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MIRROR SYMMETRY FOR ORBIFOLD HURWITZ NUMBERS

VINCENT BOUCHARD, DANIEL HERNANDEZ SERRANO, XIAOJUN LIU, AND MOTOHICO MULASE

ABSTRACT. We study mirror symmetry for orbifold Hurwitz numbers. We show that the Laplace
transform of orbifold Hurwitz numbers satisfy a differential recursion, which is then proved to
be equivalent to the integral recursion of Eynard and Orantin with spectral curve given by the
r-Lambert curve. We argue that the r-Lambert curve also arises in the infinite framing limit of
orbifold Gromov-Witten theory of [C3/(Z/rZ)]. Finally, we prove that the mirror model to orbifold

Hurwitz numbers admits a quantum curve.
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1. INTRODUCTION
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1.1. Overview. In recent years, it has been found that many counting problems involving
the moduli space My ,,, such as Gromov-Witten invariants of toric target spaces and enu-
meration of various ramified coverings of P!, have a common feature: they have a “mirror
symmetric” counterpart which is governed by a universal integral recursion formula due to
Eynard and Orantin [22]. The key ingredient of the mirror theory is the existence of a spec-
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tral curve, which is a Lagrangian subvariety of the holomorphic symplectic surface C* x C*.
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Once the spectral curve mirror to a given counting problem is determined, the universal
recursion calculates the generating functions of the corresponding enumerative invariants.

Simple Hurwitz numbers provide an interesting example of such a story. It was first
conjectured in [8] that the generating functions for simple Hurwitz numbers should satisfy
the integral recursion of Eynard and Orantin, with spectral curve given by the Lambert
curve

(1.1) x=ye Y.

The conjecture followed from the broader remodeling conjecture [6, [32], which claims that
generating functions for Gromov-Witten invariants of toric Calabi-Yau threefolds/orbifolds
should satisfy the integral recursion of Eynard and Orantin, with spectral curve given by the
standard mirror curve of Hori and Vafa [28]. The conjecture for simple Hurwitz numbers
is derived as the infinite framing limit of the simplest case of the remodeling conjecture,
namely for Gromov-Witten invariants of C3.

The conjecture for simple Hurwitz numbers was solved in [2I] B5]. There, it was shown
that the generating functions of simple Hurwitz numbers defined in [§] are in fact the Laplace
transform of the simple Hurwitz numbers Hy (/) (defined below), and that the combina-
torial equation known as the cut-and-join equation [24], 25, [37] automatically changes into
the Eynard-Orantin integral recursion defined on the Lambert curve , after taking the
Laplace transform, Galois averaging, and restricting to the principal part. In this way the
simple Hurwitz number conjecture was solved.

Through the infinite framing limit, the mathematical solution of the simple Hurwitz
number conjecture presents a strong evidence for the remodeling conjecture itself. Recently,
there have been many developments towards a proof of the remodeling conjecture (see for
example [5 13, [40], and most notably, [23]). In its full generality, however, the remodeling
conjecture is still open. In particular, there are no rigorous mathematical results for the
cases of orbifold Gromov-Witten invariants.

In this paper we study mirror symmetry for Hurwitz numbers of the orbifold P'[r] with
one stack point [0/(Z/rZ)].

As a first step, we use the remodeling conjecture to argue that the generating functions of
such orbifold Hurwitz numbers should satisfy the integral recursion of Eynard and Orantin.
As for simple Hurwitz numbers, we show that generating functions for orbifold Hurwitz
numbers can be obtained in the infinite framing limit of generating functions for Gromov-
Witten theory; however, instead of considering Gromov-Witten theory of C3, we must now
consider orbifold Gromov-Witten theory of [C3/(Z/rZ)]. Via the remodeling conjecture, this
implies that generating functions of orbifold Hurwitz numbers should satisfy the integral
recursion, with spectral curve the infinite framing limit of the curve mirror to the orbifolds
[C3/(Z/rZ)]. We show that the resulting spectral curve for orbifold Hurwitz numbers is the
r-Lambert curve:

(1.2) " =ye Y.

We then give a rigorous proof of the recursion formula, generalizing the result of [8] 21, [35]
to the orbifold case. First, we prove that the r-Lambert curve is the correct spectral curve
via Laplace transform. Then, we establish a system of recursive partial differential equations
that uniquely determines the Laplace transform of the orbifold Hurwitz numbers for arbi-
trary genus and ramification profile at oo € P[r]. These functions are called free energies.
The Eynard-Orantin topological recursion is then established by taking the Galois average
of the Laplace transform of the cut-and-join equation and restricting to the principal part
of the free energies. Note that this result also provides strong evidence for the remodeling
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conjecture in the context of orbifold Gromov-Witten theory of [C3/(Z/rZ)], which is still
open.

We also study the appearance of a quantum curve for orbifold Hurwitz numbers. Quan-
tum curves arise when the mirror symmetric side of a counting problem is governed by a
complex analytic curve. Here, a quantum curve [I, [I'7, (15, [16] means a holonomic system
that characterizes the partition function of the theory, the latter being defined in terms of
the principal specialization of the free energies. In the context of orbifold Hurwitz numbers,
we show that the partition function (which is the diagonal restriction of a KP 7-function)
satisfies a stationary Schrodinger-type equation of [33], that is, a quantum curve exists.
Surprisingly, this linear equation alone uniquely determines the free energies for arbitrary
genus.

1.2. Main results. For a vector of n positive integers ji = (u1,...,u,) € Z", the simple
Hurwitz number H, ,(fi) counts the automorphism weighted number of the topologlcal types
of simple Hurwitz covers of P! of type (g, 7). A holomorphic map ¢ : C — P! is a simple
Hurwitz cover of type (g, ji) if C' is a complete nonsingular algebraic curve defined over C
of genus g, ¢ has n labeled poles of orders (u1, ..., i), and all other critical points of ¢
are unlabeled simple ramification points.

In a similar way, we define the orbifold Hurwitz number H, 5(,2([[) for every positive integer
r > 0 to be the automorphism weighted count of the topological types of smooth orbifold
morphisms ¢ : C — P[r] with the same pole structure as the simple Hurwitz number case.
Here C'is a connected 1-dimensional orbifold (or a twisted curve) modeled on a nonsingular
curve of genus g with (u1 + - -+ + py)/r stack points of the type [p/(Z/TZ)}. We impose
that the inverse image of the morphism ¢ of the stack point [0/(Z/rZ)] € P*[r] coincides
with the set of stack points of C. When r = 1 we recover the simple Hurwitz number
Hya(il) = Hy.n(j0).

Consider H, é 7)1( 1) as a function in g € Z'. Following the recipe of [19] 21}, [34], we define
the free energies as the Laplace transform

(1.3) E{M) (2, ... = > HD(fi) e,
HEZY
Here @ = (w1, ..., wy) is the vector of the Laplace dual coordinates of fi, (W, ii) = wyp1 +

-+ wp iy, and the function variable z; and w; for each i are related by the r-Lambert
function

(1.4) eV =ze 7,
It is often convenient to use a different variable
(1.5) r=e",

with which the r-Lambert curve is given by = ze~*". Then the free energies Fg(q;% of 1)
are generating functions of the orbifold Hurwitz numbers. We use the notation

n
(1.6) F [z, ) = > HO (@) [[ =2
HEZLY i=1
to indicate the same function (1.3) in the different set of variables. For every (g,n) the
power series (|1.6)) is convergent and defines an analytic function.

Our first result, Theorem states that the generating functions (|1.6)) can be obtained
in the infinite framing limit of generating functions for orbifold Gromov-Witten invariants of
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[C3/(Z/rZ)]. This follows by rewriting both generating functions in terms of Hurwitz-Hodge
integrals. On one side, a ELSV-type [20] formula expressing orbifold Hurwitz numbers in
terms of Hurwitz-Hodge integrals was established by Johnson-Pandharipande-Tseng [29],
where orbifold Hurwitz numbers were considered as a special case of double Hurwitz num-
bers. On the other side, orbifold Gromov-Witten invariants can also be expressed in terms of
Hurwitz-Hodge integrals, through the orbifold topological vertex [936]. Using these expres-
sions in terms of Hurwitz-Hodge integrals we establish the infinite framing correspondence
for the generating functions.

Through the remodeling conjecture, it is expected that the generating functions for orb-
ifold Gromov-Witten invariants of [C?/(Z/rZ)] should satisfy the integral recursion of Ey-
nard and Orantin with spectral curve

(1.7) y (1 —y)—2" =0,

where f € Z is a framing parameter and s € Z determines the weight of the action of Z/rZ
on C3. By taking the limit of infinite framing, f — oo, after an appropriate coordinate
change

xr— X _
(1.8) P
y—1-4%

we obtain the r-Lambert curve ([1.2]). Therefore, we expect the free energies ((1.6)) to satisfy
the integral recursion of Eynard and Orantin, with spectral curve the r-Lambert curve.
Our next result is an explicit determination of all the free energies (1.3)):

Theorem 1.1. In terms of the z-variables, the free energies are calculated as follows.

1 1
1.9 F{(z) = 22" — =2
(1.9) 0,1 (2) ’rZ 2Z )
(1.10) F{) (21, 22) = log -2 — (2 + 23),
’ r1 — T2

where x; = z;e~% . For (g,n) in the stable range, i.e., when 2g—2+n > 0, the free energies
satisfy the differential recursion equation

I~ 0 .,
(1.11) (29—2+n+ri;ziazi> F{ (21, 2n)

. 1 ZiZj 1 0 (r) 1 9 (r)
2 zj: 2 — 2j [(1 —r2zl)? 0% Fg’"fl(z[j]) (1 —rz})? Oz Fg’"fl('z[i])

Ly~ A * Lo
+5 - F Up, U, 21
1 n 2’2 stable 9 - P .
4 2 m > (aziFglJﬂ-&-l(zi’ ZI)) (aziFgg,U—H(Zi» ZJ)) :
i=1 v/ g1tge=g
TuJ=[1]
Here we use the following convention for indices. The index set is [n] = {1,2,...,n}, and

for a subset I C [n], zr = (2i)ier. The hat symbol i means the omission of © from [n].
The final summation is over all non-negative integer partitions of g and set partitions of [i]
subject to the stability conditions 2g1 — 2+ |I| > 0 and 292 — 2+ |J| > 0.



MIRROR SYMMETRY FOR ORBIFOLD HURWITZ NUMBERS 5

Remark 1.2. Since Fg(,rn),(zl, e ’Z")’z-:o = 0 for every i, the differential recursion (|1.11)),

which is a linear first order partial differential equation, uniquely determines Fg(’;2 one by
one inductively for all (g,n) subject to 29 — 2+ n > 0. This generalizes the result of [35] to
the orbifold case.

The differential recursion of Theorem is obtained by taking the Laplace transform
of the cut-and-join equation for H, g(T) (i1). The r-Lambert curve itself, (1.2), is obtained by

computing the Laplace transform of Hg) ().

Our third theorem concerns the existence of a quantum curve for orbifold Hurwitz num-
bers. Since the r-Lambert curve has a global parameter z, the algebraic K-theory condition
required for the existence of the quantization (see for instance [27]) is automatically satisfied,
and we have the following result.

Theorem 1.3. The partition function of the orbifold Hurwitz numbers is given by
o0 oo 1

(1.12) Z") (2, h) = exp Z Z mhgg_H”FéQ(z, Zyoiiy Z)
g=0n=1

It satisfies the following system of (an infinite-order) linear differential equations.

(1.13) (hD - er(_w+b2lh)eThD> Z™) (2, ) =0,
hpe (L RN 20N o, g
(1.14) <2D (r + 2) D h6h> 2" (2, h) =0,
where 5 5 5
D=—_—~2 9 _

1—7rz" 0z x%:_%‘

Let the differential operator of (resp. be denoted by P (resp. Q). Then we

have the commutator relation

(1.15) [P,Q] = P.

The semi-classical limit of each of the equations or recovers the r-Lambert
curve .

Remark 1.4. The Schrédinger equation is established in [33].

Remark 1.5. The above theorem is a generalization of [34, Theorem 1.3] for an arbitrary
r > 0. The restriction r = 1 reduces to the simple Hurwitz case.

Our final result establishes the prediction from the infinite framing limit that the free
energies (|1.3) should satisfy the integral recursion of Eynard and Orantin with spectral
curve the r-Lambert curve ([1.2]). More precisely, it is the symmetric differential forms

(1.16) W (21, zn) == didy - dn B (21, -, 2)

that should satisfy the Eynard-Orantin integral recursion on the r-Lambert curve. We
establish this fact in the next theorem/[]

Remark 1.6. The significance of the integral formalism is its universality. The differential
equation (1.11)) takes a different form depending on the counting problem, whereas the
integral formula (|1.17)) depends only on the choice of the spectral curve.

lWe refer to [34] for the precise mathematical formulation of the Eynard-Orantin recursion formalism.
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The Eynard-Orantin integral recursion requires a set of geometric data from the r-
Lambert curve, given in parameteric form by z(z) = ze™*', y(z) = 2". The function
x(z) has r critical points at 1 —rz" = 0. Let {p1,...,p,} be the list of these critical points.
Since dz = 0 has a simple zero at each p;, the map x(2) is locally a double-sheeted covering
around z = p;. We denote by s; the deck transformation on a small neighborhood of p;.

Theorem 1.7. For the stable range 2g —2+n > 0, the symmetric differential forms satisfy
the following integral recursion formula.

W;i)17n+1 (z, sj(2), 22, ... ,Zn)

(1.17) Wé;@(zl,...,zn o z; g (z,21)

+ (Wé,rz)(% zi) ® Wg(;zq(sj(z)a Zig) + Wo'3 (5i(2), 1) ® Wéi 1(z 2, 1]))
i=2
stable ") ")
+ W1\1|+1(Z’ZI)®W2\J|+1( (% )aZJ)]'
g1+g2=g
TuJ={2,...n}
Here the integration is taken with respect to z along a small simple closed loop v; around
pj- The integration kernel is defined by

(1.18) K( ) 1 ! ®/Sj(z) W<r)( )
. j\z,21) = 3 - ” 0,2 L, 21)
2 Wi (si(20) - Wi (1) /-

Remark 1.8. The proof is based on the idea of [21]. The notion of the principal part of
meromorphic differentials plays a key role in converting the Laplace transform of the cut-
and-join equation into a residue formula. We generalize this technique to a more suitable
one that works for the current orbifold case.

Remark 1.9. When our manuscript was being finalized, we noticed an extremely interest-
ing paper [I8]. The authors of [I8] derive the same spectral curve using a concrete graph
counting argument, and establish Theorem independently. They also claim to have
proved our Theorem Although they have the right strategy, their proof as written is
in error. [I8, Lemma 13] does not hold, while it is used in the key step of proving [I8
Eqn.(22)].

1.3. Outline. The paper is organized as follows. Section [2| reviews the orbifold Hurwitz
numbers. The key formulas we use in this paper are the ELSV-type formula of [29]
and the cut-and-join equation . Section [3| is devoted to the infinite framing relation
between orbifold Hurwitz numbers and Gromov-Witten theory of [C3/(Z/rZ)]. We then
calculate the Laplace transform of the orbifold Hurwitz numbers and prove Theorem
in Section [4] Section [ lists some properties enjoyed by the free energies. The quantum
curve of the r-Lambert curve is studied in Section 6} The proof of Theorem is given in
Section [7

2. THE ORBIFOLD HURWITZ NUMBERS

The polynomial behavior of simple Hurwitz numbers H ,, () [25,37] as a function in fi has
been a long mystery. The polynomiality has become manifest in the Ekedahl-Lando-Shapiro-
Vainshtein formula [20] that relates simple Hurwitz numbers and the Hodge integrals on
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the Deligne-Mumford moduli Mg ,. Another manifestation of the polynomiality is found
in [35], where it is established that the Laplace transform

(2.1) Fyn(ti,...,tn) = > Hyp(fi)e” 7
fezn
is a polynomial of degree 3(2g — 2 + n) in t;-variables. Here the variables are related by
t—1
=

eV =ze 7, z

The orbifold Hurwitz numbers H, ;T,)L(ﬁ) no longer exhibits the same polynomiality. But it
shows a piecewise polynomial behavior. Indeed, we can define HSSTT)L(,J) as a double Hurwitz
number, which is the automorphism weighted count of the topological types of double
Hurwitz covers ¢ : C — P'. Here C' is a connected nonsingular curve of genus g, and ¢
is a holomorphic map that has n labeled poles of orders fi, m unlabeled zeros of degree r,
and all other critical points are unlabeled simple ramification points. The number of zeros
is given by
p1 ety
—

(2.2) m =

This is a special case of the fully general double Hurwitz numbers Hy , »,(fi, 7) of arbitrary
zeros and poles and otherwise simply ramified. We refer to [12], 26] for further discussions
on the piecewise polynomiality.

Reflecting the chamber structure of the polynomiality, the ELSV-type formula for orbifold
Hurwitz numbers is more complicated than the original case. The following formula is
established in Johnson-Pandharipande-Tseng [29].

Theorem 2.1 ([29]). The orbifold Hurwitz number has an expression in terms of linear
Hodge integrals as follows:

(2.3)  Hf

j n 5]
72(”1’ o aﬂn) — T1—9+ZZL:1 (5 / Z;LJ'EO(_T)J)V Hi .
’ M, _(8G) [li=1 (1 — parhi) = |54
Here, G = Z/rZ, and BG is the classifying space of G. The floor and the fractional part of
q € Q is given by ¢ = |q|+(q). M, _z(BG) denotes the moduli space of stable morphisms to
BG from a stable curve of genus g and n smooth points on it, with a prescribed monodromy
data —fi. The vector —[i, as the monodromy data, is identified with the residue class

—f modr=(—p; modr,...,—u, modr)eG"
at each marked point. We fix a character
G:Z/TZBk»—H:@ eCn

This defines a line bundle on [C, (p1,...,pn)] € Mgn, and the choice of the monodromy

data fi € G" determines a covering C'— C' as a multi-section of this line bundle. All these
data give a point of the moduli stack M, _;(BG), and the Hodge ‘bundle’ E is defined on it

by assigning the fiber H° (é,Ké) to this point, where K is the canonical sheaf. We then
define S

\j = ¢;(E) € H¥ (M, _(BG), Q).
The -classes on ﬂ%_ﬁ(BG) are the pull-back of the standard tautological cotangent classes
on Mg, via the natural forgetful morphism

M%_ﬁ(BG) — ﬂgm.
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The cut-and-join equation of orbifold Hurwitz numbers Hg}l(ul, .+, fin) 18 derived from
the analysis of the geometric deformation of confluence of one of the simple ramification
points with co € P![r]. In terms of the monodromy data, the deformation corresponds
to multiplying a transposition to the product of n disjoint cycles of type (i1, ..., u,) that
determine the ramification profile above oco. Therefore, the geometric situation in our
orbifold context does not change from the usual simple Hurwitz number case. As a result,
the exact same proof of the original case (see for example, [35] and [41]) applies to establish

the following.
Theorem 2.2 (Cut-and-join equation). The orbifold Hurwitz numbers Hé%(m, ey ln)
satisfy the following equation.

T ]‘ T
(24) SHUM (- ptn) = 5 0t ) HY -y (1 g )
i#£]

1 — r r r
+§Z Z CKB H;—)Ln-i—l (%@Mm) + Z Hél?|[|+1(a7MI)H;2?|J|+1(/87MJ)

i=1 a+B=u; g1+g2=g
TuJ=[4]
Here
= + -+
(2.5) s=s(g i) =2g—2+n+ LT THn

r
is the number of simple ramification point given by the Riemann-Hurwitz formula, and we
use the convention that for any subset I C [n| = {1,2,...,n}, ur = (wi)icr- The hat
notation i indicates that the index i is removed. The last summation is over all partitions
of g and set partitions of [i] = {1,...,i—1,i+1,...,n}.

3. THE INFINITE FRAMING LIMIT OF THE ORBIFOLD TOPOLOGICAL VERTEX

The realization that generating functions for simple Hurwitz numbers satisfy the Eynard-
Orantin recursion for the Lambert curve originated from topological string theory.
More precisely, the argument put forward in [8] was that generating functions for simple
Hurwitz numbers can be obtained in the infinite framing limit of the topological vertex
generating functions in open Gromov-Witten theory. The remodeling conjecture of [6] then
asserts that the topological vertex generating functions should satisfy the Eynard-Orantin
recursion for the framed curve mirror to C3, whose infinite framing limit is precisely the
Lambert curve. Hence, it follows from the remodeling conjecture that generating functions
for simple Hurwitz numbers should also satisfy the Eynard-Orantin recursion for the limiting
curve, that is, the Lambert curve . In the context of simple Hurwitz numbers, this
conjecture has been proved in [4, 21], and the remodeling conjecture for the topological
vertex has also been proved in [40] following similar methods.

In this section, we argue that there exists a similar story for orbifold Hurwitz numbers.
We show that generating functions for orbifold Hurwitz numbers can be obtained in the
infinite framing limit of the orbifold topological vertex generating functions in open orbifold
Gromov-Witten theory. By the remodeling conjecture, the latter are expected to satisfy the
Eynard-Orantin recursion for the curve mirror to the orbifolds. We show that the infinite
framing limit of these curves reproduce the r-Lambert curve , therefore suggesting
that generating functions for orbifold Hurwitz numbers should satisfy the Eynard-Orantin
recursion for the r-Lambert curve. We will prove this result in section
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3.1. Open orbifold Gromov-Witten theory.

3.1.1. The geometry. We consider the toric Calabi-Yau orbifold X = [C3/(Z/rZ)], where
Z/7Z acts on the three complex coordinates of C? as:

o
(3.1) (21,22, 23) — (az1, 029, a5 L23), a = exp <m> , s € L.
r
The rays for the fan of X can be taken to be:
0 0 r
(3.2) 0], 1], —s
1 1 1

The fan triangulation of X is the intersection of its fan with the plane at z = 1, which
is shown in red in figure Its dual diagram is the toric diagram (or web diagram) of
X, which is shown in blue. For a good pedagogical introduction to web diagrams and fan
triangulations of toric Calabi-Yau orbifolds, see for instance Appendix B in [I1].

A

{0,1)

0,0) |

/

FIGURE 3.1. The fan triangulation (in red) and toric diagram (in blue) for X =
[C3/(Z/rZ)], with the action of Z/rZ specified by (3.1). The fan triangulation is
the Newton polygon for the curve mirror to X.

{r.-s)

3.1.2. Open orbifold Gromov- Witten invariants. We are interested in open orbifold Gromov-
Witten theory with target space X. Open Gromov-Witten invariants provide a virtual count
of stable maps from Riemann surfaces with boundaries to a target space X. In addition to X,
one must specify a Lagrangian submanifold . C X where the boundary of the domain curve
is required to lie. We choose our Lagrangian submanifold to be as constructed originally in
[2, 8], intersecting the z; coordinate axis of X. In the language of [36], we are studying the
“effective one-leg Z/rZ orbifold topological vertex”: one-leg because we consider only one
Lagrangian submanifold for the boundary condition, and effective because our Lagrangian
submanifold intersects the z; leg of X, where the action of Z/rZ is effective. This is known
as the orbifold topological vertex, because this type of geometry provides a building block
that can be used to construct open/closed Gromov-Witten theory for any toric Calabi-Yau
orbifolds, just as the original topological vertex of [2] is the building block to construct
open/closed Gromov-Witten theory of toric Calabi-Yau manifolds.
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We will not give a precise definition of open Gromov-Witten theory here; we refer the
interested reader to [9, [30, BT, 36]. Roughly speaking, in [30], Katz and Liu were the first
to construct a tangent /obstruction theory for the moduli space of open stable maps to toric
Calabi-Yau manifolds. The construction was generalized to orbifolds in [9], and then in full
generality by Ross in [36]. An important point is that the moduli theory is only defined via
localization with respect to a torus action on the moduli space, induced from a torus action
on the target space X. There is a choice of weights involved in the choice of torus action
on the target space X, and it turns out that open Gromov-Witten invariants do depend
on this choice of weight. More precisely, they depend on a residual integer f € Z, which
is known as the framing of the open Gromov-Witten invariants (in fact, in the context of
orbifolds, f € 17Z). To make contact with the notation of [9, 36], here we choose the weights
for the torus action with respect to which we localize to be

(33) (Ln-n-1).

just as in [9]E| In the non-equivariant limit in which we will evaluate Gromov-Witten
invariants, we set h = 1.

After localization, open Gromov-Witten theory becomes a theory of stable maps ¢ : ¥ —
X, where ¥ is a compact genus g Riemann surface with n disks attached at n (possibly
k-twisted) distinct nodes. The map ¢ contracts the compact component to the origin of
the target orbifold X, while the n boundaries of the disks are mapped to the Lagrangian
submanifold L. Each disk is mapped with a given winding number y; € Z, i = 1,...,n
Thus, the data encoding a map ¢ is the genus g of the domain curve, a partition [ of length
¢(p) = n specifying the winding numbers of the disks, and a vector k of integers 0 < k; <7
specifying the twisting of the attachment points.

In fact, as shown in [9], for the theory to be k-twisted equivariant, the twisting vector k
is not independent from the winding numbers ji: we must require that

(3.4) wi = ki mod r,
which fully specifies k in terms of i

Remark 3.1. We remark here that we do not allow insertions, that is, stacky points on the
compact components of the domain curves, aside from the attachment points of the disks.
It would be interesting to study the Eynard-Orantin recursion for the orbifold topological
vertex with insertions, and its infinite framing limit. We hope to report on that in the near
future.

3.1.3. The orbifold topological vertex. Under the assumptions described above, we can con-

struct the effective one-leg orbifold topological vertex Vg(;is) (Z; f), which computes the open
orbifold Gromov-Witten invariants of X from genus g domain curves with n disks with wind-
ing numbers specified by the partition fi. We form orbifold topological vertex generating
functions:

(3.5) Gydlwn, . wn; [l = Y VIR (s £) [ ] =4
HELTY =1

One of the main results of [9, [36] is that the orbifold topological vertex V(TS (iZ; f) has
an explicit formula in terms of Hurwitz-Hodge integrals over the moduli space M _i(BG),

2Note that our f has a minus sign difference with [9], which is consistent with the framing that we will introduce
for the mirror curve later on.
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with G = Z/rZ. More precisely, in the non-equivariant limit, from the work of [9, 36} [39]
we extract the following formula for the orbifold topological vertex described aboveﬁ

, n n 310, (s
R ] O I

|4 (242) - oL

n 1 T T off MZS .
XH Bi o (Fisy_ 1| Ei H (fﬂi—< >+J)
, R At v el Al A . r
=LA p ‘ LTZJ' =1
AT (B) AT (DA (—f -2
(3.6) X ,
M, _z(BG) [T (1 — pats)
where we used the Kronecker delta symbol notation:
0ift#0
3.7 010 = ’
(3.7) Lo {1ift:0,
and we defined a rational number
r
3.8 tof ' = ————.
) ed(ie. )
We also used the notation:
tk(E ) 1 i
. AV,ak — rk(Eak) - )\
(3 9) g (’U,) u ZZ; u 7,0k
where E_x is the Hodge bundle corresponding to the representation of Z/rZ given by
2mik
(3.10) Ook + L)L — C*, (1) = = exp < 7: ) ,
and
(3.11) Niok = Ci (Egk)

are its Chern classes.

3.2. The infinite framing limit of the generating functions. With this explicit for-
mula for the orbifold topological vertex, we can study the limit of the generating functions
when the framing f goes to infinity. What we show is that the infinite framing limit of
the orbifold topological vertex reproduces precisely the orbifold Hurwitz numbers defined
previously.

Theorem 3.2. Consider the generating functions Gg,’f) [1,...,2n; f] defined in (3.5), with
the orbifold topological vertex Vg(zs)( i f) given by (3.6). Then:

: _1\n £2—2g—n (r,s) L1 (7")
B12) g (COrGl | S ] ) = e,
where Fg(r,% [1,...,25] is the generating functions for orbifold Hurwitz numbers defined in

, with the orbifold Hurwitz numbers Hg(n(_' ) satisfying (2.3} .

3Note that the overall sign in V;}TT;S)(/Z; f) differs from [9] [36]; as mentioned in [9], there are ambiguities with minus
signs in open Gromov-Witten theory. Here, we fixed the overall minus sign such that it is consistent with the infinite
framing limit that we will study. It would be interesting to investigate this issue of minus signs further.
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Proof. Let us consider the leading order term in a large f expansion of the orbifold topo-

logical vertex Vq(;{s) (iZ; f) in (3.6). Let us consider the Hurwitz-Hodge integral first. In the
large f limit, it is easy to see that

(3.3 AP AT () = e,

since all other terms will be suppressed by powers of 1 /f. We can compute the rank of the
Hodge bundles over M, _;(BG) using orbifold Riemann-Roch. We get thatﬁ

- His
3.14 k(Eqs) =g — 1 — ,
(3.14) H(Eor) =g =1+ 3 (-1

(s + 1)
1 k(E,-s-1) =g — 1 —).
(3.15) th(Eq-:1) =g +;< —)
Moreover, we can write

1 rk(Eq)

3.16 A\/,a -\ = —1k(Eq) _ i)\ia
( ) g <r> r ;:0: (=) Nijas
and we compute

- Hi
3.17 k(E,) =9g—1 —=).
(3.17) H(Ea) =g =1+ 3 (=11

Thus, the Hurwitz-Hodge integral in the third line of (3.6) has the following leading order
term in a large f expansion:

(3.18)

Plmg= i (40 )= 1+ Ty (B0 2024300, (5055 ) / 220l A
ﬂg,_E(BG) H?:l(]‘ - /1’11/}7,)
The first line of (3.6)) has leading order term given by
(3.19) (_1)g71+2?=1<*7“"(i+1) ) i=10 k0 fZ?:l bt 0 (_f)Z?:l o tetbug )0
As for the second line in (3.6]), the leading order term is

n =3

; Piy (BiSy_ 1
(3.20) I1 ’“‘;ﬂjlfb AR
i=1 rde

To get our final answer we must combine these three lines together. For the exponent of
the overall factor of f, we notice that

. pis, | pi(s+1) i | HiS
29 =2 Zl (<—T> F T 0) By o+ 6y o+ L0+ (5) - teﬁJ)

—2g-zen Y (1 (B0 - TR ey L)

s
= T T T T teft

4T be precise, we should consider separately the cases when the moduli space has a component with trivial
monodromy (see for instance [29]). But since the same formulae are valid in the end, for the sake of clarity we will
not treat these cases separately.
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<1+T+L_M(S+1)J+LM(S+1)—1J>

n
=2qg — 2
g +n+z r r toff

i=1

n .
(3.21) :29—2+n+2%.

=1

The last equality follows because:

cd 3,7 (s
(3.22) L—“i(s+1>J+L“i(5+1)_iJ & =1 gedr) | _ ] gy miletD) ¢ 7,
| " " Left -1+ L<‘“(Sf)> Al=-1 for mletl) ¢ 7,
Palef _ _ Mi
where a; := T * gcd(uw“) € Z.

As for the exponent of the factor in r, we get

1—g+n—§:(<—’f>+5<%o) :1—g+n—§:(1—<’f>)

=1 =1
(3.23) =1-g+> (",
Finally, the overall minus sign has exponent:

,uls+l wi(s +1
(3.24) 2g—2—i—z< ) + ¢ ( )>+5(—(5+:M>70> =2g—2+n.

r

Putting these together, we obtain that the leading term of (3.6) as f is large is
- noopg .
(3.25) (1) fPom i S H T (),

where the orbifold Hurwitz numbers Hé 7)1( i) are defined in (2.3). Therefore, it follows that
the generating functions satisfy

: n £2—2g9g—nm r,8 ! Ln r
(3.26) fh_}r{.lo ((—1) f2 % Gg,h) fl/r""’fl/r;f]) :Fg(ﬂg[xlw-wxn]'

O

3.3. The remodeling conjecture and the Eynard-Orantin recursion. An interesting
implication of the infinite framing limit studied in the previous subsection is the existence
of a recursive structure for orbifold Hurwitz numbers, which follows from the remodeling
conjecture of [6].

The remodeling conjecture asserts that the differentials dids - --dnGg;f) [z1, ..., Zn; f]
can be resummed as symmetric differential forms living on the complex curve mirror to
the orbifold X, and that they satisfy the Eynard-Orantin recursion (which was defined in
the introduction) for this particular spectral curve. Through the infinite framing limit of
the generating functions, this conjecture implies that the generating functions for orbifold
Hurwitz numbers should also satisfy the Eynard-Orantin recursion, with spectral curve
given by the r-Lambert curve.

Recall that the mirror curve to the orbifold X can be read off directly from the fan
triangulation of X. Indeed, the fan triangulation is the Newton polygon of the mirror
curve. In the case of the orbifold X = [C3/(Z/rZ)] that we studied in this section, the fan
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triangulation of X, shown in figure has vertices (0,0), (0,1) and (r, —s), corresponding
to the monomials 1, y and z"y~®. Therefore, the mirror curve can be written as:

(3.27) C:{l1—y—a"y°=0}cC(C%

Note that in writing the mirror curve, we have chosen a particular parameterization (in
the language of toric geometry, we chose a particular set of rays, , for the fan of X).
We claim that this particular choice of parameterization should correspond to a Lagrangian
submanifold intersecting the z; leg of the orbifold X (we refer the reader to [6} [7, 9, [10] for
more on this).

To introduce framing for the mirror curve, we must reparameterize the curve by (z,y) —
(xy~/,y) [6] . We then get the framed mirror curveﬂ

(3.28) Cr: {y*™ (1 —y) —a" =0} C (C*)2

Note that we denoted the framing by f, the same letter as in the previous subsection, but
the two may not be precisely equal; they may be related via the addition of a constant (see
for instance [9]). But this will not be important for us, since we are interested in the f — oo
limit.

The statement of the remodeling conjecture is that the differentials dids - - - dnGg;f ) [T1,. .., 2n; f]
are symmetric differential forms on C that satisfy the Eynard-Orantin recursion for the
spectral curve Cy, with fundamental one-form

rs dx
(3.29) dGéjl M f] = log Yy

where z and y are related by (3.28]).
Now what happens in the infinite framing limit? First, we notice that if we define new

variables

(3.30) x

T
- fl/r’
the equation for the framed mirror curve Cy in (3.28) becomes

(3.31) @T:g(p?)ﬁ (ui{)

Taking the limit f — oo, we obtain the curve
(3.32) i = ge"Y,

which is precisely the equation of the r-Lambert curve !

What does it mean for the recursion satisfied by the generating functions? The one-form
that is fundamental for the recursion, , can be rewritten in terms of the new variables
Z and y. It becomes

dx 7\ dT

3.33 dG) [z f] =logy™— =1log (1— 2 | =2

( ) 0,1 [xvf] OgyZL‘ Og( f) i”

with z and y related by (3.28). If we send f — oo, the leading order term is
j di

3.34 _Z~

( ) f i‘ Y

with Z and g now related through (3.32]).

S5Notice that the framing transformation of [9] replaces f by — f, which is why our choice of torus weights in (3.3))
had a minus sign difference with [9].
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Looking at the explicit form of the recursion, the result of this analysis is that if we
consider the infinite framing limit of the differentials

(3.35)
didy - - d, F)[7 7] = i (=1)"f22071q, dy - - d,, GU¥) 1 An
142 n g,nxly"'al'n _finolo 142 nJgn fl/r’“"fl/'r’ ;
then they should satisfy the Eynard-Orantin recursion with fundamental one-form
Miay_ ~dT
(3.36) dFy[E] = 5=,

where & and § are related by (3.32). The —1/f factor between (3.36) and (3.34)) is precisely
responsible for the (—1)" f272977 factor in front of the differentials constructed from the

recursion.

But we know what these new objects dids - --ang(f;z [Z1,...,Z,] are: in the previous
section, we showed that they are precisely the differentials of the generating functions of
orbifold Hurwitz numbers! Therefore, if we believe the remodeling conjecture for orbifolds,
then we are led to claim that the generating functions for orbifold Hurwitz numbers should
also satisfy the Eynard-Orantin recursion, with spectral curve the r-Lambert curve ,
which can be written in parameteric form as

r

(3.37) T=ze 7, g=2z",
with fundamental one-form
(3.38) dFy) (7] = gdgx = 2" Y1 — r2")dz.

We will prove this statement in section

4. THE LAPLACE TRANSFORM OF THE ORBIFOLD HURWITZ NUMBERS

In this section we prove Theorem From the remodeling conjecture point of view pre-
sented in the previous section, we see that the mirror theory to orbifold Hurwitz numbers
should be built on the r-Lambert curve (|1.4). To launch the Eynard-Orantin topological re-
cursion [22] [34] for the r-Lambert curve as its spectral curve, we need to find the Lagrangian

immersion
LY —— T*C*

|

C*
of the open Riemann surface ¥ = C* given by
(4.1) r=ze ex
. z )
y=f(2)

where y = f(z) is yet to be determined. We refer to [34] for a mathematical definition of the
Eynard-Orantin topological recursion theory. The recipe of [34] tells us that the Laplace
transform of the disk amplitude HéTl) (1) should determine the Lagrangian immersion by the
formula

(4.2) W(rl) (2) def (ydlogx) = dFO(’Tl) (2),

where n = ydlogx on T*C* is the tautological holomorphic 1-form on the cotangent bundle
T*C*. In this section we first identify the Lagrangian immersion (4.1]) from the computation



16 V. BOUCHARD, D. HERNANDEZ SERRANO, X. LIU, AND M. MULASE

of FO(S). We learn from [29] that

L7]!
and H(Yl) (1) = 0 otherwise. Therefore, the (g,n) = (0,1) free energy 1) is given by

if u=0 modr,

T - (Tm)m_Q rm
F) =3 I e,

m)!

We note that FO(S) =0 when x = 0.
As the ELSV-type formula ([2.3) indicates, the free energy computation requires that we
need to find similar infinite sums. We thus introduce the following auxiliary functions:

o0
k m-+£
§Z’k(x) _ Z (rm + k) gtk k=1,2,....r—1,

m!
(4.3) mr -
7,0 o rm)™ rm
5@ (l‘) - — m' N

It is easy to see from Stirling’s formula that the auxiliary functions are absolutely convergent

. . 1. .
with the radius of convergence e~ ». Since these functions do not have any constant terms,
we have

d
rk o r.k _
(4.4) §Z+1({L')—1'fd$ £ (), k=0,1,...,7r—1.

Therefore, all we need is to find the functions at £ = —1. The standard procedure to
compute (4.3) is to use the Lambert function. Let us define

m—1

(4.5) y(a) = @) = Y T o,

m)!

m=1

Then its inverse is given by the Lambert function (1.1), which can be easily checked by
the Lagrange inversion formula, and the following formula holds for every complex number
a € C* (see for example, [14]):

)m—l

(4.6) exp (ay(z)) = Z a(mtn?xm.
m=0 ’

Therefore, the base case for (4.3]) is computed by

52‘{@) = %y(rﬂ:r).

We now define the variable z by

(48) 2= 2(a) = (ymc?"))i |
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so that its inverse function is given by the r-Lambert curve z = ze=*" ([1.4). In terms of z,
the auxiliary functions (4.7) take much simpler form

. 1
@)= 225 k#0,

(4.9) k
{E?(m) =2z
The differential operator of (4.4) in z is
(4.10) d 4

Ydr T 1—re dz

Since Fé’r) = 5@2(:17), we have

z d 7,0
o b =@ =2

Therefore, considering the fact that z =0=—= 2 =0— FO(S) =0, we find
1
F{(2) = 22" = 547,
’ r
which proves ([1.9)). Then from (4.2)), we have

dFy7) (2) = 271 = r2")dz,
ydlog(z) = yz~te* d (ze_zr) =yz (1 —rz2")dz.

Hence
y=1rf(z)=2"
We have thus determined the Lagrangian immersion
= —z"
(4.11) LD =C* — T*CY, {9” - zeY,
y==z,

in agreement with . We note that implies rz" = (ry)e™"Y, hence y(rz") = ry =
rz", which is consistent with .

Another important feature of the Eynard-Orantin theory [34] is the special relation be-
tween the Laplace transform FO(TQ) (21, 22) of the annulus amplitude H(gg) (1, p2) and the
difference of the Riemann’s prime forms of the z-projection 7 : ¥ — C* [22]. Again from
[29], we know the annulus amplitude of the orbifold Hurwitz numbers:

K1 K2
e L m
ptpe [BHEO[ERJY

and Hég) (p1, p2) = 0 otherwise. Here (q) = ¢ — |¢] is the fractional part of g € Q.

H(();)(Mlauz) =T if g1 +p2=0 mod r,

Proof of (1.10). Write pu; = rm; + ki, i = 1,2, with 0 < k; <r — 1. Then

]{31:]{32:0 or
=0 dr<—
M1+ 2 mod 7 {k1+k2:r.

Therefore, we obtain a partial differential equation

0 0 r
< N N > Fé,z)(Zh 22)

1—7“21(37214_1—7“228722
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0 0 (r) i
- <$lag;1 + w2a$2> Z Hy'y (pa, po) o) ah?
(11,p2)€Z2
LMJ |£2)
(Nhﬂ?)ezi )

_ - (rml)ml rmy - (TmQ)m2 rmsa
= 2 a2
1: mao:

m1=1 mi1=2
r—1 0o 00
(Tml + k)ml rmi+k (ng +r— k)m2 rmi+r—k
(5 g (5
| |
k=1 \m1=0 my- ma=0 ma:

_ 60( 7"0 .fg +TZ§0 7’7" k(.%‘g)

r—1

rz rz 1
= 1. 2 _ 4 E zz —k
1—rz; 1—rz 1—rzx 1—7“22kl

_ 1 2. r.r 2122 - 2221
(1 —rz)(1 —r2) (T antr 29 — 21 ’

where we have used (4.4]) to find the auxiliary functions. It is easy to check that

21— 22
Tl — 22

Fy3 (1, 22) = log — (o +5)

is a solution of this differential equation, where x; = z;e~% . We note that as a convergent
power series in (x1,x2), Fo(g) does not have any constant term. Since the convergent series
eigenfunctions of the Euler differential operator x; a%l—i-:zg 8%2 are homogeneous polynomials,

its kernel consists of constants. Therefore, (1.10)) is the only solution that satisfies the initial
condition. O

The main structural difference between the cut-and-join equation and the differential
recursion ([1.11)) is whether the unstable geometries are included in the right-hand side or
not. Whil is a genuine recursion for Fg(rrz with respect to 2g — 2 +n, 1' only gives
a relation because Hy% appears on each side of the equation. In proving 1-' we first

calculate the Laplace transform of the cut-and-join equation, then use and - ) to
eliminate the unstable geometries from the right-hand side.

Lemma 4.1. The straightforward Laplace transform of the cut-and-join equation (2.4]) gives
a differential equation

I~ 0
— z . (r
(4.12) <2g 24+n+ " E xl(‘):ci) Flolz, .. o)

_ (9 (r) 9 () 9 )
- 721%_1, < 12 g,n— 1[1‘@] _$§%Fg,n71[$[g]] _leail,ngn 1[ []]]

1 — 15) 0
*y z; 1 our " ouy FyZy e [0, w2, 2

U1L=U2==I;
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0 p)
t3 2 Z ( Z.gl,|1r|+1[$i,iw]> <$i8%FgQ7J|+1[%$J}),

i=1 g1+g2=g
TuJ=[i

where Fér}% [1,..., 2] is defined by 1'

Proof. Since the cut-and-join equation - ) has the same structure as the simple Hurwitz
number case of [35], the calculation of the Laplace transform goes exactly in parallel. There-
fore, the left- hand Slde of (4.12) and the second and the third lines of the right-hand side
are immediate from and 1. , noting how x; 8%_ acts on z".

The trick we need 1s

k+1 k+1
X
M1, 102 M1, H2 2
E f(pa + po)oy E f(k E T1 Ty E f(k <x1_x2 )a
1,220 ,uﬁ-,ug:k

which is valid if the series on the left-hand side is absolutely convergent. The ELSV formula
|| tells us that the power series F}’;Z [1,...,2,] is convergent on the polydisk
1 1
(Jz1| <e ) x - x (Jzp| <e 7).

Therefore, we can compute the Laplace transform of the first line of the right-hand side of

(2.4) as follows.
1

5 Z Z i + i) H gr 1 (MHer»M[g,;])HéUfi
i=1

Wl in €2 i)

1 o0 . n i
=20 > 2 vH)_, (”’P‘[i,ﬂ)ﬂlm?

i#j v=0 ﬁ[£,3]62172 Hitpi=v

3

1 S n
2> X v () @ e T
7,76] v=0 ﬂ[ﬂ P Z" 2 k#i,5

1 > . x;
=320, 2 ”Hévr)—l(”’“ﬁﬁ]) a:—l’] H‘”

i1 v=0 =+ _ . n—2
£ y,[. .]GZ

- fﬂz*Fé? 1 |7

z;ﬁ]

1 9 d
2; iz ( Zaxi g(,r)—l [wivl’ﬁﬁ]} —HT?%jFé,r)—l [%"x[i,ﬂD

-2 Tig, Fg(rr SERIE

i#j

This completes the proof. O

Proof of Theorem[1.1. The conversion of (4.12) to the form (1.11)) is now straightforward,
using (4.10), and substituting the unstable geometries with the actual values (1.9 and
(1.10) in the right-hand side.
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The contribution from the terms of gy = 0,1 = ) and go = 0,J = ) in the third line of
the right-hand side of (4.12) is

n

0 (r) 9 T & r_ % 0 r
Z (xiax,-FOvl [:):Z]> (xzaszg(,z [:J:Z',xm}> = Z 2 ror a—ZiFg(m(zl, ey Zn)-

i=1 =1

If we bring this term to the left-hand side or (4.12]), then we have

1 ~ 8 " Z 6
<29 —2+4+n+ T;xlaxl> Fg(fn(zl,...,zn) — szl 7712;8—21'15’;;(21,...,2”)

=1

1 " Z r 0 r
= (29—2+n+ri_zl (1—T‘ZZ»)8> Fg(’n(zl,...,zn),

1—rz; 2

which is the left-hand side of ([1.11)).
The other unstable terms come from g; = 0,1 = {j} and g2 = 0,J = {j}. The contribu-
tion is

Z 1 1 T 9
_ a1 2 F 1.
y (1 —rz (Zi — ) i — xj) <x18wi gn—t [xm]

These terms and the first line of the right-hand side of (4.12]) together yield

Zi 1 r—1 i i 9 )

; <1 —rz <Zi — ) 6w @ 1> (xzawiFg’”l [xm}
_ Zi 1 r—1 )
B Z <1 —rzl <zi — Zj — T ) B 1> <1 —rz 8ziF9’"*1 (ZU]>

i#£j t

ZiZj 1 0 (r)
= —F .
i R (1 —rz])20z 9! <Z[J]> ’

which is the same as the first line of the right-hand side of (1.11)).

Converting the second line and the stable terms in the third line of the right-hand side
of (4.12) is straightforward. This completes the proof of Theorem O

5. SOME PROPERTIES OF THE FREE ENERGIES

In this section we derive some properties of the free energies and compute a few examples.
We also check our results with closed formulas obtained in [29].
A direct consequence of the ELSV formula (2.3) is the following.

Proposition 5.1. The Laplace transform of (2.3)), the free energy of type (g,n), is an
element of the tensor algebra

(5.1) F{"(z1,...,2,) € Sym®" (C(P")),

g7n
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except for Fég(zl, z9). The poles Fg(ﬁz(zl, ..., zpn) are located at

Dx (P)"TUP' x D x---x P U---U (PY)" T x D,

where

D={zeC|1—-r" =0}
The highest total degree of poles of Férg is 6g — 6 + 3n.
Proof. This follows from the fact that the coefficient
_e g+z“<:>/ H¢ S (=
ﬂg —i BG)Z 1 7>0

of (2.3) depends only on i mod r, hence

(5.2) F;g(zl, )

i, no L5
— 3 Plmg i, (L) / 220V Hi b
M, _aBa) [z (1 — parhy) 23 [FE]0

FEZT S pi=0 (r) i=1

SRR N U S ) (5 S RN ) 1 O

0<k1 e <13 k=0 (r) M, 5>0
di ot dn <3g—34n

For d; > 0, each 52;1% (xl) is a rational function in z; with poles at z; € D of degree 2d;+1 due

to (4.4), , and . The highest degree poles occur when d; +---+d, =39 —3+mn,
and then g% has poles of degree 6g — 6 + 3n. U

Using the same notation as in Theorem 2.1} let us denote
29—2+j
(5.3) (Tag—24jAg— J>(T) = / ¥y’ +J)‘g—j’
M,.1(BG)

where G = Z/rZ. The generating function of these one-point intersection numbers is
determined in [29]:

1 (_rh2 "1 A0 | g2
(54) 2r <Sin(rh/2)> sin(h/2) rh Z Z (7292452950 0 | B2

g=1 \j=0
Note that from ([2.3)) and (4.3]) we can calculate the one-point free energies:

g
(5.5) Z )9~ Ipl= 7'2g 24 Ag— _7> )5£§072+j(33)-
7=0
For example, in terms of
1
5.6 t= ———
(5.6) 1—rzr’
we have
1
BV () = 5y (78 = — 1+ 1),
2
Fy)(z) = a0 (525 49 1575045 + 10r2(167r2 — 15)¢7 + 35072 (—2r2 + 1)¢8
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+ (6871 — 260r% 4 21)t5 + (12r* 4 60r% — 35)t1 + 14t3> :
4

“) = 2903040
+ 3503574 (—151612 + 135)t'2 + 35r2(914912r* — 23511672 + 3969)t!
+ 23172 (—43156r* + 31430r% — 2205)t1°
+ 35(310167% — 95340r* + 2058012 — 279)t°
+ 7(1541675 + 1005961 — 6938472 + 4185)t®
4 12(—112875 — 26461 + 1278972 — 2635)t”

<4729725r6t15 — 23648625151 + 24255¢1(201212 — 45)t13

+ 6(—3207 — 840r* — 294072 + 2387)t% — 2232755) .

In general,

Proposition 5.2. The one-point free energy F;Tl)(z) of genus g is a polynomial of degree
6g—3 int=—L

1—rz""

Proof. The expression 1} tells us that F g(rl) (z) is a function in z". More precisely, it is a
ratio of a polynomial in 2" and a power of 1 — rz". Therefore, it is a Laurent polynomial
in . The only auxiliary functions appearing in 1’ are f;’o(x) for £ > 0. From 1} and
(4.9) we calculate

r,0 . rz o
S (2) = 1—rzr t=1,
(5.7) ¢
@ = (-1 ) €,
since
d 9 d
U
T = NG
Therefore, Fg(jnl) (z) is a polynomial of degree 2(3g —2)+1 in t. The degree of the polynomial
is the same as the degree of poles of Proposition for n = 1. O

The initial cases of the differential recursion (1.11)) are (¢g,n) = (1,1) and (0, 3). For the
g =n =1 case, the differential equation is

1 8 ('r’) 1 2'2 62 (r)
( + Tzaz> 11 (2) 2 (=12 )2 duduy 07 (u1,u2)

ul=us=2

The unique solution to this equation with the initial condition Fl(rl) (0) = 0 agrees with the
above computation using the result of [29].

The free energy F()(Q(Zl, 29, 2z3) can also be calculated from 1} since ﬂo,g is a point.
Thus the BG Hodge integral contribution in the formula is simply 1. We have

3
By B2y, (B3 ;
Fo(rg)(zl,ZQ,zg,) = E : PLHER) HE2)+H(ER) H 10
AEZ’. i=1
p1+p2+p3=0
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=& (2)€ (@) (w3) + 12 Y &M ()€ (02)€0 (ws)

k1+ko+ks=r
0<k;<r—1

+rt T M (@) ()" ().

k1+ko+ks=2r
0<k; <r—1

More concretely,
z12223(21 + 22 + 23 + 2212223)
(1 —2:3)(1—2:3)(1—2:3)
212923 (1 + 3212023+ 3 Zz‘yﬁj Z?Zj + 92’%2’%23)
(1= 3:0)(1 — 3:5)(1 - 32))

Fé?g)(ZthZs) =38

Fé’:?(zl, Z292, 23) =9

6. THE QUANTUM CURVE

Since the r-Lambert curve (1.4 has genus 0, we define the partition function Z(z, h) as
in (1.12)). In this section we prove Theorem
(r)

Proposition 6.1. The principal specialization Fgn(z,...,z) for 29 —2+mn > 0 is a poly-
nomial in t of degree 6g — 6 + 3n, where t is the variable introduced in (5.6)).

Proof. This is an immediate consequence of Proposition [5.1] and its proof. (|

For unstable geometries, we use the same argument of [34] to find

(6.1) D =55 (1- )

B T \ T T 2
. 1 1
(6.2) Fy)(z,2) = - (1 - t) + logt.

Proposition 6.2. The 1-variable functions

1 T
(6.3) Sq(f;)(z): Z HFJZ(Z""’Z)’ m=0,1,2,...,
2g—2+n=m—1

satisfy the second order ordinary differential equation
1dY\ o 1|d 2\’ 22 d
2\ s — 2= ) = . Z2g0
<m * r dz> m1(2) 2 [dz (1 — rzr> (1-— rzr)zl dz ™ (2)

(6.4) ) ,
1 z d d d
-~ (r) Aot o)
3 (1—rzr)? | dz? Sm’(2) + Z sz“ () szb ()
g

Proof. The principal specialization of the differential recursion ((1.11]) reduces to the follow-
ing ordinary differential equation.

1 d n d 22 d
2 — 2 o\ FW (5. _ref__ = ) 4p0
< g Tt T‘ZdZ> g’n(z’ %) 2dz <(1 rz’")Q) dz g’"fl(z’ %)

2 d e

B L
! Al R
L el R S A
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2 2

S 0 )
* 2 (1 - T.zr)2 aulaUQ U1 =u2=2 g—l,n+1(U1 U2,z Z)

n! stable 1 . d .
T2 Z (n+ )11 —rzrdz g1 (25 2)

g91+g2=g
ni+ns=n—1
1 2 d o

* (TLQ + 1)! 1-— Tzra 927NQ+1(27 T 7Z) .
The summation (6.3|) proves the proposition.

Proof of Theorem[1.3 Note that we have
T T 1 1 T r 1 T 1 T
S(() )(z) =z (r — 5% > , S§ )(z) = —ilog(l—rz )—52 .
If we include these unstable terms into (6.4)), then we obtain

1 =z d (r)
<m + rl—rzr dz) Smi1(2)

_ 1 z 4 25<r>()+ v 4oy 2Ly
2 1—1rzrdz m (% 1—rzrdz @ “ 1—rzrdz? “

at+b=m+1

1 z d S(r)

21—t dy ™ (2).

In terms of the generating series

[e.9]

FO(z,h) = > SEm,
m=0
the equation becomes
0 1 =z d
= ) - =2 )
h@h (2, h) + rl—rzrdz (2,h)
h z d\’ : d 2
- 2) gt Fr)
2 <1—7’zrdz> (2 3) + (1—7"sz2 (2, )
h =z d
_ - 2 g
21 —rz" sz (2, h).
Since Z(")(z,h) = exp F"(2,h) and D = w% = =2 d%? we have

B, 1 1\ d 1/ d\?
o (L .ty @ 1 () _
(6.5) <8h + <rh + 2) T T 5 <xdx> ) Z\")(z,h) =0,

which establishes ((1.14)).
Now define

(6.6) P= hai) +e T

h 02 1 h\ 0 0
(67) Q_2aw2+<r+2>aw_hah‘

r—13 9
dwe "™We 3 Maue

o)
77“)‘1%
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It is proved in [33] that P annihilates the partition function Z(")(z, h):

(6.8) PZ")(z, h) = <haa + e_Tglhaawe_rweTglﬁaczve_mgﬂ) Z") (z,h) = 0.
w
Since ¢ 7 '35 is a shift operator, with the multiplication operator by a function f(w) it

satisfies the relation

r

€7 1w - f(w) = flw+

r—1 r—13 0
m

h)-e2

Therefore, the operator P can also be written as

P = hai 4 er(CwtFh) g—rhgy
w

Now the commutator relation
[P,Q] =P
is straightforward.

The semi-classical limit calculations are the same as those in [34]. We have thus completed
the proof of Theorem O

7. THE EYNARD-ORANTIN TOPOLOGICAL RECURSION

In this section, we shall prove Theorem For a mathematical definition of the Eynard-
Orantin theory, we refer to [19, [34].
Because of the definition of the differentials

W) =dy - d, F")

gm gm>

we expect that the exterior differentiation of should give the integral recursion .
This naive idea does not work because of the specific reference to the local Galois conjugation
sj appearing in the integral recursion. The PDE does not care about the xz-projection
of the spectral curve, while heavily uses the local ramification structure of the spectral
curve as a covering of the z-coordinate line. The integration kernel shows that the
residue calculation on the right-hand side of is similar to the local Galois averaging.
Yet evaluation of the free energies at any Galois conjugate point is no longer a rational
function, since s;(z) is a very complicated holomorphic function in z.

The strategy we adopt in this section is to extract the principal part of the local Galois
average, and then take the terms of the result that are the pull-back of a function in the
z-coordinate. On the stable range 2g — 2 + n > 0, the free energies are indeed functions in
the x;-variables, so the last step makes sense. And by taking the principal part of the Galois

average, we maintain the finiteness (polynomial-like) structure of Wg(rr% that represents the

picewise polynomiality of the orbifold Hurwitz number HéT,)L([[)

Thus the simple residue operation of the right-hand side of amounts to the combi-
nation of the algebraic operations listed in Subsection 7.5 and the projection to the principal
part described in Definition [7.9]

7.1. The spectral curve and the z-projection. For the convenience of calculations we
shall use the scaled coordinate n = {/rz from now on. This change has no significance, but
some formulas and statements become less cumbersome in the n-coordinate.

The r-Lambert curve is now given by

1
I

ne T

€r =
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and the z-projection has r simple ramification points at the r-roots of unity 1 —n" = 0. We
denote these ramification points by

{aj ‘ a5 = 62(j_1)7ri/raj = ]-327 o ,T‘}.

Around each critical point «;, the z-projection is locally a double-sheeted covering. There
is a neighborhood U; of «; such that when n € Uj, there is another point 7 satisfying
x(n) = =(n). This correspondence defines a local deck transformation (or local Galois
conjugation) s;(n) :=n on Uj;. Clearly, s; is an involution: s;(s;(n)) = .

Lemma 7.1. Foreach j =1,--- ,r, the deck transformation sj(n) is a holomorphic function
in 1 defined on Uj. Moreover, the function form of sj(n) in the variable n does not depend
on the index j.

Proof. Let us introduce notations A; := 1—s;(n)" and A := 1—n". The equation z(s;(n)) =
x(n) then gives

log(1 —Aj) +Aj; =log(l —A) +A.
We make U; smaller so that it lies in the region |A| < 1. Then A; has a power series
expansion
4 44 104 40 7648 2848
“AS - AT A5 NG AT — A8 + O(AY),
9 135 405 189 42525 18225
which convergences for |A| < 1. Therefore A; is a holomorphic function of 7 defined on Uj
whose function form in 7 does not depend on j. Since

A—A;
sj(n) = nexp Tja

Aj——A— A%
3

it is holomorphic in 1 on Uj, and the function form does not depend on j, either. O

7.2. The free energies and the auxiliary functions in the 7-coordinate. By abuse
of notation, we denote the auxiliary functions of (4.3)) and (4.4) by the same notation and
consider them as functions in 1. Thus we re-define

d

1,7
T 1 k=0 r.k n k
7.1 k=47 : - 8 > 1.
( ) 571(77) {kriﬁ nk k > 0’ §m+1(n) 1— ,’77. d’f]é-m (77)7 m =

Remark 7.2. It is easy to see that {fﬁk(n) is a proper rational function in n for m > 0,

whose denominator is a constant times (1 — 57)2™+!. Thus £5¥(n) is meromorphic with
poles only at «;’s.

A few examples of &5 (n) are given in Table
We denote the free energy Féj;z(m, ey Mp) As

(72) Fg(zjn(nb B 77n) = Tl_g Z 7,,|k|/7” <7—Z‘/\>(T)JC gg’k(nla R nn)v

ﬂ|/¥|zo (r)

|¢|<3g—3+n
where £:= (£1,...,0,) with £; >0, k := (k1,...,kn) with 0 < k; < 7, |k] := 327, ks, A :=
ijo(—r)j)\j, and, fg!k(m, o) =110, f;l’kl (n;). The Hodge integrals are abbreviated
as

(73) <TZA>(T)J€ = <7-f1 Tly « -+ Thy, A>(T)7k - /
Mgﬁ,;

- bi EPAVEY
(BG)iE[lwz Z( 7") )\]

Jj=0
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k=0 k=1 k=2
r 2
— n n n
m = 1 r 7‘1/7‘ 2,,.2/7'
m=0 n" n n?
1-n" Tl/r(l_nr) TQ/T-(I_UT)
m=1 " n[(r—1)n"+1] n* [(r=2)n"+2]
(1—n7)° r1/r(1—nr)? r2/7(1—n7)?
_9 2y (207 1) 7 [(2r2—3T+1)n2r+(r2+3r—2)nT—|—1} n? [2(1"2—3r+2)172’"+(r2+6r—8)7f+4]
"= (L) /() P2 (i)’

TABLE 1. &0F(n) form = —1,...,2 and k=0, 1,2.

In terms of the n-variables, the unstable free energies are given by

1

T 1 r
(7.4) F(E,l)(ﬁ) = 7277 92
(75) Fi ) =log ™= Lo 41 + ).

For (g,n) in the stable range 29 —2 +n > 0, (1.11)) becomes

Il 0
(7.6) (29—2+n+rz77ian>Fé&(nl,.--,nn)
i=1 ’

1 M5 1 d 1 9
D) Z i _] ) [(1 _ "717‘“)2 %Fg,n—l(n[ﬁ]) B (1— n;j)z 877j Fg,n 1(77[11)

izg 1
o
T2 Z )2 aulaugFg Lt (11, 02,77 S
1 n stable 9 - o )
+ 2 Z (1-— 77 ) Z (amthHl—&-l(m’ 771)> <a77iF927|]+1(777:777-])> .
=1 tog1tg2=g
IuJ=[s]

7.3. The integration kernel for the Eynard-Orantin recursion. Using ([7.4)) and ([7.5))
we find

(r) 1,4 , (r) dn & dno dr1 ® dxo
0,1 (77) 7]7 ( n )dﬁ» 0,2 (7]1, 772) (771 _ 772)2 (xl _ l’2)2

We recall Lemma which states that the local Galois conjugation s;(n), considered as a
function in 7, does not depend on the index j. Let us denote this function by 7 = 7 (n).
As a consequence, the integration kernel has an expression independent of j as well,
and is given by

T n 1 1 1
7.7 Ki(n,m) == < - = >-d771®.
(1) ) =5 G D\n—=m 1 —m drn
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Here we note that Wo(2) in the integral recursion (|1.17) can be replaced by Riemann’s
normalized fundamental differential of the second kind

dm ® dna
7.8 B(m,m) = ——3-
(7.8) ( ) (=)
This is because the difference
r dr1 ® dxg
Wé,Z)(nth) - B(nla 772) == (331 _ 372)2

does not contribute to the residue calculation of the second line of the right-hand side of
(1.17)).

7.4. The local analytic properties of the auxiliary functions. Let us denote
A=1-7 and A=1-7"

for n in each neighborhood U; of the critical point «;. When n — «;, A(n) and 5(77)
converge to 0. We therefore regard A and A as small parameters, for example, |A| < 1 and
Al <1, forne Uj.

To analyze the r-Lambert curve locally around its critical point, let us introduce a local
parameter u around a; by

~r

(7.9) e vl = e =qTe .
When 7 is in any neighborhood U}, we have

(7.10) u=—A—log(l—A)=—A—log(1—A).

Since the u-projection of the r-Lambert curve around «; is a double-sheeted covering, let
us define

1

7.11 02 =

(7.11) 5V =u.

This Airy curve equation describes the local behavior of our spectral curve around a;. We
choose the branch of v at o so that we have an expansion

7 T AB 4 73
36 540

Here again we can see that v is a holomorphlc function in n with the same expression at
each neighborhood U; of «;, without any explicit dependence on the index j. From the
definition and ([7.10]), we know that the other branch of the curve around «; is given by

(7.12) v=A+ A2 - — AT+ O(A®).

~ 1~ 7 ~ 73
M) =A+-A%+ A%+ At O(A°
o) = At gAT+ e AT A T O
Of course in terms of the v-coordinate the local Galois conjugate is given simply by

(7.13) v(n) = —v(n),
while u is symmetric under the involution n 7.
At each aj, we can express A and A as inverse series in v for sufficiently small v.

1 1
A=9Yw):=v—-v +—v3+—v + O(v°),

X1, 1 1 ;
A =(—v) v gvt ey +27O Y+ O00°).
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To make the equations shorter, we use the following functions

k ~k
n* + 7]
Y¥(n) =

(7.15) L
d vk
gy = M)
(7.16) E (”)*(1—nr)yk(n)’
T‘,k . T’,k ~
(7.17) ok () = & (Z)Yk(in) (1)
ko Gt ) + &)
(719 i) = 2Y*(n)

Here 7 is understood as s;(n) for any j.

Remark 7.3. Again thanks to Lemma the above expressions are well defined and
independent of which neighborhood Uj; of the critical points the 7-variable lies.

Proposition 7.4. The functions Y*(n), E"*(n) and h5¥(n) are symmetric under the in-
volution n — 1, while gof[k(n) is anti-symmetric. In terms of the local parameter v, we
have
(i) E™* is an even holomorphic function in v, or a holomorphic function in u;
(ii) 4,071’; is an odd holomorphic function in v. For n > 0, gpﬁk is an odd meromorphic
function in v, which has at most (2n + 1)-th order pole at v =0, and no other poles
near v = 0;
(iii) Forn > —1, hg’k is an even holomorphic function in v, or a holomorphic function
n u.

Proof. (i). By definition it is clear that Y*(n) and h,r{k(n) are symmetric, and 7" is anti-
symmetric, under the involution. Note that E"*(n) has a local expression

i) — p P et (¢ = 5) 1 O0@)

Po)p(—v) (FV®) 4 v 0) 1+0()

From the first equality we know that E™F is a function in v, and symmetric under the
involution. The second equality is due to the expansion ([7.14) of ¢ (v), which indicates
that £™*(v) is holomorphic near v = 0. Thus near v = 0, E™* expands into a power series

containing only even powers of v. Hence E™* is a power series in u = %vz.
We now prove (ii) and (iii) by induction. (ii). For n = —1, when n € U;, we have
vk 1 = pfer®8)
P bk gk R AR
(7.19) 1 k ((—0) — ()] _ :
e tanh 5 ey +O0(v°) for k>0,
ro _ Y(=v) =) v 3
=" =——4+00").
Y1 2r T +0(7)

These are odd holomorphic functions near v = 0. By induction, for n > —1, if cp:;k is an
odd function in v, then we have:

T T T ~ d T r.k (>~
24 ) el ) = ) — €5 = 1 g (o) - @)
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L vt met) —2rhm (B - L) et

T1- n" dn v dv
Here we used (7.16)) and
d n d d d
(7.20) noe__n_¢__re__,°2
1l—n"dn 1—n"dn v dv du

Therefore we obtain a recursion formula

rk rk rd r.k
(7.21) et = (B - L) et

which proves that gof[k for n > 0 are odd meromorphic functions of v, with poles of order
at most 2n + 1 at v = 0 and no other poles near v = 0.
(iii). Note that h™" = —L_
1 krk/

that h%* is a function in u. Then the recursion

d
(7.22) hky = <Er’k(u) - rdu> hok (u)

is an even holomorphic function in v. For n > —1, suppose

shows that h;’_]il is again an even holomorphic function in v. This completes the proof. [
Remark 7.5. Around each critical point a;, we have
(7.23) €)= V) (@) + BF @), GF @) = YEm) (e o) + ).

For k = 0, we have

o, N0 A=A
(7.24) phv) =T =g
(7.25) A=1-— rgoﬁ? (v) — rhﬁol(u), A=1+ rcpﬁg (v) — rhﬁ? (u),
and J J
7,0 r T, 7,0 _ r,
90n+1(v) = 7;%90710(0)’ hn+1(u) - 77”%]7“710(“)'

7.5. The local Galois averaging. The shape of the Eynard-Orantin integral recursion
, together with the integration kernel given by and the local Galois conjugation
of (7.13)), suggests that the residue evaluation of the right-hand-side of is equivalent
to the local Galois averaging with respect to the single variable z. Since we already have a
topological recursion in the form of the partial differential equation , it is natural to
expect that the local Galois averaging of should produce . In this subsection
we apply the following three algebraic operations to the differential equation .
(1) Local Galois averaging with respect to the first variable n;. This means that for a
meromorphic function f(n;) defined on Uj, we apply
o) o 20210
(2) Extract the part of the function that is symmetric with respect to the local Galois

conjugation ([7.13]). In this process we use Proposition and ([7.25)).

(3) To make the matching of our formula with the integral recursion manifest, we then
multiply by the factor
V1 dU1

re"(v1)
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Because of (]7.14[) and 47.24[), gorj(l) (v1) = O(v1) near v; = 0. Therefore, the multipli-

cation factor % is a holomorphic function around each critical point «;.
re_ (v

Our starting point is the following Laplace transform formula (7.6 of the cut-and-join
equation (2.4]), written in terms of the Hodge integrals (7.3) and the auxiliary functions
(7.1)) incorporating the ELSV-type formula ({2.3)) of [29].

@ 7k 1 n 7]% Tzkg
(726) S0 e ) (20— 24 n) €5 () + P 2= )G ) & )
|k|=0 i:1
|f]<3g—3+n
e ((akgz) L
- Z > rr (T A) ) m —Mj
1<J +1kps - ‘EO
[2,5]
m+ K[;73]‘§39_4+”
| S (i) mi & (n;) ¢ M N =)
T 1= Gy V)
n a+b+'k - ‘
, e w0l bk
+ 2 Z T (T T T A>( (b k) £m+1<772) §g+1(772) fz (77[2])
i=1 ki |=0
i | =
m+€+‘fm 1339—5%
n  stable atbtikp

T 7[1] T,(a T
FEY Y T e A (g, AR

i=1 g1+g2=9 a+|k;|=0

TuJ=[i] b+|ks|=0
m~+|07|<3g1—2+|1|
+]651<3g2—2+|J|

Xty () €11 () €7 ).

Here the bound of the summation indices are 0 < a,b < r and m, £ > 0. Let us now apply
the three algebraic operations listed above to (7.26)).
The left-hand-side of (7.26|) produces

17| N vl 7k
(7.27) Z rr <TZA>( )k yka (m) {_71 gpgﬁl(vl) dvy + H(v1) dvl} §£m[1] (7][1])7
|k|£0
] <3g9—3+n

where H(v1) is a holomorphic function in v; near v; = 0 that comes from the third operation.

We calculate, using, (7.21)) and ([7.23):

U1 & r.k U1k & rod r.k
- 7Y H(m) ey (01) dog = —*Y Y(m) [Er H(ug) — vldvl] @ (v1) doy

v T
= YR () dgg (1) = Y (1) BT (un) g, (01) oy

— dfr k1( ) d <Yk1 (m)hz,lkl (U1)>
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1 r
- (dYkl (m)) o (v1) — ;Ykl(m) E™F (w1) @™ (01) o1 dor.
The last two terms of the above formula cancel due to ((7.16) and

T ~Tr

1
dn:rn —dn.
n

(7.28) du = vdv = 1.

Notice that Y*t(n;), H(v1), and hZ’lkl (u1) are holomorphic functions in 7; € U, where U is
the union U’_,U;. Thus the left-hand side of (7.26) simply takes the form
i} r T 7.k
(7.20) ST O [ ) + Ham) dm] €7 (),
’E‘EO
|[|§3g—3+n

with a holomorphic function H; in 7.

Again appealing to ([7.28]), we calculate the result of the three operations on the first
term of the right-hand side of ([7.26|) as

a+|k>
(7.30) }: > rArJunnn@ﬂAﬂ”@W@N

1<J a+‘k17) =0

m+‘e[i’5] ‘§3g—4+n

5;’111(771) d771 —€Z;i1(~ )dn, ra 52&1(77])
+Q + Q(ny,m;) 2
(,,71 773) 90 (Ul) (n . 77]) ()OT 0 (Ul) 1 m+1(771) (771 77]) 1_ 77]'

X fg i (77[1 ]}) + Ha (1) dm ]:(77[1]>

Here Hy(m) € O(U). F(ny) is a function in ng,...,7n. Q1 %s1(m) is a meromorphic
differential in 7; defined by

Qg Crln+1(77 ) =

5:&(11(771) dm n 5;%11(771) dn,

,0 ~ ,0 ’
m e (v1) 17 (0)
and €(71,n;) is a holomorphic differential in 7,
(L—nf)dm (L=71)dii, &1 (1))

Q(my,m;) =
) (i —m) "1 (1) @y —n) " (v1)| L=

Without loss of generality, we can assume that 7; € U. Then Q(n1,7;) is a holomorphic
1)

differential with respect to 71 € U, which follows from the local behavior of (Toi() and
Y_1\v1

(13”1) coming from ([7.12) and ([7.24)).

7 (v1)

The operation on the second and the third terms of the right-hand side of (7.26]) produces
st (M):(adik)
(7.31) > P (T A) (i
a+b+| kg =0
m+€+’€m ’S3g—5+n

Yo () Yo (1) @)1 (v1) @)Ly (v1) vr d oy
7,0
29071(7’1)

5@ Uy + Ha(m) d Fi(ngg))
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stable a+b+\km| () (aki) () (k)

+ Z Z ro v (T o, )Y (g, AYYIAEET
g1+g2=g a+|kr|=0
1uJ=[i] b+|ks|=0

m+|€1|§3g1 —2+‘I|
£4€.5|<3g2—2+]J|

V() Yo (m) ntyy (1) @)y (o) vr dvr | kg
27 (v1) i
Here H3(n1) and Ha () are in O(U), and Fi(n;) and Fa(nyg)) are functions in 7, ..., 7.

(myiy) + Halm) dmy Fo(myqy)-

7.6. The residue calculation. Recall that the central idea of [21] to prove the Hurwitz
number conjecture of [§] is to relate the principal part of the free energies with the residue
calculation of the Eynard-Orantin integral recursion formula. Since the free energies in
our case have r distinct poles, we need a more general notion of the principal part for a
meromorphic function with many poles (see for example, [38]). In this subsection we derive
the key formula for the residue calculations we need.

Definition 7.6. Let us denote by U = U’_;U; the union of the local neighborhood of the
critical point «; for all j. We define an O(U)-module My by

MUz{mm7mm=ﬂTﬁyxzammemm}

Following [38], we define

Definition 7.7. Let p(n) € C[n] be a non-constant polynomial, and U C C an open subset.
Two functions f,g € O(U) are said to be congruent modulo p (denoted by f = ¢ mod p)
if there is ¢(n) € O(U) such that

f=9+rq
Proposition 7.8 ([38]). Under the same condition as above, suppose that p(n) has all its
zeros in U. Then for every holomorphic function f(n) € O(U), there is a unique polynomial
r(n) such that
f=r modp and degr(n) < degp(n).

We denote this unique remainder polynomial by

(7.32) r(n) = Lf(n)lp.

This defines a natural C-algebra homomorphism
OU) > f+— Lf(n)]p € Clul/(p),
which is called the reduction of f modulo p.

Definition 7.9. Let m(n) = h(n)/p(n) be a meromorphic function in My, where h(n) €
O(U) and p(n) = (1 —n")*, k > 0. We define the following symbol

(7.33) {mwnwztﬁ%“ecmy

Thus we have a linear map, which we simply call the projection to the principal part
{}n: My —C(n).

The principal part {m(n)}, of a meromorphic function m(n) is the “proper rational function
part” of m = h/p. If k =0, then we define the principal part to be 0.
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Remark 7.10. From the definition it is obvious that for every m(n) € My, we have
m(n) —{m(n)}, € OU).

Thus {m(n)}, behaves much like the principal part of a meromorphic function at a pole.

The image {m(n)}, € C(n) is always globally defined on P!, even though m(n) is defined
locally on U, and {m(n)}, has poles only at «;.

The following lemma plays the key role in connecting the residue of the Eynard-Orantin
recursion formula and taking the principal part.

Lemma 7.11. For any element m(¢) € My and n € C such thatn # o, j=1,...,r, we
have

(7.34) ZRes<aj?§)7 =—{m(n)},.
j=1

Proof. Let vj be a small loop in U; centered at o, v, a small loop around 7, and I'r a large
circle enclosing all o; and 7 with radius R > 1 (see Figure . Then

- mQ) _~ 1 [ m(Q)
;Resczo‘jé—n;%ifé“ 7 d
o {mQ) 1 mQ) — {mQ)
_sz'}'{_ C—n dCJrzj:zm' 5, C—n de

_ZR S¢=q; C( )77}4’

because M does not have any pole in any of the U;’s. Noting that {WZ(E;}C is a
rational function with poles only at n and «a;, j = 1,...,r, we calculate
1
0= lim — {mi¢ >}<d§
R—o00 271 FR C—n
C)} {m(¢ )}g
= Res¢—q. + Res
Z (=ajy - S¢=n C
(C)}g
= Resczq, ——— +{m(n)}, .
Ejj oy e+ m},
This completes the proof of ([7.34]). O

7.7. Proof of Theorem We are now ready to complete the proof of Theorem
The operation we wish to apply to (7.29), (7.30)), and (7.31) is

(dyy -+ +dy,) © {.}771 .

This means we first calculate the principal part of the quantities with respect to 7;, and
then apply the exterior differentiations with respect to ns,...,n,. We obtain

(7.35) oo |

|0 <39—3+n

EX

OE A ()

d
—
<)
&
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FIGURE 7.1. Integration contours.

at k[ij]‘ ke - rkp o
_ Z Z P (T Tt A>(’")’(“’ 1,5 R (m, ;) © dfz[i;d] (77[1,5'])
1<j a+‘k[i,ﬂ‘50
met|e 51| <39—44n
‘”b*"“[il' (1), (abokg) prab ki)
4 > r o (T TeTeg A) R, (m) © dgg (1)
a-+b+ |k |20
m+l+’£[i]’§3g—5+n
tabl ;
e’ L‘klll‘ A )i (askr) AV ()(aky)
+ Y 3 r (T e, A) (170, A)
g1+g92=g a+l|kr|=0
TuJ=[i] b+|k 7|=0

mA4-10r|<3g1 —2+|1|
O+ <3g2—2+1J]

7,a,b ik
X R (m) © dﬁem[l] UL

where dégkl (1) = Qicr dfzki (7)),

Y¢ y?b ma () 0P (vy) vy do
(7.36) Ry () = { Y] i) () } ,
2¢7 (v1) -
and
r.a g;‘;a (nl)dnl gfr;a (77 )dﬁ
(737) Rrﬁ (771,773') = _d77j { e 7.0 = A ,,,701 .
2(m —mnj) ¢"i(vn) 2001 —my) 5 (w) J

Remark 7.12. The operation of {e}, in (7.37) and (7.36) are well defined because of the
fact that 77, is holomorphic in 7y € U, (7.12)), Proposition and ((7.23).

To deduce (1.17)) from ([7.35)), we need the following formulas.
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Proposition 7.13.

(7.38) R () —rZResna i(n,m) d€nt(n) ® deb (@)

(7.39)  Rf(n.m) = ZResna[ n,m>(3<n,m>dszm>+B<ﬁ,m>d5;f<n>>],

where B(n, ;) is defined in (7.8).

Proof. Let s;(y;) be the involution image of a small circle y; around a;. We calculate the
residue by contour integration.

R.H.S. of (7.38) =r ZRGST] —a,; K (n,m) d&t(n) @ ® d&;" (7))

_rdp s 1 Gin(y)  dg'@) Gin)  dgtw)
K ;27”' [75 —m)@ —y) dy y*?éjm(y—m)@r—yr) dy

(=) (& ) &0 + 65 ) €4 )]
=—m)y@" —y") '

r? dm
- 2 ZResy:%‘

Aj

In the second line we have used the involution to the second contour integral, and in the
third line we have appealed to ([7.28]). Noticing that

(1= y7) (& W) 8 @) + & ) €01 )]
y(y" —y")

we use Lemma (7.23)), and ([7.24)) to yield

b2 (=) [ m) €2, ) + €8 () € (m)]

GMUJ

RHS. =—— - dm
2 m(n1—n7)
m
V() Yo () [@rtea (00) @0y (01) = Bty (wn) B ()] v don
20" (v1)
m
= Rx/}b(m)-

Similarly, for n; ¢ U, we have

RS of (730) = ZR% oo o) (B o)+ BT ) i) |

R 1 1 1 Enn@) Gy dy
_7dn1®d1’]i Zi I~ + ~ ~7r
2 o My \y—m Yy —m Y= Yy —ni y -y

1 mna (o T,a ~/
= rdn ©d, Zﬁesy%_y_m< GLaT) L 6h0)7 w)

(y—m)y" —v") (Y —m)y

A
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5;’&1(771) m+1(771)77
=-—rd dp, =
reme "’{(771—171)(775—77{)+(771 n)@t nI)}m

=dm @ dy, {

53;’111@1) i ‘5;11(771)77’1 }
2(m —ni) " (v1) 2071 —ni) "] (01) m’

thanks to Lemma, Here the sign ’ indicates differentiation with respect to the variable
without the “-sign. For example, 4’ = dy /dy, etc. The last step is to equate the above
result with ([7.37)), which follows from

Lemma 7.14.
< 1 " 71 ) 5:&?1-1(771) + f:ﬁil(ﬁl) _ 0
m="ni 1= 2<p7:? (v1) .

Proof of Lemma. Note that
53;’13-1(771) + 5;;‘11(771) Y (1) h:;ﬁrl (0)

T R VR
which has a simple pole at each «;. Since 7 /1|771=a¢ = —1, the holomorphic function
mim + == 771 n has a zero at each «;. Therefore, the principal part operation is applied
to a holomorphic function in 7, hence the result is 0. O
We have now completed the proof of Theorem O
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