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MULTIPLICATIVE PROPERTIES OF QUINN SPECTRA

GERD LAURES AND JAMES E. MCCLURE

ABSTRACT. We give a simple sufficient condition for Quinn’s “bordism-type
spectra” to be weakly equivalent to strictly associative ring spectra. We also
show that Poincaré bordism and symmetric L-theory are naturally weakly
equivalent to monoidal functors. Part of the proof of these statements involves
showing that Quinn’s functor from bordism-type theories to spectra lifts to the
category of symmetric spectra. We also give a new account of the foundations.

1. INTRODUCTION

Our main goal in this paper and its sequel is to give a systematic account of
multiplicative properties of Quinn’s “bordism-type spectra.” The present paper
deals with associativity and the sequel with commutativity.

We also give a new account of the foundations, and we have made our paper
mostly self-contained in the hope that it can serve as an introduction to [Ran92],

[WWR&9|, [WW] and other work in this area.

1.1. Quinn’s bordism-type spectra. The Sullivan-Wall manifold structure se-
quence is one of the central results of surgery theory. In his thesis ([Qui70a], also
see and [Nic82]) Frank Quinn showed how to interpret the Sullivan-Wall
sequence as part of the long exact homotopy sequence of a fiber sequence of spec-
tra. In particular, for each group G he constructed a spectrum L(G) (which is now
called the quadratic L-spectrum of G) whose homotopy groups are Wall’s groups
L.(G).

The construction of L(G) is a special case of Quinn’s general machine for con-
structing spectra from “bordism-type theories” (see [Qui95]). One can see the
basic idea of this machine by considering the example of topological bordismﬂ
Let T(Top,,) denote the Thom space of the universal R¥-bundle with structure
group Top,,.The usual simplicial model for this space, denoted S,T'(Top,,), has as
n-simplices the continuous maps

f: A" = T(Topy,).

Let us consider the subobject STT(Topk) consisting of maps whose restrictions
to each face of A™ are transverse to the zero section B(Top,) C T'(Top,). Note
that STT(Topk) is closed under face maps but not under degeneracy maps; that
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is, it is a semisimplicial setE| There is a concept of homotopy in the category of
semisimplicial sets ([RS71l, Section 6]), and a transversality argument using [FQ90L
Section 9.6] shows that S'T'(Top,,) is a deformation retract of SoT(Topy,).

Next observe that for each simplex f : A™ — T(Top,) in ST (Top,,), the inter-
sections of f~1(B(Top,)) with the faces of A™ form a manifold A”-adﬂ that is, a
collection of topological manifolds X, indexed by the faces of A™, with monomor-
phisms X, < 90X, for 7 C o such that

0X, = coéim X,

where the colimit is taken in the category of topological spaces (the simplest exam-
ple of a manifold A™-ad is the collection of faces of A™ itself). The A™-ads obtained
in this way are of degree k (that is, dim X, = dimo — k).

Quinn observed that something interesting happens if one considers the semisim-
plicial set of all manifold A™-ads of degree k; we denote this semisimplicial set by
Py, and its realization by Q. It turns out that each Py is a Kan complex whose ho-
motopy groups are the topological bordism groups (shifted in dimension by k) and
that there are suspension maps YQj — Qr+1 which make the sequence Q = {Qx}
an () spectrum (we give proofs of these statements in Section [15]). In Appendix
we show that Q is weakly equivalent to M Top.

An important advantage of the construction just given is that it depends only
on the category of topological manifolds, not on the bundle theory. Quinn gave an
axiomatization of the structures to which one can apply this construction, which
he called bordism-type theories [Qui95, Section 3.2]. One example of a bordism-
type theory arises from Poincaré A™-ads; in this situation transversality does not
hold but one obtains a bordism spectrum from Quinn’s construction (cf. Section
below). Other important examples are Ranicki’s quadratic and symmetric algebraic
Poincaré A™-ads, which lead to a purely algebraic description of quadratic and
symmetric L-spectra ([Ran92]; also see Sections [9] and [11] below).

1.2. Previous work on multiplicative structures. In [Ran80a] and [Ran80b],
Ranicki used product structures on the L-groups to give product formulas for the
surgery obstruction and the symmetric signature. In [Ran92, Appendix B] he ob-
served that these products come from pairings (in the sense of [Whi62]) at the
spectrum level, and he used one of these pairings to give a new construction of
the assembly map in quadratic L-theory. He also suggested that the pairings could
be obtained from a bisemisimplicial construction. This idea, which was developed
further in [WW0Q0OI, is a key ingredient in our work.

1.3. Smash products in the category of spectra. Given spectra E, F' and G,
a pairing in the sense of [Whi62] is a family of maps

E; N\ Fj — GiJrj
satisfying certain conditions. That is, a pairing relates the spaces of the spectra

rather than the spectra themselves. Starting in the early 1960’s topologists realized
that the kind of information given by pairings of spectra could be captured more

2In the literature these are often called A-sets, but that terminology seems infelicitous since
the category that governs simplicial sets is called A. Our terminology follows [Wei94] Definition
8.1.9].

3In the literature these are often called (n + 2)-ads.
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effectively by using smash products of spectra. The earliest constructions were in
the stable category (that is, the homotopy category of spectra). A smash product
that was defined at the spectrum level and not just up to homotopy was given
in [LMSMR6]; however, this satisfied associativity and commutativity only up to
higher homotopies, which was a source of considerable inconvenience. In the early
1990’s there were two independent constructions of categories of spectra in which
the smash product was associative and commutative up to coherent natural iso-
morphism. These were the categories of symmetric spectra (eventually published
as [HSS00]) and the category of S-modules [EKMMO9T7]. In these categories it is
possible to speak of strictly associative and commutative ring spectra (these are
equivalent to the A and Eo, ring spectra of [May77]).

A later paper [MMSS0I| gave a version of the category of symmetric spectra
which was based on topological spaces rather than simplicial sets, and this is the
version that we will use. (Our reason for using symmetric spectra rather than S-
modules is that the former have a combinatorial flavor that makes them well-suited
to constructions using A”-ads.)

1.4. Our work. Our goal is to relate Quinn’s theory of bordism-type spectra to
the theory of symmetric spectra. As far as we can tell, Quinn’s original axioms
are not strong enough to do this. We give a stronger set of axioms for a structure
that we call an ad theory and we show that our axioms are satisfied by all of the
standard examples.

Next we show that there is a functor from ad theories to symmetric spectra
which is weakly equivalent to Quinn’s spectrum construction. We also give a suf-
ficient condition (analogous to the existence of Cartesian products in the category
of topological manifolds) for the symmetric spectrum arising from an ad theory to
be a strictly associative ring spectrum. Finally, we show that Poincaré bordism is
naturally weakly equivalent to a monoidal (that is, coherently multiplicative) func-
tor from a category 7 (Definition to symmetric spectra and that symmetric
L-theory is naturally weakly equivalent to a monoidal functor from the category of
rings with involution to symmetric spectra.

In the sequel we will give a sufficient condition for the symmetric spectrum arising
from an ad theory to be a strictly commutative ring spectrum. We will also show
that Poincaré bordism and symmetric L-theory are naturally weakly equivalent to
symmetric monoidal functors. Finally, we will show that the symmetric signature
from Poincaré bordism to symmetric L-theory can be realized as a monoidal natural
transformation. This will show in particular that the Sullivan-Ranicki orientation
MSTop — L*(Z) is an Es ring map.

1.5. Outline of the paper. A A"-ad is indexed by the faces of A™. We will also
make use of K-ads, indexed by the cells of a ball complex K (i.e., a regular CW
complex with a compatible PL structure). In Section we collect some terminology
about ball complexes from [BRS76, pages 4-5].

In Section [3| we give the axioms for an ad theory, together with a simple example
(the cellular cocyles on a ball complex).

In Section 4| we define the bordism sets of an ad theory and show that they are
abelian groups.

In Sections we consider the standard examples of bordism-type theories
and show that they are ad theories; this does not follow from the existing literature
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because our axioms for an ad theory (especially the gluing axiom) are much stronger
than Quinn’s axioms for a bordism-type theory. We give careful discussions of
set-theoretic issues, which does not seem to have been done previously. Section
gives some preliminary terminology. Oriented topological bordism is treated in
Section[6] geometric Poincaré bordism in Sections[7]and 8] symmetric and quadratic
Poincaré bordism (using ideas from [WW89]) in Sections [9] and In Section
we construct the symmetric signature as a morphism of ad theories from geometric
Poincaré bordism to symmetic Poincaré bordism. Section [12] gives a gluing result
which is needed for Sections and may be of independent interest.

It is our hope that new families of ad theories will be discovered (your ad here).

In Section [13| we use an idea of Blumberg and Mandell to show that the various
kinds of Poincaré bordism are functorial—this question seems not to have been
considered in the literature.

In Sections we consider the cohomology theory associated to an ad theory;
this is needed in later sections and is important in its own right. There is a functor
(which we denote by T*) that takes a ball complex K to the graded abelian group
of K-ads modulo a certain natural bordism relation. Ranicki [Ran92] Proposition
13.7] stated that (for symmetric and quadratic Poincaré bordism, and assuming
that K is a simplicial complex) 7™ is the cohomology theory represented by the
Quinn spectrum Q (Quinn stated a similar result [Qui95], Section 4.7] but seems to
have had a different equivalence relation in mind). The proof of this fact in [Ran92]
is not correct (see Remark below). We give a different proof (for general ad
theories, and general K). First, in Section [14] we use ideas from [BRS76] to show
that T* is a cohomology theory. In Section we review the construction of the
Quinn spectrum Q. Then in Section [16] we show that 7™ is naturally isomorphic
to the cohomology theory represented by Q by giving a morphism of cohomology
theories which is an isomorphism on coefficients.

In Section [[7] we review the definition of symmetric spectrum and show that the
functor Q from ad theories to spectra lifts (up to weak equivalence) to a functor M
from ad theories to symmetric spectra. In Section [18 we consider multiplicative ad
theories and show that for such a theory the symmetric spectrum M is a strictly
associative ring spectrum. In Section [19| we show that the functors M given by the
geometric and symmetric Poincaré bordism ad theories are monoidal functors.

In an appendix we review some simple facts from PL topology that are needed
in the body of the paper.

Acknowledgments. The authors benefited from a workshop on forms of homo-
topy theory held at the Fields Institute. They would like to thank Matthias Kreck
for suggesting the problem to the first author and also Carl-Friedrich Bodigheimer,
Jim Davis, Steve Ferry, Mike Mandell, Frank Quinn, Andrew Ranicki, John Rognes,
Stefan Schwede, Michael Weiss and Bruce Williams for useful hints and helpful dis-
cussions. The first author is grateful to the Max Planck Institute in Bonn for its
hospitality.

2. BALL COMPLEXES

Definition 2.1. (i) Let K be a finite collection of PL balls in some R™, and write
|K| for the union Uy 0. We say that K is a ball complex if the interiors of the
balls of K are disjoint and the boundary of each ball of K is a union of balls of
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K (thus the interiors of the balls of K give |K| the structure of a regular CW
complex). The balls of K will also be called closed cells of K.

(ii) An isomorphism from a ball complex K to a ball complex L is a PL homeo-
morphism |K| — |L| which takes closed cells of K to closed cells of L.

(iii) A subcomplex of a ball complex K is a subset of K which is a ball complex.

(iv) A morphism of ball complexes is the composite of an isomorphism with an
inclusion of a subcomplex.

Definition 2.2. A subdivision of a ball complex K is a ball complex K’ with two
properties:

() [K'| = | K|, and

(b) each closed cell of K’ is contained in a closed cell of K.

A subcomplex of K which is also a subcomplex of K’ is called residual.

Notation 2.3. Let I denote the unit interval with its standard structure as a ball
complex (two 0 cells and one 1 cell).

3. AXIoMS

Definition 3.1. A category with involution is a category together with an endo-
functor i which satisfies i2 = 1.

Example 3.2. The set of integers Z is a poset and therefore a category. We give
it the trivial involution.

Definition 3.3. A Z-graded category is a small category A with involution together
with involution-preserving functors d : A — Z (called the dimension function) and
) : Z — A such that

a) d is equal to the identity functor, and

b) if f:a — b is a non-identity morphism in A then d(a) < d(b).

A k-morphism between Z-graded categories is a functor which decreases the
dimensions of objects by k and strictly commutes with @) and 1.

We will write 0,, for O(n).

Example 3.4. Given a chain complex C, let A¢g be the Z-graded category whose
objects in dimension n are the elements of C),. There is a unique morphism a — b
whenever dima < dim b; these are the only non-identity morphisms. ¢ is multipli-
cation by —1 and the object (,, is the 0 element in C,,.

Example 3.5. Let Agtop be the category defined as follows. The objects of dimen-
sion n are the n-dimensional oriented compact topological manifolds with bound-
ary (with an empty manifold of dimension n for each n); in order to ensure that
Agtop is a small category we assume in addition that each object of Agrp, is a
subspace of some R™. The non-identity morphisms are the continuous monomor-
phisms ¢ : M — N with dim M < dim N and «(M) C ON. The involution 4 reverses
the orientation, and (J,, is the empty manifold of dimension n.

For examples related to geometric and algebraic Poincaré bordism see Definitions

and below.

Example 3.6. Let K be a ball complex and L a subcomplex. Define Cell(K, L)
to be the Z-graded category whose objects in dimension n are the oriented closed
n-cells (o,0) which are not in L, together with an object 0, (the empty cell of
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dimension n). There is a unique morphism (¢, 0) — (¢’,0") whenever o C ¢’ (with
no requirements on the orientations) and a unique morphism (},, — (o, 0) whenever
n < dimo; these are the only non-identity morphisms. The involution ¢ reverses
the orientation.

We will write Cell(K) instead of Cell(K, ).

It will be important for us to consider abstract k-morphisms between categories
of the form Cell(Ky, Ly), Cell(K3, Ly) (which will not be induced by maps of pairs
in general). The motivation for the first part of the following definition is the fact
that, if f is a chain map which lowers degrees by k, then fod = (=1)*do f.

Definition 3.7. Let 0 : Cell(K1, L1) — Cell(Ks, L) be a k-morphism.

(i) 0 is 4ncidence-compatible if it takes incidence numbers in Cell(Ky, L;)
(see [Whi78, page 82]) to (—1)¥ times the corresponding incidence numbers in
Cell(Kg, LQ)

(ii) If A is a Z-graded category and F : Cell(K2,Ls) — A is an [-morphism
define an (I + k)-morphism

0*F : Cell(Kl, Ll) — A
to be the composite i*! o F o 8.
Now we fix a Z-graded category A.

Definition 3.8. Let K be a ball complex and L a subcomplex.
(i) A pre K-ad of degree k is a k-morphism Cell(K) — A.
(ii) The trivial pre K-ad of degree k is the composite

Cell(K) Lz =572 % A
(iii) A pre (K, L)-ad of degree k is a pre K-ad of degree k which restricts to the
trivial pre L-ad of degree k.

We write pre*(K) for the set of pre K-ads of degree k and pre* (K, L) for the set
of pre (K, L)-ads of degree k.

There is a canonical bijection between pre®(K, L) and the set of k-morphisms
Cell(K,L) — A: given a k-morphism F the corresponding pre (K, L)-ad is (*F,
where ( : Cell(K) — Cell(K, L) is defined by

(0.0) = {(2) if o is in L,

(0,0) otherwise.

Using this bijection and Definition (ii), we see that each k-morphism
0 : CG”(Kl, Ll) — CGZZ(KQ, Lg)

determines a map
0" : prel(Kg, Ly) — pre”k(Kl, Ly)
for every .
Remark 3.9. We could have defined pre*(K, L) to be the set of k-morphisms

Cell(K, L) — A, but for our later work it’s more convenient for pre*(K, L) to be a
subset of pre®(K).
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Definition 3.10. An ad theory consists of

(i) a Z-graded category A, and

(ii) for each k, and each ball complex pair (K,L), a subset ad®(K,L) of
pre* (K, L) (called the set of (K, L)-ads of degree k)
such that the following hold.

(a) ad” is a subfunctor of pre¥, and an element of pre*(K, L) is in ad®(K, L) if
and only if it is in ad®(K).

(b) The trivial pre K-ad of degree k is in ad®(K).

(c) i takes K-ads to K-ads.

(d) A pre K-ad is a K-ad if it restricts to a o-ad for each closed cell o of K.

(e) (Reindexing.) Suppose

0: Cell(K1, Ll) — Cell(Kg, L2)

is an incidence-compatible k-isomorphism of Z-graded categories. Then the induced
bijection
0" : pre! (Ky, Ly) — prettF (K, L)
restricts to a bijection
0* : ad (K1, Ly) — ad™* (K, L).

(f) (Gluing.) For each subdivision K’ of K and each K’-ad F there is a K-ad
which agrees with F' on each residual subcomplex.

(2) (Cylinder.) There is a natural transformation J : ad®(K) — ad®(K x I)
(where K x I has its canonical ball complex structure [BRS76, page 5]) with the
following properties.

o J takes trivial ads to trivial ads.
e The restriction of J(F') to K x 0 is the composite

Cell(K x 0) = Cell(K) &5 A.
o The restriction of J(F') to K x 1 is the composite
Cell(K x 1) = Cell(K) L A.

We call A the target category of the ad theory. A morphism of ad theories is a
functor of target categories which takes ads to ads.

Remark 3.11. This definition is based in part on [Qui95, Section 3.2] and [BRS76l,
Theorem 1.7.2].

Example 3.12. Let C be a chain complex and let A¢ be the Z-graded category
of Example We define an ad-theory (denoted by ad¢) as follows. Let cl(K)
denote the cellular chain complex of K; specifically, cl,(K) is generated by the
symbols (¢, 0) with o n-dimensional, subject to the relation (o, —0) = —(o, 0); the
boundary map is given in the usual way by incidence numbers. A pre K-ad F gives
a map of graded abelian groups from cl(K) to C, and F is a K-ad if this is a chain
map. Gluing is addition and J(F') is 0 on all the objects of K x I which are not
contained in K x 0 or K x 1.
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4. THE BORDISM GROUPS OF AN AD THEORY
Fix an ad theory. Let * denote the one-point space.

Definition 4.1. Two elements of ad”(x) are bordant if there is an I-ad which
restricts to the given ads at the ends.

This is an equivalence relation: reflexivity follows from part (g) of Definition
3.10, symmetry from part (e), and transitivity from part (f).

Definition 4.2. Let  be the set of bordism classes in ad ¥ (x).

Example 4.3. Let C be a chain complex and let ad¢ be the ad theory defined in
Example [3.12] Then a *-ad is a cycle of C' and there is a bijection between ) and
HC. We will return to this example at the end of the section.

Our main goal in this section is to show that ; has an abelian group structure
(cf. [Qui9s) Section 3.3]). For this we need some notation.
Let M’ be the pushout of ball complexes

I ——1Ix1I
Lok
Ix T2 pp
where « takes t to (1,t) and S takes ¢ to (0,t); see Figure 1.

FIGURE 1.

Let M be the ball complex with the same total space as M’ whose (closed) cells
are: the union of the two 2-cells of M’, the 1-cells v(I x 0), §(I x 0), v(0 x I),
0(1 x I) and (I x 1)U (I x 1), and the vertices of these 1-cells; see Figure 2.

FIGURE 2.
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We will need explicit parametrizations of the 1-cells of M: for ¢t € I define

Ao(t) = 6(t,0)
As(t) = 7(0,1)
Aa(t) = 6(1,%)

IECRY if ¢+ € [0,1/2],
As(t) = {6(215 —1,1) ifte[1/2,1]

Let us write x for the isomorphism of categories
Cell(1,{0,1}) — Cell(x)

which takes I with its standard orientation to * with its standard orientation. The
map

k* :ad(x) — ad™ (1, {0,1})
is a bijection by part (e) of Definition

Lemma 4.4. For F,G € ad® (%), there is an H € ad*"* (M) such that \{H = k*F,
MH = k"G, and N5H and N} H are trivial.

Proof. By part (d) of Definition [3.10} there is an M’-ad which restricts to the
cylinder J(k*F') on the image of v and to the cylinder J(k*G) on the image of 4.
The result now follows by part (f) of Definition O

We will write [F] for the bordism class of a x-ad F.

Definition 4.5. Given F,G € ad”(x), let H be an M-ad as in Lemma and
define [F] 4 [G] to be
(Y A H].

We need to show that this is well-defined. Let F; and G; be bordant to F' and
G, and let H; be an M-ad for which A\JHy = k*Fy, A5H; = k*G1, and A;H; and
A;H; are trivial. Figure 3, together with part (e) of Definition gives a bordism
from [(k=1)*AZH] to [(k~1)*AiH;).

Remark 4.6. Our definition of addition agrees with that in [Qui95, Section 3.3]
because the Z-graded category Cell(M, \3(I) U A4(I)) is isomorphic to Cell(A?).

Proposition 4.7. The operation + makes . an abelian group.

Proof. Let 0 denote the bordism class of the trivial x-ad. The cylinder J(F),
together with part (e) of Definition shows both that 0 is an identity element
and that [¢F] is the inverse of [F]. Figure 4, together with part (e) of Definition
gives the proof of associativity.

To see commutativity, let F', G and H be as in Lemma[£.4] Then ¢H is an M-ad
and Definition [£.5] gives

[iF] + [iG] = [(x71)" A5 (iH)).
The left-hand side of this equation is equal to —[F] + (—[G]), and the right-hand
side is —([F] 4 [G]); this implies that + is commutative. O
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0 0 0
® ®
0 0 0 0
NoH, AH,
FIGUre 3.
)\gHz
0 ", 0 0 o
[ ) [ )
0 H, Jw'Fy) |0 0 0
#F, _ K'F K'Fy glue . .
0| JF) a, 0 0 0
® ®
0 H, 0 0 0
A H,
FIGURE 4.

Remark 4.8. In Example the addition in €y is induced by addition in C, as
one can see from the proof of Lemma and the fact that gluing in ad¢ is given
by addition. Thus €2, is isomorphic to H;yC as an abelian group.
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5. BALANCED CATEGORIES AND FUNCTORS

For the examples in Sections [6] it will be convenient to have some additional
terminology.
Let A(A, B) denote the set of morphisms in A from A to B.

Definition 5.1. A balanced category is a Z-graded category A together with a
natural bijection
n: A(A, B) = A(A,i(B))

for objects A, B with dim A < dim B, such that

(a) noi=1io0on: A(A,B) — A(i(A4), B), and

(b) non is the identity.

If A and A’ are balanced categories then a balanced functor F: A — A’ is a
morphism of Z-graded categories for which

Fon=noF :A(A B)— A (F(A),i(F(B))).

All of the Z-graded categories in the previous section are balanced. In particular
Cell(K, L) is balanced.

Definition 5.2. Let A be a balanced category. A balanced pre (K, L)-ad with
values in A is a pre (K, L)-ad F' which is a balanced functor.

6. EXAMPLE: ORIENTED TOPOLOGICAL BORDISM

In this section we construct an ad theory with values in the category Agtop of

Example

Define a category B as follows: the objects of B are compact orientable topolog-
ical manifolds with boundary and the non-identity morphisms are the continuous
monomorphisms ¢ : M — N with dim M < dim N and «(M) C IN.

Definition 6.1. For a ball complex K, let Cellb(K) denote the category whose
objects are the cells of K (including an empty cell in each dimension) and whose
morphisms are the inclusions of cells.

A balanced pre K-ad F with values in Agt,p induces a functor
F”: Cell’(K) — B.
Given cells 0’ C o of K, let i(y o) (0,0) denote the map in Cell(K) from (o’,0)
to (0,0) and let j,7 » denote the map in Cellb(K) from o’ to o.

Definition 6.2. Let K be a ball complex. A K-ad with values in Agrop is a
balanced pre K-ad F with the following properties.
(a) If (¢’,0") and (o,0) are oriented cells with dimo’ = dimo — 1 and if the
incidence number [0, 0'] is equal to (—1)* (where k is the degree of F') then the map
F(i(U,,o/)7(a7o)) 1 F(o',0') = OF(0,0)

is orientation preserving.
(b) For each o, F" (o) is the colimit in Top of Fb|celzb(aa)~

Remark 6.3. The sign in part (a) of this definition is needed in order for part (e)
of Definition [B.10] to hold.
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Example 6.4. The functor Cell(A™) — Agrtop which takes each oriented simplex
of A" to itself (considered as an oriented topological manifold) is a A™-ad of degree
0.

We write adgrop () for the set of K-ads with values in Agrop.
Theorem 6.5. adstop s an ad theory.

The rest of this section is devoted to the proof of Theorem The only parts
of Definition which are not obvious are (f) and (g).

For part (g), let F' be a K-ad; we need to define J(F') : Cell(K x I) = Agrop.
First note that the statement of part (g) specifies what J(F') has to be on the
subcategories Cell(K x 0) and Cell(K x 1). The remaining objects have the form
(0 x I,0 x 0') and we define J(F) for such an object to be F(o,0) x (I,0'), where
(I,0") denotes the topological manifold I with orientation o’. Next observe that,
since J(F) is to be a balanced functor, we need to define J(F)’ on the morphisms
of Cell’ (K x I). These morphisms are generated by those of the following five kinds:

i) (0 = o’) x 0,

ii) (0 = o') x 1,

ili) (0 = o') x I,

iv) o x (0 = 1),

v) o x (1= 1I).

For the first two kinds of morphisms the definition of J(F') is prescribed by the
statement of part (g). For the third kind we define

JF)Y(oc =o' )xI)=F(oc o) xI.
For the fourth kind we define

J(F)(oex (0=1))=F(o) x (0= 1I),
and similarly for the fifth kind.

For part (f), let K be a ball complex and K’ a subdivision of K. The proof is
by induction on the lowest dimensional cell of K which is not a cell of K’. For the
inductive step, we may assume that |K| is a PL n-ball, that K has exactly one n
cell, and that K’ is a subdivision of K which agrees with K on the boundary of
|K|. Let F be a K’-ad. Tt suffices to show that the colimit of F* over the cells of
K’ is a topological manifold with boundary and that its boundary is the colimit of

F? over the cells of the boundary of |K]|.
We will prove something more general:

Proposition 6.6. Let (L, Lg) be a ball complex pair such that |L| is a PL mani-
fold with boundary |Lg|. Let F be an L-ad. Then colimyey F°(0) is a topological
manifold with boundary colimger,, F* (o).

Proof. (The proof is essentially the same as the proof of Lemma II.1.2 in [BRS76].)

Using the notation of the Appendix, let us write D°(o) for D(c) — D(o). If o
is not in Lg then, by Proposition i), De° (o) is topologically homeomorphic to
R™~ ™, If ¢ is in Ly then, by Proposition ii) and [RS82, Theorem 3.34], there
is a homeomorphism from D°(c) to the half space R>¢ x R"~™~1 which takes & to
a point on the boundary.

There is another way to describe D°(o). Given a (possibly empty) sequence
T = (o1,...,00) with 0 C oy  --- € 0y, let us write [0,1)T for [0,1)! and T7i]
for the sequence obtained by deleting o;. Given u € [0,1)! let us write u[i] for the
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element of [0,1)!~! obtained by deleting the i-th coordinate of u. Let F(c) be the

quotient of

[To.n"

T
in which a point u in [0,1)7 with i-th coordinate 0 is identified with the point
ufi] in [0,1)7. Let 0 denote the equivalence class of (0,...,0) € [0,1)7 (which is
independent of T'). Then there is a homeomorphism D°(¢) — F(c) which takes &
to 0.

Now consider the space X = colimyecy, F*(c). Let & € X. There is a unique o for
which x is in the interior of F*(c). Let m be the dimension of o, and k the degree
of F. Let U be an (m — k)-dimensional Euclidean neighborhood of = in F’(o).
An easy inductive argument, using the collaring theorem for topological manifolds,
gives an imbedding

h:UxE(c) =X
such that h(x,0) = z and h(U x E(0)) contains a neighborhood of z in X. If ¢ is not
a cell of Ly this shows that x has an (n — k)-dimensional Euclidean neighborhood
in X. If 0 is a cell of Ly we obtain a homeomorphism from a neighborhood of z in
X to the half space of dimension n — k which takes x to a boundary point. (]

Remark 6.7. The description of gluing in the proof of Theorem [6.5] together
with the proof of Lemma shows that addition in the bordism groups of adstop
is induced by disjoint union. Thus the bordism groups are the usual oriented
topological bordism groups.

7. EXAMPLE: GEOMETRIC POINCARE AD THEORIES

Fix a group 7 and a properly discontinuous left action of 7w on a simply connected
space Z; then Z is a universal cover of Z/m.

Fix a homomorphism w : m — {£1}.

Ranicki [Ran80bl page 243] defines the bordism groups QF (Z/m,w) of geometric
Poincaré complexes over (Z/m, w); our goal in this section is to define an ad theory
whose bordism groups are a slightly modified version of Ranicki’s (see Section (8| for
a precise comparison).

Let Z" denote the right 7 action on Z determined by w.

Definition 7.1. Givenamap f : X — Z/m, define S, (X, Z') to be Z* @z S+ (X),
where X is the pullback of Z to X and S, ()~( ) denotes the singular chain complex
of X.

Set Theoretic Prelude 7.2. In order to ensure that the category A 7., that we
are about to define is small, as required by Definition [3:3] we note that there is a
set X with the following properties.

e The elements of X are topological spaces.

Every subspace of every R” is in X.

The Cartesian product of two spaces in X is in X.
X is closed under pushouts.

The verification that there is such an X is left to the reader. The reason for requiring
these properties can be seen from the proofs of Theorem and Lemma [8.1]
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Definition 7.3. We define a category Ay z ., as follows. An object of A, 7, is a
triple

(X, f: X = Z/7, € € S.(X,Z7)),
where X is a space in X which has the homotopy type of a finite CW complex.
Non-identity morphisms (X, f,£) — (X', f/,&’) exist only when dim¢ < dim¢’, in
which case the morphisms are the maps g : X — X’ such that fog = f.

Remark 7.4. (i) An important special case will be the category A, .1, where e
is the trivial group, * is the one-point space and 1 is the homomorphism from e to

{%1}.
(ii) For technical reasons we will make a small change in the definition of A, 7.,
in Section

Az 7. is a balanced Z-graded category, where the dimension of (X, f, ) is dim¢,
i takes (X, f,€) to (X, f, =€), and 0, is the n-dimensional object with X = {.

Next we must say what the K-ads with values in A, 7., are. We will build this
up gradually by considering several properties that a pre K-ad can have.

For a balanced pre K-ad F' we will use the notation

F(Ua 0) = (X¢77 fa’vfa’,o);
note that X, and f, do not depend on o.
Recall Definition

Definition 7.5. (cf. [WW89, page 50]) A functor X from Cell’(K) to topological
spaces is well-behaved if the following conditions hold:

(a) For each inclusion 7 C o, the map X, — X, is a cofibration.

(b) For each cell o of K, the map

colim X, — X,

TCo
is a cofibration.
If Fis a balancedere K-ad for which X is well-behaved, let X, denote
colim;c, X, and let Xy, be the pullback of Z to Xy, .
In order to describe the Poincaré duality property that a K-ad should have, we
need some preliminary definitions.
We give the ring Z[r] the w-twisted involution (see [Ran80bl page 196]).

Definition 7.6. Given a ring R with involution and a left R-module M, define M*
to be the right R-module obtained from the involution.

Definition 7.7. Let (o,0) be an oriented cell of K. Define (,, be the image of
&s,0 under the map

Z° ®zpr) S+(Xo) "ER ¥ @apa) (S.(Xo) © 5:(X0)) 2 84(X,)! @i Su(Xo)
— 5.(X0)/S4(Xo0)! @zpm) Su(Xo),
where AW is the Alexander-Whitney map.
Our next definition gives a sufficient condition for {,, to be a cycle.

Definition 7.8. F'is closed if for each (o, 0) the chain 9¢, , is the sum of the images
in S,(X,,Z') of the chains £, ./, where (0, 0') runs through the oriented cells for
which the incidence number [0, 0'] is (—1)9%¢ ¥ (see Remark for an explanation
of the sign).
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Remark 7.9. An equivalent definition of closed uses the functor cl defined in
Example Given a cell o of K there is a map of graded abelian groups

(o) = S.(X,, Z/7)

which takes (7,0) to the image of &, , in S.(X,,Z/7). F is closed if this is a chain
map for each o.

Convention 7.10. From now on we will often use the convention that a cochain
complex can be thought of as a chain complex with the opposite grading. For
example, this is needed in our next definition.

Definition 7.11. Let C and D be chain complexes of left R-modules for some ring
R with involution. Define a chain map

Homg(D, R) ® (C* ®@g D) — C",
called the slant product, by
2\ (a@®B) = (=)o z().

Since H,(C?) is the same graded abelian group as H,(C), the slant product
induces a map
H'(Homg(D,R)) ® H;(C' @g D) — H;_;,C
for each i, j.

Definition 7.12. F'is a K-ad if
(a) it is balanced and closed and X is well-behaved, and
(b) for each (o, 0) the slant product with (, , is an isomorphism

H* (HomZ[Tr] (S* ()’Za); Z[ﬂ-])) — Hdirn o—deg F—*()’Zaa )?aa)-
We write ad,z ., (K) for the set of K-ads with values in A, z.,.
Theorem 7.13. ad; z., is an ad theory.

For the proof we need a definition and a lemma. For i = 1,2, suppose given a
group m;, a properly discontinuous left action of m; on a simply connected space Z;,
and a homomorphism w; : 7 — {£1}.

Definition 7.14. (i) For i = 1,2, let (X, f*,£%) be an object of Ay, 7z, w,. Define
(X1 fheh) < (X2, 12,67
to be the following object of Ay, s, 21 x Zo w1 -ws "
(X' x X2, ' x f2,.6' x €2).

(ii) For i = 1,2, suppose given a ball complex K; and a pre K;-ad F; of degree
k; with values in Ax, z, w,. Define a pre (K; x Kjy)-ad Fy x Fy with values in
Ay xm9,21 % Za w1 -wy DY

(Fy X Fy)(0 X 1,01 X 02) = ik dim"Fl(m 01) X Fy(T,09).

Lemma 7.15. Fori = 1,2, suppose given a ball compler K; and a K;-ad F; with
values in Ax, 7, w;- Then Fi X Fy is a (K1 x Ky)-ad. O
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Proof of[7.13. The only parts of Definition which are not obvious are (f) and

(8)-
Part (f). Let F' be a K’'-ad with

F(Uv 0) = (de frrvfrr,o)'

We need to define a K-ad E which agrees with F' on each residual subcomplex of
K. As in the proof of Theorem [6.5] we may assume by induction that K is a ball
complex structure for the n disk with one n cell 7, and that K’ is a subdivision of
K which agrees with K on the boundary. We only need to define F on the top cell
7 of K. We define E(7,0) to be (V;,e,,0;,), where

L] VT = COlimoeK/ XU,

e ¢, : V. = Z/m is the obvious map, and

o 0., is
E Ea,o’a

(0,0")
where (,0') runs through the n-dimensional cells of K’ with orientation
induced by o.

We need to check that V; has the homotopy type of a finite CW complex. V. can
be built up by iterated pushouts, and because F is well-behaved each of these is ho-
motopy equivalent to the corresponding homotopy pushout. The result now follows
from the fact that a homotopy pushout of spaces which are homotopy equivalent
to finite CW complexes is also homotopy equivalent to a finite CW complex (which
we leave as an exercise for the reader).

To conclude the proof of part (f) we note that E is closed by Proposition [A.1ii)
and that part (b) of Definition follows from Proposition below.

For part (g) we need a preliminary definition. Recall Remark Define an
I-ad G with values in A, .1 as follows. For a cell o of I, the identity map id of o is
a singular chain of the space o; define G(o,0) to be (o, f,+id), where f is the map
to a point and the + is + iff o is the standard orientation of o.

Now let F' be a K-ad. We define J(F') on objects (0 x I,0 x 0') to be F(o,0) x
G(I,0"). The rest of the definition of J(F') is analogous to the corresponding part
of the proof of Theorem J(F) is an ad because it is isomorphic to F' x G. O

Remark 7.16. The description of gluing in the proof just given, together with
the proof of Lemma @ shows that addition in the bordism groups of ad; z., is
induced by disjoint union.

8. MORE ABOUT GEOMETRIC POINCARIE AD THEORIES

In this section we prove some facts about the bordism groups of ad,, 7., and
we also consider a relation between adgrep, and ade .1 (see Remark for the
notation).

The definition of ad, z,. in Section |Z| depended upon the choice of X in Set
Theoretic Prelude[7.2l Let X’ be a set which contains X and satisfies the conditions
in and let ad’ be the resulting ad theory.

T, 2w

Lemma 8.1. The morphism ady, 7., — ad;,z’w induces an isomorphism of bordism
groups.
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Proof. To see that the map of bordism groups is onto we note that every object
of X’ is homotopy equivalent to an object of X (because every finite CW complex
can be imbedded in Euclidean space) and that the mapping cylinder of a homotopy
equivalence of *-ads is an I-ad. To see that it is one-to-one, let F' be an I-ad in X’
with
F(Ua 0) = (XU, fo 50,0)

and suppose that Xy and X; are in X. Let Y be an object of X which is homotopy
equivalent to Xr; replacing X; by the double mapping cylinder

(XO X I)UYU(Xl X I)
gives the required bordism in X. O

Next we compare the bordism groups of ad, 7z, with the groups QF(Z/m, w)
defined in [Ran80bl page 243]. Our definition differs from Ranicki’s in two ways.
First of all, a *-ad in our sense is a triple (X, f : X — Z/7,¢ € Z,(X,Z7)) but
a geometric Poincaré complex over (Z/7,w) in Ranicki’s sense is a triple (X, f :
X = Z/7,[X] € H,(X,Z7)). This does not affect the bordism groups because of
the following lemma.

Lemma 8.2. Let (X, f: X = Z/m, &) be a x-ad, and let &' be a cycle homologous
to &. Then the x-ads (X, f: X — Z/m, &) and (X, f: X — Z/7,&) are bordant.

Proof. Since £ is homologous to £ there is a chain 6 with
do =¢ —¢€.

Define an I-ad H by letting H take the cells 0,1 and I (with their standard orien-
tations) respectively to (X, f,€), (X, f,&), and (X X I,h,& X ¢ + 0 X k), where h
is the composite of the projection X x I — X with f, ¢ is the chain given by the
identity map of I, and & is the 0-chain represented by the point 1. O

The second difference between our definition and Ranicki’s is that in [Ran80Db]
the symbol X denotes a universal cover of X (that is, a cover which is universal on
each component). This presumably means that our bordism groups are different
from those in [Ran80b]. Our reason for making this change is that the definition
we give is somewhat simpler and seems to provide the natural domain for the
symmetric signature (see Section . One could, if desired, modify our definition
so that the bordism groups would be equal to those in [Ran80b].

We conclude this section with a relation between adgTo, and ade «,1. Intuitively
one would expect a morphism of ad theories adstop, — ade,«,1, but an object of
Agtop does not determine an object of A. . 1 because it doesn’t come equipped
with a chain £. Instead we will construct a diagram

adSTop — adSTopFun — ade,*,l

in which the first morphism induces an isomorphism of bordism groups (and there-
fore a weak equivalence of Quinn spectra).

Let Astoprun be the category defined as follows. The objects of dimension n are
pairs (M, &), where M is an n-dimensional oriented compact topological manifold
with boundary which is a subspace of some R™ and £ € S,,(M) is a representative
for the fundamental class of M. The non-identity morphisms are the continuous
monomorphisms ¢ : M — N with dim M < dim N and «(M) C ON. The involution
i reverses the orientation, and (), is the empty manifold of dimension n.
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There is a forgetful functor Agroprun — AsTop, and we define a K-ad with values

in Agtoprun to be a pre K-ad such that
e its image under the forgetful functor is a K-ad, and
e it satisfies Definition [T.8l

The proofs of Theorems and |7.13| show that this is an ad theory; we denote
it by ESTOP. The proof of Lemma shows that the morphism ESTOP — adsTop
gives an isomorphism of bordism groups as required.

Finally, we define a morphism Agroppun — Ae,«,1 by taking (M, §) to (M, f,§),
where f is the map to a point (to see that this really lands in A. .1 we use the
fact, proved in [KS77], that a compact topological manifold is homotopy equivalent
to a finite complex). This gives a morphism of ad theories Agtoprun — Ae,x,1 88
required (using the collaring theorem for topological manifolds to verify Definition

[75).
9. EXAMPLE: SYMMETRIC POINCARE AD THEORIES
Recall Set Theoretic Prelude [7.2

Set Theoretic Prelude 9.1. We note that there is a set & with the following
properties.

e The elements of & are sets.

Every finite subset of Z is in G&.

For every X € X and every n the set of continuous maps A™ — X is in &.
The Cartesian product of two sets in & is in &.

G is closed under pushouts.

The verification that there is such an G is left to the reader. The reason for requiring
these properties can be seen from the proof of Theorem and Section

Fix a ring R with involution.

Definition 9.2. (i) The free R-module generated by a set A, denoted R(A), is the
set of functions from A to R which are nonzero for only finitely many elements of
A.

(ii) Let M be the category of left R-modules of the form R{A) with A € &; the
morphisms are the R-module maps.

(iii) Let C be the category of chain complexes in M.

(iv) A chain complex of left R-modules is called finite if it is finitely generated
in each degree and zero in all but finitely many degrees, and homotopy finite if it
is chain homotopy equivalent over R to a finite chain complex.

(v) Let D be the full subcategory of C whose objects are the homotopy finite
chain complexes.

Recall that, for a complex C of left R-modules, C! is the complex of right R-
modules obtained from C by applying the involution of R. Give C* @ C the Z/2
action that switches the factors.

Let W be the standard resolution of Z by Z[Z/2]-modules.

Definition 9.3. A quasi-symmetric complex of dimension n is a pair (C, ), where
C' is an object of D and ¢ is a Z/2-equivariant map

W — CtopC

of graded abelian groups which raises degrees by n.
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Remark 9.4. (i) An important example of a quasi-symmetric complex is the sym-
metric signature of an object of Ay 7 .,; see Section for the definition.

(ii) A symmetric complex in the sense of Ranicki ([Ran92), Definition 1.6(i)]) is
a quasi-symmetric complex for which ¢ is a chain map.

(iii) The concept of symmetric complex can be motivated as follows. A symmetric
bilinear form on a vector space V over a field F is a Z/2 equivariant map V@V — F.
This is the same thing as an element of Homg,/o(Z, V*®pV*). In order to generalize
this concept to chain complexes we replace V* by C, F by R, and Hom by Ext; an
element of the Ext group is represented by a symmetric complex. Thus a symmetric
complex is a homotopy version of a symmetric bilinear form.

Definition 9.5. We define a category A as follows. The objects of Af are the
quasi-symmetric complexes. Non-identity morphisms (C, ) — (C,¢’) exist only
when dim(C, ¢) < dim(C”, ¢’), in which case the morphisms are the R-linear chain
maps f: C — C'.

AR is a balanced Z-graded category, where i takes (C,¢) to (C, —¢) and 0, is
the n-dimensional object for which C' is zero in all degrees.

Next we must say what the K-ads with values in A" are. We will build up to
this gradually, culminating in Definition

For a balanced pre K-ad F' we will use the notation

F(o,0) = (Cs, ¢o.0)-

Definition 9.6. (i) A map in M is a strong monomorphism if it is the inclusion
of a direct summand
M— M&N
with M and N in M.
(ii) A map of chain complexes over R is a cofibration if it is a strong monomor-
phism in each dimension.

Definition 9.7. A functor C' from Cell’(K) to chain complexes over R is called
well-behaved if the following conditions hold:

(a) C takes each morphism to a cofibration.

(b) For each cell o of K, the map

colimC, — C,
TC

=

is a cofibration.

For a well-behaved functor C' we write C,, for colimc, C.
For our next definition, recall Example
Definition 9.8. F is closed if, for each o, the map
cl(o) — Hom(W,CL @5 C,)
which takes (7, 0) to the composite
®r,0

W5 CleCr — CLor Cy
is a chain map.

In particular, if F' is balanced and closed and C'is well-behaved then for each o
the composite
p: W= C’}; ®r Cy — (Cg/Cag)t ®r Cy
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is a chain map.
Let i be a generator of Ho(WW). Recall Definition

Definition 9.9. Fis a K-ad if
(a) it is balanced and closed and C' is well-behaved, and
(b) for each o the slant product with @, (i) is an isomorphism

H* (HomR(CO') R)) — Hdim o—deg F**(CO'/CQO')'
We write ad®(K) for the set of K ads with values in A,

Remark 9.10. When K is a simplicial complex, a K-ad is almost the same thing
as a symmetric complex ([Ran92, Definition 3.4]) in A*(K) ([Ran92, Definition 4.1
and Proposition 5.1]). The only difference is that in [Ran92|] the splitting maps
Cy — Cy, of the underlying graded R-modules are part of the structure.

Theorem 9.11. ad” is an ad theory.

For the proof we need a product operation on ads. Recall the chain map
A:W->WW
from [Ran80al page 175].

Definition 9.12. (i) For i = 1,2, let R; be a ring with involution and let (C?, ¢?)
be an object of A, Define
(Ch ") ® (C%,¢%)
to be the following object of Af1®%z2;
(C'®C* ),
where v is the composite

WS WeWw L2955, (CY @r, CY) @ ((C2) @, C2)

= (Cl ® CZ)t ®R1R: (Cl ® 02)
(ii) For i = 1,2, suppose given a ball complex K; and a pre K;-ad F; of degree
k; with values in Af. Define a pre (K; x K)-ad F} ® F, with values in Af1®F2
by
(F1 & FQ)(U X T,01 X 02) = ikz dimaF‘1(U7 01) ® FQ(T, 02).

Lemma 9.13. Fori = 1,2, suppose given a ball compler K; and a K;-ad F; with
values in A%, Then Fy @ Fy is a (K1 x K»)-ad. O

Proof of[9.11. We only need to verify parts (f) and (g) of Definition [3.10
The proof of part (f) is similar to the corresponding proof in Section [7| Let F'
be a K'-ad with

F(‘T’ O) = (CO'7<)00'7O)‘
We need to define a K-ad E which agrees with F' on each residual subcomplex of
K. We may assume that K is a ball complex structure for the n disk with one n
cell 7, and that K’ is a subdivision of K which agrees with K on the boundary. We
only need to define E on the top cell 7 of K. We define E(7,0) to be (D, kr,0),
where

e D, = colim,c g Cy, and
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® Kr, is the sum of the composites

WMCé@RCU—)Dfr@RDT,

where (0, 0’) runs through the n-dimensional cells of K’ with orientations
induced by o.

Then E is closed by Proposition i) and part (b) of Definition [7.12]follows from
Proposition [12:4] below.

For part (g) we need a preliminary definition. Define an I-ad G with values in A%
as follows. Let 0,1, denote the three cells of I, with their standard orientations.
Define G(0) to be (Z, €) where € is the augmentation, and similarly for G(1). Define
G(I) to be (C.(Al), ), where C, denotes simplicial chains and ¢ is the composite

W2WeZ 3 WeC(AY) — C(AY) @ Cu(AL);

here ¢ is the element of C;(A!) represented by the identity map and unlabeled
arrow is the extended Alexander-Whitney map.

Now let F' be a K-ad. We define J(F') on objects (o x I,0 X o) to be F(c,0) ®
G(I,0'). The rest of the definition of J(F) is analogous to the corresponding part
of the proof of Theorem J(F) is an ad because it is isomorphic to F @ G. O

Remark 9.14. (i) The description of gluing in the proof just given, together with
the proof of Lemma shows that addition in the bordism groups of ad is induced
by direct sum.

(ii) A proof similar to that of Lemma shows that a different choice of &
in Set Theoretic Prelude gives a morphism of ad theories which induces an
isomorphism on bordism groups.

(iif) The bordism groups of ad” are the same (in fact they have the same defi-
nition) as the groups L*(A"(R)) of [Ran92, Example 1.11].

10. THE SYMMETRIC SIGNATURE
In this section we define a morphism of ad theories
Sig : adx,z,w — adZlm”

called the symmetric signature (here Z[r]" denotes Z[r] with the w-twisted invo-
lution [Ran80bl page 196]).

As motivation, let us begin with the special case (7w, Z, w) = (e, *, 1) (see Remark
. An object of A, .1 is a pair (X, ) and we define

Sig(X, &) = (9:(X), px)
where ¢ x ¢ is the composite

WEWRZ-E5We S, (X) = 8.(X)® S, (X);

the unlabeled arrow is the extended Alexander-Whitney map (see [MS03| Definition
2.10(a) and Remark 2.11(a)] for an explicit formula). Note that the third condition
in Set Theoretic Prelude [9.1) implies that S,(X) is in M for each p (see Definition

which is required for Definition
Next we consider a general triple (7, Z, w). Let R denote Z[r]". Let (X, f,£) be

an object of Ar 7., and recall that we write X for the pullback of Z along f. We
define a map N N
Pxe W = S.(X) ®@r S.(X)
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to be the composite

W=WeZ S We 2z o S.(X) 22" @r (W o S,(X))
= 2" @r (S:(X) ® 5.(X)) = 5.(X)' ®r S.(X),
where the unlabeled arrow is induced by the extended Alexander-Whitney map.
Intuitively one would expect to define the symmetric signature by Sig(X, f, ) =
(S4(X), 05 ¢); the difficulty with this is that S,(X) won’t be an object of M in

general.
To deal with this we redefine A, z.,. By a lifting function for f : X — Z/m we

mean a function ® that assigns to each map from a simplex to X a lift to X.

Redefinition 10.1. A, 7, to be the category defined as follows. The objects are
quadruples

(X, f: X = Z/m, £ € 5.(X,Z7),®),
where X is a space in X which has the homotopy type of a finite CW complex and
® is a lifting function for f. Non-identity morphisms (X, f,&, ®) — (X', f/, £, D)
exist only when dim & < dim &', in which case the morphisms are the maps g : X —
X’ such that f’ o g = f and the diagram

Map(Ap, X) — Map(AP, X,)

I
Map(A?, X) — Map(A?, X7)

commutes for all p.

It is easy to check that the forgetful functor from this version of Ay 7., to the
previous version induces an isomorphism of bordism groups.

Now we define

Sig : Aﬂ-’Z’w — .AR.

Let (X, f,&,®) be an object of A z.,. For each p > 0, let U, be the set of

maps A? — X and let C, be the free R-module R(U,). The lifting ® gives an
isomorphism of graded R-modules

C. = 5. (X).
We give C, the differential induced by this isomorphism and we define
YW — CLogC.

to be the map determined by this isomorphism and the map ¢ ¢ ¢ defined above.
Finally, we define Sig(X, f,&, ®) to be (C, ).

Proposition 10.2. Sig: A, 7., — A induces a morphism of ad theories

Sig : adr, z,w — ad®.
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11. EXAMPLE: QUADRATIC POINCARE AD THEORIES
We use the notation of the previous section.

Definition 11.1. A quasi-quadratic complex of dimension n is a pair (C, 1) where
C is an object of D and 1 is an element of (W @z (C* @g C))n.

Definition 11.2. We define a category Ap as follows. The objects of Ag are the
quasi-quadratic complexes. Non-identity morphisms (C,v¢) — (C’,¢’) exist only
when dim(C, ¢) < dim(C’,v’), in which case the morphisms are the R-linear chain
maps f: C — C'.

Ag is a balanced Z-graded category, where i takes (C,%) to (C,—) and 0, is
the n-dimensional object for which C' is zero in all degrees.
A balanced pre K-ad F' has the form

F(0,0) = (Co,%0.0)-

Definition 11.3. F'is closed if, for each o, the map

cl(o) = W ®z/9 (C! @R Cy)
which takes (7,0) to the image of ¥, is a chain map.

Next we define a nonpositively graded complex of Z/2-modules
Vo=V —---

by letting

V_n = Homg o (W, Z[Z/2]).
There is an isomorphism

W ®z/5 (C* @ C) = Homg»(V,C* @r O).

The composite
N:W—=sZ->V

induces a homomorphism
N*: W ®z2 (C* @r C) = Homy,5(W,C* @r O)
called the norm map. We write A/ for the functor
Ag — AR
which takes (C,v) to (C, N*()).

Definition 11.4. F € pregp(K) is a K-ad it
(a) it is balanced and closed and C' is well-behaved, and
(b) N'o Fis a K-ad.

Theorem 11.5. adpg is an ad theory.

For the proof we need a product operation. Ranicki ([Ran80al, pages 174-175])
defines a chain map
AV WV



24 GERD LAURES AND JAMES E. MCCLURE

Definition 11.6. (i) Let Ry and Rs be rings with involution. Let (C, ) be an
object of A% and let (D,)) be an object of Ag,. Define
(Cp) ® (D, )
to be the following object of Agr, or,:
(C&D,w),
where w is the element of
W ®z/2 (C® D) ®rer, (C® D))

corresponding to the composite

VA Wev 2% (0o, C)® (D' @k, D) 2 (C ® D) @p,er, (C® D).
(ii) Suppose given ball complexes K; and Ks, a pre Kj-ad F; of degree k1 with

values in Af | and a pre Ky-ad Fy of degree ky with values in Ag,. Define a pre
(K7 x Kq)-ad Fy ® F» with values in Ag,gr, by

(F1 ® Fy)(0 X 7,01 X 03) = i"™* ™7 Fy(0,01) @ Fa(,02).

Lemma 11.7. Suppose given ball compleres K1 and Ko, a Ki-ad Fy with values
in A% and a Ky-ad Fy with values in Ag,. Then Fy ® Fy is a (K; x Ky)-ad. [

Proof of Lemma[I1.7. First observe that the set of homotopy classes of chain maps
from W to a chain complex A is the same as Ho(A). It follows that the diagram

w—N_ oy

Al iA
WeW-—SWwaV
homotopy commutes. The result follows from this and Lemma O

The proof of Theorem is now completely analogous to that of Theorem|[9.11

12. GLUING

Our goal in this section is to prove a result (Proposition which completes
the proofs of Theorems [7.13} [0.11] and [I1.5] First we need some terminology.

Let R be a ring with involution.

Recall Definition (V) Let A be the Z-graded category defined as follows. The
objects of dimension n are pairs (C,(), where C is an object of D and ( is an
n-dimensional element of C* ® g C. Non-identity morphisms (C, () — (C’,¢’) exist
only when dim(C, ¢) < dim(C’,¢’), in which case the morphisms are the R-linear
chain maps f : C — C’. i takes (C, () to (C, —() and 0, is the n-dimensional object
for which C' is 0 in all degrees.

A balanced pre K-ad F' with values in A is closed if for each o the elements (;
determine a chain map cl(o) = CL @ C,. F is a K-ad if it is balanced and closed,
C' is well-behaved, and the slant product with (., is an isomorphism

H*(Hompg(Cy, R)) = Hdim o—deg F—+(Co/Cao)

for each o.
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Definition 12.1. A Poincaré pair is a morphism (C,¢{) — (D,w) in A with the
property that the pre I-ad G defined by G(1) = (C, (), G(I) = (D,w) and G(0) = 0
is an ad.

Definition 12.2. Let K be a ball complex and C : Cell’(K) — D a well-behaved
functor. Define C'x € D to be colim,cx C,.

Now let (L, Lg) be a ball complex pair such that |L| is an orientable homology
manifold with boundary |Lg|, and fix an orientation for |L|. (For the proofs of
Theorems [7.13] [9.11] and [TT.5]we only need the special case where |L| is a PL ball).

Definition 12.3. Let C : Cell’(L) — D be a well behaved functor and let
vicd—=C

be a natural transformation. Denote the value of v on (o, 0) by v, ,. Define vy, € Cy,
(resp., vr, € Cr,) to be
S v

(0,0)
where (o, 0) runs through the top-dimensional cells of L (resp., Lg) oriented com-
patibly with |L]|.
Proposition 12.4. Let F' be an L-ad and write F(0,0) = (Cy,(s.0). Then

(OL(J ) CLO) - (CL7 CL)

is a Poincaré pair.

Remark 12.5. The corresponding statements for the ad theories ad, 7.4, ad and
adpr are consequences of this.

The rest of this section is devoted to the proof of Proposition What we
need to show is that the slant product
H*(Hompg(CL, R)) = Hgim |1|—deg F—+(CL/CLy)

is an isomorphism.
The first step in the proof is to give an alternate description of Hgip, |1|—+(CL/CL,)-
Let
B:Cell’(L) - D
be a well-behaved functor and consider the chain complex
Nat(cl, B)
of natural transformations of graded abelian groups; the differential is given by
dw)=0dov— (1) lvoa.
Define
® : Nat(cl, B) — Br/Br,
by
D(v) =vp.
Then ® is a chain map by Proposition ii); note that ® increases degrees by
dim |L|.
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Lemma 12.6. (cf. [WW89, Digression 3.11]) ® induces an isomorphism
H* (Nat(cl, B)) — H*+dim |L| (BL/BL0>
for every well-behaved B : Cell’(L) — D.

The proof is deferred to the end of this section.
Continuing with the proof of Proposition [I2.4] we observe that

(12.1) HOHIR(CL,R) ZNatR(C,E),

where Natg denotes the chain complex of natural transformations of graded R-
modules and R denotes the constant functor with value R. There is a slant product

T : Natr(C, R) — Nat(cl,C)

which takes v to the composite

S Cteorc 2% ctop R=Ct

(note that C* and C are the same as functors to graded abelian groups). The
diagram

H_,(Natg(C,R)) —2 o H_,_ 4eg p(Nat(cl, C))

_i N\LLemma
H*(HOmR(CL, R)) — Hdim|L\—degF—*(CL/CLo)

commutes, so to prove Proposition [12.4] it suffices to show that T is a homology
isomorphism.
Next observe that

Na'tR(C7 E) = llgi NatR(C‘Cellb(a)vE)
and that
Nat(cl,C) = (ljlerri Nat(cl, Cleeus (o))
Moreover, the natural maps
}fieni Natr(Clees (o), ) — hO}TieHi Natr(Clees (o), 1)

and

Clrierri Nat(cl, Clees (o)) — hoileni Nat(cl, Cleeus (o))
are homology isomorphisms by [Hir03| Theorem 19.9.1(2)] (using the fact that C
and cl are well-behaved). Thus there are spectral sequences

lim® Hy(Nat g (Clceip (o), B)) = Hq—p(Natr(C, R))

and
lim” H, (Nat(cl, Cleeyp (o)) = Hy—p(Nat(cl,C))
(see [BK72l Section XI.7] for the construction; note that in the category of chain
complexes H, plays the role of 7, ). By [BK72, Proposition XI.6.2] we have lim? = 0
for p > dim |L|, so these spectral sequences converge strongly.
The slant products

Yo : Natp(Cleens (o), £2) — Nat(cl, Cleeyp (o))
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give a map of inverse systems and hence a map of spectral sequences. By equation

(12.1) and Lemma the maps
H.(Y]o) : Hi(Natr(Cleeus (o), 1)) = Hi—deg (Nat(cl, Cleeus (o))
agree up to isomorphism with the slant products
H*(HomR(00'7 R)) — Hdimaf*(ca/caa)

which are isomorphisms because F' is an ad. Thus the T|, give an isomorphism at
E2. Since lim Y|, is T we see that H,.(Y) is an isomorphism, which completes the
proof of Proposition

Proof of Lemma[12.6. The proof is similar to the proof of [WW89| Digression 3.11].

First of all, the proof of [WW89, Lemma 3.4] adapts to our situation to show
that B is weakly equivalent to a well-behaved functor which is finitely generated
(that is, one which takes each o to a finitely generated complex). The source and
target of ® both preserve weak equivalences (see the argument at the top of page
71 in [WWR89]) and so we may assume that B is finitely generated.

Because B is well-behaved, the source and target of ® both have the property
that they take short exact sequences of well-behaved functors to short exact se-
quences. We give B a decreasing filtration by letting the i-th filtration B[i] take
o to the sum of the images of B,» — B, with ¢/ C ¢ and dimo¢’ > i. Then the
sequence

0 — B[i+ 1] — B[i] = BJi]/B[i+ 1] — 0
is a short exact sequence of well-behaved functors, so it suffices (by induction on
i) to show that the lemma is true for the quotients B[i]/B[i + 1] when 0 < i < n.
Now each quotient Bli]/BJi + 1] is a direct sum

@Ddim p=i B[p}
where Blp|, is the image of B, = B, if p C o and 0 otherwise. Next we give B]p]

an increasing filtration by letting the j-th filtration B[p, j] be the functor which
takes o to the part of B[p|, in dimensions < j. The sequence

0 — Blp, j] — Blp,j + 1] — Blp,j +1]/Blp, j] = 0

is a short exact sequence of well-behaved functors for each j. Since B is finitely
generated, it suffices to show that the lemma is true for the quotients Blp,j +
1]/Bp, j]-

Fix p and j. To lighten the notation let us denote Blp, j + 1]/Blp, j] by A.

The functor A takes p to a chain complex which consists of an abelian group (call
it ) in dimension j and 0 in all other dimensions. It takes every cell containing p
to this same chain complex. Let M be the subcomplex of L consisting of all cells
which contain p and their faces. Let N be the subcomplex of M consisting of all
cells which do not contain p. Then the chain complex Nat(cl, A) is isomorphic to the
cellular cochain complex C7=*(M, N;2(). Next we use results from the Appendix.
Proposition gives a ball complex structure on the pair (|st(p)[, |Ik(p)|). There
is a bijection between the cells of the cells of M which are not in N and the cells
of |st(p)| which are not in |lk(p)[; this bijection preserves incidence numbers and
therefore induces an isomorphism

C* (M, N;2) = O ([st(p)], Tk(p)[; 21)-
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Now
H([st(p)], M(p)[; 2A) = H(|L], |L[ = p; 2A).
Thus H*(|st(p)], |Ik(p)]; ) is 0 if % # dim |L| or if p is in Ly. In the remaining case,
we note that |st(p)| is a homology manifold with boundary [1k(p)|, and thus (by
Proposition [A.1fi)) the map

H(|st(p)], e(p)]; 24) — A

which takes a cocycle to its value on the sum of the top-dimensional cells of |st(p)]
is an isomorphism.

To sum up, we have shown that if x # j — dim|L| or if p is in Lo then
H,(Nat(cl, 4)) is 0, and that the map

Hj_gim|r|(Nat(cl, A)) — 2

which takes v to vy, is an isomorphism.

Now if p is not in Lo then Ap, is 0, so H.(AL/AL,) is 2 when % = j and 0
otherwise. This proves the lemma in this case.

If pisin Lo then A;, = Ay, so the domain and target of the map in the lemma
are both 0. O

13. FUNCTORIALITY

We begin by considering symmetric Poincaré ad theories.

Recall Definition [0.2] We will let R vary in this section so we write Mg instead
of M. We want to make Mg a functor of R. It would be natural to attempt to do
this as follows: if p: R — S is a homomorphism of rings with involution and M is
an object of Mp define p,M = S ®r M. Unfortunately this cannot be correct for
two reasons. First, S ® g M is not of the form R(A) and hence is not in Mg. A
more serious difficulty is that if ¢ : S — T is another homomorphism of rings with
involution then (¢p).M is isomorphic to, but not equal to, g.p. M.

A similar problem arises in algebraic K-theory, and Blumberg and Mandell have
given a solution (see the proof of Theorem 8.1 in [BM]) which also works for our
situation. We redefine Mg by letting its objects be the sets in &; the morphisms
are still the R-module maps R(A) to R(B), which we think of as (possibly infinite)
matrices with values in R. Given p : R — S and an object A of Mp we define
p+A = A; for a morphism a: A — B in My we let p.« be the matrix obtained by
applying p to the entries of the matrix a.

It now follows that Ax and ad” are functors of R. Quadratic Poincaré ad theories
can be dealt with in a similar way.

Notation 13.1. (i) Let R be the category of rings with involution.

(ii) Let adsym be the functor from R to the category of ad-theories that takes R
to ad® .

(ili) Let adquaa be the functor from R to the category of ad-theories that takes
R to adg.

Next we consider functoriality of ad., z . (as redefined in Section .

Definition 13.2. (i) Let 7 be the category whose objects are the triples (7, Z, w);
the morphisms from (7, Z,w) to (7/, Z’,w") are pairs (h,g), where h: 7 — 7’ is a
homomorphism with w = w’ o h and g is a m-equivariant map Z — Z'.
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(ii) Let p : T — R be the functor which takes (7, Z, w) to Z[r] with the w-twisted
involution.

For an object (X, f,&, @) of ady 7, we write f*Z for the pullback of Z along
f (this was denoted X in earlier sections). A morphism in 7 induces a functor
Az 70 — Apr 7040 by taking (X, f, €, @) to (X, gf,n, ¥), where g is the map Z/m —
Z' /7" induced by g, n corresponds to £ under the isomorphism
Su(X,Z)) = S.(X,Z%)
(see Definition , and VU is determined by ® together with the canonical map
With these definitions ad, z ., is a functor of (7, Z, w).

Notation 13.3. Let adgeom be the functor from 7 to the category of ad-theories
that takes (7, Z, w) to ady z.4.

Finally, we note that Sig (defined in Section[L0) is a natural transformation from
adgeom to adsym © p.
14. THE COHOMOLOGY THEORY ASSOCIATED TO AN AD THEORY

Fix an ad theory.

For a ball complex K with a subcomplex L, we will say that two elements F,G
of ad®(K, L) are bordant if there is a (K x I, L x I)-ad which restricts to F on K x 0
and G on K x 1.

Definition 14.1. Let T%(K, L) be the set of bordism classes in ad® (K, L).

Remark 14.2. (i) T%(x) is the same as Q_.
(ii) For the ad theory in Example Tr(K, L) is H*(K,L;C).

Our goal in this section is to show that T* is a cohomology theory.
We will define addition in T*(K, L) using the method of Section First we
need a generalization of the functor x.

Definition 14.3. Let
k:CellI x K,({0,1} x K)U(I x L)) = Cell(K, L)
be the isomorphism of categories which takes I X (o, 0) (where I is given its standard
orientation) to (o, 0).
Remark 14.4. x is incidence-compatible (Definition[3.7(i)) so it induces a bijection
k*:ad®(K,L) — ad"™ (I x K, ({0,1} x K) U (I x L))
by part (e) of Definition

Now let M and M’ be the ball complexes defined in Section Lemma
generalizes to show that, given F,G € adk(K, L), there is an H € adk‘H(M X
K, M x L) such that (A\; xid)*H = k*F, (Ay xid)*H = k*G, and (A3 x id)*H and
(A4 x id)*H are trivial. Then we define [F] 4 [G] to be

[(x~1)*(\s x id)*H].
The proof that this is well-defined and that T%(K, L) is an abelian group is the

same as in Section [
Next we show that T* is a homotopy functor.
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Using the notation of [BRST6, page 5], let Bi be the category whose objects
are pairs of ball complexes and whose morphisms are composites of inclusions of
subcomplexes and isomorphisms. Let Bh be the category with the same objects
whose morphisms are homotopy classes of continuous maps of pairs.

Proposition 14.5. For each k, the functor T* : Bi — Ab factors uniquely through
Bh.

The functor Bh — Ab given by the lemma will also be denoted by T*.
For the proof of Proposition [14.5 we need a preliminary fact.

Definition 14.6. (cf. [BRS76, page 5]) An inclusion of pairs (K3, L) — (K, L) is
an elementary expansion if

(a) Ll =LnN Kl,

(b) K has exactly two cells (say o and ¢’) that are not in K, with dimo’ =
dimo — 1 and ¢’ C 9o, and

(c) o and o’ are either both in L or both not in L.

Lemma 14.7. If (K, L) — (K, L) is an elementary expansion then the restriction
ad®(K,L) — ad®(Ky, L)
18 onto.
The proof is deferred to the end of this section.

Proof of Proposition[T7.5, The functor ad® satisfies axioms E and G on page 15 of
[BRST6]; axiom E is Lemma and axiom G is part (d) of Definition Now
Proposition 1.6.1 and Theorem 1.5.1 of [BRS76] show that

T : Bi — Set
factors uniquely to give a functor 7% : Bh — Set. Specifically (with the notation of
Deﬁnition if f:(|K'|,|L'|) — (|K|,|L|) is a map of pairs then T%(f) is defined
to be T%(g)~'T*(h), where g and h are certain morphisms in Bi. But then T%(f)
is a homomorphism, so we obtain a functor 7% : Bh — Ab. ([

Next we observe that excision is an immediate consequence of part (e) of Defi-
nition

The first step in constructing the connecting homomorphism is to construct a
suitable suspension isomorphism.

Lemma 14.8. * induces an isomorphism
THL — T (I x L,{0,1} x L).
Proof. k* is a bijection by Remark To see that it is a homomorphism, let

F,G € ad®(L) and let H € ad®*™ (M x K, M x L) be as in the definition of addition.
Let

0:Cell(M xIxK,(Mx{0,1} x K)\U(M xIxL))—Cell(Mx K,M x L)
be the evident isomorphism. Then 6*(H) is an (M x I x K)-ad with the property
that (A xid)*0*(H) = k*k*F, (A2 xid)*0*(H) = k*k*G, and (A3 xid)*6*(H) and
(Mg x id)*0*(H) are trivial. Thus [x*F] + [£*G] is [(k71)*(\5 x id)*0*(H)], which
simplifies to [(As x id)*H], and this is k*[F' + G. O
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Remark 14.9. The statement of the lemma might look strange in view of the fact
that, for a space X, (I x X)/({0,1} x X) is homotopic to £X V S! rather than
Y X. But if E is a cohomology theory then E¥(X) = E*(X v ), so the lemma
agrees with the expected behavior of the suspension map for unreduced cohomology
theories.

Now observe that excision gives an isomorphism
T*(I x L,{0,1} x L) — T*(1 x K)U (I x L),(1 x K)U (0 x L))
(where (1 x K)U (I x L) is thought of as a subcomplex of I x K) and that the map
(Jx K)U(I xL)],|1xK)YUOxL))—= (IxK||(1xK)UxL))
is a homotopy equivalence of pairs. It follows that the restriction map
TF(I x K,(1 x K)U(0x L)) = T*(I x L,{0,1} x L)
is an isomorphism.
Definition 14.10. The connecting homomorphism
TH(L) - TFY(K, L)
is the negative of the composite
TH(L) =5 THHY(I % L,{0,1} x L) & TF(I x K, (1 x K)U(0 x L)) — T* (K, L)
where the last map is induced by the inclusion
(O0x K,0x L) —» (I xK,(1xK)U(0xL)).
For an explanation of the sign see the proof of Proposition M(n)
Theorem 14.11. T™ is a cohomology theory.
Proof. Tt only remains to verify that the sequence
T" 'K — TF 'L - THK,L) - T"K — T*L

is exact for every pair (K, L).
Eractness at T*(K). We prove more generally that the sequence

TH(K,L) — TF(K, M) — T"(L, M)
is exact for every triple M C L C K.

Clearly the composite T*(K,L) — T*(K, M) — T*(L, M) is trivial. On the
other hand, if [F] € T*(K, M) maps to 0 in T*(L, M), then there is a bordism
H € ad®(L x I, M x I) from F|; to . We obtain an ad

H e ad" (K x1)U(LxI),M x1I)
by letting H' be FFon K x 1 and H on L x I. The inclusion
(Kx1)U(LxI)—KxI

is a composite of elementary expansions, so by Lemma there is an H” €
ad®(K x I, M x I) which restricts to H'. But now H” |k is in ad*(K, L) and is
bordant to F, so [F] is in the image of T*(K, L).

Exactness at T*(K,L). The composite

TH(I x K, (1 x K)U (0 x L)) — T*(K,L) — T*(K)
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takes F to Floxk, but this is bordant to F|ixx which is 0. It follows that the
composite

TF 'L - TH(K, L) - TF(K)
is trivial. On the other hand, if F' € ad®(K, L) becomes 0 in T*(K) then there is
an H € ad®(I x K, (1 x K)U (0 x L)) with H|oxx = F. Thus F is in the image of

TFIx K,(1x K)U(0x L)) = T*(K, L)

and hence in the image of the connecting homomorphism.
Ezactness at TF~1L. The composite

TF 'K - T 'L - TH(K, L)
is equal to the composite
TELK 25 TR(I x K,{0,1} x K) — TF(I x K, (1 x K) U (0 x L)) — T*(K, L)
and the composite of the last two maps is clearly trivial. On the other hand, suppose
that € T*~1(L) maps trivially to T%(K,L). By definition of the connecting

homomorphism, there is a y € T*(I x K, (1 x K)U (0 x L)) such that y restricts to
k*z in TF(I x L,{0,1} x L) and to 0 in T%(0 x K, 0 x L). Since the restriction map

TH({0,1} x K,(1 x K)U (0 x L)) = TF(0 x K,0 x L)

is an isomorphism by excision, we see that y restricts trivially to T%({0, 1} x K, (1 x
K)U (0 x L)). Now the exact sequence of the triple

IxK)UOxL) c{0,1}xKCIxK

implies that there is a 2 € T*(I x K, {0, 1} x K) that restricts to y. Then z restricts
to k*z in T#(I x L,{0,1} x L) and therefore (x*)~'z € T*(K) restricts to z. O

Proof of[IZ.7 Let F € ad®(K, Ly). Let o’ and o be as in the definition of elemen-
tary expansion. If ¢’ and o are in L then we can extend F to Cell(K, L) by letting
it take ¢’ and o to (). So assume that ¢’ and o are not in L. Let A be the sub-ball-
complex of K which is the union of the cells of do other than ¢’. It suffices to show
that the restriction of F' to Cell(A) extends to Cell(c). By Theorem 3.34 of [RS82],
the pair (o,0’) is PL isomorphic to the pair (D™, S™') (where n is the dimension
of o, D™ is a standard n-ball and S™ ! is the lower hemisphere of its boundary).
Under this isomorphism A corresponds to a subdivision of the upper hemisphere
S_’ﬁ_l. Moreover, the pair (D",Si_l) is PL isomorphic to (S_ﬁ_1 x I, S_’f__l x 0).
Thus the pair (A x I, A x 0) is PL isomorphic to a subdivision of the pair (o, A).
Part (g) of Definition extends F to Cell(A x I), and now part (f) of Definition
m gives a corresponding extension of F' to Cell(o). O

15. THE SPECTRUM ASSOCIATED TO AN AD THEORY

Definition 15.1. Let A;,j denote the category whose objects are the sets {0, ..., n}
and whose morphisms are the monotonically increasing injections. By a semisim-
plicial set we mean a contravariant functor from Aj,j to Set.

Thus a semisimplicial set is a simplicial set without degeneracies. In the literature
these are often called A-sets, but this seems awkward because A is the category
that governs simplicial sets.
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The geometric realization of a semisimplicial set is defined by
Al = (JTA™ x An)/~,
where ~ identifies (d'u, z) with (u, d;x).
Definition 15.2. Let * denote the semisimplicial set with a single element (also

denoted x) in each degree. A basepoint for a semisimplicial set is a semisimplicial
map from *.

Remark 15.3. Geometric realization of semisimplicial sets is a left adjoint (for
example by [RS7I, Proposition 2.1]), but it does not preserve quotients because it
does not take the terminal object * to a point.

Now fix an ad theory. First we construct the spaces of the spectrum.
Definition 15.4. (i) For k£ > 0, let Py be the semisimplicial set with n-simplices
(Pi)n = ad®(A")
and the obvious face maps. Give Pj the basepoint determined by the elements §.

(ii) Let Qx be | Pyl

Next we define the structure maps of the spectrum. For this we will use the
semisimplicial analog of the Kan suspension.

Definition 15.5. Given a based semisimplicial set A, define YA to be the based
semisimplicial set for which the only 0-simplex is x and the (based) set of n simplices
for n > 1is A,—1. The face operators d; : (XA),, — (¥A),_1 agree with those of
A for i < n and d,, takes all simplices to .

Remark 15.6. The motivation for this construction is that the cone on a simplex
is a simplex of one dimension higher.

Lemma 15.7. There is a natural homeomorphism X|A| & |ZA.

Proof. If t € [0,1] and u € A"~ ! let us write (t,u) for the point ((1 — ¢)u,t) of
A™. The homeomorphism takes [t, [u, z]] (where [ ] denotes equivalence class) to
[(t,u), z]. O

Next observe that for each n there is an isomorphism of Z-graded categories
0 : Cell( A", 0, 1 A" U {n +1}) — Cell(A™)

which lowers degrees by 1, defined as follows: a simplex o of A™*! which is not in
Op+1 A" U {n + 1} contains the vertex n 4+ 1. Let 6 take o (with its canonical
orientation) to the simplex of A™ spanned by the vertices of o other than n + 1
(with (—1)4™m =1 times its canonical orientation). 6 is incidence-compatible (this
is the reason for the sign in its definition) so by part (e) of Definition [3.10]it induces
a bijection
0" : ad®(A") — ad" (A" 9, AP U {n +1)).
The composites

ad®(A") L5 ad" T (A 9, AT U {n + 1)) — adP T (AT

give a semisimplicial map
YP, — Pk+1.
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Definition 15.8. Let Q be the spectrum consisting of the spaces @ with the
structure maps
YQk = X|Pi| = [SPy| = |Pog1| = Qi

In the rest of this section we show:
Proposition 15.9. Q is an ) spectrum.
First we observe that the semisimplicial Kan suspension ¥ has a right adjoint:

Definition 15.10. For a based semisimplicial set A define a semisimplicial set QA
by letting the n-simplices of A be the (n 4 1)-simplices x of A which satisfy the
conditions

dpy1x =% and (do)" ™z = .
The face maps are induced by those of A.

It’s easy to check that the adjoint of the map X Py, — Pjy1 is an isomorphism
Pk = ka+1;

it therefore suffices to relate the semisimplicial 2 to the usual one.

Recall ([RST1, page 329]) that a semisimplicial set A is a Kan complez if every
map A,; — A (where A, ; is defined on page 323 of [RST71]) extends to a map
A™ — A. Proposition follows from the next two facts.

Lemma 15.11. If A is a Kan complex then the adjoint of the composite
J|IQA| = |EQA| — |A]

is a weak equivalence.

Lemma 15.12. For each k, Py is a Kan complex.

Proof of Lemma[15.11] Let S™ denote the based semisimplicial set with one non-
trivial simplex in degree n. For a based Kan complex B, Remark 6.5 of [RSTI]
gives a bijection
m(|B) = [S", B]

where [ , ] denotes based homotopy classes of based semisimplicial maps (the ho-
motopy relation is defined at the beginning of [RS71l Section 6]). It is easy to check
that QA is a Kan complex if A is. It therefore suffices to show that the adjunction
induces a map

[S™,QA] — [XS", A]
and that this map is a bijection.

For this, we first observe that for a based semisimplicial set B the set of based
semisimplicial maps S™ — B can be identified with the set (which will be denoted
by pn(B)) of n-simplices of B with all faces at the basepoint. Moreover, if B is Kan
then (by lines —10 to —7 of page 333 of [RST1]) the set [S™, B] is the quotient of
pn(B) by the relation which identifies y and y’ if there is a z with doz = y, d1z = ¢/,
and d;z = * for ¢ > 1. The desired bijection is immediate from this and the fact
that 5™ is St O

For the proof of Lemma|[I5.12] we need to introduce a useful class of semisimplicial
sets.

Definition 15.13. A semisimplicial set is strict if two simplices are equal whenever
they have the same set of vertices.
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Note that a strict semisimplicial set is the same thing as an ordered simplicial
complex.

The geometric realization of a strict semisimplicial set A has a canonical ball
complex structure (which will also be denoted by A) and the cells have canonical
orientations.

Remark 15.14. We will make important use of the following observation ([Ran92l
page 140]): for a pair (A, B) of strict semisimplicial sets, there is a canonical bijec-
tion between the set of semisimplicial maps (A, B) — (P, %) and ad”(A, B).

Proof of Lemma|15.14 By Remark [15.14] it suffices to show that every element of
ad”(A,..;) extends to an element of ad®(A™), and this is true by Lemmam O

16. Q REPRESENTS T™*
In this section we prove:

Theorem 16.1. The cohomology theory represented by Q is naturally isomorphic
to T*.

Remark 16.2. Theorem includes as a special case the statement that the
semisimplicial sets L, (A*(K)) and H"(K;L4(A)) in Proposition 13.7 of [Ran92]
are weakly equivalent; the statement given in [Ran92] that they are actually iso-
morphic is not correct (because the sets in the 8th and 9th line of the proof are not
isomorphic).

Let S denote the category of pairs of finite strict semisimplicial sets (see Defi-
nition and semisimplicial maps. Let H be the homotopy category of finite
CW pairs and let R : & — H be geometric realization. A map (f,g) in S is a
weak equivalence if (Rf, Rg) is a weak equivalence in H. Let w™'S be the category
obtained from S by inverting the weak equivalences.

Lemma 16.3. R induces an equivalence of categories
w S = H

Proof. Let 8’ be the category of pairs of finite semisimplicial sets and semisimplicial
maps, with weak equivalences defined by geometric realization, and let w™'S’ be
the category obtained by inverting the weak equivalences. Geometric realization
induces an equivalence
w 1S — H

by [BRS76, Theorem 1.4.3 and Remark 1.4.4]. Moreover, the map w=tS — w18’
is an equivalence because every object of S’ is weakly equivalent to an object of S
(see [BRST6l Proof of Theorem 1.4.1]; note that the second derived subdivision of
a semisimplicial set is a strict semisimplicial set). O

Theorem [I6.1] follows from the lemma and
Proposition 16.4. There is a natural transformation
= Q'(AL|B) - T*(4, B)

of functors on S with the following properties:
(i) E is a bijection when A =x and B is empty.
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(i) The diagram

Q*(|BI) T*(B)

| l

QFY(|Al, |Bl) = T**1(A, B)

commutes, where the vertical arrows are the connecting homomorphisms.
(#ii) E is a homomorphism.

The remainder of the section is devoted to the proof of Proposition [16.4 We
begin with the construction of Z=.

Recall that T*(A, B) is ad®(A, B) modulo the equivalence relation ~ defined by
F ~ @ if and only if there is an H € ad®(A x I, B x I) which restricts to F and G
on Ax0and A x 1. (We remind the reader that we are using the same symbol for
a strict semisimplicial set and the ball complex it determines; thus a symbol such
as A x I denotes a product of ball complexes).

There is a similar description of Q*(|A4|, |B|). By Proposition and [RS7Il
Remark 6.5], Q*(|A|,|B|) is the set [(A, B), (P, *)] of homotopy classes of semisim-
plicial maps. The homotopy relation for semisimplicial maps is defined at the be-
ginning of Section 6 of [RST71]; it uses the “geometric product” ® defined in [RS71]
Section 3]. Using Remark above, we see that Q*(|A|, |B|) is ad® (A, B) mod-
ulo the equivalence relation ~' defined by: F ~' G if and only if there is an
H € ad®*(A® I, B® I) which restricts to F on A® 0 and to G on A ® 1.

We can now define =: given an element x € Q¥(|A|,|B|), choose an element F
of ad¥(A, B) which represents it and let Z(x) be the class of F. To see that this is
well-defined, note that A ® I is a subdivision of A x I, so by the gluing property of
ad theories we see that F' ~' G implies F' ~ G.

Remark 16.5. The definition of = was suggested by the argument on page 140 of
[Ran92].

The definition of ® shows that = is the identity map when A = % and B is empty.

Next we check that = is natural. It is obviously natural for inclusions of pairs. If
(f,9) : (A, B) = (A’, B) is any semisimplicial map, let My and M, be the mapping
cylinders as defined on page 327 of [RS71]; these are strict semisimplicial sets and
have the property that there is an inclusion

(27.7) : (AaB) - (Mf’MQ)7
an inclusion
(il,j/) : (AlvB/) - (Mf’Mg)

which is a weak equivalence, and a homotopy |(i',7')| o [(f,¢)| ~ |(¢,7)]. Then
(£, 9" : Q (AL, IB) = Q*(JA], | B]) is equal to (I(, /)[*) |G, /)", and similarly
for (f,g9)* : T*(A’",B’") — T*(A, B). Hence (f,g9)* o= =Z0|(f,9)|"

For the proof of part (ii) of Proposition we need the Kan cone construction
(because the Kan suspension of a strict semisimplicial set is not strict in general).

Definition 16.6. Let A be a semisimplicial set. Define a semisimplicial set C'A as
follows. The O-simplices of C'A are the O-simplices of A together with a 0-simplex
c. For n > 1 the n simplices of CA are A, [[ An—1. If the inclusions of A, and



MULTIPLICATIVE PROPERTIES OF QUINN SPECTRA 37

A,—1 in (CA), are denoted by f and g then the face maps d; : (CA),, — (CA),—1
are defined by
dif(x) = f(diz)

for all 7 and

c ifn=1andi=0
dig(x) =< g(d;z) ifn>1landi<n
fl@) ifi=n.

We leave it to the reader to check that |CA| = C|A|, where C|A| denotes I A
(|A]+) (we choose the basepoint of I to be 1). Note that there is an inclusion
A — CA and that the quotient CA/(AUc) is X(A,) (where A, denotes A with a
disjoint basepoint).

If A is strict then C'A is also.

Proof of Proposition|16.4)(ii). The unreduced suspension isomorphism
Q"(IB|) = Q***(C|BJ,|B| U |¢|)

is defined as follows: given f : |B| — Qj the composite

C1B] L CQr = 2Qk = Qi
takes |B| U |c¢| to the basepoint, and therefore represents an element of
Q*H(C|B,|B| U|c])-
There is an isomorphism of categories
w:Cell(CB,BUc) — Cell(I x B,{0,1} x B)

defined as follows: a simplex o of C'B which is not in BUc¢ corresponds to a simplex
o' of B; let p take o (with its canonical orientation) to I x o’ (with (—1)3™¢” times
its canonical orientation).

There is a similar isomorphism

v:Cell(CA,BUc)— Cell(I x A, (1 x A)U (0 x B)).
Both y and v are incidence-compatible (Definition[3.7(i)) so part (e) of Definition

applies.
It is easy to check that the diagram
Q™(IBJ) - T(B)
Q*(|CB|,|BU c|) — T*+1(CB, B U ¢) —— T*(I x B,{0,1} x B)

o NT o

QF1(|CA|,|BU¢]) —== T*1(CA, BUc) 2> TE1(I x A, (1x A)U (0 x B))

Q*+(|4],|B]) T*+1(A, B)

commutes. The vertical composite on the right is by definition the negative of the
connecting homomorphism, so it suffices to show the same for the vertical composite
on the left.
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The connecting homomorphism
Q*(IBl) = Q***(|A],|B])
is defined to be the composite

o

Q"(IB)) = Q"T(C|BI,|B| U le]) = Q" (CIB|/(|1B| U |])
— QN (|AlUCIB]) & Q¥ (1 Al/|B))

where the third and fourth maps are induced by the evident quotient maps.
It now suffices to note that the diagram

CIBI/(%B UC)\\
|A] UJ/CIBI/C;AI/(B Uc)
[Al/|B|

homotopy commutes, where i takes ¢ A b to the class of (1 —¢) Ab and j takes the
class of a to the class of 0 Aa. (The homotopy is given by h(a,s) = sAa for a € |4|
and h(t A b) = s(1 —t) Ab.) The negative sign mentioned above comes from the
1 —t in the definition of i. O

It remains to prove part (iii) of Proposition m
First recall that for any cohomology theory E the addition in E*(|Al, |B]) is the
composite

E* (AL, |B)) x E*(AL|Bl) = E*(|Al/|BI) x E*(A]/|B])
=~ EMI(S(1Al/|B]) x BM(S(1A]/|B) & EFUS(AI/|B) v S(Al/B)
Yy BM(S(Al/|B))) = EX(|Al/|BI) = E*(|AL|B))

where p is the pinch map.
It therefore suffices to observe that, by part (ii) and naturality, the diagram

@8(|Al/|B)) ———=T"(|4/|B])

”l lu

QF+1(S(1Al/|B))) —= TH+1(S(Al/|B))

commutes, where the vertical arrows are the suspension isomorphisms of the re-
duced cohomology theories Q* and T*.

17. THE SYMMETRIC SPECTRUM ASSOCIATED TO AN AD THEORY

Symmetric spectra were originally defined simplicially ([HSS00, Definition
1.2.1]). The topological definition is the obvious analog ([MMSS01, Example 4.2]):

Definition 17.1. A symmetric spectrum X consists of
(i) a sequence X, X7, ... of pointed topological spaces,
(ii) a pointed map s : ST A X}, — X1, for each k > 0, and



MULTIPLICATIVE PROPERTIES OF QUINN SPECTRA 39

(iii) a based left Xx-action on Xy,
such that the composition

P SP~Ias p—1
SPAXy — S /\X1+k—)~~~—)Xp+k
is 3y, x Xj-equivariant for each p > 1 and k£ > 0.

Our first goal in this section is to define a symmetric spectrum associated to an
ad theory. In order to have a suitable X; action we will construct the k-th space
of the spectrum as the geometric realization of a k-fold multisemisimplicial set; the
Yk action will come from permutation of the semisimplicial directions.

By a k-fold multisemisimplicial set we mean a functor from Aiknj to sets (see
Definition [15.1]). Given a multiindex n = (ny,...,ng), let A™ denote the product

AT X AT
The geometric realization of a k-fold multisemisimplicial set A is
Al = (JTA™ x An)/~,

where ~ denotes the evident equivalence relation.
Now fix an ad theory.

Definition 17.2. For each k > 1, define a k-fold multisemisimplicial set Ry by
(Rp)n = ad®(A™).

Let My be the geometric realization of Ry. For k = 0, let Ry be the set of *-ads of
degree 0 and let My be Ry with the discrete topology.

Our next definition gives the left action of X3 on Mj. An element of M} has the
form [u, F], where u = (u1, ..., u;) € A", F € ad®(A™), and [ ] denotes equivalence
class. Given n € Xy, let €(n) denote 0 if 1 is even and 1 if n is odd.

Definition 17.3. Define

n([u, F]) = [(’U,,,]—l(l), ces ,unq(k)), ie(n) oFo 77#].
Here i is the involution in the target category of the ad theory and 7y is the map

Cell(A"n7 1 x oo x A"n7tm ) — Cell(A™ x -+ x A™F)

which takes

(@g=1(1) X+ 0+ X Tym1(h) Og-1(1) X X Op=1())
to

(0’1 X oo X OE,01 X =+ XOk).

It remains to define the suspension maps.

Definition 17.4. (i) For each ball complex K let
A Cell(A' x K,0A" x K) — Cell(K)

be the incidence-compatible isomorphism of categories which takes Al x (o,0)
(where Al is given its standard orientation) to (¢, 0).
(i) Given t € [0,1] let # denote the point (1 — ¢,t) of Al.
(iii) Given k > 1 let
s: 81 AN Mg — Mty
be the map which takes [t, [u, F]] to [(¢,u), \*(F)].



40 GERD LAURES AND JAMES E. MCCLURE

Proposition 17.5. The sequence My, M1, ..., with the Xg-actions given by Defi-

m’tz’on and the suspension maps given by Definition |17.4|(iii), is a symmetric
spectrum. O

We will denote this symmetric spectrum by M.

Example 17.6. Let us write My 7, (resp., M%) for the symmetric spectrum
associated to ady z ., (resp., adR). The morphism of ad theories

Sig : ady 7w — adz[w]w
(see Proposition induces a map
M, 7.0 — MZA,
In the remainder of this section we show that M is weakly equivalent (in an

appropriate sense) to the spectrum Q defined in Section
For k > 1, let Q). be the realization of the semisimplicial set with n-simplexes

(Rk),....0,m)
Then @}, is homeomorphic to Q, and there is an obvious map Q) — My, so we
get a map
Qr — M,
for k > 1.

Proposition 17.7. The map Qr — My, is a weak equivalence.

Proposition 17.8. The diagram
ZQk —— ZMk

L

Qr4k — Mty
commutes up to homotopy.

Before proving these we deduce some consequences. As in [MMSS0I], let the
forgetful functor from symmetric spectra to ordinary spectra (which are called
prespectra in [MMSSO01]) be denoted by U. It is shown in [MMSS01] that the right
derived functor RU is an equivalence of homotopy categories.

Corollary 17.9. (i) M is a positive Q spectrum (that is, the map My, — QMg
is a weak equivalence for k > 1).

(ii) RU takes M to Q.

(iii) The homotopy groups of M are the bordism groups of the ad theory.

Proof. Part (i) is immediate from the proposition.

For part (ii), first recall that (RU)M is defined to be U of a fibrant replacement
of M. But by [Sch08, Example 4.2] M is semistable, which means that the map
from M to its fibrant replacement is a m,-isomorphism. It follows that (RU)M is
(up to weak equivalence) UM, and it therefore suffices to show that Q is weakly
equivalent to UM. Define a spectrum X as follows: X is *, X; is @1, and and for
k > 2 X}, is the iterated mapping cylinder of the sequence of maps

_ Ek—2 _ Ek—3
Yl 5 w20, S BQ 1 5 Qy
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The maps XX, — X4 are defined to be the obvious inclusion maps. Then there
are evident weak equivalences X — Q and (using Propositions and
X — M, which proves part (ii).

Part (iii) is immediate from part (ii). O

For the proof of Proposition we will use an idea adumbrated on page 695
of [WW00].

First we interpolate between Qj and Mj. For 1 < m < k let R be the m-fold
multisemisimplicial set defined by

(R?)n = (Rk)O,...,O,n-

We have |R.| = Qy and |RF| = Mj, so it suffices to show that the inclusion
IR '| — |R?| is a weak equivalence for each m > 2. We will prove this for each
k by induction on m, so we assume

(*) IR 1 — |R}" | is a weak equivalence if m’ < m.

Next we observe that the realization | R}*| can be obtained by first realizing in the
last m — 1 semisimplicial directions and then realizing in the remaining direction.
Namely, for each p > 0 let R}*[p] be the (m — 1)-fold semisimplicial set with

(B} [pl)n = (Bk)o.....0pn-

As p varies we obtain a semisimplicial space | R}"[e]| whose realization is |R}"|. Now
R ' is R™[0], and the inclusion |R*~'| — |R| is the inclusion of the space of
O-simplices |R*[0]| in |R}*|. It therefore suffices to show that the latter map is a
weak equivalence, and this is part (v) of:

Lemma 17.10. (i) In the semisimplicial space |R}*[o]|, all face maps are homotopy
equivalences.

(ii) For each p, all of the face maps from |R}[p]| to |R}[p — 1]| are homotopic.

(i) The map |R7[0]] = |RY| is a homology isomorphism.

(iv) The map |RJ[0]] — |R}"| is (up to weak equivalence) an H-map between
grouplike H -spaces.

(v) The map |R7[0]] — |RY| is a weak equivalence.

For the proof of the lemma we need an auxiliary construction. Let ad denote the
ad theory we have fixed and let A be its target category. Given a ball complex L we
can define a new Z-graded category A[L] by letting the set of objects in dimension
n be pre " (L). Now we define an ad theory ad[L] with values in A[L] by letting
ad[L]?(K) consist of the pre-K-ads which correspond to (K x L)-ads under the
bijection

pre[L) (K) = pre/ (K x L).

Let us write Q[L] and R[L]}" for the spectrum and the multisemisimplicial sets

constructed from the theory ad[L].

Proof of Lemma[I7.10 Part (i). First note that R}*[p] is the same thing as
R[AP]~!. By the inductive hypothesis (*) we know that |R[AP]7"!| is weakly
equivalent to Q[AP]. The homotopy groups of Q[AP]; are (up to a shift in dimen-
sion) the bordism groups of the ad theory ad[AP], and inspection of the definitions
shows that these are the groups T~ *(AP). This implies that all face maps in R}]’[e]
are weak equivalences, and hence homotopy equivalences since all spaces are CW
complexes.
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Part (ii) follows from part (i) and the semisimplicial identities.

Part (iii) follows from part (ii) and the homology spectral sequence of a semisim-
plicial space (cf. [May72] Theorem 11.4]), but note that our situation is simpler
because there are no degeneracy maps.

Part (iv): Let Q[A®]x denote the semisimplicial space which is Q[AP]; in degree
p. By the inductive hypothesis (*), it suffices to show that the map

Q1 = QA" — |Q[A%]]
is (up to weak equivalence) an H-map between grouplike H-spaces, and this is
a consequence of the following commutative diagram (where Qk+1 denotes the
basepoint component of QQx41; note that QQkH is the same thing as QQp41):

Qk |QA%]x]

zl <o

QQri1 — [QQ[A* 411

S
QQ[A® k41

Here « is a weak equivalence by [May74, Theorem A.4(ii)], and S8 is a weak
equivalence by [May72, Theorem 12.3] (this is where we need to use basepoint-
components).

Part (v) now follows from parts (iii) and (iv) and [Whi78|, Corollary IV.3.6 and
Corollary IV.7.9]. O

We now turn to the proof of Proposition [17.8] For simplicity we will do the
case k = 2; the general case is exactly the same but the notation is a little more
complicated.

First let us give an explicit description of the maps in the diagram.

Given an element F € ad? (A™), let us write F’ for the corresponding element of
ad®(A° x A™). Then the map Qs — M, takes [u, F] to [(1,u), F'] (where 1 denotes
the unique element of A?).

Hence the clockwise composite in the diagram of [17.8] takes an element [¢, [u, F]]
of Qs to [(£,1,u), \*(F")] (see Definition [17.4).

To describe the counterclockwise composite we need some notation. Recall that
the homeomorphism in Lemma takes [t, [u,x]] to [(t,u),z], where (t,u) =
((1 — t)u,t). Also, recall the isomorphism

6 : Cell( A", 0, 1 A" U {n +1}) — Cell(A™)

defined after Lemma [[5.71
The map ¥.Q2 — Q3 takes [t, [u, F]] to [(t,u), 8*F], and thus the counterclockwise
composite in the diagram of [17.8] takes [t, [u, F]] to [(1,1, (t,u), (6*F)")'].

Now we need a lemma:
Lemma 17.11. For every n > 0 there is an incidence-compatible isomorphism
fin : Cell(AY x A% x A" ({1} x A% x A" U (AT x A® x {n +1})
U ({0} x A% x 9, 1 A™)) = Cell(A™ x 1)
(which lowers degrees by 1) such that
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(a) oy, takes the cell At x A® x A"t (with its standard orientation) to the cell
A"™ x I (with its standard orientation).
(b) pn, restricts to a morphism

Cell({0} x A x A" 10} x A® x (9, 1 A" U {n +1})) = Cell(A™ x {0})

which agrees with 6.
(¢c) pn restricts to a morphism

Cell(AY x AY x 9, 1 A" OAY x A% x 9,11 A™T) — Cell(A™ x {1})

which agrees with A.
(d) for 0 <i<mn, p, restricts to a morphism

Cell(A' x A x ;A" ({1} x A® x ;A" U (A x A® x {n +1})
U ({0} x A% X 00,411 A"T))) — Cell(0;A™ x I)
which agrees with 10 1.

The proof is an easy induction.
Now we can write down the homotopy
H:(5Qs) x I — M;
needed for the case k = 2 of [.&
{[(a 1, (2ts, w)), i (J(F))] if0<s<1/2,
[(2=28)t, 1, (t,u)), i (J(F))] if1/2<s<1,
where J is the cylinder (see Definition g)). It’s easy to check that this is well-

defined and that it is equal to the clockwise composite in the diagram of [[7.8 when
s = 0 and to the counterclockwise composite when s = 1.

H([t’ [qu]]75) =

18. MULTIPLICATIVE AD THEORIES

Definition 18.1. Let A be a Z-graded category. A strict monoidal structure on A
is a strict monoidal structure (X, e) (see [MLIS8| Section VIL.1]) on the underlying
category such that

(a) the monoidal product X adds dimensions and the dimension of the unit
element ¢ is 0,

(b) i(zXy) = (iz) Ky = = X (iy) for all objects  and y, and similarly for
morphisms,

(c) X0, = 0, Xz = Oyydime for all n and all objects x, and if f : z — y
is any morphism then f X (), and @, X f are each equal to the canonical map
®n+dimm — ®n+dimy~

The category Agtop of Example and the category Asroprun Of Section [§] are
examples. Another example is the category A¢ of Example when C is a DGA.

Assumption 18.2. From now on we will assume that Cartesian products in Section
and tensor products in Section |§| are strictly associative (that is, we assume
that the monoidal categories Set and Ab have been replaced in those sections by
equivalent strict monoidal categories; see [Kas95, Section XI.5]).

With this assumption, the category Ae . 1 defined in Section [7| (see Remark
for the notation) and, when R is commutative, the category A defined in Section
[0 are strict monoidal Z-graded categories.
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Remark 18.3. If A is a Z-graded category with a strict monoidal structure, there
is a natural map
X : pre®(K) x pre! (L) — prefTH(K x L)
defined by
(FRG)(o x 7,01 X 03) = i' "™ F(5,0,) K G(T, 09);
this is well-defined, because
F(o,—01) X G(1,—03) = iF(0,01) KiG(1,02) = F(0,01) K G(1,02).

Definition 18.4. A multiplicative ad theory is an ad theory together with a strict
monoidal structure on the target category A, such that

(a) the pre x-ad with value ¢ is an ad, and

(b) the map in Remark restricts to a map

X : ad”(K) x ad'(L) — ad"™ (K x L).
Examples are adc when C'is a DGA, adstop, adstopFun, ade «,1, and ad® when

R is commutative; we will put the last two examples in a more general context in
the next section.

Theorem 18.5. The symmetric spectrum M determined by a multiplicative ad
theory is a symmetric Ting spectrum.

Remark 18.6. (i) Note that a symmetric ring spectrum satisfies strict associativity,
not just associativity up to homotopy.
(ii) The diagram
a'dSTop — E‘LdSTop]:_“un — ade,*,l
constructed in Section [§] gives a diagram
MSTop <~ MSTopFun — Me,*,l
of symmetric ring spectra in which the first arrow is a weak equivalence.

For the proof of Theorem we need a lemma. Recall Definitions and
el

Lemma 18.7. Let n = (ny,...,n;) and let m > 0. Let F € ad”(A™) and let E be
the x-ad with value €. Then

(i) (M)MEYRF = (A*)™F, and

(ii) FR((A*)™E) = i*mo((\)ME)XF)ony, where n € Sy is the permutation
that moves the first k elements to the end.

Proof. Let (o,0) be the 1-cell of A with its standard orientation and let (7, 0’) be
an oriented cell of A™ of dimension . For part (i), we have

(A)"E) R F)((0,0)™ x (7,0)) = "™ ((A*)" E)((0,0)™) B F(,0"))
=" (e® F(r,0"))
="M F(1,0)
and (using Definition [3.7ii))
()" F)((0,0)™ x (1,0")) = ("™ 0 F 0 X™)((0,0)™ x (7,0"))

=" F(1,0).
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For part (ii) we have
(F B ((A)™E))((7,0) x (0,0)™) = "™ (F(r,0") & (A*)" E)((0,0)™))
=i'"™(F(r,0')Ke)
=i'"mF(r,0)
and
(7 o (A7) B) B F) 0 ) (7,0 % (3,0)™)
— (A E) B F)(0,0)™ % (1, 0')))
— M ()" E) (0,0)™) B F(r, o))
=i!"™(e X F(r,0))
=i!mE(r,0).
(]

Proof of Theorem[18.5 Recall (JHSS00, Definition 2.2.3]) that the smash product
M A M is defined to be the coequalizer of

1®s
M®S®M*>*>®1 M ® M.
r

Here ® is the tensor product of the underlying symmetric sequences ([HSS00L
Definition 2.1.3]), S is the symmetric sphere spectrum ([HSS00, Example 1.2.4]),
$:S®M — M is induced by the symmetric spectrum structure of M ([HSS00,
proof of Proposition 2.2.1]), and r is the composite

M®S-5SaM > M,

where ¢ is the twist isomorphism ([HSS00) page 160]).
The X operation of Definition ii) gives an associative multiplication

m: MM —-M
and we need to show that this induces a map M A M — M. Let
t:S—-M

be the map of symmetric spectra that takes the nontrivial element of S° to the *-ad
with value €. Lemma shows that the diagrams

(18.1) S®M—>M®M
and
(18.2) M®S—— M®M

t M
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commute. These in turn imply that the diagram

M®S®M——>MaM
X
t®1 M
. /
SIMM —MeM
commutes, and hence m induces an associative multiplication

MAM — M.
Moreover, diagrams (|18.1) and (18.2)) imply that the unit diagrams

A1

SAM MAM

A

1AL

and
MAS MAM

S~ A

commute. Thus M is a symmetric ring spectrum. O

19. GEOMETRIC AND SYMMETRIC POINCARE BORDISM ARE MONOIDAL
FUNCTORS

With the notation of Example there are product maps
M‘n’,Z,w A Mﬂ",Z’,w’ — M7r><7r’,Z><Z’,w><w’
and
M" A M — MFe?
induced by the operations x and ® of Lemmas and There is also a unit
map
S — Me,*,l

defined as follows. The one-point space gives a *-ad of degree 0, and this induces a

map of spaces from S° to the 0-th space of M, . 1; the unique extension of this to
a map of symmetric spectra is the desired unit map. Similarly there is a unit map

S — M~

determined by the x-ad (Z,Z, ¢), where ¢ is the identity map.
Assumption [18.2] implies that the categories T and R introduced in Section
are strict monoidal categories.

Definition 19.1. Let Mgeom be the functor from 7 to the category of symmetric
spectra which takes (7, Z,w) to My z .. Let Mgy be the functor from R to the
category of symmetric spectra which takes R to M.
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Theorem 19.2. Myoom and Mgy, are monoidal functors. That is, the following
diagrams involving Mgy strictly commute, and similarly for Mgeom -

o

(ME A MS) A M7 M~ A (MS A MT)

®i l®

ME®S A MT MPE A MS®T
x /
MR®S®T
SAME —— M~ MEAS — M~E
MZ A ME —— MZ®R MPE A MZ —— ME®Z

The proof is similar to that of Theorem [18.5

Remark 19.3. One can define a “module functor” over a monoidal functor in the
evident way. Then the functor Muaq from R to the category of symmetric spectra
which takes R to Mp is a module functor over Mgy, .

Remark 19.4. The map
Sig : My 7, — MZ”

in Example is not a monoidal natural transformation, because the functor
which takes a space to its singular chain complex does not take Cartesian products
to tensor products. We will return to this point in the sequel.

APPENDIX A. BALL COMPLEX STRUCTURES ON PL MANIFOLDS AND HOMOLOGY
MANIFOLDS

We begin with an elementary fact.

Proposition A.1. Let X be a compact oriented homology manifold of dimension
n with a reqular CW complex structure such that 0X is a subcomplez.

(i) Let S be the set of n-dimensional cells, with their induced orientations. Then
the cellular chain ) g o represents the fundamental class [X] € H,(X,0X).

(ii) Let T be the set of (n — 1)-dimensional cells of 0X, with their induced ori-

entations. Then
0 (Z 0) = Z T

oc€es TeT

Proof. Part (i) follows from the fact that if o € S and z is in the interior of o then
the image of [X] in H, (X, X — {«}) is represented by o. Applying part (i) to 0X
gives part (ii). O

Next we recall from [McC75] that the concept of barycentric subdivision gener-
alizes from simplicial complexes to ball complexes.

Let K be a ball complex. For each cell ¢ of K, choose a point ¢ in the interior
of o and a PL isomorphism from o to the cone C'(do) which takes & to the cone
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point. With this data, K is a “structured cone complex” ([McC75| page 274]). By
[McCT75, Proposition 2.1], K has a subdivision K which is a simplicial complex with
vertices . A set of vertices in K spans a simplex in K if and only if it has the form

{61,...,0%}
with o1 C -+ C op.

Recall that if S is a simplicial complex and v is a vertex of S then the closed star
st(v) is the subcomplex consisting of all simplices which contain v together with all
of their faces. The link lk(v) is the subcomplex of st(v) consisting of simplices that
do not contain v. The realization |st(v)| is the cone C(|lk(v)|).

Proposition A.2. Let K be a ball complex and let o be a cell of K.

(i) For each cell T with T 2 o the subspace |Ik(6)| N7 is a PL ball, and these
subspaces, together with the cells of K contained in 0o, are a ball complex structure
on |k(&)].

(ii) For each cell T with T D o the subspace |st(6)| N7 is a PL ball, and these
subspaces, together with the cells of [Ik(6)|, are a ball complex structure on |st(5)].

Proof. Let 7 2 o. |7] inherits a ball complex structure from K, and |lk(5)| N7
(resp., |st(d)| N 7) is the realization of the link (resp., star) of & with respect to
this structure. It is a PL ball because |7] is a PL manifold and ¢ is a point of its
boundary. (I

Next we recall from [McC75] that the concept of dual cell generalizes from sim-
plicial complexes to ball complexes. For each cell o of K, let D(o) (resp., D(o))
be the subcomplex of K consisting of simplices {61,...,0,} with ¢ C o; (resp.,
o C o;) for all i.

Two simplices s, s’ of a simplicial complex S are joinable if their vertex sets are
disjoint and the union of their vertices spans a simplex of S; this simplex is called
the join, denoted s * s’. Two subcomplexes A and B of S are joinable if each pair
s € A, s’ € B is joinable, and the join A * B is the subcomplex consisting of the
simplices s * s’ and all of their faces.

Lemma A.3. If K is a ball complex and o is a cell of K then
Ik(6,K) = o * D(0).
The proof is immediate from the definitions.

Proposition A.4. Let (L, Ly) be a ball complex pair such that |L| is a PL manifold
of dimension n with boundary |Lg|. Let o be a cell of L of dimension m.

(i) If o is not a cell of Lo then |D(0)| is a PL (n —m)-ball with boundary |D(o)|
and with & in its interior.

(ii) If o is a cell of Ly then |D(0)| is a PL (n —m — 1)-ball and |D(o)| is a PL
(n — m)-ball with |D(0)| and & on its boundary.

Proof. For part (i), [Ik(6)| is a PL (n — 1)-sphere. Lemma [A.3]and Theorem 1 of
[Mor70] imply that |[D(o)| is a PL (n — m — 1)-sphere, and hence |D(c)| is a PL
(n —m) ball.

Part (ii) is similar. O
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APPENDIX B. COMPARISON OF THE THOM AND QUINN MODELS FOR M Top

The method of Section |§| gives an ad theory adrop. Let Qmop denote the Quinn
spectrum obtained from this ad theory. In this appendix we prove

Proposition B.1. The Thom spectrum MTop is weakly equivalent to Qrop.

Remark B.2. The analogous result for STop is true and the same proof works
with minor changes.

We use the definition of weak equivalence in [MMSS01], which is the same as the
classical definition: the i-th homotopy group of a spectrum X is colimy, ;41 X, and
a weak equivalence is a map which induces an isomorphism of homotopy groups.
The proof will give an explicit chain of weak equivalences between M Top and Qrop.-

First we need some background. For a space X let C'X be the unreduced cone
INX, (with 1 as the basepoint of I') and let S¢ X denote the usual singular complex
of X, considered as a semisimplicial set. There is a homeomorphism

L: CA™ — A™T!
which takes (¢, (so,...,sn)) to (1 —t)sg,...,(1 —t)sn,t). There is a map
K XSeX — Se(XX)
(where the first ¥ is the Kan suspension defined in Section which takes f :
A" — X to the composite
art L oan Y ox 5 nx.
It’s straightforward to check that the diagram

(B.1) D[S X | —2> |25, X]|

N

DX <~ [S.2X]|

commutes, where A was given in the proof of Lemma [15.7]
Now let X be the spectrum whose k-th space is |SeT(Top,)|, with structure
maps

SISoT(Topy,)| 25 [BS.T(Top,)| 22 [SeST(Topy)| — [SeT(Topys1)],

where the third map is induced by the structure map of M Top. The commutativity
of diagram (B.1)) shows that the natural maps

|SeT'(Topy)| — T'(Topy,)

give a map of spectra X — MTop, and this map is a weak equivalence by [RSTI]
Proposition 2.1].

Next let SMT(Top,) be the sub-semisimplicial set of S,T(Top,) consisting of
maps whose restrictions to each face of A™ are transverse to the zero section. Let
Y be the subspectrum of X with k-th space |ST(Top,)|. Then the inclusion
Y — X is a weak equivalence by [FQ90, Section 9.6].

Finally, let Py be the sequence of semisimplical sets associated to the ad theory
adTop as in Section For each k let

px 2 SIT(Top,) — P
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be the map which take a transverse map to the A™-ad it determines. It is straight-
forward to check that the |ug| give a map of spectra

m:Y — Qrop.

‘We need to show that m is a weak equivalence.

Let Q.(Top) denote the topological bordism groups. It is a folk theorem that
there is an isomorphism

Q.(Top) — m..(MTop)

whose construction is similar to that on pages 19-20 of [Sto68]. The proof on
pages 19-23 of [Sto68] appears to go through with suitable changes, using some
combination of [Mil64], [Hir66, Theorem 1], [Mar77], [KS77, Proposition IV.8.1],
[Kis64], and [FQ90L Section 9.6], but the details do not seem to have been written
down in the literature. In what follows we assume that this folk theorem is true.

Since S{T(Topy) is a Kan complex, we can define a map

Vg - T | STT(Top,,)| = Q. (Top)

as follows: an element of ,, |S{'T(Topy,)| is represented by a map f : A™ — T(Top;,)
which takes all faces to the basepoint and is transverse to the 0 section; then f~! of
the 0 section is a manifold and we let v ([f]) be the bordism class of this manifold.
The vy induce a map

v:mY — Q,(Top)
which is an isomorphism because the composite

o

Q. (Top) =N 7.(MTop) <— 7,V < Q,(Top)
is the identity. The diagram

7. Y —= Q,(Top)

x ZJ/
W*QTop
commutes, and it follows that m is a weak equivalence. This completes the proof
of Proposition
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