T =p N .1. If N is sufficiently large, then the determinant is # 0. Thus,
outside the hypersurface
det Q(s,7) =0

we can express v and yT as functions of ut, v=. After substitution of z*, y*
to (5.4),(5.8), we get a dependence of v~ v in u™, v™. O

This also proves Theorem 9b (rationality of characteristic function).
PROOF THEOREM [9lc. Denote

R
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and write the equation ([@2)) in the form

’U+ a b1 b2 0 0 0 u"'
Yy c1 diy dig 0 0 0 xf
y2+ C2 d21 d22 0 0 0 ZE;F

v 0o 0 o0 At ot (¢ u ’
a1y’ + q2ys 0 0 0 B} D, D tiwl + tiowg
q2yf +a2y3) \O 0 0 By Di, Diy) \tipaf +tea]

or
vt =aut + bz (5.8)
yt =cut +da™ (5.9)
vo = AluT + Clrat (5.10)
yy = B'u~™ + D'ra™. (5.11)

We consider lines (5.9), (5.I1) as equations for y*, *. The matrix of the

system is
- (1 —d
E(s, 1) = (% —Dt7'> .

det Z(5¢,7) = det(—D'T + 3d).

Its determinant equals

If it is nonzero, we get a linear operator u — v. We come to the following
statement:

Proposition 5.2 If there exists a pair of symmetric matrices s», T such that
det(—D'7 + 3d) # 0, then x4(Q,T) € Sp(V,Q,) a.s. on LGr(H) x LGr(H).

5.10. Involution. Proof of Proposition 4.15l We write the defining
relation for x -1,

ot a B\ ' 0 0 ut
yt | (c d) 0 0 xt
v ] | o0 o0 a B\ [|uv |’
Y 0 0 (c d) T

ut a b 00 ot
zt | e 4 00 y*
u”] T lo o fa B\ |0
T 0 0 <c d> Yy

and come to desired statement.
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5.11. Proof of Theorem [L.16 We write (£2) as

ut AL a b 0 0 A vt
zt | At c d 0 0 A yt
u” | T A 0 0 (a b\'! At C
- AJ N0 0 (c d) A1) \y-
or

Aut a b 0 0 vt

Xt | e d 00 Ayt

Ml T lo o0 fa b\ [ ATt

ATla 00 \c d Aty

5.12. Another reformulation of the definition of characteristic
functions. Consider the space W = V @ (H ® {,,). For any self-dual sub-
module @ C H, consider the linear relation A : V = W defined by

Ag=1y@(QRZ)) C (VaV)® (Q ).

Then x4 is a product of linear relations

W@ =P (§ Nt

6 Multiplicativity theorem

Theorem (multiplicativity theorem) formulated above is a representative of
wide class of theorems, their proofs are standard, below we refer to proofs [g],
Chapter VIII.

6.1. Corners of orthogonal matrices.

Lemma 6.1 Let A be a m x m matriz with elements € Z,,. Then there exists

. (A B
N and a matriz (C’ D) € O(m+ N,Zyp).

PROOF. Denote by B,, the set of all possible m x m left upper corners of
matrices g € O(o0, Zp).
1) The set B,, is closed with respect to matrix products. Indeed, let

/ i
(A B)eO(m—i—N,Zp), (A B)EO(m+N’,Z,,).

C D ¢’ D
Then
A B 0 A 0 B AA
C D 0 0 1 0]=1{... ... ...|]€0O(m+N+N"Z,).
0 0 1 c’ 0 D .

2)If AeB,,, A’ € B, then (gl AO,) € Biin.
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3) It is more-or-less clear that for any z € Z, we have

(z) € By, ((1) i) , (i (1)) € B..

4) B, contains matrices of permutations.

Now we can produce any matrix with integer elements. ([
6.2. Admissible representations. Denote by K,, the subgroup in K
consisting of matrices of the form 16" i)

Let 7 be a unitary representation of K in a Hilbert space H. Denote by H(m)
the subspace of K,,-fixed vectors. Denote by P(m) the operator of orthogonal
projection to H(m). We say, that 7 is admissible if U,, H(m) is dense in H.

We say, that a representation of G is K-admissible if its restriction to K is
admissible.

6.3. Continuation of representations. Denote by B, the semigroup of
all infinite matrices A such that:

a) ;5 € Zp;

b) for each i the sequence a;; tends to 0 as j — oo; for each j the sequence
ai; tends to 0 as ¢ — oo.

We say that a sequence of matrices AU) € B, weakly converges to A if we
have convergence of each matrix element, a,(fl-) — Q-

Denote by O(c0,Z,) the group of all orthogonal matrices € Bo.

Lemma 6.2 The group O(c0,Z,) is dense in O(o0,Z,) and in B.

PROOF. Let S € B.,. Consider its left upper corner of size m x m. Consider
gm € O(00,Z,) having the same left upper corner. Then g, weakly converges
to S, O

Theorem 6.3 a) Let 7 be a unitary representation of K = O(oco,Zp). The
following conditions are equivalent:

— 7 45 admissible;
— 7 admits a weakly continuous extension to the group O(co,Zy);

— 7 admits a weakly continuous extension to a representation T of the semi-
group Boo such that T(A') = 7(A)*, [|[T(A)|| < 1 for all A.

b) For an admissible representation T,

~ (1, O
P(m)=7 ( 0 O) .
This is a statement in the spirit of [24]. We omit a proof, since it is a
one-to-one repetition of proof of [§], Theorem VIII.1.4 about symmetric groups

(admissibility implies semigroup continuation), the only new detail is Lemma
[61). Admissibility follows from continuity by [8], Proposition VIII.1.3.
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Corollary 6.4 Denote

1,, O 0 0

G(m) _ 0 0 1y O
N 0 1y O 0
0 0 0 1

The projector P(m) is a weak limit of the sequence

P(m) = lim r(©(™). (6.1)

N —o00

ProOOF. The sequence 95\71) € O(o0,Zy) weakly converges to the matrix

<16” 8) € Bo. We refer to the statement b) of the theorem. O

6.4. Proof of Theorem We keep the notation of Subsection 23l Let
ve HX ge G; = GL(a +km,Q,), let ¢ € K;. Then

p(@)p(g)v = p(g)p(q)h = p(g)h,

ie., v € H(j). Thus the subspace U;H(j) is G-invariant. Its closure is an
admissible representation of G. In (UjH (j))J' Theorem holds by a trivial
reason (the space of fixed vectors K is zero).

Thus, without loss of generality we can assume that p is admissible.

Now let g, h € G, let g, h € K\ G/K be the corresponding double cosets.
Let P = P(0) be the projector to K-fixed vectors. Applying Corollary 6.4 we
obtain

P(e)p(h) = Pp(g)Pp(h) = lim Pp(g)p(3(OF)p(h) = lim Pp(g3(On)h),

here J : K — G is the embedding (Z2). By the definition (0 is O from
Subsection 2.3]), we get p(g* b).
6.5. Variation of construction. Train. We can define multiplication of
double cosets
K,\G/K,; x K;\ G/K, - K, \ G/K,.
In the definition of product of double cosets (Subsection 22]), we simply change

On by 65\?). An explicit formula of the product is the same (Z4]). Thus we get
a category (train T (G, K) of the pair (G,K)).

Next, for any unitary representation p of the group G, a double coset g €
K, \ G/K, determines an operator p(g) : H(g) — H(p) by the formula

plg) == P(q)p(9), geg.

For any
g€ K, \ G/K, heK,\G/K,,
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the following identity holds

p(g)p(h) = p(g*b),
i.e., we get a representation of the category 7 (G, K). Also,

p(g*) = p(g)”, lp(g)l| < 1. (6.2)

Also it can be shown that

Theorem 6.5 This construction is a bijection between the set of K-admissible
unitary representations of G and the set of representations of the category

T(G,K) satisfying (G2]).
We omit a proof, since it is the same as in [16]. O

Also the construction of characteristic functions and their properties survive
for double cosets K, \ G/K,.

7 Representations of the group G

7.1. Existence of representations. Let

a bl bk
C1 dll dlk
) ) € GL(a + koo, Qp).
Ck dkl dkk

Consider embedding GL(« + koo, Qp) — Sp(2(a + koo), Q,) given by
g O
Lig— 1 -
g (O gt 1)

T11 T12n
r= € Sp(2k,Q,)

™n1 ... T2n2n

For any

consider the matrix o(r) = 1o, & (r ® 1oo),

1o 0 0 0

0 7‘11'100 0 le'loo
o(r):==1: : o :

0 0 o 1y 0

0 7‘11'100 0 le'loo

This matrix is not contained in Sp(2(a+ ko), Q,), because it is not finitary.
However, the map

g o(r Y qo(r) (7.1)
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is an outer automorphism of Sp(2(« + ko), Q,). Emphasize that this automor-
phism fixes the subgroup K = O(c0, Z,).
We consider the representation p(r) of GL(a+ koo, Q,) given by the formula

pr(g) = We(a(r—)u(g)o(r)),

where We(+) is the Weil representation, see Subsection B.16]
Recall that the Weil representation is projective.

Lemma 7.1 The representation p, is equivalent to a linear representation, i.e.,
there is a function (a trivializer) v : G — C* such that v(g)p-(g) is a linear
representation.

PrOOF. First, the restriction of the Weil representation of Sp(2n,Q,) to
GL(n,Q,) is linear, see ([B.8). Therefore, restricting the Weil representation
to each finite-dimensional group G; = GL(« + kj,Q,) we get a representa-
tion equivalent to a linear representation (for finite-dimensional groups the
automorphism (71 is inner). Denote by 7,(g) the trivializer for G;. Ratio
v(g9);/7(g)j+1 of two trivializers is a character G; — C*. All characters of
G; — C* has the form ¢(det h), where ¢ is a character Q* — C*. Correcting
vi+1(9) = vi+1(9)¥(det g), we can assume that v;4+1(g9) = v,(g) on G;.

In this way we choose a trivializer v on the whole group G. Restriction of
v to O(o0,Z,) must be a character on O(c0,Z,) — C*. The only non-trivial
character is det(u) = £1. We change the trivializer v(g) to det(g)~(g). O

Lemma 7.2 In the model of Subsection 318}, the subspace L*(Eatkoo)¥ of K-
fized vectors of p, coincides with the space of functions of the form

fGz1, o 2za) I (Zas1) I (Zat2) - -

Proor. Without loss of generality, we can set @ = 0. We regard oo as
the space of oo x k matrices Z = {z;;} with elements in Q, (all but a finite
number of matrix elements are in Z,). The group K = O(00,Z,) acts by left
multiplications

We(u)f(2) = f(Zu).

We must show that [[;; I(z;;) is a unique O(oo,Z,)-invariant function in
L?(Ekoo ). Equivalently, Z’;OO is a unique invariant subset of finite positive mea-
sure.

The group O(oo,Z,) contains the group S(co) of finitely supported permu-
tations of the set N. According zero-one law (see, e.g., [45], §4.1), the action of
S(o0) on the set Z’;OO C Ekoo 1s ergodic. Let Q C Ekoo be an invariant set. Let
€ € Eroo \ ZE>. Assume that the measure of the set QN (€ + ZE>) is non-zero,
say vo. Since Q is S(oco)-invariant, for any s € S(c0), the set QN (&5 + Zk>)
has the same measure vy. However there is a countable number of disjoint sets
of the form &s + Z’;O", therefore the measure of € is infinite. O

42



Corollary 7.3 Let o = 0. Then the representation p, contains a unique irre-
ducible K-spherical representation of G.

PRrROOF. We take the G-cyclic span of the unique K-fixed vector. (I
Next, consider the subgroup GL(1,Q,) C Sp(2k,Q,) consisting of matrices

Al 0
( . k A1.1k>,where)\€<@§.

Lemma 7.4 Ifr, v’ € Sp(2k,Q,) are contained in the same double coset

GL(1,Qp) \ Sp(2k, Q,)/Sp(2k, Zy),

then p, ~ py.

ProoOF. First, if ¢ € GL(1,Q,), then the automorphism (7)) fixes the
subgroup GL(a + koo, Qp).

Second, if t € Sp(2k,Z,), then o(t) is contained in the group Sp of automor-
phisms of the infinite object of the Nazarov category. Therefore the operator
We(o(t)) is well-defined, it intertwines p, and p¢. O

7.2. Relation of characteristic functions and representations. By
Lemma [Z.2] we can identify the space of K-fixed vectors of p, and the space of
the Weil representation of Sp(2«, Q).

Theorem 7.5 The representation of the semigroup K\ G/K in the space of
K-fixed vectors of p, is given by the formula

p(9) = s We(xq(rZ2F,rZ2F)),  seC*.

PRrROOF. We use the notation and statements of Subsection Let V and
H be the same as in Section 4. Let Y = Vopoo, W =V @Y. The operator of
projection H(V &Y) to H(V & Y)K ~ H(V) is We(6};,). Therefore

pg) = s - We (B, )We(a(r~")u(g)a(r)) We (6yy)
as an operator L%(Eqyr00)® — L?(Eatroo)¥. The operator
We(My) : L2(Q2) = L3(Eahoc)
is an operator of isometric embedding, the image is H(V @ Vagoo )¥. Therefore
we can write p(g) as
(9) = 5~ We(Aly )" We(0)) We(o (r~")u(g)o (1)) We (03 We(AYy ) =

’

=" - We(Aly )" We(o(r)ul(g)o(r)) We(Ayy ) =

111

=s -We[(A},/V)*o(rfl)b(g)o(r))\yv}. (7.2)

I

Next, o(r)Aly : V =2 V@Y is a direct sum of 1y C V &V and the lattice in Y
given by
o(r)Y (0) = o(r)(H(0) ® 0%) = (rH(0)) @ 0%).
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We apply Subsection 5.2 for the expression in square brackets in ([T.2]).

7.3. A more general construction. Consider the embedding

4+ GL(a + koo, Qp) — Sp(2la + 2lkoo, Qp)

given by
g 0 0 0
. 0 g 0 ... 0
77 1o 0 gt 0
0O ... 0 0 ... gt

This is a 2] x 2[ block matrix, each block of this matrix has size (a + koo) x
(o + koo).
Next, for a matrix r € Sp(2kl, Q,) we take

o(r) =12 @ (r® 1)
and consider the representation of GL(a + koo, Q) given by
pr(g9) = We(a(r) " u(g)o(r)).

Set & = 0. As above, each representation p, of G = GL(koo,Q,) contains a
unique K-spherical subrepresentation.

Conjecture 7.6 Any K-spherical representation of GL(koo, Q)) is a subrepre-
sentation in p(det(g)) pr(g), where ¢ = ¢, : Q) — C* is a character. Repre-
sentations p, are parametrized by the set

JGL(, @p) \ Sp(2k1,Q,)/Sp(2kl, Z,).

l
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