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Abstract

In this paper, we estimate the eigenvalues of the twisted Dirac operator
on Kahler submanifolds of the complex projective space CP™ and we
discuss the sharpness of this estimate for the embedding CP? — CP™.
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1 Introduction

In his Ph.D. thesis [5], N. Ginoux gave an upper bound for the eigenvalues
of the twisted Dirac operator for a Kahler spin submanifold M 2d of a Kahler
spin manifold M?™ carrying Kéhlerian Killing spinors (see Equation (3)).
More precisely, he showed that there are at least p eigenvalues Ay, Ao, -+, A,
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of the square of the twisted Dirac operator satisfying

(d+1)? if dis odd,
A< (1)
d(d+2) if dis even.

Here p denotes the dimension of the space of Kéhlerian Killing spinors
on M?m. Recall that the normal bundle is endowed with the induced spin
structure coming from both manifolds M and M. The idea consists in
computing the so-called Rayleigh-quotient applied to the Kahlerian Killing
spinor restricted to the submanifold M. The upper bound is then deduced
by using the min-max principle. This technique was also used by C. Bér in
[1] for submanifolds in R™*! S"*! and H"*!.

The complex projective space CP™ is a spin manifold if and only m
is odd. In this case, the sharpness of the upper bound (Il) was studied in [6]
for the canonical embedding CP¢ — CP™, where d is also odd. In fact, it is
shown that for d = 1, the upper estimate is optimal for m = 3,5, 7 while it
is not for m > 9.

Kahler manifolds are mnot necessary spin but every Kahler manifold
has a canonical Spin® structure (see Section 2) and any other Spin® structure
can be expressed in terms of the canonical one. Moreover, O. Hijazi, S.
Montiel and F. Urbano [§] constructed on Kéhler-Einstein manifolds with
positive scalar curvature, Spin® structures carrying Kahlerian Killing spinors.
Thus one can consider the result of N. Ginoux for Spin® manifolds.

Section 2 is devoted to recall some basic facts on Spin® structures on
Kéhler manifolds. In Section 3, we extend the estimate () to the eigenvalues
of the twisted Dirac operator for a Kahler submanifold of the complex
projective space (see Theorem [B.1]). Finally, we discuss the sharpness for the
embedding CP? — CP™ with different values of m and d.

2 Kahler Submanifolds of Kahler manifolds

Let (M?™,g,J) be a Kihler manifold of complex dimension m. Recall that
the complexified tangent bundle splits into the orthogonal sum 7TCM =
TioM & Ty M where Ty oM (resp. Ty M) denotes the eigenbundle of TCM
corresponding to the eigenvalue ¢ (resp. —i) of the extension of .J. Using this
decomposition, we define A®"M := A"(Tg M) (resp. A"OM) as being the
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bundle of complex r-forms of type (0,7) (resp. of type (r,0)). Recall also
that every Kahler manifold has a canonical Spin® structure whose complex
spinorial bundle is given by XM = A% M = @™ A% M, where the auxiliary
bundle of this Spin® structure is given by K. Here K, is the canonical
bundle of M defined by Kj; = A™°M [4, T1]. On the other hand, the spinor
bundle of any other Spin® structure can be written as [4, [§]:

=AM ® L,

where £2 = K); ® L and L is the auxiliary bundle associated with this Spin®
structure. Moreover, the action of the Kahler form 2 of M splits the spinor
bundle into 4, 10} O]

EM =@ XM,

where X, M denotes the eigensubbundle corresponding with the eigenvalue
i(2r — m) of Q with complex rank < ) For any vector field X € I'(T'M)
k

and ¢ € T'(X,. M), we have the following property p(X) - € T'(X,41 M),
where py (X) = 2(X FiJX).

Let (M2 g,J) be an immersed Kihler submanifold in a Kéhler manifold
(MQm,g, J) carrying the induced complex structure J (i.e. J(T'M) = TM)
and denote respectively by Q7, € and Qy the Kéhler form of M , M and
of the normal bundle NM — M of the immersion. Since the manifolds
M and M?®" are Kahler, they carry Spin® structures with corresponding
auxiliary line bundles Lj; and Lq;. This induces a Spin® structure on the
bundle N M such that the restricted complex spinor bundle EM v of M can
be identified with XM ® XN, where XM and XN are the spinor bundles of
M and N M respectively ([1], [7]). Moreover, the auxiliary line bundle Ly
of this Spin® structure on NM is given by Ly := (Lpy) ™t ® (Lg7),,- Given
connection 1-forms on Ly, and L7, they induce a connection V := V=M&=N
on XM ® XN. Thus one can state a Gauss-type formula for the spinorial
Levi-Civita connections V and V on ¥M and ¥M ® XN respectively [13].
That is, for all X € TM and ¢ € F(ZMNI), we have

2d

- 1

vxw:waZ 1%-U<X,ej>~so, (2)
p

where (e;)1<j<2q4 is any local orthonormal basis of TM and I is the second
fundamental form of the immersion. As a consequence of the Gguss formula,
the square of the auxiliary Dirac-type operator D= Z i+ Ve, 1s related
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. . 2d
to the square of the twisted Dirac operator DY := ijl ej - Ve, by [5,
Lemme 4.1]:

2d
D = (Do —d*|HPp —dY e;- VYH ¢,

J=1

where H := %tr(] I) is the mean curvature vector field of the immersion. In

our case, the mean curvature vanishes which means that the operators D?
and (D3Y)? coincide.

In the sequel, take the manifold M as the complex projective space
CP™ endowed with its Fubini-Study metric of constant holomorphic sec-
tional curvature 4. In [§], the authors proved that for every ¢ € Z, such that
qg+m+ 1 € 2Z, there exists a Spin® structure on CP™ whose auxiliary line
bundle is given by LI . Here L,, denotes the tautological bundle of CP™.
In particular for ¢ = —m — 1 (resp. ¢ = m + 1), the Spin® structure is the
canonical one (resp. anti-canonical) [12] and for ¢ = 0 it corresponds to
the unique spin structure if m is odd. Let us denote by 39CP™ the spinor
bundle of the corresponding Spin® structure with £¢ as auxiliary line bundle.
For any integer r in {0,---,m + 1} such that ¢ = 2r — (m + 1), the bundle
YICP™ carries a Kahlerian Killing spinor field v = 1,1 + 1, satisfying, for
all X e I'(TCP™) [§]

~6pr = —p+(X)~1/J,~,1,
Vpr—l = —p—(X)'?/)m (3)

The space of Kahlerian Killing spinors is of rank ( m: ) We point out

that for r = 0 (resp. 7 = m~+1) the Kéhlerian Killing spinor is a parallel spinor

which is carried by the canonical structure (resp. anti-canonical). Moreover,
m+1

for r = 5=, i.e. m is odd, the Kéhlerian Killing spinor is the usual one lying

in X% ,CP™ & XY, CP™ defined in [9, [10].
2

3 Main result

In this section, we will establish the estimates for the eigenvalues of the
twisted Dirac operator of complex submanifolds of the complex projective
space. We will test the sharpness of Inequality (@) for the canonical embed-
ding CP? — CP™. For more details, we refer to [6].
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Theorem 3.1 Let (M?2,g,.J) be a closed Kdhler submanifold of the complex
projective space CP™. Forr € {0,--- ,m+ 1} and ¢ = 2r — (m + 1), there

are at least ( m:r 1 )—ez’genvalues A of (DYN)? satisfying

(= (d+ 1) +2g|m—d)—1 ifm—d is odd
A (4)
—(¢* — (d+1)?) +2|g|(m — d) if m —d is even.

Proof. The proof relies on computing the Rayleigh-quotient

fM Re<(D§4N)2w,w>vg
fM V]2,

applied to any non-zero Kéahlerian Killing spinor ¢ = ¢,_1 + ¢, on CP™. A
straightforward computation of the auxiliary Dirac operator leads to

Dy y = (q+ d+ 1), +iQy - .

Bwr = _(q —d— 1)"7Z)r—1 - 'LQN : %—1-

Summing up the above two equations, we deduce after using the fact that
the auxiliary Dirac operator commutes with the normal Kéhler form [6], that

D*p = —(q® — (d+ 1)) — 2igQ" - p + QY - QN 4.

Taking the Hermitian inner product with ¢ and using the fact that the
seond term can be bounded from above by 2|q|(m — d), we get our estimates
after using |QV - 9| > || if m — d is odd and 0 otherwise. O

In the following, we will treat the sharpness through the embedding
CP? — CP™. Recall first that the complex projective space CP? can
be seen as the symmetric space SUgz1/S(Ug x Uy) where S(Uy x Uy) =
{< OB get(B)l ) | B € Ug}. The tangent bundle of CP? can be described
as a homogeneous bundle which is associated with the S(Uy x Uj)-principal
bundle SU4,; — CP? via the isotropy representation

o S(UgxUy) — Uy
B 0
< 0 det(B)"! ) — det(B)B.
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For the canonical embedding CP? — CP™, the normal bundle T+CP? is
isomorphic to £ ® C™ ¢ where L4 is the tautological bundle of CP¢. The
bundle L, is isomorphic to the homogeneous bundle which is associated with
the S(Uy x Uy)-principal bundle SU,4,; via the representation

p: S(Ud X Ul) — U;

(g det(OB)—l) s (det(B))".

Thus the normal bundle is associated with the S(U,; x Uj)-principal bundle
SUg41 — CP? via the representation

p S(Ud X Ul) — Upnyg
B 0
< 0 det(B)_l ) — det(B)Im_d.

Now, we endow CP? with a Spin® structure whose auxiliary line bundle is
given by L% for ¢’ € Z. In this case, its spinor bundle is given by

¢ +d+1
2

»ICP? = A"CP!® L,

The existence of Spin® structures on both CP? and CP™ induces also a Spin®
structure on the normal bundle of the embedding with auxiliary line bundle
is given by L |cpa ®£g/ which is isomorphic to Effq/. Therefore the Lie-group
homomorphism

p: S(Ugx Uy) — Upax Uy
B 0 -
( 0 det(B)™! ) —  (det(B)1,—q, det(B)~471))

can be lifted through the non-trivial two-fold covering map Spiny,, 4 —
SO2(m—a) X U; to the homomorphism

ﬁi S(Ud X Ul) — Spjng(m_d)
B 0 _a=d'+m—d |
( 0 det(B)™! ) — (det(B))” = j(det(B)ln-a),

where for any positive integer k, we recall that j : U, — Sping, is given on
elements of diagonal form of Uy as

j(diag(ei)‘lj Ce ’ei)‘k>> = e%(zle )\j)éel,Jel<_



Here J is the canonical complex structure on C* and Euw()\) = cos(\) +
sin(A\)v - w € Spiny, is defined for any orthonormal system {v, w} € R?*. We
point out that the integer ¢ — ¢’ +m — d is even. Following the similar proof
as in [6, Corollary 4.4], the complex spinor bundle of T+CP? splits into the
orthogonal sum

m—d g md
S(T+CPY) = (m d)zdig -

s=0

)

where for each s € {0,...,m — d}, the factor < ms— d ) stands the multi-

/
g—q +tm-d_

plicity which the line bundle £, * appears in the splitting. This gives
the following decomposition

g—=¢'+m—d

m—d — —s
SCPleytcpt ~ o (ms d) SCPleL, *
s=0

m—d _ d+ 1+q g=¢'+m=d_
~ o (mSCQJW*CP%®£ ®L, ?

s=0

m—d — m 1+q s
~ % (ms d) A CPle LT,

s=0

We point out here that the above decomposition does not depend on the
Spin® structure chosen on CP? since no power in ¢ appears. In [3], the
authors proved that (see also [0, 2]):

Proposition 3.2 Let CP? be the complex projective space of constant holo-
morphic sectionnal curvature 4 endowed with a Spin® structure whose spinor
bundle is given by A" CP?® L?, for some v € Z, i.e., whose auziliary line
bundle is given by sz (d+1) . Then, the spectrum of the square of the Dirac
operator is given by the ez’gem}alue 0ifv<0orv>d+1 and by

N =4 +v)(—k+d),

where l e N, [ +v > k+1 and 0 < k < d— 1. Moreover, the multiplicity of
A2 is given by
20+ l+v—k—=14d204+v—k+d)
NEM (I 4+v—k—-DNd—k—=DVI+v)(+d—k)

and the multiplicity of 0 by O;,‘r;ﬁ if v <0 and by d, o ifv>d+ 1.
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In order to find the spectrum of the square of the twisted Dirac operator
corresponding with the embedding CP? — CP™, one should replace v
in Proposition by %Hq — s and in this case, the eigenvalue of the
square of the twisted Dirac operator is given by 0 if %Hq —s < 0 orif
A — s> d+1and by 4(1 + 25 —s)(I -k +d) for 0 < s < m —d,

0<k<d—Tlandl+2HH — s>k +1.

Let us consider particular values for d,m and ¢ in order to check the
optimality. For d = 1, m = 2 and ¢ = 1, by Theorem [B.1] there are at least 3
eigenvalues of the square of the twisted Dirac operator satisfying the estimate
A < 4. The multiplicity of zero is 1 and the multiplicity of the eigenvalue 4
is 4 which means that the estimate is optimal. For d =1, m = 3 and ¢ = 2,
by Theorem [B.I], there are at least 4 eigenvalues of the square of the twisted
Dirac operator satisfying the estimate A < 8. The multiplicity of zero is 3.
The multiplicity of the eigenvalue 4 is 4 and the multiplicity of the eigenvalue
8 is 6 which means that the estimate is not optimal. For d = 2, m = 3 and
q = 2, there are at least 4 eigenvalues of the square of the twisted Dirac
operator satisfying the estimate A < 8. The multiplicity of zero is 1 and the
multiplicity of the eigenvalue 8 is 6 which means that the estimate is optimal.
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