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ON THE WITT VECTOR FROBENIUS

CHRISTOPHER DAVIS AND KIRAN S. KEDLAYA

ABSTRACT. We study the kernel and cokernel of the Frobenius map on the
p-typical Witt vectors of a commutative ring, not necessarily of characteristic
p. We give some equivalent conditions to surjectivity of the Frobenus map on
both finite and infinite length Witt vectors; the former condition turns out to
be stable under certain integral extensions, a fact which relates closely to a
generalization of Faltings’s almost purity theorem.

INTRODUCTION

Fix a prime number p. To each ring R (always assumed commutative and with
unit), we may associate in a functorial manner the ring of p-typical Witt vectors
over R, denoted W (R), and an endomorphism F of W (R) called the Frobenius en-
domorphism. The ring W (R) is set-theoretically an infinite product of copies of R,
but with an exotic ring structure; for example, for R a perfect ring of characteristic
p, W(R) is the unique strict p-ring with W(R)/pW(R) = R. In particular, for
R=TF,, W(R) = Z,.

In this paper, we study the kernel and cokernel of the Frobenius endomorphism
on W(R). In case p = 0 in R, this map is induced by functoriality from the
Frobenius endomorphism of R, and in particular is injective when R is reduced and
bijective when R is perfect. If p # 0 in R, the Frobenius map is somewhat more
mysterious; to begin with, it is never injective. In fact, it is easy and useful to
construct many elements of the kernel. On the other hand, Frobenius is surjective
in some cases, although these seem to be somewhat artificial; the simplest nontrivial
example we have found is the ring of integers in a spherical completion of Q,,.

While surjectivity of Frobenius on full Witt vectors is rather rare, some weaker
conditions turn out to be more commonly satisfied and more relevant to applica-
tions. For instance, one can view the full ring of Witt vectors as an inverse limit
of finite-length truncations, and the condition of surjectivity of Frobenius on finite
levels is satisfied quite often. For instance, this holds for R equal to the ring of inte-
gers in any infinite algebraic extension of Q which is sufficiently ramified at p (e.g.,
the p-cyclotomic extension). In fact, this condition can be used to give a purely
ring-theoretic formulation of a very strong generalization of Faltings’s almost purity
theorem, based on recent work by the second author and Liu [5] and by Scholze [7].

One principal motivation for studying the Frobenius on Witt vectors is to reframe
p-adic Hodge theory in terms of Witt vectors of characteristic 0 rings, and ultimately
to globalize the constructions with an eye towards study of global étale cohomology,
K-theory, and L-functions. We will pursue these goals in subsequent papers.
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1. WITT VECTORS

Throughout this section, let R denote an arbitrary ring. For more details on the
construction of p-typical Witt vectors, see [3, Section 0.1].

Definition 1.1. For each nonnegative integer n, the ring Wyn(R) is defined to
have underlying set Wy (R) := R™! with an exotic ring structure characterized by
functoriality in R and the property that fori=0,...,n, the p'-th ghost component
map wyi : Wyn (R) — R defined by

Wi (11, Tpy - ooy Tpn ) = r’fl —i—prg . —i—pirpi
is a ring homomorphism. These rings carry Frobenius homomorphisms F' : Wn+1(R) —
Wpn (R), again functorial in R, such that for i =0,...,n, we have wyi o F' = wyit1.
Moreover, the Verschiebung maps V' : Wyn (R) = Wynt1(R) defined by the formula
V(ri,...,rpn) = (0,71, ...,7pn) are additive (but not multiplicative).

There is a natural restriction map Wyn+1(R) — Wyn(R) obtained by forgetting
the last component; define W(R) to be the inverse limit of the Wyn (R) via these
restriction maps. The Frobenius homomorphisms at finite levels then collate to de-
fine another Frobenius homomorphism F : W (R) — W (R); there is also a collated
Verschiebung map V : W(R) — W(R). The ghost component maps also collate to
define a ghost map: w : W(R) — RY. We equip the target with component-wise
ring operations; the map w s then a ring homomorphism.

In either Wyn(R) or W(R), an element of the form (r,0,0,...) is called a
Teichmiiller element and denoted [r]. These elements are multiplicative: for all
ri,r2 € R, [rira] = [r1][ra).

Some additional properties of Wilt vectors are the following.

(a) Forr e R, F([r]) = [r?].

(b) For x € Wpyn(R), (FoV)(z) = pz.

(c) For z € Wpn(R) and y € Wpni (R), V(2 F(y)) = V(2)y.
(d) Forz € Wpn(R), z =371 V' ([2:]).

Remark 1.2. A standard method of proving identities about Witt vectors and their
operations is reduction to the universal case: take R to be a polynomial ring in many
variables over Z, form Witt vectors whose components are distinct variables, then
verify the desired identities at the level of ghost components. This suffices because
R is now p-torsion-free, so the ghost map is injective.

We will need a couple of other p-divisibility properties. We first prove the fol-
lowing lemma.

Lemma 1.3. In W(Z/p*Z), we have
p=(p,(=1)""1,0,0,...) = [p] + V([(-=1)"""]).

Proof. Write p = (z1,7p,...) € W(Z). Thenz; = pand z, = (p—pP)/p = 1—pP~ 1,
which is congruent to 1 mod p? if p > 2 and to 3 mod 4 if p = 2. To complete
the argument, we show by induction on n that for each n > 1, we have z,; = 0
mod p2 for 2 < i < mn. The base case n = 1 is vacuously true. For the induction
step, considering the p™-th ghost component of p, write

n—1
n n—1 . n—1
n — P P 2P
plrpn = =2y +p(l —ah )—E JUE
=2
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To complete the induction, it suffices to check that each term on the right side has
p-adic valuation at least n + 2. This is clear for the first term because p™ > n + 2.
For the second term, treating p = 2 and p > 2 separately, we have x, = (—1)P~!

mod pP~! and so 25 = 1 mod p®. We then have 3:5”71 =1 mod p3*"~2, so the
second term is indeed divisible by p"*2. For the terms in the sum, the claim is
again clear because i +2p" " >i+2(n—i+1) > n+2. O
Lemma 1.4. Toke z,y € W(R) with F(z) =y.

(a) For each nonnegative integeri, we have y,: = xii Tyt D fpi (1, Tpi),

where fpi is a certain universal polynomial with coefficients in Z which is
homogeneous of degree p't' under the weighting in which the variable Tpi
has weight p’.
i+1
(b) Fori > 1, the coefficient of xﬁ’» in fpi equals 0.
(¢) Fori > 2, the coefficient of xgl in fpi is divisible by p.
(d) The coefficient of zh in fp equals —pP~2 modulo p.
(e) For p = 2 and i > 2, f, belongs to the ideal generated by 2,r1,xh —
Lp2, Tp3y e ey Lpi.
Proof. By reduction to the universal case, we see that y,: equals a universal polyno-
mial in 1, ..., 2z,+1 with coefficients in Z which is homogeneous of degree pit1 for
the given weighting. This polynomial is congruent to xg ; modulo p by [3, (1.3.5)].
Each of the remaining assertions concerns a particular coefficient of this polynomial,
and so may be checked after setting all other variables to O.

To finish checking (a), we must check that y,: does not depend on xpi+1. We may
assume 1 = -+ = x, = 0, so that z = V'™ ([z,i11]); then F(z) = pV'([zpi+1]) =
(0, ey O,p:z:p¢+1).

To check (b), we may assume that , = 2,2 = --- =0, so that z = [z1]. In this
case, F(z) = [z]], so the claim follows.

To check (c), we may assume that z1 = z,2 = x,s = --- = 0, so that z = V([z,]).

In this case, the claim is that y, = 0 mod p* for i > 2. Since F(z) = p[z,], by
homogeneity it is sufficient to check the claim for x, = 1. In this case, it follows
from Lemma [[.3] We may similarly check (d).

To check (e), we may assume that x; = x5 = xpn = --- = 0, so that z =
V([zp]) + V?([zp2]). By homogeneity, it is sufficient to check the claim for x, =
xp2 = 1. In W(Z), we have V(1) = 1 4 [—1] by computation of ghost components,
so 1+ V(1) =2+ [-1]. In W(Z/4Z), by Lemma [[3] we have

y=[21+2V(1) =21+ V(©2) =2+ V(A + V(1) - [-1]) =2+ V(1) + V*(1).
This implies the desired result. O

Remark 1.5. Suppose R is a ring in which p = 0, and let ¢ : R — R denote
the Frobenius homomorphism on R. By Lemma we have F(r1,7p,7p2,...) =
(rf,rg,rgz, ...). As a result, F is injective/surjective/bijective if and only if ¢ is
injective /surjective/bijective. In particular, F is injective if and only if R is reduced,
and F' is bijective if and only if R is perfect. Similarly, the finite level Frobenius
map F : Wyn(R) — Wyn-1(R), which sends (r1,...,rpn) to (r{, 75, ... .00 ), is

P
injective only if R =0, and is surjective if and only if ¢ is surjective.
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2. THE KERNEL OF FROBENIUS

When R is a ring not of characteristic p, it is easy to see that F': W(R) — W (R)
cannot be injective; for instance, the Cartier-Dieudonné-Dwork lemma implies that
p,0,0,... arises as the sequence of ghost components of some element of W (Z).
More generally, one can determine exactly which elements of R can occur as the
first component of an element of the kernel of F'. This will be useful in our analysis
of surjectivity of F.

Definition 2.1. Given a ring R, define the sets Iy = R and I; := {r € R | 1P €
pli_1} fori > 0; it is apparent that Iy 2 Iy D Iy D ---. We will see below that each
I; is an ideal. Also define Io = N2, 1;, so that Io = {r € R | 1P € pI}.

Lemma 2.2. For each i > 0, the set I; defined above is an ideal.

Proof. We proceed by induction on i, the case i = 0 being obvious. Given that I;_;
is an ideal, it is clear that I; is closed under multiplication by arbitrary elements of
R. Tt remains to show that if z,y € I;, then x+y € I;. Using the definition, we must
check that 2P +pxP~ly+- - +pryP ' 4+yP € pl;_,. That 2P, y? € pl;_; follows from
xz,y € I;. That the remaining terms are in pl;_; follows from z,y € I, C I;,_,. O

Remark 2.3. If R is the ring of integers in an algebraic closure of Q, (or the
completion thereof ), then I; is the principal ideal generated by any element of val-
uation % + 1% 4+ 4 1%, while I s the principal ideal generated by any element

: 1
of valuation 1

Definition 2.4. For any ring R, any ro € R, and any i > 0 (including i = o),
define B(rg, ;) :==ro+I; ={r € R|r—ro € I;}. The notation is meant to suggest
that B is a ball centered at ry.

The significance of the ideals I; is the following.

Proposition 2.5. Let R be a ring, let i be a positive integer, and let n be either
o0 or an integer greater than or equal to 1.
(a) If z,y € Wpi(R) are such that xp; — ypi € In—j for j =0,...,4, then for
z':=F(z), y' := F(y), we have z; —y ; € pln—j1 for j=0,...,i—1.
(b) Take z,y € Wyi(R) and put ' == F(z), y' = F(y). If z; —y,; € ply—;
for j=0,...,i and xpi —ypi € Iy, then xp; —ypi € In—j for 5 =0,... 1.
In particular, if x' = v/, then this always holds when n = 1.
(¢) Choose x1, ... ,CCpi—l,;l, oy Ypi € Rwith xp; —ypi € In—j forj =0,...,i—
L. Ifi > 1, assume also that F(x1,2p, ..., 2pi-1) = F(Y1,Yps- - Ypi-1)-

Then there exists x,i € B(ypi, In—i) such that F(x1,2p, ..., 25) = F(y1, yp, - -

(d) For any x € W(R) for which x,: € pls for alli, there exists y € W(R) for
which y1 =0, yp: € I for all i, and F(y) = z.

Proof. To check (a), apply Lemma [l to write 27, — v/, = z1; — yp; + p(@pi+s —
Ypit1) + D(fpi (X1, i) — fpi (Y1, -, Yps)). Writing y,0 = @p5 — (25 — Ypi ), We
note that xgj — 5]. belongs to the ideal generated by (z,; —y,: )P and p(, — ypi ).
Note also that p(fpi(z1,...,2p) = fpi (Y1, -, Ypi)) belongs to the ideal generated
by p(z1 = y1), ..., P(Tpi — Yps). 1t follows that 7, —y; € ply—j_1.

To check (b), we first check that under the hypotheses of (b), if there exists
0 <k <n-—1i+1suchthat ,; —y, € I for j =0,...,4, then 2y —y, € Ix41

.,’ypi).
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for j=0,...,i—1. For j € {0,...,7 — 1}, apply Lemma [[.4] to write
(‘ij — Ypi )p - (x;ﬂ - y;/ga) = ((xpj — Ypi )p - ‘ng + yza)

- p(‘rpj”rl — Ypi+1 + fpj (‘Tlv ce 7:ij) - fpj (y17 S ypj))'
i — Vi) belongs to the ideal generated
by p(x1 —y1), ..., p(@pi+1 —ypi+1). This ideal is contained in pI; by hypothesis. By
assumption we also have x;j —y;j € pl,—;, and because n—j > n—i+1 > k, we have
i — Yps € Pl as well. Hence (z,; — yps)? € pli, and so we have z,; — ypi € Ipt1
as claimed.

Note that the hypothesis of the previous paragraph is always satisfied for £ =0
because Iy = R. The previous paragraph gives us control over the terms x; —
Ylso oy Tpim1 — Ypi=1. Since xpi — ypi € Ip_; by assumption, we may induct on k to
deduce that ,; — Y, € I—sy1 for j = 0,...,7 — 1. In particular, zpi-1 — ypi—1 €
I,—i+1; we may now induct on ¢ to deduce (b).

To check (c), note that by Lemma [[4] again, it is sufficient to find z, €

From this equality, we see that (,; —y,i )P — (=

T

B(ypi, In—;) such that xgi,l—i—pxpi—i—pfpifl (T1,... Tpi-1) = ygiil—f—pypi—f—pfpifl(yl, .

This is possible because -1 — ypi-1 € I, 41 and 1 — y1,..., Tpi-1 — Ypi-1 €
I,—;, so as in the proof of (a) we have xgi,l — yﬁi,l + p(fpi-r (21, .., @pi-r) —
fpi—l (yl, R ,’ypi—l)) € ply—;.

To check (d), we construct the y,,: recursively, choosing y; = 0. Given y1,..., %,

we must choose y,:+1 so that in the notation of Lemma [[.4] we have yg i+ PYpitt +
Pfpi(Y1, .- Ypi) = Tpi. This is possible because ygi, Pfpi (Y155 Ypi)s and i all
belong to pls. O

Corollary 2.6. Let R be a ring and let n be either oo or a positive integer. Then
an element r € R occurs as the first component of an element of the kernel of
F: Wpn(R) = Wyn-1(R) if and only if v € I,.

Proof. Suppose that n < co. If r = 2z for z € Wyn(R) such that F(z) = 0,
then trivially z,» € Iy. By Proposition 2.5(b), z1 € I,,; the same conclusion holds
for n = oo. Conversely, suppose r € I,. Put z; = r. By Proposition [Z5(c)
applied repeatedly, for each positive integer ¢ < n, we can find 2, € I,_; so that
F(z1,2p,...,2pi) = 0. This proves the claim. O

Remark 2.7. The image under the ghost map of any element in the kernel of F
has the form (%,0,0,...). If R is a p-torsion-free ring, the ghost map is injective,
so any element of the kernel of F is uniquely determined by its first component. In
this case, we may combine Proposition[2Z2(b) and (c) to deduce that if z € Wi (R)
is such that F(z) =0 and 2, € I, for some n > i, then z,; € I,,_j for j =0,...,1.

3. SURJECTIVITY CONDITIONS

Surjectivity of the Witt vector Frobenius turns out to be a subtler property than
injectivity, because there are many partial forms of surjectivity which occur much
more frequently than full surjectivity. We first list a number of such conditions,
then identify logical relationships among them.

Definition 3.1. For R an arbitrary ring, label the conditions on R as follows.
(i) F:W(R) — W(R) is surjective.
(ii) F : Wyn(R) = Wyn-1(R) is surjective for all n > 2.

7ypi—l).
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FIGURE 1. Logical implications among conditions on the ring R.

F: Wy (R) = Wy(R) is surjective.
(iii) For every x € W(R), there exists r € R such that x — [r] € pW (R).
(iv) The image of F : W(R) — W (R) contains all Teichmiiller elements [r].
(v) F: Wyn(R) = Wyn-1(R) contains all elements of the form (r,0,...,0) for
alln > 2.
F: Wy (R) = Wy(R) contains all elements of the form (r,0).
(vi) The image of F : W(R) — W (R) contains V(1).
(vii) For all n > 2, the image of F : Wyn(R) = Wyn-1(R) contains V (1).
(viii) For all n > 2, the image of F : Wpyn(R) — Wyn-1(R) contains V"~ 1(1).
(iz) The image of F : W,2(R) — W, (R) contains V(1).
(x) F"™ : Wyn (R) — Wh(R) is surjective for all n > 1.
F:W,(R) — W1(R) is surjective.
(zi) R contains p~*.
(zii) For anyro,r1,--- € R such that B(ro, Iy) 2 B(ri,11) 2 - (in the notation
of Definition[2.]), the intersection N2, B(r;, ;) is non-empty.
(xiii) The p-th power map on R/pls (which need not be a ring homomorphism)
s surjective.
(xziv) For each n > 1, the p-th power map on R/pl, is surjective.
The p-th power map on R/pl is surjective.
(tv) For every r € R, there exists s € R such that sP = pr mod p*R.
(xvi) There exist r,s in R such that P = —p mod psR and s € I.
(zvii) There exist r,s in R such that r» = —p mod psR and sV € pR for some
integer N > 0.
(zviii) The Frobenius homomorphism ¢ : 7 +— TP on R/pR is surjective.

These conditions are represented graphically in Figure [l Note that conditions
in the top left quadrant refer to infinite Witt vectors, conditions in the top right

quadrant refer to finite Witt vectors, and conditions below the dashed line refer to
R itself.

Theorem 3.2. For any ring R, we have <:>, <:>, <:>, and
<:>. In addition, each solid single arrow in Figure [l represents a direct
implication, and for each other arrow type, the conditions at the tails of the arrows
of that type together imply the condition at the target.

The proof of Theorem will occupy the rest of this section. First, however,
we mention some consequences of Theorem [3.2] and some negative results which
follow from some examples considered in Section
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Corollary 3.3. For any ring R, we have the following equivalences.

o [@ & @+ @) < @)+ ) @)+ @)
0o (-] - BT

TV

Remark 3.4. The following implications fail to hold by virtue of the indicated
examples.

x1)| by Example[5.7

(2)| by Example (or from # below).
(4i7)| by Example [57).

by Example [5.9.

ii)| # |(xii)| by Ezample [57)

(1v)| # |(2)| by Example [57}

(vi)| & |(zv)| by Example [58.

(vi)| # |(xviit)| by Frample [B.8
xit)| A [(xvii)| by Example B2
(2v)| # |(zviiz)| by Example 53
» by Example [22.

Remark 3.5. It seems that there should be some relationship between and
but we were unable to clarify this.

Proof of Theorem We now prove the implications represented in Figure [Tl
o [ = [} [@)] = [[@)]; [@)] = [} [@)] = [); [(0)] = [
(1)} |(viie)| = |(iz = |(@)]; [(xiv)| = [(zw)|; [(zvi)| = |(xvid)
)}|(2)] = [(wid)f[(2)] = [(=)]
Proof. These are all obvious. O
* [@= [
Proof. Let x € W(R) denote an arbitrary element. We may write z =
> Vi([xpi]), and because F oV = p, we have F(z) = [2}] mod pW (R).
Since we are assuming that F' is surjective, we deduce 0
o [ =[]
Proof. Fix elements r; as in condition Our strategy is to define an
element y € W(R) in a special way so that if z € W(R) is such that
F(z) =y, then we must have x; € N2, B(ry, I;). To prescribe our element
y € W(R), it suffices to define compatible finite length Witt vectors g(pl) €
Wi (R) for every i.
Define z(?) € W,(R) by z® = (r1,0) (the second component does not
matter). Set yM) = F(z®)). Now inductively assume we have defined

vig)| =
() =

—

g(pi) € W,i(R) for some 7 > 1 and with first component ;vgpz) = r;. By
Proposition Z5)c), we can find an element z(") € Wi (R) with zil’ D=
rig1 — i € I and with F(z®)) = 0. Then let z®) € Whpit1(R) de-
note any element which restricts to z®") + z#") ¢ Wpi(R). Set g(pi) =

F(g(pi)). Then by construction our elements g(pi) correspond to an ele-
ment of lim Wi (R) = W(R), which we call y.
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By [()} we can find an element z such that F(z) = y. Because F(z) and

i i+1
F(g(p +1)) have the same initial i+ 1 components, we have that z; = ggp )
i+1
mod I;y;. Because x; does not depend on i, and xgp ) — Ti+1, we have
that x1 € N2 B(rit1, Lix1), as desired. O

o G0+ [@id) =@
Proof. Choose any y € W(R). We will construct z € W(R) such that
F(z) = y. We use to find elements z(W, 2P ... € W(R) so that

F(zM) = (y1,%,%,---), F(z®) = (Y1, Yp, *, %, - - - ), and so on. Byand

Proposition 2.5(b), we may choose x,; in the intersection Bo(ggz()’]’.J)vlo) N
j+1))

Bl(xl(f; JLh)N---. Put § := F(21,2p,...). We first apply Proposi-
tion2H(a) to (21, ..., Zyi+1) and (a:gpk), . ,x;’fi)l) for fixed 7 and increasing

k, which implies that y,: — y,i € pl for each nonnegative integer 7. This
means that y and y have the same image in W(R/pl), so the difference
z =y — g has all of its components in pl,,. By Proposition 25(d), z is in
the image of F, as then is y. O

o i)+ )= [@
Proof. This is obvious, given that any element pz’ = F(V(2')) is in the
image of Frobenius. O

o [[)]= = = [(ziv)
Proof. Suppose that n > 2 and that z € Wy~ (R) and r € R satisfy F(z) =
[r]. For each of k = 0,...,n — 1, we check that x,,x,2,...,2,m-r belong
to I. This is clear for k = 0. Given the claim for some k£ < n — 1, for
i=1,...,n—1—k we may apply Lemmal[l.4] to deduce that azgi + prpit +
pfpi(x1,...;2,) = 0. By Lemma [[4l, f,; contains no pure power of x’flﬂ,

0 fpi(@1,...,2,1) belongs to the ideal generated by x,, ..., x,:. Therefore
—payit1 and —pfyi(x1, ..., 2,) both belong to ply, and so x,: belongs to
I4+1. This completes the proof; as a corollary, we observe that x, € I),_1,
and so r — 2} = px, € pI,_1. The stated implications now follow. O

e @]~
Proof. We are assuming that we can find z such that F(z) = V([1]). Then
the ghost components of z must be (,0,p). In other words, 2 4+ pz, = 0

and :101172 + pab + p*x,2 = p. The first equality tells us that 2§ € pR (and

hence x’f € pPR). The second equality now tells us pzh = p mod p?R and
so zh =1 mod pR. Write z, =1+ s. (We are not yet making any claims
on s except that s € R.) Raising both sides to the p-th power, we have
zh =1+sP +1, where t € pR by the binomial theorem. On the other hand,
we decided above that ¥ — 1 € pR as well, so in turn we have s¥ € pR.

Returning to the p-th ghost component equation z¥ + pz, = 0, we now have

¥ = —p mod psR where sP € pR, as required. O
o @) = =
Proof. Working with ghost components as above, these are obvious. O

- G~ [
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Proof. Given r € R, by [(xiii)] we may choose 21 € R, z;, € I for which
r = 2} + pxp. We now show that we can choose xp2, 23, - € I so that
F(z1,...,2pn) = (r,0,...,0) for each n > 1.

Given z1,...,xpn, define fyn as in Lemma [[4 By Lemma [, fyn

. n+1 .
contains no pure power of @, 80 fpn(z1,...,2pn) belongs to the ideal

generated by x,,...,z,», which by construction is contained in I. It
follows that _:Egn — for (@1, ..., 2pn) € pls, so we can find z,ni1 € pla
for which a}. + paynit + fpn(21,...,2pn) = 0. By Lemma [ this choice
of z,n+1 has the desired effect. O

o [w)]=
Proof. We wish to produce elements x1, ,, .. . of R such that F/(z1,zp,...) =
(0,1,0,0,...) = V(1). Using[(xv)] choose r so that 7”7 = —p mod p?. Set
x1 :=r. Then clearly we can choose x, =1 mod p such that F(z,z,) =

(0). Next, in the notation of Lemma [[.4, we wish to choose 2 so that

oh + prye +pfp(z1,2p) = 1.
We also wish to ensure that if p > 2, then x> =0 mod p, while if p = 2,
then x> = 1 mod p. To see that this is possible, we first observe that
2b =1 mod p*. We then note that f,(z1, ;) consists of an element of the
ideal generated by z} (which is a multiple of p) plus some constant times
xh. By Lemma[[4, if p > 2 this constant is divisible by p, so pf,(z1,7,) =

0 mod p?. If p = 2, this constant is —1 mod 2, so pfy(z1,7,) = —2
(mod p?). In either case, we obtain x,2 of the desired form.
Now assume that for some i > 2, we have found z1, 2, ..., 2, such that
xp =0 mod p for j > 3 and such that F(z1,2p,...,2,) = (0,1,0,...,0).
We then claim that we can find z,:+1 =0 mod psuch that F(z1,zp, ..., 2pi+1) =

(0,(=1)771,0,...,0). We wish to find z,:+1 =0 mod p such that
;vgi + pxpits +pfpi(x1,...,2p) =0
with fyi(21,...,2,) =0 mod p. This again follows by Lemma [[.4. O
o [w)]=

Proof. Our goal is to find an element = (1, Xy, . .., zpn) such that F(z) =
Vn=1(1). Ignoring x,» temporarily, we will first find preliminary values
for zn-1,..., 21 (in that order), then we will find the actual values for
x1,...,Tpn (in that order). We will write the preliminary values as ;.
Set 51;:/1 = 1, and then find 51;:/2, ...,x1 (in that order) such that
2" = —pi,ir1 mod p?R. This is possible by [(xv)] Note that z,:” € pR
for 0 < i < n —2. Now we will find the actual values x;,...,xn. Set
x1 = z1. Assume we have found z1,...,x, with x,; = z,; mod pR for

some i < n — 2. Using the notation of Lemma [[4] we must choose i1
such that IZI +DTpi+1 —|—pfpi (:El, ceey :Epi) = 0. Write Tpi+1r = f;;; + DYpi+1.
We must choose y,:+1 so that

3:51» + Ty —|—p2ypi+1 +pfpi(x1,...,xp) = 0.

Because &,:"+pZyi+1 =0 mod p* and z,; = x,; mod p, we have that IZH'

pw/p?_:l = 0 mod p?. We further have that pfpi(@1,...,2) = 0 mod p?;
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this follows from the homogeneity result in Lemma [[4] and the fact that
azgj =0 mod p for all j. This shows that we can find the required ypi+1.

In this way we can construct the components x1,...,7pn-1. Finding
the last component z,» is a little different, because the last component of
Vn=1(1) is 1 instead of 0. This means that we need

:L“Zn,1 + pxpn +pfon-1(x1,...,xpn-1) = 1.
But this is easy, because we know x,»-1 =1 mod p. (]
N
Proof. By Lemma [[4l we must find x1,2,, 2 such that 2§ + pz, = 0 and
)+ prpe +pf(r1,2) = 1. By we can find an element z; such that
2} + p+ psr = 0 where s? € pR. Thus we choose that element for z1, and
we choose z, = 1+ sr. It’s then clear that b + pf(z1,22) =1 mod pR,
and so we can find z,2 forcing 2 + pxy2 + pf(r1,22) = 1, as desired. [

o [woi) = [@

n—i

Proof. For any r € R, we must find r1,...,7rpn such that >, pirﬁi =r.
We first find ry, s such that r — 2" = ps by repeatedly applying [(xviii)} To

find the remaining 7,:, we apply the induction hypothesis to s. O

o @)= =
Proof. We have already seen|(z)[ = [(xviii)l The two results follow because
we have also shown =|(z)[ and = O
o [(@)]+[(zvii)| = [(zv)
Proof By [(xvii), we can find s1,s2 € R for which s} = —p(1 — s3) and
si € (p) for some N > 0. We know that [(z)] = [(@)] = [(zviii)l Given any
r € R, by|[(xviii)| we can find s3 € R for which s§ = —r(1+s2+-- s

mod p. Since s =0 mod p, for s = s153 we have s? = pr(1 —s2)(1+ 52+
s = pr(1 — sY) = pr mod p?. O

o [@)+ o) =
Proof. We just saw that [(z)+{(zvii)| = and we also know that =
We will thus use |(viii)| freely below.
We prove that F' : Wpn(R) — Wyn-1(R) is surjective for n > 1 by
induction on n. The base case n = 1 is exactly . Now assume the result
for some fixed n — 1, pick any y € W« (R), and consider the diagram

Wnt1 (R 97“—>y € Wpyn y € Wpn(R)

p\\i

98—>Z/|W 1(R)-

The term s exists by our inductive hypothesis and the term r exists because
restriction maps are surjective. If we had y = 3, we would be done.

Find 2/ € Wyn+1(R) with F(z') = V™([1]) using [(viii)} Then find 2" €
Wpnt1 (R) with y —y' = V™(F" "1 (")) using[(x)} Then a calculation shows
F (r +2'z") =y, as desired. O

. = @)+ |(zvi)y [(ziv)] = [(zv)]




ON THE WITT VECTOR FROBENIUS 11

Proof. These are compositions of implications we have already proved. [

o @) = [G}{] = G = [Rlwiv] = [hlei] =
Proof. We will prove that all six conditions appearing in the statement are
equivalent. We have already proven the following implications:

07—
m»lﬁ

Thus, it suffices to prove that implies This follows because we
have seen above that = |(@)|+[(zvii)] = O

4. VALUATION RINGS

Throughout this section, we assume that R is a valuation ring with valuation v,
in which p is nonzero. In several cases, we also assume that v is a real valuation.
This includes a number of the examples considered in Section [l

Remark 4.1. Suppose that v(p) is p-divisible in the value group of v. Then for
each mnonnegative integer n, the ideal I, is principal, generated by any x € R such

that v(x) = (% + %) v(p). If moreover v is a real valuation and there exists

y € R such that v(y) = ﬁv(p), then I is the principal ideal generated by y.

Remark 4.2. Condition holds whenever v is a real valuation, v(p) is p-
divisible (so the I,, are as computed in Remark[{.1)), and R is spherically complete
(i.e., any decreasing sequence of balls in R has nonempty intersection). The spher-
ically complete condition is in practice quite rare; for instance, an infinite algebraic
extension of Q, which is not discretely valued is never spherically complete. As a

result, is also rather rare, as then is ' see Example [57)

Remark 4.3. C’ondition z'mplies (the Frobenius homomorphism on R/pR
is surjective) and that there exists an element x € R with 0 < v(z) < v(p) (e.g.,
by . The converse is also true, as follows. By there exist y,z € R
with y? = x mod p, 2P = p/x mod pR. Since 0 < v(x),v(p/z) < v(p), we have
v(y) = %v(x),v(z) = %(v(p) —w(x)), so v(yz) = %. Therefore, u = (yz)P/p is
a unit in R. By again, there exists v € R such that v = —u~! mod pR.
Thus we have puv? = —p mod p?R. Thus (yzv)? = —p mod p?R. This implies
which together with implies . As a byproduct of the argument, we
note that [(ii) implies that v(p) is p-divisible.

Remark 4.4. For valuation rings, implies and so the two conditions
become equivalent. To see this, note that if R satisfies we can find r1 such

that r{ = —p mod p?R, and in particular, v} = —pu for some unit u € R. By

again, for any x € R we may find ro € R with v = —pzu + p?y, with y € R

and u as above. Since pv(r1) = v(—p) < v(—px) = pv(ra2), we have that ro/ry is
P

an element of R. We then compute (:—f = %}L"ﬂ/ =z —puly =2 mod p.

Hence holds; since also implies we may deduce as desired.

Remark 4.5. If R satisfies condition then it satisfies almost purity; see Sec-
tionld. Thus if S is the integral closure of R in a finite extension of Frac(R), then
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the mazimal ideal of S surjects onto the mazximal ideal of R under the trace map.
In other words, R is deeply ramified in the sense of Coates and Greenberg [1].

5. EXAMPLES

We now describe some simple examples realizing distinct subsets of the conditions
considered above.

Example 5.1. Take R to be any ring in which p is invertible. Then by Theorem[3.2,
all of our conditions hold.

Example 5.2. Take R = 7. In this case, I; = (p) for all i > 1. Thusfails,
and consequently, neither nm’ holds for R = Z. On the other hand,

does hold for R =Z. To see this, we must show that any descending chain of balls
-+ 2 B(ri—1,(p)) 2 B(ri, (p)) 2 -+ has nonempty intersection, which is clear.

Example 5.3. Take R = F,[T]. In this case, 1s satisfied trivially, because
pr =20 for all r € R. On the other hand, is mot satisfied.

Example 5.4. Take R = Oc,. Then holds because R is integrally closed in
the algebraically closed field Cp); this implies that R satz’sﬁes Vi)
[(ziid), [(ziv), [(zv), |(zvi), [(zvii)y [(zvive), On the other hand,
does not hold by Lemmalid, so R does not satzsyI?(y_m/Z .

Lemma 5.5. The ring R = Oc, does not satisfy .

Proof. By Remark 1] for n a nonnegative integer, I,, is the principal ideal gen-
erated by p%+"'+ﬁ, while I is the principal ideal generated by pﬁ. Each ball
B(r, I) contains an element which is algebraic over Q, since such elements are
dense in C, by Krasner’s lemma. Furthermore, if two balls B(r, 1) and B(r’, I,)
intersect, they are in fact equal. Therefore, there are only countably many such
balls. On the other hand, one can construct uncountably many decreasing se-
quences B(rg,Ip) 2 B(ri,I1) 2 -+ no two of which have the same intersection.
For instance, take xo,1,... to be Teichmiiller elements in W (IF,) € Oc,, and put

1 1,4, 1
rQ = Zo,T1 =70 + T1pP,r2 =711 + T2p? 7, . ...

Then any two of the resulting intersections N2 ,B(r;, I;) are disjoint. 0

Remark 5.6. It is possible to give a more constructive proof of Lemma [5.0 using
the explicit description of Oc, given in [4].

Example 5.7. Let R denote the spherical completion of Oc, constructed by Poo-
nen in [6]. We will show that R satisfies and thus satisfies all of the labeled
conditions except for .

We first recall the explicit construction of R. Let Z,[t%] denote the ring of
generalized power series over Z,; its elements are formal sums Zie@,izo cit’ with
¢ € Zy such that the set {i € Q : ¢; # 0} is well-ordered. This ring is spherically
complete for the t-adic valuation. Poonen’s spherical completion of Oc,, is then the
ring Zp[t°]/(t — p). In particular, R/(p) = F,[t%]/ ().

From this description, it is clear that R satisﬁes and . Finally, since
R is a valuation ring and there exists x € R for which 0 < v(x) < v(p) (e.g., the
image of tl/p), Remark [{.3] implies that R satisfies . Putting this together, we
deduce that R satisfies .



ON THE WITT VECTOR FROBENIUS 13

Example 5.8. Tuke R = Z[p,2], where p,2 is a primitive (p®)-nd root of unity.

Condition holds because the element x = Zf;ol [1,2] € W(R) satisfies F(z) =

V(1). (Since R is p-torsion-free, this last equality can be checked at the ghost

component level, where it is apparent.) On the other hand, does not hold:
1

the element (1 — wy2) has p-adic valuation IS but there is no element of R

which has p-adic valuation m. Similarly, does not hold.

Example 5.9. Take R = Z[pp], i.e., the ring of integers in the mazimal abelian
extension of Q. We will see that holds but does not. (The same analysis
applies to Zy|pp] or its p-adic completion.)

Note that R satisfies because R contains the subring Z[ji,e2] which satisfies
by Example[28. Thus to establish it s sufficient to check condition|(zviii )
For this, note that for any expression aijiyi + -+ Anflpin with a1, ..., an € Z, we
have aipiyin + -+ Gpptpin = (@1t +1 + -+ Apfipin+1)P mod p.

To establish that R does not satisfy we will instead check that R does not
satisfy . We will do this assuming p > 2, by checking that the congruence
2P = 1—p mod pl has no solution. This breaks down for p = 2 because 1—p = —1
is the square of 1 := u4; in this case, one can show by a similar argument (left to
the reader) that the congruence x? =i+ 2ug mod 21, has no solution.

Assume by way of contradiction that p > 2 and there exists © € R for which
2P — 1+ p € pl. Recall that by Remark[{.1] I is the principal ideal generated
by pt/P=V . Choose an integer n > 2 for which x € Z[uyn], and put z = 1 —

tpn . By Lemma 510 below, PP = —p (mod 2P"); in particular, the p-adic
valuation of 1 — pipn is p"+(p—1)' There must thus exist y € Z[upn] such that

(1+ yz”nfl_pnﬁ)p =1—p (mod 2P"); subtracting 1 from both sides and dividing

by p, we obtain the congruence yzF" P —yP = —1 (mod 2*" ). Using the

isomorphism Z[upn]/(zpnfl) = IF,,[T]/(Tpnfl) sending z to T, we obtain a solution

w of the congruence w? — wT?" """ =1 (mod T?" ") in F,[T]. But no such
2), so there is a largest index
i < p"~2 such that the coefficient of T* in w is nonzero, which forces it e

n—1_ n—2

p

. . n—
solution exists: we cannot have w = 0 (mod TP

to appear with a nonzero coefficient in wP — wTP

Lemma 5.10. For p an odd prime, n > 2 an integer, and p,» a primitive p"-th

n—1 n

root of unity, in Zp,n] we have (1 — pipn)P"~P"" = —p mod (1 — ppn )" .

Proof. Let ®(T) = Ef;ol T%®" ™" denote the p"-th cyclotomic polynomial, so that
we may identify Z[u,n] with Z[T]/(®(1 — T)) by identifying p,n with 1 —T. As

p—1

O(1-T) = Z(l - Tpnfz)pi mod p?,

=0
we have TP" """ — ®(1 — T) = 0 mod p. Since the constant term of ®(1 — T
is p, it suffices to check that ®(1 — 7) = p mod (p?,T*" ); this reduces to the
case n = 2. In this case, for k = 1,...,p — 1, the coefficient of T* in ®(1 —
T) is Zf;ol(—l)k(zf). Wel may write (%) = %(;1:;11) and then invoke Lgcas’s
criterion to deduce that (;’;:11) = (Zj) mod p. Therefore, Ef;ol(—l)k(zlf) =
(—1)*(®) P, i =0 mod p?, as desired. O
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6. ALMOST PURITY

We conclude with one motivation for studying condition it provides a natural
context for the concept of almost purity, as introduced by Faltings and studied more
recently by the second author and Liu in [5] and by Scholze in [7]. More precisely,
amounts to an absolute version (not relying on a valuation subring) of the
condition for a ring to be integral perfectoid in the sense of Scholze.

We begin by defining the adjective almost. See [2] for more general setting.

Definition 6.1. Let R be a p-torsion-free ring which is integrally closed in R, :=
R[p~'] and which satisfies condition . A p-ideal of R is an ideal I of R such that
I™ C (p) for some positive integer n. An R-module M is almost zero if IM = 0
for every p-ideal I of R.

Theorem 6.2. Let R be a p-torsion-free ring which is integrally closed in R, :=
R[p~'] and which satisfies condition . Let S, be a finite étale R,-algebra, let Sy
be the integral closure of R in Sy, and let S be any R-subalgebra of Sy such that
S/So is an almost zero R-module.
(a) The ring S also satisfies condition [(ii)}
(b) For any p-ideal I of R, there exist a finite free R-module F and R-module
homomorphisms S — F — S whose composition is multiplication by some
t € R for which I C (t).
(¢) The image of S under the trace pairing map S, — Homp (Sp, Rp) is almost
equal to the image of the natural map from Hompg(S, R) to Hompg, (Sp, R,).

Proof. For each t € Q, choose integers r,s € Z with s > 0 and /s = t. Since R is
integrally closed in R, the set

Ri:={z€R[p']:p "2° € R}
depends only on ¢. The function v : R, — (—00, +00] given by
v(z) :==sup{t € Q:z € R}
satisfies v(x — y) > min{v(x),v(y)}, v(zy) > v(z) + v(y), and v(z?) = 2v(z).
Let A be the separated completion of R, under the norm |-| = ¢~*("), and define
the subring 04 = {x € A : || < 1} and the ideal my = {z € A : |z| < 1}. Let

¥ : R, — A be the natural homomorphism; then 1/~!(04) contains R but may be
larger. However, we do have ¢~ 1(m4) C R.

Since implies and we can choose 1,22 € R with

z{ = —p mod p°R, 5 =21 mod pR.

Then ¥ (x1), 1 (x2) are units in A, and for all y € A,

eyl =p"Plyl )yl =9yl

Giveny € 04/(p), choose y € R[p~1] so that 1 (y) lifts . Then 25y € ¢~} (ma) C
R, so since R satisfies we can find z € R with 25y = 27 mod pR. The element
Y(z/x2) € 04 has the property that ¢ (z/z2)P = ¢(y) mod (p/1(x2)P)o4; it follows
that Frobenius is surjective on 04/((x1)P~!). This implies that Frobenius is also
surjective on o04: given y € 04, we can first find zp,y1 € 04 with y = 2§ +
¥(x1)Ply;, then find 21,y2 € 04 with y13 = 20 + ¥(z1)P " 'ys, and then z =
20 + ¥ (x2)P "tz will have the property that 2P = y mod poa. That is, 04 also

satisfies [(xviii)} since [(xvi)]is evident (using z1), 04 satisfies[(ii)}
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Put B = A®gr S, and extend 1 by linearity to a homomorphism v : S, — B. By
[5) Theorem 3.6.12], there is a unique power-multiplicative norm on B under which
it is a finite Banach A-module, and for this norm the subring o = {x € B : |z| < 1}
also satisfies [(i)] As in [5, Remark 2.3.14], for mp = {z € B : |z| < 1}, we have
’lﬁil(mB) cS.

Given 7 € S/(p), choose a lift y € S of 7. Since B satisfies and ¢ (B[p~1]) is
dense in S, we can find z € ¥ ~!(op) for which u := 2P — y satisfies |[¢(u)] < p~!.
In particular, u € 1»~!(mp) C S; moreover, we may write 2§ = —p + p*w for some
w € R and then write

u=plu/p) = (=2} + p*w)(u/p) = —a1(a]" u/p) + puw.
The quantity 2~ 'u/p again belongs to ¢~ (mp) C S, so u € (x1,p)S. Therefore
Frobenius is surjective on S/(x1,p); by arguing as before (using the fact that 2§ =
x; mod pR), we deduce that Frobenius is surjective on S/(z%,p) for i = 2,...,p.
Therefore, S satisfies[(xviii)} since[(xvi)|is again evident, S satisfies[(ii)] This proves

(a). The proofs of (b) and (c¢) similarly reduce to the corresponding statements
about 04 and op, for which see [5, Theorem 5.5.9] or [7]. O

Corollary 6.3. For R and S as in Theorem[6.2, g/ = 0.

Proof. Since S[p~'] is finite étale over R[p~'], Qg g is killed by p™ for some non-
negative integer n. If n > 0, then for each x € S we may apply Theorem to
write z = yP + pz. Then dz = pyP~ ' dy + pdz is also killed by p"~!. By induction,
it follows that we may take n = 0, proving the claim. O

Remark 6.4. Note that the proof of Theorem[62 involves the facts that ¥(R) and
04 are almost isomorphic (using 04 to define almost), as are ¥(S) and op. Also,
Theorem [62 can be applied with S, = R,, to show that any R-subalgebra R’ of R
for which R/R' is almost zero also satisfies |(ii)}
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