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Abstract
The local Oort conjecture states that, if G is cyclic and k is an al-
gebraically closed field of characteristic p, then all G-extensions of k[[t]]
should lift to characteristic zero. We prove a critical case of this con-
jecture. In particular, we show that the conjecture is always true when
vp(|G|) < 3, and is true for arbitrarily highly p-divisible cyclic groups G
when a certain condition on the higher ramification filtration is satisfied.

1 Introduction

1.1 The local lifting problem Let Y be a smooth, projective, connected
curve over an algebraically closed field k& of characteristic p > 0. Results in
deformation theory going back to Grothendieck show that Y can always be lifted
to characteristic zero. Specifically, one can always find a discrete valuation ring
(DVR) R in characteristic zero, with residue field k, such that there exists a
smooth relative R-curve Y with Y xz k=Y.

In [25], Oort asked the natural question: can one lift a Galois cover of curves
to characteristic zero? That is, if G is a finite group, and f : ¥ — X is a G-
Galois cover of smooth, projective, connected curves, is there a GG-Galois cover
f Y — X of smooth relative curves over a DVR R in characteristic zero
whose special fiber is f : Y — X? Clearly, the answer is not always “yes.” For
instance, the group G = Z/p x Z/p acts faithfully on Y = P} via an embedding
into G,(k). If X = Y /G, then the generic fiber of any lift f : ¥ — X of
f:Y — X must be a G-Galois cover Pt — PL, where K = Frac(R). But if
p > 3, then G cannot act faithfully on P! in characteristic zero, so such a lift
does not exist. However, Oort conjectured ([24]) that G-covers should always
lift when G is cyclic. Our main result (Theorem 1.4) proves the Oort conjecture
whenever v,(|G|) < 3, and in many cases for arbitrarily large cyclic groups G.
Specific statements are in §1.3. The case we prove is critical, as Pop ([27]) is
able to reduce the conjecture to the case we have proven, thus proving the entire
conjecture. See Remark 1.5.
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Although this was not yet known at the time of [25], it turns out that the
nature of lifting Galois covers of curves is completely local. Let B be the branch
locus of the G-Galois cover f : Y — X. If, for each 2 € B, one can lift the cover
f when restricted to a formal neighborhood & of , then one can lift f as well.
This is known as the local-global principle. Proofs have been given by Bertin
and Mézard ([3]), Green and Matignon ([15]), and Garuti ([12]).

The restriction f|; is a disjoint union of covers of the form Spec k[[z]] —
Spec k[[t]]. Thus, the study of lifting Galois covers can be reduced to the fol-

lowing local lifting problem:

Problem 1.1 (The local lifting problem) Let k be an algebraically closed
field of characteristic p and G a finite group. Let k[[z]]/k[[t]] be a G-Galois
extension (i.e., an integral extension of integrally closed domains that is G-
Galois on the level of fraction fields). Does there exist a DVR R of characteristic
zero with residue field k and a G-Galois extension R[[Z]]/R|[[T]] that reduces to
E[[z]]/k[[t]]? That is, does the G-action on R[[Z]] reduce to that on k[[z]], if we
assume that Z (resp. T') reduces to z (resp. t)?

Remark 1.2 If L/k[[t]] is any G-Galois extension, then the structure theorem
for complete DVRs shows that L is always abstractly isomorphic to k[[z]]. So in
the local lifting problem, we may as well talk about general G-Galois extensions

of K[[t]].

In light of the local-global principle, one translates the conjecture of Oort
above into the local context.

Conjecture 1.3 (Local Oort conjecture) The local lifting problem can al-
ways be solved when G is cyclic.

Note that a consequence of the local Oort conjecture and the local-global
principle is that any Galois cover of k-curves with cyclic inertia groups (not just
cyclic Galois group) lifts to characteristic zero.

The first author’s paper [23] is a detailed exposition of many aspects of the
local lifting problem.

1.2 Previously known results It is easy to prove that if Conjecture 1.3
is true for a given Z/p™-extension L, /k[[t]], then it is also true for any Z/rp"-
extension (p 1 r) whose unique Z/p™-subextension is L,, /k[[t]] (see, e.g., the proof
of [23], Proposition 6.3). Thus, we may reduce to the case where G = Z/p™.

If G = Z/p or Z/p?, then Conjecture 1.3 has already been shown to be
true. The original proof of the case G = Z/p was given by Oort, Sekiguchi, and
Suwa in [26]. Their proof was given in the global context, for any Z/p-cover of
smooth, projective curves. The proof used essentially global techniques, such as
generalized Jacobians and abelian schemes.

Later, Green and Matignon reproved Conjecture 1.3 for G = Z/p, and also
proved it for G = Z/p? ([15], 11, Theorems 4.1 and 5.5). Their lifts were given



by explicit Kummer extensions. The form of these extensions was inspired
by Sekiguchi-Suwa Theory (or Kummer-Artin-Schreier-Witt Theory), although
Green and Matignon developed their proofs independently. This theory gives
(in principle) explicit equations for group schemes classifying unramified Z/p™-
extensions of flat local R-algebras, where R is a complete discrete valuation
ring in mixed characteristic (0, p). When n < 2, it is manageable to write down
these equations explicitly, and Green and Matignon were able to exploit this to
write down their lifts. See [28] for an overview of the general theory, [29] for an
expanded version with proofs included, [30] for a detailed account of the case
n < 2, or [32] for a briefer overview of this case.

Unfortunately, when n > 3, the equations involved in Sekiguchi-Suwa theory
become extremely complicated, and extraordinarily difficult to work with. No
one has been able to use the method of [15] to prove Conjecture 1.3 for any
Z/p™-extension with n > 3. Indeed, prior to this paper, Conjecture 1.3 for
such extensions was only known to be true for sporadic examples arising from
Lubin-Tate formal group laws ([16], [14]).

However, there has long been evidence for the truth of Conjecture 1.3, in the
sense that all of the main known obstructions to lifting (such as the Bertin/Katz-
Gabber-Bertin obstructions of [2], [10], and the Hurwitz tree obstruction of [9],
[8]) vanish for cyclic extensions.

1.3 Main result To state our main result, Theorem 1.4, we recall that a
Z/p"-extension Ly, /k[[t]] gives rise to a higher ramification filtration G?-, on the
group G for the upper numbering ([31], IV). The breaks in this filtration (i.e.,
the values i for which G* 2 GV for all j > i) will be denoted by (m1, ma, ..., my,).
One knows that m; € N and

mi > pm;—1, (1)

for i =2,...,n (see, e.g., [13]).

Theorem 1.4 Let L, /k[[t]] be a Z/p™-extension with upper ramification breaks
(m1,ma,...,my,). Suppose, for 3 <i < n — 1, that there is never an integer a;
such that % —mi_1 < a; < (#) (% — mi_l). Then Conjecture 1.3
holds for L, /k[[t]].

Remark 1.5 (i) It is not hard to see that the condition in Theorem 1.4
is satisfied whenever L, /k[[t]] has no “essential ramification,” i.e., that
m; < pm;—1 + p for 2 < i < n. Pop’s proof of the Oort conjecture in
in [27] reduces the (local) Oort conjecture to the case where there is no
essential ramification.

(ii) The condition in Theorem 1.4 is vacuous for n = 3, so Conjecture 1.3 for
G = Z/p? is an immediate consequence.

m;

(iii) The condition that there is no integer a; such that —mi—1 < a; <

Mg —MG—1 p

(mi) (mi — mi,l) is equivalent to saying that, if m; = pm;—1 +



pri; — n;, with r; and 7; integers such that 0 < n; < p, then 0 < r; < n;.
See [27].

(iv) Onme can conjecture further that, if G = Z/p™, one should be able to take
R = W (k)[Cpn] in Conjecture 1.3, where (,n is a p™th root of unity. This
is known when n < 2. Unfortunately, our proof gives no effective bounds
on R. The proof of [27] gives, in theory, some effective bounds on R, but
they are much weaker than what is expected.

Remark 1.6 It would be interesting to investigate the local lifting problem
when G 2 Z/p™ x Z/m, with p t m. One can show that a necessary condition
to lift a G-extension L/k[[t]] to characteristic zero is that the action of Z/m
on Z/p"™ is either faithful or trivial, and that, if it is faithful, then the upper
ramification breaks (my, ..., my,) of the Z/p™-subextension are all congruent to
—1 (mod m). In light of [27], one can ask if this is the only restriction. For
instance, should all D,~-extensions lift for odd p?

1.4 Outline of the paper We start with a short section (§2) overviewing
the basics of the Artin-Schreier-Witt theory, giving an explicit characterization
of the Z/p™-extensions of k[[t]]. In §3, we set up our induction on n, and show
how it proves Theorem 1.4. We prove the base casesn =1 and n = 2 in §4. The
paper begins in earnest with §5. In §5.1 and §5.2 we introduce the language of
characters, which will often be more convenient than the language of extensions
for expressing our results. In §5.3, we introduce Kato’s Swan conductor in the
situation relevant to us. The Swan conductor serves several purposes in this
paper, most notably giving us a way to measure how bad the reduction of a
cover is. In §5.4 and §5.5, we examine the particular case of Z/p-extensions in
great detail. This is important, as Z/p-extensions are the building blocks of our
inductive process.

In §6, we give the main proofs. Unlike in [15], we do not try to write
down a lift of a given Z/p™-extension explicitly. In particular, we do not use
the Sekiguchi-Suwa theory at all, except in the relatively trivial case of Z/p-
extensions (i.e., Kummer-Artin-Schreier theory). Instead, we write down what
the form of the equations should be, in order that we might lift some Z/p"-
extension. Then, we show that if equations in this form do not reduce to a
Galois extension, then they can be deformed to yield something that comes
closer to reducing to a Galois extension, and this deformation process eventually
terminates. This proves Conjecture 1.3 for some Z/p"-extension. We then show
that, given a solution for some particular extension, we can find solutions to
many more. A more detailed outline of §6 is given in §6.1.

The proofs of several key technical results are postponed to §7. This is
partially because proving these results would disrupt the continuity of §6, and
partially because the proofs share much notation, and thus are more easily read
together.



1.5 Conventions The letter K will always be a field of characteristic zero
that is complete with respect to a discrete valuation v : K* — Q. We assume
that the residue field k& of K is algebraically closed of characteristic p. We
also assume that the valuation v is normalized such that v(p) = 1. The ring
of integers of K will be denoted R. We fix an algebraic closure K of K, and
whenever necessary, we will replace K by a suitable finite extension within K,
without changing the above notation. The maximal ideal of R will be denoted
m. Furthermore, for each r € N, we fix once and for all a compatible system of
rth roots p'/” in K such that if ab = r, then (p'/")* = p'/*. Thus p? € K is
well defined for any ¢ € Q. The greatest integer function of z is written [z].
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2 Artin-Schreier-Witt theory

If L,,/k[[t]] is a Z/p™-extension, then so is the extension M, /k((t)), where M,, =
Frac(L,). The classical Artin-Schreier-Witt theory states that M, /k((t)) is
given by an Artin-Schreier-Witt equation

px1, ... xn) = (f1,-- -y fn),

where (f1,..., fn) lies in the ring W, (k((t))) of truncated Witt vectors, F is
the Frobenius morphism on W, (k((t))), and p(z) := F(z) — = is the Artin-
Schreier-Witt isogeny. Adding a truncated Witt vector of the form p(y) to
(f1,-.., fn) does not change the extension, and we obtain a group isomorphism
HY (((H),2/p") = Walk((1))/ oW (k((1))). Since we can add p(y) to a
Witt vector without changing the extension, we may assume that the f; are
polynomials in ¢!, all of whose terms have prime-to-p degree. In this case, if

m; = max{p I deg, 1 (f;) | j=1,...,i}, (2)
then the m; are exactly the breaks in the higher ramification filtration of
M., /k((t)) ([13], Theorem 1.1). From this, one easily sees that p 1 my, that
m; > pm;_ for 2 <i < n, and that if p|m;, then m; = pm;_;.

For more details, see [35] or the exercises on page 330 of [20].



3 The induction process

Let L, /k[[t]] be a Z/p"-extension. A theorem of Harbater-Katz-Gabber ([17],
[19]) shows that (after possibly changing the uniformizer t of k[[t]]) there exists
a unique cover Y;,, — X := PP} that is étale outside ¢ = 0, totally ramified above
t = 0, and such that the formal completion of ¥,, — X at t = 0 yields the
extension L, /k[[t]]. The local-global principle thus shows that solvability of the
local lifting problem from L, /k[[t]] is equivalent to the following claim, which
will be more convenient to work with:

Claim 3.1 Given a G-Galois extension L, /k[[t]], with G = Z/p™, then after
possibly changing the uniformizer ¢ of k[[t]], there exists a G-Galois cover Y,, —
X := PL (where K is the fraction field of some DVR R as above) with the
following properties:

(i) The cover Y, — X has good reduction with respect to the standard model
P} of X and reduces to a G-Galois cover Y,, — X = P} which is totally
ramified above the point ¢ = 0 and étale everywhere else.

(ii) The completion of Y,, — X at t = 0 yields L, /k[[t]].

Remark 3.2 Let T be a coordinate of P}, reducing to t. Then Condition (i)
and (ii) in Claim 3.1 can be reformulated as follows:

(i) The cover Y;,, — X is étale outside the open disk

D:={T||T| <1}

(ii) The inverse image of D in Y, is an open disk.

(iii) If A = R[[T]]{T~'} is the ring

ZajTj|aj€R, aj +>0asj— —oo o,
JEL

then the cover Y,, — X is unramified when base changed to Spec A
(which corresponds to the “boundary” of the disk D). The extension
of residue fields is isomorphic to the extension of fraction fields coming
from L, /k[[to]]-

If R is a characteristic zero DVR with residue field k£ and fraction field K,
set D(r) = {T € K | |T| < |p|"}, using the non-archimedean absolute value on
K induced from the valuation.

We prove Theorem 1.4 (in the context of Claim 3.1) by induction using the
following base case (Lemma 3.3) and induction step (Theorem 3.4).



Lemma 3.3 If n = 1 (resp. n = 2), let L,/k[[t]] be a Z/p™-extension with
upper ramification break my (resp. breaks (my, msa)). Then there exists a Z/p™-
coverY,, — X satisfying C']aun 3.1 for Ly, /k[[t]], which is étale outside the open
disk D(ry,), where r,, = W

Theorem 3.4 (i) Suppose n > 1, and let L,/k[[t]] be a Z/p™-extension
with upper ramification breaks (m1,...,m,) and Z/p"~!-subextension
L,_1/k[[t]]. Suppose there exists a Z/p™ *-cover Y,,_1 — X satisfying
Claim 3.1 for L,,_1/k[[t]], which is furthermore étale outside the open disk
D(rp—1), where 1,1 = m. Then there is a Z/p™-cover Y,, — X
satistying Claim 3.1 for L., /k[[t]].

(ii) If L, /E[[t] is as in part (i) and there is no integer a satisfying

m m m
P Y
p My — Mp—1 p

then the Z/p™-cover Yy, —> X in part (i) can be chosen to be étale outside

D(ry), where r, = 77%(17 5

Theorem 1.4 now follows easily.

Proof: (of Theorem 1.4) Let L, /k[[t]] be in the form of Theorem 1.4. We
note that, for any n’ < n, the unique Z/p" -subextension Ly /k[[t] of L /k|[t]
has upper ramification breaks (mq,...,m, ) ([31], IV, Proposition 14). Using
Lemma 3.3, Theorem 3.4, and induction, it follows that there is a Z/p™~!-cover
Y,—1 — X satistying Claim 3.1 for L,,_1/k[[t]], that is étale outside D(r,_1).
Then Theorem 3.4 (ii) shows that Claim 3.1, thus Conjecture 1.3, holds for

Lo /E[[t]]- 0

4 The base case

The proof of Lemma 3.3 is straightforward, using the explicit equations given
n [15].

Proof of Lemma 3.3 for Z/p-extensions: By Artin-Schreier theory, any
Z/p-extension of k((t)) is given by an equation y? —y = f1, where f1 € k((¢t)) is
unique up to adding elements of the form a” —a, with a € k(( )). Thus, we may
assume that fi = Y./"" a;t™* € k[t™'] is a polynomial in ¢! such that a; = 0
for ¢ = 0 (mod p). Then the break in the ramification filtration is my, which
is prime to p. Since "™{/1/f1 is a uniformizer of k((t)), we may make a change
of variables and assume f; = t~™!. So we assume our equation is given by
yP —y =t~™ . In [15], IT, Theorem 4.1, a Z/p-cover Y — P! satisfying Claim
3.1 is given by the Kummer extension

v = Gi(T) = 1+ NT~™, ()



where T reduces to t and A = (, — 1 for (,, a primitive pth root of unity. The
zeroes of G1 all have valuation ml(g_l) > ml(;_l) =: 11, and the unique pole is
at T = 0. Since the branch points all have valuation greater than r;, the lemma
is proved. O

Proof of Lemma 3.3 for Z/p-extensions: Let L/k((t)) be a Z/p*-
extension with upper ramification breaks (mq,ms), and let r; = ﬁ for

i € {1,2}. After a possible change of variables, [15], II, Theorem 5.5 gives a
Z/p*-cover Y — P! satisfying Claim 3.1, in the form of a Kummer extension

Zp2 = Gl (T)Gg (T)p

Here G is as in (3) and G is a polynomial in 7~ which is called

mi(p—1)
G(T™Y) + pu? Z AT® (4)
n [15], II, Theorem 5.5. Also, v(u) = m and v(Ag) > 0 for all s. It is clear

from the expression for G(T~1) given in loc.cit. that the coefficient of each
non-constant term of G(T~!) has valuation at least p—il. The same holds for
the puP A by inspection. Furthermore, the proof of [15], II, Theorem 5.5 shows
that each term in (4) has degree less than msy in T~ (mg is called d in loc.cit.).

Now, we have already seen that the zeroes and poles of G5 have valuation
greater than r1 > ro. The only pole of G2 is at T' = 0, so it suffices to show that
the zeroes of G4 have valuation greater than rs2, or equivalently (by the theory
of Newton polygons), that the coefficient of T7~* in G5 — 1 has valuation greater
than fro = ﬁ. But this is true because ¢ < mo and the valuation is at

least —L-. O
p—1

5 Characters and Swan conductors

In this section we introduce the general geometric setup (characters) and our
most important tools (Swan conductors). As laid out in the introduction, our
goal is to construct p"-cyclic covers Y — X = L. of the projective line reducing
to a given cover Y — X = Pl which is étale out51de the origin. For technical
reasons it is more convenient to work with the corresponding character of the
Galois group of the function field of X.

5.1 Geometric setup Let X be a smooth, projective and absolutely irre-
ducible curve over K. We write K for the function field of X. We assume that
X has good reduction, and fix a smooth R-model Xgr. We let X := Xp ®p k
denote the special fiber of Xr. We also fix a K-rational point zg on X and
write Zo € X for the specialization of g with respect to the model Xg. In our
main example, we have X = IP’}{, Xgr= P}% and xg = 0, but we will not assume
this in §5.



We let X?" denote the rigid analytic space associated to X. The residue
class of xy with respect to the model Xg,

D :=]Zo[xpC X™,

is the set of points of X" specializing to Zo € X ([5]). It is an open subspace
of X#" isomorphic to the open unit disk. To make this isomorphism explicit
we choose an element T' € Ox,, .z, with T'(z9) = 0 and whose restriction to
the special fiber generates the maximal ideal of O ;, (this is possible because

X is smooth). Then Ox, z, = R[[T]], and T induces an isomorphism of rigid
analytic spaces
D={zc (A)™|v(z) >0}

which sends the point xg to the origin. We call T' a parameter for the open disk
D with center x¢. The choice of T' having been made, we identify D with the
above subspace of (A}.)".

For r € Q>0 we define

Dirl:={zeD|v(x)>r}.

We have D[0] = D. For r > 0 the subset D[r] C D is an affinoid subdomain.
Let v, : K* — Q denote the “Gauss valuation” with respect to D[r]. This
is a discrete valuation on K which extends the valuation v on K and has the
property v,.(T) = r. It corresponds to the supremum norm on the open subset
Dir] c Xan.

Let x, denote the residue field of K with respect to the valuation v,. For
r =0, Ko is the function field of X. We let ordz, : £ — Z denote the normalized
valuation corresponding to the point Zg € X.

Now suppose that r > 0. Then after replacing K by a finite extension (which
depends on r!) we may assume that p” € K. Then D][r| is isomorphic to a closed
unit disk over K with parameter T;. := p~"7T. Moreover, the residue field k. is
the function field of the canonical reduction D[r] of the affinoid D[r]. In fact,
D[r] is isomorphic to the affine line over k with function field x, = k(t), where
t is the image of T} in k,. For a closed point z € D[r], we let ord; : kX — Z
denote the normalized discrete valuation corresponding to the specialization of
7 on D[r]. We let ord,, denote the unique normalized discrete valuation on k.
corresponding to the ‘point at infinity’.

For F € K* and r € Qxg, we let [F], denote the image of p~*r(F)F in the
residue field x,..

5.2 Characters We fix n > 1 and assume that K contains a primitive p”th
root of unity (p» (this is true after a finite extension of K). For an arbitrary
field L, we set

H).(L):= H'(L,Z/p"Z).

In the case of K, we have

Hln (K) — Hl(K, Z/an) o KX/(KX)pn

p



(the latter isomorphism depends on the choice of (). Elements of H).(K) are
called characters on X. Given an element F € K*, we let &,(F) € H}.(K)
denote the character corresponding to the class of F in K* /(K*)P".

For ¢ = 1,...,n the homomorphism

7./p'Z — 7./p"Z, a— p"la,

induces an injective homomorphism H;i (K) < H}.(K). Its image consists of

all characters killed by p’. We consider H;i (K) as a subgroup of H;n (K) via
this embedding.

A character x € H).(K) gives rise to a (possibly branched) Galois cover
Y = X. If x = R, (F) for some F € K*, then Y is a connected component of
the smooth projective curve given generically by the Kummer equation 3" = F.
If x has order p’ as element of H;n (K), then the Galois group of Y — X is the
unique subgroup of Z/p"Z of order p°.

A point 2 € X is called a branch point for the character x € H}. (K) if it is
a branch point for the cover Y — X. The branching index of x is the order of
the inertia group for some point y € Y above x. The set of all branch points is
called the branch locus of x and is denoted by B(x).

Definition 5.1 A character x € H}.(K) is called admissible if its branch locus
B(x) is contained in the open disk D.

5.2.1 Reduction of characters

Let x € Hgn (K) be an admissible character of order p™, and let Y — X be
the corresponding cyclic Galois cover. Let G = Z/p™Z denote the Galois group
of Y — X. Let Yr be the normalization of Xg in Y. Then Yy is a normal
R-model of Y and we have Xr = Yr/G.

After enlarging our ground field K, we may assume that the character x is
weakly unramified with respect to the valuation vy, see [11]. By definition, this
means that for all extensions w of vy to the function field of Y the ramification
index e(w/vp) is equal to 1. It then follows that the special fiber Y := Yz ®r k
is reduced (see e.g. [1], §2.2).

Definition 5.2 We say that the character x has étale reduction if the map
Y — X is generically étale.

In terms of Galois cohomology the definition can be rephrased as follows.
The character x has étale reduction if and only if the restriction of x to the
completion Ky of K with respect to vy is unramified. The latter means that
X|K0 lies in the image of the cospecialization morphism

H}. (r0) = Hpn (Ko)

(which is simply the restriction morphism induced by the projection GalKO —
Galy,). Since the cospecialization morphism is injective, there exists a unique

10



character x € H}. (ko) whose image in H), (Ko) is Xlg,- By construction, the
Galois cover of X corresponding to y is isomorphic to an irreducible component
of the normalization of Y.

Definition 5.3 If x has étale reduction, we call ¥ the reduction of x, and x a
lift of x.

Remark 5.4 Assume that y has étale reduction. Then the condition that y is
admissible implies that the cover Y — X corresponding to the reduction Y is
étale over X — {Zo} (the proof uses Purity of Branch Locus, see e.g. [22]). It
follows that Y is smooth outside the inverse image of Z.

Definition 5.5 Let x € Hgn (K) be an admissible character of order p™. We

say that x has good reduction if it has étale reduction and the cover ¥ — X
corresponding to the reduction y of x is smooth.

Note that a Z/p"-cover of P}, unramified outside z, is uniquely determined
by its germ above the branch point (see, e.g., [19]). Thus, with the above
notation, the local Oort conjecture (more specifically, Claim 3.1) may be refor-
mulated as follows.

Conjecture 5.6 Suppose that X = Pj. Let Y € H}.(ko) be a character
of order p", unramified outside of Zy. Then (after replacing K by a finite
extension, if necessary) there exists an admissible character x € H.(K) with
good reduction lifting .

5.3 Swan conductors

5.3.1

Fix r € Q>0. We assume that p” € K. Let K, denote the completion of K

with respect to the valuation v,. Let x € H.(K) be a character of order < p".

By Epp’s theorem ([11]) we may assume that the restriction x|g is weakly

unramified. Under this condition, we can define three types of invariants which

measure in some way the ramification of y with respect to the valuation v,..
First of all, we have the depth Swan conductor

Ox(r) = SW(X|KT) € Qxo,

see [34], Definition 3.3. By definition, d,(r) = 0 if and only if x is unramified
with respect to v,.. If this is the case then the reduction Y, € len(lir) is well
defined (see the previous subsection on the case r = 0).

Let us now assume that d,(r) > 0. Then we can define the differential Swan
conductor of x with respect to v,,

wy(r) == dSW(XhKT) € Q}W

11



see [34], Definition 3.9.

Finally, let ordz : kX — Z be a normalized discrete valuation whose restric-
tion to k is trivial. Of course, ordz corresponds either to a closed point T on
the canonical reduction of the affinoid D[r], or it corresponds to the point at
infinity, £ = co. Then the composite of v, with ord; is a valuation on K of
rank two, which we denote by n(r,z) : K* — Q x Z (see e.g. [36], §10, p. 43;
the group Q x Z is equipped with the lexicographic ordering). By definition, we
have

n(r,2)(F) = (vr(F), ordz([F],)),
for F € K*. In [18] Kato defines a Swan conductor swk (r,z) € Q>0 X Z of
X with respect to n(r,z) (see [18], Definition 2.4 and 3.10; note that we have
e := (0,1)). By definition, the first component of sw¥ (r, z) is equal to &y (r).
We define the boundary Swan conductor

swy (r,Z) € Z
as the second component of swi (r, Z).
Remark 5.7 The invariant sw, (r, Z) is determined by the invariants d, (r) and
wy (1), as follows.
(i) If 65 (r) = 0 then
swy (r, ) = swg, (T).

Here Y, is the reduction of y with respect to v, (well defined because
X is unramified at v,) and swy, (Z) is the usual Swan conductor of X,
with respect to the valuation ord; (one less than the Artin conductor for
nontrivial characters, see [31], VI, §2). This formula follows easily from
the definitions. As a consequence we see that sw,(r,Z) > 0 and that
swy (r,Z) = 0 if and only if X, is unramified with respect to ords.

(ii) If 05 (r) > 0 then we have
swy (r, Z) = —ordz(wy (1)) — 1.
This follows from [18], Corollary 4.6.1

Proposition 5.8 Let x1,x2 € Hp.(K), and let x3 = x1x2. Fori € {1,2,3}
and r € Qx>g, set 0; = 0y, (r). If 6; > 0 then we set w; := wy, (r). If §; = 0 then
Xi € H;n (kr) denotes the reduction of x; with respect to v,.

(1) If 51 }é 52 then 53 = max(51, 52) If 51 > 52 then W3 = W1.
(ii) Assume 61 = dp > 0. Then
wl-"-WQ#O = 01 =02 =03, w3 =wi+ws

and
witwe=0 = d3<db.

1The proof in [18] uses class field theory and works only if the residue field of K is quasi-
finite. For a much more direct and elementary proof, see [7].
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(iii) Assume é; = 6o = 0. Then §5 =0 and X3 = X1X2-

Proof: Parts (i)-(ii) follow from [34], Proposition 3.10. Part (iii) is clear,
because the cospecialization map H;n (kr) — H;n (K,) is a homomorphism. O

5.3.2

The finite extension of K that was necessary in order to define the invariants
0y (), wy(r) and sw, (r,Z) depends on r. However, the values 6, (r) and w,(r)
do not depend on the choice of this extension. Therefore, it makes sense to
consider d,, wy and sw, as functions in r € Q>¢ and .

Proposition 5.9 §, extends to a continuous, piecewise linear function
5X R — RZQ
Furthermore:

(i) For r € Qxo, the left (resp. right) derivative of 0, at r is —sw,/(r,o0)
(resp. swy(r,0)).

(ii) If r is a kink of §, (meaning that the left and right derivatives do not
agree), then r € Q.

Proof: See e.g. [33], Proposition 2.9. A more direct proof of a special case
of the proposition can be derived from §5.4 below. O

Corollary 5.10 If r > 0 and 6, (r) > 0, then the left and right derivatives of
0y at r are given by ordeo(wy (1)) + 1 and —ordg(w, (r)) — 1, respectively.

Proof: Immediate from Proposition 5.9 (i) and Remark 5.7 (ii). m

5.3.3

We are going to characterize the case when yx has good reduction in terms of the
function é,. Our main tool for this is a certain “local vanishing cycles formula”.
As a special case, we recover the criterion for good reduction from [15], §3.4. We
fix an admissible character x € H;n (K) of order p™ and let Y — X denote the
corresponding Galois cover. Let us also fix r € Q> and assume that p" € K.
Suppose first that » > 0. Then the affinoid subdomain D[r] C X?" gives rise
to an admissible blowup X7, — Xg with the following properties ([1] §3.5 and
[6]): Firstly, X4 is a semistable curve whose special fiber X’ := X, ®pgk consists
of two smooth irreducible components which meet in exactly one point. The
first component is the strict transform of X, which we may identify with X. The
second component is the exceptional divisor Z of the blowup X % — Xg, which
is isomorphic to the projective line over k and intersects X in the distinguished
point Tg. By construction, the complement Z° := Z\{Zo} is identified with
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the canonical reduction D[r] of the affinoid D[r]. In particular this means that
the discrete valuation on K corresponding to the prime divisor Z C X R s
equivalent to the valuation v, and that the residue field x, may be identified
with the function field of Z.

Let Y}, denote the normalization of X}, in Y. We obtain a commutative

diagram

in which the vertical maps are finite G-covers and each horizontal map is the
composition of an admissible blowup with a normalization. Let W C Y}, be the
exceptional divisor of Y}, — Yx. After enlarging the ground field K we may
assume that W is reduced. Note that this holds if and only if the character x
is weakly unramified with respect to the valuation v,., and that this is exactly
the condition we need to define d,(r), wy(r) and swy (r,Z). We now choose a

closed point # € Z° = D[r] and a point § € W lying over Z. We let
U(T‘, ,f) :Z]CZ'[D[T]

denote the residue class of Z on the affinoid D[r]. Clearly, U(r, &) is isomorphic
to the open unit disk. Finally, we let g : W — W denote the normalization of
W and set

by := dimg, (¢:O0p3, /O )3

Then 6; > 0 and we have d; = 0 if and only if § € W is a smooth point.

The above notation extends to the case r = 0 as follows. If » = 0 then we let
Z := X denote the special fiber of the smooth model Xz of X and W :=Y the
special fiber of Y. We set Z := Zo and choose an arbitrary point i € W above
Zo. The residue class U(r, ) is now equal to the open disk D and the invariant
0y is defined in the same way as for r > 0.

Proposition 5.11 With the notation introduced above we have
swy(r, 7) = [BO) NU(r.7)| — 1 - 23,

Proof: This follows from [18], Theorem 6.7. To see this, note that the left
hand side of the formula in loc.cit. (the “vanishing cycles”) remains invariant
if the sheaf F is pulled back to a Galois cover of Spec (A) on which F becomes
constant. In our situation we take for A := O?(;?,i the henselian local ring of
Z on the scheme X and for F the étale sheaf corresponding to the character
X- Then the ring extension B := (’)g‘%g /A gives rise to a Galois cover which
trivializes F. To prove Proposition 5.11, one applies the formula from loc.cit.
to F and its pullback. After equating the left hand side of both formulas and
tracing back the definitions of all terms appearing in the right hand side one
obtains the desired result. O
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As a first consequence of the above proposition we reprove the following
important criterion for good reduction from [15], §3.4.

Corollary 5.12 (i) Let x € H;n (K) be an admissible character of order p™.
Then
BOO| = 5wy (0, Zo) + 1.

Also, x has good reduction if and only if 6,(0) = 0 and equality holds
above.

(ii) Suppose x has good reduction with upper ramification breaks (mq, ..., my,).
If 1 <i<mn, then

n7i+1}|

{x € B(x) | ramification index of x is exactly p =m; —m;_1,

where we set mg = —1.

Proof: The inequality in part (i) follows immediately from Proposition 5.11
since B(x) € D = U(0,%y) by assumption. Now, by definition x has good
reduction if and only if 6, (0) = 0 and Y = W is smooth in any point g above
the distinguished point Zo. The latter condition is equivalent to é; = 0. Thus,
the rest of part (i) also follows from Proposition 5.11.

In the situation of part (i), the character x; := x? = € H;i (K) is an
admissible character with reduction ¥; of order p’ with upper ramification breaks
(m1,...,m;). Thus the Swan conductor of y; is m; ([31], Corollary 2 to Theorem
1, noting that the Swan conductor is one less than the Artin conductor). By part
(i), IB(x:)| = m; + 1. Since elements of B(y;) correspond exactly to elements of
B(x) with ramification index at least p"~ ™! part (i) follows. ]

Corollary 5.13 Let x € H;n (K) be an admissible character of order p™, r €
Qx>0 and Z a point on the canonical reduction of D[r]. Then

swy(r,Z) < |B(x) NU(r,z)| — 1.
Moreover, if x has good reduction then equality holds.

Proof: The inequality follows immediately from Proposition 5.11. To prove
the second statement we note that if y has good reduction, then in the situation
of Proposition 5.11 the point 4 € W is smooth. This is because the curve W is
the exceptional divisor of the modification Y7, — Y. If x has good reduction
then Yg is smooth over R and hence regular. It follows from Castelnuovo’s
criterion (see e.g. [21], Theorem 9.3.8) that W is smooth. ad

Corollary 5.14 In the situation of Corollary 5.13, if §,(r) > 0, we have
ordz(wy (1)) > —|B(x) NU(r, z)|, with equality if x has good reduction.

Proof: Immediate from Corollary 5.13 and Remark 5.7 (ii). ad

15



Remark 5.15 (i) If x has good reduction, then Corollaries 5.10 and 5.14
show that J, is a piecewise linear, weakly concave down function. More-
over, the position of the kinks of §, correspond to the valuations of the
ramification points in B(). If » > 0 is a kink, then the number of ramifi-
cation points of y with valuation r is precisely the difference between the
left and the right derivative of J, at 7.

(ii) Now assume that B(x) C D(ro) for some rg € Qs¢. Then it follows from
Remark 5.7, Corollary 5.10, and Corollary 5.14 that the restriction of J,
to the interval [0, 7] is weakly concave up. Together with (i) this shows
that, if x has good reduction, then d, | ., is linear.

5.4 Characters of order p

5.4.1

We will now describe in the special case n = 1 how to determine the function J,,
explicitly in terms of a suitable element F' € K* corresponding to the character
X € H1(K) = KX /(K*)?.

Proposition 5.16 Let F' € K*\(K*)?, x := & (F) € H}(K) and r € Q.
Suppose that v,.(F) = 0. Suppose, moreover, that x is weakly unramified with
respect to v,.

(i) We have

dy(r) = p%l — max v (F — HP),
where H ranges over all elements of K.

(ii) The maximum of v,(F — HP) in (i) is achieved if and only if
gi=[F - HP), & 2.

If this is the case, and 0, (r) > 0, then

wn(r) = 4 4979 1Fox(r) =p/(p=1),
X dg if0 < é,(r)<p/(p—1).

If, instead, 0, (r) = 0, then X corresponds to the Artin-Schreier extension
given by the equation y? —y = g.

Proof: The assumption g ¢ k2 shows that v,.(H) > 0. If v,.(H) > 0 then
g = [F]r. In this case, [34], Proposition 5.3, says that d,(r) = p/(p — 1) and
wy(r) = dg/g. Otherwise,
FH™? =1+ p°G,
where s := v, (F — HP) > 0 and G € K is an element with v,.(G) = 0 and residue

class g. By [34], Proposition 5.3, we now have 0, (r) = p/(p — 1) — s. Moreover,
if §,,(r) > 0 then w, (r) = dg.
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If 6, (r) = 0, then s = 5. Make a change of variable 1 + AY = FH7,

where A € K is the unique element satisfying \AP~! = —p and v(1+ pl/(%) > 0.
Then the equation (14+AY)? = 1+ p°G yields YP —Y = G+ o(1), which reduces
to the desired Artin-Schreier extension. O

5.5 Detecting the slope of §,, Let x € H; (K) be an admissible character
of order p, giving rise to a branched cover Y — X. Let m > 1 be a prime-to-p
integer. We assume that the following conditions hold.

(a) The branch locus of x is contained in the closed disk D[rg], for some
ro9 > 0, and T = 0 is one of the branch points.

(b) For all r € (0,79], the left derivative of §, at r is < m (equivalently, by
Proposition 5.9, swy (r,00) > —m).

(c) For all r € (0, ro], we have d,(r) > 0.

Because of Condition (a) we can represent x as the Kummer class of a power
series

F=1+ i a; T~
=1

with a; € R and v(a;) > 79i. We wish to find a polynomial H in T~ whose
pth power approximates F' well enough to use Proposition 5.16 simultaneously
for all 7 in an interval (0, s] N Q, for some 0 < s < rg. We will then get explicit
expressions for the slopes of 4, on the interval [0, ]

For any N > 1, set

N
Hi=1+Y bT7.
j=1
Here we consider the b; for the moment as indeterminates. Write
o0
F—H" =Y T,
k=1

where ¢y, is a polynomial in by, . .., byink,n)- Note that ¢, = ax € R for k > pN.

Lemma 5.17 Assuming condition (a), after replacing K by some finite exten-
sion, there exist by,...,by € R such that

(i) v(ex) > rok for all k, and
(ii) ckp =0 forall k < N.
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Proof: For (ii) to hold we can solve the equations ¢,y = cpn_1) = ... =
¢p = 0 inductively:

N —
cpN—bN—aNp—O,

Cp(N—l) = b?\f*l +...= O,

One easily checks that these solutions verify v(b;) > jro for all j. So we have
Vrg (F),0ro (H) > 0. Thus we get v, (F — HP) > 0, which is equivalent to (i).
O

Remark 5.18 The proof above shows that there are only finitely many solu-
tions for the b;, and that they vary analytically as the a; do.

Proposition 5.19 Assume conditions (a), (b), and (c¢) hold. Choose s €
(0,70) NQ and N € N such that

p
PN 2 D —s) )

Let by,...,bx be as in Lemma 5.17. Define A, (x) € [0, 0] by
Am (x) 1= max ({r € (0,ro] | swy(r,00) > —m} U {0}).

Set
fim () 1= max ({w 1< k<m}u{o}).

Then
(i) For all r € (0,s]NQ we have
[F — H], & k7.
Therefore,

(r)=p/(p—1)—v.(F = HP), swy(r,00) = —orde[F — H?],.

(ii) We have
Am(X) <s & pm(x) <s.

(ili) If A (x) < s then Ay, (x) = fom (X)-

Remark 5.20 Note that, if A, (x) # ro, then Proposition 5.9 implies that
Am(x) is the largest value in (0, 79] where J, has a kink.
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Proof: (of Proposition 5.19) Fix r € (0, s]NQ and set M := ordeo[F — H?],.
By definition and by Lemma 5.17 (i) we have

ve(F — HP) =wv(ep) —rM > M(rg —r) > M(rg — s). (6)

On the other hand, condition (c) shows that J,(r) > 0 and Proposition 5.16
show that

vr(F = HP) <p/(p=1). (7)
Using (6), (7) and the choice of N we obtain the inequality
M<—2L < Np. (8)
(p—1)(ro = 3)

If M was divisible by p then (8) and Lemma 5.17 (ii) would show that cps = 0,
which contradicts the definition of M. Therefore, M is prime to p, and Part (i)
of the lemma follows from Proposition 5.16 and Remark 5.7 (ii).

In order to prove (ii) and (iii) we note that, by condition (b), A\ (x) < s
is equivalent to swy (s,00) = —m. Let A/ be the Newton polygon of the power
series F — HP = > ¢,T~%. By (i), the Swan conductor of x on (0, s] is
determined by N. In particular, we have sw,(s,00) = —m for some r € (0, s]
if and only if the point (m,v(c,,)) is a vertex of N and s1 < s < sa, where s
(resp. s2) is the slope of the edge to the left (resp. to the right) of the vertex
(m, v(¢pm)). Furthermore, in this case we have p,, (x) = s1 < s, and Ay, (x) = 51,
which proves (iii).

To prove (ii), it remains to show that if pm,(x) < s, then Apn(x) < s. If
(m,v(cm)) is a vertex of N, then as in the paragraph above we have \,,(x) =
Hm(X), 80 Am(x) < s. If (m,v(cy)) is not a vertex of N, then there exists a
line segment of N with slope s’ < pm,(x) < s connecting two points (i, v(¢;))
and (j,v(c;)), where i < m < j. But this means that sw,(s,o0) > —j, which
contradicts condition (b). This proves (ii). ad

Proposition 5.19 will be the key to §6.4.

6 Proof of Theorem 3.4

6.1 Plan of the proof We continue with the notation of §5, and for the
rest of the paper, we set X = P! and zg = 0. Recall that D is the unit disk in
(A},)™ centered at 0. For r € Q>0, we set

D(r) ={T € (Ax)™||T| < |pl"} € D.

We are given a character x,, € H;n (ko) of order exactly p", with upper ramifi-
cation breaks (mi, ma, ..., m;). We further assume that n > 2. For 1 <i <mn,
set r; = m. Recall that p { m; and

m; > pm;_q,
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for i = 2,...,n. Moreover, if the inequality above is strict then (m;,p) = 1. For
1=1,...,n we set x\; := )Zﬁnﬂ € lei(lio). By assumption, for each 1 <14 < n,
there is a character y; lifting ;. We assume that B(x,—1) lies in the disk
D(rp—1), and we may further assume that T = 0 is a branch point of order
p™~ L. In order to prove Theorem 3.4, we must show that there exists a character
Xn € H} (K) with (good) reduction x,,. Furthermore, we must have B(x,) € D,
and if there is no integer a satisfying

m m m
s () (o). o
p My —Mp—1 p

then we must even have B(x,,) C D(r,). We will construct y,, such that x2 =
Xn—1-

We may assume that x,_; corresponds to an extension of K given by a
system of Kummer equations

yf:yi—lGia z':l,...,n—l

with yo :=1 and G; € K. Any x € H];n (K) such that x? = x,—1 is given by an
additional equation
Yn = n—1G. (10)

Since we must have B(y) C D, we will search for G € 1+ T~ 'm[T~!], where m
is the maximal ideal of R. In particular,

N
G=[]a -z, (11)
i=1
where a; € N, (a;,p) = 1, and z; € m are pairwise distinct. We will say that
the polynomial G gives rise to the character x. If z; is a branch point of x,_1
then we may also transfer the term (1 — x;#71)% into G,,_1. Therefore, we may
assume that none of the z; is a branch point of x,,_1. If this is the case, then
Corollary 5.12 (ii) shows that a necessary condition for good reduction of x is
that N = m,, — m,_1. We assume this.
Our proof that a choice G,, for G exists giving rise to a character x,, whose
(good) reduction is ¥, will be done in two parts:

(Part A) We prove that there exists a polynomial Gy, € 14T~ m[T 1] giving rise
to a character ymin with good reduction Ymi, having upper ramification
breaks (mq,...,Mp—1,pmpy_1) at the ramified point.

(Part B) We construct the desired polynomial G,, by modifying Gmin.

Furthermore, we show that if there is no a satisfying (9), and if G,, gives rise to
Xn, then B(x,) € D(ry,). This will complete the proof of Theorem 3.4.

We remark that the basic strategy for our proof is adapted from the proof of
the case n = 2 by Green and Matignon, [15]. Essentially, Part (A) corresponds
to Lemmas 5.2 and 5.3 in loc.cit., whereas Part (B) corresponds to Lemma 5.4.
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The proof of Part (A) will be done in three steps. The first step (§6.2) is
to find an appropriate family of candidate polynomials for Gpin, which we will
call G,. This family is defined in Definition 6.7. The second step (§6.3) is to
show that if a polynomial in G, yields a character with bad reduction, it can
be altered (within G,,) to obtain a new polynomial whose reduction is “closer”
to being good (i.e., the depth Swan conductor of the corresponding character
is lower). The key result here is Proposition 6.13. Lastly (§6.4), we show there
must exist a polynomial in G,, that is “closest” to having good reduction (i.e.,
the depth Swan conductor of the corresponding character is minimal). This is
the content of Proposition 6.15. Combining these steps shows that there must
exist Gmin € G, giving a character with good reduction.

Proposition 6.21 proves Part (B), and is found in §6.5.

6.2 A family of candidate polynomials

6.2.1

We continue with the setup of §6.1. In particular, recall that x; is a lift of ¥;
for 1 < i < n, and yx is the character arising from G, as in (10). If r € Qx,
then to simplify the notation we will write J;(r) and w;(r) instead of d,, () and
wy, (r) for the depth and differential Swan conductors of x; (§5.3). Furthermore,
write d,(r) and w,(r) instead of d, (r) and wy(r). As will become apparent in
Proposition 6.4 and its proof, it will be very important to control wy,(r,—1).
The polynomials G which give our desired wy,(r,—1) will comprise our candidate
family G,,.

Lemma 6.1 Assume 1 <i < n. Then for r € [0, r;] we have
0i(r) =my - . (12)
Moreover, for 0 < r < r; we have

C; dt

wi(r) = L (13)

Here ¢; € k* is a constant depending on i and r.

Proof: By hypothesis, x; has good reduction ¥;. Therefore, §;(0) = 0. On
the other hand, the hypothesis that x; has good reduction and that all of its
m; + 1 branch points are contained in the disk D(r;) implies that

ordo(w;(r)) = —m; — 1, ordz(w;(r)) =0

for all » € (0,7;] and T # 0,00, using Corollary 5.14. So (12) follows, using
Corollary 5.10. But now the same corollary shows that

ordeo (wi (1)) =my; — 1,

and (13) follows as well. m|

21



Remark 6.2 Suppose 1 <i <n and 0 <r < r;. Lemma 6.1 shows that
pi—1(r) < 6;(r) < 1/(p—1).

Moreover, the first inequality is an equality if and only if m; = pm;_1. It follows
from [34], Theorem 4.3 (ii) that C(w;(r)) = 0 if and only if m; > pm;_1, where
C is the Cartier operator. This is consistent with (13). On the other hand, if
m; = pm;_1 then

C(wi(r)) = wi—1(r).

In particular, we have ¢; = ¢f_; in (13).

6.2.2

We now focus on the critical radius 7,—1. To further simplify the notation we
will, until the end of §6.2, write w; (resp. d;) instead of w;(r,—1) (resp. §;(rn—1)).
By Lemma 6.1 we have §,_1 = 1/(p — 1). So [34], Theorem 4.3, says that

6y = —— (14)

and
Clwn) = wn + wp—1. (15)

Let m be the minimal upper ramification break m; such that m,,_1 is a power
of p times m;. Thus m is prime to p. Set v =n—1—14¢. Thus 0 <v <n—2,
and m,_1 = mp".

By Lemma 6.1 and Remark 6.2 we have

cdt P dt

wi:tm—kl""’wn*l:tp’/m-l-l’

for some ¢ € k*. After a change of parameter we may assume that ¢ = m,
viewed as an element of k*. Note that m? = m. Set

ni=—(wi+...+wp_1)= _mztimpjfldt- (16)
j=0

Lemma 6.3 Let g = [G,_,. Then

d
wnzn—i——g.

Proof: One easily checks that C(n) = 1+ w,—1. Using (15) we conclude

that

dh
wn:n—’—Fa

for some h € KX .
n—1

Let us first assume that G = 1. Then B(x,) lies in the disk D(r,—1). It
follows from Corollary 5.14 that the differential w,, has no poles outside ¢t = 0.
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Since n has no poles outside ¢ = 0, this can happen only if dh/h = 0. This
shows that the lemma is true if G = 1.

To prove the general case, we note that multiplying G by an element H € K*
has the effect of adding the character & (H) € H}(K) to x. We may assume
that v,,_,(H) =0 and let h € k,,_, denote the residue of H. Then we have

O,y =p/(p—1) and wg, gy = dh/h

if and only if h ¢ P, by Proposition 5.16. If h € P then dg,(g) <

p/(p —1). In both cases, Proposition 5.8 shows that multiplying G by H has
the effect of adding dh/h to w,. The lemma follows. o

The following proposition is not strictly necessary for the proof of Theorem
3.4, but it helps to narrow our search for the correct G,,. Recall that we assume
G, to be in the form (11), and that N = m,, — m,_;.

Proposition 6.4 If xy has good reduction then the following hold.

1

(i) For all i we have v(z;) < rp_1 = ST

(ii) For4,j with v(z;) = v(x;) = r,—1 we have T; # Z; (where Z; denotes the
reduction of z;p~"™=1).

(iii) Write N = N1 + Ny, where N is the number of x;’s with v(x;) = rp—1.
We may assume that v(x;) < rp—1 fori = Ny +1,...,n. Then

N

Z a; =0 (mod p).

1=N1+1
In particular, if a; = 1 for all i then N3 =0 (mod p).

(iv) If my, = pmy—1 then Ny = m,_1(p — 1) and Ny = 0. Otherwise, N1 <
mu—1(p —1) and Ny > 0.

Proof: By Lemma 6.3, we have

Wy, = dg/g—mZt*mpj*1 dt, (17)

Jj=0

where

g:=1[Gl,,_, € k[t

It follows that ordg(w,) = —m,—1—1. So if x has good reduction, then Corollary
5.14 shows that the number of branch points specializing to 0 (i.e. with valuation
> r,—1) must be equal to m,_; + 1. Since x,—1 has exactly m,_1 + 1 branch
points with valuation > 7,_1, none of the new branch points can have this
property. This proves (i).

By (17), w, can have at most a simple pole at any point Z # 0, and then
good reduction and Corollary 5.14 implies that branch points with radius 7,1
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have to lie in distinct residue classes. This proves (ii). It follows similarly from
Corollary 5.14 that w, has no zeroes outside ¢ = oo, so the fact that div(w,)
has degree —2 means that orde (wy,) = mpy—1 + N1 — 1 > 0. But it is easy to

see that
N

ordss(g) = Z Qs
i=N1+1
and (17) shows that ords (wy,) > —1 if and only if ordeeg = 0 (mod p). This
proves (iii).
On the other hand we have C(wy,) = wp +wp—1 and ordee (Wp—1) = Myp—1—1,
which implies, by an easy calculation, that

ordeewn < pmg,_1 — 1.

It follows that Ny < m,_1(p — 1).

Now suppose that m,, = pm,_1. Then Corollaries 5.10 and 5.14 show that
the right derivative of §,, is at most m,—1 + N = pm,,—1 on [0,r,_1). Since
on(rn—1) = %7 by (14), and good reduction requires 6,(0) = 0, this slope
must be pm,_1 on the entire interval. Thus ordcw, = m, — 1 = pm,_1 — 1,
by Corollary 5.10. Hence Ny = N = m,_1(p — 1) and No = 0. Otherwise,
if m,, > pm,_1, then the condition that §, is weakly concave down (Remark
5.15) and has right derivative m,, at » = 0 (Proposition 5.9 (i)) implies that
On(r) > pmy_17r for 0 < r < r,_1. But this means that ordeow, + 1 < pm,_1
at r = r,_1, hence N1 < my,_1(p —1). It follows that

No=my —Mmyp_1 — Ny >my —pmy_1 > 0.

This completes the proof of the proposition. ]

It follows from Proposition 6.4 that, up to a constant factor that we may
eliminate by rescaling ¢, we have

Ny
[G]Tn71 =g= t@o H(l — (Eitil)ai, (18)
i=1
where
N
agp := — Z a; =0 (mod p).
i=Np+1
Hence N
L aia_rit_th
d = —_. 19
9/9 ;1—:@%—1 (19)

Corollary 6.5 In the notation of Proposition 6.4, if x has good reduction then

- j dt
wn = dg/g—my ¢ dt = = , (20)

5=0 i F LTI (= 2;)
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where ¢ := (—1)N1+1m(H£\21 T;) is a nonzero constant. In particular, ordeew, =
Mypy—1+ Ny — 1.

Proof: The middle expression is the expression deduced for w,, in (17). We
have seen in the proof of Proposition 6.4 that w, has simple poles at the Z;, a
pole of order m,,_1 + 1 at 0, and no zero outside co. It follows that w, is equal
to the right hand side of (20) times a constant. To determine this constant, one
computes the Laurent series representation in ¢ of both sides. O

The next theorem, showing that we can often find a g satisfying the condi-
tions of 6.5, is critical.

Theorem 6.6 Suppose m|m,, (equivalently, m|N = m,, —m,_1). Then, under
the assumption that a; = 1 for i > 1, there is a solution g € k[t~'] to (20) as in
(18) of degree N.

Proof: This is contained in Corollary 7.8. a

Definition 6.7 If g is the solution to (20) guaranteed by Theorem 6.6, then we
define G,, to be the subset of all G of the form (11) with [G],,_, = g.

Remark 6.8 Corollary 7.8 also shows that, if a; =1 for all ¢ > 1 and N, is as
in (18), then we have m|N; and

Mp-1(p—1) =mp < N1 <my_1(p—1), N1 =N (modp).

This determines N; uniquely. This means that if G is as in (11), has all a; =
1, and gives rise to x with good reduction, then the number of zeroes of G
with valuation r,_1 is fixed. The importance of this condition is illustrated in
Example 6.9.

Example 6.9 Assume that p =5, n = 3, and the upper ramification breaks of
X3 are (my,ma,mg) = (1,5,34). If G3 is in the form of (11) with all a; = 1, and
if G3 gives rise to a character y3 with good reduction x3, then N = 29. Remark
6.8 shows that x3 gives rise to a cover with exactly Ny = 19 branch points at
radius rg = 1/20 and Ny = 10 branch points at radius < 1/20. We know from
(14) that 65(1/20) = 2. By Corollaries 5.10 and 5.14, the (left) slope of &5 at
r < 1/20 is equal to 5 4+ N(r), where N(r) is the number of branch points with
valuation > r. Since 6(0) = 0, one can show that there must be at least one
branch point with valuation < 1/200. But r3 = 1/136 > 1/200, so B(x3) cannot
lie in the disk D(r3).

See Remark 6.22 and Example 7.18 for such an example with 10 branch
points with valuation exactly 1/200. Note that this does not contradict Theorem
3.4 (ii), as we can take a = 2 there.

Remark 6.10 If we do not assume a; = 1 for all ¢, then (20) can still sometimes
be solved. In particular, in light of Example 6.9, it would be nice to find solutions
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to (20) with arbitrary a; and N7 not satisfying Remark 6.8. We might then have
some hope of finding a lift x,, of ¥, with B(x,) lying in the disk D(r,), even
when the condition in Theorem 3.4 (ii) does not hold. However, even when such
solutions to (20) exist, it seems as if our current techniques are often insufficient
to turn them into lifts. For further discussion, see Remark 7.12.

6.3 Reducing the depth Swan conductor We maintain the notation of
86.2, and we assume further that m, = pm,_1. Then, by Proposition 6.4, we
have N = Ny = m,—1(p — 1).

Recall that any G € G,, (Definition 6.7) gives rise to a character x of order p™
lifting x—1 as in (10), by adjoining the equation y2 = y,,—1G. By Corollaries 6.5
and 5.10, we know that the left derivative of §,, at r,_1 is m,,. Recall also from
(14) that 0, (rp—1) = ﬁ = MypTn_1. It follows that there exists 0 < \ < 7,1
such that

on(s) = s-my = psmy_1 = pdp_1(s)
for all s € [A,r,—1] (the last equality following from Lemma 6.1). Let A(G) be
the minimal value of A with this property. In other words, A\(G) is the largest
kink of the function §,, on the open interval (0,r,-1) (or is zero if ¢, is linear
on [0,7n-1]). Note that 6, (A) = mnA < S5

Proposition 6.11 If G € G, satisfies A(G) = 0, then the corresponding char-
acter x has good reduction.

Proof: By definition, A(G) = 0 implies 6,(0) = 0. Now, If x lifts x,—1
and has 6, (0) = 0, then swy(0,Zg) > pmp_1, as the Swan conductor of a p™-
cyclic extension must be at least p times the Swan conductor of its index p
subextension (because each upper ramification break of a p"-cyclic extension
must be at least p times the previous one). On the other hand, by construction,
B(x) has exactly N +m,_1 + 1 = pm,_1 + 1 branch points. The proposition
then follows by Corollary 5.12 (i). m|

Thus, in order to prove Part (A), it suffices to show that A\(G) = 0 for some
G € G,. Proposition 6.13 will show that A(G) = 0 is the only possible minimal
value of A(G), as G ranges over G,,. In §6.4, we will show that this minimum is
realized. First, we state a lemma.

Lemma 6.12 Let G € G, andr € [0,r,—1). Let f € t*k[t™!] be a polynomial
of degree < m,, without constant term, which we regard as an element of k..
Set s :== p/(p — 1) — my,r. Then, after a possible finite extension of K, there
exists G' € G, and F € K such that v, (F) =0, [F], = f, and

G'/G=1-p°F (mod (K*)P).

Proof: The proof is given as Corollary 7.11. O

Proposition 6.13 Suppose G € G,, with A\(G) > 0. Then there exists G’ € G,
with A(G") < A\(G).
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Proof: If A := A(G) > 0 then by Corollary 5.10 we have that orde, (w, (A))+1
is the left derivative of 0, (r). Since §, is concave up at A (Remark 5.15 (ii)),
we conclude that
ordeo (wn(N)) < my — 1.
By hypothesis we have pd,_1(A\) = §,(A) = muA < p/(p —1). Therefore [34],
Proposition 4.3 (ii) shows that

cdt
Clwn(N) = wn1(A) = o=,
for some ¢ € k. It follows that
cPdt
wp(A) = s iy df,
for some f € k). Note that, by Corollaries 5.10 and 5.14,
ordg(wn(N)) = —my, — 1, ordzg(wp(N)) >0 VT #0.

We may therefore assume that f is a polynomial in ¢! of degree < m, and
without constant term.
By Lemma 6.12, there exists G’ € G,, such that

G'/G=1-p°F (mod (K*)P),
where vy (F') = 0, where [F]y = f, and where s :=p/(p — 1) — myA. Replacing

G by the polynomial G’ has the effect of adding ¢ := R (G'/G) to x. Using
Proposition 5.16, we see that

Syp(N) =p/(p—1) = s =dn(N).

Therefore, Proposition 5.8 shows that the effect on w, () is addition of —df and
the result is that
ordeo (wn(N)) = my + 1.

We conclude, using Corollary 5.10, that A(G') < A(G). O

Remark 6.14 An important reason we must assume that B(x,—1) € D(rn—1)
is to ensure that no branch point of x,,—1 has valuation less than \. If there were
such a branch point, then orde(wy(A)) above could be negative, which would
allow f not to be a polynomial in ¢t~!, which would prevent us from applying
Lemma 6.12.

6.4 The minimal depth Swan conductor We continue with the notation
of §6.3, as well as the assumption that m,, = pm,_; and all a; = 1 for ¢ > 1.
To finish the proof of Part (A) from §6.1, we must show that the function
A Gp — Q>0 defined in §6.3 takes the value 0 for some x € G,,. By Proposition
6.13, the existence of such a y is established by the following proposition.

Proposition 6.15 The function x — A(x) takes a minimal value on G,,.

The rest of §6.4 is devoted to the proof of this proposition.
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6.4.1 A lemma from rigid analysis

The following lemma, which is an easy consequence of the maximum modulus
principle, is a crucial ingredient in the proof of Proposition 6.15.

Lemma 6.16 Let X = Spm(A) be an affinoid domain over K and f1,..., f, €
A analytic functions on X. Then the function

¢: X 2R, ¢(x):= max v/|fi(z)]

1<i<n
takes a minimal value. Equivalently, the function

o s main 2U@)

7

takes a maximal value on X.

Proof: Let B/A be a finite ring extension which contains elements g; € B
such that g! = f;, for i = 1,...,n. Then B is again an affinoid K-algebra, and
the induced morphism ¢ : ¥ := Spm(B) — X is finite and surjective. For any
point y € Y we have

#(q(y)) = max |g;(z)|.

1<i<n

So by [4], Lemma 7.3.4/7, the function ¢ o ¢ takes its minimal value on Y. Since
q is surjective, this shows that ¢ takes its minimal value on X. O

6.4.2 An affinoid containing G,
Let G be the set of all polynomials of the form

N,
G = H(l — LL‘iT_l),
=1

where z; € K has valuation r,,_; and where the residue classes of z; /Pt in k
are all distinct. Given G € G, we may assume (after passing to a finite extension
of K) that z1,...,zn, € K. In this way, we can consider G as a subset of affine
Nj-space over K via the coordinates z; and G as a K-rational point. It is clear
that G is an affinoid subdomain of (AR*)2". We identify elements of G with the
characters y that they give rise to (§6.1).

Recall that it is a consequence of Proposition 6.4 (iv) that G, C G. In
particular,

gn = {G € g | [G]Tnfl = g}a

where g is the unique solution of Equation (20) guaranteed by Theorem 6.6. As
a rigid analytic space, G, is isomorphic to the open unit polydisk. The idea of
the proof is to show that A(G) takes a minimal value on G, and that the point
where this minimum is achieved must lie in G,,.
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6.4.3

Let ¢n—1 : Y,—1 — X be the Galois cover corresponding to the character x,,—1.
By our induction hypothesis, it has good reduction and is totally ramified above
T = 0. It follows that the rigid analytic subspace C := (b;il(D) CY,_1isan
open disk and contains the unique point y,—1 € Y,,—1 above T'= 0. We choose
a parameter T for the disk C such that T'(y,_1) = 0. Then

T =7°"""u(T), with u(T) € R[[T])*.
We conclude that for » > 0 the inverse image of the closed disk D(r) C D defined
by the condition v(T') > r is the closed disk C(7) defined by v(T) = 7 := p~"*1r,
Set 7,—1 :=p "T1r,_1. Let K,,_; denote the function field of Y;,_;.

Let us fix, for the moment, x € G such that x? = x,—1. Let ¥ := x|x,,_, €
H; (K,,—1) denote the restriction of x to K,_1. If x corresponds to a cover
Y — X, then x corresponds to the cover Y — Y, _1. If x € G,,, then in analogy
to A(x), we write A(Y) for the minimum 7 € [0, 7,—1] such that dy is linear on
[7,n—1]. If x € G\Gy, then we define A\(X) = Fp_1.

Lemma 6.17
(i) For x € Gy, we have A(Y) = p~ "1 A(x).
(ii) Let

n—1
m=ptmy_1— Z mi(p — 1)p~ L.
i=1
Then p { m and the character X € H}(K, 1) satisfies the conditions (a),
(b), and (c) of §5.5 (with respect to m, the open disk C C Y, and the
family of subdisks C(7), 7 € [0, Fp—1]).

(iii) If A (X) is as in Proposition 5.19, and if we set ro in Proposition 5.19
equal to 7,1, then A\(X) = A\ (x) for all x € G.

Proof: For r > 0 we systematically use the notation 7 := p~"*!r. Then the
valuation vz on K,,_1 (corresponding to the Gauss norm on C(7)) is the unique
extension of v,. By [34], §7.1 we have

05 (F) = v,y /i (0x (1))
=5y (r) — (51(7~)Zn__11 I o

);

where 1 is the inverse Herbrand function ([31], IV, §3). Since all the characters
Xi (1 <4 < n) have good reduction and their branch points are contained in
D(rp—1), it follows from Remark 5.15 (ii) that each ¢; (1 <4 < n) is linear of
slope m; on the interval [0, 7,_1]. Therefore, we have

m
P PMyy—1)T-

I3 (1) = 0x(r) + (
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Thus, the left slope of d; at 7 is equal to p"~'c + m — p™m,,_1, where c is the
left-slope of d, at r. Part (i) follows immediately. Part (ii) follows from the
fact that ¢ < m,, = pm,_1. Part (iii) also follows from this fact, along with
Proposition 5.9 and the fact that sw, (rp,—1,00) = pm,_1 iff x € G,. O

Explicitly, the character x is the Kummer class of the element

Fe=GY7 GG G e kX

n—1-

We write F' as a power series in the parameter T:
o0
F=1+)Y aT™"
=1

Note that, since Gq,...,G, are fixed, F' is uniquely determined by the choice
of G. So we may consider the coefficients a, as functions on the space G. It is
easy to see that the a, are analytic functions on G which are bounded by 1. In
fact, ay is a polynomial in the coordinates x; with coefficients in R.

6.4.4

We continue with the proof of Proposition 6.15. Let x¢ € G,, be an arbitrary lift
lying in the residue class determined by the reduction g. From the discussion
at the beginning of §6.3, it follows that A(xo) < r,—1. We may therefore choose
a rational number s € (A(xo),7n—1). Recall from §6.4.3 that y is the restriction
of x to the function field K,,_; of ¥;,_1. Then by Lemma 6.17 we have

AX) <3:=p' s < Fp_y.

We also choose an integer N such that

p
Np > — —.
(p—1)(Fn-1 —3)
Compare with (5).
Lemma 6.18 There exists a finite cover G’ — G and analytic functions by, ...,by

on G' with the following property. Set

and write

F—H" =Y ¢Ty",
=1

where the ¢, are now analytic functions on G’'. Then:

(i) For all £ > 1 and all points x € G’ we have v(ce(z)) > rof.
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(ii) We have cpy =0 for £ < N.

Proof: By Lemma 5.17 and Remark 5.18, there are finitely many solutions
for the b; at each point in G and the solutions vary analytically as the a, vary
in G. This proves the lemma. ]

6.4.5

We can now complete the proof of Proposition 6.15. Let m be as in Lemma
6.17, and define the function s : G° — R by the formula

i (T) := max ({v(cm(ngl : Z(Ce(x)) | 1< <m}u{0}).

Let x € G, write X := x|k, _, for its restriction to the function field of Y;,_1,
and let z € G’ be an arbitrary point above y. By Lemma 6.18, we can apply
Proposition 5.19 to compare p7(x) to Ay (X), which by Lemma 6.17 is equal to
A(x). We conclude that ps(x) < § if and only if A(x) < 5. Moreover, if this
is the case then we have ps(x) = A(Y). Note also that in any case we have
A(X) =p"'A(X) when x € G,.

We apply these arguments twice. Firstly, let xg € G, be the character with
A(x0) < s from the beginning of §6.4.4. Let x( € G’ be a point above xo. Then
i (Xh) < 5.

It follows from Lemma 6.16 that the function p,, takes a minimum on G’.
Let z € G’ be a point where this minimum is achieved, and let x € G be the
corresponding lift. We have p7 () < pm(x6) < §. Since

Ain(X) = pm(x) < 8 < Fp1

we see that x € G,,. Applying the above arguments a second time, we conclude
that A(x) = p" 'um(x), and that this is actually the minimal value of the
function A : G, — R. This completes the proof of Proposition 6.15. ]

Combining Propositions 6.11, 6.13, and 6.15 finishes the proof of Part (A)
from §6.1. So there is a polynomial G, € G, giving rise to a character Xmin
with good reduction and upper ramification breaks (my,...,my_1,pmM,—1) at
the ramification point.

6.5 Beyond minimality We now prove Part (B) from §6.1. Maintain the
notation of the previous parts of §6. Let Ginin € G, be such that its correspond-
ing character Xmin has good reduction Ymin. Such a G, exists by Part (A).
Note that Giin is a polynomial in 1 + 7~ 'm[T~1] of degree m,,_1(p — 1).
Recall that Y, is our original character, with upper ramification breaks
(m1,...,my), and that m, is not necessarily equal to pm,_;. Furthermore,
we saw in §2 that Y, corresponds (upon completion at t = 0) to a (truncated)
Witt vector wy, := (f1,..., fn) € Wy(k((t))), and we may assume that each f;
is a polynomial in k[t ], all of whose terms have prime-to-p degree. Then (2)
shows that m,, = max(pm,_1,deg(f,)). On the other hand, Ymin has upper

31



ramification breaks (mq,...,mp_1,pm,_1), and corresponds to a Witt vector
Wimin = (f1, -+, fa—1, fmin), Where fuin € k[t~!] has degree < pm,,_1 and only
terms of prime-to-p degree. Subtracting Witt vectors yields

wn_wmin:(07'-'507fn_fmin>- (21)

Let f = fn — fmin, which has degree < m,,, and let F' € T’lR[T’l] be such
that deg F' = deg f, vo(F) =0, and [F]o = f.

Proposition 6.19 After a possible finite extension of K, there exists € € Qxg,
as well as Gy, € 1+ T 'm[T~!] of degree at most m,, — m,,_1 and H € 1+
T~ m[T~!] such that (H,G,) is a solution to

CminH? — Gp = —p71F  (mod pr 1t R[T™1)).

Proof: This follows immediately from Corollary 7.16, substituting m,, and
ry, for m/, and r},. O

Proposition 6.20 Suppose that there is no integer a satisfying

M ca< <m7> <& _ mnl) , (22)
p My — Mp—1 p

Then we can find H and G,, as in Corollary 7.16 such that v, (G, — 1) > 0,
where r,, = m. Thus all zeroes of G, lie in the open disk D(ry,).

Proof: This follows immediately from Proposition 7.17, substituting m.,,
and r,, for m}, and 77,. O

Proposition 6.21 There is a character x, whose (good) reduction is Xy, such
that B(x,) C D. If there is no a € 7Z satistying (22), then B(x,) C D(ry),
1

where Tn = m

Proof: The character x,, will correspond to G, in the notation of Proposi-
tion 6.19. From that proposition, we have

Gn ,,_ _p F
H™P—=1 -1 — —: . 23
Gmin +p ’ Gmian ( )

Now, vg(F — 1) = 1% and [F — 1]o = f, which is not a pth power. Thus,
Proposition 5.16 shows that if xz = & (F) € H}(K), then 8, .(0) = 0 and the
reduction ¥z corresponds to the Artin-Schreier extension given by y? —y = f.
Thus if X = Rn(FP" ) € H}.(K), then we also have Oy, (0) = 0 and the
reduction Y’s corresponds to the same extension, which is encoded by the Witt
vector (0,...,0, f).
On the other hand, note that ymi, corresponds to the element
G\GY- Gl R e KX (KX

min
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whereas the character y, coming from G,, corresponds to the element
GiGL--GrGr T e KX (KX

By (23), we have XminXz = Xn as elements of H}. (K). By Proposition 5.8
(iv), we have that XminX'z is the reduction of x,. Since Y’; corresponds to the
Witt vector (0, ...,0, f), it follows from (21) that the reduction of x,, is, in fact,
Xn. Since G,, is a polynomial of degree < m,, — m,_; in T~!, we have that
[B(xn)| < mn + 1. By Corollary 5.12 (i), we have equality, and thus y,, has
good reduction Y,, proving the first assertion of the proposition. The second
assertion then follows immediately from Proposition 6.20. O

Proposition 6.21 completes the proof of Part (B), and Theorem 3.4 follows
immediately.

Remark 6.22 Example 7.18 shows that it is possible for the result of Propo-
sition 6.20 not to hold when there is an a € Z satisfying (22) (in particular, we
take p =5, n =3, (m1,ma,m3) = (1,5,34), and a = 2). When this is the case,
the branch locus of x,, generated above does not lie in the disk D(ry,).

7 Proofs of technical results

In this section, we give the proofs of Theorem 6.6, Lemma 6.12, and Propositions
6.19 and 6.20. In fact, we will prove Theorem 6.6 and Lemma 6.12 in somewhat
more generality. All the proofs are related to each other and will share much
notation.
Throughout §7, we will use notation parallel to that used in §6. Let (mq, ..., my,)

be a sequence of positive integers such that p { mq, that m; > pm;_1 for

1 <i < n, and that if p|m;, then m; = pm;_;. For 1 <i <n, set r; = ﬁ.
Write N = m,, — m,_1. Let N; and N2 be nonnegative integers such that
Nj + Ny = N and p|N,. Lastly, let m be the minimal m; such that m,_; is a
pth power times m;. Set v =n — 1 — 4. Thus, m,_1 = mp"”.

7.1 Arbitrary types We work under two helpful assumptions.

Assumption 7.1 There exist ag,a1,...,an, € Z and Z1,...,ZTn, € k™ with
plag, with 0 < a; < p for ¢ > 1, and with Z; # Z;, such that the differential form

v . N1
oo dgg—m S, with gm0 [ s
= i=1

satisfies ordo, (w) = my,, — No — 1= Ny +my—1 — 1 (cf. (17)).

To formulate the second assumption we need more notation. We have, by
(19), that

L it 2 N
dg/g =) ——— = ( --‘f+1)t—‘3—2dt.
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Assumption 7.1 is therefore equivalent to the system of equations

S =1 0zg<y
- ! 0, otherwise,

for {=0,...,my, — No—2= Ni+m,_1 — 2. The Jacobi matrix of this system
of equation at the point (Z;) is the (N1 4+ m,—1 — 1, N7)-matrix
((5 + l)ai‘ff)e

52

over k. The rows of this matrix corresponding to an index ¢ with £ = —1
(mod p) vanish. Crossing out these trivial rows we obtain the matrix
—£
((é + 1)aixi)€$—l(mod p)i’
For our key result, Lemma 7.4, we need this matrix to be invertible; this is the
case if and only if the matrix

A= (i.f)é-f—l(mod )i (24)

is invertible.
Assumption 7.2 The matrix A in (24) is invertible.

Remark 7.3 Note that a trivial necessary condition for Assumption 7.2 is that
A is a square matrix. This is not in general true. For instance, if m = 1, so
that m,_1 = p"~2, then A is square if and only if

2 2

—p< Ny <ptt—pr2

pnfl _ pnf

Fix g as in Assumption 7.1, and assume Assumption 7.2. In the field K(T'),
set T = p~"™—1T. Let G, denote the family of polynomials in R[T~!] of the
form

Ny
G = H(l — (Eijz‘il)ai,
1=1

such that x; reduces to Z;. In particular, for any G € G,,, we have [G],,, , =
t~%g. Lastly, let m’ = Ny + my,_1.

Lemma 7.4 Under Assumptions 7.1 and 7.2, let G € Gy, and let J € 1 +

T—'m[T~].
(i) There exists a unique G’ € G,, and a unique polynomial I € 1+T~Pm[T 7]
of degree < m’ — 1 in T~ such that

/
%I =J (mod T™™).
If J =1 (mod p, T~™) for 0 € Qso, then vmfl(%’ —1) > o and
v, (I —1)>0.
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(ii) Let0 < s < ﬁ be a rational number. After a possible finite extension of

K, there exists G' € G,, and a polynomial H € 1+ T~ 'm[T~!] of degree
< [(m’ —1)/p] such that we have

G S
ngEJ (mod p*, T~™).

If J =1 (mod p?, T~™) for some 0 < o < 527, then we can choose G’

and H such that Urnfl(%l —1)>ocandv,, ,(H?—1)>o0.

Proof: By assumption we have
Ny
G=Ja—a1)",
i=1

and where z; € R is a lift of ;. We set

Ny
G = H(l — T 2l =y + 2,
i=1

and where the z; are for the moment considered as indeterminates. We also set

for another system of indeterminates b;. Write

12 o0
ZI=1+Y T
G +€_1Cf )

where ¢, is a formal power series in (z;,b;). A simple computation shows that

dcy e
8—Zi|zi:bj:0 = a;T;

o [ 1 t=p (25)
ab; =0 0, £+#pj.
The congruence
G’ S
61 =J (modT™™) (26)
corresponds to a system of m’ — 1 equations (one equation for each monomial
ceT=% ¢ =1,...,m'—1) in the indeterminates (z;,b;). The Jacobi matrix of this

system of equations is invertible over R if and only if its reduction is invertible
over k. From (25) it is easy to see that this is true iff the matrix A from (24)
is invertible, which is the case by Assumption 7.2. We conclude that (26) has a
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unique solution with z;,b; € m. In fact, by the effective Hensel’s Lemma, v(z;)
and v(b;) are all at least as large as v,, _,(J — 1). This proves (i).

To prove (ii), we will build G’ and H through successive approximation. Let
Giand I; =1+ Zg(fl il bj1 TP be the unique solution guaranteed by (i).

So %Il =J (mod T~™). Set

(' =v/
Hy=1+ > 0/

for any choice of pth roots, and set J; := G/l HY. Since HY = Il (mod D), W

have that <= =1 (mod p, T=™"). Now, let G’ and I, = 1—|—Z DIvly T
be the unique solution to

J ~
2 -m
G/ IQ Jl (HlOd T )
guaranteed by (i). Note that, since the coefficients of J (mod T~™") have
valuation at least 1, Part (i) gives that v(b;2) > 1 for all j. Let

('~ 1)/p)
Hy:=1+ Z byPT.

Then HY = I (mod p'*1/?). Thus

G/ G/ GI J - ,
G(HlH) G?H” G1HP % Sy =J (mod p'tVP ™Yy (27)

We can repeat this process for all i € N, letting G and I; be the unique
solution to o 5
=" (mod T ™
Gy Jia ( )
guaranteed by (i), and constructing H; from I; in the same manner as H;

e 7 i—1 i G, _
and HQ. Set Jl = ?(HlHl)p If Yi = Zj:l :l/[)g7 then G;,lHéD = 7.5

(mod p7i). Analogously to (27), one derives

G G G .

Zi(Hy - H)P = ——HP . —=L(H,...H, 1)’ = J dpy, T—™).

o (1 ) a G (H; 1) (mod p™, )
Since s < -5, we have that v; > s for large enough i. Setting G’ = G and
H=(H-- ) for such an i gives the desired solution to part (ii).

To check the last statement of part (ii), it suffices to show that v,, , (HY —
1) > o for all i € N. Since v,,, ,(I1 —1) > o by (i), we have v,,, ,(H{ —1) >0
(here we use that o < -E5 to estimate the cross terms). Since part (i) also

shows v, _, (% —1) > o, we see that v, _,(J; —1) > 0. An easy induction now
shows that v, ,(HP —1) > o for all i. 0
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Corollary 7.5 Under Assumptions 7.1 and 7.2, let G € G,,, let r € QN(0,7r,—1),
and let f € t71k[t~!] be a polynomial of degree < m' = m,,_1 + Ny without
constant term. Fix some s € Q with

P

Ny 1 —1r)<s< )
m' (rp—1 T)_s_p_l

Then there exists G' € G, a polynomial H € 1 + T 'R[T~!], and F € K such
that & H? =1 — p*F with v.(F) = 0 and [F], = f.

Proof: Let F’ be a polynomial in T~! of the same degree as f such that
v(F") =0 and [F'], = f. Now, v, _,(p°F') = s — deg(f)(rn—1 — r), which is
positive by our assumptions. Choose o such that s — (r,—1 — ) < 0 < ﬁ.
Then Lemma 7.4(ii) yields G’ and H such that

/
%Hp =1—-p°F (modp?, T™™).

Lemma 7.4(ii) also allows us to assume that

!

vmfl(%H” —1) > s—deg(f)(rn—1—r).

If F' is such that %/Hp = 1—p°F, then it suffices to show that v,.(F—F’) > 0.
Write p* F—p®F’ as a power series Z;io a;T~7. For j < m’, we have v(a;) > 0.
For j > m’/, we have v(a;) > s — deg(f)(rn—1 — r). In both cases, we have
v(aj) + j(rn—1 — r) > s, which shows that v,(p°F — p*F’) > s, and thus
v (F—F') > 0. O

7.2 Specialization to the context of Theorem 6.6 and Lemma 6.12
Maintain the notation of §7.1. In this section, we show that Assumptions 7.1
and 7.2 are satisfied in the situations of §6. In particular, we want to show that
there is a ¢ satisfying Assumption 7.1 in the form

Ny

g=t""J[a -zt (28)

=1

Such a solution (where ag = —N» and a; = 1 for i > 1) is called a solution with
simple type. In the situation where we only look for solutions with simple type,
(20) can be rewritten as

L - —mpi—1 _ Cdt
7=0

where ¢ # 0. Recall that N = m,, — mp—1 > my_1(p — 1) and that m,, Z 0
(mod p) if the inequality is strict.
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Lemma 7.6 Suppose g is of simple type as in (28). Then g satisfies (29) (and
thus (20)) if and only if it satisfies Assumption 7.1.

Proof: The “only if” direction is immediate from the right hand side of
(29). To prove the “if” direction, suppose that g is of simple type and satisfies
Assumption 7.1. Then w has a zero of order m,,_; + N1 — 1 at oo, simple poles
at all the Ny zeroes of g, a pole of order m,_; + 1 at 0, and no other poles.
Thus, w can have no other zeroes. So the differential forms on each side of (29)
have the same divisor, and we can choose ¢ to get our desired equality. O

Theorem 7.7 Assume that m = 1 (ie. (my,...,mu_1) = (1,p,...,p"" 2 =

p”)). Then (29) has a unique solution g € k(t). This solution is of the form
(28), with pairwise distinct Z; € k, and where

P —p  —p< N <p"Tt—p’, Ny=N (mod p)
Proof: We rewrite (29) as the nonhomogenous linear differential equation
dg—g- (Y 7' lat) = ct N lay (30)

J=0

and we first look for solutions in k((t)) of the form g = >7°  a;t*. We obtain
a system of linear equations in the coefficients «;. In degree —N — p” — 1, we

obtain a_y = —¢, and for i > 1 we get a linear expression for v n; in terms
of a_n,...,_N+i—1. In other words, (30) has a unique solution of the form
g=—ct N + ... € k((t)). We also observe that the linear equations become

periodic in 4, as soon as i > p”, which means that the coefficients of g (which
only take values in ) are also eventually periodic. This means that g is actually
a rational function in ¢, i.e. g € k(t) (as if P is the period of the coefficients of
g, then one can write an equation relating g and t*g). Now we can use (29) to
see that

ordg(g) = —N, ordz(g) € {0,1}, & # 0, 00. (31)

It follows that g € k[t,t7!] is a Laurent polynomial with leading term —ct=
with only simple zeroes outside of t = 0, co. Set

N3 := ord(g) (32)

and Ny := N — Ny. Then g is of the form (28). It remains to see that Ny is as
claimed in the theorem.
Let w denote the differential form in (29). By (32) we have

orde(w) =p” =14+ N; >p”" —12>0, (33)

which implies that rese(w) = ress(dg/g) = 0. We conclude that N = 0
(mod p) and hence Ny = N (mod p). It remains to prove the inequality for Ny
stated in the theorem.
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First assume v = 0. Then orde(w) = Ny. Also, C(w) = dg/g = w + t~2dt.
Thus, either N7 = 0 or ordsC(w) = 0. But it is easy to see that if orde.C(w) =0
and ordy, (w) > 0, then ordeow < p. Thus 0 < N; < p, which is exactly the
condition of the theorem.

Now assume v > 1. Set

Ny
ho=tN2g7l = H(l — it )7L

=1

Since No =0 (mod p), h satisfies the differential equation

dh+h- (3 477 7Ndt) = ot NP 2 g (34)

j=0
which is derived from (30). If we write h = 1 + b1t~ ! + byt =2 + ... and plug
this into (34), we see that the coefficients by, ..., b,—1 satisfy the simple linear

equations
b1 = 1, 2b2 = bl, ey (p — 1)();071 = bp,Q.

We conclude that b; = 1/i! #£ 0 for i = 0,1,...,p— 1. Write N; = pM — a with
0<a<pand M € Z. Then

w=ct NP Nt = (M (L pyo ) dtt,
from which we see that

Clw) = /P = M=p" (/P 4 plP =1 ) dt /.

Since b, # 0, it follows that
ordeClw) = M +p"~ ! — 1. (35)

In particular, this and (33) show that ordeC(w) < ordew. Therefore, the
equality
C(w) =w+t7P ~tdt.
shows that
ordeoC(w) = p” — 1. (36)
Combining (35) and (36) we conclude that M = p” — p*~! and hence
Ni=pM —a=p""t —p" —a.

This completes the proof of the theorem. O

Corollary 7.8 If m|N, then (29) has a unique solution g(t) € k(t). In this
case, the solution is given by g(t) = h(t™), where h(t) is the solution to (30)
with N replaced by N’ := N/m and c replaced by ¢ := ¢/m. In particular,
g(t) € k[t™1] is of simple type, and of degree N in t~!. Furthermore, m|N; and
we have

Mp_1(p—1)—mp <Ny <mp_1(p—1), N1 =N (mod p).
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Proof: Equation (29) can be rewritten as
dg—g-m- Zt_mp “ldt) = et N, (37)
Since g(t) = h(t™), we have dg = mt™~1dh(t™). By definition, h satisfies

dh—h- (77 7dt) = N L, (38)
=0

Multiplying (38) by t, substituting ¢"* for ¢ on both sides, and then multiplying
by £t yields (29). This shows that g(t) is as in the corollary. Then g is unique
because its Laurent series coeflicients can be calculated by recursion. The prop-
erties of N7 follow easily. ]

Remark 7.9 Suppose g € k[t™!] is a solution to (29), thus (37). Let & be the
coefficient of =% in g (with ¢; = 0 if i < 0). Then (37) in degree —i — 1 gives
the equation

—c 1=N+muy_1

) (39)
0 otherwise.

iéi + m(éi—m + Ei—pm + -+ Ei—p"m) = {

Corollary 7.8 proves Theorem 6.6. Since m|m,_1 by definition and N =
My —My—1, we have that m,, = pm,,_1 implies m|N, and thus that the solution
g to (29) guaranteed by Corollary 7.8 satisfies Assumption 7.1.

Lemma 7.10 Ifg is a solution to (29) with simple type, and we further assume
that m,, = pmy_1, then Assumption 7.2 holds as well.

Proof: Corollary 7.8 shows that Ny = m,,_1(p — 1). One then sees that the
matrix A in (24) is square. We show that ker(A) = 0. Suppose ¢ € ker(A) is
non-zero, and let Z be the vector (Z1,...,%,). Then, if €2 = 0, the vector &+ e/
must also satisfy Assumption 7.1, and thus, by Lemma 7.6, £ + eV must satisfy
(37) (equivalent to (29)). Now, we claim that replacing Z with & + €U replaces
g with g + eh(?), where h(%) is a nonzero polynomial in ¢t~1. Given the claim,
Equation (37) then implies that dh — h-m - (3_gt~™" ~'dt) = 0, or that

dh/h =m Zt‘m” )
7=0
But the right-hand side is not logarithmic, as it has a multiple pole at t = 0.

This is a contradiction.
To prove the claim, we must show that h(¥) is nonzero. If €; is the jth

standard basis vector, then h(é;) =t~ N2~1 (vazll (1- a‘:ifl)) /(1 —z;t71). In
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particular, Z; is a zero of h(e;) for all ¢ # j, but not when ¢ = j. But then no
h(€;) can be a linear combination of the h(€;) with i # j, because that would
imply that Z; is a zero of h(€};). Thus h(¥) # 0 for ¥ # 0. ad

Corollary 7.11 Lemma 6.12 holds.

Proof: If m,, = pm,_1, then Corollary 7.8 and Lemma 7.10 guarantee
that there is a unique g satisfying (29) (thus Assumption 7.1) and Assumption
7.2, and that Ny = 0. By Lemma 7.6, the family G,, from §7.1 (in particular,
Corollary 7.5) is the same as the family defined in Definition 6.7. Then Lemma
6.12 follows from Corollary 7.5, noting that, since N = Ny = m,_1(p — 1), we
have m’ = m,, = pm,,_1 in Corollary 7.5. |

Remark 7.12 Suppose m = 1, so that m,_; = p* 2. Then the condition
pn~t—p" 2 —p < Ny < p" ! — p"2 from Theorem 7.7 is exactly the same as
the necessary condition for the matrix A in (24) to be square (Remark 7.3), and
thus it is necessary in order for Assumption 7.2 to be satisfied. So if g satisfies
Assumption 7.1, even if g does not have simple type, we still must have the
same bounds on N7 in order to proceed with any proof that uses Assumption
7.2, which is essential for our proof of Lemma 6.12. The importance of bounds
on N; was shown in Example 6.9 and Remark 6.10.

7.3 An invertible matrix We give a result (Lemma 7.14) that will be used
in §7.4. Assume that m,, = pm,_1, and that g is a simple type solution to (29).
By Corollary 7.8, we have Ny = N = m,,_1(p — 1), and Ny = 0. Maintain the
notation G, from §7.1. Recall that T = p~"—'T. Recall also that, if T’ € G,,,
then T' € 1 + T~ 'R[T~'] has degree m,,_1(p — 1) and simple zeroes.

Let V= R™»-1 be the free R-module of polynomials of the form

Mnp—1

Z b,T7P (b € R),

j=1
and W = R™n—1 be the free R-module of polynomials of the form

pPmMnp—1

Z ajT_j (aj S R)

j:mn,l(p71)+1
For I" € G,,, consider the linear map L : V' — W defined by
Lr(J) = (TJ)",

where (-)!" truncates a polynomial in T~ to preserve only the terms of degree
Mp—1(p — 1) + 1 through pm,,_1, inclusive. Let Ar € M,,, ,(R) be the matrix
of this linear map, relative to the input basis T-P, ..., TP"»-1_and the output

41



basis T~ (mn—1(p=D+1) T=pmn-1 If ¢; is the coefficient of T~¢ in I' (with
¢; = 0 for ¢ < 0), then the matrix Ar is given by

cmn,l(pfl)prrl Cmn,l(p71)72p+l e Comy,_1+1
cmn,l(p71)7p+2 Cmn,l(p71)72p+2 te Comy,_14+2
Ar = _ , _ (40)
Cpmp_1—p Cpmy,_1—2p e €o

Lemma 7.13 For any I" € G, the matrix Ar above lies in GL,,, ,(R).

Proof: We note that Ar lying in GL,,, _,(R) is equivalent to the reduction
Ar of Ar lying in GL,,,_, (k), which is equivalent to the linear transformation
given by Ar being surjective. Since Ar does not depend on the choice of ' € G,,,
it suffices to show that, for any w € W, there exists some I' € G,, and some v € V
such that Ly (v) = w. Consequently, it suffices exhibit an R-basis w1, ..., wm,, _,
of W such that each w; is in the image of some Lr.

Take any G € G,,, and let

w) = (T~ M@=V 1 < < myy.

One easily sees that the w] form an R-basis of W. If i = m,,_1, take wy,, , =
wy, = T—P™n-1, Then, w; = Lp(T "™ 1), regardless of T.

Now, suppose 1 < i < my_1. For any small € € Qs, let r € Q be such that
(Mp—1 —8)(rp—1— 1) =€

(we choose € small enough so that r > 0). If s = pmy_1(rn—1 — r), then the

monomial
F= p(mn—1(1)*1)+i)(rfrn—1)T*(mn—1(p*1)+i)

satisfies [F], = t~(mn-1(p=D+) and (p* FG)'" = p“w). By Lemma 7.4(i) with
J =1+ p°F, there is a unique solution (G’, I) to

G'I -G =p*FG (mod T~Pmn-1),

where G € G,, and I is of the form 1+ Y7 " b;T~#/, with all b; € m. Then
Leg/(I —1) = p*w, + cwp, ,, with ¢ € Rand I —1 € V. By continuity and
the linearity of L, it follows that there exists ¢ € R and v € V such that
Lg/(v) = w) + dwp,,_,. If w; = w} 4+ dwyy,,,_,, then w; is in the image of Lg.
Since w1, ..., wn,_, form a basis of W, we are done. O

Lemma 7.14 Let oo = (my, — p[*2]). Let C' € My,,_,(R) be the matrix with
Ol'j = Cmp_q (p—1)—pj+ita- Then C € GLmn,l(R)-
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Proof: It suffices to show that the reduction C of C to M,,,_, (k) is invert-
ible. For all j, let ¢; be the reduction of ¢; to k. These are the coefficients of
t=7 in g (see Remark 7.9).

By Lemma 7.13, the reduction A of Ar in (40) to M,,, ,(k) is invertible.
Notice that A satisfies Zij = Cpn,,_1(p—1)—pj+i- Thus, up to reordering rows, the
matrix C is derived from the matrix A by replacing each of the first o rows
Ry,..., Ry of A with rows R}, ..., R!,, such that each entry  in R; is replaced
by € tm, , in R;.

Now, setting i = [+ m,_1 in (39), we obtain that the ¢; satisfy the recursion

m

S l+m 1 (Cetmo—1—m + Cotmu_r—pm + -+ Copm,_1—prm), (41)
n

Ef-l-mn,l =
so long as p{ £ +m,_1. Since 0 < a < p, we see that in the first o rows of A,
no ¢; appears with p|¢ +m,,_1, so (41) holds. All entries of R; are of the form
Ty, with £ =1 —my_1 (mod p), so (41) shows that R} is a linear combination
of the rows of A, where the coefficient of R; is the unit —T. So replacing Ry
with R} gives a matrix A; such that det(A;) = —mdet(A). In particular, A,
is invertible. For the same reasons, replacing the row Ry of A; with R} gives a
matrix Ay which is again invertible. Repeating this process a total of o times
yields an invertible matrix A,. Since C is obtained from A, by reordering rows,
it is also invertible.

O

7.4 Proof of Propositions 6.19 and 6.20 Maintain the notation and
assumptions of §7.3. Let Gunin € G,. Note that G, € R[T’l] has degree
My —Mp—1 = Mp—1(p—1). Let m!, > my, = pm,,_1, with m/, prime to p unless
m!, = my. Let F € T~'R[T~] have degree < m/,.

In order to prove Proposition 6.19, we begin by trying to find polynomials
I and G), in R[T] such that

Guinl — Gy = —p7*TF (mod pr"T T RIT1)) (42)

for some € > 0, with I having only monomials of degree divisible by p and G/,
having degree at most m/, — m,,_1. Consider instead the congruence

Gminl — G, = —p7TF  (mod T~ 'K[T~")). (43)
Since F' has degree at most m/, in T~ we look for I of the form

2]
I=Y bT 7.
=0

Being able to choose G, affords us some freedom; we may choose the coefficients
b; for 1 < mT/" — My,—1 at will. This is because the terms in Gpin/ to which
these b; contribute have degree at most m/, — m,_1. As in §7.3, write Gupin =
E:;’a’l(pfl) e;T~%, with ¢; = 0 for i not between 0 and mp—1(p —1).
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Proposition 7.15 After a possible finite extpension of K, there exists a solution
(I,G") to the equation Guyinl — G, = —p7F (mod T-™»"'K[T~1]) as de-
scribed above with coefficients in K. Furthermore, a solution exists with by = 1,

b=0for1<i< oy — My_1, and v(b;) > L7 — mi/ for all other 1.
P P 1(p—1)

Proof: We take bg =1 and b; =0 for 1 <1
as

(42)

Gmin(I - 1) - G;l = PﬁF - C7vmi!f1 (mOd TﬁmililK[Til]).

This is a system of m], + 1 equations (corresponding to the terms of degree 0

through m/,) in m/, + 1 variables (corresponding to the coefficients ¢y through

Cmt —m,_, of G, and b[ AN " through b[ ) of I). Let E be the matrix
Mn—1

representing this system. "We will show that E € GLy: +1(R). Let the columns
of E correspond to the variables just listed, and let the rows of E correspond
to degrees 0 through m!,, in order. Then E can be written as a block matrix,

ml —mp_1+1 ‘ B

E—
0 c

; (44)

where Ipn: —m,_,+1 is the identity matrix of size m), — mu—1 + 1. Since the
entries of B and C' lie in R, being coefficients of Gin, we see that showing
that E € GLyy 11(R) is equivalent to showing that C' € GLy,,_,(R). Now,

the ijth entry of C is ¢, with £ = m), — m,_1 + i — p([%/"] —Mp_1 +7j) =
Mp—1(p — 1) —pj + i+ (m), — p[mTf@]) By Lemma 7.14, the matrix C lies in
GL,,,_,(R), thus so does E.

Lastly, we show that we have v(b;) > foralli > 2o —m,, 4.

yd m,,
F Mp—1 (p 1)
Since F € _R[T_l]7 the coefficient of 7—% in —p7 T F has Valuatlon at least

2 _ i Since F has degree at most m/, in T, all coefficients of
p—1 mnfl(p 1) n

—p7-1F (in terms of T) have valuation at least -2~ — ™y The b; in
p—1 mp—1(p—1)"

question are given as entries of the column vector E~'¥, where ¥ is the column
"‘ /

vector whose entries are the coefficients of 1,71, ..., T~™n in —p7- #1F. Since

E~! has entries in R, we are done. 0

We now prove Proposition 6.19.

Corollary 7.16 Let

SEL

I=Y buTP

be the solution to (43) found in Proposition 7.15. If

Il
=)

[

H= ; b/P T
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for any choice of pth roots, then there exists (after a possible finite extension of
K) G,, € R[T™] of degree at most m!, — m,_1 such that (H,G,,) is a solution
to

GuminH? — G, = —p7-1F  (mod pr-1T*R[T1))

for some € € Q. Furthermore, H and Gy, lie in 1 + T~ m[T~1].

’
oy,

Proof: Working in terms of T, we have that H? — | = Zf[:?]paif_i,

where for all 4, v(a;) > min;(v(b;)) = 25 — #&_1). Since Gmin € R[T™Y],
it follows that

Gmin(H? — 1) = Zeif_i (mod T~ ~'R[T~Y)),
i=1

where v(e;) > 1+ 1% — #(l"p_l) for all . Set G,, = G, + Z:T;'nl—mnfl e, T,

where G}, is as in Proposition 7.15. We must show that GninH? —G,, = —pﬁF
(mod p7 1T R[T 1)) for small enough ¢ € Qs )

If 0 <i<m], —mp_1, then the terms involving 7" (and thus T—") agree
exactly for GpinH?P — G, and —pﬁF by construction. ~

If m, —mp_1+1 <i<ml, then the terms involving 7" (or T~") agree
exactly for Guinl and —pﬁF (G, and G!, have no terms of these degrees). So
the coefficient of T~% in GinHP — G,, + ﬁF is e;, which has valuation at least

1+ ﬁ — #&71). Thus the coefficient of T7% in GuinH? — Gy, —I—pﬁF has

valuation at least

p my, i P p—2 p
— + > + >
p—1 mya(p—1) mupa(p-1) p—-1 p—-1"p-1

1+

)

so the desired congruence holds for these terms.
~ . D
For i > m/,, the coefficient of T~" in Gyjn H? —G,,+p?-1 F' (which is the same
as in Guin H?, as F is of degree < m;) has valuation at least -2 — #{;71).
So the corresponding coefficient of 77" has valuation at least

/
_ n +
p—1 mn—l(p_l)

D m { D

> )
mn—l(p_l) p_l

proving the desired congruence.
To prove the last assertion, note that any non-constant coefficient of H is of

the form bz/pf”', with v(b;) > ﬁ — #&71) and i > % — Mp—1. It follows

easily that v(b;/p) +ir,_1 > 0. Thus, when H is written in terms of 77!, all
non-constant coefficients have positive valuation. The same is then true for G,,.
O

We examine our solution above in greater detail to prove Proposition 6.20.
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Proposition 7.17 Let G,, and H be as in Corollary 7.16. Suppose that there
is no integer a satisfying

/ / /
T e <m7> <& _ mn_l) ' (45)
p m,, —Mp-1 p

Then v, (H—1) > 0 and v,s (G, —1) > 0, where r;, = ﬁ. Thus all zeroes
of G,, lie in the open disk D(r},).

Proof: Since v,/ (Gmin —1) > 0, we need only show that v, (H—1) > 0. Let
T’ = p~™T. Writing H — 1 as > (T7) 7%, we see from Proposition 7.15 and
the definition of H that ; is nonzero only when [“%] — My +1 <7 < [%"]
In particular, ¢ > Ty _ mp_1. Furthermore, if b; is the coefficient of T—Piin [
(Proposition 7.15), then by the definition of H (Corollary 7.16), we have

v(y) = 7 -
p mpa(p—1)  my(p—1)
1 mh, i i
> —— (1= + - —
p—1 Pminp—1 mp—1 miz
If ¢ > (m/:nin%,l) (n;;‘ — My—1), then v(;) > 0, and we are done. m|

Example 7.18 We give a counterexample to Proposition 7.17 when there is an
a satisfying (45). Let p = 5, n = 3, (m1,m2,m3) = (1,5,34), and F = T34,
Take Gmin € G3 as above. Then the matrix C from (44) becomes

€20 Ci5 Cio C5 Co
€21 Cie Ci1 Ce C1
C22 C17 Ci2 C7 C2

C23 (€18 Ci13 Cg C3

C24 Cl9 Ci4 C9 (4

Now, based on (39) and the fact that ¢y must be 1, one can calculate that the
reduction of this matrix to M5(k) is

400 0 1
01 11 1
C=100 4 2 3
000 11
0000 4
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and O has a nonzero entry in the upper righthand corner (easily checked using
the adjoint formula for the inverse).

Now, if E is as in (44), then E~! = . We calculate the

coefficient by of 7710 in I (from Proposition 7.15). It is the entry of E~'¥
(see end of proof of Proposition 7.15) corresponding to the top row @ of C~1
(i.e., the row (0|w) of E~1). Here ¥ is a vector whose only nonzero entry is in
the last position, and is the coefficient of T34 in 5%/4F , which has valuation

5— 34(%4)) = —5. Since C~! has an entry of valuation zero in the upper

righthand corner, we see that v(by) = —55. If 1" =57"3T = 5727737, then if we
9 , 10 _ _10

write I in terms of T”, the coefficient of (T")~1? has valuation —g5 + 55 — D) =

= — 1 < 0. The coefficient of (7")7'* in HP has the same valuation, as does
the coefficient of (T7)71% in Guin HP, as does the coefficient of (77)~1* in Gj.
So the zeroes of G5 do not all lie in the disk D(r3). In fact, using the Newton

polygon, one can show that 10 zeroes of GG3 have valuation ﬁ.
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