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TOPOLOGY OF NON-NEGATIVELY CURVED MANIFOLDS

CHRISTINE ESCHER AND WOLFGANG ZILLER

An important question in the study of Riemannian manifolds of positive sectional cur-
vature is how to distinguish manifolds that admit a metric with non-negative sectional
curvature from those that admit one of positive curvature. Surprisingly, if the manifolds
are compact and simply connected, all known obstructions to positive curvature are al-
ready obstructions to non-negative curvature. On the other hand, there are very few
known examples of manifolds with positive curvature. They consist, apart from the rank
one symmetric spaces, of certain homogeneous spaces G/H in dimensions 6, 7,12, 13 and
24 due to Berger [Bd], Wallach [Wa], and Aloff-Wallach [AW], and of biquotients K\G/H
in dimensions 6,7 and 13 due to Eschenburg [EI],[EJ] and Bazaikin [Ba], see [£]] for a
survey. Recently, a new example of a positively curved 7-manifold was found which is
homeomorphic but not diffeomorphic to the unit tangent bundle of S*, see [GVZ, [Dd.
And in [PW] a method was proposed to construct a metric of positive curvature on the
Gromoll-Meyer exotic 7-sphere.

Among the known examples of positive curvature there are two infinite families: in di-
mension 7 one has the homogeneous Aloff-Wallach spaces, and more generally the Eschen-
burg biquotients, and in dimension 13 the Bazaikin spaces. The topology of these manifolds
has been studied extensively, see [KS1], K52, AMP1, AMP32, Kr1l, Kr2, Kr3, BH, CEZ, 7).
There exist many 7-dimensional positively curved examples which are homeomorphic to
each other but not diffeomorphic, whereas in dimension 13, they are conjectured to be
diffeomorphically distinct [F2].

In contrast to the positive curvature setting, there exist comparatively many examples
with non-negative sectional curvature. The bi-invariant metric on a compact Lie group G
induces, by O’Neill’s formula, non-negative curvature on any homogeneous space G/H or
more generally on any biquotient K\G/H. In [GZ]] a large new family of cohomogeneity
one manifolds with non-negative curvature was constructed, giving rise to non-negatively
curved metrics on exotic spheres. Hence it is natural to ask whether, among the known
examples, it is possible to topologically distinguish manifolds with non-negative curvature
from those admitting positive curvature. The purpose of this article is to address this
question. There are many examples of non-negatively curved manifolds which are not
homotopy equivalent to any of the known positively curved examples simply because they
have different cohomology rings. But recently new families of non-negatively curved mani-
folds were discovered [[GZ3] which, as we will see, give rise to several new manifolds having
the same cohomology ring as the 7-dimensional Eschenburg spaces.

Recall that the Eschenburg biquotients are defined as
By = diag(2™, 22, 27)\ SU(3)/ diag(2", 2*2, 2'3) 71,
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with & = (k‘l, k‘g, k‘g), [ = (ll,lg,lg), k’z,lz € Z, Zkl = le, and z € S' c C. They include
the homogeneous Aloff-Wallach spaces W, ;, = SU(3)/ diag(z%, 2, 2%*?) and the manifolds
F,p with k = (a,b,a +b) and | = (0,0,2(a + b)). Under certain conditions on k,I, see
(L32), they admit positive sectional curvature.

We will consider compact simply connected seven dimensional manifolds M whose non-
trivial cohomology groups consist of H'(M;Z) = Z for i = 0,2,5,7 and HY(M,Z) =
Z., r > 1, where the square of a generator of H*(M;Z) generates H*(M,Z). If in addition
M is spin, we say that M has cohomology type E, and if M is non-spin, cohomology type E,.
In [ET)] it was shown that an Eschenburg space is of cohomology type E, with r = |o9(k) —
oo(1)|, where o;(k) stands for the elementary symmetric polynomial of degree i in kq, ks, k3.
M. Kreck and S. Stolz defined certain invariants and showed that they classify manifolds
of cohomology type E, and E, up to homeomorphism and diffeomorphism [Ki, K51, KS2].
The invariants were computed for most Eschenburg spaces in [Kr3, [CEZ].

One class of manifolds we will study are the total spaces of 3-sphere bundles over CP?
They fall into two categories, bundles which are not spin,

S* = 8,5 = CP* py=2a+2b+1,e=a—0b, wy#0
and bundles which are spin
S* = S, — CP? p; =2a+2b, e=a—b, wy, =0.
They are specified by the value of their Pontryagin class, Euler class and Stiefel-Whitney

class. Here a,b are arbitrary integers.

A second class of manifolds can be described as follows. Consider the bundles
CP' - N, —»CP* |, S'— M, — N,.

Here N, is the S? bundle with Pontryagin class p; = 1 — 4t and w, # 0, and Mé,b the
circle bundle classified by the Euler class e = ax + by in terms of some natural basis
x,y € H*(N;,Z) = 72, where a, b are relatively prime integers.
Similarly, let
CP' - N, —»CP* , S'—= M, — N,
where N, is the S? bundle with Pontryagin class p; = 4t, wy, = 0, and M;b the circle
bundle with Euler class described by a, b as above. We will show:

THEOREM. The above manifolds have the following properties:

type E,.. B
(b) Sa.b, M, and M, admit metrics with non-negative sectional curvature.
c) Mt s diffeomorphic to S_; aa_1), and M?, is diffeomorphic to S 2.
a,l—a s ( ) a,l ,
(d) M, , is the Aloff-Wallach space W, with base space Ny = SU(3)/T?, and Ma_i =
F,, with base space the biquotient N_; = SU(3)// T2.
(e) My, is the set of circle bundles over Ny = CPP#CP* and Mgb the set of circle

bundles over Ny = CP? x CP!.

(a) Sq. b, Mﬂb and Mt o, have cohomology type E,, and Sg 5, M. 4,,, have cohomology
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The existence of the metrics in part (b) will follow from [GZJ] after we describe the
manifolds in a different fashion, namely as quotients of certain U(2) principal bundles over
CP?. Part (c) and (d) imply that the circle bundles M, ,, ab(a +b) # 0, and Ma_bl, ab >0
as well as the sphere bundles S_; ,4-1), @ > 2 naturally admit a metric with positive
sectional curvature. By computing the Kreck-Stolz invariants, we obtain a diffeomorphism
classification of the above four classes of 7-manifolds and by comparing them to the invari-
ants for Eschenburg spaces, we will obtain many other diffeomorphisms of M, and S,
to positively curved Eschenburg spaces. For example:

o S,» with a — b = 41 is diffeomorphic to a positively curved Eschenburg space if
and only if b = 2285 or 5237 mod 6888. In this case it is diffeomorphic to the
cohomogeneity two Eschenburg space Ej; with £ = (2,3,7), [ = (12,0,0).

o M., with (a,b,t) = (638, —607,—403) is diffeomorphic to the positively curved
cohomogeneity two Eschenburg space Ey; with k£ = (1,2,5), 1 = (8,0,0).

See Section [] and Table A and B for further examples. We will also obtain a description
of which Eschenburg spaces can be diffeomorphic to S bundles over CP?, see Theorem [T1].

The examples of diffeomorphisms above imply that besides the metric of non-negative
curvature the manifolds S, and M/, sometimes admit a very different metric which has
positive curvature. This raises the question whether perhaps they all admit a metric of
positive curvature.

Some of these manifolds are also known to admit Einstein metrics. In [W] M.Wang
showed that the Aloff-Wallach spaces M.,  and with W.Ziller in [W7] that the circle

a, b’
bundles M? , over CP' x CP?, all admit Einstein metrics. In [Chd] D. Chen proved that the
sphere bundles S, ;, and ga,b admit an Einstein metric if the structure group reduces from
SO(4) to T? € SO(4). Diffeomorphisms within each of these 3 classes of Einstein manifolds
have been considered in [KSI], [KSZ, Chd. Using our computation of the invariants, we
also find examples of diffeomorphism between different classes:

e The two Einstein manifolds ]\7[%)75899 and 5*62500757600 are diffeomorphic to each other.
e For the sphere bundle S, ; with (a,b) = (¢?,0) the structure group reduces to a
2-torus. This Einstein manifold is diffeomorphic to the Einstein manifold M .

We will also see that among some of these classes there are no diffeomorphisms:

e There are no diffeomorphisms between the spin Einstein manifolds M, , and M o ot
e There are no diffeomorphisms between the spin Einstein manifolds S, ; and either
M), or Mp, 4, or an Eschenburg space.

Here is a short description of the content of the paper. In Section 1 we collect prelim-
inaries and in Section 2 we recall the formulas for the Kreck-Stolz invariants. In Section
3 we describe the topology of the sphere bundles S, ;, and their invariants and in Section
4 the topology of the circle bundles Mé,b‘ In Section 5 we discuss the geometry of both
families and in Section 6 we examine the manifolds S,; and M} ,. In Section 7 we apply
these results to obtain various examples of diffeomorphisms as described above.

1. PRELIMINARIES

We will compare several classes of manifolds of non-negative curvature with the family
of positively curved Eschenburg spaces Ej; described in the introduction. In order for an
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Eschenburg space to be a manifold, i.e. in order for the S* action on SU(3) to be free, we
need

(1.1) ged(ky — U ko —1;) =1, foralli#j,4,75€{1,2,3}.

The Eschenburg metric on Ej; is the submersion metric obtained by scaling the bi-
invariant metric on SU(3) in the direction of a subgroup U(2) C SU(3) by a constant less
than 1. It has positive sectional curvature [EZ if and only if, for all 1 <4 < 3,

(12) ]{52 ¢ [Il’lill(ll, lg, lg), max(ll, lg, lg)], or ll ¢ [min(/ﬁ, ]{52, ]{73), max(kl, ]{72, ]{?3>]
If this condition is satisfied, we call Ej; a positively curved Eschenburg space.

There are two subfamilies of Eschenburg spaces that are of interest to us. One is the
family of homogeneous Aloff-Wallach spaces W), , = SU(3)/ diag(z?, %, z2P*9), where p, q €
Z with (p,q) = 1. This space has a homogeneous metric with positive sectional curvature if
and only if pg(p+ q) # 0. By interchanging coordinates, and replacing z by Z if necessary,
we can assume that p > ¢ > 0, and thus W is the only Aloff-Wallach space that does
not admit a homogeneous metric with positive curvature. The second family consists of
the Eschenburg biquotients F), , = Ej; with k = (p,¢,p + ¢) and [ = (0,0, 2p + 2¢) with
(p,q) = 1. We can also assume that p > ¢, but here p and ¢ can have opposite sign.
The Eschenburg metric on F), , has positive sectional curvature if and only if pg > 0.
These two families of Eschenburg spaces are special in that they admit circle fibrations
over positively curved 6-manifolds. In the case of the Aloff-Wallach spaces, the base of
the fibration is the homogeneous flag manifold SU(3)/ T? and in case of the Eschenburg
biquotients F), ,, the base is the inhomogeneous Eschenburg flag manifold SU(3)// T? :=
diag(z, w, zw)\ SU(3)/ diag(1, 1, 2%w?) ™!, |2| = |w| = 1.

We also use the fact that the two Eschenburg spaces Wi ; and Fj; can be regarded as
principal SO(3) bundles over CP?, see [BH, Cha].

Recall that we say that a compact simply connected seven dimensional spin manifold
M has cohomology type E,., or simply is of type E,, if its cohomology ring is given by:

(1.3) HY(M;7Z) = H*(M;Z) = H*(M;Z) = H (M;7Z) 2 Z and H*(M;Z) = Z,.

with 7 > 1. Furthermore, if u is a generator of H?(M;Z), then u® is a generator of
HY(M;Z), if r > 1. If a manifold with cohomology ring ([.J) is non-spin, we say it has
type E,.

As was shown in [EJ)|, an Eschenburg space is of type E, with r = |o3(k) — 02(l)| where
o;(k) stands for the elementary symmetric polynomial of degree 7 in ky, ko, k3. Furthermore,
for an Eschenburg space r is always odd (see Theorem P.f), and examples of Eschenburg
spaces exist for any odd number r > 3, for example the cohomogeneity one manifolds
k= (p,1,1)and | = (p+2,0,0) with r = 2p + 1.

Let M be a manifold of cohomology type E, or E,. If we fix a generator u of H2(M;Z),
the class u? is a generator of H*(M;Z), which does not depend on the choice of u. We
can thus identify the first Pontryagin class p;(TM) € HY(M;Z) = Z, with a well defined
integer modulo r. Furthermore, it is a homeomorphism invariant. In the case of an
Eschenburg space this integer is py(T'Ey;) = 201(k)* — 6 02(k) mod r, see [Kr7].

For manifolds of type E, or E, we also have, besides r, a second homotopy invariant
given by the linking form Lk. The linking form is a quadratic form on H*(M;Z) = Z,
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with values in Q/Z. It is determined by the self-linking number (k(M) := Lk(u? u?) of
the generator u? of H*(M;Z). Following [B] Lk(u? u*) can be written in terms of the
Bockstein homomorphism 3 : H3(M;Q/Z) — H*(M;Z) which is associated to the exact
sequence 0 —Z — Q — Q/Z — 0 :

Lk(u?®,u?) =< 7 u?),u* N [M] > .

Since in our case H*(M;Z) = Z,, it follows that Lk(u? u?) is a unit in the subgroup of
order 7 in Q/Z and we can thus interpret (k(M) as an integer modulo 7. Unlike p,(T'M),
the linking form k(M) is orientation sensitive. In the case of an Eschenburg space we
have lk(Ey,;) = £s~' mod r, where s = a3(k) — 03(l) and s™! is the multiplicative inverse
in Z,, which is well defined since the freeness condition implies (s,7) = 1, see [K17.

As was observed by Kruggel, manifolds of type E, or E, fall into two further homotopy
types since 74(M) can only be 0 or Z,. Indeed, if we consider the circle bundle S' —
G — M whose Euler class is a generator of H*(M,Z) = Z, it follows that H*(G,Z) =
H*(S?® x $5,Z) and hence the attaching map of the 5 cell to the 3-skeleton is an element
of m4(S?) = Z,. If the attaching map is trivial, G has the homotopy type of S* x S* and
hence my(M) = Zs. A second manifold G with this homology is G = SU(3) and since
74(SU(3)) = 0, its attaching map is non-trivial. Thus S* x S*> and SU(3) are the only two
possible homotopy types for G.

For Eschenburg spaces we have m4(Ej;) = 0 since m4(SU(3)) = 0.

Lastly, we discuss the relationship between principal SO(3) and SO(4) bundles and their
classification if the base is CIP?, see [DW] and [[GZ3]. Recall that SO(4) = S* x S* /{£(1,1)}
defined by left and right multiplication of unit quaternions on H =2 R*. Thus there are two
normal subgroups

S? =8 x{e}, S% ={e} x S* € SO4) = S* x S* /{£(1,1)}
isomorphic to S* and SO(4)/ S} is isomorphic to SO(3). Hence, if SO(4) — P — M is a
principal SO(4) bundle, there are two associated principal SO(3)-bundles

SO(3) — Py := P/S% — M with SO(3) = S?/{+1}.

If M is compact and simply connected, P is uniquely determined by the SO(3) bundles
P, see [GZ]], Proposition 1.8. For the characteristic classes one has
(1.4) p1(Py) = pi(P) £2e(P), we(P) = wy(Py).
One can see this on the level of classifying spaces by computing the maps induced in
cohomology in the commutative diagram

Bs?) % SS —— BSO(4)

NG

Bgs —— Bso(3)

where 71 are induced by the projections onto the first and second factor. On the level of
maximal tori one has diag(e?, e¥) C S* x S* — diag(R(0 — ), R(6 + v)) C SO(4) where
R(0) is a rotation by angle . Thus in the natural basis of the second cohomology of the
maximal tori, z,y in the case of SO(4) and 7, s in the case of S* x S*) one has x — r — s
and y — r+s and since p;(P) = 2?4+ y* and e(P) = xy, we have p;(P)+2e(P) = 4r? and
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p1(P) —2e(P) = 4% The claim now follows by observing that the map H*(Bsos), Z) =
7 — H*(Bgs,Z) = Z is multiplication by 4. Notice that this corrects a mistake in [GZJ,
(1.10), where Py was defined as P/ S2.. This will be crucial for us in Section 6.

It is also important for us to understand in detail the above discussion in the context of
U(2) principal bundles. Assume that the structure group of an SO(4) principal bundle P
reduces to U(2):

U(2) = P* — M and P = P* xy) SO(4),

or equivalently the 4-dimensional vector bundle corresponding to P has a complex struc-
ture. We identify C @ C = H via (u,v) — u + vj so that left multiplication by z is the
usual complex structure on R*. This defines the embedding U(2) C SO(4) and implies
that U(2) = S' x $* /{£(1,1)} € 9% x S* /{£(1,1)} = SO(4). Notice also that the image
of S* x{e} is the center of U(2), and the image of {e} x S* is SU(2) C U(2).

For P* we have the Chern classes ¢; and ¢y and for the underlying real bundle one has
p1(P) = ¢ — 2¢y, e(P) = ¢, and wy(P) = ¢; mod 2. Thus ([4) implies that

(1.5) pi(P)=¢c —4cy , pi(Py)=c and wy(Py)=c; mod 2.

We now discuss the relationship between the associated SO(3) principal bundles Py and
the U(2)-reduction P* and claim that:

(1.6) P_=P*/Z , Py =(P"/SU(2)) Xso(2) SO(3)
where Z is the center of U(2). Indeed, if we set I' = {#£(1,1)} when in S* xS* and

I' = {£1} when in S*, we get
P_=P/ S3 = [P* Xu(2) SO(4)] /S3 x{e} = [P* X (1 x §%)/T (83 X 83)/F] /S3 x{e}
— P X wsyr [{e} x (87 /D)] = P/ [(SYT) x {e}] = P*/Z
and for the second bundle

Py = P/S% = [P* X (g xg3yr (S* % S?)/T] /{e} x S* = P* x g1, 5y,r [(S* /T) x {e}]

= (P*/SU(2)) X(s1/r)xey [(S°/T) x {e}] = (P*/SU(2)) xs0(2) SO(3)

Thus the structure group of P, reduces to SO(2). The principal bundle of this reduced
bundle is

(1.7) S' >~ U(2)/SU(2) — P*/SU(2) — P*/U(2) with Euler class e = c¢;(P*)
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To see that this bundle indeed has Euler class ¢; (P*), we consider the commutative diagram
of classifying spaces:

P Bu(a)

T

P*/SU(2) —— Bg

The isomorphism U(2)/SU(2) = S' is induced by the homomorphism det: U(2) — S'.
Since det(diag(e, e?)) = €'®*¥) the induced map By — Bg in cohomology takes
z — x4y in the natural basis of the cohomology of the maximal tori, and since ¢; = z+y,
the claim follows.

We now specialize to the case where the base is 4-dimensional. Principal SO(4) bundles
P over a compact simply connected 4-manifold are classified by the characteristic classes
p1(P) ,e(P) and wy(P), and principal SO(3) bundles by p;(P) and wy(P), see [DW]. But
these classes cannot be assigned arbitrarily. To describe the restriction, we identify p; (P)
and e(P) with an integer, using a choice of an orientation class. For an SO(3) principal
bundle the value of wy(P) is arbitrary. The value of p;(P) on the other hand satisfies
p1(P) = ¢e* mod 4 where e € H*(M,Z) is the Euler class of a principal circle bundle with
e = wy(P) mod 2. Via equation ([.4) this completely describes the possible values of the
invariants for principal SO(4) bundles as well.

In the case of bundles over CP?, one thus has the following. Throughout the article, we
use the generator z of H?(CP?, Z) which is given by the Euler class of the Hopf bundle. The
cohomology class 22 is our choice of an orientation class in H*(CP? Z). The invariants
p1 and e are then identified with integers by evaluation on the fundamental class. For
principal SO(3) bundles one then has

(1.8) pi(P)=1 mod4 if wy(P)#0 and p;(P)=0 mod4 if wy(P)=0.
For an SO(4) principal bundle P with wy(P) = wy(Py) # 0 one thus has py(P-) =4a + 1
and pi(Py) = 4b+ 1 for some a,b € Z and hence

(1.9) m(P)=2a+2b+1 , e(P)=a—b if wy(P)#0

If on the other hand wq(P) = 0, one has p;(P-) = 4a and p;(P;) = 4b for some a,b € Z
and hence

(1.10) p(P)=2a+2b , e(P)=a—-0b if wy(P)=0.

We describe the bundles by specifying these two (arbitrary) integers a, b.

In the case of U(2) bundles over CP?| they are classified by ¢; = 7z and ¢, = s2? and
r,s € Z can be chosen arbitrarily. The structure group of an SO(4) bundle reduces to U(2)
if and only if p;(Py) is a square, and to T C SO(4) if and only if both p;(P;) and p;(P-)
are squares.

We will also use the fact that for an SO(3) principal bundle P over CP? one has
(1.11) Ip1(P)| = |[H*(P,Z)| and m(P) =0 if wy # 0 or 7, (P) = Zy if wy = 0
see [[GZ3, Proposition 3.6].
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2. KRECK-STOLZ INVARIANTS

The Kreck-Stolz invariants are based on the Eells-Kuiper p-invariant and are defined as
linear combinations of relative characteristic numbers of appropriate bounding manifolds.
They were introduced and calculated for certain homogeneous spaces L, in [KS1)], for the
Aloff-Wallach spaces in [[KSZ], and for most of the Eschenburg spaces in [KrZ]. In the case
of smooth simply connected closed seven dimensional manifolds M of cohomology type
E, or E, , the Kreck-Stolz invariants provide a classification up to homeomorphism and
diffeomorphism.

Let M be a seven dimensional oriented manifold of cohomology type E, or E, and
u € H?*(M,Z) = 7 a generator. If W is an 8 dimensional smooth manifold bounding M,
with orientation inducing the orientation of M, and if there exist elements z,c € H*(W,Z)
such that

OW =M, zlM =u, ¢|]M =0,
(2.1) wy(TW) = ¢ mod 2 if M of type E,,
wy(TW) =c+ 2z mod 2 if M” of type E,,

one defines characteristic numbers S;(W, z,¢) € Q, i = 1,2, 3, as follows.

~

S1 (W, z,¢) =< e - A(W), [W, W] >

So(W, z,¢) =< ch(Mz) —1)- e - A

Ss(W, z,¢) =< ch(X}(2) — 1) - e A(W), (W, 0W] >
d=0if M7 is spin, and d = z if M7 is not spin

22) (W), (W, 0] >

Here A(z) stands for the complex line bundle over W with first Chern class z, ch is the
Chern character, A(W) the A polynomial of W, and [W,dW] a fundamental class of W
which, restricted to the boundary, is the fundamental class of M. The integrality of
these characteristic numbers for closed manifolds, see [Hi, Theorem 26.1.1], implies that
S;(W, z,¢) mod Z depends only on 0W = M, and in particular not on the choice of sign
for u, z and ¢. Notice though that all S; change sign, if one changes the orientation of M.
Hence for manifolds of cohomology type E, or E, one defines:

si(M™) = S;(W® z,¢) mod 1.

The Kreck-Stolz invariants can be interpreted as lying in Q/Z. In it was shown that
for any manifold of cohomology type E, or E,, one can find a bounding manifold W such
that (R.1) is satisfied with ¢ = 0. In our examples we will not be able to always find an
explicit bounding manifold W which is spin if M is spin, but we will be able to find a W
and z, ¢ which satisfy (B1]). M. Kreck and S. Stolz showed that the invariants s;(M7) are
diffeomorphism invariants, and

51 (M) =285, (M) and 5(M)=s;(M),i=2,3
are homeomorphism invariants.

We now express these invariants explicitly in terms of the Pontryagin class p; = p;(TW), sign(WW),
and z, c. Recall that A(W) =1 — 555 p1 + 5z (—4p2 + 7p?) and sign(W) = = (Tp2 — p})
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and hence A(W) =1 — 55 D1 — 5= sign(W) + 5= pi . Furthermore, ch(A(z)) = €* and
hence ch(A(z) — 1) = e* — 1. Thus we obtain:

(2.3) M7 spin
1 . 1 1 1
Sl(W,c,z):—25.731gn(W)—|—27.7pf—mc2p1+27.304
1 1 1
Sg(VV,c,z):—2 3 p1+23 34 24.3ch1—|—24_3zc —|—2 22—|——22.3230
1 2 1 1 1 2
Sg(VV,c,z):—QZ.gzzpl—l—gz—23.3ch1+2 3zc —l—ﬁzc—l-3
(2.4) M7 non spin
. 1 1 1 1
Sl(W,C,Z):—25.7 SlgH(W)+27.7])%—%22]914‘%24— 25.320]91
1 1 1 1 1
Tty g T gt gt ety
5 | 1 Lo, 13 4
So(W,e, z) = ~ 5 3z p1—|—2 3¢ T o 3ch1+24‘3zc —i-? +24.3zc
1 13 1 1 3 31
S3(W,e, z) = 37 p1+23 2t — 3.3ch1+2 3,20 —1—2 22 2+ﬁz?’c.

These formulas need to be interpreted as follows. Since OW = M, we have H3 (W, Q) =
HY(OW,Q) = 0 and hence the inclusion j: (W,0) — (W,0W) induces an isomorphism
j*: HY(W,0W,Q) — H*(W,Q). Thus the characteristic classes py, 2%, ¢%, zc in H*(W, Q)
can be pulled back to relative classes in H*(W, W, Q) and the classes p?, 22 p;, 2%, etc. in
the above formulas are abbreviations for the characteristic numbers

pi = (") (1) Up, [W.0W]) , 2Pe = (%) 71 (%) U zc, [W,0W]), etc..

The main classification theorem in [KS3],Theorem 3.1, can now be stated as follows:

THEOREM 2.5 (Kreck-Stolz). Two simply connected smooth manifolds My, My which
are both of type E,, or both of type E,, are orientation preserving diffeomorphic (homeo-
morphic) if and only if s;(My) = s;(Ms) (resp. 5;(My) = 8;(Ms)) for i =1,2,3.

For orientation reversing diffeomorphisms one changes the signs of the invariants.

Recall that E, and FE, fall into two homotopy types depending on whether 7,(M) = 0 or
Zso. For some of these manifolds B. Kruggel obtained a homotopy classification, see [KrJ,
Theorem 0.1], [Kr]], Theorem 3.4]:
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THEOREM 2.6 (Kruggel). For simply connected smooth manifolds My, My one has:

a) If M; are both of type E,. and wq(M;) = 0, then r is odd, and My and M, are
orientation preserving homotopy equivalent if and only if k(M) = k(M) € Z,
and 21 so(My) = 27 s9(Ms) € Q/Z.

b) If M; are both of type E, and wq(M;) = Zo and if r is odd, My and My are ori-
entation preserving homotopy equivalent if and only if lk(My) = lk(Ms) € Z, and
TSQ(Ml) = TSQ(MQ) 67@/Z.

(c) If M; are both of type E, with r divisible by 24, My and My are orientation preserv-
ing homotopy equivalent if and only if Ik(My) = lk(My) € Z, and p1(M;) = p1(Ms)
mod 24.

In the remaining cases, the homotopy classification has not yet been finished.

P. Montagantirud showed in [Md] that in the case of manifolds of type E,, or of type
E,. with r odd, one can replace s3 with the linking form [k in the homeomorphism and
diffeomorphism classification. In other words, 28 s1, o and [k classify the manifold up
to homeomorphism, and s1, sy and [k up to diffeomorphism. Furthermore, in the case of
manifolds of type E, with r odd, he proves that one can replace the invariant 28 s; with

P1-

3. TOPOLOGY OF SPHERE BUNDLES OVER CIP?

We start with the family of S*-bundles over CP%. As we will see, the total space of such
a bundle is spin if and only if the bundle itself is not spin. Our goal is to see when the
total space of such a bundle is diffeomorphic to an Eschenburg space, and we thus restrict
ourselves in this section to sphere bundles which are not spin. According to ([.9), they are
classified by two integers a,b and we let

S* = S, == CP*  with  p1(Sas) = (2a+2b+ 1) 2%, e(Sap) = (a —b) 2* and wy # 0
where  is a generator of H?(CP?;Z). A change of orientation corresponds to changing

the sign of e but not of p;. Thus S, , and Sy , are orientation reversing diffeomorphic.

It turns out that it is also the non-spin bundles which are known to admit non-negative
curvature, as was shown in [GZZ:

THEOREM 3.1 (Grove-Ziller). Every sphere bundle over CP* with wy # 0 admits a
metric with non-negative sectional curvature.

As for their topology we have:

PROPOSITION 3.2. The manifolds S, have cohomology type E, with r = |a — b, as
long as a # b. Their first Pontryagin class is given by p1(T'S,) = (2a+2b+4) mod r.

Proof. The cohomology ring structure and r = |a — b| immediately follows from the Gysin
sequence. In particular, H*(S, ; ,Z) = Z with u = 7*(z) a generator.

For the manifolds S = S, , we have TS = 7*(TCP*) @ V where V @ Id = 7*E with
Id a trivial bundle and E the vector bundle associated to the sphere bundle S. Hence
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p1(V) = 7*(p1(E)) and, since p,(TCP?) = 322 and p;(S) = (2a + 2b + 1) 22, we have
pi(TS) = (2a+2b+4)u® Also, S is spin since wy(T'S) = 7 (wy(TCP?) + wy(E)) = 0.
0]

Remark. In the case of @ = b the bundle has the same cohomology ring as S* x CP?.
Such manifolds are not classified by the Kreck-Stolz invariants. However, they are also not
homotopy equivalent to any known example of positive curvature.

We now compute the Kreck-Stolz invariants and for this purpose need to fix the ori-
entation. In the fibration of S,;, the base CP? is oriented via #? € H*(CP?) and the
orientation of the fiber is determined by the sign of the Euler class. This determines the
orientation on the total space.

PROPOSITION 3.3. The Kreck-Stolz invariants for S, with a # b are given by:

1 sgn(a — b
Sl(Sa7b)Em(a+b+2)2—2(57.7) mod 1
SQ(Smb)Em(a“—b‘l‘l) mod 1
$3(Sap) = — (a+b—2) mod1

2-3-(a—0b)

Proof. We will use the notation established in the proof of (B.2) and set u = 7*(z). Let
E be the vector bundle associated to the sphere bundle S, , and 7: Wy, — CP? its disk
bundle. Hence W = W, ; is a natural choice for a bounding manifold and we identify the
cohomology of W with that of CP?. Thus z := 7*(z) is a generator for H*(W;Z) = Z.
Since the restriction of @ to OW = S, is m, it follows that z|0W = 7*(z) = u. For the
tangent bundle of W we have TW = 7*(TCP?)@7* E and hence wy(TW) = 7*(wo(TCP?)+
wy(E)) = 0. Thus S, and W are both spin, and we can choose ¢ = 0 in (g). Furthermore,
pi(TW) = 7*(p1(TCP?)+p(E)) = 322 +(2a+2b+1) 2® = (2a+2b+4) 22 € HY(W;Z) =
Z.

The sphere bundle and hence the disk bundle are assumed to be oriented and we let
U € HY(W,0W) = Z be the corresponding Thom class. The orientation on CP? is defined
by (22,[CP?]) = 1 and we define the orientation on W such that U N [W,0W] = [CP?.
Thus (U U 22, [W,0W]) = (22, U N [W,0W]) = (22, [CP?]) = 1. If j: W — (W, 0W) is the
inclusion, j*(U) is the Euler class and hence j*(U) = (a — b)2%. Thus we obtain

(7Y U2 W,0W) = — U U2 oW = —
(78 (02) U s, W, 00]) = —((2a+ 20+ 47U U 22, (W, 0)
= aib(2a+2b+4)2

! (20 +2b+4) - U U, [V, 007])

1
= b(2a—|—26+4).
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Recall that the signature of a manifold with boundary is defined as the signature of
the quadratic form on H*(W,0W) given by v — (j*(v) U v, [W,0W]). Since H*(W,0W)
is generated by U and ((5*)(U) U U, [W,0W]) = a — b we have sign(W) = sgn(a — b).
Substituting into (B) proves our claim. O

Remark. Notice that s3 = 45, + % mod 1 and thus for (orientation preserving diffeo-
morphisms) se determines ss.

If r > 1 we also have the linking form:

COROLLARY 3.4. The linking form of S, with a # b is standard, i.e., lk(S, ) =

1
(a—1) € Q/Z.
Proof. As discussed in Section 1, the linking form is a bilinear form L : H*(M;Z) x
HYM;Z) — Q/Z and is completely determined by L(u? u?). It turns out by [KSZ],
see also [Md], that for manifolds of type F, we can also express the linking form as the
characteristic number z*. As seen above in the case of Sa, b We obtain 2* = L and hence
L(u*v?) = X € Q/Z. O

a—b

As a consequence of Proposition B.3, together with Theorem P.J, one easily obtains a
homeomorphism and diffeomorphism classification of the manifolds S, :

COROLLARY 3.5. The manifolds S, and Sy withr =a—b=a" —b >0 are
(a) orientation preserving homeomorphic if and only if a = a’ mod 127.
(b) orientation preserving diffeomorphic if and only if

a=a mod 127 and (a—d)ja+d —r+2]=0 mod2®-7 -7

(a’) orientation reversing homeomorphic if and only if r =1 and a = —a’ mod 12.
(b") orientation reversing diffeomorphic if and only if r =1 and a(a+1) = —d'(a’ + 1)
mod 23 - 7.

Remark. (a) Notice that if a = ¢’ mod 1687, then S, ,_, and Sy ,_ are diffeomorphic.
Thus each sphere bundle is diffeomorphic to infinitely many other sphere bundles.

(b) As far as the homotopy type is concerned, we note that m4(Sap) = Zg if r = |a — b
is even, as follows from Theorem P.§ (a). We suspect that if r is odd, m4(S,,) = 0. For
example, Corollary implies that m4(S41 pp41)) = 0.

In any case, if m4(Sap) = 0, Sup and Sy with a —b = o’ — 0 > 0 are orientation
preserving homotopy equivalent if and only if @ = ¢’ mod 6, and orientation reversing
homotopy equivalent if and only if a+a’ =7 —1 mod 6. If m4(S,,) = Zs, the same holds
mod 12.

4. TorPoLOGY OF CIRCLE BUNDLES

In this section we discuss the manifolds M/ , described in the introduction. We start
with 6-dimensional manifolds which are S? bundles over CP?. As we will see, it is again



TOPOLOGY OF NON-NEGATIVELY CURVED MANIFOLDS 13

important to assume that they are not spin. According to ([.§), the corresponding SO(3)
principal bundle satisfies p; =1 mod 4 and we define:

$* = Ny = CP*  with py(N;) = (1 —4t)2® and wy # 0
for some integer t.

In order to compute the cohomology ring of N; we regard the 2-sphere bundle as the
projectivization of a rank 2 complex vector bundle. For this purpose, let U(2) — P — CP?
be a principal U(2) bundle with associated vector bundle E = P Xy C?. Such bundles
are classified by their Chern classes ¢; and ¢y and we define

U(2) = P, CP* with ¢ (P,) = and cy(P,) = ta?

Since ¢; mod 2 = ws, such a bundle is not spin. If Z = diag(z,z) C U(2) denotes the
center of U(2), we obtain an SO(3) principal bundle

U(2)/Z =2 S0(3) = Q, := P,/Z — CP?.

According to ([L@), we have P;/Z = P_ and hence, by ([L3), p1(Q:) = ¢ —4cy = (1 —4t)2?.
Furthermore, wy(Q:) = wa(P-) = wo(P) # 0. Thus

SO(3) = @, — CP*  with py(Q,) = (1 — 4t)z* and wy(Q;) # 0
is the SO(3) principal bundle associated to the 2-sphere bundle N;. This implies that
P(E) =~ P, xy(e) CP' ~ (P,/Z) Xs0(3) S* =~ Q¢ Xs0(3) S* ~ N,
i.e., we can regard N, as the projectivization of E. Furthermore, N, = P,/ T? since

N; ~ P(E) ~ P, Xy CP' ~ P, xy@ U(2)/ T? ~ P,/ T?.

We can now apply Leray-Hirsch to compute the cohomology ring of P(E) = Ny:
H*(P(E)) = H*(CP?)[y}/ly* + c1(E)y + co(E)]
(4.1) = H*(CP?)[y]/[y* + zy + ta?]
= Zw,y)/[2* = 0,y" +xy +ta® = 0]

Here we have identified z € H?(CP?) with 7*(z) € H*(N,) & H?(P(E)). Furthermore, the
generator y is defined by y = ¢;(S*) where S* is the dual of the tautological complex line
bundle S over P(FE). Hence

H?*(N,) = Z @ Zwith generatorsz,y
(4.2) H*(N,) = Z @ Zwith generators 2*, zy, and relationship y* = —xy — t 2% ;
HY(N,) = Zwith generator z%y, and2® = 0,y°z = —2%y,y* = (1 —t) 2%y .
Notice that, since the quadratic relationship y? + zy + t 22 has discriminant ¢ — i, the
manifolds NV, all have different homotopy type.
We now consider circle bundles over N;. They are classified by their Euler class e €

H?*(N;,Z). For symmetry reasons, see Corollary .3, we define
S'— M,, = N, with e(M!,)=ax+ (a+b)y
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where a, b are arbitrary integers. In order to ensure that Mé,b is simply connected we as-
sume that (a, b) = 1. The total space is oriented via the orientation class z%y € H(N;) on
the base and the orientation on the fiber given by e. Thus M, and M, _, are orientation
reversing diffeomorphic.

For the basic topological invariants of M , we obtain:

PROPOSITION 4.3.  The manifolds M , have cohomology type E, with r = |t(a+b)*—ab|,

as long as t(a®+0?) # ab. Furthermore, the first Pontryagin class is given by p (TM;b) =
4(1 —t)(a + b)* mod r.

Proof. The Gysin sequence for the bundle M} , — Ny yields H*(M, ,;7) = H*(M ,; Z) =

a, b’
Z; Hl(Mévb;Z) &~ H?’(Mé,b;Z) &~ HG(Mt :Z) =20 and H4(M;7b;Z) =~ 7, where Z, is the
cokernel of

a, b’

0 — H*(N;Z) =% HY(N;Z) — HY(M! ;;Z) — 0.
Since the cup product with the Euler class sends x to a z* + (a+b) xy and y to axy + (a +
b)y* = —t (a + b)z? — by we obtain for this homomorphism that

a —tla+b
det (a—i—b (—b )> =t(a+b)* —ab

and thus the cokernel has order |t(a + b)*> — ab| as long as t(a + b)> — ab # 0. One
easily sees that the cokernel is cyclic since (a, b) = 1, and hence H*(M} ,;Z) = 7Z, with
r=|t(a+b)? — abl.

To compute the characteristic classes we observe that the tangent bundles split: T'M, é b=
o*(TN,) ®1d and TN, = n*(TCP?) ® V with V @ Id = 7*(E®), and where E? is the rank
3 vector bundle corresponding to the 2-sphere bundle N;. Hence p; (T Méb) = o*m* (3% +
(1—4t) z?). Applying the Gysin sequence again, we see that 0 = 0*(e) = o*(azx + (a +b)y)
and that o*: H*(N;Z) — H?*(M! ,;Z) is onto. Since (a, b) = 1, this implies that there
exists a generator u € H*(M ,;Z) = 7 with 0*(z) = —(a + b)u and o*(y) = au. Hence
p(TM ) = 4(1 —t)(a+b)*u* and similarly M} , is spin since wq(T M ) = 0™ (wa(T'Ny))
and wq(TNy) = m*(2z) = 0. O

The Kreck-Stolz invariants for the manifolds M , were computed in the special cases

t = £1 in [KSI] and [AMP]]. For the general case below, we will use s = t(a + b)? — ab,
r = |s|, since s is not always positive.

PROPOSITION 4.4. If s = t(a + b)* — ab # 0, the Kreck-Stolz invariants for M. , are
given by:

-1 (a+Db)(t—1)2
t —
s1(M, ) = 5 sign(W) — 55 s
a+b

{3ab+(t—1)8+(a+b)*}  modl,

Ty 3.7
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so(M,) = 231_3 [t —1)(m+n)[2— (a+b) (m+n) —2(m+n)?
—am(m+2n) —bn(n+2m)—6mn(m+n)}
+ 23-13~s {#®-1)(a+b)(n+m)*(2— (n+m)?)

+ (t = 1) [m*(Ba+b) + n*(a+ 3b) — 2(a + b)(m + n)* + 2(am® + bn*)(2nm — 1)]
+am* 4+ bn* — 6m*n’(a + b) — dmn(an® + bm?)} mod 1,

{(t=1)(m+n)[1—(a+b)(m+n)—4(m+n)?
—am(m+2n) —bn(n+2m)}
#* — D)(a+b)(n +m)*(1 — 2(n +m)?)
[2m*(3a + b) + 2n*(a + 3b) — (a + b)(m +n)* + (am® + bn*)(8nm — 1)]
+2am* + 2bn* — 12m*n®(a + b) — 8mn(an® + bm*)} mod 1,

—_
—_
—_

where n,m € Z are chosen such that am — bn = 1. Furthermore,

0, if s>0
sign(W) = 2, if s<0 and b+ (1—t)(a+b)>0
— 2, if s<0 and b+ (1—t)(a+b) <0

Proof. A natural choice for a bounding manifold is the disk bundle ¢’: W2, — N, of
the rank 2 vector bundle E? associated to the circle bundle . Recall from the proof of
Proposition [3 that there exists a generator u € H*(M}, ,; Z) = 7 with ¢*(z) = —(a + b)u
and 0*(y) = au. Furthermore, we identified the cohomology of W with that of NV, via o’*.
In order to apply (B), we need to choose classes z,c € H*(W,Z) & Z ® Z with z|0W = u,
c|oW = 0 and wy(W) = ¢ mod 2. If we choose integers m,n with am —bn = 1 and set
z=nx+(m+n)yandc=e(M,,) =ar+ (a+D)y, it follows that o*(z) = u, 0*(c) = 0.
Furthermore, wy(TW) = o™ (wa(TN;)) + wa(E?) = e mod 2. Thus z and ¢ have the
properties required in (B:1). Using pi(TW) = o’ (p1(TNy)) +p1(E?) = 4 (1 —t) 2% +€? and
replacing the value of p; in (B) we obtain

S1(W,e, z) = 5w sign(W) + 25‘3.7(12 t—1)22"+8(t—-1)2*c -,
So(W, e, 2z) = 5 3(2(t—1)zcx2+2(t—1)z2x2+z202+223c+z4),

1
S3(W,e,z) = 2—3((t—1)zcx2+2(t—1)z2x2+z202+4230—|—4z4).

Recall that the orientation for N, is chosen so that (z®y,[N;]) = 1. The orientation
for the vector bundle E? defines a Thom class U € H*(W,0W) = Z and we define the
orientation on W such that U N [W,0W] = [V].
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We first compute the characteristic numbers involving ¢ by using the fact that j*(U) =
e(E?) = ¢ where j : W — (W, 0W):
¢t = (U (5") ), W, oW]) = (¢ U T, [W, 0W])
= ((az+ (a+b)y)*, [N]) = a® + b* — t(a + b)*
2= (c2UUW,0W]) = ((ax+ (a+b)y) (nz+ (m+n)y)* [N])
=an?®+bm? —t(a+b)(m +n)?
Pe=(BuU [W,0W]) = ((nz+ (m+n)y)® [N])
=m? +n® —t(m+n)?
2?2 = (22 cUU,[W,0W])) = (2® (az+ (a+b)y),[N]) =a+b
zex? = (z2? UU,[W,0W]) = ((nz + (m +n)y)2® [Ne]) =m +n
A calculation shows that sz = —(bx + (a + b) y) U ¢ and hence
a+b
s
Similarly, 22 = (az + By) Uc, where sa = at(n® — m?) + 2btn(m + n) — n?b and s 3 =
t(a+b)(m +n)? —am? — bn?.
Thus
A= U(ar+By) VU, [W,0W]) = ((nz+ (m+n)y)*U(az+ By), [N])

o= (e (b + (ot b)), [N]) = -

= % {—t*(a+ b)(m +n)* + t/m*(3a + b) + n*(a + 3b) + 4nm(am? + bn?)]
—am* — bn*}
2a? = (0w +y)a [N]) = - (ta+ D)m +n)’ —am? — bn?)

We now compute the signature form v — (j*(v) Uv, [W,0W]) on H*(W,0W). Since z,y
are a basis of H?(W) = H?(N;), the classes z UU,y U U are a basis of H*(W,0W). Using
7 (xUU) = 2Uz*(U) = xUc = ax?*+ (a+0b) xy and similarly j*(yUU) = —t (a+b) 2> —bxy,
we have

(J(xUU)UzUU, [W,0W])
(MU U)Uy LU, [W,0W])
(J"yuU) Uz LU, [W,0W])
U U)Uy LU, [W,0W]) =

(ax® + (a+ b) vy) Uz, [Ny]
(a2® + (a +b)zy) Uy, [N,]) =

(—t(a+b)a’ —bfcy)U%[NtD
(— (a+b)x2—bxy)Uy,[N]):—t(a+b)+b

{
{
{
{

If we denote by R the matrix of this signature form, one easily sees that det R = —s and
since tr R = b+ (1 —t)(a + b), the signature is as claimed.
Combining all of the above, our claim follows from (). O

Remark. Notice that one can always choose m or n to be divisible by 4, which easily im-
plies that the term (t—1) (m+n) [2—2 (m+n)?|—6mn (m+n) vanishes in s, and the term
(t—1) (m+n) [1—4 (m+n)?] =3 mod 6 in s3. Thus a change (a,b,m,n) — (b,a, —n, —m)
gives the same Kreck-Stolz invariants, confirming the orientation preserving diffeomor-
phism in Corollary p.3 Notice also that a change (a,b,m,n) — (—a, —b, —m, —n) gives
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opposite Kreck-Stolz invariants confirming that M ; , 1s orientation reversing diffeomorphic
to M!

—a,—b*

Recall that for manifolds of type E, with r > 1 the linking form is equal to the charac-
teristic number z* and we hence obtain:

COROLLARY 4.5. Ifs =t(a+b)>—ab and r = |s| > 1, the linking form of M, , is given
by

1
k(M ,) = - {—t*(a+b)(m~+n)*+tm*(3a+b)+n*(a+3b) +4nm(am?* +bn?)] —am* —bn*}
in Q/Z, where n,m € Z are chosen such that am —bn = 1.

Remark. As far as the homotopy invariant (M CtLb) is concerned, we notice that it does
not depend on a, b as follows from the circle bundle S' — P, — M. This implies that
my(M,) = Zs for t even. Indeed, if t even, a even and b odd, the order r = [t(a+b)* —ab| is
even and the claim follows from Theorem P.§ (a). If ¢ is odd, we suspect that m4(M,) = 0.
For example, from Proposition p.4 it follows that 7y (M aibl) =0.

5. GEOMETRY OF SPHERE BUNDLES AND CIRCLE BUNDLES

In this section we study the geometry of the sphere and circle bundles defined in Section
3 and 4 and the relationships between them.

We remind the reader of the various bundle structures in Section 3 and 4 in the following
diagram:

st St T? St St
U(Q) - > Pt 7 (C]P)z Sl Pt Mtib

l/z ‘//Z \ o
SO3) — Q: — CP? s! Qt Ny
CP! N; ——CP* S? Sop —— CP?

In particular, recall that we can regard the 2-sphere bundle N, as the projectivization
of a rank 2 complex vector bundle P, xy@) C* with ¢;(P,) = x, c2(P;) = tz* and that
N; = P,/ T? as well. We defined M, as the circle bundle over N; with Euler class
e=axr+ (a+b)y.
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A different description of M.

PROPOSITION 5.1. The circle bundle S* — M., — N, can be equivalently described as
the circle bundle T? /S, , — P/ Si., — P,/ T?, where S, , = diag(z",2") C T? C U(2).

Proof. We first claim that, using the basis z,y € H?(P,/T?) from Section 4, the first
Chern class ¢;(P;/ S}l, ») = rx+ sy for some functions r, s linear in a, b. To see this, observe
that H*(P,) = H*(S? x S%) since in the spectral sequence of the principal bundle U(2) —
P, — CP?, the differential dy: H'(U(2)) — H?*(CP?) takes a generator to ¢;(P,) = .
This holds for any U(2) principal bundle, as can be seen by observing that this is true
in the universal bundle and hence via pullback for any U(2)-bundle. Now consider the
commutative diagram of fibrations:

T? P, P/T* L+ B

T

§'~T?/S, ,—= P/S), — P/ T* 2> Ba

where ¢ and g, are the classifying maps of the respective T? bundle and S* bundle. If we
choose bases A € H*(S') and p, v € H*(T?), the projection f induces a map f*: H'(S") —
H'(T?) with f*(\) = #u + 5v for some functions 7, 3 linear in @, b. Thus via transgression
H'(S') = H*(Bg1) and H'(T?) = H?*(By=) it follows that Bj(\) = 7i + 5v. From the
spectral sequence of P, — P,/ T? — Bpe it follows that g} is an isomorphism in H?Z.
Since g5 takes the canonical generator in H*(Bgi) = Z to ¢1(P,/ S} ,), it follows that
c1(P/Sh.) = 7g; (i) + S¢; (7). Via a basis change the claim follows.

We now show that ¢;(P,/Sg;) =y and ¢;(P,/S] _;) = « and thus ¢;(P,/S, ;) = ax +
(a 4 b)y which implies that M! , = P,/S, ,. To evaluate the two Euler classes, we need
to specify the orientation of the circle bundle T? /S) , — P,/S., — P,/ T?. If the Lie
algebra of T? is endowed with its natural orientation, the Lie algebras of Sclhb and Sl_lm

form an oriented basis. Thus the action of diag(e™*, e®) C U(2) on P; induces a (possibly
ineffective) circle action on P/ S}L »» Which is the orientation we will use in the following.

To see that ¢;(P,/ Sy ;) =y, recall that y = ¢;(S*) where S is the canonical line bundle
over P(E) = P; Xy CP'. Consider the circle bundle

S' ~ T? / diag(1, 2) — U(2)/ diag(1, 2) ~ S* — U(2)/ T? ~ CP".

We identify U(2)/diag(1, 2) with S* by sending A € U(2) to its first column vector. Thus
the action of diag(e®, 1) on U(2)/ diag(1, z) from the right is multiplication by ¢ in both
coordinates and hence the Hopf action, which shows that this is the canonical line bundle
over CP'. It follows that

T2 / diag(1, z) — P, xu U(2)/ diag(L, 2) = Py xup U(2)/ T2 ~ P(E)

is the canonical line bundle over P(E). The projection onto the first coordinate induces
an isomorphism P, Xy U(2)/ diag(1, z) ~ P,/ diag(1, z), with circle action given by right
multiplication with diag(e?,1). But this is the opposite orientation to the oriented circle
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action on P/ S(l],1 — P,/ T?. Thus this bundle is dual to the canonical line bundle, which
proves our claim.

To see that ¢;(P,/ S} _;) = ¥ = 7*(x), consider the diagram of circle fibrations:

U(2)/SU(2) — (P,) Xsu(2) CP' — (P,) Xy CP' =~ N,

T

U(2)/SU(2) P,/ SU(2) P,/ U(2) ~ CP?

The fibers of these bundles are oriented via the isomorphism induced by the homomorphism
det : U(2) — S' and hence right multiplication by diag(e?, 1) C U(2) induces a circle action
with the correct orientation. The lower circle bundle is the Hopf bundle since by ([[.7) it has
Euler class ¢;(P,) = x. Thus ¢; = z for the upper circle bundle as well. But the total space
is identified with (P;) xsu2)CP' ~ (P,) xsu2)SU(2)/ diag(z, 2) ~ P,/ diag(z,z) ~ P,/ S} _;.
The circle action by U(2)/SU(2) is the right action by diag(e®, 1) on P;/ Si_l, whereas the
natural circle action is given by right multiplication with diag(e®, ). To see that both
circle actions agree, observe that diag(e?, 1) = diag(e®, %) -diag(z, z) for z = ¥ |, § = 2¢
and that the action by diag(e®, ') is Z, ineffective. O

Remark. There is another natural basis 7,y of H?(N;,Z) given by transgression in the
fiber bundle T? — P, — N, of the natural basis in H'(7?,Z) corresponding to the splitting
T? = diag(e”,¢™) C U(2). The Euler class of the circle bundle T? /S} , — P,/S, , —
P,/ T? is then given by —b% + ay. Thus Proposition f.]] implies that 7 = —y, § =z +y
and hence e(M,) = az + by.

In it was shown that U(2) principal bundles over CIP? with w, # 0 admit a metric
with non-negative sectional curvature invariant under the action of U(2). Hence, as a
consequence of Proposition p.1] and O’Neil’s formula we obtain:

COROLLARY 5.2. The manifolds M, , admit a metric with non-negative sectional cur-
vature for any integers a, b, t.

Since S, , C U(2) is conjugate to S, C U(2), we have

COROLLARY 5.3. The manifolds M, , and M; , are orientation preserving diffeomor-
phic.

Relationship with previously defined manifolds.

PROPOSITION 5.4. Fort = +£1 one has the following identifications. Ny is the ho-
mogeneous flag manifold SU(3)/ T? and Mib the Aloff-Wallach space W, . N_1 is the

inhomogeneous flag manifold SU(3)// T? and Ma_}, is the Eschenburg space Fy .

Proof. If we start with the homogeneous U(2) principal bundle U(2) — SU(3) — CP?, the
associated 2-sphere bundle is SU(3)/ T? — CP* and SU(3)/Z — CP? is its SO(3) principal
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bundle. But SU(3)/Z ~ SU(3)/ diag(z, 2, 2%) ~ Wi . Since W, is simply connected and
HY(W11,7Z) = Zs, (L) and ([L.I1) imply that the SO(3) bundle has p; = —3 and wsy # 0.
Thus SU(3)/Z = @, and hence SU(3)/ T? = N;.

Similarly, there is a second free biquotient action of U(2) on SU(3), see [EJ], given by
B+ A = diag(1,1,det B*) A diag(B,det B)™" where B € U(2), A € SU(3).

By dividing by SU(2) first, one easily sees that SU(3)// U(2) ~ CP?, i.e. we obtain a U(2)
principal bundle over CP?. Now SU(3)//Z = diag(1, 1, 2%)\ SU(3)/ diag(z, z, 2%) ™' = I ;.
Since F} ;1 is simply connected and H*(F}1,Z) = Zs, ([-§) and ([I7)) imply that the SO(3)
bundle has p; = 5. Thus SU(3)/Z = Q_; and hence SU(3)/ T?> = N_;.

Thus in both cases Py = SU(3), but with different actions by U(2). Dividing by S}Lb,
the last claim follows from Proposition [.1. O

Remark. The diffeomorphism classification of M, was carried out in [KSZ]. Their
choice of parameters a,b is the same as ours, but their orientation is opposite. Notice
though that in the choice of m,n, one needs to change the sign of n, i.e. am +bn =1 in
the formulas in Proposition [.4.

The diffeomorphism classification of M ; was carried out in [AMPT]. The correspon-
dence of our and their parameters is a =1, b =m, m = a, n = b, and their orientation is
opposite. Notice though that the invariants of their Examples 7-9 in the Table on page 47
are incorrect.

The case of t = 0 is also special:

PROPOSITION 5.5. Fort =0 we have Ny = CP? # CP? and Py = S° xS3. Furthermore,
M2, =S° xS/ S" with circle action (p,q) — (z*p , diag(z", ") q) where p € C*,q € C*.

Proof. The bundle Fy has ¢; = x and ¢, = 0 and its structure group thus reduces to
U(1). This reduced circle bundle must be the Hopf bundle since its Euler class is . Hence

Ny = S° xq1 S? which is well known to be diffeomorphic to CP*#CP?.

Furthermore, Py = S° xy(y U(2) where U(1) acts on S° as the Hopf action and on
U(2) by left multiplication with diag(z,1). One easily shows that the map S° x §* =
S® x SU(2) — S° xyu) U(2) = Fy given by (p, A) — [(p, A)] is a diffeomorphism. This
easily implies that the action of U(2) on Py, translated to S° x S3, is given by Bx (p, A) —
(det Bp,diag(det B,1) AB) where p € S° ¢ C*, A4 € SU(2) ~ S* and B € U(2). If
we identify SU(2) with S via its first column vector, we see that the circle action of
B = diag(z*,2%) € S}, C U(2) on Py = S° x §* sends (p, (u,v)) to (2*™p, (z°u, 2" v)),
where (u,v) € S* € C2. But the circle action (u,v) — (2°u,2%v) on S? is equivalent to
(u,v) = (2%u, 2°v) via conjugation on the first coordinate and a coordinate interchange.
Since M2, = Py/ S, ;, we obtain the last claim. O

Remark. Thus M 371) are special examples of the 5-parameter family of manifolds men-
tioned at the beginning of Section 6. Together with Corollary this implies that
M?,l ~ L_Lg ~ M_Lg.
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We can regard the principal bundle Q; as P;/Z where Z = S} | is the center of U(2) and
thus Proposition p.1] implies

COROLLARY 5.6. The SO(3) principal bundle Q; with p1(Q;) = 1 — 4t ;wq(Qy) # 0 is
equal to M{ . Furthermore, Q1 = Wy, and Q_y = Fy ;.

Natural diffeomorphisms between sphere and circle bundles.

From the inclusions diag(z?, z¢) C U(2) we obtain the fibration:
S/ Zprq = U(2)/ diag(2?, 2%) — P,/ diag(*, 27) ~ M, , — P,/ U(2) ~ CP?,

where the fiber is U(2)/ diag(z?, z9) = SU(2)/ diag(z?, z?) with 277 = 1. Hence the fiber
is a lens space S*/Z,.,, and, in the case of p + ¢ = +1, we obtain a bundle with fiber S3.
We can assume that p + ¢ = 1, since replacing z by Z changes the sign of both p and q.
Thus we obtain sphere bundles:

(5.7) S* — M!

p,1—p

— CP2
We now identify which sphere bundle this is.

PROPOSITION 5.8. M;;,l— is orientation preserving diffeomorphic to S_y pp—1).

P

Proof. We compute the characteristic classes of the SO(4) principal bundle P* over CP?
associated to the sphere bundle (B.7). For this we identify the induced SO(3) principal
bundles P} = P*/S% as discussed in Section 1. Notice though that the role of P and P*
are interchanged here.

Let p,: U(2) — U(2) be the homomorphism p,(A) = (det A)"?A which we can also
regard as a representation of U(2) on C2. The induced action of U(2) on the unit sphere
S3(1) ¢ R* = C? is transitive with isotropy group at (1,0) given by S} := diag(z?, 2'7),
ie., S3(1)=U(2)/ S;,. Consider now the associated vector bundle E, = P, Xy C* where
U(2) acts on C? via p, and E}f = P Xy R* the underlying real bundle. For the sphere
bundle of EF we have S(E¥) = P xy(@) S* = P xy@e) U(2)/S, = P/S, and thus, using
Proposition f1], S(E) = M!,_,. We denote by P* the SO(4) principal bundle associated
to B, i.e. P* = P Xy SO(4).

In order to view P* in a different way, consider the following commutative diagram of
homomorphisms:

§lx g3 gl g3 7. g8, gl

N

U(2) —2~ U(2) —Z~ SO(4)

where 7; are the two fold covers and o, & the embeddings discussed in Section 1. To make
these diagrams commutative, one needs p,(z, q) = (272*! ¢) € S' x S°.
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Thus P* = P Xy SO(4) = P Xty s3yr (S*xS*)/T and (z,q) € S'xS* acts on
(q1,q2) € S* x S as (27 %*'qy, qgz). According to ([C6)
= P/Z = @
and thus pl( *) = p1(Q:) = (1 — 4¢t). On the other hand, by ([L.6)

= (P/SU(2)) xs0(2) SO(3) = (P/SU(2)) X(s1 /ryx e [(S*/T) x {e}].

but S' acts on S* via zx ¢ = 27%*1¢. The structure group of this bundle reduces to S!
with S! principal bundle

(5.9) — (P/SU(2)) X (st /ryxqe) [(ST/T) x {e}] = (P/SU(2))/Zop1 — P/ U(2)

since the action of S' on S' has isotropy Zg, 1. Recall that by ([7) the circle bundle
P/SU(2) — P/ U(2) has Euler class ¢;(P) = x. The Gysin sequence then implies that the
circle bundle (5:9) has Euler class e = £(2p — 1)z and hence p;(P}) = ¢* = (1 — 2p)*. By
definition, p; (P*) = 4a+ 1 and py(P}) = 4b+ 1, and hence a = —t and b= p(p — 1), i.e
M;ﬁ1 —p = S_tp(p-1) -

In order to see that the diffeomorphism is orientation preserving, we use Corollary B.4
and Corollary .3 to see that the linking forms are the same. O

In particular:

COROLLARY 5.10. For each integer p, there exist natural diffeomorphisms W, 1_, ~
S-1pp-1) and Fpyp > S1pp-1)-

Remarks. (a) Using the normalization of the Aloff-Wallach spaces described in Section
1, we see that W, ; ~ S_; p(p41) with p > 0 are the Aloff-Wallach spaces which are naturally
S? bundles over CP?. They have positive curvature, unless p = 0. Using the diffeomorphism
classification in Corollary [.J, this gives rise to infinitely many diffeomorphisms between
sphere bundles and W), ;.

(b) The tangent bundle of CP? is given by S_; 2~ Wy _1 >~ Wi, since it has p; = e = 3.
Thus Wy is both an S* bundle over CPP?, as well as an SO( ) principal bundle over CP?.

(c) The Eschenburg spaces F,;_, do not have positive curvature in the Eschenburg
metric since p(1 —p) < 0.

6. SPIN S AND S! BUNDLES OVER CP?

In this section we discuss bundles which are spin. One class of such bundles has a total
space which is spin and can hence be diffeomorphic to an Eschenburg space. Some of the
other classes admit Einstein metrics and we will compare them as well.

There is a specific class of manifolds of type £, which has been considered previously
in [W7], where it was shown to admit Einstein metrics. These manifolds are total spaces
of circle bundles $' — L,;, — CP? x CP' with Euler class e = ax + by and ged(a, b) = 1
where x and y are the natural generators in the first or second factor. They can also be
considered as the base space of a circle bundle: S' — S° x S — L, where S! acts on
S*xS* € C*@C? as (u,v) = (27w, 2%). Thus Lo = S® x CP' and Ly; = CP* x S?, and
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by conjugating in each component, one sees that L,;, = Ly, 1. Furthermore, L, a # 0,
has cohomology type E,: if b is even and cohomology type E,: if b is odd. Projecting to
the first component, one obtains a lens space bundle S?/ Zyp) = Lap — CP?% Thus L, is
naturally an S* bundle over CP2. See [WZ] for details.

These manifolds were later also discussed in [KST]|, where they computed the Kreck-Stolz
invariants and exhibited certain diffeomorphism among them, which gave rise to counter
examples to a conjecture by W.Y.Hsiang.

In [Kr])] the manifolds L,; were generalized to a 5 parameter family of manifolds by
dividing S° x S by the S' action ((u1, ug, u3), (vi,v2)) = (2% ug, 2%2us, 2%), (2P0, 2220y)),
and in [Eq], their Kreck-Stolz invariants were computed if all a; are equal. These manifolds

have cohomology type E, or E,, depending on whether > a; + Y b; is even or odd, and
T = blbg.

6.1. 3 sphere bundles which are spin. Here we consider the bundles
S? — Sap — CP? with P1(Sap) =2a+2b, e(Sap) =a—band wy =0

Recall that, according to ([[.I), these are the allowed values in the spin case. As in Section
3, one easily proves:

PROPOSITION 6.1. Ifr = |a —b| > 1 one has the following:
(a) The manifolds S, , have cohomology type E, and p; (T'Sap) = 2a+ 2b+ 3 mod 7.
Furthermore, the linking form is given by lk(Sqp) = —=

- a—b"
(b) Sa,» has non-negative curvature if a and b are both even.

Part (b) follows from [[GZZ]. It is not known whether S, ;, admits a metric with non-negative
curvature if @ and b are not both even, although they do if a is even and b = (2r + 1)2.

For the Kreck-Stolz invariants one obtains:

PROPOSITION 6.2. The Kreck-Stolz invariants for S, , with a # b are given by:

_ 1 sgn(a — b)
N S 2 = (da+4 -= 1
$1(Sa,b) 27_7_(a_b)(a+ b+ 3) 27_3,(a_b)(a+ b+5) 55 7 mmod
Sz(gavb)zm(wb—l) mod 1
_ ~1
53(Sa0) = grg gy (0 F0—5) mod 1.

This easily implies the following homeomorphism and diffeomorphism classification:

COROLLARY 6.3. The manifolds S,; and Sy withr =a—b=a —¥b >0 are
(a) orientation preserving homeomorphic if and only if a = a’ mod 6.
(b) orientation preserving diffeomorphic if and only if
a=d mod6r and (a—ad)[3(a+d)—3r+1=0 mod2®-3-7-7.
(a’) orientation reversing homeomorphic if and only if r =1 and a + ¢ =2 mod 6 or
r=2anda+ada =3 mod 12.
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(b") orientation reversing diffeomorphic if and only if
a+ad =2 mod6 and a(3a—2)=—a'(3a' —2)+2 mod2*-3-7 forr=1
or

a+d =3 mod12 and a(3a—5)=—d' (3¢’ —5) mod2*-3-7 forr=2.

6.2. Circle bundles over 2 sphere bundles which are spin. In this section we discuss
the manifolds M , arising from S* bundles over CP? which are spin. According to ([[§),
the corresponding SO(3) principal bundle satisfies p; =0 mod 4 and we define:

$? = N, — CP*  with pi(V;) =4t2® and wy =0

for some integer ¢ and we denote the corresponding SO(3) principal bundle by Q,. If we
define the U(2) principal bundle

U(2) = P, —CP* with ¢ (P)=0 and c(P,)=—t2?
we again have that
N,~P(E)~P,/T> and P,/Z=Q,
where FE = P, Xy(2y C*. For the cohomology ring of N, we thus obtain
H*(N,) = 7Z @ Zwith generators z, vy ;
(6.4) H*(N;) 2 Z ® Zwith generators 2°, zy and relationship y* = t 2% ;
HS(N,) = Zwith generator #*yand2® = 0,y*2 = 0,y* = t 2%y .

where y = ¢;(S*) and S* is the dual of the tautological complex line bundle S over P(E).

We now define the circle bundles over N, via
S'— M., = N, with e(M.,)=ax+ by

and (a, b) = 1. One of the differences with NV, is that N; is not spin and hence M, may
or may not be spin. One easily sees

PROPOSITION 6.5. If r = |a® — tb?| with r # 0, the manifolds M , have cohomology

type E, if b is odd, and cohomology type E, if b is even. Furthermore, the first Pontryagin
class is p1(T M} ,) = (3+4t)b* mod r.

Remark. The homotopy invariant m4(M?2},) = m4(1V;) again does not depend on a,b. We
suspect that, as in the case of non-spin bundles, 7T4(Mé7b) =0 if £ odd, and 7T4(Mé7b) =7y

if + even. For example, it follows from Corollary p.9 that my (M) = Z,.

In order to describe the circle bundles in a different way, as in Proposition p.1], we
consider N, as the projectivization of the vector bundle E = Py xy2) C* where ¢;(P}) = 2z
and cp(P) = —(t — 1)a?. Since ¢ — 4c; = 4tz? and since wy = ¢; mod 2 = 0, the
projectivization of the vector bundle associated to P is again N, and P}/ T? = N, as well.
But notice that m (P;) = Z, since in the spectral sequence for the U(2) principal bundle
dy takes a generator in HY(U(2),Z) = Z to ¢; = 2z. Similarly, since wy(Q;) = 0, ([LI1))
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implies that 71 (Q;) = Zy. We let P/ and Q) be the universal covers of P; and Q,. We thus
obtain the spin bundles

S'xS*— Pl - CP* |, S*—Q,— CP? with P/ T? = N, = Q}/ SO(2).
We can now formulate the analogue to Proposition p.1:

PROPOSITION 6.6. The circle bundle S* — M;b — Ny can be equivalently described as
the circle bundle T /S, , — P!/SL, , — P}/ T?, where S., = diag(z,2*) C S' xS' C
S' x S,

Proof. The proof is similar to the proof of Proposition p.J] and we indicate the changes
that need to be made as one goes from U(2) principal bundles to S* x S* principal bundles.

In the proof of Proposition -] we showed that if P — CP? is a U(2) principal bundle,
the circle bundle P/S;, — P/ T? has Euler class linear in r and s and e(P/Sg ;) = ¢1(S*)
and e(P/S]_;) = c1(P). These results did not depend on whether the bundle is spin or
not. We now apply this to the bundle P* above. Notice though that if we describe N,
as P¥/T?, the cohomology ring is expressed in terms of a different basis z, 3’ and now
y? = —2zy + (t — 1)2?%, whereas in the z,y basis we have y* = t2?. On the other hand,
the only elements z € H?*(N,) with 22 = t2? are a multiple of z, or z = +y. But if
2z = ax + Py, we have 22 = tz? only if 3 =0, or « = 8 = 1. Since y is not a multiple
of x, this implies that z = +(x + ¢'). Thus, depending on a sign € = 1, y = e(z + /).
As indicated above, e(F;/Sy;) =y and e(F;/Si_;) = c1(P;) = 2. This implies that
e(Pr/ STl,,S) =2rz+ (r+s)y = (r — s)x + e(r + s)y and hence P}/ ST{S = M(tr_s@(ﬂrs)).

Recall that in the two fold cover S' x S* — U(2) the circle Sclb,b is mapped to the circle
Setbas and thus P'/ S, — P*/ S}, ., = M}, ,, is a two fold cover. But from the Gysin
sequence it follows that (M3, o,) = Zy and thus Mj , is the only two fold cover and
hence P'/S}, = M{,,.
p,/ Sib,a‘

We now claim that we can make an arbitrary choice in the value of e. Indeed, by
conjugating with (1,5) € S'xS*, we see that the circles S}Lb and S}l,_b are conjugate
in S' x S%. But notice that this conjugation also reverses the orientation of the circle.
Changing the sign of a and b changes the sign of the Euler class, and hence the orientation.
Thus P’/ Sclb,b and P’/ Sl_mb are orientation preserving diffeomorphic. We will make the
choice of € = —1 for symmetry reasons. O

In other words, thb is orientation preserving diffeomorphic to

Remark. In this description of M, + it is important that we choose the bundle P! instead
of either P, or P7. Indeed, following the same proof, one sees that e(P,/ Si_l) = 0 and
hence e(P;/S,,) = (r + s)y, i.e. among the circle bundles P,/ S, , — N, we obtain up to
covers only one bundle. In terms of the circle bundles P}/ S;s — Ny, the proof also shows

that P7/S), = Mﬁ_&_(r +s)» Which only gives half of the manifolds M,

We can now discuss which of these manifolds carry a metric with non-negative curvature:

COROLLARY 6.7. The manifolds M., with t even admil a metric with non-negative
curvature.
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Proof. In [GZJ it was shown that any U(2) principal bundle with w, = 0 and ¢ — 4c,
divisible by 8 admits a metric with nonnegative curvature invariant under U(2). Since for
Py we have ¢2 —4cy = 4t, it admits such a metric when ¢ is even. Thus the two fold cover P/
admits a non-negatively curved metric invariant under S' x S* and since by Proposition
we have P//S!, , = M!, and O’Neil's formula implies the claim. O

a,b’

We now discuss various natural diffeomorphisms.

COROLLARY 6.8. The manifold M, is orientation preserving diffeomorphic to M!
and orientation reversing diffeomorphic to M! _, and M', _,. Thus M., ,, are all diffeo-

morphic to each other.

This follows from Proposition (-0, together with the observation that P/ S, , and P'/S!,,
are orientation preserving diffeomorphic, see the end of the proof of Proposition [6.6.

Next, recall that we have circle bundles L, — CP? x CP" with Euler class e = az + by.

COROLLARY 6.9. The manifold Mg,b is naturally diffeomorphic to Ley.

Proof. The bundle N; with ¢ = 0 is trivial since p; = 0 and wy = 0. Thus N, = CP? x CP".
In order to identify P, we start with R = S® x S* and define a free action by S' x S* on
R as follows. S' ¢ S' xS acts as the Hopf action on the first factor and S* ¢ S' x S?
acts via left multiplication on the second factor S?, regarded as the Lie group Sp(1). Since
R/S'xS* = CP? we thus have a principal bundle S* x S> — R — CP? and we claim
that this principal bundle is P}. To see this, we apply (L) to the U(2) principal bundle
R* = R/Z; with Z, generated by (—1,—1) € S' xS Clearly, R*/SU(2) = RP® and
hence the circle bundle ([.7]) has Euler class 2 x which implies ¢;(R*) = 2 2. Furthermore,
P_=R*/Z = R/ [S" x{£1}] = CP* x SO(3). Thus 0 = p;(P_) = ¢} — 4c, which implies
co(R*) = 2% Thus R* = P} and hence P, = R = S° x S3. Now Proposition [.f implies
our claim. O

There are again natural diffeomorphisms between the circle bundles and 3-sphere bundles
as in (b.§). From the inclusion S}l,b = diag(z%, 2*) € S' x S* we obtain lens space bundles:

S*/Zp = S' x S / diag(27", 2*) — P}/ diag(z7", 2*) = M_, — P,/ S' x S* = CP?,
which are 3-sphere bundles if b = +1, and we can assume that b = 1.
PROPOSITION 6.10. The manifold ]\_4};1 is orientation preserving diffeomorphic to Sy 2.

Proof. The proof is similar to Proposition f.§ and we indicate the changes one needs to
make. Let p; be the representation of S' x S* on R* ~ H given by v € H — 2*vg, (2,¢q) €
S! x S®. We then have the associated vector bundle P/ x 1 ., s R*. The action on the sphere
S? c R*is transitive with isotropy (z, 2¥) and hence the sphere bundle of this vector bundle
is diffeomorphic to P// Sy, = M} _,.

As in the proof of Proposition f8, we let P, = P/ xq1, g5 (S* X S* /T') be the SO(4)
principal bundle corresponding to this sphere bundle. Here (z*,q) € S'xS® acts on
S? x S? as left multiplication. The remaining computations are similar:
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A

P_ = [P/ xg1 s (87 x89)/T] /S* x{e} = P} xg1 s [{e} x (S*/T)]

=B/ [S' x{x1}] = P/ /Z = Q;
and thus p;(P_) = 4t. Furthermore,

f?+: [ptlxsl><83 (ngS?’)/F} /{e} x S3:pt,><Sl><S3 [(83/F) X {‘3}}

= (P'/{e} x gt ey [(87/T) x {e}] = (P*/SU2))(st jryuiey [(S*/T) x {e}]

This bundle reduces to the circle bundle

(P"/SU@))st jryxiey [(81/T) x {e}] = (P*/SU(2))/Zx

Since the S' bundle P*/SU(2) — P*/ U(2) has Euler class ¢; = 2z, this reduced bundle

has Euler class 2kz and hence py(P,) = 4k% Thus a = ¢t and b = k2. To see that the
diffeomorphism is orientation preserving we use Proposition f.J] and Corollary f.13 to see
that the linking form is the same. 0

Finally we observe:

COROLLARY 6.11. The principal S? bundle over CP? with Euler class tz? is orientation
preserving diffeomorphic to ]\/[0 L= S

Proof. Recall from Section 1 that P,/Z = Q, where Z is the center of U(2), and hence
similarly P// [S' x{e}] = Q;. Hence Proposition . implies that @; = M. By assump-
tion, we have p,(Q;) = 4tz This implies that e(Q}) = t2? since the homomorphism
S* — SO(3) induces multiplication by 4 on H*(Bgs,Z) ~ Z — H*(Bso),Z) ~ Z and
the generator in the first group is the Euler class and in the second group the Pontryagin
class. OJ

For the Kreck-Stolz invariants we have:
PROPOSITION 6.12. If s = a? — b*t # 0, the Kreck-Stolz invariants for Mé,b are given
by:

b even

s1(M ) (6+8t+3a”+0bt) — (3+4t)* mod 1

sign(W) +

1 b b
95 .7 27 . 2175
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- 1
so(M ,) = — 5173 {b(n*+tm?) —2anm}
1
—24‘3‘8{4nma—[3+4t—2(n2+tm2)]ﬁ} mod 1,
ss(VIL,) = — —— {b(n® +tm?) — 2anm}
Aad) = 2.3
1
—22‘3‘8{16nma—[3+4t—8(n2—|—tm2)]6} mod 1,
b odd
. 1
t oy — ‘ 2 | 72 2
sl(Mavb):—25_751gn(W)+27_7(6+8t—|—3a —I—bt)—27_7.8(3+4t)
~ 5% 3{b(nz—l—iﬁm2)—Qanm} mod 1,
1
+27_3.8{—2nma+(6+8t—n2—tm2)ﬁ}
. 1
so(M, ) = — 23‘3{b(n2+tm2) —2anm}
1
M) = — = (b 4 tm?) -2
(ML) = — o {b(n® + tm?) — 2amm)
1
—23‘8{26nma—[3+4t—13(n2—|—tm2)]ﬁ} mod 1,
where

a=a(m*+tm?) +2tbnm , B=0bn*+tm?) +2anm,

and n,m € Z are chosen such that am-+bn = 1. Furthermore, if b is odd, we additionally
require that m is odd as well. Also,

0, if s>0
sign(W) = 2, if s<0 and b(t+1)>0
2, if s<0 and b(t+1)<0.

Proof. The proof is similar to Proposition .4, and we indicate the changes that are needed.
A natural choice for a bounding manifold is the disk bundle ¢’: W, — N, of the rank 2
vector bundle E? associated to the circle bundle . One easily shows that
pi(TW) = B4+4t)z> +e*, wpy(TW)=(1+a)z+by mod 2.

where e = ax + by. Following the proof of Proposition [ there exists a generator u €
H?*(M} ;Z) = Z with 0*(z) = —bu and 0*(y) = au and wo(TM ;) = bu mod 2. Thus
the manifolds M , and W, are both spin if b is even and both non-spin if b is odd. Hence
we can choose ¢ = 0 in (f) and (J). Next we need to choose a class 2 € H*(W,Z) X Z & 7Z

with z|0W = w. For this we let m, n be integers with am-+bn = 1 and set z = —nxz+my.
It follows that 0*(2) = u and thus z has the required properties in (B.)).
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Note that in the case of b even, we obtain wy(TW) = (1 +a)x +by mod 2 as required.
However, in the case of b odd, we have wy(TW) = c+ 2z mod 2 = —nz + my mod 2.
For this to be equivalent to (1+a)z+by mod 2, we additionally need to choose m to be
odd (which one easily sees implies n = 1 + a mod 2 as required). Note that it is always
possible to choose such an m.

Replacing the value of p; in (f]) and (B]) we obtain

b even
T L. 2. 4 2 2, 4
Sl(W,z)——25‘7 51gn(W)+27_7((3—|—4t) 4+ 23+4t)zce” +€),
- 1
SQ(W,Z):_24 3((3+4t)z2x2+z262—224),
- 1
Sg(W,Z)_—22 3((3+4t)22:£2+2262—8z4).
b odd
- 1 1
Sl(W,z)——25.7sign(W)—l—27.3_7[3(3+4t)2x4+6(3+4t)x262—1—364
—14(34+4t) 22 2* — 1427 + 724,
SQ(W,Z):—23 3((3+4t)22x2+z262—5z4),

- 1
S3(W, z) = —3 (3+4t)22 2%+ 22 e* — 132%).

We choose an orientation for N; such that (z?y, [V;]) = 1. The orientation for the vector
bundle E? defines a Thom class U € H*(W,0W) 2 Z and we define the orientation on W
such that U N [W,0W] = [N]. On M!, = W we pick the orientation induced by the
orientation on W. Using j*(U) = e(E?) = e with j : W — (W, W), one easily computes
the characteristic numbers:

et =b(3a®>+ b’ 1)

e’ 22 = —2anm+bn® + bt m?
r?e? =b
For the characteristic numbers involving x and z note that sz? = (az — by) U e and

s2> = (ax — By)Ue, where a = atm? +an®+2tbnm and 8 =btm? +bn®> +2anm.
Thus

szt=2nma— n*+tm?)p
s2a?=—f
szt = —b

bt
and tr R = b(t + 1), we obtain sign W as claimed. Substituting into () and (P]) finishes
the proof. O

One easily shows that the signature matrix is given by ( 2 ¢ ) and since det R = —s

Recall that the linking form is equal to the characteristic number z* and we hence obtain:
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COROLLARY 6.13. Ifs=a?—b*t and r = |s| > 1, the linking form of Mib is given by

- 1
Ik(M! ) =—=[bn* +6btn*m* +4atnm® +4an*m+bt*m?] € Q/Z
’ s
where m,n € Z are chosen such that am +bn =1, and if b is odd, m is odd as well.

Remark. The diffeomorphism classification of the manifolds L, = MY, was carried out
in [KSI]. For comparison, note that Proposition B.§ implies that z,y € H2(Ny,Z) are
the transgressions in the fiber bundle T?> — P, — N, of the natural basis of H'(T? Z)
corresponding to the splitting T? = diag(e?, ™) C S* x S®. This is the basis of H%(N,,Z)
used in [KSI]. Notice though that in their notation a and b need to be switched (and hence
n and m as well).

7. COMPARISON OF INVARIANTS

In this Section we discuss various diffeomorphisms that one obtains by comparing Kreck-
Stolz invariants. Our main interest are diffeomorphisms with positively curved Eschenburg
spaces, which can only exist for the manifolds S, M, , and some of the Mﬁ;b (b even).
Finally we also discuss diffeomorphism between various manifolds that admit Einstein

metrics.

7.1. Sphere bundles S,. In order to find sphere bundles S, diffeomorphic to a posi-
tively curved Eschenburg space we use the following strategy. As the Kreck-Stolz invariants
for the Eschenburg spaces are quite complicated we compare sphere bundles S, to some
fixed Eschenburg space Ej ;. We specify the invariants of Ej; as follows:
A; 224r 24r 67

= k)—o3(l)] ; s;(Ep) = — d1l; E;:= Ay By =— Ay B3:=—A
r=loa(k) —oa(l)] ; si(Eki) B, mo 1 B, 1 2 B, 2 3 Bs 3
where Ai, BZ € Z, (AZ, Bz) =1 fori= 1, 2,3

We now describe under which conditions they are diffeomorphic to sphere bundles.

THEOREM 7.1. A positively curved Eschenburg space Ey; is diffeomorphic to an S?
bundle over CP? if and only if:

(a) 224r =0 mod By ; 24r=0 mod By and 6r =0 mod Bs.

(b) Ey, Es, E5 + 1 are even integers, and E3 — Fs —3 =0 mod 3r.

(¢) r+ Ey has a square root mod 2241 such that [r + Ey|s)2 + Ey—1=0 mod 87.
If these conditions are satisfied, Ey; is diffeomorphic to Sgq—r if and only if

1/2

1 B
rE 15t Bl op g od 168+

2

for any square root satisfying (c). If r is negative, the diffeomorphism is orientation re-
Versing.

a
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Proof. Using Proposition and Theorem .3, it follows that Ej; is diffeomorphic to S, -y
if and only if

A Ra—r+2P-r

B, 224r —eel
Ay (2a—r+1)
7.2 e A Z
(7.2) B, " 2ar ve
A3 (2CL - T — 2)
—_—t = Z
B, + or zZ e

This implies in particular the divisibility condition in part (a). We rewrite ([[-2) as follows:

(206 — 71 +2)* = E; +1r — 224rx
(7.3) 20 —r+1=—FEy+ 24ry
20 —r —2=—F3+4 6rz

Since r is odd for an Eschenburg space and since a is an integer, this implies that
E1, Ey, Es+1 are even and that E;+7 has a square root mod 224r. A solution to the second
equation in ([[.3) is a solution to the third equation if and only if 6r(4y — z) = 3+ Ey — Es.
Thus, if the divisibility condition in part (b) is satisfied, we can find an integer z for any
integer solution y. We therefore set

1
a= —§(E2 —r+1)+12ry.

Next we observe that €2 = f2 mod 4n implies that e = £f mod 2n. Thus, if we let S be
a particular choice of a square root of E; +r mod 224r, ([.3) implies that

1 — Ey+ 24ry = S + 112ra’
for some 2’ € Z and hence
S+ FEy —1=28r(3y — 142').

This implies the divisibility condition in part (c) and if we let v = &= (S + E» — 1), we get
3y = a+ 142" or y = b 4+ 142”. Thus

1 1 15
a= —§(E2 —r+1)+60ra+ 168rz" = —§(E2 —r+1)+ 5 (S+ Ey — 1)+ 168rz”

which finishes our proof.
O

Since there are infinitely many Eschenburg spaces (not necessarily positively curved) for
a given r, it is conceivable that every S* bundle over CP? is diffeomorphic to some Eschen-
burg space. But in [CEZ] it was shown that for a given r, there are only finitely many
positively curved Eschenburg spaces. Our main interest are diffeomorphisms of sphere bun-
dles with positively curved Eschenburg spaces. We use the computer program in [CEZ]
to compute the invariants % for an Eschenburg space and write another program to find
spaces satisfying the conditions in Theorem . A pf‘eliminary strong restriction is used

in a search, since the computation of the invariants % is time consuming. According to
K3
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Corollary B4, a sphere bundle has standard linking form. This implies that only Eschen-
burg spaces with o3(k) — 03(l) = £1 mod r can possibly be sphere bundles. This turns
out to be a very strong restriction.

The invariants for Aloff-Wallach spaces have much simpler expressions and there are
many solutions where W), ; is diffeomorphic to a sphere bundle, in addition to the natural
diffeomorphisms in Proposition p.10. For example, for W ; one has s; = 1—12, Sg = 361, S3 =
1—18 and hence E; = 6, By = —2, E3 = 1. There are 8 square roots of £; +r =9 mod 224 r,
but only the values 3 and 627 satisfy the divisibility condition. For r < 0 there are no
solutions. Thus W4 ; is diffeomorphic to a sphere bundle S, ,_, if and only if @ = 2 or 146

mod 504, whereas only the diffeomorphism with S5 _; is a natural one.

There are also Aloff-Wallach spaces other than W, ; which are diffeomorphic to a sphere
bundle. For example, Wig 193, and thus r = 19513, is diffeomorphic to S, ., if and only if
a = 273181 mod 3278184.

Among the 14388 positively curved Eschenburg spaces for r < 1000 there are, in addition
to the 19 Aloff-Wallach spaces W, 1, 13 which satisfy the conditions in Theorem [7.]], see
Table [A]. We can now turn this around and state that among sphere bundles with < 1000,
only the ones listed in Table [;i] are diffeomorphic to a positively curved Eschenburg space.

In the Tables an entry r* indicates that the diffeomorphism is orientation reversing.

7.2. Circle bundles M . In this case one is not able to obtain a simple character-
ization of which Eschenburg spaces are diffeomorphic to such circle bundles since the
invariants in Proposition [[.4 are too complicated. As we saw before such diffeomorphisms
can only exists when ¢ is odd since m4(M_%) = Zy. We thus limit the search to sample
diffeomorphisms. Recall though that there are a number of natural diffeomorphism of
M, with the positively curved Aloff-Wallach spaces. There are also many other diffeo-
morphisms with Aloff-Wallach spaces. For example, Wi is diffeomorphic to M b With
la,b,t] = [—-11,2,35],[—21,1,503] or [—25,1,647]. Similarly, for the circle bundles F,,.
For example, F31 is diffeomorphic to M, with [a,b,t] = [~189,4,2281] or [~111,4,799].

To find other diffeomorphisms we fix bounds A, B, produce a list of all circle bundles
M;, with r < A and |a,[b] < B (letting ¢ become large) and compute their Kreck-
Stolz invariants. Similarly, for all positively curved Eschenburg spaces with » < A. We
then compare the two lists to produce diffeomorphic pairs. In case where the bounds are
r <101, |a|, |b] < 1000, there are a total of 316 diffecomorphism which are not of natural
type, 301 are with Aloff-Wallach spaces, 10 with the bundles F), , and the remaining 5 are
listed in Table B.

Although M? o 18 also a spin manifold, a Maple search did not produce any examples
which are dlffeomorphlc to positively curved Eschenburg spaces.

7.3. Einstein manifolds. Among the manifolds we discussed, there are 3 classes which
are known to admit Einstein metrics:

e [W] The homogeneous Aloff-Wallach spaces M, = W,.
o [WZ] The circle bundles MY, = L, with base CP? x CP'.
e [Chd] The 3-sphere bundles S, 4, S, whose structure group reduces to T? C SO(4).
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From the discussion in Section 1, it follows that a reduction to T? is possible if and only if
p1(P-) and p;(Py) are squares. To relate our notation to the one in [[Chd], recall that under
the two fold cover a circle of slope (a,b) in S* x S is sent to a circle of slope (a — b, a -+ b)
in SO(4). This easily implies that the manifolds in [[Chd], parametrized by ¢, ¢ € Z in his
notation, are the manifolds S, with 4a +1 = (q; +¢2)? and 4b+ 1 = (¢1 — ¢2)? in the case
of ¢1 + ¢z odd, and the manifolds S, , with 4a = (q; + ¢2)* and 4b = (¢ — ¢q2)? in the case
of ¢1 + ¢o even. In both cases r = a — b = q1q2. For convenience, we denote these Einstein
manifolds by Cy, ,, if ¢1 + g2 is odd, and Cy, ,, if ¢1 + g2 is even.

Comparisons of Einstein manifolds within each class have been carried out before. In the
second and third case the diffeomorphism classification is given by simple congruences, see
[KST], Che], and each space is diffeomorphic to infinitely many other Einstein manifolds.
For example:

e The Einstein manifold L, is diffeomorphic to L,y if b=0" mod 56 a. B
e The Einstein manifold C, 4, (vesp. Cy, 4,) is diffeomorphic to Cy 4 (resp. Cy )
ifr=qqo =q|¢h and ¢ + ¢3 = q> + ¢ mod 672r.

For the Aloff-Wallach spaces on the other hand diffeomorphisms among each other are
very rare, see [[K

Using our results, we can compare Einstein manifolds that belong to different classes.
We first observe:

7.

e There are no diffeomorphisms between the spin Einstein manifolds Cy, 4, and either
Wb or Lg 9 since in the first case r is even, and in the other two cases r is odd.

e There are no diffeomorphisms between the spin Einstein manifolds W, and L, 2
since in the first case p; = 0 and in the second case p; = 3(20)> mod a* which can
never be 0 since (a,b) =1 (see Proposition [[.3 and Proposition [.7).

But among the non-spin Einstein manifolds Cy, 4, and L, 21 there are some diffeomor-
phisms:

e The Einstein manifold C,, ~ S,z ¢ is naturally diffeomorphic to the Einstein man-
ifold L, 1 (see Proposition p.10).

e The Einstein manifold 6_(107490 >~ 562500, 57600 is diffeomorphic to the Einstein man-
ifold L707 5899 -

Further examples are difficult to find. Indeed, if a diffeomorphism between C,, 4, and
L, exists, then ¢;¢go must be a square, and the linking form of L,; must be standard.
Both of these are strong restrictions.

We finally remark that the spin Einstein manifolds Cy, 4, can never be diffeomorphic to
an Eschenburg space since in the first case ¢;+¢» is odd, and hence r = ¢, ¢» is even, whereas
for Eschenburg space r is always odd. Notice also that L, , can never be diffeomorphic to
an Eschenburg space since m4(Lg, ) = Zo.

For the convenience of the reader, the Maple program that computes the invariants is
available at www.math.upenn.edu/wziller /research.
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r (k1, ko, ks | 1, 12, 3] [a] mod 168 r s1 So S3
A1 | [2,3,7112,0,0] (2285, 5237] 115/287 65/164 | -33/82
127 | [17,16,—7] 14,12,0] [17230] 3489/14224 -403/1524 -41/762
233 | 5,3, 31| —23,0,0] | [2943,36495] | -1863/6524 | -31/2796 | -59/1398
289" | [21,18,—13 16,10,0] | [21194,42002] -397/1156 121/1734 | 481/1734
611 | [25,17,—23 | 14,5,0] (69423, 84087] -15789/68432 | -1565/3666 | 1075/3666
617 | 24,19, —23 | 14,6, 0] [13030] -3567/8638 | 1043/3702 | 473/3702
661 | [23,21,-26|18,0,0] | [56346,72210] | 1787/37016 | -41/661 | -327/1322
673* | [25,14,—25]8,6,0] [49154, 81458| -529/2692 181/4038 | 721/4038
751 | [33,33, 20 26,20,0] | [7036,43084] | -12629/84112 | -2351/9012 | -199/4506
911* | [69,65,—13 | 63,58,0] | [123457,145321] | -7445/102032 | 1375/5466 | 31/5466
011* | [23,23,—-31|14,1,0] | [1457,132641] | 31083/102032 | 167/1822 | 667/1822
929* | [41,17,4]62,0,0] | [22359,44655] | 1441/6503 | 401/11148 | 805/5574
991* | [51,45,—19 43,34,0] | [18113,89465] |-44333/110992 | 2863/5946 | -443/5946

TABLE A. Sphere bundles S, ,_, with r < 1000 which are diffeomorphic to

positively curved Eschenburg Spaces Ej; other than W), ;.

v [k, ke, ks | L, o, 1] la, b, ] 1 So S3
17 [1,2,5]8,0,0] (638, —607, —403] -201/952 | 55/204 | 23/102
25 | [1,2,-9] —6,0,0] | [621,—614,—7781] | 19/50 | -3/10 |-17/50
33 [1,1,16 | 18,0, 0] (805, —632, —17] 47/308 | -125/396 | 53/198
41* (2,3,7]12,0,0] [580, —579, —335861] | -115/287 | -65/164 | 33/82
A1 | [2,3,7012,0,0] | [405, —404, —163661] | -115/287 | -65/164 | 33/82

TABLE B. Circle bundles M ,, other than W, F,,, diffeomorphic to

positively curved Eschenburg Spaces Ej;.
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