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ON THE UNITARY GLOBALIZATION OF COHOMOLOGICALLY
INDUCED MODULES

L. BARCHINI AND PETR SOMBERG

ABSTRACT. We describe the unitary globalization of cohomologically induced
modules A4(A). The purpose of the paper is to give a geometric realization of the
unitarizable modules. Our results do not constitute a proof of unitarity.

1. INTRODUCTION

The orbit method suggests a close connection between irreducible representa-
tions of a Lie group Gr and co-adjoint orbits. In the case of nilpotent groups,
unitary representations correspond to co-adjoint orbits. Kirillov used such corre-
spondence to geometrically construct unitary representations of nilpotent groups.
When Gpg is a real reductive group, attached to elliptic co-adjoint orbits is a family
of irreducible unitarizable (g, K')-modules, A4()\). These are called cohomologically
induced modules. The purpose of this paper is to give a geometric description of
the corresponding G'g unitary representations.

The representation theory of Ggr is more subtle than that of its Lie algebra.
According to a theorem of Harish-Chandra, the space of K-finite vectors of an
admissible irreducible Gr-representation is an irreducible (g, K )-module. This rela-
tionship between Gr and (g, K) modules is not bijective. The subtlety comes from
the fact that different topologies yield different Ggr-modules. It is known, from the
work of Casselman, Wallach [4] and Schmid [12], that each admissible irreducible
(g, K)-module admits a maximal globalization (resp. minimal globalization) to a Gr
module over a Frechet space, F (resp. to a Gr module over the topological dual of
F). When the (g, K)-module is an A4()\), the maximal globalization (minimal glob-
alization) corresponds to a Dolbeault cohomology representation, H™*(Gr /LR, L)),
(corresponds to a compactly supported cohomology space). The unitary globaliza-
tion should correspond to a topological space “in between” the minimal and the
maximal globalization. This is the space we want to describe.

In [I7], Vogan proposed to (a) explicitly describe the Ggr-invariant Hermitian
form on the minimal globalization of Aq()) (identified as a space of compactly
supported cohomology) and (b) describe the unitary globalization as the completion

of the compactly supported cohomology with respect to the Hermitian form given
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in (a). This proposal amounts to finding an explicit Gr-intertwining map from the
Hermitian dual H™*(Gr/LRr, L))" to H»*(Gr/Lr,Ly). Moreover, such map is
a “kernel type ” transform. Indeed, if (Gr/Lr)°"? is Gr/Lr endowed with the
opposite complex structure, then the kernel is determined by a diag (Gr x Gr)-
invariant class [w] in H™ ) (GRr/Lr x (Gr/LR)PP, L @ L£_3). The problem is
to describe such a cohomology class.

Under some positivity assumptions on A, A4(\) can be also realized as the space of
K-finite solutions of an elliptic differential operator D, acting on sections of a bundle
over Gr/Kr. This is indeed the content of ([[19], Corollary 38 and Section 7]). The
geometric construction of Dolbeault cohomology is related to the solution space of
D via the so-called Real Penrose transform. Moreover, the Real Penrose transform
determines an isomorphism between the cohomology realization and KerD. See
([[19], Section 7]), ([[1], Section 10]) and [2]. In this paper we determine (a) the
hermitian dual (Ker D)h, (b) the space of continuous Gr-intertwining maps from

(Ker D)h to KerD. Such intertwining maps are also of “kernel type”. We describe
the kernels in terms of generalized spherical functions, F'. In particular, when Aq(\)
is the Harish-Chandra module of a representation in the discrete series, F' is the
function defined by Flensted-Jensen in [6]. The function F', given in Theorem [(.7]
depends solely on the minimal K-type of Aq(\). This is consistent with the fact
that Aq(\) is unitary if and only if the Hermitian form is definite on its bottom
layer, see [I7]. The cohomology class [w] is completely determined by F'.

2. THE MAXIMAL GLOBALIZATION OF Aq(\)

2.1. Dolbeault Cohomology. We recall results from [17] and [19] that will be
relevant to our work. Our underlying group GR is assumed to be real reductive
with complexification G and Cartan involution ©. We let Kg be the fixed point
group of O, the maximal compact subgroup. We denote the Lie algebra of Lie
groups by gr, tr etc., and their complexifications by g, ¢, etc. Letting 6 be the
differential of ©® we write the decomposition of g into +1 eigenspaces as g = p P ¢.
We choose a Cartan subalgebra t C ¢ and extend it to a Cartan subalgebra h = t®a
of g. Using the Killing form, B(:,-), we consider t* C h* C g*. Then an element
A € t* is elliptic, and the orbit Gr - A C g* is an elliptic co-adjoint orbit. We may
identify this orbit with the homogeneous space Gr/Lr, where Ly is the centralizer
in Gr of A. On the other hand, A\ defines a f-stable parabolic subalgebra of g as
follows. Denote by A = A(g, h) the roots of h in g. Then the parabolic subalgebra
associated to A is q = [ ® u, where the Levi factor [ is spanned by § and all root
spaces g¢ with (A, «) = 0, and u is spanned by all root spaces g® with (\,«) > 0.
If Q is the normalizer of q in G, one sees that Lg = Q N GRr, so Gr/Lr embeds
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into the generalized flag variety G/Q as an open subset. In particular, Gr/Lgr
has a Gr-invariant complex structure; the antiholomorphic tangent space at the
identity coset is naturally identified with g/q ~ u. A similar construction makes
Kr/(Kr N LR) into a complex compact submanifold of Gr/LR.

Observe that each #-stable parabolic subalgebra ¢ containing [ gives a complex
structure on Gr/Lr; these are in fact all different. In the language of geometric
quantization, these parabolic subalgebras are the invariant complex polarizations at
A. Typically, in geometric quantization, one chooses a particular polarization and
this is what we will do here.

To attach a representation to Gr - A, we assume that A lifts to a character y) of
Lgr. Then there is a holomorphic homogeneous line bundle associated to xy. If n is
the complex dimension of Gr /LR, it is natural to attach cohomology representations
H™P(Gr /LR, L)) to the orbit Gg -A. The Dolbeault cohomology H"?(GRr/Lr, L))
can be computed, for example, by Leray covers, by C°°-differential forms or by
currents (differential forms with distribution coefficients). All these approaches yield
the same cohomology groups, as vector spaces. Indeed, more is true. One can
define strong topologies on H™P(Gr/Lr, L)) with respect to Leray covers, as well
as with respect to C°°-forms or currents, see [9]. (For example, the strong topology
with respect to C°°-forms is given by uniform convergence on compact sets for
all derivatives of the coefficients when written in terms of coordinates in the local
charts.)

Theorem 2.1 ([9], Theorem 2.1, Theorem 3.2). The strong topologies on
H™P(Gr/LRr, L)) with respect to Leray covers, C*°-forms and currents all coincide.

It is not a priori clear that the natural action of Gr (by left translation) on
H™P(Gr/Lr, L)) is continuous in the topology of Theorem 21l The difficulty is
that a topology on H™P(Gr /LR, L)) is Hausdorff only if the operator O that defines
the cohomology space has the closed range property in that given topology. This
delicate issue was settled by Wong in [19] and [20]. Wong proved that (a) when
p =s =dim(Kr/(Kr N Lr) H"P(Gr/LRr, L)) is a non-zero continuous Fréchet
representation (by showing that the image of 9 is closed in the C*-topology on
forms), (b) H™*(Gr/LR, L))k —finite 1s & cohomologically induced (g, K)-module,
(c) H"*(GRr/Lr, Ly) is the maximal globalization of its underlying Harish-Chandra
module in the sense of [12].

Remark 2.2. It is important to note that the results in [19] and [20] are more general
than those stated above. On the one hand, [20] allows the inducing bundle to be
infinite dimensional. On the other hand, the conditions on the line bundle in [19]
are less restrictive that the ones used here. Indeed, for a fixed positive system
AT (g,b) that contains A(u) the main theorem in [19] holds for a one-dimensional
representation y, of Lr with weight v, with (v 4+ p,a) > 0 for roots « in u (and p
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equal to the half the sum of positive roots). In this paper we assume that
(A, ) > 0 for all root o € A(u). (2.3)

We impose this, more restrictive, assumption on A in order to have control on the
K-type structure of H"*(Gr/LR, L)k —finite, see [16].

We keep the notation q = [@®u and write u = unNpdunt. We let A(unp) stand
for the set of weights in u N p with respect to h and we write p(u N p) for half the
sum of the positive members of (u N p) with respect to b.

Theorem 2.4. Suppose that q = P u is a 0-stable parabolic subalgebra of g and let
h=t®aClbea Cartan subalgebra. Let X € t* be an integral weight and assume
that

(A, ) >0, for all root o € A(u).

Identify the elliptic co-adjoint orbit Gr - A with the homogeneous space Gr/LR.
Endow Gr/Lr with the complex structure so that the antiholomorphic tangent space
at the identity is identified with u. Let s = dimc(Kr/(Lr N KR)). Then,

(1) The strong topology of Theorem [Z1 on H™*(Gr/Lw, L)) is Hausdorff. In
particular, the 0 Dolbeault operator has closed range.

(2) H"P(Gr/Lr, L)) =0, unless p = s.

(3) The continuous representation of Gg on H™(Gr/Lw, L)) is irreducible and
Hermitian. It is the mazimal globalization of the underlying (g, K)-module.

(4) (mn, H"3(Gr/Lw, L)) contains with multiplicity one, the K -type with high-
est weight

w=A+2p(unp).

If 1’ is the highest weight of a K-type occurring in my|i, then yu' is of the
form

ulzu—FZnaa, with n, € N and o € A(unp).

Proof. Part (1) is proved in [19]. Parts (2) and (3) are results in [I7], written here
in the language of Dolbeault cohomology. Part (4) is Theorem 5.3 in [16]. O

2.2. The kernel of Schmid’s D-differential operator. The maximal globaliza-
tion of Aq(A) can be described as the solution space of an elliptic operator acting
on the space of smooth sections of a bundle over Gr/Kr. Let (7,,V,) be the
minimal K-type occurring in H™*(Gr/LRr, L)) k-finite- Lhe relevant vector bundle
over Gr /KR is the one induced by V,,. Indeed, such realization plays a key role in
proving that the Dolbeault cohomology endowed with the topology of Theorem 2.1
is Hausdorff ([10] and [19]). This alternative realization of cohomologically induced
modules will be important in our work. We start by recalling that = A+ 2p(unp)
and that the highest weights of the irreducible K-modules occuring in V}, ® p are of
the form p+a with a € A(p, t). Following [19] we introduce the following definition.
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Definition 2.5. Let
Vo= > 1 sCV,®p
BEA(uNp)
and let P: V, @ p — V,” be the canonical projection. Choose {X;} an orthonormal
basis of p with respect to (U,V) = —B(U,0V). For F' € C*°(Gr/KRr,V,,) define

=Y P[(XiF)(9) ® X;]. (2.6)

Proposition 2.7. ([19], Proposition 49) D is well defined (i.e. independent of the
choice of basis). If \ is sufficiently positive, D is an elliptic operator.

Observe that C*°(Gr/KRr,V,), endowed with the topology of uniform conver-
gence over compact subsets of functions and their derivatives, is a Fréchet space.
The operator D : C*°(Gr/KR,V,) - C*(Gr/KR,V, ) is continuous. Hence, the
kernel space KerD is closed in C*°(Gr/KRr,V,,) and it inherits the structure of
Fréchet space. In order to emphasize the space on which D acts we write

KerD = C%O(GR/KR,VH). (2.8)
Theorem 2.9. Keep the assumptions on Theorem [27] If (A —2p(IN¢E), ) > 0 for

all root o € A(u), then there exists a GR-equivariant map

P Hn’s(GR/LR,ﬁ)\) — C%O(GR/KR,VM).

The map P is an homeomorphism of topological spaces.

Proof. When rank(Gr) = rank(Kgr) and Lr = TR is a maximal compact torus
p(IN ) = 0 and the Theorem holds for all A satisfying the positivity condition of
Theorem 241 This result is proved in [II]. The general statement follows form
([19], Corollary 38 and the proof of Proposition 52). Let N be the normal bundle
of the compact submanifold Kr/(Lr N Kr) in Gr/Lr and let (k) signify the k-th
symmetric power. By ([19], Corollary 38) the Theorem holds if

H'(Kr/(LR N KR), Lx1opw) ® N)®)=0foralli < sandallk>0. (2.10)

The vanishing condition (2.I0) follows from ([7], Theorem G). Our assumption on
A guarantees that the hypothesis of ([7], Theorem G) are satisfied.

O

Remark 2.11. The map P is the Real Penrose transform in ([10], Lemma 7.1) ([19],
Section 7), ([1], [2]) and ([21], Lecture 7) . The transform

: H"*(Gr/LR, L)) — O (Gr/KR, V})
[

is an integral transform; see [1]. If w. € A*(uN€)* is a normalized top form, then

P(w)(z) = /K/(LmK) Tu(k)vy (w(zk), 1\ ® we) dk, (2.12)
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with v, a normalized highest weight vector in V,.

Under the positivity assumptions of Theorem the transform P is injective
onto KerD. Each G € Ker D determines a unique cohomology class [ng]. One way
to determine a representative of [ng] is to follow the recursive procedure described
n ([10], Lemma 7.1) while keeping track of the required [~equivariant property.

3. THE MINIMAL GLOBALIZATION OF Aq(\)

3.1. Compactly supported cohomology. Theorem 2.4 identifies the maximal
globalization of cohomologically-induced modules as Dolbeault cohomology repre-
sentations. In this section we summarize relevant information on the minimal glob-
alization of H™*(Gr /LR, L)) K finite-

It is known that the minimal globalization H™*(Gr /LR, L)) K-finite 1 the topo-
logical dual of its maximal globalization. Since we know that 0 has the closed
range property, Serre duality implies that the minimal globalization occurs as com-
pactly supported cohomology. As for Dolbeault cohomology, compactly supported
cohomology can be calculated in different ways. In particular, such cohomology
groups can be computed by using Leray covers, C*° compactly supported forms or
compactly supported currents (forms with compactly supported distribution coef-
ficients). All these approaches yield the same cohomology group as vector spaces.
These cohomology spaces can be endowed with strong topologies as described in [9].
Theorem 2.1l holds for compactly supported cohomology.

Theorem 3.1. ([9], Theorem 2.1). The strong topologies on Hg’q(GR, Lg, L)) with
respect to Leray covers, C2°-forms and compactly supported currents coincide.

Theorem 3.2. In the setting of Theorem and Theorem [31, write L for the
bundle dual to L.
(1) There is a natural topological isomorphism
HB’H_S(GR/LR, ﬁ;)* ~ Hn’s(GR/LR, ,C)\)
(2) The topological space HY" *(Gr/Lw, L}) is Hausdorf.

Proof. A more general version of this duality theorem is proved in ([9], Theorem
3.2). Also see [13] and the remarks in ([18], page 67). O

Theorem 3.3 ([3], page 285; [18], Corollary 8.15). Keep the hypothesis of Theorem
2.4

(1) HS’Q(GR/LR,EK) =0, unless ¢ =n — s.

(2) 3’"‘S(GR/LR, L3) is non-zero and it admits a continuous Gr action. The
resulting representation is irreducible. It is the minimal globalization of the
underlying (g, K)-module.
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(3) Hg’n_s(GR/LR,ﬁi) admits an invariant Hermitian form.

3.2. The topological dual of KerD.

Proposition 3.4. Endow C(Gr/Kr,V,,) with the strong topology relative to the
smooth topology on C*°(Gr/Kwr,V,). Write

(KerD)™ = {A € C°(Gr/Kr.V,)*| Alkerp = 0}.

(1) C*(Gr/Kr,V,)*/( Ker D)l, endowed with the quotient topology of the
strong topology on C*°(Gr /KR, Vy)*, is homeomorphic to C¥ (Gr/Kr, Vy)*
endowed with the strong topology.

(2) The topological spaces C°(Gr /KR, Vu)/(Ker D)J‘ NCX(Gr/Kr,V,) and
CH(Gr/KR,V,)* and are homeomorphic.

Proof. The first statement of the Proposition follows from ([I§], Prop.8.8 (2)). In-
deed, the space of smooth sections of a finite-dimensional vector bundle, when en-
dowed with the smooth topology, is a Fréchet nuclear space. Thus, it is reflexive.
Also, Ker D C C*(Gr/KRr,V,) is a closed subspace, as D is a continuous opera-
tor. Hence, the hypothesis of ([I8], Prop.8.8 (2)) is satisfied. We conclude that if
i: KerD — C*(Gr/KRr,V,) is the natural inclusion, then the transpose map 7'
induces the desired homeomorphism. This is,

it . C®(Gr/KRr,V,)"/(Ker D)™ = O (Gr/Kr, V)",

is a homeomorphism of topological spaces.

In order to prove the second statement of the Proposition observe that
C’OO(GR/KR,VH)*/(Ker D)J' endowed with the quotient topology of the strong
topology on C*(Gr/Kr,V,)* is Hausdorff. Indeed, the transpose P* of the homeo-
morphism P in Theorem (2.9]) is a homeomorphism from (K er D) * to the compactly
supported cohomology H? " (Gr/Lw, L}). As the cohomology space is Hausdorff
(it is the minimal globalization of its underlying (g, K)-modules), (K er D)* ~
C>*(Gr/Kr,Vy.)"/(Ker D)J‘ is Hausdorff. It follows, see ([14], Chapter 4), that
the kernel of the continuous map C°(Gr/Kr, V) — C°(Gr/Kr, V)" /( Ker D)J'
is closed. Hence, we have a continuous Gr-equivariant map

T:CX(Gr/Kr,V,)/(KerD)" — C®(Gr/Kr,V,)"/( Ker D), (3.5)

where C*(Gr/Kr,V,)"/( Ker D)J' is the minimal globalization of its underlying
(g, K)-module, the Proposition follows. O
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4. HERMITIAN PAIRINGS

If E is a complete locally convex vector space, then its Hermitian dual E" is given
by

E" = {A: E — C continuous :
Aav + bw) = @A (v) + bA(w) for a,b € C and v,w € E}.

The space E" is conjugate linearly isomorphic to E*. Using this identification E"
can be endowed with the strong topology; see ([I8], Section 8.3). A Hermitian
pairing between two complete locally convex vector spaces FF and F' is a separately
continuous map

(,):ExF—C

that is linear in the first variable and conjugate linear in the second variable. This
space is in bijection with the space of continuous linear maps L(E, F"); see for
example ([18], Section 9).

4.1. Hermitian pairings on HCO’"_S(GR/LR,ﬁj).

Theorem 4.1. [18] Let q = [ G u be a O-stable parabolic subalgebra. Let Q be the
analytic subgroup of G with Lie algebra q. Endow Gr/Lwr with the complex structure
induced by the open embedding Gr/Lr C G/Q. Let (Gr/Lr)°"P be the manifold
Gr/Lr endowed with the opposite complex structure.

(1) The Hermitian dual of HY" *(Gr/Lr, L_») is H"*((Gr/LR)"",L_)).

(2) The space of separately continuous Hermitian pairings on HY™ *(Gr/Lr, £_))
is isomorphic to H™™ME#)(GRr/Lr x (GR/LR)PP, L) @ L_)).

(3) The space of Gr-invariant Hermitian forms on HO™ *(Gr/Lr, L_)) is the
space of diag(Gr x GR)- invariant real cohomology classes in
HmE)(GR/Lr x (Gr/LR)P, Ly ® L)

Remark 4.2. (1) For a definition of real cohomology class, see ([18], page 339).
(2) When Hg’n_s(GR/LR,ﬁ_)\) is computed by the complex of compactly sup-
ported smooth forms, the isomorphism in part (1) of Theorem[{.]] assigns to
a compactly supported form ¢ the functional Ay on H™*((Gr/Lr)PP, L_))

given by

w € Hn’s((GR/LR)Opp,ﬁ_)\) — Ad)(w) e C

M) = [ bRl

Here o is the complex conjugation in cohomology induced by the map

C®(Gr/Lr)"", N°u®@ AN"u® C_)) — C*°(Gr/Lr, N°*u®@ A"u® C,). (4.3)
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(3) When Hg’n_s(GR/LR,ﬁ_)\) 18 computed by the complex of compactly sup-
ported smooth forms, and w(-,-) represents a smooth cohomology class in
H®(5)(Gr/Lr x (GR/LR)PP, Lx ® L_)), the hermitian pairing in part
(2) of Theorem [{.1] assigns to a compactly supported form ¢ the smooth
Dolbeault cohomolgy class represented by n(y) = fGR/LR o(x) Nw(z,y).

(4) When HY" *(Gr/LR, L_y) is identified with the space of conjugate linear
continuous maps on H™*((Gr/Lwr)°PP, L_)), the Hermitian pairing (2) in
Theorem (1)) assigns to a functional A, the Dolbeault cohomology class
n(y) = A(O‘ ® 1)(w(-,y)). Here 0 ® 1 is the conjugation in ({.3) applied to
the “first variable”.

(5) The space H"™(9)(Gr /Ly x (Gr/LR)?, L ® L_)) is topologically iso-
morphic to the projective tensor
H™(GR/LR, £2)Q-H™((Gr/LR)P?,L_)). See ([18], page 72) and ([14],
Definition 43.2 and 43.5).

4.2. Hermitian pairings in the Gr\Kr-picture. Write (7,/,V,’) for the rep-

resentation of Kr contragredient to (7,,V,). Let T, denote the conjugate linear
isomorphism from V), to VMV.

Definition 4.4. For I’ a smooth section of the vector bundle

(Gr X GR) XKpxKr (V) @ V),

and g € Gr write (R(1,9)F)(z,y) = F(x,yg) and use the same notation for the
differential of the right action. Similarly define R(g,1). Choose {X;} an orthonormal
basis of p with respect to (U, V) = —B(U,0V). Let P be the projection operator in
Definition (2.6]) and define the differential operator

1D : COO(GR XGR/(KR XKR)7VMV®VM) — COO(GR X GR/(KR XKR), VMV(X)VM_)

by means of

[1® DF](z,y) = Z 1@ P[(R(1, X;)F)(x,y) ® X;].

Similarly, define the operator D ® 1.

Definition 4.5. Let O3, »(Gr X Gr/(Kr x KR),V,’ ®V,,) be the space of smooth
sections of the vector bundle Gr X GR X KkgxKg (VMv ® V) that are annihilated
by both differential operators 1 ® D and D ® 1. Endow the space C% »(Gr X
Gr/(Kr x Kr), VHv ®V,,) with the strong topology relative to the smooth topology
on the space of sections.

Proposition 4.6. H("’”)(s’s)(GR/LR X GR/LRY,Lx ® L_)) is homeomorphic to
CEXD(GR X GR/(KR X KR), VH\/ & VM)'
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Proof. We first prove that

Cp (Gr/KR, VMV)®7FC’%°(GR/KR, V) is homeomorphic to (4.7)
CPxp(Gr X Gr/(KR x KR),V,” ® V).

It is not difficult to show, using ([I4], Prop 44.1), that C*°(Gr/KRr,V,) =~
C>®(Gr/KRr)®xV,. Using this observation and arguing as in ([I4], Thm 51.6)
we show that C*°(Gr x Gr/(Kr x Kr),V,’ ® V) is canonically isomorphic to
COO(GR/KR,VMV)®7FCO°(GR/KR,VH). C*®(Gr x Gr/(Kr X KR),VMV & VH) has
the structure of Souslin space, see ([14], page 556). As Ker(1 ® D) and Ker(D ® 1)
are closed in C*(Gr x Gr/(Kr x Kr),V,’ ® V), we conclude that the space
C3yp(Gr x GrR/(KRr x KR),V,’ ®V,,) is Souslin. By ([14], Appendix Corollary 1),
the surjective continuous map

C3p(Gr x Gr/(Kr x KRr),V,’ ® V,,),— Ker(D)&-Ker(D) (4.8)

is open. This proves our claim.

Next, we recall (Remark (4.2]), part 5) that the spaces

H®™E9) (G /Ly x (Gr/LR)PP, Ly ® L_y), and (4.9)
H™ (Gr/Lr, £2)&0 H™ (Gr/Lr)°™, £_»).

are homeomorphic.

To complete the proof of the Proposition it is enough to argue that the tensor
products in displays ([4.9) and (A7) are homeomorphic. In order to prove so, recall
that under our assumptions on A, the Penrose transforms maps of Theorem (2.9]),

P Hn’s(GR/LR, ﬁ)\) — C%O(GR/KR, Vﬂ) and
Popp : H*((Gr/Lr)™", L)) = CF(Gr/KR, V)
are homeomorphism of topological spaces. Since the spaces under consideration

are Fréchet, by ([14], Prop 43.9), P&P,pp implements the desired homeomorphism.
(For a definition of P&P,y, see ([14], Definition 43.6).)

O
Definition 4.10. Write P ® P,pp for the map that implements the homeomor-

phism from H™™(5)(Ggr /Ly x (Gr/LR)PP, LA@L_)) to Cpup(Gr X GR/(KR X
KRr),V, ®@V,).
(1) Let P*

opp

Popp - H"*((GR/LR)PP, L_)) = CP (Gr/KR, VMV).

be the Hermitian transpose to the Penrose transform
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That is,

ngp : (CS(GR/KR’ Vuv))h — H™*((Gr/Lr)™", L_))"
f— P! _(f) where

opp
ngp( [)(w) = f(Popp(w)) for each cohomology class [w].

(2) Similarly, let (P(jplp)h be the Hermitian transpose of P(gjlp. By definition, if

n € H™(Gr/LYP, L_\)" and F € CF (Gr/KRr, V}), then (Pyh)" () (F) =
n(P(ijll)F).

Lemma 4.11. The composition

(P, L) 0Pl (C(Gr/ER. V)" — (CF(Gr/ERr. V)"

opp opp
is the identity map on (C’E’(GR/KR, VHV))h. Similarly ngpo (Po_p%)h is the identity
map on H"vs((GR/LR)Opp,E_,\)h.
Proof. 1t is clear from the definitions. O

Remark 4.12.
Using the explicit formula [2.12] one can show that

T5P(w)(x) = Popp(ow)(x)

where o is the conjugation described in part (2) of Remark [4.2] and T}, is the conju-
gate linear isomorphism from V, to V.

Theorem 4.13. The space of separately continuous Hermitian pairings on

(CE(GR/KR7 V,uv))h is CEX’D(GR X GR/(KR X KR)7 VH ® V,uv)'

Proof. An element ¢ € CF (Gr x GrR/(KRr x KR),V, ®V,’) defines a linear map
Ty : (CF (Cr/Kr. V)" — CF (Gr/Kr.V,))
f= [T @1 ¢).

We must show that the T} is continuous. Let w be a representative of the cohomology
class in [(P @ Popp) ' (¢)] € HW9)(Gr/Lr x (Gr/LR)™, £24® L_5). By ([18],
Thm 8), w defines a continuous linear map

T, : Hg’n_s(GR/LR,ﬁ_)\) — Hn’s((GR/LR)Opp,,C_)\).



12 L. BARCHINI AND PETR SOMBERG

We argue that the continuous composition Py, o 15, 0 (Popp)h is Ty. Indeed, if
f € (Cx(Gr/Er,V))))", then

Too 0 (Popp)" ()(@) = (Popp)" (f) (0 ® 1 w(z, ) (4.14)
by (2) in Remark

= f(a ® 10 Popp w(z,-))

by definition of (Popp)h.

Hence,

h
Popp © 1w © (Por)p) (f) = f(POpp 00 ®1® Popp w(+,))
= f(TJ ®10P & Popp w(-,-))
by Remark 4121

:f(Tcr®1¢):T¢(f)'

This shows that T is continuous.

To complete the proof we show that every continuous linear map
T : (CE’(GR/KR,VMV))}L — CF(Gr/KR,V)) is of the form T}, for some section
¢ in CF, p(Gr x Gr/(Kr x Kr),V, ® V,/). Given such a map T, the compo-

sition Pyt o T o (P(J_plp)h is a continuous linear map from HY" *(Gr/Lgr,L_))

to H™*((Gr/Lr)°P?,L_)). By ([18], Thm 8), there exists a cohomology class
_ _1\h

[w] € H™™(9)(Gr /Ly x (Gr/LR)P, L1 ® L_)) so that PopnoT o (Poy)" =T

Hence, T' = Popp 0 1}, © (Popp)h. Now, the computation in (£.I4]) shows that T' =Ty

for ¢ = (P ® Popp) (w). O

4.3. Hermitian forms on HCO’"_S(GR/LR, L_)) in terms of Hermitian forms
on (Ker Q)h.

Lemma 4.15. Let [w] € H™M(9)(GRr /Ly x (GR/LR)P, L @ L_)) and let ¢ =
P & Popp(w). Then,

(1) (, )w is diag(Gr x GRr)-invariant if and only if (, )¢ is diag(Gr x GR)-
muariant.
(2) (, )w is positive definite if and only if (, )4 is positive definite.
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Proof. It fy, f2 € (Ker(D))" = (Cg (Gr/Kwr.V,))", then

(1, Fa)o = ATo(f2)] = Fi[Popp © Ty © (Popp) " (f2)]
by the argument in the proof of Theorem ([AI3])

( oppfl)[ (( OPP) (fQ))]

by the definition of ngp

< opp(fl) opp(f2)>

5. A DESCRIPTION OF THE UNITARY GLOBALIZATION OF Ag(\)

The aim of this section is to describe the unitary globalization of A4(\). Our
assumption on A ([2.3)), guarantee that Ay(\) is irreducible and unitarizable [17]. It
follows that the space of diag(Gr x Gr)-invariant Hermitian forms on the coho-
mology space Hg’n_s(GR/LR, L_y) = H"((Gr/LR)°PP, L_))" is one-dimensional.
By the results in sections and 4.3] in order to identify the unitary globaliza-
tion of A4(\) it is enough to identify a diag (Gr x GR)-invariant section F' in
CEXD(GR X GR/(KR X KR), VM X VM\/)'

It is well known, see [§], that each admissible (g, K)-module may be realized as
the space of K-finite vectors of some Hilbert space globalization. Let (7y, H)) be a
Hilbert space globalization of the admissible (g, K)-module Ker(D)x _finite- Write
(my, HY) with 7Y (g) = 7§ (g™ "), the contragredient representation. Let H () be the
K-isotypic subspace of H for the minimal K-type 7,. Write E,, for the orthogonal
K-equivariant projection of Hy onto Hx(u). By Theorem 2.4 the multiplicity of
Ha(p) in Hy is one. Choose a basis {v;} of H(u), orthonormal with respect to the
Hilbert space inner product ( , ). Let {v}} be the dual basis. We show that the
generalized spherical function

(@) = = (G ) S etlmlen) vl (1)

- dlm Z W)‘ Z}

when suitably interpreted, determines the diag(Gr x Gr)-invariant Hermitian forms

on (CF(Gr/Kr.V)Y))".

5.1. A diag (GrxGR)-invariant section of (Gr xGr/(Kr X KRr), V,®V,/). We
interpret the function in (5.1]) as a smooth section of the bundle (Gr XGR) X (kg x Kgr)
(V. ® V). To accomplish this, we (a) identify V), with H(u) and (b) realize
H(pu) @ HY (1), via Peter-Weyl Theorem, as a submodule of
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spanc{Kr X Kgr matrix coefficients of H(u) ® HY(u)}. Indeed, the Kr x Kgr-
module H () ® HY(p) is equivalent to the Kg X Kgr representation acting on

spanc{(kt, k2) — ((ky x ks) - 3 (0 07,0y © i) ik € {1, dim(H())} .
Observe that for (z,y) € Gr x Gr fixed and (k1, ko) € Kr X KR,
Trace(E, o (ke yky) o E ) =

—Z ki -vf) [ma(z "ty ks - v,]
= ZZ ko - vi,v5) (kv vf) vy [7T,\(:E_1y)vj]

i 5k

= Z(kzl X ko - Z(UZ ®v}),vj, @vp) vi([ma (2 y)v;]
j k i

C spanc{(k1 x ky - > _(v; @ v]),v; ® vi)

gke {1, dim(H(u)}).

We summarize the above observation in the following Lemma.

Lemma 5.2. The function
F:GpxGr—=V,® VMV C spanc{matriz coefficients of V,, ® VMV}
given by

F(z,y)(ki,k2) = Trace(E, o (ke k) o E,),

ot
dim(H (u)

defines a smooth section of the vector bundle
(Gr X GR) X (kpxkn) Vu @ V)).

Theorem 5.3. The section F of the vector bundle (GrR X GR) X kgxkgr (V. ® Vuv)
given in Lemma (5.3) is annihilated by the differential operators D ® 1 and 1 ® D.

Proof. We show that (1 @ D)(F) = 0 . The proof of the identity (D ® 1)(F) =0
is similar. According to Definition (4], given {Xj3} an orthonormal basis of p
consisting of root vectors, we must show that

1eP)[ > (R1&Xp)F)(z,y) @ X_3] =0
BEA(p)

where P is the canonical projection P : V,, ® p — V7. Thus, it is enough to show
that for each 6 € A(unNp),

/ Vo xkhoAdk) { Y (RO®Xp)F)(r,y) ® X_s} xpsk)dk =0,
Kr BEA(p)
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where x,,_s is the character of the irreducible Kr module with highest weight p — .
We observe, as the definition of D is independent of the basis, that

/ > {(R(1® Ad(K)X5)F) (2, yk) @ Ad(k)X_5} x,—s(k)dk  (5.4)

BEA(p)

/ > {(R(1® Xp)F)(x,yk) ® X_g} xus(F)

BEA(p)

On the other hand,

R(1® Xg) F(z,yk) = ZU: (7 (2™ yk) Xg - vi].

As the vectors v; are K-finite and Xz € g, the vector Xz -v; is K-finite. Thus, there
exists a finite set S C K so that

Xg-vi=» Pr[Xg-vi]. (5.5)
TES

Replacing identity (5.5]) in the displayed formula (5.4]) we get

/ Z {(R(1® Xp)F)(x,yk) @ X 5} xu—s(k) (5.6)

BEA(p
= ) Z/ of [ma (7 ty)ma (k) Pr[Xgui]] @ X_p Xu—s(k)dk.
BeA(p) i,7ES

By Theorem 2.4] the K-type 7,_5 does not occur in my|x. Hence, the right hand
side in equation (5.6]) is zero. O

Theorem 5.7. The generalized spherical function

F(x,y) = Tmce(E“ o 7T)\(l‘_ly) o E“)

1
dim(H (1)
determines the unique (up to a scalar) invariant Hermitian form on Ker (D)*. The
cohomology class [w] € H™™(5) (GR /Ly x (Gr/LRr)P?, LA@L_)) that corresponds
to F via the Penrose transform determines the unique (up to scalar) Hermitian form
on Hg’"_s(GR/LR, ﬁ_)\).

Proof. The Theorem follows from combining Theorem 1], Theorem [13] Theorem
(.3l and Proposition O

When 7y, is a representation in the discrete series, F(z,y) = 1 (z~1y), the func-
tion introduced by Flensted-Jensen in ([6], (7.11)). The image of the intertwining
map Ty, is the space of square-integrable sections in Ker D.



16

5.2.

L. BARCHINI AND PETR SOMBERG

Acknowledgment. We would like to thank Vladimir Soucek for many useful

conversations. The first author thanks Charles Univeristy, Prague and the Max-
Planck Institute fiir Mathematik for their warm hospitality. The first author’s visit
to Charles University was supported by the EC centrum in Prague through grant
P201/12/G028.

(1]
2]
3]
(4]

(10]

(11]

(12]

REFERENCES

L. Barchini, A. Knapp and R. Zierau, Intertwining operators into Dolbeault cohomology repre-
sentations, Journal of Funct. Anal. 107, (1992), 302-341.

L. Barchini, Szégo kernels associated to Zuckerman modules Journal of Funct. Anal. 131,
(1995), 145-182.

T. Bratten, Realizing representations on generalized flag manifolds, Compositio Math. 106,
(1997), 283-319.

W. Casselman, Canonical extensions of Harish-Chandra modules to representations of G, Cana-
dian Journal of Math. 41, (1989), 385-438.

M. Eastwood and A.M. Pilato, On the density of twistor elementary states, Pacific Journal of
Math. 151, (1991), no. 2, 201-215.

M. Flensted-Jensen, Discrete series for semisimple symmetric spaces, Ann. of Math. 111,
(1980), no. 2, 253-311.

P. Griffiths, Hermitian differential geometry, Chern classes and positive vector bundles, Global
Analysis (Paper in honor of K. Kodaira), University of Tokyo press, Tokyo, 1969, 253-302.

Harish-Chandra, Representations of semisimple Lie groups V, Amer. Journal Math. 78, (1956),
1-41.

H. Laufer, On Serre duality and envelopes of holomorphy, Trans. Amer. Math. Soc. 129, (1967),
414-436.

W. Schmid, Homogeneous complexr manifolds and representations of semisimple Lie groups,
Dissertation, University of California, Berkeley, CA, 1967, Math. Survey Monog. 31, Amer.
Math. Soc., Providence, RI, 1989.

W. Schmid, Some properties of square-integrable representations of semisimple Lie groups,
Annals of Math. 102, (1975), no. 3, 535-564.

W. Schmid, Boundary values problems for group invariant differential equations, Elie Cartan
et les mathématiques d’ajourd’hui (Lyon, juin 25-29 1984), Ast’erisque, Numéro hors, 1985,
311-321.

J.P. Serre, Un théoréme de dualité, Comment. Helv. 29, (1955), 9-26.

F. Treves, Topological vector spaces, distributions, and kernels, Academic Press, New York,
1967.

D. Vogan, Unitarizability of certain series of representations, Ann. of Math. 120, (1984), 141—
187.

D. Vogan and G. Zuckerman, Unitary representations with non-zero cohomology, Compositio
Math. 53, (1984), no. 1, 51-90.

D. Vogan, Unitarizability of certain series of representations, Annals of Math. 120, (1984),
141-187.

D. Vogan, Unitary representations and complex analysis, Representation theory and complex
analysis, 259344, Lecture Notes in Mathematics 1931, Springer, Berlin, 2008.



UNITARY GLOBALIZATION 17

[19] H.W. Wong, Dolbeault cohomology realization of Zuckerman modules associated with finite rank
representations, Journal. Funct. Anal. 129, (1995), no. 2, 428-454.

[20] H.W. Wong, Cohomological induction in various categories and the mazimal globalization con-
jecture, Duke Math. Journal 96, (1999), 1-27.

[21] R. Zierau, Representations in Dolbeault cohomology, Representations of Lie groups, Park City
Math. Institute, vol. 8, AMS, Providence RI, (2000).

OKLAHOMA STATE UNIVERSITY, MATHEMATICS DEPARTMENT, STILLWATER, OKLAHOMA 74078

E-mail address: leticia@math.okstate.edu

MATHEMATICAL INSTITUTE,, CHARLES UNIVERSITY,, SOKOLOVSKA 83, PRAGUE, CZECH RE-
PUBLIC

E-mail address: somberg@karlin.mff.cuni.cz



	1. Introduction
	2. The maximal globalization of Aq()
	2.1. Dolbeault Cohomology
	2.2. The kernel of Schmid's D-differential operator

	3. The minimal globalization of Aq()
	3.1. Compactly supported cohomology
	3.2. The topological dual of Ker  D

	4. Hermitian pairings
	4.1.  Hermitian pairings on Hc0,n-s(GR/LR, L*)
	4.2. Hermitian pairings in the GR"026E30F KR-picture
	4.3.  Hermitian forms on Hc0,n-s(GR/LR, L-) in terms of Hermitian forms on (to.Ker D)to.h

	5. A description of the unitary globalization of Aq()
	5.1. A diag (GRGR)-invariant section of (GRGR/(KRKR), VV)
	5.2. Acknowledgment

	References

