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1. INTRODUCTION

1.1. Moduli spaces of Abelian and quadratic differentials. The moduli space
H, of pairs (C,w) where C' is a smooth complex curve of genus g and w is an
Abelian differential (or, in the other words, a holomorphic 1-form) is a total space
of a complex g-dimensional vector bundle over the moduli space M, of curves of
genus g. The moduli space Q4 of of holomorphic quadratic differentials is a complex
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(3g — 3)-dimensional vector bundle over the moduli space of curves M. In all our
considerations we always remove the zero sections from both spaces H, and Q,.

There are natural actions of C* on the spaces H, and Q, by multiplication of the
corresponding Abelian or quadratic differential by a nonzero complex number. We
will also consider the corresponding projectivizations PH, = H,/C* and PQ, =
Q4/C* of the spaces H, and Q.

Stratification. Each of these two spaces is naturally stratified by the degrees of
zeroes of the corresponding Abelian differential or by orders of zeroes of the corre-
sponding quadratic differential. (We try to apply the word “degree” for the zeroes of
Abelian differentials reserving the word “order” for the zeroes of quadratic differen-
tials.) We denote the strata by H(mi,...,m,) and Q(dy,...,d,) correspondingly.
Here my +---4+my, =29g—2and dy + -+ +d, = 49 — 4. By PH(mq,...,my)
and PQ(dy, . ..,d,) we denote the projectivizations of the corresponding strata. We
shall also consider slightly more general strata of meromorphic quadratic differen-
tials with at most simple poles, for which we use the same notation Q(dy,...,d,)
allowing to certain d; be equal to —1.
The dimension of a stratum of Abelian differentials is expressed as

dim¢ H(ma,...,my) =29+n—1.

The dimension of a stratum of quadratic differentials which are not global squares
of an Abelian differentials is expressed as

dim¢ Q(dy,...,dn) =29+ n—2

Note that, in general, the strata do not have the structure of a bundle over the
moduli space My, in particular, it is clear from the formulae above that some
strata have dimension smaller then the dimension of M.

Period coordinates. Consider a small neighborhood U(Cy,wp) of a “point”
(Co,wp) in a stratum of Abelian differentials H(mq,...,my). Any Abelian differ-
ential w defines an element [w] of the relative cohomology H(C, {zeroes of w}; C).
For a sufficiently small neighborhood of a generic “point” (Cp, wp) the resulting map
from U to the relative cohomology is a bijection, and one can use an appropriate
domain in the relative cohomology H!(C, {zeroes of w};C) as a coordinate chart
in the stratum H(mq,...,my,).

Chose some basis of cycles in Hy(S,{Pi1,...,P.};Z). By Z1,...,Zogin—1 We
denote the corresponding relative periods which serve as local coordinates in the
stratum H(ma,...,my). Similarly, one can use (Z1 : Zy : -+ : Zogyn—1) as projec-
tive coordinates in PH(mq,...,my).

The situation with the strata Q(ds,...,d,) of meromorphic quadratic differ-
entials with at most simple poles, which do not correspond to global squares of
Abelian differentials, is analogous. We first pass to the canonical double cover
p: S — S where p*q = &2 becomes a global square of an Abelian differential @
and then use the subspace H (S, {zeroes of &}; C) antiinvariant under the natural
involution to construct coordinate charts. Thus, we again use a certain subcollec-
tion of relative periods Z1, ..., Z) of the Abelian differential & as coordinates in
the stratum Q(dy,...,d,). Passing to the projectivization PQ(dy,...,d,) we use
projective coordinates (Zy : Zg : -+ : Zy)
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1.2. Volume element and action of the linear group. The vector space
H*(S, {zeroes of w};C)

considered over real numbers is endowed with a natural integer lattice, namely
with the lattice H'(S,{zeroes of w};Z @ iZ). Consider a linear volume element
in this vector space normalized in such way that a fundamental domain of the
lattice has area one. Since relative cohomology serve as local coordinates in the
stratum, the resulting volume element defines a natural measure p in the stratum
H(mq,...,my). It is easy to see that the measure u does not depend on the choice
of local coordinates used in the construction, so the volume element p is defined
canonically.

The canonical volume element in a stratum Q(dy, ..., d,) of meromorphic qua-
dratic differentials with at most simple poles is defined analogously using the vector
space

H! (S, {zeroes of &};C)

described above and the natural lattice inside it.

Flat structure. A quadratic differential ¢ with at most simple poles canonically
defines a flat metric |g| with conical singularities on the underlying Riemann surface
C.

If the quadratic differential is a global square of an Abelian differential, ¢ = w?,
the linear holonomy of the flat metric is trivial; if not, the holonomy representation
in the group Z/27Z is nontrivial. We denote the resulting flat surface by S = (C,w)
or S = (C,q) correspondingly.

A zero of order d of the quadratic differential corresponds to a conical point with
the cone angle 7(d +2). In particular, a simple pole corresponds to a conical point
with the cone angle 7. If the quadratic differential is a global square of an Abelian
differential, ¢ = w?, then a zero of degree m of w corresponds to a conical point
with the cone angle 27(m + 1).

When ¢ = w? the area of the surface S in the associated flat metric is defined in
terms of the corresponding Abelian differential as

Area(S):/ |q|:3/wm.
C 2 C

When the quadratic differential is not a global square of an Abelian differential,
one can express the flat area in terms of the Abelian differential on the canonical

double cover where p*q = &%

1 —
Area(S)z/ |q|:—/®/\of).
c 4/e

By Hi(ma,...,m,) we denote the real hypersurface in the corresponding stra-
tum defined by the equation Area(S) = 1. We call this hypersurface by the same
word “stratum” taking care that it does not provoke ambiguity. Similarly we de-
note by Q1(d1,...,d,) the real hypersurface in the corresponding stratum defined
by the equation Area(S) = const. Throughout this paper we choose const := 1;

note that some other papers, say [AtEZ], use alternative convention const := %
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Group action. Let X; = Re(Z;) and let Y; = Im(Z;). Let us rewrite the vector
of periods (Z1, ..., Z2g4n—1) in two lines

X1 X2 X2g+n—l
}/1 }/2 v }/2g+n71

The group GL4(2,R) of 2 x 2-matrices with positive determinant acts on the left
on the above matrix of periods as

(911 912>.<X1 D CHE X29+n_1)
g21 922 Vi Yo ... Youinog

Considering the lines of resulting product as the real and the imaginary parts of
periods of a new Abelian differential, we define an action of GL(2,R) on the
stratum H(mq,...,my) in period coordinates. Thus, in the canonical local affine
coordinates, this action is the action of GL(2,R) on the vector space

H'(C, {zeroes of w};C) ~ C ® H'(C, {zeroes of w};R) ~
~ R? @ H'(C, {zeroes of w}; R)

through the first factor in the tensor product.

The action of the linear group on the strata Q(dy, ..., d,) is defined completely
analogously in period coordinates H! (C, {zeroes of @};C). The only difference is
that now we have the action of the group PSL(2,R) since p*q = @? = (-®)?, and
the subgroup {Id, — Id} acts trivially on the strata of quadratic differentials.

Remark. One should not confuse the trivial action of the element — Id on quadratic
differentials with multiplication by —1: the latter corresponds to multiplication of

the Abelian differential & by ¢, and is represented by the matrix <_01 (1)>
From this description it is clear that the subgroup SL(2, R) preserves the measure

1 and the function Area, and, thus, it keeps invariant the “unit hyperboloids”
Hi(ma,...,my,) and Q1(dy,...,dy,). Let
a(S) := Area(S)
The measure p in the stratum defines canonical measure
=2

da
on the “unit hyperboloid” H1(mz,...,m,) (correspondingly on Qq(dy,...,d,)). It
follows immediately from the definition of the group action that the group SL(2,R)
(correspondingly PSL(2,R)) preserves the measure v.

The following two Theorems proved independently by H. Masur [M1] and by

W. Veech [Vel] are fundamental for the study of dynamics in the Teichmiiller
space.

Theorem (H. Masur; W. Veech). The total volume of any stratum Hi(mq, ..., my)
of Abelian differentials and of any stratum Q1 (d1, . ..,d,) of meromorphic quadratic
differentials with at most simple poles with respect to the measure v is finite.

Note that the strata might have up to three connected components. The con-
nected components of the strata were classified by the authors for Abelian differ-
entials [KZ2] and by E. Lanneau [Lal] for the strata of meromorphic quadratic
differentials with at most simple poles.
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Remark 1.1. The volumes of the connected components of the strata of Abelian
differentials were effectively computed by A. Eskin and A. Okounkov [EQ]. The
volume of any connected component of any stratum of Abelian differentials has
the form r - 729, where r is a rational number. The exact numerical values of the
corresponding rational numbers are currently tabulated up to genus ten (up to
genus 60 for some individual strata like the principal one).

Theorem (H. Masur; W. Veech). The action of the one-parameter subgroup of
SL(2,R) (correspondingly of PSL(2,R)) represented by the matrices

et 0
a=(y &)

is ergodic with respect to the measure v on each connected component of each stra-
tum Hi(ma,...,my,) of Abelian differentials and on each connected component of
each stratum Q1(dy,...,d,) of meromorphic quadratic differentials with at most
simple poles.

The projection of trajectories of the corresponding group action to the moduli
space of curves M, correspond to Teichmiiller geodesics in the natural parametriza-
tion, so the corresponding flow G; on the strata is called the “Teichmiiller geodesic
flow”. Notice, however, that the Teichmiiller metric is not a Riemannian metric,

but only a Finsler metric.

1.3. Hodge bundle and Gauss—Manin connection. A complex structure on
the Riemann surface C' underlying a flat surface S of genus g determines a complex
g-dimensional space of holomorphic 1-forms ©(C) on C, and the Hodge decompo-
sition

HY(C;C) = H"(C) ® H*'(C) ~ Q(C) & Q(C) .

The intersection form
) _
(11) <w1,w2> = 5/ w1 N\ Wa
c

is positive-definite on H':?(C) and negative-definite on H%!(C).

The projections H10(C) — H!(C;R), acting as [w] — [Re(w)] and [w] — [Im(w)]
are isomorphisms of vector spaces over R. The Hodge operator x : H'(C;R) —
H'(C;R) acts as the inverse of the first isomorphism composed with the second
one. In other words, given v € H'(C;R), there exists a unique holomorphic form
w(v) such that v = [Re(w(v))]; the dual *v is defined as [Im(w)].

Define the Hodge norm of v € H*(C,R) as

[v]]* = {w(v), w(v))

Passing from an individual Riemann surface to the moduli stack M, of Riemann
surfaces, we get vector bundles H([l: = H" ¢ H%!' and Hj over M, with fibers
H'(C,C) = H"Y(C)® H*'(C), and H'(C,R) correspondingly over C' € M. The
vector bundle H'* is called the Hodge bundle. When the context excludes any
possible ambiguity we also refer to each of the bundles Hé and to H]é as Hodge
bundle.

Using integer lattices HY(C,Z @ iZ) and H'(C,Z) in the fibers of these vec-
tor bundles we can canonically identify fibers over nearby Riemann surfaces. This
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identification is called the Gauss—-Manin connection. The Hodge norm s not pre-
served by the Gauss—Manin connection and the splitting H: = H»? @ H®! is not
covariantly constant with respect to this connection.

1.4. Lyapunov exponents. Informally, the Lyapunov exponents of a vector bun-
dle endowed with a connection can be viewed as logarithms of mean eigenvalues of
monodromy of the vector bundle along a flow on the base.

In the case of the Hodge bundle, we take a fiber of H and pull it along a
Teichmiiller geodesic on the moduli space. We wait till the geodesic winds a lot
and comes close to the initial point and then compute the resulting monodromy
matrix A(¢). Finally, we compute logarithms of eigenvalues of ATA, and normalize
them by twice the length ¢ of the geodesic. By the Oseledets multiplicative ergodic
theorem, for almost all choices of initial data (starting point, starting direction) the
resulting 2¢g real numbers converge as t — oo, to limits which do not depend on the
initial data within an ergodic component of the flow. These limits Ay > -+ > Ay
are called the Lyapunov exponents of the Hodge bundle along the Teichmiiller flow.

The matrix A(t) preserves the intersection form on cohomology, so it is sym-
plectic. This implies that Lyapunov spectrum of the Hodge bundle is symmetric
with respect to the sign interchange, A\; = —A24—;41. Moreover, from elementary
geometric arguments it follows that one always has Ay = 1. Thus, the Lyapunov
spectrum is defined by the remaining nonnegative Lyapunov exponents

Ag > 2> Ay

Given a vector bundle endowed with a norm and a connection we can construct
other natural vector bundles endowed with a norm and a connection: it is sufficient
to apply elementary linear-algebraic constructions (direct sums, exterior products,
etc.) The Lyapunov exponents of these new bundles might be expressed in terms of
the Lyapunov exponents of the initial vector bundle. For example, the Lyapunov
spectrum of a kth exterior power of a vector bundle (where k is not bigger than a
dimension of a fiber) is represented by all possible sums

Ajp F A where j1 < jo < -+ < Jk
of k-tuples of Lyapunov exponents of the initial vector bundle.

1.5. Regular invariant suborbifolds. For a subset My C Hi(my...,m,) we
write

RM; = {(M,tw) | M,w) € My, teR}CH(m1...,my,).
Let a(S) := Area(S5).

Conjecture 1. Let H(mq ..., my,) be a stratum of Abelian differentials. Let v, be
an ergodic SL(2, R)-invariant probability measure on Hi(my ..., my). Then

(i) The support of v1 is an immersed suborbifold My of Hi(m1,...,my). In

cohomological local coordinates H'(S,{zeroes}; C), the suborbifold M =

RM;y of H(mq...,my) is represented by a complex affine subspace, such

that the associated linear subspace is invariant under complex conjugation.

(ii) Let p be the measure on M such that du = dvida. Then p is affine,

i.e. it is an affine linear measure in the cohomological local coordinates

H(S, {zeroes} ; C).

We say that a suborbifold M, for which there exists a measure v; such that the
pair (M, 1) satisfies (i) and (ii), is an snvariant suborbifold.
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Conjecture 2. The closure of any SL(2,R)-orbit is an invariant suborbifold. For
any invariant suborbifold, the set of self-intersections is itself a finite union of affine
inwvariant suborbifolds of lower dimension.

These conjectures have been proved by C. McMullen in genus 2, see [McM]. They
are also known in a few other special cases, see [EMfMr] and [CaWn]. A proof of
Conjecture 1 has been recently announced by A. Eskin and M. Mirzakhani [EMz];
a proof of Conjecture 2 has been recently announced by A. Eskin, M. Mirzakhani
and A. Mohammadi [EMzMHh].

Definition 1. An invariant suborbifold is regular if in addition to (i) and (ii) it
satisfies the following technical condition:

(ili) For K > 0 and ¢ > 0 let M1(K,e) C My denote the set of surfaces
which contain two non-parallel cylinders C1, Cs, such that for ¢ = 1,2,
Mod(C;) > K and w(C;) < e. An invariant suborbifold is called regular if
there exists a K > 0, such that

(Mi(K,¢))

.
(1.2) 313% e?

=0.

All known examples of invariant suborbifolds are regular, and we believe this is
always the case. (After completion of work on this paper, it was proved by A. Avila,
C. Matheus Santos and J. C. Yoccoz that indeed all SL(2, R)-invariant measures are
regular, see [AvMaYT].) In the rest of the paper we consider only regular invariant

suborbifolds. (However, the condition (iii) is used only in section @)

Remark. In view of Conjecture [l in this paper we consider only density measures;
moreover, densities always correspond to volume forms on appropriate suborbifolds.
Depending on a context we use one of the three related structures mostly referring
to any of them just as a “measure”. Also, if M; is a regular invariant suborbifold,
we often write Cgreq(Mi) instead of cgreq(v1), where the Siegel-Veech constant
Carea 18 defined in §I.61 Throughout this paper we denote by dr; the invariant
probability density measure and by dv any finite invariant density measure on a
regular invariant suborbifold Mj.

Remark. We say that a subset M; of a stratum of quadratic differentials is a
regular invariant suborbifold if under the canonical double cover construction it
corresponds to a regular invariant suborbifold of a stratum of Abelian differentials.
See section [2] for details.

1.6. Siegel—Veech constants. Let S be a flat surface in some stratum of Abelian
or quadratic differentials. Together with every closed regular geodesic v on S we
have a bunch of parallel closed regular geodesics filling a maximal cylinder cyl
having a conical singularity at each of the two boundary components. By the width
w of a cylinder we call the flat length of each of the two boundary components, and
by the height h of a cylinder — the flat distance between the boundary components.

The number of maximal cylinders filled with regular closed geodesics of bounded
length w(cyl) < L is finite. Thus, for any L > 0 the following quantity is well-
defined:

(1.3) Narea(S, L) ::ﬁa(S) Z Area(cyl)

cylCS
w(cyl)<L
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The following theorem is a special case of a fundamental result of W. Veech,
[Ve3] considered by Y. Vorobets in [Vb]:

Theorem (W. Veech; Ya. Vorobets). Let vy be an ergodic SL(2,R)-invariant
probability measure (correspondingly PSL(2,R)-invariant probability measure) on
a stratum Hi(my,...,my) of Abelian differentials (correspondingly on a stratum
Q1(dy,...,dn) of meromorphic quadratic differentials with at most simple poles) of
area one. Then, the following ratio is constant (i.e. does not depend on the value
of a positive parameter L):

1
(14) m/Narea(Sv L) dVl - Carea(Vl)

This formula is called a Siegel— Veech formula, and the corresponding constant
Carea(V1) is called the Siegel-Veech constant.

Conjecture 3. For any regular SL(2,R)-invariant suborbifold My in any stratum
of Abelian differentials the corresponding Siegel-Veech constant 72 - Carea(M1) is a
rational number.

By Lemma [I1] below an affirmative answer to this conjecture automatically
implies an affirmative answer to the analogous conjecture for invariant suborbifolds
in the strata of meromorphic quadratic differentials with at most simple poles.

Let 11 be an ergodic PSL(2,R)-invariant probability measure on a stratum
Q1(d1,...,d,) of meromorphic quadratic differentials with at most simple poles,
which are not the global squares of Abelian differentials. Passing to a canonical
double cover p : C — C, where p*q becomes a global square of an Abelian differ-
ential we get an induced SL(2, R)-invariant probability measure 7 on the resulting
stratum Hj (myq, ..., my). The degrees m; of the corresponding Abelian differential
@ are given by formula (23] in section below. We shall need the following
relation between the Siegel-Veech constant cgpeq (1) of the induced invariant prob-
ability measure 77 in terms of the Siegel-Veech constant cqreq(v1) of the initial
invariant probability measure v;.

Lemma 1.1. Let 1 be an SL(2,R)-invariant probability measure on a stratum
Hi(ma,...,mg) induced from a PSL(2,R)-invariant probability measure on a stra-
tum Q1(dy,...,d,) by the canonical double cover construction. The Siegel-Veech
constants of the two measures are related as follows:

Carea (7}1) =2 CaTea(Vl)

Proof. Consider any flat surface S = (C, ¢) in the support of the measure v1. The
linear holonomy of the flat metric on S along any closed flat geodesic is trivial.
Thus, the waist curves of cylinders on S are lifted to closed flat geodesics on the
canonical double cover S of the same length as downstairs. Hence, the total area
Area(c/\yl) swept by each family of parallel closed geodesics on the double cover S
doubles with respect to the corresponding area downstairs. Since Area S =2AreaS
we get

Norea(8.1) = Z Area(c/\yl) B Area(cyl) Noven(S, L)
chng Area(S) et Area(S)

w(egl)<L w(cyl)<L
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For a flat surface M denote by M(y) a proportionally rescaled flat surface of area
one. The definition of Ny, (M, L) immediately implies that for any L > 0

Narea(M1y, L) = Narea (M, \/Area(M)L) )

Hence,

. 1 5 N 1 5 5 N
Carea(P1) 1= 3 /Nwea(S(l),L) din = 2 /Nama (S, Area(S)L) din =

2 / A 2
= — 5 Narea Su \/§L dﬁl :—/Narea(suR)dyl :2Carea(7/1)u
o (\/§L)2 ( ) TR2
where we used the notation R := v/2L. O

2. SUM OF LYAPUNOV EXPONENTS FOR SL(2, R)-INVARIANT SUBORBIFOLDS

2.1. Historical remarks. There are no general methods of evaluation of Lyapunov
exponents unless the base is a homogeneous space or unless the vector bundle has
real 1-dimensional equivariant subbundles. However, in some cases it is possible to
evaluate Lyapunov exponents approximately through computer simulation of the
corresponding dynamical system. Such experiments with Rauzy—Veech induction
(a discrete model of the Teichmiiller geodesic flow) performed by the authors in
1995-1996, indicated a surprising rationality of the sums A; +---+ A4 of Lyapunov
exponents of the Hodge bundle with respect to Teichmiiller flow on strata of Abelian
and quadratic differentials, see [KZ1]. An explanation of this phenomenon was given
by M. Kontsevich in [K] and then developed by G. Forni [Fol].

It took us almost fifteen years to collect and assemble all necessary ingredients
to obtain and justify an explicit formula for the sums Ay +-- -+ A4. In particular, to
obtain explicit numerical values of these sums, one needs estimates from the work of
A. Eskin and H. Masur on the asymptotic of the counting function of periodic orbits
[EM] (developing Veech’s seminal paper [Ve3|); one needs to know the classification
of connected components of the strata (which was performed by M. Kontsevich
and A. Zorich [KZ1] and by E. Lanneau [Lal]); one needs to compute volumes of
these components (they are computed in the papers of A. Eskin, A. Okounkov,
and R. Pandharipande [EQ], [EOPa]); one also has to know a description of the
principal boundary of the components of the strata, and values of the corresponding
Siegel-Veech constants (obtained by A. Eskin, H. Masur and A. Zorich in [EMZ]
and [MZ]).

Several important subjects related to the study of the Lyapunov spectrum re-
main beyond the scope of our consideration. We address the reader to the original
paper of G. Forni [Fol], to the survey [Fo2] and to the recent papers [Fo3|, [T,
[Aul], [Au2] for the very important issues of determinant locus and of nonuniform
hyperbolicity. We address the reader to the paper [AvVi| of A. Avila and M. Viana
for the proof of simplicity of the spectrum of Lyapunov exponents for connected
components of the strata of Abelian differentials. For invariant suborbifolds of
the strata of Abelian differentials in genus two (see [Ball, [Ba2]) and for certain
special Teichmiiller curves, the Lyapunov exponents are computed individually,
see [BwMo]|, [EKZ], [Fo2], [FoMaZ1], [Wri], [Wr2].
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2.2. Sum of Lyapunov exponents. Now we are ready to formulate the principal
results of our paper.

Theorem 1. Let M be any closed connected reqular SL(2, R)-invariant suborbifold
of some stratum Hi(ma, ..., my) of Abelian differentials, where my + ---+ m, =
29 — 2. The top g Lyapunov exponents of the of the Hodge bundle Hg over M
along the Teichmiiller flow satisfy the following relation:
1 n m; (ml + 2) w2
12 & mi+1 T3

7=

(21) /\1 ++)\q = 'Carea(Ml)
where Carea(M1) is the Siegel-Veech constant corresponding to the regular suborb-
ifold My. The leading Lyapunov exponent A1 is equal to one.

We prove Theorem [[] and formula (2]) in the very end of section Bl

Remark. For all known regular SL(2,R)-invariant suborbifolds, in particular, for
connected components of the strata and for preimages of Teichmiiller curves, the
sum of the Lyapunov exponents is rational. However, currently we do not have a
proof of rationality of the sum of the Lyapunov exponents for any regular SL(2, R)-
invariant suborbifold.

Let us proceed with a consideration of sums of Lyapunov exponents in the case
of meromorphic quadratic differentials with at most simple poles. Let S be a
flat surface of genus g in a stratum Q(dy,...,d,) of quadratic differentials, where
di+---+d, =4g — 4. Similarly to the case of Abelian differentials we have the
Hodge bundle Hg over Q(dy,...,d,) with a fiber H'(S,R) over a “point” S. As
before this vector bundle is endowed with the Hodge norm and with the Gauss—
Manin connection. We denote the Lyapunov exponents corresponding to the action
of the Teichmiiller geodesic flow on this vector bundle by )\f > .. > )\;.

Consider a canonical (possibly ramified) double cover p : § — S such that
p*q = (@)%, where @ is an Abelian differential on the Riemann surface S. This
double cover has ramification points at all zeroes of odd orders of ¢ and at all
simple poles, and no other ramification points. It would be convenient to introduce
the following notation:

(2.2) geff =9 =g

By construction the double cover S is endowed with a natural involution o :
S-S interchanging the two sheets of the cover. We can decompose the vector
space H'(S,R) into a direct sum of subspaces H1(S,R) and H!(S,R) which are
correspondingly invariant and anti-invariant with respect to the induced involution
o* : H'(S,R) — H'(S,R) on cohomology. Note that topology of the ramified
cover S — S is the same for all flat surfaces in the stratum Q(dy,...,dy). Thus,
we get two natural vector bundles over Q(dy,...,d,) which we denote by H} and
by H!. By construction, these vector bundles are equivariant with respect to the
PSL(2,R)-action; they are endowed with the Hodge norm and with the Gauss—
Manin connection.

Clearly, the vector bundle H}r is canonically isomorphic to the initial Hodge
bundle H]é: it corresponds to cohomology classes pulled back from S to S by the
projection p : S 8. Hence,

dim H = dim H (8, R) = 2g.5
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We denote the top ge Lyapunov exponents corresponding to the action of the
Teichmiiller geodesic flow on the vector bundle H! by \] > - > /\;eﬁ.

Theorem 2. Consider a stratum Qi(dy,...,d,) in the moduli space of quadratic
differentials with at most simple poles, where di + --- + d, = 49 — 4. Let M be
any regular PSL(2, R)-invariant suborbifold of Qi(dy,...,dy,).

a) The Lyapunov ezponents A\ > -+ > )\;L of the invariant subbundle H_}_ of the
Hodge bundle over M along the Teichmiiller flow satisfy the following relation:

L L 1 & dj(dj-‘r4) 2

(23) )‘1 ++/\g - 24; d]+2 + 3 'Carea(Ml)
where Carea(Mi) is the Siegel-Veech constant corresponding to the suborbifold M.
By convention the sum in the left-hand side of equation [23) is defined to be equal
to zero for g = 0.

b) The Lyapunov exponents \| > --- > )\geﬁ of the anti-invariant subbundle
H' of the Hodge bundle over My along the Teichmiiller flow satisfy the following
relation:

_ -~ 1 1
(2.4) AT+ 4 2,) — (A + 2 = 1 > P
7 such that
dj is odd

The leading Lyapunov exponent A\| 1is equal to one.

We prove part (a) of Theorem [ and formula ([23)) in the very end of section

Proof of part (b) of Theorem[2 Recall that we reserve the word “degree” for the
zeroes of Abelian differentials and the word “order” for the zeroes of quadratic
differentials.

Let the covering flat surface S belong to the stratum #(my, ..., my). The re-
sulting holomorphic form & on S has zeroes of the following degrees:

A singularity of order d of ¢ on S

two zeroes of & of degree m = d/2 when d is even

(2.5) gives rise to { . i
single zero of @ of degree m = d + 1 when d is odd

Thus, we get the following expression for the genus § of the double cover S:

1
(2.6) g=29—1+ 3 (Number of singularities of odd order)

which follows from the relation below:

-4 = D @di+2) + > (2d) =

7 such that 7 such that
d; is odd d; is even

=2 Z d; + 2 (Number of singularities of odd order) =
j=1
= 2(4g — 4) + 2 (Number of singularities of odd order)
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Applying Theorem [ and equation (ZI7) to the invariant suborbifold M C
H(ma,...,myg) induced from M we get
1 n m; (mi =+ 2) 2 ~
M+t = o 2 W""?'Carea(/\/l)
where ¢ is the genus of S ,and Ay > --- > )j are the Lyapunov exponents of the
Hodge bundle H'(S;R) over M.

Note that H 1(5’ ;R) decomposes into a direct sum of symplectically orthogonal
subspaces:

HY(S;R) = HL(S;R) @ H(S;R)
Hence,
Mt Ag) = A+ ,) + (A A+ +A))

Moreover, by Lemma [[.T] we have carw(J\;l) = 2 ¢qrea(M1), which implies the fol-
lowing relation:

27) A+ F2)F AT+ A =

Geff

1 n m; (mi + 2) w2
= : - — 2—- area
12 ; i1 T 2y caaM)
The degrees m; of zeroes of the Abelian differential @ defining the flat metric
on S are calculated in terms of the orders d; of zeroes and of simple poles of the
quadratic differential g defining the flat metric on S by formula (2.35]), which implies:

m;(m; + 2 d; +1)(d; +3 d;/2)(d;/2+2
Z( )_Z( )( )+2Z(/)(/)

o mitl § such that dj +2 j such that dj/2+1
dj is odd dj is even
Thus, we can rewrite relation (2.7) as follows:
AT+, (N + k) =
1 (dj + 1)(dj + 3) 1 dj(dj + 4) w2
S Loy WED s 1 D ow
7 such that dj +2 1 7 such that dj +2 3
dj is odd dj is even

Taking the difference between the above relation and relation [23) taken with
coefficient 2 we obtain the desired relation (24]). O

2.3. Genus zero and hyperelliptic loci. Our results become even more explicit
in a particular case of genus zero, and in a closely related case of hyperelliptic loci.

Theorem 3. Consider a stratum Qi(dy,...,dy) in the moduli space of quadratic
differentials with at most simple poles on CP', where di + --- +d,, = —4. Let M;
be any regular PSL(2,R)-invariant suborbifold of Q1(ds,...,dy). Let gey be the

genus of the canonical double cover S over a Riemann surface S in Q1(dy,...,dy).

(a) The Siegel-Veech constant carea(M1) depends only on the ambient stratum
and equals

1 Kdj(d;+4
Cma(Ml):__ZM
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(b) The Lyapunov exponents \| > --- > Ag.y Of the anti-invariant subbundle

H' of the Hodge bundle over My along the Teichmiiller flow satisfy the
following relation:

1 1
2.8 AL+ A = -
(2.8) R D D e
j such that
dj is odd

Remark. Relation (Z8)) was conjectured in [KZ1].

Proof. Apply equations (23) and ([24]) and note that by convention the sum of
exponents ()\f + -4 )\;‘) in the left-hand side is defined to be equal to zero for
g=0. ([

The square of any holomorphic 1-form w on a hyperelliptic Riemann surface S is
a pullback (w)? = p*q of some meromorphic quadratic differential with simple poles
g on CP! where the projection p : S — CP! is the quotient over the hyperelliptic
involution. The relation between the degrees my, ..., my of zeroes of w and the
orders dy, ..., d, of singularities of ¢ is established by formula (2.1).

Note, that a pair of hyperelliptic Abelian differentials wy, w2 in the same stratum
H(ma, ..., my) might correspond to meromorphic quadratic differentials in different
strata on CP! depending on which zeroes are interchanged and which zeroes are
invariant under the hyperelliptic involution. Note also, that hyperelliptic loci in the
strata of Abelian differentials are SL(2, R)-invariant, and that the orders dy, ..., d,
of singularities of the underlying quadratic differential do not change under the
action of SL(2,R).

Corollary 1. Suppose that My is a regular SL(2,R)-invariant suborbifold in a
hyperelliptic locus of some stratum Hi(ma, ..., my) of Abelian differentials in genus
g. Denote by (dy,...,d,) the orders of singularities of the underlying quadratic
differentials.

The top g Lyapunov exponents of the Hodge bundle H' over My along the Te-
ichmiiller flow satisfy the following relation:

1 1
M Aot N, = — .
1 + + g 4 ‘ Z dj ¥ 27
7 such that
dj is odd
where, as usual, we associate the order d; = —1 to simple poles.

In particular, for any regular SL(2, R)-invariant suborbifold My in a hyperelliptic
connected component one has

2

L+da+-+ A, = 299_1 for My Q’HTW(QQ—Q)
+1
1+)\2+...+)\g = gT for Mlngyp(g—lag—l)'

Proof. The first statement is just an immediate reformulation of Theorem To
prove the second part it is sufficient to note in addition, that hyperelliptic connected
components H"P (2g—2) and H"P(g—1, g—1) are obtained by the double cover con-
struction from the strata of meromorphic quadratic differentials Q(2g — 3, —129+1)
and Q(2¢g — 2, —12972) correspondingly. O
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Corollary 2. For any regular SL(2,R)-invariant suborbifold My in the stratum
H1(2) of Abelian differentials in genus two the Siegel-Veech constant corea (M) is
equal to 10/(372) and the second Lyapunov exponent N is equal to 1/3.

For any regular SL(2,R)-invariant suborbifold My in the stratum Hi(1,1) of
Abelian differentials in genus two the Siegel-Veech constant coreq(Mi) is equal to
15/(47%) and the second Lyapunov exponent Ay is equal to 1/2.

Proof. Any Riemann surface of genus two is hyperelliptic. The moduli space of
Abelian differentials in genus 2 has two strata H(2) and H(1,1). Both strata
are connected and coincide with their hyperelliptic components. The value of the
Siegel-Veech constant is now given by Theorem [l and Lemma [Tl and the values
of the sums A\; + Ay = 1 + A\ are calculated in Corollary [Il O

Remark. The values of the second Lyapunov exponent in genus 2 were conjec-
tured by the authors in 1997 (see [KZI]). This conjecture was recently proved by
M. Bainbridge [Ball, [Ba2] where he used the classification of ergodic SL(2,R)-
invariant measures in the moduli space of Abelian differentials in genus due to
C. McMullen [McM].

Remark. Note that although the sum of the Lyapunov exponents is constant, in-
dividual Lyapunov exponents A" (Mj) in (Z8) might vary from one invariant sub-
orbifold of a given stratum in genus zero to another, or, equivalently, from one
invariant suborbifold in a fixed hyperelliptic locus to another.

We formulate analogous statements for the hyperelliptic connected components
in the strata of meromorphic quadratic differentials with at most simple poles.

Corollary 3. For any regular PSL(2, R)-invariant suborbifold My in a hyperelliptic
connected component of any stratum of meromorphic quadratic differentials with at
most simple poles, the sum of nonnegative Lyapunov exponents A7 +A5 +- -+ A
has the following value:

Geff

Gt oy Jor A7 (2(9 - k) = 3,2(9 — k) = 3,2k + 1,2k + 1)
where k > -1, g>1, g—k>2,geg =9+1
MRt sgmmr for QU(2(9 - k) = 3,2(9 — k) = 3,4k +2),
where k>0, g>1, g—k>1, gegg =9
for QI (g — k) — 6,4k +2),
where k >0, g>2, g—k>2, gegg=9—1.

[SJRS]

We shall need the following general Lemma in the proof of Corollary [l

Lemma 2.1. Consider a meromorphic quadratic differential ¢ with at most simple
poles on a Riemann surface C. We assume that q is not a global square of an
Abelian differential. Suppose that for some finite (possibly ramified) cover

P:C—C
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the induced quadratic differential P*q on C is a global square of an AbeliaZL differ-
ential. Then the cover P quotients through the canonical double cover p: C — C
c 5 c
NS

C
constructed in section (22I).

Proof. Let us puncture C' at all zeroes of odd orders and at all simple poles of g; let
us puncture C and C at all preimages of punctures on C'. If necessary, puncture C
at all remaining ramification points. The covers P and p restricted to the resulting
punctured surfaces become nonramified.

A non ramified cover f : X — Z is defined by the image of the group f.m(X) C
m1(Z). A cover f quotients through a cover g : Y — Z if and only if f.m(X) is a
subgroup of g.m(Y).

Consider the flat metric defined by the quadratic differential ¢ on C' punctured
at the conical singularities. Note that by definition of the cover p : C - C,
the subgroup p.m; (C’) coincides with the kernel of the corresponding holonomy
representation w1 (C) — Z/27.

The quadratic differential P*q induced on the covering surface S by a finite cover
P:C = C is a global square of an Abelian differential if and only if the holonomy
of the induced flat metric is trivial, or, equivalently, if and only if P, C is in the
kernel of the holonomy representation 71 (C') — Z/2Z. Thus, the Lemma is proved
for punctured surfaces.

It remains to note that the ramification points of the canonical double cover
p: C — C are exactly those, where ¢ has zeroes of odd degrees and simple poles.
Thus, the cover P: C — C necessarily has ramifications of even orders at all these
points, which completes the proof of the Lemma. (|

Proof of Corollary[3 Let S be a surface in a hyperelliptic connected component

QMP(my,...,my); let S be the underlying flat surface in the corresponding stratum
Q(di,...,d,) of meromorphic quadratic differentials with at most simple poles

on CP!. Denote by S and by S the corresponding flat surfaces obtained by the
canonical ramified covering construction described in in section (2.2)).
By Lemma 2.1 the diagram

$ S
Lo
gL 3
can be completed to a commutative diagram
(2.9) | |
gL 3.

By construction f intertwines the natural involutions on S and on S. Hence, we

-~

get an induced linear map f* : H'(S) — H'(S). Note that since S ~ CP', one



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 17

has H'(S) = H'(S). Note also that a holomorphic differential f*w in H0(S)
induced from a nonzero holomorphic differential w € H 170(5’ ) by the double cover f

is obviously nonzero. This implies that f* : H (§) — H'(S) is a monomorphism.
An elementary dimension count shows that for the three series of hyperelliptic
components listed in Corollary[3] the effective genera associated to the “orienting”

double covers S — S and to S — S coincide. Hence, for these three series of
hyperelliptic components the map f * is, actually, an isomorphism. This implies
that the Lyapunov spectrum A} > Ay > --- > )\g_cﬁ for Qhwp (mq,...,my) coincides
with the corresponding spectrum for Q(dy,...,d,).

The remaining part of the proof is completely analogous to the proof of Corol-
lary [l The relation between the orders of singularities of Q"7 (my, ..., ms) and of
the underlying stratum Q;(ds,...,d,) is described in [La2]. O

Let us use CorollaryBlto study the Lyapunov exponents of the vector bundle H
over invariant suborbifolds in the strata of holomorphic quadratic differentials in
small genera. We consider only those strata, Q(d, ..., d,), for which the quadratic
differentials do not correspond to global squares of Abelian differentials.

Recall that any holomorphic quadratic differential in genus one is a global square
of an Abelian differential, so Q(0) = @. Recall also, that in genus two the strata
Q(4) and Q(3,1) are empty, see [MSm]. The stratum Q(2,2) in genus two has
effective genus one, so A] = 1 and there are no further positive Lyapunov exponents
of H.

Corollary 4. For any regular PSL(2, R)-invariant suborbifold My in the stratum
01(2,1,1) of holomorphic quadratic differentials in genus two the second Lyapunov
exponent Ay is equal to 1/3.

For any regular PSL(2, R)-invariant suborbifold My in the stratum Q1(1,1,1,1)
of holomorphic quadratic differentials in genus two the sum of Lyapunov exponents
A; + A3 is equal to 2/3.

Proof. Each stratum coincides with its hyperelliptic connected component, so we
are in the situation of Corollary Bl Namely,

Q(2,1,1) = Q"r(2(2-0) —3,2(2—0) — 3,40 +2)
9(1,1,1,1) = Q"*(2(2-0) —3,2(2—-0) —3,2-0+ 1,20+ 1)..

O

In analogy with Corollary [l we can study the sum of the top gy exponents A;
for a general PSL(2, R)-invariant suborbifold in a hyperelliptic locus of a general
stratum of meromorphic quadratic differentials with at most simple poles. However,
in the most general situation we only get a lower bound for this sum.

Corollary 5. Suppose that M, is a regular PSL(2,R)-invariant suborbifold in a
hyperelliptic locus of some stratum of meromorphic quadratic differentials with at
most simple poles. Denote by gegr (M) the effective genus of My and by (di, . . ., d,)
the orders of singularities of the underlying quadratic differentials in the associated
PSL(2,R)-invariant suborbifold My in the stratum Qi (dy,...,dy) in genus 0.
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The top geﬁ'(./\;ll) Lyapunov exponents of the Hodge bundle H' over My along
the Teichmiller flow satisfy the following relation:

- ~ 1 1
. - . - . > .
(2.10) A M)+ A0 (M) = 7 > T
7 such that
dj is odd
where, as usual, we associate the order d; = —1 to simple poles.
If

29efr (M1) — 2 = number of odd entries in (dy,...,dn),
then the nonstrict inequality (210) becomnes an equality.

Proof. For a general ramified double cover S — S ~ CP! from diagram 9

the effective genera g (S) and g.g(S) associated to the “orienting” double covers
S — S and S — S might be different, geg(S) > gey(S). However, as we have
seen in the proof of Corollary B the induced map f* : H (S) — H'(S) is still a

monomorphism, and f* is an isomorphism if and only if geg (S) = gep ().

This implies that when we have a regular PSL(2, R)-invariant suborbifold M in
some stratum Qi(ds,...,dy,) of meromorphic quadratic differentials with at most
simple poles on CP', and an induced regular PSL(2, R)-invariant suborbifold M
in the associated hyperelliptic locus of the associated stratum Qq(my,...,mg), the
Hodge bundle H' (M) over M contains a PSL(2, R)-invariant subbundle f*H* (M)
of dimension 2g.g (M) with symmetric spectrum of Lyapunov exponents along the
Teichmiiller flow. Here by f we denote the natural projection f : M — M. Thus,
the sum of nonnegative Lyapunov exponents of the bundle H! (Ml) is greater
than or equal to the sum of nonnegative Lyapunov exponents of the subbundle
f*HL(M). Since f* is a monomorphism, the Lyapunov spectrum of f*H(M,)
and of H!(M;) coincide, and the latter sum is equal to the sum of nonnegative
Lyapunov exponents of H; (M), which is given by ([Z3J]):

_ _ 1 1

AL M)+ A (M) = 1 Z i3
7 such that J
d; is odd

When geg(My) = gegr(Mi) we get H- (M) = f*H' (M) and a nonstrict in-
equality (210) becomes an equality. It remains to apply (2.5 to compute the the
effective genus gegy(Mi):

2ger (M) —2 =295 (Q(dn, . ..,dn)) — 2 = number of odd entries in (di,...,d,)
which completes the proof of Corollary Bl O

2.4. Positivity of several leading exponents.

Corollary 6. For any reqular SL(2,R)-invariant suborbifold in in any stratum of
Abelian differentials in genus g > 7 the Lyapunov exponents Ao > --- > X are
- ” — |g=Dg
strictly positive, where k = [W} + 1.
For any regular SL(2, R)-invariant suborbifold in the principal stratum H,(1...1)
of Abelian differentials in genus g > 5 the Lyapunov exponents Ay > --- > A, are

strictly positive, where k = [%] + 1.
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Currently we do not have much information on how sharp the above estimates
are. The paper [Ma] contains an explicit computation showing that certain infinite
family of arithmetic Teichmiiller curves related to cyclic covers studied in [MaY]
has approximately ¢/3 positive Lyapunov exponents, where the genus g of the
corresponding square-tiled surfaces tends to infinity. Another family of SL(2,R)-
invariant submanifolds (also related to cyclic covers) seem to have approximately
g/4 positive Lyapunov exponents, where the genus ¢ tends to infinity, see [AvMaY2].
Finally, numerical experiments of C. Matheus seem to indicate that for certain
rather special square-tiled surfaces constructed in [MaYZm]| the contribution of the
Siegel-Veech constant to the formula ([21) for the sum of the Lyapunov exponents
for the corresponding arithmetic Teichmiiller curve might be very small compared
to the combinatorial term.

Proof. Consider the formula (ZI]). Since ¢ureq > 0, and 1 =X1 > Ao > A3 > ..., we
get at least k4 1 positive Lyapunov exponents A1, ..., A; as soon as the expression

(2.11) - animi(mi )

is greater than or equal to k, where k is a strictly positive integer. (Here the strict
inequality A1 > Ag is the result of Forni [Fol].) It remains to evaluate the minimum
of expression ([Z.I1)) over all partitions of 2g — 2 and notice that it is achieved on
the “smallest” partition (2g — 2) composed of a single element. For this partition

the sum (ZI1) equals
1 1 -1
1 (gy 1o _lo-Dg
12 29— 1 693

This proves the first part of the statement.
The consideration for the principal stratum is completely analogous, except that
this time the above sum equals (g — 1)/4. O

Problem 1. Are there any examples of regular SL(2,R)-invariant suborbifolds
My in the strata of Abelian differentials in genera g > 2 different from the two
arithmetic Teichmiller curves found by G. Forni in [Fo2] and by G. Forni and
C. Matheus [FoMa], [FoMaZl| with a completely degenerate Lyapunov spectrum
A== =07?

By Corollary[flsuch example might exist only in certain strata in genera from 3 to
6. After completion of work on this paper, it was proved by D. Aulicino [Au2] that
any such an example must be a Teichmiiller curve. By the result of M. Moller [M62],
Teichmiiller curves with such a property might exist only in several strata in genus
five.

Corollary 7. For any regular PSL(2,R)-invariant suborbifold in any stratum of
holomorphic quadratic differentials in genus g > 7 the Lyapunov exponents )\QL >
s > )\: and the Lyapunov exponents Ay, > --- > A\ are strictly positive, where

_ [
h= ] 41

For any regular PSL(2, R)-invariant suborbifold in the principal stratum of holo-
morphic quadratic differentials in genus g > 5 the Lyapunov exponents )\;’ > >

)\: are strictly positive, where k = [%] +1.
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For any regular PSL(2, R)-invariant suborbifold in the principal stratum of holo-
morphic quadratic differentials in genus g = 2 the Lyapunov exponent A5 is strictly
positive. For any regular PSL(2, R)-invariant suborbifold in the principal stratum
of holomorphic quadratic differentials in genus g > 3 the Lyapunov exponents

Ay > 2> N are strictly positive, where | = [%&;1)} +1

Proof. This time we use formulae [23) and (Z4). Note that since the quadratic
differentials under consideration are holomorphic, we have d; > 1 for any j. Note
also, that it follows from the result of Forni [FoI] that A7 > A; and that A; >

)\fL. Finally, by elementary geometric reasons one has A; = 1. For genus two
we use Corollary @ The rest of the proof is completely analogous to the proof of
Corollary 6l O

Problem 2. Are there any examples of reqular PSL(2, R)-invariant suborbifolds
My in the strata of meromorphic quadratic differentials in genera geg > 2 different
from the Teichmailler curves of square-tiled cyclic covers listed in [FoMaZl| having
completely degenerate Lyapunov spectrum Ay = -+ = )\g:ﬁ =0 for the bundle H! ?

Note that under the additional restriction that the corresponding quadratic dif-
ferentials are holomorphic Corollary [7 limits the genus of possible examples for
Problem [2] to several possible values only.

When the work on this paper was completed, C. Matheus indicated to us that the
formula (Z4) implies a strong restriction on the strata of meromorphic quadratic
differentials which might a priori contain invariant submanifolds with completely
degenerate A\~ -spectrum. Namely, since the A*-exponents in (2Z.4) are nonnegative,
the A\™-spectrum may not be completely degenerate as soon as the ambient stratum
Q(dy,...,d,) satisfies

>
b)
7 such that dJ +2
d; is odd

say, when quadratic differentials contain at least four poles, and the stratum is
different from Q(—1%).

Problem 3. Are there any examples of reqular PSL(2, R)-invariant suborbifolds
My in the strata of meromorphic quadratic differentials in genera g > 2 different
from the Teichmiller curves of square-tiled cyclic covers listed in [FoMaZll| having
completely degenerate Lyapunov spectrum \| = --- = /\;r =0 for the bundle H} ?

Note that formula (23] implies that Problem [l does not admit solutions for the
PSL(2, R)-invariant suborbifolds in the strata of holomorphic quadratic differen-
tials.

After completion of the work on this paper J. Grivaux and P. Hubert found a
geometric reason for the vanishing of all AT-exponents in examples from [FoMaZ1]
and constructed further examples of the same type with completely degenerate
AT-spectrum, see [GriHt2]. We do not know whether their construction covers all
possible situations when the AT-spectrum is completely degenerate.

2.5. Siegel-Veech constants: values for certain invariant suborbifolds.
We compute numerical values of the Siegel-Veech constant for some specific regu-
lar SL(2, R)-invariant suborbifolds in section [[0] We consider the largest possible
and the smallest possible cases, namely, we consider connected components of the
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strata and Teichmiiller discs of arithmetic Veech surfaces. In the current section
we formulate the corresponding statements; the proofs are presented in section

2.5.1. Arithmetic Teichmiiller discs. Consider a connected square-tiled surface .S in
some stratum of Abelian or quadratic differentials. For every square-tiled surface .S;
in its SL(2,Z)-orbit (correspondingly PSL(2, Z)-orbit) consider the decomposition
of S; into maximal cylinders cyl;; filled with closed regular horizontal geodesics.
For each cylinder cyl;; let w;; be the length of the corresponding closed horizontal
geodesic and let h;; be the height of the cylinder cyl,;. Let card(SL(2,Z) - S)
(correspondingly card(PSL(2,Z) - S)) be the cardinality of the orbit.

Theorem 4. For any connected square-tiled surface S in a stratum H(my, ..., my)
of Abelian differentials, the Siegel-Veech constant cqreq(M1) of the SL(2,R)-orbit
My of the normalized surface Sy € Hi(ma, ..., my) has the following value:

3 1 hys
2.12 area = 5 ],
212)  carealM) = 5 ORI R Z) - 9) 2 > wi;

S;€SL(2,Z2)-S horizontal
cylinders cyl;;
such that
Si=Ucyl;;

For a square-tiled surface S in a stratum of meromorphic quadratic differentials
with at most simple poles the analogous formula is obtained by replacing SL(2,7Z)
with PSL(2,7Z).

Theorem [ is proved in section

Corollary 8. a) Let My be an arithmetic Teichmiiller disc defined by a square-
tiled surface Sy of genus g in some stratum Hi(my, ..., my,) of Abelian differentials.
The top g Lyapunov exponents of the of the Hodge bundle H' over My along the
Teichmiiller flow satisfy the following relation:

(2.13) AL+ —l—)\ =

1 & mz(ml—|—2) 1 hi;
T 12 Z m; card(SL(2,Z)-SO) Z Z a

_ : Wi j
i=1 S; €SL(2,Z2)-So horizontal
cylinders cyl,;
such that
Si=Ucyl,;

b) Let My be an arithmetic Teichmiiller disc defined by a square-tiled surface Sy
of genus g in some stratum Qi(dy,...,dy) of meromorphic quadratic differentials
with at most simple poles. The top g Lyapunov exponents of the of the Hodge bundle
H_}_ over My along the Teichmiiller flow satisfy the following relation:

(214) M +---+ A =
1

R 1 > > oo
24 i=1 d +2 card(PSL(2,Z) SO) S, €PSL(2,Z)-S horizontal Wij '
’ ’ © cylinders cyl,;
such that
Sizucylij

Remark. Combining equation (2Z.T4]) from statement b) of the Corollary above with
equation (Z4]) from Theorem 2.3 we immediately obtain a formula for the sum of
the Lyapunov exponents A} + -+ A ﬁ of the corresponding Teichmiiller disc.
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F1GURE 1. Eierlegende Wollmilchsau

To illustrate how the above statement works, let us consider a concrete example.
The following square-tiled surface is SL(2, Z)-invariant. It belongs to the principal
stratum H(1,1,1,1) in genus g = 3.

Hence, the sum of the Lyapunov exponents for the corresponding Teichmiiller
disc equals

1 G11+2) 11 1 11
1+X+ A3 = —- —_—t |-+ = =+ =1
R 12; T+1 1\171 573
This implies that Ao = A3 = 0. (This result was first proved by G. Forni in [Fo2],
who used symmetry arguments. See also Problem [I] and the discussion after it.)

2.5.2. Connected components of the strata. Let us come back to generic flat surfaces
S in the strata. Consider a maximal cylinder cyl; in a flat surface S. Such a cylinder
is filled with parallel closed regular geodesics. Denote one of these geodesics by ;.
Sometimes it is possible to find a regular closed geodesic 2 on S parallel to 1,
having the same length as 1, but living outside of the cylinder cyl,. It is proved
in [EMZ] that for almost any flat surface in any stratum of Abelian differentials this
implies that vo is homologous to v;. Consider a maximal cylinder cyl, containing
2 filled with closed regular geodesics parallel to v2. Now look for closed regular
geodesics parallel to v; and to 72 and having the same length as +; and 7 but
located outside of the maximal cylinders cyl; and cyl,, etc. The resulting maximal
decomposition of the surface is encoded by a configuration C of homologous closed
reqular geodesics (see [EMZ] for details).

One can consider a counting problem for any individual configuration C. Denote
by N¢ (S, L) the number of collections of homologous saddle connections on S of
length at most L forming the given configuration C. By the general results of
A. Eskin and H. Masur [EM] almost all flat surfaces in H{*""(my, ..., m,) share
the same quadratic asymptotics

Ne (Sv L)

(2.15) fm e s

where the Siegel—Veech constant cc depends only on the chosen connected com-
ponent of the stratum.

Theorem (Vorobets). For any connected component of any stratum of Abelian
differentials the Siegel-Veech constants cqreq and cc are related as follows:

1 -
2.16 area — 7. : : .
(2.16) ¢ dime H(ma,...,my) — 1 Zq Z e

q=1 Configurations C
containing exactly
q cylinders
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The above Theorem is proved in [Vb]. As an immediate corollary of Theorem [Tl
and the above theorem we get the following statement:

Theorem 1'. For any connected component of any stratum H(mq,...,my,) of
Abelian differentials the sum of the top g Lyapunov exponents induced by the Te-
ichmiiller flow on the Hodge vector bundle Hy satisfies the following relation:

(217) A4+ Ay =

1 n ml(ml+2) 2 ;
o EZ m; + 1 + 3dimC’H(m1,...,mn)—3. a4 Z c

Admissible
configurations C
containing exactly
q cylinders

Q
|
—_

N
Il

-
=)
Il

-

where cc are the Siegel-Veech constant of the corresponding connected component
of the stratum H(ma, ..., my,).

The Siegel-Veech constants cc were computed in [EMZ]. Here we present an
outline of the corresponding formulae.

A “configuration” C can be viewed as a combinatorial way to represent a flat
surface as a collection of ¢ flat surfaces of smaller genera joined cyclically by nar-
row flat cylinders. Thus, the configuration represented schematically on the right
picture in Figure [2]is admissible, while the configuration on the left picture is not.

/The cycles are NOT homologous \ Q

FIGURE 2. Topological pictures for admissible (on the right) and
non-admissible (on the left) configurations of cylinders.

Denote by H5(C) the subset of flat surfaces in the stratum H(my, ..., m,) having
a maximal collection of narrow cylinders of width at most € forming a configuration
C. Here “maximal” means that the narrow cylinders in the configuration C do not
make part of a larger configuration C’.

Contracting the waist curves of the cylinders completely and removing them we
get a collection of disjoint closed flat surfaces of genera g1, ..., gq. By construction
g1+ +9gq =g — 1. Denote by H"P(f}) the ambient stratum (more precisely,
its connected component) for the resulting flat surfaces. Denote by H{*"?(3) the
ambient stratum (more precisely, its connected component) for the initial surface.
According to [EMZ]| the Siegel-Veech constant c¢ can be expressed as
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(2.18) . 1 Vol H5(C) B
: cc = e Vol H{""P(dy, ... dy)

[1_, Vol H1(8})
Vol H7P ()

= (explicit combinatorial factor) -

Thus, the Theorem above allows to compute the exact numerical values of ¢greq
for all connected components of all strata (at least in small genera, where we know
numerical values of volumes of connected components of the strata). The resulting
explicit numerical values of the sums of Lyapunov exponents for all strata in low
genera are presented in Appendix [Al

By the results of A. Eskin and A. Okounkov [EQ], the volume of any connected
component of any stratum of Abelian differentials is a rational multiple of 729.
Thus, relations (ZI7) and (ZI8) imply rationality of the sum of Lyapunov expo-
nents for any connected component of any stratum of Abelian differentials.

3. OUTLINE OF PROOFS

To simplify the exposition of the proof, we have isolated its most technical frag-
ments. In the current section we present complete proofs of all statements of sec-
tion 2 which are however, based on Theorems [BHI] stated below. These Theorems
will be proved separately in corresponding sections [Bl-[B

In section we describe in more detail the Siegel-Veech constant cgreq; in
particular we explicitly evaluate it for arithmetic Teichmiller discs, thus, proving
Theorem @l

In Appendix [A] we present the exact values of the sums of the Lyapunov ex-
ponents and conjectural approximate values of individual Lyapunov exponents for
connected components of the strata of Abelian differentials in small genera. In Ap-
pendix [B] we present an alternative combinatorial approach to square-tiled surfaces
and to the construction of the corresponding arithmetic Teichmiiller curves. We
apply it to discuss the non-varying phenomenon of their Siegel-Veech constants in
the strata of small genera.

3.1. Teichmiiller discs. We have seen in section [[.2] that each “unit hyperboloid”
Hi(ma,...,my,) and Q1(d1,...,d,) is foliated by the orbits of the group SL(2,R)
and PSL(2,R) correspondingly. Recall that the quotient of these groups by the
subgroups of rotations is canonically isomorphic to the hyperbolic plane:

SL(2,R)/SO(2,R) ~ PSL(2,R)/PSO(2,R) ~ H?.

Thus, the projectivizations PH(my,...,m,) and PQ(dy, ..., d,) are foliated by hy-
perbolic discs H2. In other words, every SL(2, R)-orbit in H(m,...,m,) descends
to a commutative diagram

SL(2,R) — H(mi,...,my)

| !

SL(2,R)/SO(2,R) ~ H? —— PH(m1,...,my),
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and similarly, every PSL(2,R)-orbit in the stratum of quadratic differentials de-
scends to a commutative diagram

PSL(2,R) — Q(my,...,my)

! !

PSL(2,R)/PSO(2,R) ~ H? —— PQ(my,...,m,).
The composition of each of the immersions
H? C PH(m4,...,m,) and H? C PQ(d,,...,d,)

with the projections to the moduli space of curves M, defines an immersion H? C
My, The latter immersion is an isometry for the hyperbolic metric of curvature
—1 on H? and the Teichmiiller metric on M,. The images of hyperbolic planes
in M, are also called Teichmiiller discs. Following C. McMullen one can consider
them as “complex geodesics” in the Teichmiiller metric. The images of the diagonal
subgroup in SL(2,R) are represented by geodesic lines in the hyperbolic plane;
their projections to the Teichmiiller discs in M, might be viewed as geodesics in
the Teichmiiller metric.

It would be convenient to consider throughout this paper the hyperbolic metric
of constant curvature —4 on H?. Under this choice of the curvature, the parameter
t of the one-parameter subgroup represented by the matrices

et 0
Gr = (O et>

corresponds to the natural parameter of geodesics on the hyperbolic plane H?. In
the standard coordinate ( = x + iy on the upper half-plane model of the hyperbolic
plane y > 0, the metric of constant curvature —4 has the form

|d¢[? dx® +dy?
4Im?¢ 42
The Laplacian of this metric in coordinate ¢ = x + ¢y has the form
0? 0? 0?
Aqeicn = 16Im° ¢ —— =4y* [ == + =
Teich mC Sear — W ((9902 + 8y2)

In the Poincaré model of the hyperbolic plane, |w| < 1, the hyperbolic metric of
constant curvature —4 has the form

Ghyp =

|dw]|?
(1 —[w]?)®
In the next section we will also use polar coordinates w = re'® in the Poincaré
model of the hyperbolic plane. Here
(3.1) r =tanht,

where ¢ is the distance from the point to the origin in the metric of curvature —4.
The coordinates ¢, 6 will be called hyperbolic polar coordinates.

Ghyp =

Example 3.1. The moduli space M; of curves of genus one is isomorphic to the
projectivized space of flat tori PH(0); it is represented by a single Teichmiiller disc

(32) SO(2,R)\ SL(2’R>/SL(2,Z) = HZ/SL(2,Z)
(see Figure B).
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neighborhood jp—
of a cusp

L oV

FIGURE 3. Space of flat tori

Geometrically one can interpret the local coordinate ¢ on this Teichmiiller disc
as follows. Consider a pair (C,w), where C' is a Riemann surface of genus one, and
w is a holomorphic one-form on it. By convention C is endowed with a marked
point. Choose the shortest flat geodesic v; passing through the marked point and
the next after the shortest, 7o, also passing through the marked point. Under an
appropriate choice of orientation of the geodesics vy; and -, they represent a pair
of independent integer cycles such that 3 o 72 = 1. Consider the corresponding

periods of w,
A= w B ::/ w.
71 72

It is easy to see that the canonical coordinate ¢ on the modular surface ([B:2)) can
be represented in terms of the periods A and B as:

B
(==

3.2. Lyapunov exponents and curvature of the determinant bundle. The
following observation of M. Kontsevich, see [K], might be considered as the start-
ing point of the entire construction. Consider a flat surface S in some stratum

Hi(ma,...,my,) of Abelian differentials and consider a Teichmiiller disc passing
through the projection of the “point” S to the corresponding projectivized stratum
PH(m1,...,m,). Recall that any Teichmiiller disc is endowed with a canonical hy-

perbolic metric. Take a circle of a small radius € in the Teichmiiller disc centered at
S. Consider a Lagrangian subspace of the fiber H'(S,R) of the the Hodge bundle
over S and a basis vy, ..., v4 init. Apply a parallel transport of the vectors vy, ..., vq4
to every point of the circle. The vectors do not change, but their Hodge norm does.
Evaluate an average of the logarithm of the Hodge norm |[v1 A -+ A vg|g.ry s OVer
the circle and subtract the Hodge norm ||v1 A --- A vglls at the initial point. The
starting observation in [K] claims that the result does not depend on the choice of
the basis v1,...,v4, and not even on the Lagrangian subspace L but only on the
initial point S. For the sake of completeness, we present the arguments here.

We start with a convenient expression for the Hodge norm of a polyvector
v A -+ A vy spanning a Lagrangian subspace in H'(S,R). Note that the vector
space H'(S,R) is endowed with a canonical integer lattice H'(S,Z), which defines
a canonical linear volume element on H!(S,R): the volume of the fundamental



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 27

domain of the integer lattice with respect to this volume element is equal to one.
In other words, we have a map

Q:AYH'(S,R) = R/+
given by
Q()\) = )\(Cl, RN ng),
where A € A29H'(S,R), and {c1,...,ca,} is any Z-basis for Hq(S,Z). This map
naturally extends to a linear map:
Q:A9HY(S,C) - C/+ .

Let L = v1 A --- A vg, where vectors v1,...,v, span a Lagrangian subspace in
H'(S,R). Let wi,...,w, form a basis in H"(S). We define

(3.3)

IL|2 = [Qvi A AvgAwr A Awg)| - [Qur A Avg Adop A+ A@g)]

[Qwi A Awg Aot A+ A@y)

For vectors vy, ..., v4 spanning a Lagrangian subspace, the norm defined above coin-
cides with the Hodge norm as in section[[3and is thus non-degenerate (see [GriHt1]
where this important issue is clarified). Clearly, this definition does not depend on
a choice of the basis in H1°(S). Note that

Qi A Awg Awp A -+ Awg) = det{w;, wj)
where

(wi,w1) ... (w1,wy)
(34) (wi,wj> =
(wg,w1) ... {wg,wg)
is the matrix of pairwise Hermitian scalar products (ILI)) of elements of the basis
in H10(S).

Proposition 3.1. ([K]) For any flat surface S, any L = vi A ...vg, where the
vectors v1,...v, span a Lagrangian subspace of H'(S,R), and for any basis {wy}
of local holomorphic sections of the Hodge vector bundle H'? over the ambient
stratum, the following identity holds:

1
Aqeicn log||L|| = _§ATeich log | det(w;, wj)|
where Ageien 18 the hyperbolic Laplacian along the Teichmdller disc.

Proof. Applying the hyperbolic Laplacian to the expression ([B.3]) we get

1 1
A reien log ||L|| = §ATeich log ||L||* = E(ATeich log |Q(viA- - -AvgAwi A+ -Awyg)| +
+ Ageienlog | Qi A Avg ABy A+ Ag)| — ATeichlog|det<wi,wj>|>

Note that vi,...,v4 do not change along the Teichmiiller disc, so the function
Q1A AvgAwi A- - - Awyg) is a holomorphic function of the deformation parameter,
and Q(v1 A---Avg A1 A~ Adg) is an antiholomorphic one. Hence both functions
are harmonic. The Lemma is proved. (|
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Denote
1
(35) A(S) = _ZATEiCh logldet<wluw]>| )

where A ecn is the hyperbolic Laplacian along the Teichmiiller disc in the metric
of constant negative curvature —4.

Remark. Note that one fourth of the hyperbolic Laplacian in curvature —4, as in
definition (B3], coincides with the plain hyperbolic Laplacian in curvature —1.

The function A(S) is initially defined on the projectivized strata PH(myq, ..., my)
and PQ(dy,...,d,). Sometimes it would be convenient to pull it back to the cor-
responding strata H(ma,...,my) and Q(ds, ..., d,) by means of the natural pro-
jection. As we already mentioned, A(S) does not depend on a choice of a basis of
Abelian differentials.

One can recognize in A(S) the curvature of the determinant line bundle A9 H 0.
This relation is of crucial importance for us; it will be explored in sections
and in section 3.7

Remark. The function A(S) defined by equation (B3] coincides with the function

Dy(q,Ly) = Mi(g) + -+ Ag(9)

introduced in formula (5.9) in [Fol]; see also an alternative geometric definition
in [FoMaZ2]. In particular, it is proved in [Fol] that A(S) is everywhere nonnega-
tive. (A similar statement in terms of the curvature of the determinant line bundle
is familiar to algebraic geometers.)

The next argument follows G. Forni [Foll; see also the survey of R. Kriko-
rian [Kn|. In the original paper of M. Kontsevich [K] an equivalent statement was
formulated for connected components of the strata; it was proved by G. Forni [Fol]
that it is valid for any regular invariant suborbifold.

Following G. Forni we start with a formula from harmonic analysis (literally cor-
responding to Lemma 3.1 in [Fol]). Consider the Poincaré model of the hyperbolic
plane H? of constant curvature —4; let t,6 be hyperbolic polar coordinates (B.1]).
Denote by D; a disc of radius ¢ in the hyperbolic metric, and by |D;| denote its
area.

Lemma. For any smooth function L on the hyperbolic plane of constant curvature
—4 one has the following identity:

3.6) 11/%Lt9d9—1t ()~ [ ApaaLd
( . 27T8t ) ( s ) = 5 an |Dt| b, Teich Ghyp

To prove the key Background Theorem below we need a couple of preparatory
statements.

Lemma (Forni). For any flat surface S in any stratum in any genus the derivative
of the Hodge norm admits the following uniform bound:

dl
|0zl |
c€H'(S,R)such dt

that ||c||=1

and the function A(S) defined in B3) satisfies:
(3.7) IAS)<g-



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 29

Proof. The statement of the Lemma is an immediate corollary of variational for-
mulas from Lemma 2.1" in [Fol]; basically, it is proved in Corollary 2.2 in [Fol| (in
a stronger form). O

As an immediate Corollary we obtain the following universal bound:

Corollary. For any flat surface S in any stratum in any genus, the logarithmic
derivative of the induced Hodge norm on the exterior power AI(H'(S,R)) admits
the following uniform bound:

(3.8) max
LeAI(H'(S,R))
L#0

dlog ILI| _
dt -
Now everything is ready to prove the Proposition below, which is the starting
point of the current work.

Background Theorem (M. Kontsevich; G. Forni). Let M; be any closed con-
nected regular SL(2,R)-invariant suborbifold of some stratum of Abelian differen-
tials in genus g. The top g Lyapunov exponents of the Hodge bundle H' over M,
along the Teichmiiller flow satisfy the following relation:

(3.9) )\1+-~-+/\g:/ A(S) dvi(S) .
My

Let M1 be any closed connected regular PSL(2, R)-invariant suborbifold of some
stratum of meromorphic quadratic differentials with at most simple poles in genus
g. The top g Lyapunov exponents of the Hodge bundle H}r over M along the
Teichmaller flow satisfy the following relation:

(3.10) A 4+ A= A(S) diy(S) .

My
Proof. We prove the first part of the statement; the proof of the second part is
completely analogous.

Consider the bundle Gr (M) of Lagrangian Grassmannians Gr ,(R?9) associated
to the Hodge vector bundle Hg over M;. A fiber of this bundle over a “point”
S € M can be naturally identified with the set of of Lagrangian subspaces of
HY(S,R).

Note also that the sum of the top k Lyapunov exponents of a vector bundle is
equal to the top Lyapunov exponent of its k-th exterior power. Denote by dog the
normalized Haar measure in the fiber of the Lagrangian Grassmannian bundle over
a point S € Mj. By the Oseledets multiplicative ergodic theorem for (14 X o)-
almost all pairs (S, L) where S € My, and L € Gry (H'(S,R)) one has

. 1
A+ F /\g = Tgr}rloo T 1og ||L(gtS)H .

(Here we use the simple fact that for vi-almost every flat surface o-almost every
Lagrangian subspace is Oseledets-generic.)
Using the identity

T
d
oz | LaS)| = | 4108 |1 L(ais) |

we average the right hand side of the above formula along the total space of the
Grassmanian bundle obtaining the first equality below. Then we apply an extra
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averaging over the circle, and, using the uniform bound (B3] we interchange the
limit with the integral over the circle. Thus, we establish a further equality with
the expression in the second line below. We apply Green formula (B.6) to the inner
expression in the second line thus establishing an equality with the expression in
the third line. Then we apply Proposition [3.1] to pass to the expression in line four
below. We pass to the expression in line five applying definition ([33]). (Note that

anh(t) . line § s transh 4t tanh(t)
31Dy] in line four gets transformed to Dy
from the denominator of the first fraction is incorporated in A(S).) Finally, to pass
to the left-hand side expression in the bottom line, we use the uniform bound (37)
to change the order of integration. The very last equality is an elementary property
of tanh(¢). As a result we obtain the following sequence of equalities:

the fraction in line five; the factor 2

1 ("d
A e Ay = li = log ||L(g:S)|| dt dvy d =
= [ (Ml)TﬁwT @ tog 1L(0eS))| dt dv dos

2w
= l L(g¢reS)||dO dt dvy d =

. tanh(t
= /g o~ )TEIEOOT/O 2D / A teicn log || L(gireS)||dghyp dt dvy dos =
Tg 1

) 1 (7 tanh(t)
- /Ml Az S /Dt‘iATeichlog'de“‘*’i’“ﬁ'dghw didvy =

1 (7 tanh(t)
= li = A(S)d dtdv, =
/M1 BT Sy D, M) e i

.17 7
_ /Ml A(S)dy1~<T1_1>1£OOT /0 tanh(t)dt) _ /MlA(S)dul(S)

The Proposition is proved. O

This result was developed by G. Forni in [Fol]. In particular, he defined a
collection of very interesting submanifolds, called determinant locus. The way in
which the initial invariant suborbifold M intersects with the determinant locus
is responsible for degeneration of the spectrum of Lyapunov exponents, see [Foll,
[Fo2], [FoMaZl], [FoMaZ2]. However, these beautiful geometric results of G. Forni
are beyond the scope of this paper, as well as further results of G. Forni [Fol,
and of A. Avila and M. Viana [AvVi| on simplicity of the spectrum of Lyapunov
exponents for connected components of the strata of Abelian differentials.

3.3. Sum of Lyapunov exponents for a Teichmiiller curve. For the sake of
completeness we consider an application of formula (8:9) to Teichmiiller curves.
Let C be a smooth possibly non-compact complex algebraic curve. We recall
that a variation of real polarized Hodge structures of weight 1 on C is given by a
real symplectic vector bundle &g with a flat connection V preserving the symplectic
form, such that every fiber of £ carries a Hermitian structure compatible with the
symplectic form, and such that the corresponding complex Lagrangian subbundle
L0 of the complexification & = Er ® C is holomorphic. The variation is called
tame if all eigenvalues of the monodromy around cusps lie on the unit circle, and
the subbundle £%Y is meromorphic at cusps. For example, the Hodge bundle of
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any algebraic family of smooth compact curves over C (or an orthogonal direct
summand of it) is a tame variation.

Similarly, a variation of complex polarized Hodge structures of weight 1 is given
by a complex vector bundle & of rank p + ¢ (where p, ¢ are nonnegative integers)
endowed with a flat connection V, by a covariantly constant pseudo-Hermitian
form of signature (p, q), and by a holomorphic subbundle £1:0 of rank p, such that
the restriction of the form to it is strictly positive. The condition of tameness is
completely parallel to the real case.

Any real variation of rank 2r gives a complex one of signature (r, ) by the com-
plexification. Conversely, one can associate with any complex variation (¢, V, £1:0)
of signature (p, q) a real variation of rank 2(p + ¢), whose underlying local system
of real symplectic vector spaces is obtained from &¢ by forgetting the complex
structure.

Let us assume that the variation of complex polarized Hodge structures of weight
1 has a unipotent monodromy around cusps. Then the bundle £:° admits a canon-
ical extension £1-0 to the natural compactification C. It can be described as follows:
consider first an extension & of & to C as a holomorphic vector bundle in such a
way that the connection V will have only first order poles at cusps, and the residue
operator at any cusp is nilpotent (it is called the Deligne extension). Then the
holomorphic subbundle £° c &c extends uniquely as a subbundle EL0 ¢ 5_C to
the cusps.

Let (Egr,V,EMY) be a tame variation of polarized real Hodge structures of rank
2r on a curve C with negative Euler characteristic. For example, C could be an
unramified cover of a general arithmetic Teichmiiller curve, and &€ could be a sub-
bundle of the Hodge bundle which is simultaneously invariant under the Hodge star
operator and under the monodromy.

Using the canonical complete hyperbolic metric on C one can define the geodesic

flow on C and the corresponding Lyapunov exponents Ay > --- > g for the
flat bundle (&g, V), satisfying the usual symmetry property Aoji1—; = —X;, © =
1 .

The holomorphic vector bundle £:° carries a Hermitian form, hence its top
exterior power A" (E10) is a holomorphic line bundle also endowed with a Hermitian
metric. Let us denote by © the curvature (1,1)-form on C corresponding to this
metric. Then we have the following general result:

Theorem. Under the above assumptions, the sum of the top r Lyapunov exponents
of V' with respect to the geodesic flow satisfies

7Jc®
3.11 M4 d A =—12C"
( ) 1t 2Ge — 2+ s¢
where we denote by Ge¢ — the genus of C, and by s¢c — the number of hyperbolic
cusps on C.

Note that the genus G¢ of the Teichmiiller curve C has no relation to the genus
g of the flat surface S.

Formula (311) was first formulated by M. Kontsevich (in a slightly different
form) in [K] and then proved rigorously by G. Forni [Fol].

Proof. We prove the above formula for &g := Hg; the proof in general situation is
completely analogous.
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By formula (39) one has

1
MA- A = » A(S)dri(S) = M/CA(S) dghyp (S)

where Area(C) =
curvature —4.

Let ¢ be the natural complex coordinate in the hyperbolic plane; let 9 = 9/9¢.
The latter integral can be expressed as

(2G¢ — 2 + s¢) is the area of C in the hyperbolic metric of

0| 3

1
/C A(S) dgryp(8) = — /C A reicn log | det(wi, wj)| dgnyy (S) =
1 [ ; i
- ——/48810g|det<wi,wj>|EdC/\dC -
1), 2

- 3/—26510g|det<wi,wj>|%dgAdg’ - 1/®(A9H1’0)
2 C 2 C

where ©(AYH!?) is the curvature form of the determinant line bundle. Dividing
the latter expression by the expression for the Area(C) found above we complete
the proof. (I

Note that a similar result holds also for complex tame variations of polarized
Hodge structures. Namely, for a variation of signature (p, ¢) one has p+¢ Lyapunov
exponents

At 2"'2)‘p+q'

Let r := min(p,q). Then, it is easy to verify that we again have the symmetry
Aptg+i—i = =i, t =1,...,p+ ¢, and that when p # ¢ we have an additional rela-
tion A\pp1 =+ = Apyq—r = 0 (see [FoMaZ3]). The collection (with multiplicities)

{A1,..., A} will be called the non-negative part of the Lyapunov spectrum. We
claim that the sum of non-negative exponents A\; + --- + A, is again given by the
formula (B.IT).

The proof follows from the simple observation that one can pass from a complex
variation to a real one by taking the underlying real local system. Both the sum
of non-negative exponents and the integral of the curvature form are multiplied by
two under this procedure.

The denominator in the above formula is equal to minus the Euler characteristic
of C, i.e. to the area of C up to a universal factor 2. The numerator also admits
an algebro-geometric interpretation for variations of real Hodge structures arising
as direct summands of Hodge bundles for algebraic families of curves. Note that
the form 5=© represents the first Chern class of 0. Let us assume that the
monodromy of (£, V) around any cusp is unipotent (this can be achieved by passing
to a finite unramified cover of C). Then one has the following identity (see e.g.
Proposition 3.4 in [P€]):

L / O =2degE10.
TJc
In general, without the assumption on unipotency, we obtain that the integral above
is a rational number, which can be interpreted as an orbifold degree in the following
way. Namely, consider an unramified Galois cover C’ — C such that the pullback of
(€,V) has a unipotent monodromy. Then the compactified curve C is a quotient of
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C’ by a finite group action, and hence is endowed with a natural orbifold structure.
Moreover, the holomorphic Hodge bundle on C’ will descend to an orbifold bundle
on C. Then the integral of %@ over C is equal to the orbifold degree of this bundle.

The choice of the orbifold structure on C is in a sense arbitrary, as we can choose
the cover C' — C in different ways. The resulting orbifold degree does not depend
on this choice. The corresponding algebro-geometric formula for the denominator
given as an orbifold degree, is due to I. Bouw and M. Moller in [BwMd).

In the next sections we compute the integral in the right-hand side of (39, that
is, we compute the average curvature of the determinant bundle. Our principal
tool is the analytic Riemann—Roch Theorem (Theorem [6 below) combined with the
study of the determinant of the Laplacian of a flat metric near the boundary of the
moduli space. The next section 3.4 is used to motivate Theorem B} readers with a
purely analytic background may wish to proceed directly to section

3.4. Riemann—Roch—Hirzebruch—Grothendieck Theorem. Let 7 : C — B
be a complex analytic family of smooth projective algebraic curves, endowed with n
holomorphic sections sy, ..., s,, and multiplicities m; > 0. We assume that for any
x € B points s;(z), i = 1,...,n, in the fiber C, := 7~ !(x) are pairwise distinct.
Denote by D;, i = 1,...,n the irreducible divisor in C' given by the image of s;.
Moreover, we assume that a complex line bundle £ on B is given, together with a
holomorphic identification

Tg}/B ~1"L® Oc <ZmiDi> .

In plain terms it means that any nonzero vector [ in the fiber £, of £ at x € B
gives a holomorphic one form «a; on C, with zeroes of multiplicities m; at points

Let us apply the standard Riemann—Roch—Hirzebruch—Grothendieck theorem to
the trivial line bundle & := O¢:

ch(Rm.(£)) = m. (ch(E)td(Te/5)) € H"(B; Q)
and look at the term in H?(B;Q). The left-hand side is equal to
a(H)
where H is the holomorphic vector bundle on B with the fiber at € B given by
Ha :=T(Cr, Q0,) |
(that is the Hodge bundle H?.) The reason is that the class of Rm.(O¢) in the
K-group of B is represented by the difference
[R°7.(Oc)] - [R'm.(Oc)] = [OB] — [H']
Let us compute the right-hand side in the Riemann—Roch—Hirzebruch—Grothendieck
formula. The Chern character of £ := O¢ is
ch(€&) =1¢€ H"(C;Q) .
Therefore, the term in
H*(B; Q)
is the direct image of the term in H*(C; Q) of the Todd class Tc)B, that is

1
EW*(Cl(TC/B)Q) :
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By our assumption, we have

ci(Te/p) = — <7T ci(L +Zmz z) .

First of all, we have
o (7 (e1(£)))* = T (1) - ea(£)* = 0

because 7, (1) = 0. Also, divisors D, and D; are disjoint for ¢ # j. Hence,
m(a1(Teyp)?) = 227”17& e (L Zm T ( -[Dy]) .

Obviously,
r (7 (L) - [Di]) = e1(£) - ma([Di]) = ea(£) € HA(B; Q)
because . ([D;]) = 1.
Also,
T ([Ds] - [Di]) = 7 (c1(Np,)) ,
where Np, is the normal line bundle to the D;. If we identify D; with the base B
by map s;, one can see easily that

1

p—Y 161(5) € H*(B;Q)

si(c1(Np,)) = —

The conclusion is that
c1(H) = const - ¢1(L)

where the constant is given by

m;(m; + 2)
t =
cons 1Z< m1+1) 122 mi + 1

The line bundle £ is endowed with a natural Hermitian norm, for any ! € L., = €

B we define
0= el
C,

x

where o € T'(C,, Qlcz) is the holomorphic one form corresponding to .

Hence, we have a canonical 2-form representing ci(£). Similarly, the vector
bundle H carries its own natural Hermitian metric coming form Hodge structure.
It gives another canonical 2-form representing ¢1(#). The analytic Riemann—Roch
theorem provides an explicit formula for a function, whose 90 derivative gives the
correction. To formulate the analytic Riemann—Roch theorem we need to introduce
the determinant of Laplace operator.

3.5. Determinant of Laplace operator on a Riemann surface. A good ref-
erence for this subsection is the book [Sal.

To define a determinant det A, of the Laplace operator on a Riemann surface
C endowed with a smooth Riemannian metric g one defines the following spectral

zeta function:
=2 0
0
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where the sum is taken over nonzero eigenvalues of A,. This sum converges for
Re(s) > 1. The function ¢(s) might be analytically continued to s = 0 and then
one defines
logdet A, := —¢'(0)
The analytic continuation can be obtained from the following formula expressing
¢(s) in terms of the trace of the heat kernel,

¢(s) = TG /OOO 571 Tr (exp(tA,)) dt,

(s
and the well known short-time asymptotics of the trace of the heat kernel.
Let g1 and g2 be two nonsingular metrics in the same conformal class on a closed
nonsingular Riemann surface C'. Let the smooth function 2¢ be the logarithm of
the conformal factor relating the metrics g; and go:

g2 = exp(29) - g1 .

The theorem below, see [Poll, [Po2l, relates the determinants of the two Laplace
operators:

Theorem (Polyakov Formula).

(3.12) logdet Ay, —logdet A, =
1
= Ton (/CgbAglgbdgl - 2/C<;5Kg1 dgl) + <logAreagz(O)—logAreagl(C))

3.6. Determinant of Laplacian in the flat metric. Consider a flat surface S of
area one in some stratum of Abelian or quadratic differentials. In a neighborhood
of any nonsingular point of S we can choose a flat coordinate z such that the
corresponding quadratic differential ¢ (which is equal to w? when we work with an
Abelian differential w) has the form

q = (dz)*.
A conical singularity P of order d of S has the cone angle (d+2)7. One can choose

a local coordinate w in a neighborhood of P such that the quadratic differential ¢
has the form

(3.13) q=w? (dw)? .

in this coordinate. The corresponding flat metric gpq: has the form |dz|? in a
neighborhood of a nonsingular point and

(314) gﬂat(wuw) = |w|d |dw|2 :

in a neighborhood of a conical singularity.

Let € > 0, and suppose that gpe: is such, that the flat distance between any
two conical singularities is at least 2. We define a smoothed flat metric gaqz.c
as follows. It coincides with the flat metric |¢| outside of the e-neighborhood of
conical singularities. In an e-neighborhood of a conical singularity it is represented
as gfiat.e = Pfiat,c(|w]) |[dw|? where the local coordinate w is defined in BI3). We

choose a smooth function pag.(r) so that it satisfies the following conditions:
rd r>e

)

(3.15) Phate(T) = {

constpare 0<r<¢
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and on the interval ¢’ < r < ¢ the function pga¢,o(r) is monotone and has monotone
derivative.

-

4/

/ /
g€ ge

i E—

FIGURE 4. Function pag () corresponding to a zero of a mero-
morphic quadratic differential on the left and to a simple pole —
on the right.

It is convenient for us to obtain the function pag.(r) in the definition of gagu.e
from a continuous function which is constant on the interval [0,¢] and coincides
with 7¢ for > . This continuous function is not smooth for r = ¢, so we smooth
out this “corner” in an arbitrary small interval |¢’, e[ by an appropriate convex or
concave function depending on the sign of the integer d, see Figure [

Denote by S a flat surface of area one defined by an Abelian differential or by a
meromorphic quadratic differential with at most simple poles. Denote by Sy some
fixed flat surface in the same stratum.

Definition 2. We define the relative determinant of a Laplace operator as
. det Aﬂat E(S)

3.16 det Agqs (S, 5) := lim ———————~

( ) € fl t( 0) EI_I)% det Aﬁat,a(SO)

where Agq . is the Laplace operator of the metric gaqr e

Note that numerator and denominator in the above formula diverge as ¢ — 0.
However, we claim that for sufficiently small € the ratio, in fact, does not depend
neither on ¢ nor the exact form of the function paq .. Indeed, suppose €; < e3.
Then by the Polyakov formula,

det Aﬂat €2 (S) det Aﬂat €1 (S)
1 — sz ] e Ll 150 S
& det Aﬂat,a‘g (SO) o8 det Aﬁat7€1 (SO)
o det Aﬁat,sg (S) _ det Aﬂat,52 (S()) .

& det Apare, (S) 2 det Agiar.e, (So)

1
= — /¢S Afiat,e, b5 dgfiat,e, — 2/¢5Kﬁat,sl dgfiat,e; | +
127T S S
+ (logAreaugﬂm’E2 @) —logAreagﬂat,El(C)> —
1
- Ta_ (/ ¢So Aﬂat,a(bSo dgﬂat,al - 2/ ¢So Kﬁat,al dgﬁat,a‘l) -
127T So So

- (10g Areayy, ., (Co) —log Areay,, . (Co)) .
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Note that the metrics gaat,e, and gaat,e, on C differ only on ep-neighborhoods of
conical points. Similarly, the metrics gaat,e, and gaat,e, on Cp differ only on e-
neighborhoods of conical points; in particular the conformal factors are supported
on this neighborhoods. Since these neighborhoods are isometric by our construction
the above difference is equal to zero.

Thus, det Agq (S, So) is well-defined on the entire stratum.

Remark 3.1. It is clear from the definition that log det Apgq: (S, So) depends on the
choice of Sy only via an additive constant.

Remark. One can apply various approaches to regularize the determinant of the
Laplacian of a flat metric with conical singularities, see, for example, the approach
of A. Kokotov and D. Korotkin, who use Friedrichs extension in [KkKt2], or the
approach of A. Kokotov [Kk2], who works with more general metrics with conical
singularities. All these various approaches lead to essentially equivalent definitions,
and to the same definition for the “relative determinant” det Agq: (.S, So).

3.7. Analytic Riemann—Roch Theorem. The Analytic Riemann—Roch Theo-
rem was developed by numerous authors in different contexts. To give a very partial
credit we would like to cite the papers of A. Belavin and V. Knizhnik [BeKzhl|, of J.-
M. Bismut and J.-B. Bost [BiBo] of J.-M. Bismut, H. Gillet and C. Soulé [BiGiSo]],
[BiGiSo2], [BiGiSo3]|, of D. Quillen [Q], of L. Takhtadzhyan and P. Zograf [TaZg],
and references in these papers.

The results obtained in the recent paper of A. Kokotov and D. Korotkin [KkKt2]
are especially close to Theorem [ (see section [5.2] below).

Theorem 5. For any flat surface S in any stratum Hi(mq,...,my) of Abelian
differentials the following formula holds:

1 & mi(my +2
(3:17) Areicn log| det{wi, wj)| = Areien log det Aar(S, o) — 3 Z%
J

3

where my + -+ -+ m,, = 29 — 2. Here Arqeicn 1S taken with respect to the canonical
hyperbolic metric of curvature —4 on the Teichmiiller disc passing through S. (Note
that the right-hand-side of (3.17) is independent of the choice of Sy in view of
Remark[31])

For any flat surface S in any stratum Qi(d,...,d,) of meromorphic quadratic
differentials with at most simple poles the following formula holds:

1 N dj(d;+4
(3.18)  Areicn log | det{ws, wj)| = Arqeicn logdet Apqi(S, So) — 5 Z M,

where dy +--- +d,, =4g — 4.

Theorem [l is proved in section
Consider two basic examples illustrating Theorem

Ezample 3.2 (Flat torus). Consider the canonical coordinate ( = x + iy in the
fundamental domain, Im¢ > 0, [¢| > 1, —1/2 < Re( < 1/2, of the upper half-plane
parametrizing the space of flat tori. This coordinate was introduced in Example [3.1]
in the end of section [3.1}
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There are no conical singularities on a flat torus, so the definition of the deter-
minant of Laplacian does not require a regularization. For a torus of unit area, one
has:

det Apar = 41m(Q) In(¢)|* |

where 7 is the Dedekind 7-function, see, for example, [RySi, §4], [OsPhSK], page
205, or formula (1.3) in [McITa]. Since 7 is holomorphic,

2

0
Aeich logdet Ao = Areicn log|Im | = Aqeien logy = 4y2ﬁ logy = —4.
Yy

On the other hand, as a holomorphic section w(¢) we can choose the Abelian
differential with periods 1 and ¢. Then det{(w;,w;)| = ||w||* = Area = Im( = y.
Thus, the equality (I7) holds. In addition, we get

1 1
A(S) = —ZATﬂ-Ch log det(w;, w;) = —ZATeich logy = 1.

Thus, since v; is a probability measure, we get
(3.19) / A(S)dri(S) = 1.
My

In the torus case there is only one Lyapunov exponent, namely A;, and we know
from general arguments that Ay = 1. Therefore, (319) verifies explicitly the key

formula (39)).

Ezample 3.3 (Flat sphere with four cone points). According to a result A. Kokotov
and D. Korotkin [KkKt3|, the determinant of the Laplacian for the flat metric
defined by a quadratic differential with four simple poles and no other singularities
on CP! one has the form
| Im(AB)| - [n(B/A)”

4] ’

where A and B are the periods of the covering torus (see the last pages of [KKKt3]).
Here, the determinant det Al9l of Laplacian corresponding to the flat metric lq]
defined in [KkKt3] differs from det Al9/(S, Sp) only by a multiplicative constant.
Note that

det Al = const -

Im(AB) = Im (%_B) = |A?Im(B/A) = —|A]*Tm(B/A)

Thus,
det Al7l = const - |A| - | Im(B/A)| - [n(B/A)[?.

One should not be misguided by the fact that under the normalization A := 1 one
gets Areien]A| = 0 along a holomorphic deformation. Recall that in our setting
we have to normalize the area of the flat sphere to one! Doing so for the double-
covering torus with A = 1 and B = ¢ = = + iy we rescale A to A = 1/,/y and
B ~ \/y, which implies that for the sphere of unit area we get

(3.20) det A1 = const -y=1/2 .y - |n(B/A)|?,
S0

1
A Teich log det AM = 5 1ogy_
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Comparing to the integral above, we get

1 1
—— A peicn log det Aldl = =
/M1 4 2

On the other hand, for four simple poles one has

(=144) 1
242 —1+2 Ty

and integrating (B.I8]) we get zeros on both sides, as expected.

3.8. Hyperbolic metric with cusps. A conformal class of a flat metric |g| con-
tains a canonical hyperbolic metric of any given constant curvature with cusps
exactly at the singularities of the flat metric. (In the case, when ¢ = w?, where
w € H(0) is a holomorphic Abelian differential on a torus, we mark a point on the
torus.) In an appropriate holomorphic coordinate ¢ in a neighborhood of a conical
singularity P of such canonical hyperbolic metric g, of curvature —1 has the form

4¢P
3.21
(321) i 6:0) =

Similarly to the smoothed flat metric we define a smoothed hyperbolic metric
Jhyp,s- 1t coincides with the hyperbolic metric g,, outside of a neighborhood of
singularities. In a small neighborhood of a singularity it is represented as gnyp 5 =
Phyp.s([C]) |d¢|* where the local coordinate ¢ is as in (B2I). We choose a smooth
function ppyp s(s) so that it satisfies the following conditions:

{s_2log2 s s§>0

3.22 s) =
( ) Prup.s(5) constpyps 0<s<d",

and on the interval ¢’ < s < ¢ the function ppyy 5(s) is monotone and has monotone
derivative. We can assume that §’ is extremely close to § and that constpyps is
extremely close to 6= 2log™?(¢), see Figure [

Suppose that S and Sy are two surfaces in the same stratum.

Definition 3 (Jorgenson-Lundelius). Define relative determinant of a Laplace op-
erator in the hyperbolic metric as

det Ahypyg(S)
det Ahyp75(50) ’

where Apyp s(S) and Ay, 5(So) are Laplace operators of the metric gpyps on S
and Sy correspondingly.

det Ay, (S, So) :=

As in section section 3.6, we can see that det Ay, (S, So) does not depend either

on ¢ or on the exact choice of the function ppyp,s(s).

Strategy. Now we can formulate our strategy for the rest of the proof. By for-
mula ([3.9]), to compute the sum of the Lyapunov exponents we need to evaluate the
integral of A re;cr, log | det{w;, w;)| over the corresponding SL(2, R)-invariant suborb-
ifold. Using the analytic Riemann—Roch Theorem this is equivalent to evaluation
of the integral of Arech, logdet Anqat (S, So), see equations BI7) and BIF). Us-
ing Polyakov formula we compare logdet Agq (S, So) with logdet Ay, (S, Sp) and
show that when the underlying Riemann surface S is close to the boundary of the
moduli space, there is no much difference between them.
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The determinant of Laplacian in the hyperbolic metric was thoroughly studied,
see, for example, papers of B. Osgood, R. Phillips, and P. Sarnak [OsPhSk|, of
S. Wolpert [Woll, of J. Jorgenson and R. Lundelius [JoLu|, [Lu]. In particular, there
is a very explicit asymptotic formula for log det A, (S, Sp) due to S. Wolpert [Wol]
and to R. Lundelius [Lu|. Using these formulas and performing an appropriate
cutoff near the boundary, we evaluate the integral of A peiep logdet Apq (S, So).

3.9. Relating flat and hyperbolic Laplacians by means of the Polyakov
formula. Consider a function f on a flat surface S and a function fy on a fixed
flat surface Sy in the same stratum as S. Assume that the functions are nonsingu-
lar outside of conical singularities of the flat metrics. By convention the surfaces
belong to the same stratum. We assume that the conical singularities are named,
so there is a canonical bijection between conical singularities of S and Sy. By con-
struction, small neighborhoods of corresponding conical singularities are isometric
in the corresponding hyperbolic metrics with cusps defined by (821]). The isometry
is unique up to a rotation.

Suppose that we can represent f and fy in a neighborhood O(R) of each cusp as

f(T‘, 9) = g(T‘) + h(?‘, 6‘)
Jo(r,0) = g(r) + ho(r,6)

where g(r) is rotationally symmetric and h and hg are already integrable with
respect to the hyperbolic metric of the cusp. We define

(323) </Sfdghyp _/S fO dghyp> =

-/ g - | oday + 3 L= o) daa
S—U0O;(R) So—UO,(R O;(R)

Clearly, this definition does not depend on the cutoff parameter R.
Recall that gaq: and gny, belong to the same conformal class. Denote by ¢
(correspondingly ¢g) the following function on the surface S (correspondingly Sp):

Jfiat = exXp(20)gnyp -

Theorem 6. For any pair S, Sy of flat surfaces of the same area in any stratum of
Abelian differentials or of meromorphic quadratic differentials with at most simple
poles one has

(3.24) logdet Apat(S, So) —logdet Ay, (S, S0) =

- %</¢dghyp—/ ¢od9hyp> -
(T )

where ¢ is as in (ZZ21)), and w and wy are as in (3I3) for S and Sy respectively.

(P]7SO)

PJ,S)’ ’dwo

d¢

Theorem [6]is a corollary of Polyakov formula; it is proved in section
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3.10. Comparison of relative determinants of Laplace operators near the
boundary of the moduli space. In section [l we estimate the integral in for-
mula ([B:24) from Theorem [6 and prove the following statement.

Theorem 7. Consider two flat surfaces S, Sy of area one in the same stratum. Let
Aot (S), Laat (So) be the lengths of shortest saddle connections on flat surface S and
So correspondingly. Assume that e (So) > lo. Then
(3.25)  |logdet Apqae(S, So) — logdet Ay, (S, So)| <

< const1(g,n) - |log Laat(S)| + consto(g, n,lo)

hyp

with constants consto(g,n, 1), const1(g,n) depending only on the genus of S, on the
number n of conical singularities of the flat metric on S and on the bound ly for

Laai(S0).

In fact we prove a much more accurate statement in Theorem [ which gives
the exact difference between the flat and hyperbolic determinants up to an error
which is bounded in terms only of Sy, g and n. The optimal constant ¢;(g,n) in
BZ0) can also be deduced easily from Theorem [TT1

Establishing a convention confining the choice of the auxiliary flat surface Sy to
some reasonable predefined compact subset of the stratum one can make constg
independent of ly. For example, the subset of those Sy for which g4 (So) >
1/4/2g — 2 + n is nonempty for any connected component of any stratum. As an
alternative one can impose a lower bound on the shortest hyperbolic geodesic on
the Riemann surface underlying Sy in terms of g and n.

We prove Theorem [7] applying the following scheme. To evaluate the integral in
formula ([3:24)) we use a thick-thin decomposition of the surface S determined by the
hyperbolic metric. Then, using Theorem [I0l (Geometric Compactification Theorem)
we obtain a desired estimate for the thick part. We then use the maximum principle
and some simple calculations to obtain the desired estimates for the integral on the
thin part.

3.11. Determinant of Laplacian near the boundary of the moduli space.
Consider a holomorphic 1-form w (or a meromorphic differential ¢ with at most
simple poles) on a closed Riemann surface of genus g. Consider the corresponding
flat surface S = S(w) (correspondingly S(q)). Assume that w (correspondingly ¢)
is normalized in such way that the flat area of S is equal to one.

Every regular closed geodesic on a flat surface belongs to a family of parallel
closed geodesics of equal length. Such family fills a maximal cylinder with conical
points of the metric on each of the two boundary components. Denote by h; and w;
a height and a width correspondingly of such a maximal cylinder. (By convention
a “width” of a cylinder is the length of its waist curve, which by assumption is a
closed geodesic in the flat metric.) By a modulus of the flat cylinder we call the
ratio h,j /wj .

Theorem 8. For any stratum Hi(mq,...,my) of Abelian differentials and for any
stratum Q1(dy,...,dn) of meromorphic quadratic differentials with at most simple
poles there exist a constant M = M (g,n) > 1 depending only on the genus g and
on the number n of zeroes and simple poles, such that for any pair S, Sy of flat
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surfaces of unit area in the corresponding stratum one has

D
(3.26) — log det Agq4(S, So) = % S L+ 0(log ru(9)),
cylinders with r
Ry Jwe>M

where £aq.(S) is the length of the shortest saddle connection on the flat surfaces S
and hy,w, denote heights and widths of mazimal flat cylinders of modulus at least
M on the flat surface S. Here

O(log £7at(5))| < C1(g,n) - |log £fat (S)] + Colg,n, So)

with C1(g,n), Co(g,n, So) depending only on the genus g, on the number n of conical
singularities of the base flat surface Sy.

Choice of the constants. Similarly to the way suggested in the discussion fol-
lowing Theorem [7 establishing a reasonable convention on the choice of Sy one can
get rid of dependence of the constants on the base surface Sp.

Remark. Tt is a well known fact, see e.g. [Hbl Proposition 3.3.7] that a flat cylinder
of sufficiently large modulus necessarily contains a short hyperbolic geodesic for
the underlying hyperbolic metric. The number of short hyperbolic geodesics on a
surface is bounded by 3g — 3 +n. Thus, for sufficiently large M depending only on
g and n, the number of summands in expression ([3.26]) is uniformly bounded.

Ezample 3.4 (Flat torus). In notations of Example from the previous section,
one has the following expression for the determinant of the Laplacian in a flat metric
on a torus of area one:

det Agat (¢) = 4Im(C) [n(Q)I* .

see, for example, [OsPhSK], page 205, or formula (1.3) in [McITa]. Taking the
logarithm of the above formula and using the asymptotic of the Dedekind n-function
for large values of Im { we get

log det Asiar ~ 4log [1(C)] ~ —g Im¢, when Im¢ — +00.

Note that h/w does not depend on the rescaling of the torus, and h/w ~ Im(.
Thus, we get the asymptotics promised by relation ([3.:26]) of Theorem [§

Ezample 3.5 (Flat sphere with four cone points). In Example B3 from the previous
section we considered the determinant of the Laplacian in a flat metric on CP*
defined by a quadratic differential with four simple poles and with no other singu-
larities; see the last pages of [KkKt3] for details. This expression ([B.20) implies the
following asymptotics for large values of Im ¢ (we keep notations of Example B.3)):

log det A1 ~ 210g |n(¢)|, when Im¢ — +00,

which is one half of the torus case. Indeed, the height h of the single flat cylinder of
the covering torus is twice bigger then the height of the single flat cylinder on the
underlying flat sphere, while the width w of the cylinder on the torus is the same
as the width of the one on the flat sphere. Thus, we again get the asymptotics
promised by relation (.20) of Theorem [
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Theorem [§ is proved in section 8l Our strategy is to derive the result from an
analogous estimate by Lundelius and Jorgenson—Lundelius for a hyperbolic metric
punctured at the zeroes of w (correspondingly, ¢) and then apply the estimate (3.26])
from Theorem [

3.12. The contribution of the boundary of moduli space. A regular invariant
suborbifold M; is never compact, so one should not expect that the integral of
A 7eicn log det Agqy over My would be zero. Indeed,

Theorem 9. Let My be a reqular invariant suborbifold of flat surfaces of area
one in a stratum of Abelian differentials (correspondingly in a stratum of quadratic
differentials with at most simple poles). Let vy be the associated probability SL(2, R)-
invariant (correspondingly PSL(2, R)-invariant) density measure. Let Coreq(M1) 1=
Carea(V1) be the corresponding Siegel-Veech constant. Then

4
(327) ATeich log Aﬁat(su SO) dVl = _g 7T2 ' Carea(Ml)
My

Theorem [ is proved in section

Remark 3.2. After integrating by parts, the left side of (B.27) can be written as
an integral over a neighborhood of the boundary of the moduli space, which in
view of (B:26) is dominated by a sum over all cylinders of large modulus. Also
the Siegel-Veech constant ¢greq(M1) measures the contribution of (certain kinds)
of cylinders of large modulus; this gives a heuristic explanation of ([3.27)). However,
for the precise proof of (3:27) in §9] we need the assumptions of L5 (so we can e.g.
justify the integration by parts).

The main Theorems now become elementary corollaries of the above statements.

Proof of Theorem[. Suppose that M; is a regular suborbifold of a stratum of
Abelian differentials. Apply equation (B.9) from the Background Theorem to
express the sum of the Lyapunov exponents as the integral of A(S) defined by
relation (BH). Use equation (BI7) from Theorem [ to rewrite the integral of
Aeicn log | det{w;, w;)| in terms of the integral of Areicp logdet Agqi(S,So). Fi-
nally, apply the relation (B8.27) from Theorem [] to express the latter integral in
terms of the corresponding Siegel-Veech constant. O

Proof of part (a) of Theorem[2 The proof of part (a) of Theorem 2l is completely
analogous to the proof of Theorem [[l with the only difference that one uses expres-
sion (BI8) from Theorem [ instead of equation ([B.I7). O

4. GEOMETRIC COMPACTIFICATION THEOREM

In section [4.I] we present the results of K. Rafi on comparison of flat and hy-
perbolic metrics near the boundary of the moduli space. Using the notions of a
thick-thin decomposition and of a size (in the sense of Rafi) of a thick part we for-
mulate and prove in section [£.3] a version of the Deligne-Mumford—Grothendieck
Compactification Theorem in geometric terms. The proof is an elementary corol-
lary of nontrivial results of K. Rafi. The Geometric Compactification Theorem is
an important ingredient of the proof of Theorem [8 postponed to section [§
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4.1. Comparison of flat and hyperbolic geometry (after K. Rafi). We start
with an outline of results of K. Rafi [Rf2] on the comparison of flat and hyperbolic
metrics when the Riemann surface underlying the flat surface S is close to the
boundary of the moduli space.

Throughout section @ we consider a larger class of flat metrics, namely, we con-
sider a flat metric defined by a meromorphic quadratic differential ¢ which might
have poles of any order. In particular, the flat area of the surface might be infinite.
Unless it is stated explicitly, it is irrelevant whether or not the quadratic differential
q is a global square of a meromorphic 1-form.

In section ] we mostly consider the flat surface S and its subsurfaces Y punctured
at all singular points of the flat metric (or, in other words at all zeroes and poles
of the corresponding meromorphic quadratic differential ¢). Sometimes, to stress
that the surface is punctured we denote it by Sand Y correspondingly.

Following K. Rafi, by a “curve” we always mean a non-trivial non-peripheral
piecewise-smooth simple closed curve. Any curve « in S, has a geodesic represen-
tative in the flat metric. This representative is unique except for the case when it
is one of the continuous family of closed geodesics in a flat cylinder. We denote the
flat length of the geodesic representative of a by lga¢[].

A saddle connection is a geodesic segment in the flat metric joining a pair of
conical singularities or a conical singularity to itself without any singularities in
its interior. A geodesic representative of any curve on S is a closed broken line
composed from a finite number of saddle connections.

FIGURE 5. As a geodesic representative of a closed curve a en-
circling a short saddle connection + we get a closed broken line
composed from two copies of ~.

Considering the punctured flat surface S , formally we have to speak about the
infimum of a flat length over essential (non-peripheral) curves in a free homotopy
class of a given curve. However, even in the case of the punctured flat surface S it is
convenient to consider limiting closed geodesic broken lines, where segments of the
broken line are saddle connections joining zeroes and simple poles of the quadratic
differential. For example, for a closed curve « encircling a short saddle connection
«v, one has lfq[a] = 2|v| and the corresponding closed broken line is composed from
two copies of v, see Figure[dl Following the discussion in [RfI], we can ignore this
difficulty and treat these special geodesics as we would treat any other geodesic.

Under this convention every curve « in the punctured surface S has a geodesic
representative in the flat metric, and this representative is unique except for the
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case when it is one of the continuous family of closed geodesics in a flat cylinder.
We call such a representative a g-geodesic representative of ~.

Let gnyp be the hyperbolic metric with cusps at all singularities of S in the con-
formal class of the flat metric on S. We define I, [@] to be the shortest hyperbolic
length of a curve in a free homotopy class of « on the corresponding punctured
surface S or on its appropriate subsurface Y.

Let § < 1 be a fixed constant; let I'(§) be the set of simple closed geodesics of
Jhyp in S whose hyperbolic length is less than or equal to §. A J-thick component
of gnyp is a connected component Y of the complement S — I'(6).

Assume that § is sufficiently small (here the measure of “sufficiently small” de-
pends only on the genus and on the number of punctures of the surface). We now
cut the surface S along all the g-geodesic representatives of all the short curves in
I'(6). More precisely, if v € T'(§) has a unique g-geodesic representative, we cut
along that representative; otherwise -y is represented by a closed geodesic in a flat
cylinder F,, in which case we cut along both curves at the ends of F, (and thus
remove the cylinder F, from the surface). After this procedure the surface S breaks
up into the following pieces:

e For each v € T'(§) whose g-geodesic representative is part of a continuous
family of closed geodesics in a cylinder, we get the corresponding cylinder.

e For each J-thick component Y of S —T'(d) we get a subsurface Y C S with
boundaries which are geodesic in the flat metric defined by ¢. Following
K. Rafi, we call such a flat surface with boundary Y a g-representative of Y
(see an example at Figure[d). Note that Y always has finite area; in some
particular cases it might degenerate to a graph. In that case, we should
think of Y as a ribbon graph (which, as all ribbon graphs, uniquely defines
a surface with boundary). With that caveat, we can say that Y is in the
same homotopy class as Y. We note that Y is the smallest representative
of the homotopy class of Y with ¢g-geodesic boundaries.

A very expressive example of g-representatives is presented at the very end of
the original paper [Rf2] of K. Rafi.

We shall also need the notion of a curvature of a boundary curve of a subsurface
Y introduced in [Rf2]. Let v be a boundary component of Y. The curvature xy ()
of 7 in the flat metric on S is well defined as a measure with atoms at the corners.

We choose the sign of the curvature to be positive when the acceleration vector
points into Y. If a curve is curved non-negatively (or non-positively) with respect
to Y at every point, we say that it is monotonically curved with respect to Y. Let
A be an annulus in S with boundaries vy and ;. Suppose that both boundaries
are monotonically curved with respect to A and that x4 (7o) < 0. Further, suppose
that the boundaries are equidistant from each other, and the interior of A con-
tains no zeroes or poles. We call A a primitive annulus and write k4 := —ka(70).
When k4 = 0, A is called a flat cylinder, in this case it is foliated by closed Eu-
clidean geodesics homotopic to the boundaries. Otherwise, A is called an ezpanding
annulus. See [Min| for more details.

Definition 4 (K. Rafi). Define the flat size A(Y") of a subsurface Y different from
a pair of pants to be the shortest flat length of an essential (non-peripheral) curve
inY.
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FIGURE 6. Schematic picture of thick components of the underly-
ing hyperbolic metric (on the left) and their g-representatives (on
the right). The g-representative Yo degenerate to a pair of sad-
dle connections. Each of the g-representatives Y3, Y, of the cor-
responding pair of pants degenerate to a single saddle connection
joining a zero to itself.

When Y is a pair of pants (that is, when Y has genus 0 and 3 boundary compo-
nents), there are no essential curves in Y. In this case, define the flat size of Y as
the maximal flat length of the three boundary components of Y.

We will often use the notation A(Y) to denote A(Y).

Theorem (K. Rafi). For every d-thick component Y of S and for every essential
curve « in Y, the flat length of « is equal to the size of Y times the hyperbolic
length of o up to a multiplicative constant C(g,n,d) depending only on § and the
topology of S':
AY)
C(g,n,0)
Also, the diameter of Y in the flat metric is bounded by C(g,n,d)A\(Y).

Anypla] < lpaila] < Cg,n, AY) - lnypla]

One possible heuristic explanation of this theorem is as follows (see also Theo-
rem[I0and Remark[ZT]below). On compact subsets of the moduli space the flat and
hyperbolic metrics are comparable (by a compactness argument), and so the theo-
rem trivially holds. Thus assume that we have a sequence of surfaces S, = (C-, ¢.)
tending to infinity in moduli space. By the Deligne-Mumford theorem, we may as-
sume that the Riemann surfaces C; tend to a noded surface C,. Then, the d-thick
subsurfaces Y, ; of C; converge to the components of C ; of Cos. We may also
assume after passing to a subsequence that the quadratic differentials ¢, tend to a
(meromorphic) quadratic differential on C. (If the original quadratic differentials
¢- are holomorphic, the limit quadratic differential will be holomorphic away from
the nodes of Co, but may develop poles at the nodes.) However, ¢, may tend to
zero on some component C ; of C, i.e. it may be very small on the subsurfaces
Y, ;. But, with the proper choice of rescaling factors . ; € R*, we can make sure
that the sequence of quadratic differentials A; ;g tends to a bounded and non-zero
limit on C ;. This limit is a meromorphic quadratic differential with poles, and
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number and the degrees of the poles can be bounded in terms of only the topol-
ogy. The set of all such differentials is a finite dimensional vector space, and so,
as all such vector spaces, is projectively compact. Thus, after the rescaling, the
restriction to Y7 ; is again in a situation where the moduli space is compact, and
thus (up to the rescaling factor) the flat metric coming from ¢ is comparable to the
hyperbolic metric.

The strength of the above theorem of K. Rafi (which is proved by completely dif-
ferent methods) is to justify the above discussion, and also to identify the rescaling
factor A, ; with A(Y; ;) ™2, where A(Y; ;) is the size of Y, ; which can be detected by
measuring the flat lengths of saddle connections in the (g-geodesic representative
of) the é-thick subsurface Y- ;.

We complete this section by the following elementary Lemma which will be used
in section [7

Lemma 4.1. The size of any thick component of a flat surface S is bounded from
below by the length £aq:(S) of the shortest saddle connection on S:

AY) > laa(S).

Proof. We consider separately the situation when Y is different from a pair of pants,
and when Y is a pair of pants.

If Y is not a pair of pants, A(Y) is the shortest flat length of an essential (non-
peripheral) curve 7 in Y. This shortest length is realized by a flat geodesic repre-
sentative of v, that is by a broken line composed from saddle connections (possibly
a single saddle connection). This implies the statement of the Lemma.

Implicitly the statement for the pair of pants is contained in the paper of K. Rafi.
According to [Rf2] the size of any pair of pants is strictly positive. Hence, the
corresponding boundary component has a geodesic representative composed from
saddle connections and the statement follows. A direct proof can be easily obtained
from the explicit description of possible “pairs of flat pants” in the next section. [

4.2. Flat pairs of pants. In this section we describe the flat metric on CP* defined
by a meromorphic quadratic differential from Q(dy, d2, d3), where dy+da+d; = —4.
In particular, we consider the size of the corresponding flat surface.

b.

Ficure 7. Different types of flat pairs of pants.

Consider the subcase, when among di,ds, ds there are two entries, say di,ds,
satisfying the inequality dy,de > —1. If dy = ds = —1, then then Y is metrically
equivalent to the following surface. Take a flat cylinder and isometrically identify a
pair of symmetric semi-circles on one of its boundary components, see Figure [[a.
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We get a saddle connection joining a pair of simple poles as a boundary on one side
of the cylinder and an “open end” on the other side. The size of Y is represented
by the flat length of the waist curve of the cylinder, which is twice longer than the
corresponding saddle connection joining the two simple poles.

If, say, di > 0, and do > —1, the situation is completely analogous except
that now Y is metrically equivalent to a flat expanding annulus with a pair of
singularities of degrees di,ds inside it. The size of Y is twice the length of the
saddle connection joining these singularities, see Figure [ b.

Finally, there remains the case when there are two values, say, do,ds3, out of
three, satisfying the inequality do,ds < —2, then the third value, d;, necessarily
satisfy the inequality dqi > 1 (note that di cannot be equal to zero). In this case Y
is metrically equivalent to a pair of expanding annuli attached to a common saddle
connection joining a zero of order d; to itself, see Figure[flc. The size of Y coincides
with the length of this saddle connection.

4.3. Geometric Compactification Theorem. Recall, that throughout section @
we consider a wider class of flat metrics, namely, we consider flat metrics corre-
sponding to meromorphic quadratic differentials (and meromorphic 1-forms) hav-
ing poles of arbitrary order. We also deviate from the usual convention denoting
by the same symbol Q(ds,...,d,) strata of meromorphic differentials even when
they correspond to “strata of global squares of 1-differentials”.

Now we are ready to formulate a version of the Deligne-Mumford-Grothendieck
Compactification Theorem in geometric terms. As remarked above, this theorem
is implicit in the statement of the theorem of K. Rafi.

Theorem 10. Consider a sequence of flat surfaces S; = (Cr,q,) where meromor-
phic quadratic differentials q, stay in a fived stratum Q(ds,...,d,). Suppose that
the underlying Riemann surfaces C; converge to a stable Riemann surface Co.
Choose &g so that &g is smaller then half the injectivity radius (in the hyperbolic
metric) of any desingularized irreducible component Coo i of Coo. Let Y; ; be the
component corresponding to Coo j in a dg-thick-thin decomposition of Cy; let A(Yr ;)
be the size of a flat subsurface (Y:;, g-). Denote

1
dr,j ‘= /\(Yf,j)z qr -

There is a subsequence Sy = (Cyrr,qr) and a nontrivial meromorphic quadratic
differential Goo,; on Co j such that the ¢, j-representatives ?T/J- of the correspond-
ing thick components Y. ; of the flat surfaces (Crr, G4y ;) converge to the (oo, ;-
representative Yoo ; of the flat surface (Coo j, Gooj). Furthermore, the conformal
structures on Cr; converge to the conformal structure of Cu ;, and the quadratic
differentials G- ;j converge to the limiting quadratic differential oo ; on compact sub-
sets of Coo j-

With the possible exception of the nodes of Cu,; all zeroes and poles of Goo;
are limits of zeroes and poles of the prelimit differentials G- ;. If all meromorphic
quadratic differentials qr are global squares of meromorphic 1-forms w., then the
limiting quadratic differential oo ; 15 also a global square of a meromorphic 1-form
C:JOOJ' on Ooo,j-
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Remark. Completing the current paper we learned that analogous results were
simultaneously and independently obtained by S. Grushevsky and I. Krichever
in [GruKxl, by S. Koch and J. Hubbard [KhHDb], and by J. Smillie [Sm].

We start with the following Lemma which will be used in the proof of Theorem [0

Lemma 4.2. For every thick component Y of a thick-thin decomposition of S the
q-geodesic representative Y can be triangulated by adding C1 saddle connections v,
each satisfying the the flat length estimate:

AY
(4.1) % <yl < CA(Y),
where the constants Cy and Co depend only on the ambient stratum Q(dy, ..., d,)

of S.

Proof. We build this triangulation inductively. At each stage we have a partial
triangulation of Y. If some complementary region is not a triangle, it contains a
saddle connection whose associated closed curve 7’ is essential, i.e. not homotopic
to a boundary component of Y. Let v be the shortest saddle connection with this
property. Then the flat length of 4/, which is twice the flat length of ~y is bounded
from below by the size A(Y') (by the definition of size). Also, the flat length of ~ is
bounded above by the diameter diam,(Y) of Y in the flat metric defined by ¢. By
the Theorem of K. Rafi (see Theorem 4 in [Rf2])

diamy(Y) < const - A(Y)

and thus, (£I) holds. This process has to terminate after finitely many steps
(depending only on the stratum) since the Euler characteristic is finite. Thus the
lemma holds. (|

Proof of Theorem[10. For each component of the stable Riemann surface consider
the associated hyperbolic metric, and consider the length of the shortest closed
geodesic in this metric. Let L be the minimum of these lengths over all compo-
nents. We choose J in such way that § < L. For each surface S; we consider a
decomposition into §-thick components as in section 1

Since the Riemann surfaces C; converge to Cs,, we know that, for sufficiently
large 7, the topology of Y} ; coincides with the topology of C ; punctured at the
points of crossing with other components of the stable Riemann surface C'», and
at the points of self-intersection. Hence, for sufficiently large 7 the ¢, j-geodesic
representative Y ; of the thick component Y, ; might have only finite number of
combinatorial types of triangulations as in Lemma Passing to a subsequence
we fix the combinatorial type of the triangulation.

Such a triangulation contains a finite number of edges. Hence, by Lemma [£.2] we
may chose a subsequence for which lengths of all sides of the triangulation of Y, ;
converge. Note that by continuity, the limiting length v of each side satisfies:

[Voo| < const .

Hence, the limiting triangulation defines some flat structure sharing with Y, ; the
combinatorial geometry of the triangulation. Clearly, the linear holonomy of the
limiting flat metric is the same as the the linear holonomy of the prelimiting flat
metrics.

By construction, the underlying Riemann surface for the limiting flat surface
is Cw,j. Thus, to complete the proof it is sufficient to consider a meromorphic
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quadratic differential ¢ ; representing the limiting flat structure. Since C ; and
C-; for large 7 have triangulations which are close, if we remove the neighborhoods
of the cusps of C ;, there is a quasiconformal map with dilatation close to 1 taking
Cr,; to Cw,; which is close to the identity on compact sets. This implies that C ;
converge to C ; as Riemann surfaces, and also that ¢, ; converge to go,;- ([l

Remark 4.1. Note that the quadratic differentials ¢,/ ; defined in the statement
of Theorem might tend to zero or to infinity while restricted to other thick
components Y, i, where k # j. To get a well-defined limiting quadratic differentials
on each individual component one has to rescale the quadratic differentials ¢,
individually component by component. As an illustration the reader may consider
an example at the very end of the paper [Rf2] of K. Rafi.

4.4. The (§,n)-thick-thin decomposition. Suppose § > 0 in the choice of the
thick-thin decomposition is sufficiently small, and fix 1 (depending only on the
genus and the number of punctures) so that § < n < 1. In particular, we choose 1
to be smaller than the Margulis constant. We work in terms of a hyperbolic metric
with cusps gnyp(S). Consider an (7, d)-thick-thin decomposition of the surface S.
Namely, for each short closed geodesic v € I'(d) consider the set of points in the
surface located at a bounded distance from . When the bound for the distance is
not too large, we get a topological annulus. We choose the bounding distance to
make the length of each of the two boundary components of the annulus equal to
the chosen constant 7. Let A,(n) denote this annulus. If we remove these annuli
from S, S becomes disconnected; the connected components which we denote by
Y;(n) are subsets of the J-thick components Y; defined in § We have

s=\Uvm|u| U 40
j=1

~v€T(9)

We note that the (d,n)-thick components Y;(n) and the (d,n)-thin components
A, (0) depend only on the hyperbolic metric on S, and not the quadratic differential

q.

FIGURE 8. (4, 7n)-thick components in hyperbolic metric
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4.5. Uniform bounds for the conformal factor. For R > 0 and a cusp P, let
Op(R) denote the neighborhood {¢ | |{|] < R} where ¢ is as in 82I)). In this
subsection we fix a constant R (depending only on §, n and the stratum) such that
for any hyperbolic surface S and each hyperbolic cusp P of S, the neighborhood
Op(R) does not intersect any of the (d,7)-thin components A,(n), v € I'(¢), and
also for distinct cusps P and @, the neighborhoods Op(R) and Og(R) are disjoint.

The following Proposition is a variant of the Theorem of K. Rafi stated in the
beginning of §l

Proposition 4.1. Let S = (C,q) be a flat surface, and let Y be a §-thick component
of S. Let Y(n) be the corresponding (8,n)-thick component of S (defined as in
§4.4). For each P € Z(Y (n)), let Op(R) be the neighborhood of P as defined in the
beginning of §4.01 Then, there ezists a constant C’ depending only on the stratum,
8, n and R such that for all x € Y (n) — UPeZ(Y) Op(R),

|6(q)(x) —log A(Y)| < C",
where ¢(q) is the conformal factor of q defined by gtiat(q) = exp(20(q)) Ghyp-

Proof. The proof will be by contradiction. Suppose there is no C satisfying the
conditions of the lemma. Then there exists sequence of triples (x,,Y;,S;) such
that Y, C S, is a d-thick subsurface, z, € Y;(n), and if we write S; = (C;, ¢;) then

(4.2) [6(¢-) (@) — log A(Yy)| = oo.

After passing to a subsequence, we may assume that the flat surfaces S, converge
in the sense of Theorem [0l Let Cu, 00, Coo,j, Yr.j, Gr,; be as in the statement
of Theorem One technical issue is that the constant dy (which depends on
the sequence S;) might not coincide with the constant 6 > 0 which is chosen in
advance; in particular, we may have g < 9.

Since Y. is a thick component of S, for large enough 7 no boundary curve of
one of the Y, ; (which are all in I'(dy)) can cross the interior of Y;; therefore the
subsurface Y; must be contained in one of the Y, ; where j = j(7); however after
passing to a subsequence we may assume that j is fixed. Even then, we might not
have Y; = Y ; since all we know about the boundary curves of Y, is that they
have hyperbolic length at most §, while by definition, the hyperbolic length of the
boundary curves of Y; ; tends to 0 as 7 — oo. However, we claim that
(4.3) limsup |log A(Y;) —log A(Y- ;)| < 0.

T—>00
Indeed, if (£3]) failed, then (after passing to a subsequence) by [EMzRf, Lemma 4.9],
the subsurface Y; ; would contain a curve v, ; with the hyperbolic length of v, ; — 0;
this contradicts the fact that Y; ; = Cu ; where C ; is connected. Therefore (£.3)
holds. It follows from (2] and (3] that

(4.4) |¢(ar)(zr) —log A(Yr,;)| — oc.
As in Theorem [I0] let
Irj = /\(YTJ)72QT
By Theorem [I0, we have ¢-; — §oo,; on uniformly on compact subsets of C ;

After passing to a subsequence, we have 2, = 2o € C ;. Since z, stays away
from Z(Y;;), oo & Z(Yoo ;). Also, since z, € Y; j(n), Too is not one of the nodes.
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Since §oo,; is finite and does not vanish except at ponts of Z(Y ;) and the nodes,
we see that §oo,j(2s0) # 0.

Recall that we represent the conformal factor relating the flat and hyperbolic
metrics as gaq(q-) = exp(2¢(q-))gnyp. Therefore,

&(Gr.j)(@r) = ¢(Goo,j)(@eo) # 0.

Hence,

(4.5) lim sup [$(gr, ;) (27)| < oo

T—>00

Recall that by definition g, ; := A(Y; ;) ~2¢,. Note that multiplying ¢, by a constant
factor k we do not change the hyperbolic metric, gnyp(kgr) = ghyp(¢-). Thus,

(46) ¢((j7',j) = ¢(q7) — log )‘(Yﬂj)'
Now (6] and (@A) contradict (4. O

5. ANALYTIC RIEMANN-ROCH THEOREM

This section is entirely devoted to a proof of Theorem [l In section B Ilwe present
our original proof based on the results of J. Fay [Fay].

Having seen a draft of the paper, D. Korotkin indicated us that Theorem [Bshould
be an immediate corollary of the holomorphic factorization formula from [KkKt2]
combined with the homogeneity properties of the tau-function established in [KtZg].
We present a corresponding alternative proof in section

5.1. Proof based on the results of J. Fay. Recall the setting of Theorem
Consider a flat surface S of area one in a stratum of Abelian differentials or in a
stratum of meromorphic quadratic differentials with at most simple poles. In the
current context we are interested only in the underlying flat metric, so we forget
about the choice of the vertical direction. In other words, we do not distinguish flat
surfaces corresponding to Abelian differentials w and exp(ip)w (correspondingly
quadratic differentials ¢ and exp(2iy)q), where ¢ is a constant real number. e
consider the flat surface WS as a point of the quotient

Hi(mi,...,my)/SO(2,R) =~ PH(mq,...,my,)

or
Ql(dl, ceey dn)/ SO(2,R) >~ ]P)Ql(dl, ceey dn)
correspondingly.

Consider a complex one-parameter family of local holomorphic deformations
S(t) of S in the ambient stratum H(my, ..., my) or Q(dy,...,dy) correspondingly.
Denote by z a flat coordinate on the initial flat surface, and by u denote a flat
coordinate on the deformed flat surface. The area of the deformed flat surface S(t)
is not unit anymore. We denote by S()(t) the flat surface of area one obtained
from S(t) by the proportional rescaling. Smoothing the resulting flat metric of area
one as it was described in section 3.6, we get the smoothed flat metric p. (u, @)|du|?.

By wi, @ = 1,..., 9, we denote local nonvanishing holomorphic sections of the
Hodge bundle H'°, so det? (wi,wj) is a local holomorphic section of the determinant
bundle AYH?, and |det(w;,w;)| is the square of its norm induced by Hermitian
metric (CT)), see (B4)).

The starting point of the proof is the following reformulation of a formula of
J. Fay.
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Proposition 5.1 (after J. Fay). The following relation is valid

(5.1) 0g0;logdet Apgy e (S(l)(t)) — 0¢0y log | det(w;, w;)| =

050 log pe | 0,0z log pe

_ 1 det
_67Tce

dx dy .

050y log p: | 9.0z log pe

where the derivatives of functions of the local coordinate u are evaluated at t = 0.

Proof. Actually, formula (1) above is formula (3.37) in [Fay] adjusted to our
notations.

A vector bundle L; in formula (3.37) in [Fay] is trivial in our case. This means
that the metric h on it is also trivial and equals identically one: h = 1. The same is
true for the determinant det(w;,w;)r, in formula (3.37) in [Fay|; this determinant
is identically equal to one in our case.

A vector bundle K; ® L} in formula (3.37) in [Fay] becomes in our context the
vector bundle H'? and a basis in the fiber of this vector bundle denoted in [Fay]
by {w;} becomes a basis of holomorphic 1-forms in H"°(C(t)), denoted in our
notations by wy(t) where C(t) is a Riemann surface underlying the deformed flat
surface S(t). Note that each wy(t) considered as a section of the holomorphic vector
bundle H'? is holomorphic with respect to the parameter of deformation t.

Note, that we represent the metric as p.(u,u)|du|?> while in the original pa-
per [Fay] the same metric is written as p~2|du|?. This explains an extra factor of
4 in the denominator of 1/(4) in formula (5.2) below with respect to the original
formula (3.37) in [Fay].

Finally, using that

p0(p-") = —0log p- .
we can rewrite formula (3.37) in [Fay] in our notations as

det Apar e (ST (1)
| det(ws, wj)| B

(5.2) 970 log (

1

=4 . ((@r0110g p2) (0:0- 10g p.) — (9,0 og p-) (D4 1og pe) -

1 1
— 5 (0510 p.) (9:0: log p.) + 5(91s log p-) (90, log ps)) da dy .

Simplifying the expression in the right-hand side of (&.2]), we can rewrite the latter
formula in the form (G.1I). O

Lemma 5.1. In the same setting as above the following formula is valid

(5.3) 970 logdet Apqi(SM (1), o) =

0¢0 log p= | 0¢0y log pe

1
= 070, log|det{w;,w;)| + — lim det

6T e—+0 Jo de dy

050y log pe | 0.0z log pe

where all derivatives of functions of the local coordinate u are evaluated at t = 0.

Proof. Combine the latter equation with definition BI6) of det Apq: (S™M(¢), So)
and pass to the limit as € — +0. (I
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Now let us specify the holomorphic 1-parameter family S(¢) of infinitesimal de-
formations of the flat surface S = S(0).

When the flat surface S is represented by an Abelian differential w in a stratum
H(ma1,...,my) we consider an infinitesimal affine line (¢) defined in cohomological
coordinates

(Z1,... s Zagin—1) € H(S, {zeroes of w};C)

by the parametric system of equation

(5.4) Zi(t) :==a(t)Z;(0) + b(t)Z;(0), forj=1,...,2g+n—1,
where a(0) =1, b(0) =0, and b'(0) #0.

When the flat surface S is represented by a meromorphic quadratic differential
¢ in a stratum Q(dy,...,dy), we consider an infinitesimal affine line ~(t) defined in
cohomological coordinates

(Z1,. .. Zagin—2) € H(S, {zeroes of &};C)
by an analogous parametric system of equations
(5.5) Zi(t) :==a(t)Z;(0) + b(t)Z;(0), forj=1,...,29+n—2,
where a(0) =1, b(0) =0, and ¥'(0) #0.
The next Proposition evaluates the limit in equation (B3] for families of defor-

mations (4]) and (G3).

Proposition 5.2. In the same setting as above the following formulae hold.
For a family of deformations [B4)) of the initial flat surface S inside a stratum

H(ma,...,my) of Abelian differentials one has:
(5.6)
. 0t0¢log pe | 0:0q log pe mg(mi+2)

hmo det dedy =7 - 5 0 - [6'(0)]

oo 00, log p. | 0.0; log p. j=1 (mJ +

For a family of deformations (BH) of the initial flat surface S inside a stratum
Q(dy,...,dy) of meromorphic quadratic differentials with at most simple poles one
has:

ataf 10g Pe 0:0g 10g Pe n d 4 4
(5.7) lim [ det dedy = - Z d;( e 6 (0)?
o Je 070, log p. | 0.0; log p. j=1 +

Proof. We are going to show that the integral under consideration is localized into
small neighborhoods of conical singularities, and that the integral over any such
neighborhood depends only on the cone angle at the singularity. In particular, it
does not depend on the holonomy of the flat metric, so it does not distinguish
flat metrics corresponding to holomorphic 1-forms and to quadratic differentials.
In other words the second formula in the statement of Proposition is valid no
matter whether a quadratic differential is or is not a global square of an Abelian
differential. The first formula, thus, becomes an immediate corollary of the second
one: if an Abelian differential has zeroes of degrees my,...,m,, the quadratic
differential w? has zeroes of orders 2my, ..., 2m,. Applying the second formula to
this latter collection of singularities we obtain the first one.

We can represent a holomorphic deformation of the flat coordinate z as follows:

u(z,z,t) = a(t) z + b(t) z
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where t € C is a parameter of the deformation and coefficients are normalized as
a(0) =1, b(0) = 0, and '(0) # 0, see (4], and (E.5). We get

(5.8) du A di = (adz +bdz) A (adz +bdz) = (aa — bb) dz A dz
Computing the derivatives we get:
(5.9) Ou=adz+bz Ou=0

Oru =0 Ofi=az+bz

where a’ = 0, a(t) and b’ = 0, b(t). B
It would be convenient to introduce the following notation: G(t,#) := (aa—bb)~!.
Computing the derivatives of G we get:

oG =—-G* (da—1'b) G|,_, = —a'(0)
(5.10) 9;G = —G* - (ad’ — bb) 9G|,_, = —a'(0)
0:0; G = 2G> - (a'a — b'b)(ad’ — bb')—
—G*(d'd - b)) 0,0;G|,_, = a’(0)a’(0) + b'(0)b'(0)

Consider a neighborhood O of a conical singularity P of order d on the initial
flat surface S. Recall that the local coordinate w in O is defined by the equation
(dz)? = w? (dw)?, see BI3). The smoothed metric gpa:. was defined in O as
Gfiat.e = Pfiat.c(Jw]) |[dw|?, where the function paat.c is defined in equation (B.I5). In
the flat coordinate z the smoothed metric has the form ggat.. = p-(|2]) |dz|?, where
the function p.(]z]) is defined by the equation

pﬁat,s(|w|) |dw|2 = ps(|z|) |d2|2

A simple calculation shows that

1 , when r > ¢
(5.11) =) (2

2 2d
d_+2) -r~a+2  when 0<r <¢g.

Finally, it would be convenient to make one more substitution, representing the
smoothed metric in O as

pe(l2]) ldz]* = exp (2¢(|2]%)) Idz[*.

The above definition of ¢. implies that

5 1o 0 , when s > ¢2

(5:12) ve(s) = 1og($>—mlogs , when 0 < s < (&')2.

We will need below the following immediate implication of the above expression:
0 when s > &2

5.13 ‘(s)-s= -

( ) ‘PE(S) S {_ﬁ when 0 < s < (&_1)2

Consider now a neighborhood O of a conical singularity P on the deformed flat
surface S(V)(t) with normalized metric. Tt follows from (5.8) that smoothed metric
pe(u, @)|du|? has the form

pe(u, w) = exp (2<P5(UﬁG)) -G(t,1)
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in such neighborhood. The second factor G(¢,) in the above expression is respon-
sible for the normalization

area (S(l)(t)) =1
of the total area of the deformed flat surface S(t). Passing to the logarithm we get
log pe (u, 4) = 2¢. (vuG) + log G .
Now everything is ready to compute the entries of the matrix

0¢0plog pe | 0¢0q log pe

050y log pe | 9.0z log pe

Boery ().

Evaluating the first derivative 0f log p. we get

0u 0G G 1

. pr— - 27 — / . —_ —_—
Orlog p. = 05 (2@5(uuG) +logG(t,ﬂ) = 2. ( 5 —=G +uu 8t> + ETE
Passing to the second derivative we obtain
drorlogp. =20 - (a2t 6 4 un 0 ) (w26 un 20

wriogpe = 2ve - Mg ) \ Ve O T

, [ Oudu o ~ Ou G ou oG  9°G 0’°G 1 9G oG 1

e \mar " T ot ot T aar) Tt ¢ o ot @@

Applying formulae ([.9) we evaluate the above expression at ¢ = 0 getting:
0G _ oG
200 | (d2+02)z-G+zz— | | (@z4+b2)2-G+22—= | +
ot ot
/ !/ '\ (=! = / / 8G
+ 20l - [ (2 +b02)(@2+b2) -G+ (dz2+b2)z 8t+
P BG _0°G
+(@'z+0bz2)z— +

ot ‘oot
0*°G 1 090G oG 1

Yoot G oo &
Applying formulae (5I0) for derivatives of G' at ¢ = 0 we can rewrite the latter
expression as

27 - ((a'z +b2)z-1+4 2z (—a')) ((a’z +b2)z- 1422 (—a’))+
+ 2¢” - ((a’z +V2)@z+bz2) -1+ (2 +b2)z(-a')+
+ @z +b'2)z(—ad") + zz(d'a + b’E')) +
+ (@@ + b)) 1—(=a')(=a)-1
Simplifying the latter expression we get

(5.14) 0:0¢log p. = bt (2(,0?__.’ (22)2 + 49 22+ 1)
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ey (—1).

For this entry of the determinant we have
0.0z log pe = 2" - <ﬁ@+ u%> (ﬁa—zf—l— ua—zf> G? + 24 - <a—1f@+ Ou a—%) G
0z 0z 0z 0z 0z 0z 0z 0%
Applying (59) we can evaluate the above expression at ¢ = 0 which leads to
9.0z log pe = 29[ - 22 G*(0) + 2L - 1- G(0) = 2(p? - 27 + L)

Product of diagonal terms (L’T) .

Taking into consideration (5I4]) we obtain the following value for the diagonal
product in our determinant:

(5.15) 0;0;log p. - 0.0z log p. = 2b'b' - (2<p'5’ (22)2 + 40l 22+ 1) (<p'5’ S22+ <p'5)

ey ().

For the first derivative 0y log p. we get
Ozlogpe =2¢. -u-G
For the second derivative we obtain:

0:0q log p. = 2¢; - uatG—i—uuat cu- G+ 2% - G+u

Evaluating the above second derivative at t = 0 using (B.9]) and (5.I0) we proceed
as

(5.16) 00z log pe = 2 - (2- (a'z+02) 1+ 22- (—a’)) sz 1+

+2¢L - ((a’z—i—b'E) -1+z-(—a')) =2z (o 22+ )

ey (1),

Analogously, for the first derivative d, log p. we get
Oy logpe =2¢. - -G

and for the second derivative we obtain:

0r0y log p. = 2¢, - uaEG—i—uu 7 UG+ 2, - -G+ U —
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Evaluating the above expression at ¢t = 0 using (5.9) and (&.I0) we complete the
calculation as

5.17) 0:0.logpe =207 - (z- (@'z+b2)-14+2z-(—a'))-z-1+
€

+ 2¢L - ((d’2+ bz)-1+z- (—d')) =2b'2- (ol - 22+ )

Product of diagonal terms (T’L) .

Combining (51I6) and (5I7) we obtain the following value for the anti diagonal
product in our determinant:

(5.18) 9,07 10g pe - 90, log p. = 4b'b' - 2z - (o - 22 + 80/5)2

Finally, combining (5I5) and (5I8) we obtain the desired value of the determi-

nant:

0¢0rlog pe | 0:0q log pe

(5.19) det

050y log p: | 9.0z log pe

=2 - (ga’sl - 2Z 4+ 90/5) . <(2g0’5' . (25)2 + 490/5 - 2Z 4+ 1) —2zZ- (ga’sl - 2Z+ <PI5)> =

=2’ - (2(;7;_. -l (22)* + 2((;7:__.)2 2Z+ @l 2z + %/5)

Now we need to integrate the above expression over the flat surface S. First note
that outside of small neighborhoods of conical singularities, the smoothed metric
pe(z,2)|dz|? coincides with the original flat metric, so for such values of z,y we
have p. = 1 and hence, for such values of (z,y) we have log p.(z,y) = 0. This
observation proves that

0¢0plog pe | 0:0q log pe

(5.20) /det dedy =
S

= Z/@ ° 200 - (2<ﬂé ol (22)° 4+ 2(pL)? - 22 22+ sﬂ’a) da dy
i=170;(

070y log pe | 0,05 log pe

where the sum is taken over all conical points P,..., P,. (We did not introduce
separate notations for flat coordinates in the neighborhoods of different conical
points).

Using the definition (&I2) of ¢.(s) we can rewrite the expression which we
integrate in terms of a single variable s = 2z = |z|? as follows:

(5.21) 2L -l - (22)* +2(pL)? 22+ @2 - 22+ gL =
=2¢.(s) - @(s) - s> +2(0L(s))* - s+ @ (s) - s+ pL(s) =t D(s)

Recall that in the flat coordinate z a small neighborhood of a conical singularity
of order d is glued from d + 2 metric half-discs. Taking into consideration angular
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symmetry of the expression which we integrate and passing through polar coordi-
nates in our integral we can reduce integration over a d + 2 metric half-discs to
integration over a segment:

(5.22) 2b’13’/ . (22)dxdy = 2(d+2)'b O (r*)rdrdd =
O, (e)

|z|<e
Re(z)>0
2

g
= (d+2)r- b'B’/ . (s)ds
0
Finally, observe that it is easy to find an antiderivative for ®.(s), namely:

2.(5) = ((¢/(9)* 5+ ¢/(5) )

which implies, that

2

/0E P (s)ds = (¢L(s) - 5)2

Using the properties (B.13) of p.(s) we get

[own={o-(5tm) ) (- (tn)) - T

Plug the value of the integral obtained in the right-hand side of the above formula
in equation (5.22)) and combine the result with (5:20) and with (5.21)). The resulting
expression coincides with equation (B.7) in the statement of Proposition[5.2 As we
have already indicated above, relation ([B.6]) follows immediately from equation (51
and from the fact that the integral is supported on small neighborhoods of the
conical points of the metric. Proposition is proved. O

2 2

£
+ @i(s)-s
+0

€

+0

Lemma 5.2. In the same setting as above the following formulae hold.
For a family of deformations (BA) of the initial flat surface S in a stratum
H(ma,...,my) of Abelian differentials one has:

(5.23) 070, logdet Apq.(S, So) =

1 Smi(m;+2
— 9,0, log | det{wnwp)| + — 3 TITIED)

12 (m; +1)
For a family of deformations (B8) of the initial flat surface S inside a stratum
Q(dy,...,dy) of meromorphic quadratic differentials with at most simple poles one
has:

(5.24) 070 logdet Apqi(S, So) =
1 &d(d;+4) )
= 050, log|det(wi,w))| + 57 Z:: ) - |b'(0)]

Proof. Plugging expressions (B.6) and (&.71) obtained in Proposition into for-
mula (53) from Lemma [B.I] we get the relations (523) and (524) from above. O

Consider the natural projection

p:HMmM,...,my) = PH(m,...,my,).
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Families of deformations (5:4) and (&.5)) are chosen in such a way that the resulting
infinitesimal affine line v(¢) defined by equation (5.4]) in the stratum H(mq,...,my)
(correspondingly by equation (.1 in the stratum Q(ds,...,d,)) projects to the
Teichmiiller disc passing through p(S). We will show below that the projection
map p from v(t) to the Teichmiiller disc is nondegenerate in the neighborhood of
t = 0. Thus, we can induce the canonical hyperbolic metric of curvature —4 to

v(t).

Lemma 5.3. The canonical hyperbolic metric of curvature —4 on the Teichmiller
disc induced to the infinitesimal complex curve y(t) under the projection p has the
form

/(0 |dt[*

at the point t = 0.
In particular, the Laplacian of the induced hyperbolic metric of curvature —4 on
~(t) satisfies the relation

82
=0 Ot Bf‘tzo

1
(525) |b/(0)|2 . Z ATeich

at the point t = 0.

Proof. We prove the Lemma for a flat surface corresponding to an Abelian differen-
tial; for a flat surface corresponding to a meromorphic quadratic differentials with
at most simple pole the proof is completely analogous.

Choose a pair of independent integer cycles ¢1,co € H1(C,Z) such that ¢ oco =
1, and transport them to all surfaces C(t) (we assume that v(¢) stays in a tiny
neighborhood of the initial point, so we would not have any ambiguity in doing so).
Consider the corresponding periods of w(t),

A= [ v B = /cf’“)'

C1

By definition of the family of deformations we get

A(t) = a(t)A+b(t)A
B(t) = a(t)B +b(t)B,
where A = A(0) and B = B(0) are the corresponding periods of the initial Abelian
differential w. Define ~
() = B(t) a(t)B+b(t)B
AL aA+bHAT
At the first glance this definition of the hyperbolic coordinate ((¢) depends on
the choice of a pair of cycles cj, c2, and on the values of the periods of the initial
Abelian differential. However, it would be clear from the proof that the induced
hyperbolic metric does not depend on this choice. Basically, the situation is the
same as in the case of flat tori, see Example 3.1l in section 3.1
Consider now the hyperbolic half-plane H? endowed with the canonical metric
|d¢/?
A Tm P2
Clearly

of curvature —4. Let us compute the induced metric in the coordinate ¢.

B
Im ¢(0) :Imz.
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Computing the derivative at t = 0 we get

oc| ., BA-BA
Ot li=o b(0) A2 '
Thus
= = <\ 2 2
XK _ v (BAZBAN _ v () =
ot 9t | — YO0 AA =4O \Im7 ) =

= 4|b'(0)]? Im? ¢(0).

Hence, the hyperbolic metric has the following form in coordinates ¢t at ¢t = 0

|d¢|? I
ATm 2 = 9t 97 A(Tm ()2
4(Im¢) ) ot ot 4(Im((t)) o
= A T (02— (o)
4(Im ¢(0))?
This implies that the Laplacian of this metric at t = 0 is expressed as

Ay = — &
Teieh =1y (0)2 otot

O

Proof of Theorem [3. Plug the expression (5.25) for 9;0; obtained in Lemma[5.3]into
formulae (523) and (524]) obtained in Lemma Dividing all the terms of the
resulting equality by the common factor [5’(0)| (which is nonzero by the definition
of the family of deformations) we obtain the relations equivalent to the desired

relations (BI7) and (BI8]) in Theorem [l O

5.2. Alternative proof based on results of A. Kokotov, D. Korotkin and
P. Zograf. By assumption the initial flat surface S = S(0) has area one. However,
the area of the flat surface S(t) in family (4] or in family (5.5) varies in ¢. Define
the function

1
k(t,t) := Area (S(t)) *
We shall need the following technical Lemma concerning this function.
Lemma 5.4. One has the following expression for the partial derivative of k(t,t)
att=0:
02 log k(t,t)
ot ot
Proof. Relation (5.8]) implies that:
Area (S(t)) = (aa — bb),
so we get the following expression for the function k(t,?):
k(t, %) = (a@ — bb) "= .
Computing the value of the second derivative at ¢t = 0, we get
02 log k(t,t)
ot 0t

SO

2
(5.26) t=0 2

1
:_b/ 2
LB,

where we used the conventions chosen above: a(0) =1 and b(0) = 0. O
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The proof of Theorem [Bl can be derived from the following formula due to
A. Kokotov, D. Korotkin (formula (1.10) in [KKKt2]). Denote by det Al“I* the regu-
larized determinant of the Laplace operator in the flat metric defined as in [KkKt2]
by a holomorphic form w € H(mq,...,my). It is defined for flat surfaces of ar-
bitrary area. For w € Hi(mgy,...,m,) the determinant det Al“l” differs from
det Apqt (S(w), Sp) by a multiplicative constant depending only on the choice of
the base surface Sp.

Theorem (A. Kokotov, D. Korotkin [KkKt2]). For any flat surface in any stratum
of Abelian differentials the following formula of holomorphic factorization holds:

(5.27) det Al“I” = const - Area(C,w) - det(Im B) - |7(C,w)|?,

where B is the matriz of B-periods and 7(C,w) is a flat section of a holomorphic
line bundle over the ambient stratum H(my,...,my) of Abelian differentials.
Moreover (see [KtZg]), 7(S,w) is homogeneous in w of degree p, where

m;(m; + 2)
5.28 .
( ) T 12 Z m; + 1

In other words, for any nonzero complem number k one has
(5.29) 7(C, kw) = kP7(C,w)

Remark 5.1. Note that the “Bergman 7-function” 7(C,w) is, actually, a flat sec-
tion of a certain local system over the stratum H(mg,...,m,), see Definition 3
in [KkKt2]. Such a section is defined up to a constant factor. However in the cal-
culation below the 7-function is present only in the expression m 57 log(|7(C, w)|?)
which does not depend on the choice of the particular flat section. (See section 3.1
in [KkKt2] for more details.)

Alternative proof of Theorem [l Note that Im B(t) depends only on the underlying
Riemann surface C(t); in particular, rescaling w(t) proportionally, we do not change
Im B(t).

Applying formula (5.27)) to the normalized Abelian differential k(t,t)w(t), which
defines a flat surface S™(¢,1) of unit area, we get

2

det Aqae (S(l)(t), SO) = const - 1 -det (Im B(t)) -

(0 k0w
= const - det(Im B(t)) - k*P(t, 1) - |7(C, w(t))|?,
where we used homogeneity (529) of 7 to get the latter expression. Passing to

logarithms of the above expressions, applying 8?—;, taking into consideration that
7(C(t),w(t)) is a holomorphic function, and using relations (5.26) and (5.28) we
get

2

0
(5.30) 5 log | det Apgqs(S(t),S0)| =
log | det Im B| + E; —_—

b (0)]2.
P 16" (0)]

2
T otot
It remains to note that

| det{w;(t), w;(t))| = |holomorphic function of ¢| - Im B(t) .
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Thus,
2 2

57 o8l det(wi(t), w; ()] = 5=

Applying the latter remark to expression (5.30), dividing the result by |0’(0)|* and
recalling (B.25]) we get

log | det Im B(t)] .

A e og et (1), 05 (1)] = A log [ (S, )| — 3 5 A% D)
i=1 ¢

O

The proof for quadratic differentials is completely analogous. It is based on the
following statement of A. Kokotov and D. Korotkin (see[KkKt1]):

Theorem (A. Kokotov, D. Korotkin). For any flat surface in any stratum of mero-
morphic quadratic differentials with at most simple poles the following formula of
holomorphic factorization holds:

det A1 = const - Area(C, q) - det(Im B) - |7(C, q)|?,

where 7(S,q) is a holomorphic function in the ambient stratum Q(dy,...,d,) of
quadratic differentials.
Moreover, 7(S,q) is homogeneous in q of degree p, where

di(d; +4)
48 Cdi+2

In other words, for any nonzero complem number k one has
7(C,kq) = kP7(C, q)

Note the only difference with the previous case. Multiplying an Abelian differ-
ential by a factor £ we change the area of the corresponding flat surface by a factor
|k|?. Multiplying a quadratic differential by a factor k we change the area of the
corresponding flat surface by a factor |k|.

6. RELATING FLAT AND HYPERBOLIC LAPLACIANS BY MEANS OF POLYAKOV
FORMULA

In this section we prove Theorem Our proof is based on the Polyakov for-
mula. We start by rewriting the Polyakov formula in a more symmetric form (61]).
Then we perform the integration separately over complements to neighborhoods of
cusps and over neighborhoods of cusps. A neighborhood of each cusp we also sub-
divide into several domains presented at Figure @ and we perform the integration
separately for each domain.

6.1. Polyakov formula revisited. In local coordinates x,y the Laplace operator
of a metric p(z,y) (dz? + dy?) has the form

0? 0?
%= (57 )

and the curvature K, of the metric is expressed as

K,=-Aglog+\/p.
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In some situations it would be convenient to use the following coordinate version
of the Polyakov formula (see section B.5]). Let in some coordinate domain z,y

g1 =p1 (d:zc2 + dy2) = exp(2¢1) (d:zc2 + dy2)
g2 = p2 (dz® + dy?) = exp(2¢2) (da® + dy?).

Then, g = exp (2(¢2 — ¢1)) - g1, S0 ¢ = P2 — ¢1. An elementary calculation shows
that in the corresponding coordinate domain

(6.1) /(¢ Dg ¢ =20 Ky,)dg1 = /(¢2A¢2 — $1A¢1) + (92A¢1 — 91A¢2) dady
0? 0?

@ + a—yz.

6.2. Polyakov Formula applied to smoothed flat and hyperbolic metrics.
Let w be a coordinate in a neighborhood of a conical point on S defined by (B.14);

let wo be analogous coordinate for Sy. By assumptions, the order d of the corre-
sponding conical singularity is the same for S and Sy. Then, we obtain

where A =

dw\ 2 2
(62) 2(6(0) - 9n(6)) = og u? (52 ) ¢¥tog?¢| ~ 1o uif (%2 ) ¢*1oe*¢| =
= dlog v + regular function = regular function

wo

In the last equality we used that w = ‘2—?|<:0 -¢(1+ O(¢)) and we = dd—“g)kzo .
¢(1 4+ O(¢)) where both derivatives are different from zero. This proves that the
right-hand-side expression in formula (3.24) of Theorem [0l is well-defined.

Applying the Polyakov formula to the metrics gaqa,. = exp(2¢)gnyp,s on S, then
to the metrics gaar,e = exp(2¢0)gnyp,s o0 So, and taking the difference we get the
following relation:

(6.3) logdet Ay, (S, S0) —logdet Ay, ~(S,S50) =
1
T 12n
where we took into account that
Areay,, (S) = Areay,, (So) and Areay, ,(S)= Areay, ,(So0).

To prove Theorem [6] we need to compute the limit of expression (G.3) as ¢ and
d tend to zero. Note that the term logdet Ay, (S, So) does not depend on 4,
and that the existence of a limit of this term as ¢ tends to zero is a priori known.
Similarly, the term logdet Ay, (S, So) does not depend on ¢ and the existence of
a limit of this term as § tends to zero is also a priori known. Hence, to evaluate
the difference of the corresponding limits we can make € and § tend to zero in
any particular way, which is convenient for us. From now on let us assume that
I<iKe<K Rk 1.

As usual, we perform the integration over a surface in several steps integrating
separately over complements to R-neighborhoods of cusps and over R-neighborhoods
of cusps. An R-neighborhood of each cusp we also subdivide into several domains.
We proceed by computing the integral in the right-hand-side of (6.3 domain by
domain.

1
/ ¢(Aghyp,6¢ - 2thyp,a) dghyp,5 - E ¢O(Aghyp,5 $o — 2thyp,5) dghyp,é )
S T™J5s,



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 65

6.2.1. Integration over complements of cusps. In this domain gaat,e = gfat, and

Ghyp,5 = Ghyp- In coordinates z and ¢ we have
dz 1
1 + =logp~*
¢ =log| -~ c +5logp,
where p(¢, ¢) = |¢|72(log |¢|)~2 is the density of the hyperbolic metric. Also, in this
domain

82
9¢o¢

02 (1 dz 1
Ay, ;0 =4p acag( <gd—<+1og <> §1ogp>

d d
Since log d_z is holomorphic and log d—f is antiholomorphic they both are annihilated

A =A, =4p!

Ghyp,S Ghyp

Hence,

by the Laplace operator. Thus, in this domain

1
Ag”yl’v5¢ = _EAgh!ﬂ) log Phyp = thyp =-1,

and, hence, in this domain we get

( Ghyp, 5¢ 2thyp,(5) = 1 a’nd (Aghyp,é ¢0 - 2thyp,5) = 1

In notations (:23)) we can represent integrals (G.3]) over complements S — LUO;(R)
and So — UO; ( ) to the cusps as

(64) 12 </¢dghyp / ¢Odghyp> 127‘(/ 0,(R )(¢_¢O)dghyp-

6.3. Integration over a neighborhood of a cusp. The rest of §0 consists of a
very tedious calculation. We fix a pair of corresponding conical singularities P; on
S and on Sy, and we consider neighborhoods O(R) of the corresponding cusps in
hyperbolic metrics on S and Sy. These neighborhoods are isometric, where isometry
is defined up to a global rotation of the cusp. Using such an isometry we identify
the two corresponding neighborhoods on S and on Sy. Clearly, gnyp and gnyp.s
coming from S and from Sy coincide, while the holomorphic functions w, and wq
defined in a disc O(R) = {¢ such that |(| < R} (and hence the corresponding flat
metrics and smoothed flat metrics) differ. Note, however, that the cusp was chosen
exactly at the conical point, so w(0) = wp(0) = 0. Also, since {, w are holomorphic
coordinates in a neighborhood of a point P; of a regular Riemann surface S, one

d L. d’wo
has — # 0. Similarly — #0
¢=0 d¢ l¢=o

By assumption 0 < § < ¢ < R < 1. We subdivide the disc |¢| < R into the

following domains (see also Figures [d))

(1) & < |wl;

(2) & < Jul <&

(3) |w|] <€ but § < [(];

(4) 0" < [¢] < 65

(5) [¢] <",
and we perform integration over domains (1)—(5) in parallel with integration over
analogous domains defined in terms of wy.
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FIGURE 9. Domains of integration

6.3.1. Integration over a cusp: the domain |w| > €. First note the following ele-
mentary formula from calculus: for any constant C' > 0

1 dc¢l?
(6.5) / w —0 asr— 40
r<icl<cr [¢]*log” [(]

In other words, while the corresponding integral over a disc diverges, an integral
over a contracting annulus tends to zero as soon as a modulus of the annulus remains
bounded.

Now consider the smallest annulus
(6.6) A(e) := {¢ such that r(¢) <|¢| < C(e)r(e)}

containing both curves |w| = € and |wg| = €. Clearly r(¢) — 0 as e — +0 and C(e)
is uniformly bounded by some constant C' for all sufficiently small values of €.

Now let us compute the difference of the integrals ([G.3) over the domain |w| > €
and integrals over the corresponding domain |wg| > €. Our computation mimics
one in the previous section. In particular, our integrals (@3] are reduced to

1
m /<|<R¢dghyp - /|C|<R ¢0 dghyp 5

|lw|>e |wo|>e

where
6.7) o= (d+2)(log[c)(1+0(1)) o= (d+2)(og|¢])(L+o(1))

in our domains. Decomposing the domains of integration we can proceed as:

/C‘<R¢dghyp - /CKR ¢Odghyp

|lw|>e |wo|>e

= /O(R) (d)_d)O) dghyp_/<<r(€) ((b_(b()) dghyp‘F/C Sr(e) ¢dghyp_/<‘>r(€) (b() dghw0

|
lw|<e lwo|<e

By (62) the difference (¢ — ¢) is regular in a neighborhood of a cusp, so its
integral over a small disc {|(| < r(e)} tends to zero as € tends to zero. We can bound

from above absolute values of each of the remaining two integrals by the integrals
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of |¢| and |¢g| correspondingly along a larger domain A(e), see ([G6). Taking into
consideration (67) and (6.5) we conclude that these two integrals also tend to zero.

Hence, after passing to a limit € — 0 integration over the domains w > ¢ and
wp > £ compensates a missing term

1

127 UO;(R)

(d) - ¢0) dghyp
in (GA4).

6.3.2. Integration over a cusp: the domain e’ < |w| < e. Inthe annuluse’ < Jw| < e
we have

9fiate = ppar.e(|w]) |dw]? = exp(2¢2) |dw|®
2

Ghyp,s =Ghyp = |dw|2 = exp(2¢1)|dw|2

1 ¢
C[2 1og? [¢] ’%
where
62 = 5108 g«

¢ = —log|¢| — log|log ||| + log

dg
dw
An elementary calculation shows that

d
P2 = 3 log |w| + regular function of w and w

1
(6.8) ¢1 = —log|w| —log|log |w|| + O | ——
log |w|

1 1
Apy=——x—(|1+0
o lw|? log® |w] ( (10g|UJ|)>

Applying formula (6.1)) to the first integral in (63]) we obtain

(6'9) / ¢(A9hyp,6¢ - 2thyp,5) dghyp,zi =
e’ <|w|<e
= / ol (P2A¢2 — P1A¢1 + P2 Ad1 — 1 A¢2) dady
e’ <|wl|<Le

An expression ¢oAg¢s in ([6.9) does not depend on ¢ or ¢. Hence it coincides with
the corresponding expression for wg, and the difference

/ " P2A¢y dxdy — / p2A¢adxdy = 0
e’ <|w|<Le

e’ <|wo|<e

is equal to zero. This term produces no contribution to the difference of integrals
in ([@3).

By assumption the ratio £/&’ is uniformly bounded (and, actually, can be chosen
arbitrarily close to one). Hence, the estimates (6.8]) combined with the formula (G.5])
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imply that
'<|w|<e
'<|w|<e
as € tends to zero, and these two terms produce no contribution to the difference

of integrals in ([6.3]) either.
Finally,

(6.10)
" 1 92
/a/<|w|<a¢1A¢2dxdy - / da/ e {F_< E) +7ZW] $(r) rdr =

[ofod(%)e - [all [

1
Recall that ¢o(r) = glog Pfiat,e(1), where pagi (1) is defined in (BI5). In par-

ticular,

7 9y(r)r=e =
7 Gy (r)|r=e

o N

and
d 27
/) df = — o1(r,0)do =

2w 8
/ (¢ s 2
0 r 0
27
= g/ (—10g5—10g|10g5|+0(i>) do =
2 Jo loge

1
= —md(loge + log|logel|) + O( )
loge

where we used expression ([G.8) for ¢1. Once again, the first term in the above
expression will be compensated by an identical term in the corresponding expression
for wg, while the second term in both expressions tends to zero.

It remains to evaluate the difference of the integrals

o ©0¢1 0o

for w and for wy.

By the construction BI8) of pags(r), the maximum of the absolute value of its
derivative on the interval ¢/ < r < ¢ is attained at r = € where p}iam(s) = degd-1,
Also, by construction of pag«(r), the minimum of its value on the interval &’ <
r < e equals e? - (1 4+ o(1)). Finally, by our choice of ¢’ and & we have ¢/¢’ — 1 as
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€ — 0. Hence

maxy <r<e |p}1at’a(7")|

2 r 8]~ngﬂat € £
6.12 2| = — < 2 _
( ) a/Hglg)S(a " or e'<r<e |2 or -2 mins/grgs pﬁat,s(r)
€ ded—1 d
== == 1 — 0
2 Haroqy 2 o) ase
Now

)

dw
—C’ — log [log (]| .

¢1 = —log|[¢| —log|log [¢|| — log i

d—w—lo
ac| — %

Note that
dw
—=(=w-filw)  (=w-fo(w)
dg

where f1(w), fo(w) are holomorphic functions different from zero in a neighborhood
of w = 0. Hence

0 dw 1 0 1 1

— | log | = =-+0(1 —log |1 =—(-4+0(1

o (1ox|5e) = 1+ o) gromlonlell = o (5 + o)
Taking into consideration estimate (GI2]) this implies that the difference of the
integrals (611)) taken for S and Sy is of order

1>
/ o1). dr
o Tlogr

which tends to zero as € — 0 since €’/¢ is bounded (and, actually can be chosen to
tend to 1).

We conclude that in the limit the difference of integrals ([6.3)) over the domains
¢/ < |w| < g and & < |wg| < € is equal to zero; in particular, it produces no
contribution to the formula ([3:24]).

6.3.3. Integration over a cusp: the domain where |w| < &’ but |{| > §. The compu-
tation of the difference of integrals ([G.3]) over the domains {|w| < &'} N {|¢] > }
and {|w| < &'} N{|¢| > ¢} is analogous to the one in section In particular
the difference of the integrals for these domains tends to zero as R — 0 and hence
it produces no contribution to the formula (3:24).

6.3.4. Integration over a cusp: the annulus &’ < |(| <. In the annulus §' < |{] < §
we have

Jfiat,e = CONStAgt |dw|2: exp(2¢2) |dC|2
Ghyp.s = Phyp.s([C]) [dC]* = exp(261)]d¢[?

where
1 d
09 = §log const far,e + log d—?’
1
o1 = 510gphyp,6 :

In particular, A¢s = 0.
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Applying the formula ([G1) to the first integral in (63) we obtain
(613) / ¢(Aghyp,5¢ - 2thyp,5) dghy%fs =
'<|¢I<o
= / (P25 — G1AG1 + paAdy — p1A¢o) |d¢* =
o'<|¢I<s

_ / (~$1801 + ¢2dy) [dC] .
' <I¢I<8

The expression ¢1 A¢; in ([6.13) does not depend on w or @w. Hence it is annihilated
by the corresponding expression for wy.
It remains to compute the integral of ¢oA¢;. Similarly to the analogous com-

putation (610) we get
o 0p11°  [° D¢y O
2 = —_— —_— [ —_—
/5’<|w|<6 P2 Ay |dC] —/0 do <¢2r 5 |s /, 5 r 5 dr

Note that
¢ _ 1 ilo (r)
ar 2 or 8Phwsll):
" [efz)
By definition [B:22) of ppyp s(r) we get e 0 and
T lr=4
I 0 1 1
6.14 — =——( log | 1 =—(=-4+———.
(6.14) ar g~ gy lleT +logllogrl)] <5 + 510g5>
Hence
27
091 |°
dfgy -7 ——| =
/0 G2-T or ls
27 1 dw 1
=- 1 tat,e +1og | - | 14+ — | do
/0 (2 08 CONStfiate + 08 |\ Ir | _geio * logo
1 d
= —7 log constas e (1 + @> — 2mlog %’ S +o(1)

Evaluating the difference with the corresponding integral for wy and passing to
a limit as 6 — +0 we see that these terms produces the following impact to (G3):

1 27 | lo dwo lo dw
— .or =0 — -
127 #17dC lemo| T (¢ e=0
It remains to evaluate the integral
[12,20,
, Or  Or

Recall that

. 1
(;fgrééphyp,é(?") = Phyp,s(8) = 52ng57
see the definition [322) of the monotone function ppyp (7). Note also that by
definition ppyp,s(r) has monotone derivative on the interval [¢',4] and pj,,, 5(r)
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vanishes at r = ¢’. Hence, the maximum of the absolute value of the logarithmic

derivative )
! L | Phyp,s(T
=212 Z | Zpot 2
or 2 ‘87‘ o8 Phyp () 2 ‘phyp75(r)

on the interval [¢’, 0] is attained at the endpoint §, where its value is already eval-

1|0

0
uated in (614). Since the function % is regular, we conclude that the integral
r
s
1 1
< 0-l=+——)d
—/5, <5+5log5> g

6.3.5. Integration over a cusp: the disc |¢| < ¢’. In the disc |¢] < ¢’ we have

oo D01
&' 87" 87‘

062
or

tends to zero as ¢ tends to zero.

Ifiat.e = constpa e [dw|*= exp(2¢2) |d¢|?
Ghyp,5 = CONSthyp s |d<|2 = exp(2¢1)|d<|2

where

10) *llo const +1lo d_w
2—2 g flat,e g dC

1
o1 = ilog constnyp,s

Hence A¢; = Agpo = 0 and the integral
/ (62862 — 6101 + G2Ady — b1 Ad) |dC[?
N

is identically equal to zero.

Applying the formula ([G.I) we conclude that integrals over this region produce
no contribution to the difference of integrals in ([G.3]).

Combining the relation (64) with the estimates from sections B3 THE3.0 we get
the formula ([B23]). Theorem [Blis proved. O

7. COMPARISON OF RELATIVE DETERMINANTS OF LAPLACE OPERATORS NEAR
THE BOUNDARY OF THE MODULI SPACE

In notations of Theorem [{ define the following function:

(7.1)  E(S,So) :=

</S ¢ dghyp — /So oo dghyp> — 271'; <1og >

Here w denotes the coordinate defined by equation ([BI3]) in a neighborhood of a
conical point and ¢ is a holomorphic coordinate defined by equation (Z2I]) in the
neighborhood of the same conical point. By equation [8:224) from Theorem [6] one
has

dw
— log d—CO(Pj)

dw
T (P))

1
log det Apq: (S, So) — logdet Ay, (S, S0) = Tom E(S, So) -
™
In this section we estimate the value of E(S,Sy) and prove Theorem [7l
We will actually prove a stronger statement, which is in some ways best possible.

Recall the thick-thin decomposition for a quadratic differential which was defined

in §4l
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Theorem 11. Let S € Qq(dy,...,dn), So € Qi(ds,...,d,) be flat surfaces, and
let Y1,...,Yy, be the §-thick components of S. Let Z(Y;) denote the subset of zeroes
and poles which is contained in Y (so that \J;-, {orders of Z(Y;)} = {di,...,dn}).
Then,

E(S,Sy) — Z —2mx(Y, Z aP) 12 log\(Y;)| < C,

Jj=1 PeZ(Y;)

where x(Y;) is the Euler characteristic of Y; (considered as a surface with boundary
which is punctured at all points of Z(Y;)), A(Y;) is the size of Y; (defined in §J),
and C depends only on &, n, R, on the stratum Qq(dx,...,d,), and on Sy.

For each stratum, we should consider the positive parameters d,n, R, and Sy as
fixed. In this sense, the constant C' in Theorem [[T] depends only on the stratum.

We note that Theorem [I1] immediately implies Theorem [7] since by Lemma [.T],
for any thick component Y of S, £4:(S) < A(Y) (and since S is normalized to
have unit area, \(Y') = O(1)).

Ezample 7.1 (Two merging zeroes). Consider the following one-parameter family
of flat surfaces. Take a flat surface with a zero P of order d, and break this zero
into two zeroes Py, P, of orders dy + d2 = d by a local surgery in a neighborhood
of P, see [EMZ] for details. Consider a family of flat surfaces S; isometric outside
of a neighborhood of P;, P, such that the saddle connection joining P, with P
contracts.

FIGURE 10. A simple saddle connection in the flat metric pro-
duces in the underlying hyperbolic metric a pair of pants with two
cusps. Contracting the saddle connection we pinch the pair of
pants out of the main body of the surface.

For the underlying hyperbolic surface we get a “bulb” in the form of a pair of
pants Y, growing out of our surface. This pair of pants has cusps at the points
Py, P, and is separated from the main body of the surface by a short hyperbolic
geodesic homotopic to a curve encircling P, P>, see Figure Clearly, the size
of Y, satisfies A(Y;) = 2€p4:(S-), where {gq:(S;) is the length of the short saddle
connection joining P; and P». The size of the main body of the surface stays
bounded. The Euler characteristic of the pair of pants }O/T is equal to minus one.
We assume that S, has no other short saddle connections. Applying Theorem [I1]
we get

1
g (5,90) = Tom E(S, So) =

1 2 2
=5 (1 i m) -log £aat(Sr) + O(1),

log det Agqi (S, So) — logdet A
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where the error term is bounded in terms only of the orders of the singularities of
Sr.

7.1. Admissible pairs of subsurfaces. Suppose Y C S and Yy C Sy are subsur-
faces. We say that the pair (Y,Yp) is admissible if Z(Y) = Z(Yy) (i.e. the degrees
of the zeroes and poles in Y and Y are the same). We now introduce the following
notation: for an admissible pair (Y,Yp), let (in the notation of (T1l)),

(Y S }/O,S() </ (bdghyp / ®o dghyp>

Y (log

PeZ(Y

ol itz

This definition implies that
BV, 530,50 = [ 0donn— [ ovdgny . when 2(7) = 20) = &
0
If Z(Y) = @, we let
1Y, 5) = /Y 6 dgnyp-

Let

Uvim|ul U Al

Jj=1 ~veI(5)
be a (d,n)-thick-thin decomposition of S (as defined in §44). We now choose
a decomposition Sy into a sum (J;_, Y] such that the the subsurfaces Y] have
pairwise disjoint interiors, and such that all the pairs (Y;(n),Y]) are admissible.
Then, it follows immediately from the above definitions that

(72) E(S, 50) = Z E(Y;(n),5:Y],50) + D 1(45(n). ).

Y€l(9)
Our proof of Theorem D:[Iwﬂl be based on (T2). We will estimate the terms on the
right-hand-side of (Z.2) in the following subsections.

7.2. Estimate for the thick part. Recall that by §-thick components we call
the connected components of S — L, cp(s)7i, where I'(0) is the collection of -short
closed hyperbolic geodesics, see §l

Lemma 7.1. Suppose that S,So € Qi(dy,...,d,), and (Y,Yy) is an admissible
pair, where Y C S, Yy C Sy and Y is d-thick. Then,

47

E(Y(T])u S; YVOu SO) - Areahyp(Y(n)) - Z d(P) +2

PeZ(Y)

log\(Y)| < C,

where C' depends only on d, n, R, Yy, Sg, where R > 0 be as defined in the beginning
of 443

Proof. In this proof we will say that a quantity is uniformly bounded if it is bounded
only in terms of §, n, Yy, So and R. Write S = (C, q), and let G = A(Y)~2q. Then,

(7.3) $(q) = ¢(q) —log A(Y).
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Let P € Y be a zero or a first-order pole of q. Let ¢ be the local coordinate near
P as in (321)), and let w be the local coordinate near P as in [B.I3]). Let w be the
local coordinate near P as in [B13]), for ¢ instead of g. Then,

W = )\(Y)_2/(d(P)+2)’LU,
where d(P) is the degree of P. Hence,

(7.4) log log A(Y') + log

dc( )} _ﬁ dc( )’

LetNS' = (C,§) and let Y C S be the corresponding subsurface (so the flat metric
onY is scaled to have size 1). Note that Y and Y have the same hyperbolic metric.

Then, by (Z3)) and ([T4),
E(Y (n), 5: Yo, S0) =

E(Y (n),5:Yo,50) — | Arean,,(Y(n)) = > rES] log A(Y).
PeZ(Y)

Thus, it is enough to show that E(Y (1), S; Yy, So) is uniformly bounded. We may
write

E(Y(),8;Yo,S0)=H—-2r Y J

PeZ(Y)
where
H—< @) dgny | ¢0d9hyp>
Y(n) Yo
and
dw d’wo
() = og | S| - tog | G2 ()
Let O(R) = Upez(y) Opr(R). We have
(7.5) H = 3) dghyy — / bodgnp+ / — 60) dgnyp -
Y(n)-O(R PeZ(Y)

By Proposition 1] ¢(§) is uniformly bounded (i.e. bounded depending only on §,
7, R and the stratum); therefore, so is the first integral in (5] Also, obviously the
second integral in ([Z.5)) is uniformly bounded, since it is independent of §. To bound
the third integral, note that ¢(¢) — ¢o is a harmonic function of the coordinate ¢ of
B21), and by Proposition Il ¢(¢) — ¢o is uniformly bounded on dOp(R); then
by the maximum principle, ¢(§) — ¢o is uniformly bounded on all of Op(R). This
shows that the third integral in (73] is uniformly bounded.
It remains to give a uniform bound for J(P) for each P. We may write

(7.6) g =w’(dw)* = f(()¢(d¢)?,

where ¢ is as in (32])) so ¢ = 0 corresponds to the point P, d is the degree of P,
and f(¢) is some holomorphic function which has no zeroes in Op(R). Then, we

may write
di\ 2 ¢—0\*
(%) =10 (=5) -
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and taking the limit as ( — 0 we get
di .\ 2 ac, \*
(0) =10(50) -
dw 1

RO = 5l SO

In view of ([Z.6) and of explicit formula (B3:2I]) for the hyperbolic metric in terms of
¢, the conformal factor of G restricted to 9Op(R) can be written as

F(Q)¢?
(I¢[21og? [¢) 1
By Proposition 1], ¢(§) on 00p(R) is “uniformly bounded”, i.e. bounded by a
constant depending only on §, 7, R and the stratum; then by (1), log|f(¢{)| is

also uniformly bounded on dOp(R). Thus, by the maximum principle, log |f(0)| is
uniformly bounded. O

After taking logs, we get

log

(7.7) o(q) = %log’ where |[¢| = R.

7.3. Estimate for the thin part. Let A,(n) be a thin component of the (§,7)
thick-thin decomposition of a flat surface S = (C, q) (see §4.4)), corresponding to
the curve v € T'(d). Recall that each short hyperbolic geodesic v € T'(d) uniquely
determines either a flat cylinder or an expanding annulus (see §4lfor the definitions).
The short geodesic 7y is embedded into the corresponding maximal flat cylinder or
expanding annulus and realizes a generator of its fundamental group. Let Ay (A,)
and A_(A,) denote the sizes of the d-thick components Y, ,Y_ C S —TI'(d) on the
two sides of 7.

Lemma 7.2. Suppose v is represented in the flat metric of S by a flat cylinder, of
height h and width w (so that the flat length of the q-geodesic represtative of v is
w). Then,

(7.8) [log \+(Ay) —logw| < C"  and |logA_(A,) —logw| < ',
where C' depends only on 0, n and the stratum.

It is important to note that Lemma[Z21holds only because we consider the zeroes
of the quadratic differential ¢ to be punctures (cusps in the hyperbolic metric).
Without this assumption, Lemma [(2] fails, and part (a) of Lemma [73] below needs
to be modified.

In fact, the proof is contained between the lines of the paper [Rf2] of K. Rafi.
However, since it is not stated in the precise form which we need, we give a sketch
of a proof below.

In the proofs of Lemmas and the constants ¢; will depend only on the
genus, the number of punctures and the parameters d,17 and R of the thick-thin
decomposition.

Proof of Lemma[7.3 Suppose that the perimeter w of the cylinder is much bigger
than the the size Ay(A,) of the thick component Y1 to which it is adjacent. In
order to glue a relatively wide cylinder to something small we have to fold the
boundary of the cylinder. However, for any fixed stratum, the complexity of this
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folding is bounded in terms of the genus and the number of conical singularities,
which proves the inequalities

w <ec
Ae(Ay) =

FIGURE 11. The simple closed curve § separates all local geom-
etry near the boundary of the cylinder from the main body of the
thick component. The left picture represents the flat metric, and
the right picture schematically represents the hyperbolic metric.

Suppose that the perimeter w of the cylinder is much smaller than the the size
A+ (A,) of the thick component Y5 to which it is adjacent. Then all local geometry
near the boundary of the cylinder can be separated from the main body of the thick
component by a simple closed curve § (non necessarily a geodesic) such that the flat
length of § is much bigger than w but much smaller than Ay (A,), see Figure [[1l
Suppose [ is peripheral. Then either 5 is homotopic to a curve in the boundary of
the cylinder F, whose core curve is «y or else 3 is homotopic to some other curve
in the boundary of A+(A,). The first possibility cannot occur since the boundary
of F, has non-trivial topology (because of the cone points). The second possibility
cannot occur since 4 is much smaller than the size of Ay (A4,).

Thus 8 must be non-peripheral. Then, by the definition of size, nq(8) >
A+ (A,) for any nonperipheral curve. Hence our assumption that the perimeter w
of the cylinder is much smaller than the the size A4 (A,) leads to a contradiction,
and we have proved that

)‘i(Av)
w
Lemma is proved. O

SCQ.

In the statement and in the proof of Lemma below the ¢; denote constants
depending only on the stratum, on the parameters § and 7 of the thick-thin de-
composition, and on the parameter R responsible for neighborhoods of cusps. The
constants ¢; are different from those used in the proof of Lemma

Lemma 7.3. Suppose the constant § defining the thick-thin decomposition is suffi-
ciently small (depending only on the genus and on the number of punctures). Then,
for any (8,n)-thin component A,(n) of a flat surface S the following holds:

(a) Suppose v is represented in the flat metric by a flat cylinder of height h and
of width w (so that the flat length of the q-geodesic representative of v is

w). Then

T h
=—+0(1),
bhyp(y)  w M
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where the implied constant is bounded only in terms of §, n, R,and the
stratum.
(b) If 7y is represented in the flat metric by an expanding annulus, then

co < Lnyp(7) [log A (Ay) —log A—(4,)] < &1
where cg > 0 and ¢; > co depend only on §, n and the stratum.
In addition,
(c) There is a constant My > 0 (depending only on & and the stratum) such

that any flat cylinder of modulus at least My contains a hyperbolic geodesic
of length at most §.

Proof. The statement (c) is classical, see e.g. [Hbl Proposition 3.3.7]. The statement
(b) is due to Minsky [Minl, §4], see also [Rf3} Theorem 3.1]. (The discussion in [Rf3]
is in terms of extremal lengths, but recall that for very short curves, the extremal
length is comparable to the hyperbolic length [MK]).

The statement (a) is standard, but since we found it difficult to extract it in the
precise form we need from the literature, we give a sketch of a proof below. (Similar
results can be found in [Bi], [M2] §6], [Wo2l).

Let Y (n) be as in the proof of Lemma [[-2] and let Y] (n, R) denote Yy (n) with
R-neighborhoods of the cusps removed (with the cuts along horocycles around cusps
of hyperbolic length R), see 4.5

Let a4 denote the boundary curves of A,(n). We do not know the precise
position of the a in the flat metric. However, we claim that

(7.9) Vp € at, diua®,X4) <cow and Vp€a_, dpa(p,2-) < cow,

see Figure We prove the first estimate; the second one is proved analogously.

o= G
v L = g
¥ =y \

FiGURE 12. The boundary components a4 of the hyperbolic
cylinder A(n) of large modulus (colored in grey) stay within flat
distance of order w from the corresponding boundary components
>+ of the flat cylinder F, of perimeter w.

Let us show that Y7 (n, R) has nonempty intersection with the boundary com-
ponent ¥4 of the maximal flat cyliner F,. First note that Y/ (n, R) cannot be
completely contained in the interior of F, for topological reasons.

By construction, the boundary component oy of Y7 (1, R) corresponding to v is
homotopic to the waist curve of the cylinder F,. Each boundary component ¥4 of
the maximal cylinder F, passes through at least one conical singularity of the flat
metric, and this singularity defines a puncture. Together these two observations



78 ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH

imply that oy cannot be located completely outside of the part F, i of the flat
cylinder F, bounded by v and ¥, so ot has nonempty intersection with F, ..

Thus Y (, R) has nonempty intersection with F, | and is not contained in the
interior of F, ;. Hence, it intersects with the boundary of 9F, + =y U X_,. Since
Y (n, R) cannot intersect the boundary component represented by the hyperbolic
geodesic 7, it should intersect the boundary component ¥, . Denote by x4 a point
inY{(n,R)NnX,.

Suppose p € a. Since the hyperbolic diameter of Y[ (1, R) is bounded by a
constant cs, there exists a path A,, , C Y] (n, R) connecting x4 to p of hyperbolic
length at most c3. But then, Lemma [7.2] and Proposition .Ilimply that there exists
a constant c;’ such that the flat length of A, , is at most c;r w.

Applying a similar argument to ¥ and letting co = max(cJ, c; ) we prove the
estimate (T.9)).

We note that as a consequence of (Z.9),
(7.10) Areayiar (A (n) < hw + cqw?.

Choose any cs5 > ¢, and let A’ denote the flat cylinder obtained by removing the
(csw)-neighborhood of the boundary from F,. Then, by (Z9), A’ C A,(n).

Recall that the extremal length of a family of curves I' on a surface C' endowed
with a conformal structure is defined to be

(7.11) Ext(I") = sup inf M.

» ~el Area,(C)
The supremum in (ZII)) is taken over all the metrics in the conformal class of
C. The extremal length is a conformal invariant, and the modulus M(A) of a
topological annulus A C C can be expressed as

1
M(A) = ——
(4) Ext(T)’
where the extremal length Ext(T") is evaluated for the family T of curves 7 in A given
by the homotopy class of the generator of the fundamental group of the annulus A.
Clearly, if 'y C T’y then Ext(I'y) > Ext(I'y). Then, since A" C A,(n), we have

(7.12) Mod(A4") < Mod (A4 (n)) -
The cylinder A’ is flat, and so

h—2 h
(7.13) Mod(A') = 225 _ 2 9.
w w

Also by the explicit formula for the hyperbolic metric in a cylinder (see [Hbl pages
25-26 and page 72] and also the proof of Lemma [T4] below),
(7.14) Mod(4, (1))

™

= —— — 5
ghyp(”Y) ¢

where cg depends only on 7.

It remains to bound Mod(A (7)) from above. We now apply the definition (ZIT)
of extremal length to the family of curves IV which consists of curves homotopic
to v and staying within A, (n). We get, by choosing the flat metric for p and using

(C10),
Crar(7)? w?
= Ext(I") > —L > :
xt(I7) = Areayiqr(Ay(n)) — hw + caw?

1
Mod(A (1))
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Hence,
h
(7.15) Mod(A,(n)) < p + cq.
Now part (a) of the lemma follows from (712), (C13)), (T14) and (TI5). O

Let I'(9), I(A,(n),S) be as defined in §711
Lemma 7.4. For any v € I'(9),

14,01 5) = 5 Areany (A () Tog A+ (4,) + 081 (4,))| < €.

where C' depends only on 6, n and the stratum.

Proof. Choose coordinates in which A, is represented by a rectangle 0 <z <1 ;
—h/2 <y < h/2, see Figure[[3

FIGURE 13. Parametrization of a hyperbolic cylinder

The hyperbolic metric on A, is represented in our coordinates as follows (see
[Hb, pages 25-26 and page 72]):

1 T 2
7.16 = — () @+ ).
( ) Ghyp 052 (%y) n ( y)
In this hyperbolic metric the hyperbolic geodesic 7 representing a waist curve of

the cylinder (the circle y = 0) has length lp,,(7) = % We assume that the modulus

of the cylinder is very large, S0 lpyp(7) < 1.

Cut the flat cylinder at the vertical levels % —yo and —(% —19o), where parameter
yo(n) is chosen in such a way that the hyperbolic length of the boundary curves is
equal to 7. As usual, we assume that lnyp(7) < 7 < 1. It is easy to see that

w (h . (TYo\ T lhyp(’y)
(7.17) COS(h(Z y0>)—sm(h)—nh— . <1,
S0
h 1
(7.18) Yo=— arcsinnlh ~ .

Then, A, (n) is represented in our coordinates by the rectangle 0 < z <1, —(h/2 —
yo) <y < (h/2 = yo).
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The cylinder A, (n) is subset of our surface S. As such, it inherits a flat metric
from the quadratic differential ¢ on S. We may write

q =(2)(dz)?,

where z = x + iy, and ¥(z) is holomorphic. Note that 1) has no zeroes on A, (n)
(since zeroes of 9 correspond to zeroes of ¢ which will become cusps in our hyper-
bolic metric). By (ZI6]), the conformal factor ¢(q) is given by:

W(x + iy) cos (%y)Q (%)2 .

Consider the values of ¢(g) on the boundaries of A,(n), i.e on the segments a; =
[0,1] x {h/2—yo} and a— =[0,1] x {—(h/2 —yo)}. Let Ay be the size of the thick
component on the other side of ay from A, (n). Then, by Proposition @], we have

(7.19) P(q) = %bg

(7.20) l¢(q) —log A+| < C,

where C is bounded in terms of ¢, 1, R, and the stratum. Then, combining (ZI7)—
2, we get
1 /
(7.21) 3 log |(2)| —logAy| < C on ay,
where C’ is bounded in terms of 7, §, R, and the stratum.
Let

_logAy +logA- (log Ay —log A_)y
2 (h = 2yo)

(122)  f()= Sloglu(z)]

Then, f(z) = 3log | (z)| —log Ay on ay. In view of (Z.ZI]), we have f(z) = O(1) on
0A,(n). But f is harmonic, and thus in view of the maximum principle, f(z) = O(1)
(i.e. bounded in terms of §, n R, and the stratum) on all of A,(n). Substituting

[C2Z2) into (TI9), we get

_log Ay +logA_  (logAy —log A )y

(7.23) ola) S .

+ log

cos (%y) % + f(2).

We now multiply both sides by the hyperbolic metric (see (ZI0)) and integrate
both sides over the rectangle [0,1] x [—(h/2 — yo), (h/2 — yo)]. We get

_log Ay +log A

(720 1(4,0),8) -

Areany,(Ay(n)) + 2 + I3 + Iy,

where I, I3 and I, are the contributions of the second, third, and fourth terms
in (Z23)). The integral Iy vanishes because it is odd under the map y — —y. By
construction, |I4] < sup|f(z)| Areany,(A,(n)) is bounded in terms of §, n, R, and
the stratum. It remains to bound |I3|. We have
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(h/2=yo) N 2

|I3| </ / 7'ry (_)
(h/2—yo) COS T h

o [ (1)
b cos2 h

/

1
|10g(hu O .
2/ using u = cos(wy/h)
sin(myo/h) (h) —

in

' ™ |log(hu/)|

2 / G P N using (Z17)
=/ (nh) (h) utV1—u?

1

2/1/\/5 (z) |log(hu/7r)|du+2/ (z) |log(hu/7r)|du
x/mhy NP w1 — u? 1/vz N/ a1 —u?
= 2(1311 + I3b) .

The integral I3, is bounded independently of A > 1 since it converges and the
integrand is bounded independently of h. Also,

1/vV2 - |10
g(hu/m)|
13"§2/ (E)Tdu:
w/(nh)

h
=z |1
=2/ " | og2v| dv using v = hu/m
1/n v
*lo
<2 / | g2v| dv since the integral converges.
in Y

We see that I3, is bounded depending only on 1. Thus, |I3] is bounded depending
only 1. This completes the proof of the lemma. O

7.4. Proof of Theorem [I1l The theorem follows almost immediately from (72),
Lemma [7.J] and Lemma [T.4l It remains only to note that for any thick component
Y CS,

Axcanyy (Y (1) + 5 3 Areanyy(4As (1)) = Arcany, (V) = ~2mx(¥)

where the last equality follows from the Gauss-Bonnet theorem (since the geodesic
curvature of Y is 0). This completes the proof of Theorem [I1]

8. DETERMINANT OF LAPLACIAN NEAR THE BOUNDARY OF THE MODULI SPACE

8.1. Determinant of hyperbolic Laplacian near the boundary of the mod-
uli space. The proof of Theorem [{lis based on the following result of R. Lundelius,
see [Lul, Theorem 1.2. This result generalizes an analogous statement proved by
S. Wolpert in [Wol] for surfaces without cusps.

Theorem (R. Lundelius). Let C; be a family of hyperbolic surfaces of finite volume
which tend to a stable Riemann surface Coo as T — oo. The surfaces are allowed
to have cusps, but do not have boundary. Let Cy be a “standard” hyperbolic surface
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of the same topological type as each C,. Then
2

T
(8.1) —log|det Ay, (Cr,Co)| = Z 3,
E T

+ O(—log £y, (C7)) + O(1)

as T — oo. Here I}, are the lengths of the pinching hyperbolic geodesics, and
Lhyp(C) is the length of the shortest hyperbolic geodesic on C-.

Remark 8.1. The definition of relative determinant of the Laplacian in the hyper-
bolic metric used in [Lu] differs from ours. However, it was shown to be equivalent
by J. Jorgenson and R. Lundelius in [JoLul.

Remark 8.2. Note that the original formula of R. Lundelius contains a misprint:
the coefficient in the denominator of the leading term in Theorem 1.2 of [Lu] is
erroneously indicated as “6” compared to “3” in formula (81]) above. The missing
factor 2 is lost in the computation in section 3.3 “Analysis of the cylinder” of [Lu].
The author considers there a flat cylinder obtained by identifying the vertical sides
of the narrow rectangle [0,1) x (2,7 — 21), where 0 < [ < 1, in the standard
coordinate plane and describes the eigenfunctions of the Laplacian on this flat
cylinder with Dirichlet conditions as

. 2mnu\ . 2mmu 2mnu \ . 2mmu
sin sin and cos sin

while they should be written as

. 2mnu\ . /mTmu 2mnu\ . /mTmu
sin sin ( ) and cos sin ( )
l a l a
with n € N and m € NU {0} (page 232 of [Lu]). The rest of the computation
works, basically, in the same way as in [Lu| except that the resulting asymptotics

for the determinant of Laplacian on this flat cylinder is get multiplied by the factor
2 producing:

2
—log | det Agqe| ~ % + O(logl) .
(The original paper has “6” in the denominator of the fraction above.)

Ezample 8.1 (A pair of homologous saddle connections). Consider the following
one-parameter family of flat surfaces. Take a pair of flat surfaces Si,.S2; make a
short slit on each flat surface; open up the slits and glue the surfaces together, see
Figure[I4l Contracting continuously the length s of the slit we get a family of flat
surfaces S;. For the underlying hyperbolic surface we get three thick components:
two obvious ones, but also a sphere separating the other two thick components. This
sphere Y, has cusps at the endpoints points P;, P; of the slits and is separated from
the rest of the surface by a pair of short hyperbolic geodesic homotopic to curves
encircling Py, P, see Figure[I4l Clearly, the size of Y; satisfies A(Y;) = 2€534:(S-),
where {gq:(S;) = s is the length of the slit. The sizes of the other two thick
components stay bounded. The Euler characteristic of the sphere SO/T with two
holes and two punctures is equal to minus two.

Assuming that the slits which we made on the original flat surfaces Sy, Sy are
not adjacent to conical singularities, the points P;, P, on the compound flat surface
S; have cone angles 47 which correspond to zeroes of order d = 2 in the sense of
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FIGURE 14. A pair of homologous saddle connections in the flat
metric produces in the underlying hyperbolic metric a thick compo-
nent isometric to a sphere with two cusps and with two boundary
components represented by short hyperbolic geodesics. The stable
curve obtained in the limit has three irreducible components: the
two Riemann surfaces underlying S; and Ss and a four-punctured
sphere between them.

quadratic differentials. Applying Theorem [II] we get
(8.2) logdet Apqi (S, So) — logdet Ay, (S, S0) =

1 2 2 log £fat (S7)
== (2———— —— | -loglaa(S;) + O(1) =

6 ( 212 2+2> o8 bt (S7) + O(L) 6
where the error term is bounded in terms only of the orders of the singularities of
Sr.

A particular case of the above construction when the surfaces S, S2 belong to

the principal stratum of Abelian differentials, was recently studied by A. Kokotov
in much more detail, see [Kk1]. His result implies that

+001),

log det Apat (S, So) = %logfﬂat(ST) +0(1).

We now compute the asymptotic of logdet Ay, (Cr,Co) in this example to show
that the expression ([82]) for the difference of the flat and hyperbolic determinants
matches the asymptotics obtained by A. Kokotov.

By Theorem of Lundelius, see (1)),

2

log det A C;,Cp) ~ — —_—,

ogae ghyp( 0) ; ?)lk:(sr)
where summation is taken over all short hyperbolic geodesics. In our case we have
two short hyperbolic geodesics of approximately same length 1, (S-), so we get

7T2

. 3€hyp (ST) -

The length of a short hyperbolic geodesic is expressed in terms of the modulus of
the embodying maximal conformal annulus as

s
fhyp(sf) = W )

(8.3) logdet Ay, (C-,Co) ~ —2

hyp

see (3.3.7) in [HD].
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By considering the Zhukovsky function z — %(z + %) we can see that asymptot-
ically, as the size £gq.(S7) of the slit tends to zero,

1 _log Laai(S7)
Chyp(Sr) 2m? '

Plugging this into B3] we get

2 72 —loglaa(Sr)  loglpat(Sr)
logdet A, (Co.Co)m —2- — " _9. _ .
og det Ag,,, (Cr, Co) 30y (S7) 3 272 3
Thus,
log A4t (S7)

log det Agqt (S, So) — logdet Ay, (S, Sp) ~
which matches (82).

6 )

It is immediate to recast the above Theorem of R. Lundelius as a uniform bound:

Corollary 9. Let C, Cy be two hyperbolic surfaces of finite volume and the same
topological type. The surfaces are allowed to have cusps, but do not have boundary.
Let § > 0 (depending only on the genus g and the number of cusps n) be such
that any two curves of hyperbolic length less than § are disjoint. Then, there exists
c1 > 0 (depending only on g, n, 6 and Cy) such that

2 1
(8.4) log|det Ay, (C,Co)| + = Y | < c1(1+ |1ogluy, (C)))
3 Chyp(7)
~v€ET(3)
Here T'(0) is the set of closed geodesics of length at most 0 (so the cardinality of
I'(0) is at most (3g — 3+ n)), and Ly, (C) is the length of the shortest hyperbolic
geodesic on C.

Proof of Corollary[d The proof is by contradiction. If such a constant ¢; did not
exist, then there would exists a sequence C; with fixed topology such that

1 w2 1
8.5 log|det Ay, (Cr,Co)| + = —| = 0
B9 T Togtyon] |84 Ao O COl+ 5 2, 7o

The existence of the Deligne-Mumford compactification implies that (after passing
to a subsequence) we may assume that the sequence C; tends to a stable Riemann
surface C. Then, from (BI) we see that the left-hand-side of (8H) is bounded.
This contradicts (8.3]). O

8.2. Proof of Theorem [8l We start with the following preparatory Lemma.

Lemma 8.1. Consider a stratum Q(dy,...,dy,) of meromorphic quadratic differen-
tials with at most simple poles (the case of global squares of 1-forms is not excluded).
Let £pq.(S) be the length of a shortest saddle connection on a flat surface S; let
Lhyp(S) be the length of the shortest geodesic in the canonical hyperbolic metric with
cusps in the conformal class of S.

The following estimate is valid for any flat surface S of unit area in the stratum:

[1og £yp (C)] = O(|10g L1101 (5)])

where

O(|log £pa: (S)]) < 2[log £rar (S)] + C(g,n)
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with C(g,n) depending only on a genus of S and on the number n of zeroes and
simple poles of the quadratic differential.

Proof. Tt is straightforward to deduce this lemma from Lemma[7.3] but we find the
following argument more illuminating. Recall that the extremal length of a curve
~v on a Reimann surface C' is defined to be:

lp(a)?
Ext(y) = sup inf —2—__,
™) pp acly] Area,(C)
where the inf is over the homotopy class [v] of y, and the sup is over all metrics in
the conformal class of C. Letting p be the flat metric on C we get

Ext(y) 2 riae(7)”

It is a well known fact (see e.g. [MKk]) that for sufficiently short curves, the hyper-
bolic length is comparable to the extremal length. Then, taking logs completes the
proof of the lemma. (I

Proof of Theorem[8. We choose § > 0 so that Lemma holds, and also Corol-
lary @ holds. Choose M > My where My is as in Lemma [73] (¢). As above, let I'(0)
denote the simple closed curves of hyperbolic length at most 6. Let I';; denote the
simple closed curves which are represented in the flat metric by a flat cylinder of
modulus at least M. Then the sum in (84) is over v € I'(d), while the sum in the
expression (3.20) in the statement of Theorem Bl is over v € I'),. By Lemma [[3]
(¢), Ty C T'(9). Let

2 1 v h(¥)
SO S O -
3 YET(5) ghyp(/}/) 3 ’YEFG\/[ w(v)
T ( T h(’y)) 2 1
R N (eI e
3 ’YEF((;)QI—‘;V[ ghyp(/}/) w(/y) 3 'YEF((;)_FG\/[ Ehyp(W)

We claim that
(8.6) I£(S)] = O(|log £11at(S)])-

Indeed, since the number of terms in both sums defining £(.5) is bounded by 3g—3+
n, it is enough to bound each term separately. If v € I'(§) NI}, then by Lemmal[73]
(a),
h
T _ ﬂ’ =0(1).

Chyp(y)  w(v)

Now suppose v € I'(§) — I'};. Since v € T'(d),  is represented in the flat metric
by either a flat cylinder or an expanding annulus. If the representative is a flat
cylinder, then, since v & I'},, the modulus of the cylinder can be at most M; this

s

implies by Lemma[7.3] (a) that m is bounded in terms of M, i.e. Y o(1).

If the representative of A, (7n) is an expanding annulus, then by Lemma [7.3] (b), and

Lemma [4.1]
. AL(4) ‘ o)
~ |log < |log .
Chyp(7) } A-(45) £fiat ()
Therefore, in this case, 7= = O(|1og £a4.(S)]). This concludes the proof of (8.0]).
Now Theorem [§ follows immediately from Corollary[@ LemmaRTland (86). O
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9. CUTOFF NEAR THE BOUNDARY OF THE MODULI SPACE

In this section we prove Theorem [ establishing relation (B27) between the
integral of A reien log | det Apgqi (S, So)| over a regular invariant suborbifold M; and
the Siegel—Veech constant ¢gpeq(M;7) corresponding to this suborbifold.

The only property of log|det Agq: (S, So)| which we use in the current section
is, basically, reduced to the asymptotic formula [B26]) from Theorem [Bl This for-
mula does not distinguish flat surfaces defined by Abelian differentials from flat
surfaces defined by meromorphic quadratic differentials with at most simple poles.
Thus, in the current section it is irrelevant whether a regular invariant suborbifold
M belongs to a stratum of Abelian differentials or to a stratum of meromorphic
quadratic differentials with at most simple poles.

Recall that the Laplace operator associated to the hyperbolic metric of curvature
—4 on Teichmiiller discs is defined on the projectivized strata PH(mq,...,my); it
acts along the leaves of the corresponding foliation in PH(myq, ..., my). The relative
determinant of the flat Laplacian det Apg,. (S, So) is defined for flat surfaces S of
area one in the stratum #i(ma,...,my). Note, that det Agq.(S, So) is invariant
under the action of SO(2,R). Using the natural identification

PH(m1,...,mn) =~ Hi(mi,...,my)/SO(2,R)

we may consider det Ag,, (S, So) as a function on PH(myq,...,my).

In practice, it would be convenient to pull back all the functions to the stratum
Hi(mq,...,my) and work there. Throughout this section we consider only those
functions on Hq(myq, ..., my,) which are SO(2, R)-invariant.

9.1. Green’s Formula and cutoff near the boundary. We start by recalling
Green’s Formula adopted to our notations.

Green’s Formula. Suppose that f1 : M1 — R and fo : My — R are continuous,
leafwise-smooth along Teichmdiiller discs, SO(2, R)-invariant, and at least one of the
functions has compact support. Then,

(9.1)

fl (ATeichf2) dVl = —/

(Vreich J1) - (VTeich f2) dvi = / (Aeich f1) fadvy .
My

M1 Ml

Let C be a flat cylinder. We denote its modulus by Mod(C). (Recall that the
modulus of a cylinder with closed horizontal curves is its height divided by its
width.) We denote the length of the waist curve (i.e. of the closed trajectory) of
the cylinder C' by w(C). For any point S € My, let Cylk(S) denote the set of
cylinders with modulus at least K. We shall always assume that K is large enough,
so that condition ([2]) is satisfied. We also assume that K is sufficiently large so
that the core curves of all the cylinders in Cylg(S) are short in the hyperbolic
metric, see [Wo2] or [Wo3]. Thus, the cylinders in Cylk (S) are disjoint, and their
number is bounded by 3g — 3 + n. Let

lg(S) = Ceglljll?((s)w(C’).
We set {x(S) = 1000 if Cylx(S) is empty.

As in Theorem [§ let £p4:(S) be the length of the shortest saddle connection in

the flat metric on S. Clearly, £q:(S) < £k (S5).
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Lemma 9.1. For any invariant suborbifold My, we have
(92) 121 ({S € My | gﬁat(S) < E}) < 052,

where C' depends only on M.
In particular, (after summing the geometric series), we see that for any 8 < 2,

(ot ()" € LY (M, m).

Proof. We use only the fact that v; is an SL(2, R)-invariant probability measure
(and not the manifold structure of My). Let N,(S, L) denote the number of saddle
connections on S of length at most L. By the Siegel—Veech formula applied to
saddle connections [Ved], [EM|, Theorem 2.2] we have for all € > 0,

Ny (S, ) dvi(S) = cs(My) - me?.
My

Note that if £74:(S) < €, N(S,e) > 1. It follows that

vi({S € My | laa(S) <e}) < » Ny(S, ) dvi(S) < cs(My) - me?.

O

Let x. be the characteristic function of the set {S € M; | {x(S) > e}
Pick a nonnegative SO(2, R)-invariant smooth function 7 : SL(2,R) — R such that
fSL(z,R) n(g) dg = 1, and 7 is supported on the set {g | 1/2 < ||g|| < 2}. Here ||g|| is
the operator norm of g, viewed as a 2 X 2 matrix. Let

(9.3) £:(8) == /S o TON(9) s

where dg is the Haar measure on SL(2,R). Note that since the functions 7 is
SO(2, R)-invariant, f. : M7 — R is also SO(2,R)-invariant and thus quotients to
fe :PM —R.

Lemma 9.2. The nonnegative function f. : M1 — R has the following properties:
(a) fe(S) =0 iflk(S) <e/2.
(b) fo(S) =1 if Lx(S) > 2e.
(¢c) fe is leafwise-smooth along Teichmiiller discs, and Vreichfe and Areich fe
are bounded on M1 by a uniform bound independent of €.

Proof. The properties (a) and (b) are clear from the definition. To see that (c)
holds, note that for h(t) € SL(2,R) we can rewrite

f-(h8) = / 1(9) xe(ghS) dg = / n(gh™ (1)) x=(9S) dg
SL(2,R) SL(

2,R)

and (c) follows since 7 is smooth and has compact support. ([l

9.2. Restriction to cylinders of large modulus sharing parallel core curves.
Let Cyl % (S) C Cyli(S) denote those cylinders, which are parallel to the cylinder
whose waist curve is the shortest. If there are two cylinders in Cylx (S) with non-
parallel waist curves of the same shortest length £x(S) we define Cyl x(S) to be
empty.
We define
GES) = S (Mod(C) - K),

CeCylk(S)
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and
PE(S) = > (Mod(C) - K).
CE@K (9)

By convention, a sum over an empty set is defined to be equal to zero. Thus,
both functions ¥ and ¢ are continuous, piecewise smooth, and SO(2, R)-invariant
on M. Recall that it follows from our assumptions on K that the waist curves of
the cylinders in Cylk(S) are disjoint, and their number is bounded by 3g — 3 + n.
Since the area of any cylinder is at most 1, it follows that

(9.4) B (S) < () < 297310
(taa(9))”

Lemma 9.3. Let M be a regular suborbifold, and f. be as in (3). Then,

A geicn log det Agqs(S, So) dvi = T him
3 e

TK
VTeich" * Veich fe dvr .
0/,

My

Proof. By assumption M; is regular. Let f := logdet Agq:(S,So). Note that
f<(S) = 1 as € = 0. Then, by Green’s Formula (@.1]),

(9.5) Aeicn fdvy = lim/ fe Aeienfdry = 1im/ [ Areien fedrr .
M, e—0 M, e—0 M,

Now, by equation ([B26]) from Theorem [§ we have

(9.6) £(8) = =5+ ¥ (8) + O(1og(lgur(9)))
where we use that K - card(Cylx(S)) < (3g — 3 +n)K = O(1) is dominated by
O(log(ﬁﬁat(S))).

Note that by Lemma[@.2] the function A 7¢;cp, f- is bounded and supported on the
set
(9.7) MI={S|e/2 < lk(S) < 2}.

Since £fqt(S) < £k (S), Lemma [01] implies that v (M5) = O(g?). Also, it follows
from Lemma [0.] that the function |log¢s4:| is of the class L*(M;,v1). Then, by
the dominated convergence theorem, we get:

lim / 1108 £jtar| Argien fo dis = 0.
e—0 M,y
Therefore,

(98) ATeichf dVl = —E' lim
M 3 =0 [y

Recall the definition of M;(K,¢) from ([L2). Since M is regular, there exists a
function R(e) (depending on Mj) with R(e) — oo as £ — 0 such that

(9.9) Jimg M1 (K R(e)))
e—0 {—:2

U Aqeion fo duy .
1

=0.

For § € M, we may write

P (S) = w1 (S) + 5 (5),
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where 1 (S) is the contribution of all cylinders in Cylg(S) — Cyl « (S) with waist
curve of length at least eR(g), and ¥ (S) is the contribution of the rest of the
cylinders. Then,

- 3g—3+n
(9.10) PE(S) v (S) <R (S) £ ——rrs .
1 (Char(S))”
Also, as in ([@4), for S € M5 we have
K 39—3+n

By Lemma 0.2l (¢), |A 7eich fe] is bounded by some constant C(M;) which does not

depend on e. Therefore,

3g—3+n
e?R(e)?

Hence, since R(e) — oo as € — 0 and since v1(M5) = O(e?) by Lemma [T} we

have

V3 Aeich fodvi| < C(My) - vi(M3).

’Ml

lim / VI Aggion fodvr = 0.
1

e—0

By ([@3), we have 1 ({S € M] | ¢{(S) > PE(S)}) = 0 as e — 0. By (@I0), we
get PE(S) = O(e72) on M5. Thus,

i
-2 / O Agunfedis = =2 tim | 0K Ageuenfe din =
e—0 3 =0 My

- lim / ’@[] ATezchfa dl/l = 3 hm / vTe'Lchdj vTezcth dl/l .

3 e—0

For the last equality we applied Green’s formula to f. and . The function ¥
is continuous on M; and Vyeien™ is piecewise continuous, which is sufficient for
the validity of Green’s formula. O

Let Cyl(S,e,e/2) denote the cylinders on S for which the length of the core
curve is between £/2 and e.

Lemma 9.4. Let
NE (S,e,e/2) = Z Area(C).
CeCyl (S)NCyl(S,e,e/2)
Then,

Carea(M7) = lim

e—0 —71'5

/ Nmm (S,e,e/2)dv1(S).

Proof. Write Narea(S,€,6/2) = Narea(S;€) — Narea(S,€/2). By Siegel—Veech for-
mula (L4), for any ¢ > 0,

1
(9.11) Carea(M1) = 5—

B Narea(87€7€/2)dyl(s)'
Z’]TE My
Let

area(S € 8/2) Z Area(C) .

CeCylk (S)NCyl(S,e,e/2)
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By [EM, Theorem 5.1], card Cyl(S,e,£/2) = O(£514:(S)™?) for any 1 < 8 < 2.
Suppose C' is a cylinder in Cyl(S,e,e/2) — Cyli(S). Then, since Mod(C) < K,
Area(C) < Kw(C)? < Ke?. Thus,

(9.12) Nurea(S,€,6/2) — NE_ (S,e,¢/2) < Ke?0,:(S)7".

Since the left hand side of [@12) is supported on {S € M; | €a.:(S) < e}, and since
Caat(-)™P € LY(My,v1) by Lemma [I] we have

lim — / (Narea(S,e,6/2) = NE ., (S,e,€/2)) dvy = 0.
My

Thus, in view of (@11,

Carea(M7) = lim

e—0

5 NE_ (S e,¢/2)dvi(S).

2
Z’]TE My

By (L2) NX,.(-,e,e/2) and NE_,(-,e,£/2) might differ only on a set of measure
o(?). Note also, that NX_ (S,e,£/2) < 3g — 3 + n. Hence, we may replace NX_,

by NX__ in the above equation. Lemma is proved. O

Suppose P > 1. Let C/'\y/lep(S) ={Ce @K(S) | w(C) < Plk(S)}, and let
POPS) = Y (Mod(C) - K).
CeCyly p(9)
Let
Ng")elti(su &€, 5/2) = Z Area(C).

CEeCyly, p(S)NCyYL(S,e.6/2)

Lemma 9.5. For all K sufficiently large, and all P > 1, the following estimates
hold:

(9.13) A 7eicn log det Aﬁat(S, SQ) dvy —
My
T . TK,P C(M)
- g . ;1_% " VT&icfﬂb . VTeichfs dVl S P2
and
1 ~ C
(9.14) Carea(M1) — lim 5 NEP(S e¢/2) dul(S’)‘ < (j\;tl) ,
e—0 17752 My P

where the constant C(M1) depends only on M.
Proof. It C' € C/'\y/leP(S) - @K(S) then w(C) > Plk(C), and hence Mod(C) <
1

5. The latter implies, that
P2(0k(S))

9.15 T (S) — GEP(g) < 293N
(9.15) () =5 <
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Suppose C' is a vertical cylinder on a surface S (so that the waist curve of C is
vertical). Then for g € SL(2,R), gC is a cylinder on ¢gS. Let H(g) = Mod(¢C).
Then, we claim that

0
(9.16) VreienH = <2H) .
Indeed, we may write
[ cos® sind\ (y/? 0 1 z\
(9.17) 9= (— sin 0 cos@) ( 0o y2)\o 1) "Wl

in such a way that u, acts by Dehn twists on C. Then,
H(rgayuy) = H(ay) = yMod(C).
The decomposition ([@.I7) was chosen in such way that ( = z+iy provides a standard

coordinate in the hyperbolic upper half-plane parametrizing the Teichmiiller disc,
see section Bl For the associated hyperbolic metric of curvature -4 one has

sraat= (2) = (ntaer) - ()
Teich 2y 2y Mod(C') 2H

This completes the proof of ([Q.I6]).

In general, the direction of the gradient of the function H(g) = Mod(gC) depends
on the cylinder C' (however we still have ||Vrecr, H|| = 2H). This is the motivation
for the restriction to parallel cylinders in §9.2 and the “regularity” assumption in

L5l
Now in view of ([@.I3), and (@.I6]), we have

2(3¢g —3+n)
P2(tx(5))°

for all S where Vieicnth™ (S) and VTeichvaK’P(S) are defined.

Note that by Lemma [3.21the function A ycp f- is bounded and supported on the
set M5 defined in ([@7). On this set we can extend the latter estimate as
2(3¢g —3+n) < 2(3¢g —3+n)
P2(tx(S))* ~ P2(ef2)
Finally, note that since £g4:(S) < £, (S), Lemma @l implies that v; (M$) = O(?).
By property (¢) of Lemma [0.2] ||Vzeicn fe|l is bounded by a uniform bound inde-
pendent of e. The estimate [@I3]) now follows from Lemma [0.3]

For the estimate (@.14) note that if NX (S e,6/2) — NE.P(S e,¢/2) > 0, i.e.

area area

if there exists C € @K(S) - C/'\y/lKP(S) with /2 < w(C) < ¢, then g, (S) <

0 < || Vreien® (S) = Vaesen b T (9)|| <

|IVTeich1/;K(S) - VTeichi/;Kyp(S)” <

area(S7E7€/2) - N£é5(57575/2) < (39 - 3—|—7’L),

lr(S) < % Now since NX
[ (Wla(Sie2) - NELS.2./2) dn(s) <
My

< Bg=3+n) ({51 () < £}) =0(%> ,

where we have used Lemma for the last estimate. Now the estimate (Q.14)
follows from Lemma O
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Remark 9.1. Note that in the calculation in Lemma[@.5 we confront a conflict of two
conventions. One uses the upper half-plane for the Poincaré model of the hyperbolic
plane, which imposes the decomposition (@I7) of SL(2,R). The latter implies, that
the holonomy vector associated to the waist curve of the cylinder C' should be

expressed as <w (O C))’ as if it was wvertical and not traditionally horizontal. A

similar situation is reproduced in the next section.
9.3. The Determinant of the Laplacian and the Siegel—Veech constant.
Lemma 9.6. If K/P? is sufficiently large (depending only on the genus), then

- 1 N
lim Vreicnh™ " Vieien f- dvy = —(4m) - lim - / NEP(S e,¢/2) dvi(S).
1 My

e—0 M e—0 ng

Proof. Let () = 2P, where, by assumption, P > 1. Note that the supports of both
Vieien fe and NE.P are contained in the set

MPE={Se M |£/Q < lk(S) < Qc}.

Note also that the support of NE.P s contained in the smaller subset ./\;llQE -

area
./\/llQ’E of those surfaces, for which all cylinders in Cylx(S) having the waist curve
of the shortest length ¢k (S) are parallel. Note that the intersection of the supports

of Vreicn fe and of @[;K’P is also contained in ./\;llQE
We normalize the Haar measure dg on SL(2,R) in coordinates ([@.I7) as

1
dg = 4—y2dx dy df = dgpy, db ,

where gpyp is the hyperbolic metric of curvature —4 on the upper half-plane
H? ~ SL(2,R)/ SO(2,R) .

We choose a codimension two cross section N of ./\;llQE represented by the surfaces

Se for which £x(S.) = e and such that on S. the cylinders in C/@/ZKP(S‘E) are
horizontal in the sense of Remark at the end of section Then, every S €
M can be represented as

(9.18) S =1y aySe,
where y € [Q72,Q%], S. e N.
Recall that since the measure dv; is affine, it disintegrates as
dy ’
dVl = 4—y2 df dﬁ 5
where 3’ is a measure on N.
For S. € N, let

H(y,S:) := Z Mod(a,C) .
CG@K,P(SE)

Suppose that some cylinder C' belongs to the symmetric difference of C/'\y/l r.p(Se)
and CA'y/lKP(aySs) for some y € [Q72,Q?]. Then,

KQ™? <Mod(C) < KQ*
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By assumption KQ~?2 is sufficiently large so that all cylinders of modulus at least
KQ~? are disjoint. It follows that for y € [Q72, Q?],

|1/~’K7P(ay58) — H(y,S:)[ < (3g -3+ n)KQ2 .
By the same argument as in the proof of (@.I6I), this implies
(9-19) IV reicnth™ " (aySe) = Vreien H(y, So)ll < 2(3g = 3+ n)KQ?
We will eventually need to consider the integral
(9.20) Vieionh™ " - Vieion fo dvr.
M

However, the integrand is supported on a set M%*© satisfying v (M%) < C(M,)e?
and ||Vreien fe|| is bounded independent of e. Then, the contribution of the right
hand side of ([@I9) to ([@20) will tend to 0 as ¢ — 0.

Similarly, let

Ay, Se) == Z Area(C).
ceCyl™ T (8)NCyl(ayS. .c/2)

As above, if some cylinder C' belongs to the symmetric difference of @ r.p(S:)
and Cf'\g;lep(aySa) for some y € [Q2, Q?], then,

Area(C) = (w(C))2 Mod(C) < (Qe)’KQ? < KQ*&%.

Thus,
(9-21) |Naria (aySe,€.2/2) = A(y, Se)| < (3g — 3+ n)KQ"e™.
We will eventually need to consider the expression:
1 ~
(9.22) — NEP(S e,/2) dvi(S).
ZT‘—E My

Since the integrand is supported on a set ./\/llQ’E satisfying 14 (M?a) < O(My)e?,
the contribution of the right hand side of ([@2I]) to (@22) will tend to 0 as € — 0.

We now claim that for any S. € N we have
(9.23)

’ dy 1 @ dy
Vreich (Y, Se) - Vreicn fe(aySe) —5 = —4m - —/ Ay, Se) — .
12 T ( ) T ( Y ) 4y2 %7’(52 12 ( ) 4y2

Note that by definition the function H(y,Se) is linear in y, namely, for y €
[1/Q? Q% we have H(y,S.) = y - Mod(C). Also by construction, for S. € N,
fe(ag2S:) =0, and f.(a1/025:) = 1. Thus,

2 QZ
dy
VTeichH(ya Sa) : vTeichfa (aysa) T3 VH(Z/, Sa) vfs (aySa) dy =
1/Q? W Jyee

Q2
= Y Mod(C)/ 781‘8%@55) dy
CE@K,P(SE) e Y

= > Mod(C)(f-(agS:) — felar/q2S:)) = > Mod(C)-(-1).

CECylg p(Se) CECylg p(Se)
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Now

Ay, So) = D Area(C) - xejae) (¥ w(0)),
CE@K,P(SE)

where the characteristic function x(q)(t) is 1 if a < ¢t < b and 0 otherwise. By

our choice of @ and by the definition of Cyl p(Sc), for every C' € C/'\y/lKP(SS), we
have [m wz(c)} C [@72,Q?. Then,

4e2 £2

& dy @ —-1/2 dy
o Ay, S:) il > Area(C)x(ejae (v Pw(0)) i
CE@K,P(SE)

4’LU2(C)/€2 d 1 3 1
Y 2
= Area(C — =_.Z Area(C =
NZ rea( ) w2(C)/52 4y2 4 4 ¢ NZ rea( ) w(C)2
CECleYP(SE) CECleYP(SE)

e2 Y Mod(C).

CE@K,P(SE)

RNy
oo

This completes the proof of (I.23). We now integrate ([@.23) over N with respect to
the measure df’, and over 6 from 0 to 27, use (9.19) and (@.2I]), and take the limit
as € — 0. Since 11 (./\/llQS) < C(M1)e? and Ve f- is bounded independent of e,
we see that the contributions of of each of the right-hand-sides of [@19) and (@:21])
tend to 0 as € — 0. Lemma [9.6] follows. O

Proof of Theorem[d. Choose arbitrary large P > 1 and choose K’ so large, that
all previous considerations in sections [0.21 - [0.3 work for K = K'/Q? = K'/(4P?).
Since P is arbitrary, formula (8:27) and thus, Theorem [ follow from Lemma
and Lemma Theorem [ is proved. O

10. EVALUATION OF SIEGEL—VEECH CONSTANTS

It follows from the general results of A. Eskin and H. Masur [EM] that almost
all flat surfaces in any closed connected regular SL(2, R)-invariant suborbifold M,
share the same quadratic asymptotics

Na?"ea Sa L
(10.1) lim #

L—oo w2

= Carea (M 1 )

where the Siegel— Veech constant careq(M7) depends only on M; (see also more
specific results of Ya. Vorobets [Vh]).

In section[I0.Tlwe recall some basic facts concerning arithmetic Teichmiiller discs.
The reader can find a more detailed presentation in the original articles [GuJul,
[EMSI), [HtLe], [Z1].

Following analogous computations in [Ve2], [Ve3|, [EMZ], [Le] and [EMS]] we
compute the Siegel-Veech constant cgreq for an arithmetic Teichmiiller surface in
section thus proving Theorem [4

10.1. Arithmetic Teichmiiller discs. Consider a unit square representing a fun-
damental domain of the integer lattice Z @ v/ —1-Z in the complex plane. Consider
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a flat torus T? obtained by identification of opposite sides of this unit square. A
square-tiled surface (also an origami) S is a ramified cover

(10.2) S L 72

of finite degree D over the torus such that all ramification points project to the
same point of the torus.

Clearly, S € H(mq,...,my) where my+1,...,my+1 are degrees of ramification
points. By construction, the cohomology class of the closed 1-form w = p*dz is
integer: [w] € H (S, {zeroes};Z & \/—1-7Z).

One can slightly generalize the above construction admitting other flat tori with-
out singularities and with a single marked point as a base of the cover (I0.2)). The
corresponding covering flat surface S is called an arithmetic Veech surface. An
SL(2,R)-orbit of such flat surface in the corresponding stratum is called an arith-
metic Teichmiller disc, and its projection to PH(mq,...,my,) (or to the moduli
space of curves) is called an arithmetic Teichmiller curve.

We say that an arithmetic Veech surface is reduced if the cover (I0.2]) does not
factor through a nontrivial regular cover of a larger torus:

s 2 2
N
T2

Throughout this section we consider only reduced arithmetic Veech surfaces S.
Moreover, we always assume that the base torus of the cover (I0.2) has area one.

The action of the group GL(2,R) on an arithmetic Veech surface S and on the
underlying torus T? are compatible: having a cover (I0.2)) we get a cover gS — gT?
for any group element g; moreover, this new cover has the same topology as the
initial one. This implies, in particular, that if the base torus of the cover (I0.2)
has area one, than the SL(2, R)-orbit SL(2,R) - S of an arithmetic Veech surface S
representing contains at least one square-tiled surface. This also implies that the
orbit SL(2,R) - S of S is a finite nonramified cover over the moduli space H1(0) of
flat tori with a marked point.

It would be convenient to apply extra factorization over +1d € SL(2,Z) and to
pass to PSL(2,R) and PSL(2,Z). The degree N of the cover

IT: PSL(2,R) - S — H1(0)
coincides with the cardinality of the PSL(2,Z)-orbit of any square-tiled surface Sy
in the orbit PSL(2,R) - S,
N = deg(IT) = card PSL(2,Z) - Sy

Rescaling every flat surface in the orbit PSL(2,R)-S by a homothety with a factor
1//D we can identify the orbit PSL(2,R) - S with a regular PSL(2, R)-invariant
variety M of flat surfaces of area one. The corresponding Teichmiiller curve PM
has a natural structure of a cover of degree N over the modular curve PH(0), where

P(0) ~ PSO(2,R)\ PSL(2,R)/ PSL(2, Z) ~ H2/ PSL(2,7Z) .

This cover might have ramification points over any (or over both) orbifoldic points
of the modular curve.

The canonical density measure dv on H;(0) = PSL(2,R)/PSL(2,Z) in stan-
dard normalization disintegrates to the hyperbolic area form dvy,, on PH(0) ~
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H?/PSL(2,Z). In particular,

2 ™

U(Hl (0)) = ?, Vhyp (PH(O)) = g

Clearly, a flat torus of area one cannot have two short non-homologous closed

geodesics. Since H5(0) is connected, it represents the single cusp of H1(0). It is
easy to compute that

v(H5(0)) = me?, Uhyp (PHE(0)) = £2.

Since any arithmetic Teichmiiller curve PM is a (possibly ramified) cover of finite
order N over the modular curve, PM is a Riemann surface of finite area N - 72/3
with cusps, where the cusps of PM are in a bijection with connected components
C1,...,Cs of the subset PME.

Consider a very short (say, shorter than £ ) simple closed curve v non-homotopic
to zero in PHE(0) (for example, a very short horocycle). Consider its preimage IT1~ 1y
in PM*. By construction the preimage has a unique connected component ~y; in
each cusp C; of PM®. We define a width N; of the cusp C; as a ratio of lengths
of v; and v measured in the canonical hyperbolic metric. Note that the connected
component PM=(C;) of PM* representing the cusp C; is a cover of degree N; over
the neighborhood PH=/"i (0) of the only cusp of the modular curve.

Consider a square-tiled surface Sp. Every nonsingular leaf of the horizontal
foliation on Sy is closed. Thus, Sy decomposes into a finite number of maximal
cylinders bounded by unions of horizontal saddle connections. We denote the length
of the horizontal waist curve of the cylinder number j by w; and the vertical height
of the cylinder by h;. We enumerate the cylinders in such a way that w; < wy <
--+ < wy, where k is the total number of cylinders. Clearly all parameters w;, h;
are integer. The area of the cylinder number j equals w;h;. The area of the entire
square-tiled surface Sy (which coincides with the number D of unit squares tiling
it) is equal to the sum

area(S) = D = wihy + -+ - + wihg

where k is the total number of cylinders. We enumerate the cylinders in such a way
that w1 < wsg < -+ < wyg.
Consider a unipotent subgroup

U:{(é 7}) |neZ}

of PSL(2,Z). Consider an orbit U - Sy of a square-tiled surface. Any flat surface
in this orbit is also a square-tiled surface. Moreover, it has the same number
of maximal cylinders in its cylinder decomposition, and the cylinders have the
same heights and widths as the ones of the initial square-tiled surface. (The only
parameters which differ for different elements of U - Sy are the integer twists which
are responsible for gluing the cylinders together.)

The proof of the following simple Lemma can be found in [HtLe].

Lemma 10.1. Let Sy be a reduced square-tiled surface and let Z(Sp) = PSL(2,Z) -
So be the set of square-tiled surfaces in its orbit. The cusps of the corresponding
arithmetic Teichmiiller disc My = PSL(2,R) - Sy are in bijection with the U-orbits
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of Z(So), and the widths N; of the cusps coincide with cardinalities of the corre-
sponding U -orbits.

(103) Z(So) = |_|Z'-S:1U1‘ card(Ui) = Nl
where s is the total number of cusps.

10.2. Siegel-Veech constants for square-tiled surfaces. Consider an arith-
metic Veech surface S; let p : S — T? be the corresponding torus cover. As usual
we assume that the area of the flat torus in the base of the cover is equal to one. Let
7 be a closed geodesic on S. Its projection p(7) to the torus T? is also a closed geo-
desic. Let ¥ € R? be a primitive vector of the lattice associated to T? representing
this closed geodesic on the torus. Applying an appropriate rotation rg € PSO(2,R)
to ¥ we can make it horizontal. Applying a hyperbolic transformation

(et 0
gt = 0 eft

with a sufficiently large negative t to the resulting horizontal vector we can make
it very short. The corresponding flat surface g7y - S belongs to a neighborhood of
one of the cusps C; of the orbit PSL(2,R) - S.

Note that a direction of any closed geodesic (or of any saddle connection) on
a square-tiled surface is completely periodic: any leaf of the foliation in the same
direction is either a regular closed leaf or is a saddle connection. Thus, any closed
geodesic on a square-tiled surface defines a cylinder decomposition of it. Proportions
of lengths of the waist curves of the cylinders or of heights of the cylinders as well
as areas on the cylinders do not change under the action of the group PSL(2,R). In
particular, any closed geodesic on a square-tiled surface defines a rigid configuration
of saddle connections. We say that this configuration has type C; when the flat
surface g;7¢ - S defined as above belongs to a neighborhood of one of the cusps C;.

Any closed geodesic corresponds to a unique cusp Cj;, so

s
Carea = Z Carea (Cz) .
=1

Here s denotes the total number of cusps of PM. The Siegel-Veech constant
Carea(Ci) corresponds to counting total areas of only those cylinders of bounded
length, which represent a given rigid configuration C; of saddle connections.

To compute the Siegel-Veech constant cureq(C;) we follow analogous computa-
tions in [EM], [EMZ], [Le] and especially a computation in [EMSI] which is the
closest to our case.

Having an arithmetic Veech surface S € M choose a cusp C; of M;. Having a
configuration of closed geodesics of the type C; choose a regular closed geodesic 7y in
this configuration and consider the associated vector ¥(7y) as above. By construction
¥ does not depend on the choice of a representative . Moreover, it can be explicitly
evaluated as follows. Consider the cylinder decomposition of square-tiled surfaces
in the orbit U-orbit U; representing the cusp C;. If the representative v belongs to
a cylinder number j, then

=T

where 7 is a plane vector having the length and the direction of ~.
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Associating to every configuration of parallel closed geodesics of the type C;
a vector U as above we construct a discrete subset V;(S) in the plane R?. By
construction the subset changes equivariantly with respect to the group action: for
any g € PSL(2,R) we have V;(gS) = ¢V;.

Consider a Siegel-Veech transform which associates to a function f with compact
support in R? a function f on M defined as

f&)= > fw

veV;(S)
By a Theorem of Veech (see [Ve3]) one has

1
v(M1) Jpm,

where the constant const does not depend on the function f.

Hence, to compute the constant const it is sufficient to evaluate both integrals
for some convenient function f, for example for a characteristic function x.(z,y)
of a disc {(z,y) |22 + y? < €%} of a very small radius €. In this particular case the
integral on the right is just the area me? of the disc. Function X. is the characteristic
function of those component of the preimage I1~!(#5(0)), which corresponds to the
cusp C;. If the width of the corresponding cusp is IV;, than,

(10.4) f(S)dv = const - f(z,y) dedy ,
R2

f(S) dv = N; - v(H(0)) = N; - m&?
My

Finally, v(M;) = N - v(H1(0)) = N7?/3. Thus, the Siegel—Veech formula (0.4)
applied to x. establishes the following relation:

1
m - Nywe? = const - me?
which implies that the constant in (I0.4]) has the following value:
3 N;
(10.5) const = oW

To compute Cqreq(C;) We introduce a counting function y,.(7,C;) : R? — R with
compact support defined as follows:

0 when w1 ||7)| > r
wh
}) ! when wy|7]| > 7 > w1 || 7|
Xr(ﬁvci) = 1 o .
3 (wiha 4 +wihy) - when w1 [[]] > r 2 wy|7]

1
D
Here £k is total number of cylinders in the cylinder decomposition corresponding to
the configuration C;, and D = area(S) is the number of unit squares used to tile

the initial square-tiled surface. As always, we enumerate the cylinders in such a
way that wy < ws < -+ < wg.

(wihy + -+ + wrhg) when r > w0
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By definition of Ngyeq(S,7;C;) we have

Narea(S,75C) = > xa(#,C) = (S, Ci) -
veVi(S)

Note that modifying a flat structure on a surface S by a homothety with a
positive coefficient A is equivalent to changing the scale. Hence, for any counting
function N(S,r) with a quadratic asymptotics in r we get

T 1
N(}\S,T):N S,X NpN(S,T)

By definition the coefficient c,¢, is defined as a coefficient in a quadratic asymp-
totics of a counting function Ny, on a surface of unit area. Since arithmetic Veech
surfaces in our consideration have area D (the number of unit squares tiling the
initial square-tiled surface Sp), we need to normalize the limit below by the area of
S in order to obtain Cypeq:

o . Narea(Svr;Ci) o . 1 ~
CarealC) = area(S) - Tim ~* S5 _ D gim 4,5,

By the results of W. Veech [Ve3] for the case of a Teichmiiller disc of a Veech
surface the constant above is one and the same for all surfaces in the corresponding
Teichmiiller disc and
(10.6) (C)=D- lim — .1 0 (S,C:)d

. Carea\li) = rinolom M MlXT s L1 V.

On the other hand, by the Siegel—Veech formula ([I0.4]) the above normalized
integral equals to

1
10.7 —/ xr(5,C; duzconst/ xr(v,C;) dzdy ,
(10.7) o) (5,Ci) o (v,Cs)

where the value of the constant is obtained in (I0.3]).
It remains to compute the integral

1 hlwl h2w2 hkwk
10.8 (0,C)dedy = mr? - — | —5—
a08) [ a0ty = mrt 5 (S B B

=1 7
and to collect equations (I0.5)-(I0.8) to get
3N 1 by 31 Fohy
wrealC) =D =2 . —. A -
¢ ( ) ™ N D lej w2 N tz lej
= I the T
orbit U;
Taking a sum of ¢qreq(C;) over all cusps Cy, . ..,Cs of M; and taking into consid-

eration that the PSL(2, Z)-orbit Z(S) of the initial square-tiled surface decomposes
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into a disjoint union of orbits U;, see (I03)) we obtain the desired formula [212):

s k(i)
h”
Carea = § Carea(ci) - — § § § ==
; us N
i=1 cusps C; surtaccs Jj= 1
n the
orblt U;
3 1 hij
w2 card(PSL(2,Z) - S W;
( ( ’ ) 0) S; €PSL(2,Z)-So horizontal Y
cylinders cyl,;
such that
Si,:LIcylij
Theorem (] is proved. O

APPENDIX A. CONJECTURAL APPROXIMATE VALUES OF INDIVIDUAL LYAPUNOV
EXPONENTS IN SMALL GENERA

Degrees Con- Lyapunov exponents
of nected
Z€eros compo-
nent Experimental Exact
g g
A2 A3 DIV IOV
j=1 j=1
(4) hyp 0.6156 | 0.1844 || 1.8000 9/5
(4) odd 0.4179 | 0.1821 || 1.6000 8/5
(1,3) — 0.5202 | 0.2298 || 1.7500 7/4
(2,2) hyp 0.6883 | 0.3117 || 2.000 4/2
(2,2) odd 0.4218 | 0.2449 || 1.6667 5/3
(1,1,2) — 0.5397 | 0.2936 || 1.8333 || 11/6
(1,1,1,1) — 0.5517 | 0.3411 || 1.8928 || 53/28
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Degrees Con- Lyapunov exponents
of nected
Z€ros compo-
nent Experimental Exact
g g
A2 )\3 A4 Z )\j Z )‘j
j=1 j=1
(6) hyp 0.7375 | 0.4284 | 0.1198 2.2857 16/7
(6) even 0.5965 | 0.2924 | 0.1107 1.9996 14/7
(6) odd 0.4733 | 0.2755 | 0.1084 1.8572 13/7
(1,5) — 0.5459 | 0.3246 | 0.1297 2.0002 2
(2,4) even 0.6310 | 0.3496 | 0.1527 2.1333 32/15
(2,4) odd 0.4789 | 0.3134 | 0.1412 1.9335 29/15
(3,3) hyp 0.7726 | 0.5182 | 0.2097 2.5005 5/2
(3,3) — 0.5380 | 0.3124 | 0.1500 2.0004 2
(1,2,3) — 0.5558 | 0.3557 | 0.1718 2.0833 25/12
(1,1,4) — 0.55419 | 0.35858 | 0.15450 || 2.06727 || 1137/550
(2,2,2) even 0.6420 | 0.3785 | 0.1928 2.2133 737/333
(2,2,2) odd 0.4826 | 0.3423 | 0.1749 1.9998 2
(1,1,1,3) — 0.5600 | 0.3843 | 0.1849 2.1292 66/31
(1,1,2,2) — 0.5604 | 0.3809 | 0.1982 2.1395 || 5045/2358
(1,1,1,1,2) — 0.5632 | 0.4032 | 0.2168 2.1832 131/60
(1,1,1,1,1,1) — 0.5652 | 0.4198 | 0.2403 2.2253 839/377

101
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Degrees Con- Lyapunov exponents
of nected
Zeros compo-
nent Experimental Exact
g 9
A2 A3 A1 As SN SN
j=1 j=1
(8) hyp || 0.798774 | 0.586441 | 0.305803 | 0.086761 || 2.777779 2
(8) even || 0.597167 | 0.362944 | 0.189205 | 0.072900 || 2.222217 2
(8) odd || 0.515258 | 0.343220 | 0.181402 | 0.071107 || 2.110987 L
(7,1) - 0.560205 | 0.378184 | 0.206919 | 0.081789 || 2.227098 || 222
(6,2) even || 0.603895 | 0.385796 | 0.220548 | 0.091624 || 2.301862 || 3429
(6,2) odd || 0.521181 | 0.368690 | 0.211988 | 0.088735 || 2.190594 8
(6,1,1) - 0.563306 | 0.398655 | 0.229768 | 0.093637 || 2.285367 | 32332837
(5,3) - 0.561989 | 0.376073 | 0.216214 | 0.095789 || 2.250066 g
(5,2,1) - 0.564138 | 0.396293 | 0.236968 | 0.103124 || 2.300523 || 2298
(5,1,1,1) - 0.565422 | 0.414702 | 0.252838 | 0.107906 || 2.340868 0

APPENDIX B. SQUARE-TILED SURFACES AND PERMUTATIONS

B.1. Alternative interpretation of Siegel-Veech constant for arithmetic
Teichmiiller discs. Consider an N-square-tiled surface and enumerate its squares
in some way. The structure of the square tiling can be encoded by a pair of per-
mutations (Tphor, Teert ), indicating for each square (say, for a square number k) the
number 7p,-(k) of its direct neighbor to the right, and the number (k) of its
direct neighbor on top. Reciprocally, any ordered pair of permutations (Tpor, Tyert)
from Sy, such that 7,0, Tyert do not have nontrivial common invariant subsets in
{1,..., N}, defines a connected square-tiled surface.
Applying a simultaneous conjugation

(Bl) (Woﬂ—hor or~! y T O Tyert O7T_1)

by the same permutation 7 to both permutations (7o, Tyert) We do not change the
square-tiled surface, but only the enumeration of the squares. Thus, N-square-tiled
surfaces are in a one-to-one correspondence with the resulting equivalence classes
of ordered pairs of permutations.

Let S(Thor, Twert) € H(ma,...,my). The degrees m; of zeroes can be recon-
structed from (7,0, Tyert) as follows. Consider a decomposition of the commutator

o -1 -1
[ﬂ'hora errt] ‘= Thor © Tyert © Trhor O T yert



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 103

into cycles. Then the following two unordered sets with multiplicities coincide:

{mi+1,...,m, +1} =
= {Lengths of cycles of [mhor, Tyert], which are longer than 1} .

Consider the following generators T, S of the group SL(2,Z):

r=(y )
e ().

In terms of pairs of permutations the action of T" and R on square-tiled surfaces
can be represented as

T(T‘—hora ﬂ-vert) = (ﬂ-hor ; Tyert © W}Zolr)

R(ﬂ'horv errt) = (W;elrt ’ 7Thor) .

Thus, an SL(2, Z)-orbit O(S) of a square-tiled surface S(mhor, Tyert) can be obtained

as an orbit of the equivalence class (7o, Tyert) under the transformations T, S as
above in the set of equivalence classes of ordered pairs of permutations.

We can rewrite now expression (ZI2]) for the Siegel-Veech constant of an arith-
metic Teichmiiller disc M; as follows. Let O(S) be the SL(2, Z)-orbit of the square-
tiled surface S(mp,m,). Let O(mh,m,) be the corresponding orbit in the set of
equivalence classes of ordered permutations. Then

3 1 hi;
J
Carea(M1) = - ————= Y 3 =
area(M1) w2 card O(S) _ Wij
S, €0(S) horizontal
cylinders cylij
such that
Si=Ucyl,;

T Dl ppe—
w2 card O(mp, my) £~ length of ¢;
(ThorsTvert) cycles ¢;
in O(mp,my in Ty

Note that the subset of noncommuting pairs of permutations (Tpor, Tyert) in
Sy x Gy is invariant under the action (B.) of &, and this action does not have
fixed points in this subset. Hence, when the surface S(mp,,m,) has genus at least
two, the projection of the T, R-orbit of (7, 7,) in & x x & n to the orbit O(my, 7,) in
the set of equivalence classes is a (N!)-to-one map. Since the collection of lengths of
the cycles of a permutation does not change under the conjugation, we can rewrite
the expression for the Siegel-Veech constant in terms of the T', S-orbit:

3 1 ]
B'2 area M = —" s
(B-2) Carea(M1) = — card (T, R-orbit of (7, m,)) > > Tongth of ¢;
(Thor Tuert) Cycles ¢
in the in Thep
T, R-orbit



104 ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH

B.2. Non varying phenomenon. By Corollaries[I] and [2] the Siegel-Veech con-
stant of any arithmetic Teichmiiller disc in a hyperelliptic locus depends only on the
ambient locus. Being formulated in terms of equation (B:2) this statement becomes
by far more intriguing. For example, Corollary 2] implies the following statements
about pairs of permutations.

Corollary 2. Consider permutations my,, 7™, € G such that m,, 7, do not
have nontrivial common invariant subsets in {1,...,N}.

If the commutator [my, 7, has a single cycle of length three and all other cycles
have lengths one, than

! 1 10
card (T R-orbit of (ﬂ'h e )) Z Z m = E
7 Y (Whorwﬂ'ucrt) C}’Cles Ccq
in the in Thor
T,R-orbit

Here by a “T, R-orbit of (mn,m,)” we mean the minimal subset in Gy X Sy
containing (mp, ) and invariant under the operations T and R.

If the commutator [mh,m,] has exactly two cycles of length two and all other
cycles have lengths one, than

1 1 5

card (T, R-orbit of (Wh,wv)) ( Z : ylz m =1
Thor,Tvert) CYClES €4
in the in Tphop

T, R-orbit

In other words, when the commutator has a single nontrivial cycle of length
three, or only two nontrivial cycles of length two, the average inverse length of a
cycle over all cycles of all permutations in a 7', R-orbit does not depend neither on
N nor on a specific T', R-orbit for a given N.

Experimenting with orbits of square-tiled surfaces, the authors have observed
the same phenomenon in further strata in small genera. For example, in genus
three the Siegel-Veech constant of arithmetic Teichmiiller discs did not vary for
discs in all strata except the principal one, H(1,1,1,1).

Of course, this non-varying phenomenon was initially checked only for orbits
of size sufficiently small to be treated by a computer (of cardinality below 10°).
However, we have conjectured that it would be valid for all orbits in a certain list
of connected components of the strata in genera 3,4, 5.

An explanation and a proof of this non-varying phenomenon was finally recently
found by D. Chen and M. Méller [ChMO4| almost a decade after it was conjectured.

B.3. Global average. Finally, one can use the interpretation (B.2)) of the Siegel-
Veech constant of an arithmetic Teichmiiller disc to state the following statement,
where the operations 7" and R are not present anymore.

Definition 5. A pair (7, 7, ) of permutations in & 5 has type (mq, ..., my) if 7, m,
do not have nontrivial common invariant subsets in {1,..., N} and if the length
spectrum of decomposition into cycles of the commutator [7por, Tyert] satisfies

{mi+1,...,m, +1} =

= {Lengths of cycles of [mhor, Tyert], which are longer than 1} .
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Proposition B.1. For any connected stratum H(ma, ..., my) the limit below exists
and is equal to the normalized Siegel-Veech constant:

2
M Z > > length ofc; % Carea (H(ma, ..., my))

(Whnr;ﬂ'ven) CyCle§ Cq

of type in mper
(mlx 7mn)
in 6y xSy
Proof. This is essentially the content of [Chll Appendix A]. O
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