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HOMOTOPY REPRESENTATIONS OVER THE ORBIT CATEGORY
IAN HAMBLETON AND ERGUN YALCIN

ABSTRACT. Let G be a finite group. The unit sphere in a finite-dimensional orthogonal
G-representation motivates the definition of homotopy representations, due to tom Dieck.
We introduce an algebraic analogue and establish its basic properties, including the
Borel-Smith conditions and realization by finite G-CW-complexes.

1. INTRODUCTION

Let G be a finite group. The unit spheres S(V) in finite-dimensional orthogonal rep-
resentations of GG provide the basic examples of smooth G-actions on spheres. Moreover,
character theory reveals intricate relations between the dimensions of the fixed subspheres
S(V) | for subgroups H < (, and the structure of the isotopy subgroups {G, |z € S(V)}.
Our goal is to better understand the constraints on these basic invariants, in order to con-
struct new smooth non-linear finite group actions on spheres (see [8], [9]).

In order to put this problem in a more general setting, tom Dieck [12] I1.10.1] introduced
geometric homotopy representations, as finite G-CW-complexes X with the property that
each fixed set X is homotopy equivalent to a sphere. In this paper, we study an algebraic
version of this notion for R-module chain complexes over the orbit category Iz = Ors G,
with respect to a ring R and a family F of subgroups of G. We usually work with R = Z,),
for some prime p, or R = 7Z. This theory was developed by Liick [10, §9, §17] and tom
Dieck [12, §10-11].

The homological dimensions of the various fixed sets are encoded in a conjugation-
invariant function n: 8(G) — Z, where §(G) denotes the set of subgroups of G. The
function n is supported on the family F, if n(H) = —1 for H ¢ F (see Definition [2.4]). We
say that a finite projective chain complex C over RIy is an R-homology n-sphere if the
reduced homology of C(K) is the same as the reduced homology of an n(K)-sphere (with
coefficients in R) for all K € F.

If C is an R-homology n-sphere, which satisfies the internal homological conditions
observed for representation spheres (see Definition 2.§]), then we say that C is an alge-
braic homotopy representation. By [12, 11.10], these conditions are all necessary for C to
be chain homotopy equivalent to a geometric homotopy representation. In Proposition
2.10l we show more generally that these conditions hold for C an R-homology n-sphere,
whenever n = Dim C, where Dim C denotes the chain dimension function of C. When
this equality holds, we say that C is a tight complex.
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In general, n(K) < Dim C(K) for each K € F, and one would expect obstructions
to finding a tight complex which is chain homotopy equivalent to a given R-homology
n-sphere. Our first main result shows the relevance of the internal homological conditions
for this question.

Theorem A. Let G be a finite group, and F be a family of subgroups of G. Suppose that
(i) R is a principal ideal domain,
(ii) n: 8(G) — Z is a conjugation-invariant function supported on F, and
(iii) C s a finite chain complex of free RI ¢-modules which is an R-homology n-sphere.
Then C s chain homotopy equivalent to a finite free chain complex D satisfying n =
Dim D if and only if C is an algebraic homotopy representation.

Theorem A was motivated by [8, Theorem 8.10], which states that a finite chain complex
of free ZIz-modules can be realized by a geometric G-CW-complex if it is a tight homology
n-sphere such that n(H) > 3 for all H € F. Upon combining these two statements, we
get the following geometric realization result.

Corollary B. Let C be a finite chain complex of free Z1g-modules which is a homology
n-sphere. If C is an algebraic homotopy representation, and in addition, if n(K) > 3 for
all K € F, then there is a finite G-CW-complex X , with isotropy in F, such that C(X¥%; Z)
s chain homotopy equivalent to C as chain complexes of ZI¢-modules.

We are interested in constructing finite G-CW-complexes with some restrictions on the
family of isotropy subgroups. We say a G-CW-complex X has rank one isotropy if for
every x € X, the isotropy subgroup G, has rank G, < 1. Recall that rank of a finite
group G is defined as the largest integer k such that (Z/p)* < G for some prime p. We
will use Theorem A and Corollary B to study the following:

Question. Which finite groups GG admit a finite G-CW-complex X with rank one isotropy,
such that X is homotopy equivalent to a sphere ?

One motivation for this work is that rank one isotropy examples lead to free G-CW-
complex actions of finite groups on products of spheres (see Adem and Smith [I]).

In [§] we gave the first non-trivial example, by constructing a finite G-CW-complex
X =~ S" for the symmetric group G = S5, with cyclic 2-group isotropy. However, the
arguments used special features of the isotropy family. Corollary B now provides an
effective general method for the geometric realization of algebraic models. The algebraic
homotopy representation conditions are easy to check locally over R = Z,) at each prime,
and fit well with the local-to-global procedure for constructing chain complexes C over
ZI¢. In a sequel [9] to this paper, we apply Corollary B to construct infinitely many new
examples with rank one isotropy, for certain interesting families of rank two groups.

In Section Bl we consider the algebraic version of a well-known theorem in transformation
groups: the dimension function of a homotopy representation satisfies certain conditions
called the Borel-Smith conditions (see Definition [5.1]).

Theorem C. Let G be a finite group, R =7/p, and F be a given family of subgroups of
G. If C is a finite projective chain complex over RI, which is an R-homology n-sphere,
then the function n satisfies the Borel-Smith conditions at the prime p.
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As an application, we show that such a finite projective chain complex over RIg does
not exist for the group G = Qd(p) with respect to the family F of rank 1 subgroups (see
Example and Proposition 5.14]). This is an important group theoretic constraint on
the existence question for geometric homotopy representations with rank one isotropy.

One of the main ideas in the proof of Theorem C is the reduction of a given chain com-
plex of RI'z-module C to a chain complex over RIk,y for a subquotient /N appearing
in the Borel-Smith conditions. For this reduction, we introduce inflation and deflation
of modules over the orbit category, via restriction and induction associated to a certain
functor F' (see Section H]). Then we use spectral sequence arguments to conclude that the
conditions given in the Borel-Smith conditions hold for these reduced chain complexes
over RI'kx/n.

Here is a brief outline of the paper. In Section [2] we give the precise setting and
background definitions for the concepts just presented (see Definition Z8]) and prove the
“only if” direction of Theorem A. The “if” direction of Theorem A is proved in Section [3]
together with Corollary B. In Section Bl we discuss the Borel-Smith conditions and prove
Theorem C.

Our methods involve the study of finite-dimensional chain complexes of finitely gener-
ated projective modules over the orbit category, called finite projective chain complezes,
for short. Such chain complexes are the algebraic analogue of finitely-dominated G-CW
complexes.

Acknowledgement. We thank the referees for their helpful comments and suggestions.

2. ALGEBRAIC HOMOTOPY REPRESENTATIONS

Let G be a finite group and F be a family of subgroups of G which is closed under
conjugations and taking subgroups. The orbit category Ors G is defined as the category
whose objects are orbits of type G/K, with K € ¥, and where the morphisms from G/ K
to G/L are given by G-maps:

Moro,, ¢(G/K,G/L) = Map,(G/K,G/L).

The category I = Ors GG is a small category, and we can consider the module category
over Ig in the following sense. Let R be a commutative ring with 1. A (right) RIg-
module M is a contravariant functor from I to the category of R-modules. We denote
the R-module M (G/K) simply by M(K) and write M(f): M (L) — M(K) for a G-map
f:G/K — G/L.

The category of RIg-modules is an abelian category, so the usual concepts of homo-
logical algebra, such as kernel, direct sum, exactness, projective module, etc., exist for
RIg-modules. A sequence of RIg-modules 0 - A — B — C' — 0 is ezact if and only if

0— AK)— B(K)— C(K)—0

is an exact sequence of R-modules for every K € F. For an RIg-module M the R-
module M (K) can also be considered as an RW¢g(K)-module in an obvious way where
Wea(K) = Ng(K)/K. We will follow the convention in [I0] and consider M (K) as a right
RW¢(K)-module. In particular, we will consider the sequence above as an exact sequence
of right RW¢ (K )-modules.
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For each H € JF, let Fy := R[G/H’] denote the RI'z-module with values Fg(K) =
R[(G/H)¥] for every K € F, and where for every G-map f : G/L — G /K, the induced
map Fy(f) : R[(G/H)X] — R[(G/H)*] is defined in the obvious way. By the Yoneda
lemma, there is an isomorphism

Hompr, (R[G/H'], M) = M(H)

for every RIg-module M. From this it is easy to show that the module R[G/H’] is a
projective module in the usual sense, for each H € F. An RIg-module is called free if
it is isomorphic to a direct sum of RIg-modules of the form R[G/H’]. It can be shown
that an RIg-module is projective if and only if it is a direct summand of a free module.
The further details about the properties of modules over the orbit category can be found
in [§ (see also Liick [10, §9,§17] and tom Dieck [12] §10-11]).

In this section we consider chain complexes C of RIz-modules, with respect to a given
family ¥. When we say a chain complex we always mean a non-negative complex, so
C;, = 0 for 1 < 0. We call a chain complex C projective (resp. free) if for all ¢ > 0,
the modules C; are projective (resp. free). We say that a chain complex C is finite if

C; =0 for all ¢ > n, for some n > 0, and the chain modules C; are all finitely generated
RI'g-modules.

Remark 2.1. Up to chain homotopy equivalence, there is no difference between finite
projective chain complexes and finite-dimensional projective chain complexes with finitely
generated homology (see [9, 3.6]). For this reason, our definitions and results are mostly
stated for finite chain complexes.

We define the support of a chain complex C over Rl as the family of subgroups
Supp(C) = {H € F| C(H) # 0}.
It is sometimes convenient to vary the family of subgroups.

Definition 2.2. If § C G are two families, the orbit category Iz 5 = Ory G is a full-
subcategory of I'g.g = Org G. If M is a module over Rl 5, then we define Inci(M)(H) =
M(H), if H € F, and zero otherwise. Similarly, for a module N over Rl g, define
Resi(N)(H) = N(H), for H € F. We extend to maps and chain complexes similarly.
Note that Supp(Inci(C)) = Supp(C), and Supp(Res: (D)) = Supp(D) N T

Given a G-CW-complex X, there is an associated chain complex of RIg-modules over
the family of all subgroups

C(X%R): - = R[X,’] 2 RX, 1] = 2 R[X,"] =0

where X; denotes the set of (oriented) i-dimensional cells in X and R[X;"| is the RI¢-
module defined by R[X;’](H) = R[X] for every H < G. We denote the homology
of this complex by H,(X?; R). The chain complex C(X*#; R) is actually defined for all
subgroups H < G, but for a given family of subgroups &, we can restrict its values from
Or(G) to the full sub-category Ors G.

The smallest family containing all the isotropy subgroups {G, |z € X} is
Jso(X) = {H < G| X" £ 0}
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and this motivates our notion of support for algebraic chain complexes. In particular, we
have
Supp(Ress(C(X*; R))) = T N Jso(X).
If the family J includes all the isotropy subgroups of X, then the complex C(X*; R) is
a chain complex of free RIg-modules, hence projective RIg-modules, but otherwise the
chain modules R[X,, ] may not be projective over RI.
Given a finite-dimensional G-CW-complex X, there is a dimension function

Dim X : $(G) — Z,

given by (Dim X)(H) = dim X¥ for all H € §(G) where 8§(G) denote the set of all
subgroups of G. By convention, we set dim () = —1 for the dimension of the empty set.
In a similar way, we define the following.

Definition 2.3. The (chain) dimension function of a finite-dimensional chain complex C
over Rl is defined as the function Dim C: 8(G) — Z which has the value

(Dim C)(H) = dim C(H)

for all H € F, where the dimension of a chain complex of R-modules is defined as the
largest integer d such Cy # 0 (hence the zero complex has dimension —1). If H ¢ &, then
we set (DimC)(H) = —1.

The dimension function Dim C: 8(G) — Z is conjugation-invariant, meaning that it
takes the same value on conjugate subgroups of GG. The term super class function is often
used for such functions.

Definition 2.4. The support of a super class function n is defined as the set
Supp(n) = {H < G: n(H) # —1}.

We say that a super class function n: 8(G) — Z is supported on F, if Supp(n) C F. Note
that Supp(C) C F is the support of the dimension function Dim C of a chain complex C
over Rlg.

In a similar way, we can define the homological dimension function of a chain complex
C of RIz-modules as the function HomDim C: 8(G) — Z where for each H € &, the
integer

(HomDim C)(H) = hdim C(H)
is defined as the largest integer d such that H,(C(H)) # 0. If H ¢ F, then we set
n(H) = —1, as before.

Let us write (H) < (K) whenever ¢g-*Hg < K for some g € G. Here (H) denotes the
set of subgroups conjugate to H in G. The notation (H) < (K) means that (H) < (K)
but (H) # (K).

Definition 2.5. We call a function n: 8(G) — Z monotone if it satisfies the property
that n(H) > n(K) whenever (H) < (K). We say that a monotone function n is strictly
monotone if n(H) > n(K), whenever (H) < (K). O

We have the following:
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Lemma 2.6. The (chain) dimension function of every finite-dimensional projective chain
complex C of RIg-modules is monotone.

Proof. Let (L) < (K). If n(K) = —1, then the inequality n(L) > n(K) is clear. So
assume n(K) =n # —1. Then C,(K) # 0. By the decomposition theorem for projective
RIg-modules [12, Chap. I, Theorem 11.18], every projective RIg-module P is of the
form P = @y Ey Py, where H € F and Py is a projective Ng(H)/H-module. Here the
RIg-module Ey Py is defined by

EnPy(?) = Py ®rng )y RMapa(G/?,G/H).

Applying this decomposition theorem to C,,, we observe that C, must have a summand
Ey Py with (K) < (H). But then C,,(L) # 0, and hence n(L) > n(K). O

We are particularly interested in chain complexes which have the homology of a sphere
when evaluated at every K € F. To specify the restriction maps in dimension zero, we will
consider chain complexes C which are equipped with an augmentation map ¢: Cy — R
such that € o 9, = 0. Here R denotes the constant functor, and we assume that e(H) is
surjective for H € Supp(C). We often consider ¢ as a chain map C — R by considering R
as a chain complex over RI which is concentrated at zero. We denote a chain complex
with an augmentation as a pair (C, ¢).

By the reduced homology of a complex (C,¢), we always mean the homology of the
augmented chain complex

C={ - =C 2. . 5C2c2c,SRo0)

where R is considered to be at dimension —1. Note that the complex C is the —1 shift
of the mapping cone of the chain map ¢: C — R.

Definition 2.7. Let n be a super class function supported on F, and let C be a chain
complex over Rl with respect to a family F of subgroups.

(i) We say that C is an R-homology n-sphere if there is an augmentation map ¢: C —
R such that the reduced homology of C(K) is the same as the homology of an
n(K)-sphere (with coefficients in R) for all K € F.

(ii) We say that C is oriented if the W (K )-action on the homology of C(K) is trivial
for all K € .

Note that we do not assume that the dimension function is strictly monotone as in
Definition I1.10.1 in [I2].

In transformation group theory, a G-CW-complex X is called a homotopy representation
if X is homotopy equivalent to the sphere S2#) where n(H) = dim X ¥ for every H < G
(see tom Dieck [12], Section I1.10]). We now introduce an algebraic analogue of this useful
notion for chain complexes over the orbit category.

In [I2] 11.10], there is a list of properties that are satisfied by homotopy representations.
We will use algebraic versions of these properties to define an analogous notion for chain
complexes.

Definition 2.8. Let C be a finite projective chain complex over RI¢, which is an R-
homology n-sphere. We say C is an algebraic homotopy representation (over R) if
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(i) The function n is a monotone function.
(ii) If H, K € F are such that n = n(K) = n(H), then for every G-map f: G/H —
G /K the induced map C(f): C(K) — C(H) is an R-homology isomorphism.
(iii) Suppose H, K, L € F are such that H < K, L and let M = (K, L) be the subgroup
of G generated by K and L. If n = n(H) = n(K) = n(L) > —1, then M € F
and n =n(M).

Note that conditions (i) and (iii) of Definition 2.8 are automatic if the dimension
function n is strictly monotone. Under condition (iii), the isotropy family F has an
important maximality property.

Proposition 2.9. Let n be a super class function and let C be a projective chain complex
of RI'g-modules, which is an R-homology n-sphere. If condition (iii) holds, then for each
H € 7, the set of subgroups Fy = {K € F|(H) < (K), n(K) = n(H) > —1} has a

unique maximal element, up to conjugation.
Proof. Clear by induction from the statement of condition (iii). O

In the remainder of this section we will assume that R is a principal ideal domain. The
important examples for us are R = Z,) or R = Z. The main result of this section is the
following proposition.

Proposition 2.10. Let n be a super class function and C be a finite projective chain
complex over RIg, which is an R-homology n-sphere. Assume that R is a principal ideal
domain. If the equality n = Dim C holds, then C is an algebraic homotopy representation.

Before we prove Proposition [2.10] we make some observations and give some definitions
for projective chain complexes.

Lemma 2.11. Let C be a projective chain complex over RIg. Then, for every G-map
f: G/H — G/K, the induced map C(f): C(K) — C(H) is an injective map with an
R-torsion free cokernel.

Proof. 1t is enough to show that if P a projective RIz-module, then for every G-map
f: G/H — G/K, the induced map P(f): P(K) — P(H) is an injective map with a
torsion free cokernel. Since every projective module is a direct summand of a free module,
it is enough to prove this for a free module P = R[X’], where X is a finite G-set.
Let f: G/H — G/K be the G-map defined by f(H) = gK. Then the induced map
P(f): R[X®] — R[X"] is the linearization of the map X% — X*# given by x — gu.
Since this map is one-to-one, we can conclude that P(f) is injective with torsion free
cokernel. U

When H < K and f: G/H — G/K is the G-map defined by f(gH) = gK for each
g € G, then we denote the induced map C(f): C(K) — C(H) by rk and call it the
restriction map. When H and K are conjugate, so that K = v~ 'Hx for some z € G,
then the map C(f): C(K) — C(H) induced by the G-map f: G/H — G/K defined by
f(gH) = gz K for each g € G, is called the conjugation map and usually denoted by c¥.
Every G-map can be written as a composition of two GG-maps of the above two types, so
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every induced map C(f): C(K) — C(H) can be written as a composition of restriction
and conjugation maps.

Since conjugation maps have inverses, they are always isomorphisms. So, the condition
(ii) of Definition is actually a statement only about restriction maps. To study the
restriction maps more closely, we consider the image of r%: C(K) — C(H) for a pair
H < K and denote it by CE. Note that CE is a subcomplex of C(H) as a chain complex
of R-modules. We also remark that C% is isomorphic to C(K), as a chain complex of
R-modules, by Lemma 2.11] whenever C is a projective chain complex.

Lemma 2.12. Let C be a projective chain complex over RI. Suppose that K, L € F are
such that H < K and H < L, and let M = (K, L) be the subgroup generated by K and
L. If CENCL #£0 then M € F, and hence we have CE N CL = CH.

Proof. As before it is enough to prove this for a free RI'g-module P = R[X?] where X
is a finite G-set whose isotropy subgroups lie in F. The restriction maps r% and rk are
linearizations of the maps X* — X and X' — X respectively, which are defined
by inclusion of subsets. Then it is clear that the intersection of images of r& and rk
(if non-zero) would be R[X* N X1], considered as an R-submodule of R[X*]. We have
XK N Xt = XM where M = (K, L). Therefore, if C& N C% # 0, then we must have
XM o£ () which implies that M € F. Thus C¥ is defined and we can write CENCEL = C¥

by the above fixed point formula. OJ
Now, we are ready to prove Proposition .10

Proof of Proposition[Z10. The first condition in Definition follows from Lemma 2.6
For (ii) and (iii), we use the arguments similar to the arguments given in 11.10.12 and
11.10.13 in [12).

To prove (i), let f: G/H — G/K be a G-map. By Lemma .T1] the induced map
C(f) : C(K) — C(H) is injective with torsion free cokernel. Let D denote the cokernel
of C(f). Then we have a short exact sequence of R-modules

0—-C(K)—C(H)—-»D—=0

where both C(K) and C(H) have dimension n. Now consider the long exact reduced
homology sequence (with coefficients in R) associated to this short exact sequence:

<o+ 0= Hyy1(D) = Ho(C(K)) L5 Hy(C(H)) = Hy(D) = -

Note that D has dimension less than or equal to n, so H,.;(D) = 0 and H,(D) is
torsion free. Since H,(C(K)) = H,(C(H)) = R, it follows that f* is an isomorphism.
Since both C(K) and C(H) have no other reduced homology, we conclude that C(f)
induces an R-homology isomorphism between associated augmented complexes. Since
the induced map R(f) : R(K) — R(H) is the identity map id: R — R, the chain map
C(f): C(K) — C(H) is an R-homology isomorphism.

To prove (iii), observe that there is a Mayer-Vietoris type exact sequence associated to
the pair of complexes C¥ and C% which gives an exact sequence of the form

0— H,(CEnCh) — H,(CE)® H,(Ck) = H,(CK +C%) = H, ,(CENCEL) — 0.

Here we again take the homology sequence as the reduced homology sequence.
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Let i : CK — C(H), i%,: CL — C(H), and j: CE+CL — C(H) denote the inclusion
maps. We have zero on the left-most term since C¥ + C% is an n-dimensional complex.
To see the zero on the right-most term, note that by Lemma 2T, C&¥ =~ C(K) and
Ck = C(L) as chain complexes of R-modules, so they have the same homology. This
gives that H;(C¥) = H;(CL)=0fori <n—1.

Also note that by part (ii), the composition

H,(C(K)) = H, (CX) 25 H,(Ck + Ch) 2 H,(C(H))

is an isomorphism. So, j. is surjective. Since H,1(C(H)/(CE + Ck)) = 0, we see
that j, is also injective. Therefore, j, is an isomorphism. This implies that X is an
isomorphism. Similarly one can show that iL: H,(CL) — H,(CK + CkL) is also an
isomorphism. Using these isomorphisms and looking at the exact sequence above, we
conclude that H,(C5 N CEL) =~ R and H;(CENCE) =0 fori <n—1. So, CENCE is
an R-homology n-sphere.

Since n > —1, this implies that C& N C¥ # 0, and hence M = (K, L) € F by Lemma
Moreover, C% N CEL = C¥. This proves that n(M) = n as desired. O

3. THE PROOF OF THEOREM A

In this section we will again assume that R is a principal ideal domain. The main
examples for us are R = Z,) or R = Z, as before.

Definition 3.1. We say a chain complex C of RIg-modules is tight at H € F if
dim C(H) = hdim C(H).
We call a chain complex of RIz-modules tight if it is tight at every H € J.

Suppose that C is a finite projective complex over RI; which is an R-homology n-
sphere. If C is chain homotopy equivalent to a tight complex, then Proposition
shows that C is an algebraic homotopy representation. This establishes one direction of
Theorem A. The other direction uses the assumption that the chain modules of C are free
over Rlg.

Theorem 3.2. Let C be a finite chain complex of free RIg-modules which is a homology
n-sphere. If C is an algebraic homotopy representation over R, then C is chain homotopy
equivalent to a finite free chain complex D which is tight.

Remark 3.3. If C is a finite projective chain complex, then the analogous result holds
for a sufficiently large k-fold join tensor product C' = %,C, by [8, Theorem 7.6].

We need to show that the complex C can be made tight at each H € F by replacing it
with a chain complex homotopic to C. The proof is given in several steps.

3A. Tightness at maximal isotropy subgroups. Let H be a mazimal element in
F. Consider the subcomplex C*) of C formed by free summands of C isomorphic to
R[G/H"]. Note that C*) is a submodule because Homp, (R[G/H'], R[G/K’]) # 0
only if (H) < (K), and since H is maximal, we have &-(CEH)) C Cz(fll) for all <. The



10 TAN HAMBLETON AND ERGUN YALCIN

complex CH) is a complex of isotypic modules of type R[G/H ?]. Recall that free RI -
module F' is called isotypic of type G/H if it is isomorphic to a direct sum of copies of
a free module R[G/H ?], for some H € F. For extensions involving isotypic modules we
have the following:

Lemma 3.4. Let
E:0—-F—>F —-M-=0

be a short exact sequence of RI g-modules such that both F' and F' are isotypic free modules
of the same type G/H. If M(H) is R-torsion free, then & splits and M s stably free.

Proof. This is Lemma 8.6 of [§]. The assumption that R is a principal ideal domain
ensures that finitely generated R-torsion free modules are free. U

Note that CY)(H) = C(H), since H is maximal in . This means that C?) is a finite
free chain complex over Rl of the form

CH.05F,5F, 41— —F —>F—=0
which is a R-homology n(H )-sphere, with n(H) < d.

Lemma 3.5. Let C be a finite chain complex of free RIg-modules. Then C is chain
homotopy equivalent to a finite free chain complex D which is tight at every maximal
element H € F.

Proof. We apply [8, Proposition 8.7] to the subcomplex CU) for each maximal element
H € F. The key step is provided by Lemma 341 O

3B. The inductive step. To make the complex C tight at every H € J we use a
downward induction, but the situation at an intermediate step is more complicated than
the first step considered above.

Suppose that H € & is such that C is tight at every K € F such that (K) > (H).
Let C*) denote the subcomplex of C with free summands of type R[G/K *] satisfying
(H) < (K). In a similar way, we can define the subcomplex C>#) of C whose free
summands are of type R[G/K "] with (H) < (K). The complex C>#) is a subcomplex
of C). Let us denote the quotient complex C*)/C>H) by C py. The complex C gy is
isotypic with isotropy type R|G/H ?]. We have a short exact sequence of chain complexes
of free RIg-modules

0—C - ) — Cyy — 0.
By evaluating at H, we obtain an exact sequence of chain complexes
0— C”(H) - CH(H) - Cupy(H) — 0.

Since C*)(H) = C(H) and the image of the map on the left is generated by summands
of the form R[G/K'] with (H) < (K), the complex Cy(H) is isomorphic to SyC as
an R[N¢(H)/H]-module. Here Sy denotes is splitting functor defined more generally for
any module over an El-category (see [10, Definition 9.26]).

We also have an exact sequence

0—Cc" - c—c/ct .
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If we can show that C*) is homotopy equivalent to a complex D’ which is tight at H,
then by taking the push-out of D’ along the injective map C#) — C, we can find a
complex D homotopy equivalent to C which is tight at every K € F with (K) > (H). So
it is enough to show that C)) is homotopy equivalent to a complex D’ which is tight at
H.

Lemma 3.6. Let C be a finite free chain complex of RIg-modules, such that C is tight
at every K € F with (K) > (H), for some H € F. Suppose

(i) n =hdim C(H) > dim C(K), for all (K) > (H), and that

(ii) H,+1(SgC) = 0.
Then CH) is homotopy equivalent to a finite free chain complex D’ which is tight at every
K € F with (K) > (H).

Proof. Let us fix H € F and assume that C is tight at every K € F with (K) > (H).
We first observe that C>*) has dimension < n = hdim C(H), since C>")(K) = C(K)
for (K) > (H), and dim C(K) < n. Let d = dim C(H). If d = n, then we are done, so
assume that d > n. Then dim Cy) = d, and C(g) is a complex of the form

Coy:0—=Fy—Fyy— - —F —F—0.

We claim that the map d;: Fy — Fy_1 in the above chain complex is injective. Since
C(m) is isotypic of type (H), it is enough to show that this map is injective when it is
calculated at H. To see this observe that the map J, is the same as the map obtained
by applying the functor Ey to the Ng(H)/H-homomorphism 04(H): Fy(H) — Fy_1(H)
(see [10, Lemma 9.31]). Since the functor Ey is exact, we have ker 0; = Ep(ker 04(H)).
Hence, if 0;(H) is injective, then 0, is injective.

We will show that Hy(Cy)(H)) = Hy(SgC) = 0. To see this consider the short exact
sequence 0 — C>U)(H) - C(H) — SyC — 0. Since the complex C>*) has dimension
< n, the corresponding long exact sequence gives that Hy(SyC) = Hy(C(H)) = 0 when
d>n+1. If d =n+1, then this is true by assumption (ii) in the lemma. Now we apply
[8, Proposition 8.7] to Cg) to obtain a tight complex D" ~ C(g), and then let D’ ~ CcH)
denote the pullback of D” along the surjection C*) — Cm). O

3C. Verifying the hypothesis for the inductive step. To complete the proof of The-
orem 3.2, we need to show that the assumptions in Lemma hold at an intermediate
step of the downward induction. We will make detailed use of the internal homological
conditions (i), (ii), and (iii) in Definition 28] satisfied by an algebraic homotopy repre-
sentation C. We proceed as follows:
(1) The dimension assumptions in Lemma follow from the condition (i), since
when n is monotone, we have

n :=hdim C(H) = n(H) > n(K) = hdim C(K) = dim C(K)

for all K € ¥ with (K) > (H).
(2) The assumption that H,;(SgC) = 0 is established in Corollary B9l It follows
from the conditions (ii) and (iii) and the Mayer-Vietoris argument given below.
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In the rest of the section, we assume that C is a finite projective chain complex of
RIG-modules, which is an R-homology n-sphere, and satisfies the conditions (i), (ii), and
(iii) in Definition 2.8 Assume also that C is tight for all K € F with (K) > (H) for some
fixed subgroup H € F. We will say C is tight above H, for short. Let Ky denote the set
of all subgroups

Ky ={K € F|K > H and n = n(K) = n(H)}.

Let C be an algebraic homotopy representation, which is tight above H. Let C% denote
the image of the restriction map

ri C(K) — C(H),

for every K € F with K > H. Then C¥ is a subcomplex of C(H) and by Lemma 2]
it is isomorphic to C(K). By condition (iii) of Definition 2.8 the collection Ky has a
unique maximal element M. In addition, we have the equality

c-M(H)= )" Cjf,

KeXyg

since (G/K)™ is the union of the subspaces (G/K)*, with L > H and (L) = (K).
Moreover, if K € Ky, then by condition (ii), the subcomplex C¥ is an R-homology
n-sphere and the map

H,(Cjf) — H,(Cj)

induced by the inclusion map C¥ — C¥ is an isomorphism. More generally, the following
also holds.

Lemma 3.7. Let C be an algebraic homotopy representation which is tight above H, for
some fired H € F, and let K4, ..., K,, be a set of subgroups in Kg. Then the subcomplex
> Cgi 1s an R-homology n-sphere and the map

(3.8) H,(C}) — Hn(imj Cy')

i=1
induced by the inclusion maps is an isomorphism.

Proof. This follows from the Mayer-Vietoris spectral sequence in algebraic topology (see
[, pp. 166-168]), which computes the homology of a union of spaces X = |J X; in terms
of the homology of the subspaces and their intersections. We include a direct argument
for the reader’s convenience.

The case m = 1 follows from the remarks above. For m > 1, we have the following
Mayer-Vietoris type long exact sequence

0— H,(D,,.;NCE™) = H,(D,,_1) ® H,(Ck™) — H,(D,,) = H,_1(D,,_; NCE") —

where D; = Zgzl Cgi for 7 = m—1, m. By the inductive assumption, we know that D,,,_;
is an R-homology n-sphere and the map H,(C¥) — H,(D,, 1) induced by inclusion is
an isomorphism.
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We have
m—1 m—1 m—1
D, 1 NCh = (Y ciyncl =3 (Clncln) =3 e
i=1 i=1 i=1
where the last equality follows from Lemma [2.121 We can apply Lemma [2.12 here because
CM C CkK for all K € Ky gives that CE' N CE™ £ 0 for every i = 1,...,m — 1. We
also obtain (K, K,,) € Ky for all i. Applying our inductive assumption again to these
subgroups, we conclude that D,, 1 N Cgm is an R-homology n-sphere and that the map

H,(C¥) - H,(D,,_1 N CE™)

induced by inclusion is an isomorphism. This gives that H;(D,,) =0 for i <n — 1. We
also obtain a commuting diagram

0 H,(CY) H,(C¥)® H,(CY) —— H,(C¥) —=0

l | |

0 — H,(D,,_1NCE") — H,(D,,_,) ® H,(Ck™) — H,(D,,) —0

Since all the vertical maps except the map ¢ are known to be isomorphisms, we obtain
that ¢ is also an isomorphism by the five lemma. This completes the proof. O]

Corollary 3.9. Let C be an algebraic homotopy representation which is tight above H,
for some fixed H € F. Then H,.1(SyC) = 0.
Proof. Let Xy = {K1, ..., K,,}. By condition (ii), we know that the composition
H,(C(M)) = Hu(Cyf) = Hu()_ Cif') = Ha(C(H))
i=1
is an isomorphism. However, we have just proved that the middle map is an isomorphism,
and that all the modules involved in the composition are isomorphic to R. Therefore, the

map induced by inclusion
m

H, (Y Ci) = Hy(C(H))
i=1
is an isomorphism. Since C is tight above H, we have dim C(K) < n whenever (H) < (K)
and n(K) < n, for some K € F. This implies the relation

H,(C7U(H)) = Hn(z Cy') = H,(C(H))

where the isomorphism is induced by the the inclusion of chain complexes. From the
exact sequence 0 — C>H)(H) — C(H) — SyC — 0, and the fact that hdim C(H) = n,
we conclude that H,1(SyC) = 0, as required. O

This completes the proof of Theorem and hence the proof of Theorem A. In [§],
we proved the following realization theorem for free ZIg-module chain complexes, with
respect to any family &, which are Z-homology n-spheres satisfying certain extra condi-
tions.
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Theorem 3.10 (|8, Theorem 8.10], [I1]). Let C be a finite chain complez of free ZI¢-
modules which is a Z-homology n-sphere. Suppose that n(K) > 3 for all K € F. If
Ci(H) =0 foralli > n(H)+ 1, and all H € F, then there is a finite G-CW-complex
X with isotropy in F, such that C(X % 7Z) is chain homotopy equivalent to C as chain
complexes of ZI ¢-modules.

Note that a Z-homology n-sphere C with Dim C = n, and n(K) > 3 for all K € F, will
automatically satisfy these conditions. So Corollary B follows immediately from Theorem
A and Theorem B.I0.

Remark 3.11. The construction actually produces a finite G-CW-complex X with the
additional property that all the non-empty fixed sets X are simply-connected. Moreover,
by construction, Wg(H) = Ng(H)/H will act trivially on the homology of X#. Therefore
X will be an oriented geometric homotopy representation (in the sense of tom Dieck).
From the perspective of Theorem A, since we don’t specify any dimension function, a
G-CW-complex X with all fixed sets X integral homology spheres will lead (by three-
fold join) to a homotopy representation. The same necessary and sufficient conditions for
existence apply.

4. INFLATION AND DEFLATION OF CHAIN COMPLEXES

In this section we define two general operations on chain complexes in preparation
for the proof of Theorem C. For a finite G-CW complex X which is a mod-p homology
sphere, the Borel-Smith conditions can be proved using a reduction argument to certain
p-group subquotients (compare [12, I11.4]). For a subquotient K /L, the reduction comes
from considering the fixed point space X as a K-space. To do a similar reduction for
chain complexes over Rl¢, we first introduce a new functor for RIg-modules, called
the deflation functor. We will introduce this functor as a restriction functor between
corresponding module categories. For this discussion R can be taken as any commutative
ring with 1 and JFg is any family subject to the extra conditions we assume during the
construction.

Let N be a normal subgroup of G. We define a functor

Firg/N%FG

by considering a G/N-set (or G/N-map) as a G-set (or G-map) via composition with the
quotient map G — G/N. For this definition to make sense, the families F¢/n and Fg
should satisfy the property that if K > N is such that (K/N) € Fg/n, then K € Fq.
Since we always assume the families are nonempty, the above assumption also implies
that N € F5. For notational simplicity from now on, let us denote K/N by K for every
K > N.

If a family F¢ is already given, we will always take Fo /v = {K | K > N and K € F5}
and the condition above will be automatically satisfied. We also assume that N € JFg to
have a nonempty family for Fg/n.

The functor F' gives rise to two functors (see [10, 9.15]):

Resp: Mod-RIg — Mod-RIg/N
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and
Indp: Mod-RIg/ny — Mod-RIg .
The first functor Resp takes a RIg-module M to the RIg/y-module
Def¢ (M) :== M o F: I'zy — R-Mod.
We call this functor the deflation functor. Note that

(Defg y M)(K) = M(K).

The induction functor Inf /v = Indp associated to F'is called the inflation functor. For
every H € 4, we have

Wt (M) (H) = (D, ME) ©pw i) BMapg(G/H,G/K)) [ ~

fegg/]\r

where the relations come from the tensor product over Rl y (see [I0, Definition 9.12]).
In general, it can be difficult to calculate Infg /v M for an arbitrary Rl n-module M.
In the case where M is a free RI¢/y-module we have the following lemma.

Lemma 4.1. Let X be a finite G/N-set. Then, we have
Inf¢ v R[X ] = R[(Infg x X)*].

Proof. 1t is enogh L to show this when X = @/K for some K < GG _such that X > N.
In this case, R[(G/K)"] is isomorphic to FgzPr where Pr = R[Wg(K)]. Since Ew(—) is

defined as induction Indg(—) for the functor ' : R[Wg(K)] — Rlg/n (see [10, 9.30]),

we have

Inf¢; v R[(G/K)*] = Inf¢, y EgPr = Indp Indp P = Indpop Pg

where F' : I'g)n — I is the functor defined above. Since Wg(K) = We(K), after
suitable identification, the composition F' o F” becomes the same as the inclusion functor
i: Wa(K) — I'g, so we have

Indpor Pr = ExRWe(K) = R[G/K"]
as desired. 0

By general properties of restriction and induction functors associated to a functor F',
the functor Def& /v 18 exact and Inf§ /v respects projectives (see [10, 9.24]). The deflation
functor has the following formula for free modules.

Lemma 4.2. Let X be a G-set. Then, we have
Defyy RIX *] = R[(X™)’]
In particular, if H € Fq implies HN € F, then the functor Defg/N respects projectives.
Proof. For every K € Jg such that K > N, we have
(Defg,y RIX ])(K) = RIX*)(K) = RIX*"] = R[(X™)*"] = R[(XY)"](K).
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Note that (G/H)N = G/HN as a G/N-set. If H € F¢g implies HN € Jg, then by
assumption HN € Fg/y. Hence R[((G/H)Y)?] is free as an RI;/y-module and Defg/N
respects projectives. [

5. THE BOREL-SMITH CONDITIONS FOR CHAIN COMPLEXES

Let G be a finite group, and let X be a finite G-CW-complex which is a mod-p homology
sphere for some prime p. Then by Smith theory, the fixed point space X is also a mod-p
homology sphere (or empty), for every p-subgroup H < G. So if we take R = Z/p and I
as the orbit category over the family J, of all p-subgroups of G, then the chain complex
C(X*,Z) over Rl is a finite free chain complex which is an R-homology n-sphere. Here,
as before, we take n(H) = —1 when X = (). In this case, it is known that the super class
function n satisfies certain conditions called the Borel-Smith conditions (see [3, Thm. 2.3
in Chapter XIII] or [12], II1.5]). These conditions are given as follows:

Definition 5.1. Let G be a finite group and let f: 8(G) — Z be super class function,
where 8(G) denotes the family of all subgroups of GG. We say the function f satisfies the
Borel-Smith conditions at a prime p, if it has the following properties:

(i) If L< K < G are such that K/L = Z/p, and p is odd, then f(L)— f(K) is even.

(ii) If L< K < G are such that K/L = Z/p x Z/p, and if L;/L denote the subgroups
of order p in K/L, then

i=0

(iii) If p=2, and L< K <N < G are such that LN, K/L = 7/2, and N/L = 7Z/4,
then f(L) — f(K) is even.

(iv) f p=2,and L 9 K <N < G are such that L AN, K/L = Z/2, and N/L = Qs
is the quaternion group of order 8, then f(L) — f(K) is divisible by 4.

We will show that these conditions are satisfied by the homological dimension function
n of a finite projective complex C over Rl which is an R-homology n-sphere. Recall
that n(H) = —1 whenever H ¢ F, by Definition 2.7l

Theorem C. Let G be a finite group, R = Z/p, and let F be a given family of subgroups of
G. If C is a finite projective chain complex over RI¢, which is an R-homology n-sphere,
then the function n satisfies the Borel-Smith conditions at the prime p.

The rest of the section is devoted to the proof of Theorem C. As a first step of the
proof we extend the given family F to the family 8(G) of all subgroups of G by taking
C(H) =0 for every H ¢ F. Over the extended family, C is still a finite projective chain
complex over RI'¢ and an R-homology n-sphere.

The Borel-Smith conditions are conditions on subquotients K /L where L<1K < G. To
show that a Borel-Smith condition holds for a particular subquotient group K/L, we con-
sider the complex Deff /L Res% C (see Section ). This is a finite projective complex over
RI'x/1, because both restriction and deflation functors preserve projectives (the condition
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in Lemma is satisfied because we extended our family F to the family of all subgroups
of G).
Our first observation is the following:

Lemma 5.2. Let G be a finite group and let R = Z/p. If C is a finite projective chain
complex over RIg, which is an R-homology n-sphere, then whenever L < K < G and
K/L is a p-group, we have n(L) > n(K).

Proof. By the discussion above, it is enough to show that if G = Z/p and C is a finite
projective RIg-complex which is an R-homology n-sphere, then the inequality n(1) >
n(G) holds. Assume that n(1) # n(G). Since R is projective, we can add C_; = R
and consider the homology of the augmented complex C. The complex C has nontrivial
homology only at two dimensions, say m and k with m > k, so we get an extension of the
form N N N N

0— H,(C)—C,,/im0,+1 — -+ — Cpy — ker 9y — Hp(C) — 0.

where the homology modules are I; R and /5 R in some order.

For H € ¥, the module Iy M denotes the atomic module concentrated at H with the
value (IgM)(H) = M (see [10, 9.29]). We claim that H,,(C) = IR and H;(C) = IR,
meaning that the module IR appears before I1 R in the homology. Once we show this,
it will imply that n(1) > n(G) as desired.

Let D denote the chain complex obtained by erasing the homology groups H,,(C) and

H(C) from the above exact sequence. Since ker Jy, is projective and im d,,+1 has a finite
projective resolution, the Ext-group Exty . (D, M) is zero after some fixed dimension, for
every RIg-module M. We will take M = I} R for simplicity.

There is a two-line spectral sequence Ey' = Ext%, . - (H¢(D), M) which converges to

Extyp, (D, M). Suppose, if possible, that H(C) = I; R. The module I, R is concentrated
at 1, so its projective resolution is of the form FE;P, for some projective resolution P,
of R as an RG-module. Then the bottom line of this spectral sequence E;"O would be
isomorphic to

Ext*RFG(Hk(é), M) = Extpr (LR, L R) = H'(Homgr, (E,P., LR)) = H*(G; R).
Since this cohomology ring is not finitely generated, there must be a non-trivial differential
from the top line

Extiyr, (Hn(C), M) = Extyy, (IR, [ R)
in order for the spectral sequence to converge to a finite dimensional limit.

The differential of this spectral sequence is given by multiplication with an extension
class in Ext} §+1(]1R, IgR). But, by a similar calculation as above, we see that

Extyp, (LR, IcR) = H' (G, (IcR)(1))) =0
for all i > 0, because (IgR)(1) = 0. This contradiction shows that Hy(C) = IR and

H,,(C) = LR, as required. O

The above lemma shows that under the conditions of Theorem C, the dimension func-
tion n is monotone in the sense defined in [12] p. 211]. Now we verify (in separate steps)
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that the dimension function satisfies the conditions of Definition [5.J] These conditions
come from the period of the cohomology of the corresponding subquotient groups.

Lemma 5.3 (Borel-Smith, part (i)). Let G = Z/p, for p an odd prime, let R = 7Z/p, and
C be a finite projective RIg-complex which is an R-homology n-sphere. Then n(1) —n(G)
15 even.

Proof. Consider the subcomplex C(@ of C consisting of all projectives of type R[G/G"],
and let D = C / C(@ denote the quotient complex. The complex D has nontrivial homol-
ogy only in dimensions m and k + 1, where m = n(1) and k£ = n(G). Moreover, all the
RIz-modules in the complex D are of the form R[G/1 ?]. Evaluating at the subgroup 1,
we obtain a chain complex of free RG-modules

a’m 6
0= Qa— = Qumit = Qum — -+ = Qs — Qu — -+ — Qg — 0.

whose homology is R at dimensions m and k + 1. This gives an exact sequence of the
form

0= R—Qn/imdys1 — - = Qpio — ker g1 — R — 0.

Using the fact that free RG-modules are both projective and injective, we conclude that
all the modules in the above sequence, except the two R’s on the both ends, are projective
as RG-modules, so we have a periodic resolution. Since the group G = Z/p has periodic
R-cohomology with period 2, we have m — k =n(1) —n(G) =0 (mod 2). O

Remark 5.4. The R-cohomology of the group G' = 7Z/2 is periodic of period 1.

For condition (ii), the argument is more involved. As before, after the subquotient
reduction we may assume that G = K/L = Z/p x Z/p, and that F is the family of all
subgroups of G. Since the complex C is a finite complex of projective modules, for any
RI'g-module M, we have

H"(HomRFG(C, M)) =0

for n > d, where d is the dimension of the chain complex C. Consider the hyper-
cohomology spectral sequence for the complex C. This is a spectral-sequence with Es-term
given by

(5.5) E3" = Exty, (Hy(C), M)

which converges to H*™'(Hompgr,(C, M)). Since R is a projective RIg-module, we can
replace H,(C) with the reduced homology H,(C). So, we have nonzero terms for E5* only
when ¢ is equal to ny = n(1), ng = n(G), or ny, = n(H;) where H; are the subgroups of
G of order p. Since n is monotone, we have ny > ng, > ng for all i € {0,...,p}. The

required formula is
p

ny —ng = Z(’/I,HZ — ng).

1=0

Remark 5.6. In the proof below we assume n; > npy, > ng for all i, to make the
argument easy to follow. If for some i, we have ny, = n; or ny, = ng, then the argument
below can be adjusted easily to include these cases as well.
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By adding free summands to the complex C, we can assume that all the cohomology
between dimensions n;, and ng is concentrated at the dimension ny; = max;{ng,}. Then
the homology at this dimension will be an RIz-module which is filtered by Heller shifts
of homology groups H;(C) at dimensions t = ny, for ¢ = 0,...,p. The homology of the
complex C at dimension ngy, is Iy, R, where Iy, R denotes the Rl module with value R
at H; and zero at all the other subgroups. We have the following lemma.

Lemma 5.7. If 1,5 € {0,...,p} are such that i # j, then
Exthr, (Ig, R, Iy, R) = 0
for every m > 0.
Proof. The projective resolution of Iy, is formed by projective modules of type Ey P with
H =1 or H;. Since
Hompgr, (Ey P, I, R) = Hom gy, ) (P, I, (H)) =0

when i # j, we obtain the desired result. OJ

As a consequence of Lemma [5.7] we conclude that all the extensions in this filtration of

H,,,(C) are split extensions. So, the homology module H,,,(C) is isomorphic to a direct

sum of Heller shifts of modules Iy, R. In particular, we obtain that, for any R/ z-module
M,
Exthyr, (Hay (C), M) = &; Exctyyry, " (I, R, M)

for every s > 0.

The spectral sequence given in (5.5]) converges to zero for total dimension > d. It has
only three non-zero horizontal lines, so it gives a long exact sequence of the form

o Extlm et (g R M) S Extly, (LR, M) 5 @ Extpn " (I, R, M)
— Extim 2[R, M) % Exthl (LR, M) — ---

where k is an integer such that k > d—n; and M is any Rl z-module. If we take M = I R,
then Ext'fzpc(llR, M) = H%(G, R). When M = IR, the other Ext-groups in the above
exact sequence also reduce to the cohomology of the group G with some dimension shifts.

Lemma 5.8. For every i € {0,...,p}, we have
Ext}. (Ig, R, L R) = Extfi; (LR, R) = H" ' (G; R)

for every m > 1. We also have

Extyr, (IcR, [L1R) = @, Extgfcz(IlR, LR) = o,H" *(G;R)
for every m > 2. Here @, denotes the direct sum of p-copies of the same R-module.
Proof. Since we already observed that EX’C%FG(AR, LR) = H*G,R) for every k > 0,
it is enough to show the first isomorphisms. Let ¢ € {0,...,p} and Jg, R denote the
RI module with value R at subgroups 1 and H; and zero at every other subgroup. We

assume that the restriction map is an isomorphism. So we have a non-split exact sequence
of RIg-modules of the form

0—=LR— Jy,R— Ig,R— 0.
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Since the projective resolution of Jy, R will only include projective modules of the form
Ey, P, we have Extipr (Jg, R, [1R) = 0 for all m > 0. The long exact Ext-group sequence
associated to the above short exact sequence will give the desired isomorphism for the
module Iy, R.

For the second statement in the lemma, we again only need to show that the isomor-
phism

Ext}. (IR, 1R) = &, Ext;>(I\R, I R)

holds for all m > 2. Let N denote the RIg-module defined as the kernel of the map
R — IR which induces the identity homomorphism at G. Since the constant module R
is projective as a RIg-module, we have

Extip(IgR, L R) = Exth (N, [LR)
for m > 2. In addition, there is an exact sequence of the form
0— @, R— & Ju,R— N — 0.
Since Extyr.(Ju, R, [1R) = 0 for all m > 0, we obtain
Ext?-(IgR, L R) = Exti: (N, [ R) = @, Ext} * (LR, LR) = ©,H" *(G; R)
for every m > 2. This completes the proof of the lemma. O
Lemma 5.9 (Borel-Smith, part (ii)). Let G = Z/p x Z/p, let R = Z/p, and let C be a

finite projective RI¢-complex which is an R-homology n-sphere. Then
p
n(1) = n(G) =Y (n(H;) —n(G))
i=0
where Hy, Hy, ..., H, denote the distinct subgroups of G' of order p.

Proof. Using the Ext-group calculations given in Lemma (.8 we obtain a long exact
sequence of the form

= @ HMMTETY (G R) & HMNGE R) B @b HM M (G R)

@, H* M6 (G R) LN H*'(G;R) — - --
where k > d — n;. We claim that the map v is injective. Observe that if v = &~;, then

for each i, the map 7; can be defined as multiplication with some cohomology class u;.
To see this observe that 7 is the map induced by the differential

dnl—nM-l-l : EXtI;ZFG (Hnl <C>7 IlR) — EXtI}fZ—;Zl_nM—H (HTLM (C>7 IlR)

on the hypercohomology spectral sequence given at (5.5). This spectral sequence has
an Exty (1R, I R)-module structure, where the multiplication is given by the Yoneda
product, defined by splicing the corresponding extensions (see [2], Section 4]).

Under the isomorphisms given in Lemma [5.8 the differential d,,,_,,,+1 becomes a map
H*(G, R) — ®;H*™~"1: (G, R) and the Yoneda product of Ext-groups is the same as the
usual cup product multiplication in group cohomology under the canonical isomorphism
Extyr, (LR, [1R) = H™(G, R) (for comparison of different products on group cohomology
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see [5, Proposition 4.3.5]). So we can conclude that 4; is the map defined by multiplication
(the usual cup product) with a cohomology class u; € H™ " (G, R).

For p = 2, the cohomology ring H*(G, R) is isomorphic to a polynomial algebra R|[t;, t5]
with degt; = 1 for ¢« = 1,2. Since there are no nonzero divisors in a polynomial algebra,
the map ~ is either injective or the zero map.

For p an odd prime, the cohomology ring H*(G, R) is isomorphic to the tensor product
of an exterior algebra with a polynomial algebra

AR(a17 a2) ® R[flfl, IQ]
where dega; = 1 and degx; = 2, and the nonzero divisors of this ring are multiples of a;
or aj. By Lemma[B.3] degu; =ny —ny, =0 (mod 2), so the map  is either injective, or
each u; must be a multiple of a;as.

The assumption that v is not injective implies that the entire spectral sequence re-
stricted to some H; = 7 /p, with Resgi (a1a2) = 0, will result in a spectral sequence which

collapses. This is because Resgi IR =0 and Resgi Iy, R =0if i # j. But the cohomol-
ogy H*(Z/p; R) is not finite-dimensional, and the restriction of C to a proper subgroup
is still a finite projective chain complex, so this gives a contradiction. Hence, we can
conclude that 7 is injective.
The fact that v is injective gives a short exact sequence of the form
0 — H"G; R) & @l_oH"™ ™" (G; R) — @, H"™™"¢(G; R) — 0,
for every k > d —ny. Since dimgp H™(G; R) = m + 1, we obtain
p
(k+ 1) +pk+n —ng+1)=> (k+n —ngy, +1).
i=0
Cancelling the (k 4+ 1)’s and grouping the terms in a different way gives the desired
equality. 0
The next part uses the same spectral sequence, but the details are much simpler.

Lemma 5.10 (Borel-Smith, part (iii)). Let G = Z/4, let R = 7Z/2, and let C be a finite
projective RIg-complex which is an R-homology n-sphere. If 1 < K QG with K = 7Z/2,
then n(1) — n(K) is even.

Proof. We consider the spectral sequence
Ey" = Extyr, (Hi(C), M),

with M = I, R, which converges to H*"(Hompgr,(C, M)). Write ny = n(1), nxg = n(K),
and ng = n(G). Once again, the fact that H*(C; M) is zero in large dimensions k > d =
dim C(1) gives rise to a long exact sequence

C Bxthm et (10 R M) S Exctly (IR, M) 2 Extly™ (I R, M)
— Extim 2[R, M) % Exthl (LR, M) — ---
The analogue of Lemma [5.8 is easier in this case. We obtain
Exty, (IxR, 1 R) = Extf; (LR, R) = H" (G; R)
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for every m > 1, and Extipr. (IgR, [, R) = 0 for every m > 0. The vanishing result follows
from the short exact sequence

0—>JyR—R—>IsR—0

and the fact that EthLFG(JKR, IiR) = 0, for m > 0, since Jg R has a projective resolution
consisting of modules of the form Fx P. On substituting these values into the long exact
sequence, we obtain an isomorphism

v: H*(G; R) = H*™~"x (G, R)

induced by cup product, for all large k. Since the cohomology ring H*(G; R) modulo
nilpotent elements is generated by a 2-dimensional class, it follows that n; — ng must be
even. 0

Lemma 5.11 (Borel-Smith, part (iv)). Let G = Qs, let R = 7Z/2, and let C be a finite
projective RIg-complex which is an R-homology n-sphere. If 1 < K QG with K = 7/2,
then n(1) — n(K) is divisible by /.

Proof. This time we have three index 2 normal subgroups H;, Hy, H3, each isomorphic to
Z/4. Write ny = n(1), ng = n(K), ng, = n(H;), for 1 < i < 3, and ng = n(G). We
again consider the spectral sequence

E;t = EXt%FG (Ht(c)v M>7
with M = I R, which converges to H*"*(Hompgp,(C, M)). The exact sequences
0—->N—-R—>IzR—0

and
0— (JxkR)? = @ Jg,R— N —0
lead to the calculation
EthFG (]GR, [1R) =0

for every m > 0. The exact sequence

0—L1R—JxkR—IxkR—0
implies that Extg. (IxR,[1R) = H™ '(G; R), for m > 1. Finally, the exact sequences

0— JxR— Jg, R — Ig,R — 0

show that ExtEFG(IHiR, LR)=0,form>0and 1 <1i<3.
As a result of these calculations, we again obtain a 3-line spectral sequence with corre-
sponding long exact sequence

o ExthEm et (10 R M) S Extly (LR, M) 2 Extlyr (1 R, M)
— Extim 62 (IR, M) % Exthl (LR, M) — ---
in all large dimensions k& > d. By the vanishing result above, the map

v: H¥(G; R) = H*™~"x (G, R)
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is an isomorphism induced by cup product. Since the cohomology ring H*(G; R) modulo

nilpotent elements is generated by a 4-dimensional class, it follows that ny; —ng is divisible
by 4. O

Remark 5.12. The fact that the dimension function of an algebraic n-homology sphere
satisfies the Borel-Smith conditions suggests that more of the classical results on finite
group actions on spheres might hold for finite projective chain complexes over a suitable
orbit category. For example, one could ask for an algebraic version of the results of Dotzel-
Hamrick [6] on p-groups. Other potential applications of algebraic models to finite group
actions are outlined in [7].

Example 5.13. An important test case for groups acting on spheres, or on products of
spheres [I], is the rank two group Qd(p) = (Z/p x Z/p) x SLy(p). At present, it is not
known whether Qd(p) can act freely on a product of two spheres, but Unlii [I3] showed
that Qd(p) does not act on a finite complex homotopy equivalent to a sphere with rank
one isotropy.

We can apply the Borel-Smith conditions prove an algebraic version of this result.

Proposition 5.14. Let p be an odd prime, G = Qd(p), R = Z/p, and F be the family
of all subgroups H < G such that rank,(H) < 1. Let n be a super class function with
n(1) > 0. Then, there exists no finite projective chain complex C over RIg which is an
R-homology n-sphere.

Proof. We can extend the family F to the family 8(G) of all subgroups of G' by taking
C(H) = 0 for all subgroups such that H ¢ &. For these subgroups, we take n(H) = —1.
Observe that by Theorem C, the dimension function n : 8(G) — Z satisfies the Borel-
Smith conditions at the prime p. )

Now the rest of the argument follows as in Unlii [I3] Theorem 3.3]. Let P be a Sylow
p-subgroup of Qd(p). The group P is isomorphic to the extra-special p-group of order
p? and exponent p. If Z(P) is the center of P, then the quotient group P/Z(P) is
isomorphic to Z/p x Z/p. Applying the Borel-Smith condition (ii) for this quotient, we
get n(Z(P)) = —1. In G, it is possible to find two Sylow p-subgroups P; and P, such that
E=PNP,=7Z/pxZ/pand Z(P;) and Z(P,) are distinct subgroups of order p in E.
Two such Sylow p-subgroups can be given as P, = (Z/p x Z/p) x (4;) for i = 1,2 where

11 10
v=(o1) 4=()

By the above argument, n(Z(P;)) = —1, and non-central p-subgroups in E are conjugate
to each other. So, we obtain that n(K) = —1 for every subgroup K of order p in E. By
the Borel-Smith conditions applied to E, we get n(1) = —1, contradicting our assumption
on n. ]
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