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BOUNDARY BEHAVIOR OF SPECIAL COHOMOLOGY CLASSES
ARISING FROM THE WEIL REPRESENTATION

JENS FUNKE* AND JOHN MILLSON**

ABSTRACT. In our previous paper [12], we established a correspondence between
vector-valued holomorphic Siegel modular forms and cohomology with local coef-
ficients for local symmetric spaces X attached to real orthogonal groups of type
(p,q). This correspondence is realized using theta functions associated to explicitly
constructed “special” Schwartz forms. Furthermore, the theta functions give rise to
generating series of certain “special cycles” in X with coefficients.

In this paper, we study the boundary behaviour of these theta functions in the
non-compact case and show that the theta functions extend to the Borel-Sere com-
pactification X of X. However, for the Q-split case for signature (p,p), we have
to construct and consider a slightly larger compactification, the “big” Borel-Serre
compactification. The restriction to each face of X is again a theta series as in [12],
now for a smaller orthogonal group and a larger coefficient system.

As application we establish the cohomological nonvanishing of the special (co)cycles
when passing to an appropriate finite cover of X. In particular, the (co)homology
groups in question do not vanish.

1. INTRODUCTION

The cohomology of arithmetic quotients X = I"\ D of a symmetric space D associ-
ated to a reductive Lie group G is of fundamental interest in number theory and for
the field of automorphic forms. For dual reductive pairs, one can apply the “geometric
theta correspondence” (see below) obtained by the Weil representation to construct
cohomology classes on locally symmetric spaces associated to these groups. One very
attractive aspect of this method is that the classes obtained in this way often give
rise to Poincaré dual forms for geometrically defined, “special” cycles arising via the
embedding H — G of suitable subgroups H.

Let V' be a rational quadratic space of signature (p,q) with for simplicity even
dimension m. Let G = SO(V') and let G = G(R)y = SO¢(Vr). Let Dy = D = G/K
be the symmetric space of G of dimension pq with K a maximal compact subgroup.
We let g = £ @ p be the associated Cartan decomposition of the Lie algebra of G.

Every partition A of a non-negative integer ¢’ into at most n parts gives rise to a
dominant weight A of GL(n). We write i()\) for the number of nonzero entries of .
We explicitly realize the corresponding irreducible representation of highest weight A
as the image S)(C") of the Schur functor S,(-) associated to A applied to the tensor
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space T (C"). We can apply the same Schur functor to 7% (V¢) to obtain the space
Sa(Ve), and the harmonic ¢'-tensors in Sy)(V¢) give the irreducible representation
Sy (Ve) for G with highest weight A (under some restrictions). If i(\) <[], then A
has the same nonzero entries as A (when X is expressed in coordinates relative to the
standard basis {¢;} of [§], Planche II and IV).

The Weil representation induces an action of Sp,(R) x O(Vg) on S(Vg'), the
Schwartz functions on V{'. The main point of our previous paper [12] is the con-
struction of certain (g, K')-cocycles

nq* n K
erap € | N (02) © SOR) @ Sy(Ve)|

with values in S(V§') ® Spy(Ve). These classes generalize the work of Kudla and
Millson (e.g. [23]) to the case of nontrivial coefficients systems Spy (V). The cocycle
@Xq,m corresponds to a closed differential ng-form @xqv[k} on D with values in S(V§) ®
Sp(Ve). For a coset of a lattice £ in V™, we define the theta distribution ©, =
ZZG - 0¢, where 0, is the delta measure concentrated at ¢. It is obvious that O, is
invariant under Stab(£) C G. Hence we can apply the theta distribution to @qu to
obtain a closed ng-form Hw;/q N with values in (the local system associated to) Sy (Ve)

on the finite volume quotierit X =T\D given by
(L) = (O, @Xq,[)\]>'

Here I' C Stab(L) is a congruence subgroup. Furthermore, it is shown in [12] that
f,v also gives rise to a non-holomorphic vector-valued Siegel modular form for the

ng,[A]

representation Sy(C") ® det™? on the Siegel space H,. We may then use 0, v N 3
ng

0 v
Prg,[A]

the integral kernel of a pairing of Siegel modular forms f with (closed) differential
(p—n)g-forms n or ng-chains (cycles) C'in X. The resulting pairing in f, n (or C'), and
(possibly different) Schwartz cocycles o, we call the geometric theta correspondence.

Special cycles Zy arise from the embedding Gy < G of the stabilizer of a positive
definite rational subspace U C V of dimension n. Hence Gy is an orthogonal group
of signature (p — n,q). The special cycles Zy for varying U give rise to a family
of composite cycles Zp parametrized by symmetric positive definite integral n x n
matrices T. We obtain (by Poincaré duality) classes [Zr| in H"(X,Z), and in [12]
we explain how to attach Spy(V)-coefficients to the cycles to obtain classes

(11) Zr] € SA(C) © H™(X, Sy (Ve).
Then the main result in [12] is that
(1.2) Bpv 1= [Zrpletm

T>0

is a holomorphic vector-valued Siegel modular form with values in H™(X, Sy (Ve).
Here 7 € H,,. (We omit the definition of [Z7[y] for T" semi-definite). This result gives
further justification to the term geometric theta correspondence.

Recently, it has now been shown [3] for all SO(p,q) with p+¢ > 6 and p > ¢
in the cocompact case that the geometric theta correspondence specialized to gp};[/\}
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(n = 1) induces on the adelic level an isomorphism from the appropriate space of
classical modular forms to the complement of the space spanned by invariant forms
in the direct limit of the cohomology groups H?(X,Sp(Vc)). In particular, for any
congruence quotient, the cohomology groups H?(X, Sy (V¢)) are spanned by Poincaré
duals of cycles and invariant forms. For X finite volume one to change to cuspidal
cohomology. (Their result for n > 1 is more difficult to state). This result highlights
the importance of the cohomology classes constructed via the Weil representation.

It is therefore a very natural question to study 6, v for non-compact X, in par-
ticular to analyze its boundary behavior. This is What we do in this paper.

We let P = P(R)q be the connected component of the identity of the real points of
a rational parabolic subgroup P in G stabilizing a flag F of totally isotropic rational
subspaces in V. Conversely, for signature different than (p, p) all such flags give rise
to a unique rational parabolic. Then the Borel-Serre compactification X compactifies
X by adding to each rational P a face €/(P), which is a nilmanifold bundle over a
suitable quotient of the symmetric space associated to the semi-simple part of the
Levi subgroup of P, see [6, 5]. This makes X a manifold with corners.

However, for the Q-split case in signature (p, p), the rational parabolics are not in
1-1 correspondence with the stabilizers of rational totally isotropic flags in V' (but
rather of so-called oriflammes). This turns out to be a critical issue for us. To remedy
this we consider instead the spherical building of proper rational parabolic subgroups
for the full (non-connected) orthogonal group O(p,p) instead. The space X does
not change, but now isotropic flags do parameterize the parabolics. The resulting
compactification we call the big Borel-Serre compactification of X which turns out to
be (slightly) bigger and denote by abuse of notation also by X. For an alternative
construction of the big X, we embed X = X,,, into a locally symmetric space X, 1,
for signature (p + 1,p) and then consider the closure of X, , in X,1,.

To illustrate the big Borel-Serre compactification, we consider the split case for
SO(2,2), when X = X; x X5 is the product of two modular curves. Then the Borel-
Serre compactification of X is the product of the two individual compactifications
X1 x X, which adds to each cusp of the modular curves a circle S;. Hence the corner
at the cusp (21,22) = (ioo,100) of X is given by a 2-torus T?. Then the big Borel-
Serre compactification of X blows up the corner to T? x R, with the new coordinate
Im(z1)/Im(z) € Ry measuring the “slope” by which one enters the corner from the
interior. We explain the details of the big Borel-Serre compactification in section [I0L.

Let E be the largest element in the rational isotropic flag F with dimension ¢
corresponding to P. Set W = E*/E, which is naturally a quadratic space of signature
(p—¥€,q—¢). Then a suitable arithmetic quotient Xy, of the symmetric space Dy,
associated to W occurs as a factor in the base of the nilmanifold bundle €'(P).

The main result of this paper is

Theorem 1.1. (1) The form Gﬁv(goxq’[)\]) extends to a smooth differential form

on the (big) Borel-Serre compactification X considered as a smooth manifold
with corners. In fact, the form ng(gpxqw)) is the sum of a rapidly decreasing
differential form and a special differential form in the sense of [I7], p.169.
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(2) For a given face €' (P), let 7p be the restriction map from X to € (P). Then
there exists a theta distribution Ly for W such that

[fP(eﬁv(SDXq,[A]))] = [ZP(HEW((pr‘?zq—é){éwn-i-)\}))]'
Here Tp is an embedding
Tp : H" (X, Sy, 1) (We)) = H"(€'(P), Spy(Ve)),

where w,, = (1,...,1) is the n-th fundamental weight for GL(n), so that the
Young diagram associated to {w, is an n by ¢ rectangle.

In particular, [fp(egv(@xq7[)\]))] =0 forn > min (p, [2])—¢ (if{ > 2) andn > p—1
orn>m—2—1i(\) (ift=1).

Loosely speaking Theorem [L1] can be summarized by saying that the restriction of
our theta series for SO(V) to a face of X is the theta series for SO(W) of the same
type corresponding to an enlarged coefficient system corresponding to placing an n
by ¢ rectangle on the left of the Young diagram corresponding to A to obtain a bigger
Young diagram corresponding to ¢z, + A. The theta series 0, (‘Px%[,\}) is termwise
moderately increasing, so the statement of the theorem is rather delicate. To capture
the boundary behavior we switch to a mixed model of the Weil representation.

We can also interpret our result in terms of weighted cohomology [17], see Re-
mark [0

As stated above, for the split SO(p, p)-case, the differential form 0, (" o)) does
not extend to the usual Borel-Serre boundary.

Non-vanishing at the boundary. As an easy and direct application we obtain a
non-vanishing result for the special (co)cycles.

Theorem 1.2. Assume that the Q-rank and the R-rank of G coincide. Then for
2] if g >2

7 n [2
W =n s {p—l—i(k) ifq=1,

there exists a finite cover X' ofX such that

Using (L2)) this gives [Zr,x] # 0 for mﬁmtely many T. In particular,
H"(X',Spy(Ve)) # 0.
Finally, H™(X',Sy(Ve)) is not spanned by classes given by invariant forms on D.

The basic idea for the proof is to study the restriction to a face of X associated
to a minimal rational parabolic subgroup. At such a face, the space W is positive
definite, and hence the restriction becomes a positive definite theta series for which
we establish non-vanishing.

There are numerous non-vanishing results in the literature, and we mention a few
related ones. In the case of nontrivial coefficients for compact hyperbolic manifolds,
Millson [28] proved the nonvanishing of the special cycles with coefficients in codimen-
sion n in the range i(A) < n < p—i(\). Bergeron [2] in the compact case established
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non-vanishing of the classes introduced by Kudla and Millson (trivial coefficients) by
considering the analogous classes in U(p,q). Li [26] also used the theta correspon-
dence to establish non-vanishing for the cohomology of orthogonal groups, again in
the compact (or L?)-case (without giving a geometric interpretation of the classes).
Speh and Venkataramana [31] gave in general a criterion for the non-vanishing of
certain modular symbols in terms of the compact dual. In contrast to our result,
their non-vanishing occurs from classes defined by invariant forms on D.

Vanishing at the boundary. We first describe the general main motivation for our
work. From (LI]) and (L2]) we see that theta series 6, (¢nq0) (for simplicity, we only
consider trivial coefficients for the moment) gives rise to a map

(1.3) Ang + HP™MI(X,C) — M), (I7)

from the cohomology with compact supports to the space of holomorphic Siegel mod-
ular forms of degree n of weight m/2. We are interested in extending the lift (L3)) (also
for non-trivial coefficients) to other cohomology groups of the space X which capture
its boundary. This paper should be considered in this context, and is central to our
efforts. This program is in particular motivated by the work of Hirzebruch-Zagier
[19], which is the Q-rank 1 case for signature (2,2) when X is a Hilbert modular
surface and the cycles in question are the famous Hirzebruch-Zagier curves (n = 1).

Whenever the restriction of 6,(¢nq0) to 0X is cohomologically trivial, then such
an extension exists. Namely, in this case, one can utilize a mapping cone construction
to modify 6. (¢nq0) to represent a class in the compactly supported cohomology of X
- in principal. The main problem is to explicitly construct suitable primitives for the
restriction (again using the theta correspondence). Then one obtains an extension of
A, to the full cohomology of X.

We have already carried this out in several instances. First and foremost, the
restriction vanishes in the Hirzebruch-Zagier case, and based on this, we give in [13]
a new treatment and extension of the results in [19] using the theta correspondence.
The Q-rank 2 case when X is the product of two modular curves is of course highly
interesting as well. Now the boundary faces in the big Borel-Serre compactification
are no longer isolated, and in addition some subtle analytic complications arise when
constructing the primitives at the boundary. We consider this case in the near future.

The case which resembles Hirzebruch-Zagier most closely is the one for Picard
modular surfaces (quotients of U(2,1); the results of this paper generalize to unitary
groups). Cogdell [9] considered this case in the spirit of Hirzebruch-Zagier. We will
consider this case from our point of view also in a subsequent paper.

Another case is SO(2, 1) when X is a modular curve, and the cycles are geodesics.
For non-trivial coefficients, the restriction to the boundary vanishes. This case is
particularly attractive since one can interpret our classes as (co)homology classes for
even powers of the universal elliptic curve. We discuss this case in detail in [14].

Finally, we mention that [I1] gives an introductory survey of the results obtained
in this paper.

We would like to thank G. Gotsbacher, L. Saper, and J. Schwermer for fruitful
discussions and E. Freitag and R. Schulze-Pillot for answering a question on positive
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definite theta series. As always it is a pleasure to thank S. Kudla for his encour-
agement. The work on this paper has greatly benefitted from three visits of the
first named author at the Max Planck Institute from 2005 to 2008. He gratefully
acknowledges the excellent research environment in Bonn.

CONTENTS

1. Introduction

2. Basic Notations

2.1. Orthogonal Symmetric Spaces

2.2.  Parabolic Subgroups

2.3. The Maurer Cartan forms and horospherical coordinates

2.4. Borel-Serre Compactification

3. Review of representation theory for general linear and orthogonal groups
3.1. Representations of GL,(C)

3.2. Enlarging the Young diagram

3.3.  Representations of O(V)

4. The Weil representation

4.1. The Schrodinger model

4.2. The mixed model and local restriction for the Weil representation
4.3. The Fock model

5. Differential graded algebras associated to the Weil representation
5.1. Relative Lie algebra complexes

5.2. The differential graded algebra C7,

5.3. The face differential graded algebra A}, and the map rp

6. Aspects of nilpotent Lie algebra cohomology and the map ¢p

6.1. An explicit constituent in the Lie algebra cohomology of np

6.2. Proof of Proposition [6.3]

6.3. The map tp

7. Special Schwartz forms

7.1. Construction of the special Schwartz forms

7.2.  Explicit formulas

7.3. The forms g1,

8. Local Restriction

9. Global complexes, theta series, and the global restriction

9.1. Global complexes and theta series

9.2. The global restriction

9.3. Nonvanishing

10.  The big Borel-Serre compactification for rational SO(p, p)

10.1.  The extrinsic big Borel-Serre compactification

10.2.  The intrinsic description of the new compactification

10.3. The intrinsic and the extrinsic big Borel-Serre compactification coincide
10.4. Relating the small and the big Borel-Serre compactification of X, ,
10.5.  Signature (2,2)

References

FEEEEEEEEEERREEEERRRERERREEEREREREEEER mmm=




BOUNDARY BEHAVIOR OF SPECIAL COHOMOLOGY CLASSES 7

2. BAasic NOTATIONS

2.1. Orthogonal Symmetric Spaces. Let V' be a rational vector space of dimen-
sion m = p+ ¢ and let (, ) be a non-degenerate symmetric bilinear form on V' with
signature (p, q). We fix a standard orthogonal basis e1, ..., €,, €pi1, - .., en of Vg such
that (eq,€0) = 1for 1 <o <pand (e,,e,) = —1for p+1 < p < m. (We will use
"early” Greek letters to denote indices between 1 and p, and ”late” ones for indices

between p + 1 and m). With respect to this basis the matrix of the bilinear form is

given by the matrix I, , = (1” 1,

We let G = SO(V) viewed as an algebraic group over Q. We let G := G(R), be
the connected component of the identity of G(R) so that G ~ SOq(p,q). We let
K be the maximal compact subgroup of G stabilizing span{e,;1 < a < p}. Thus
K ~ S0(p)xSO(q). Let D = G/ K be the symmetric space of dimension pq associated
to G. We realize D as the space of negative ¢g-planes in Vg:

(2.1) D~{zCVg:dimz=g¢q; (, )]. <0}

Thus zy = span{e,;p+1 < p < m} is the base point of D. Furthermore, we can
also interpret D as the space of minimal majorants for (, ). That is, z € D defines a
majorant (, ), by (z,2), = —(z,2) if v € 2z and (z,2), = (z,2) if * € z-. We write
(, )o for the majorant associated to the base point z.

The Cartan involution 6, of G corresponding to the basepoint 2, is obtained by
conjugation by the matrix I, ,. We will systematically abuse notation below and write
6o (v) for the action of the linear transformation of V' with matrix I, , relative to the
above basis acting on v € V. Let g be the Lie algebra of G and £ be the one of K.
We obtain the Cartan decomposition

(2.2) g=top,
where
(2.3) p=span{X,, =e, Ne;; 1 <a<pp+1<pu<m}

Here w A w' € \* Vi is identified with an element of g via
(2.4) (wA W) (W) = (w,v)w — (v, v)w.

We let {w,,} be the dual basis of p* corresponding to {D,,}. Finally note that we
can identify p with the tangent space T,,(D) at the base point zy of D.

We let r be the Witt rank of V, i.e., the dimension of a maximal totally isotropic
subspace of V over Q and assume r > 0. Let I’ be an isotropic subspace of V' of
dimension ¢. Then we can describe the ¢-dimensional isotropic subspace 6y(F) as
follows. For U a subspace of V, let U+, resp. U*° be the orthogonal complement of
U for the form (, ), resp. (, )o. Then 6y(F) = (F+)*t0. We fix a maximal totally
isotropic subspace E, and choose a basis uy, ug, ..., u, of E.. Let E. = 6y(E,). We
pick a basis u;.,--- ,u} of E, such that (u;,u;) = 6;;. More generally, we let

(2.5) Ey :=span{uy, ..., up},

and we call E, a standard totally isotropic subspace. Furthermore, we set £, =
0o(E,) = span(uj,...,u}). Note that E; can be naturally identified with the dual
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space of E,. We can assume that with respect to the standard basis of Vg we have
Co = %(ua +ul) and €410 = %(ua —ul) fora=1,...,0. We let

(2.6) Wy = Ej | Ey,

and note that W, is a non-degenerate space of signature (p — ¢, q — ¢). We can realize
W, as a subspace of V' by

(2.7) W, = (E, @ E))*,
where the orthogonal complement is either with respect to (, ) or (, )o. This gives
(2.8) V=EaoW,®E,

a Op-invariant Witt splitting for V. Note that with these choices 6, restricts to a Car-
tan involution for O(W,). We obtain a Witt basis uy, ..., Us, €41, .oy €m_r, Uy, . . ., U}
for Vg. We will denote coordinates with respect to the Witt basis with y; and coor-
dinates with respect to the standard basis with z;.

We often drop the subscript ¢ and just write E, E’, and W.

2.2. Parabolic Subgroups. We describe the rational parabolic subgroups of G.

2.2.1. Isotropic flags and parabolic subgroups. We let F be a flag of totally isotropic
subspaces F; C Fy C --- C Fj, of V over Q. Then we let P = P be the parabolic
subgroup of G stabilizing the flag F'

(2.9) Pr={g€G;gF, = F;},

and write P = Pp = (Pg(R))o for the resulting rational parabolic in G. The first
fundamental fact is

Lemma 2.1. Assume that V is not a rational Q-split space of signature (p,p). Then
the assignment F — P defines a bijection between the rational totally isotropic flags
i V' and rational parabolic subgroups in G. Furthermore, under this map isotropic
subspaces give rise to mazximal parabolics.

In this situation, we can assume by conjugation that the flag F consists of standard
totally isotropic subspaces E; (Z5) and call such parabolics a standard Q-parabolic.

However, if V' is a rational Q-split space of signature (p,p) then the map from
totally isotropic flags to parabolics is surjective but not 1-1. We need a more involved
incidence relation between totally isotropic subspaces than inclusion to describe par-
abolic subgroups which gives rise to a configuration called oriflammes, see eg [15],
chapter 11.

Definition 2.2. (Oriflammes) We define the incidence relation ~ on non-zero totally
isotropic subspaces of V' of dimension different than p — 1 by F} ~ Fj if either

(i) F1 C Fy or F5 C F}, or

(i) If dim F} = dim F, = p, then F; N F, has dimension p — 1.
Then an oriflamme is a collection of such subspaces in which any two members are
incident.

One then has (see eg [1, [15], also Example [T0.6])
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Lemma 2.3. Assume that V is a rational Q-split space of signature (p,p). Then
the rational parabolic subgroups in G are in 1-1 correspondence with the rational
oriflammes in 'V by taking the stabilizer of the oriflamme. Concretely,

(1) The maximal parabolics are attached to totally isotropic subspaces of dimension
different than p — 1. The totally isotropic subspaces of dimension p — 1 do not give
rise to a maximal parabolic.

(2) All totally isotropic flags which do not include a constituent of dimension p— 1
gives rise to different standard parabolic subgroups.

(3) Let F,_y be a totally isotropic space of dimensionp —1 and F = F} C Fy, C
... Fy C F,_1 be a totally isotropic flag. Since Fpl_l/Fp_l s naturally a Q-split space of
signature (1,1) there are exactly two totally isotropic spaces F,, 1, F, o of (mazximal) di-
mension p which contain F,_1. Then the three flagsF, F C F,,;1, F C F}, 5, are fized by
the same parabolic in G. This parabolic fizes the oriflamme (Fy, Fy, ..., Fg, F,1, Fyo).

Let £, = E, = span(uy,...,u,—1,u,) and E_ = span(uy,...u,—1,u,). Then we
define the standard Q-parabolics to be the ones given by fixing a suboriflame of the
maximal oriflamme (E, Es, ..., E, o, Fy, F_). We discuss the case when V is a

rational Q-split space of signature (p, p) in more detail in section 10

2.2.2. The Langlands decomposition. We let N be the unipotent radical of P. It
acts trivially on all quotients of the flag. We let L, = Np\P and let Sp be the
split center of L, over Q. Note that S, acts by scalars on each quotient. Let
Mp = Nyex(L,) Ker(x?). We let N = Np and L = Lp be their respective real points
in G, and as before we set M = Mp = (M p(R))g, and A = Ap = (Sp(R))g. We can
realize Lp (and also Sp, M) as fy-stable subgroups of P: B

(2.10) Lp=PNby(P).

Then Mp is the semi-simple part of the centralizer of Sp in P. We will regularly
drop the subscripts F, P, and P.
We obtain the (rational) Langlands decomposition of P:

(2.11) P=NAM ~ N x Ax M,

and we write n, a, and m for their respective Lie algebras. The map P — N x A x M
is equivariant with the P-action defined by

(2.12) n'a'm'(n,a,m) = (n’Ad(a'm')(n),d'a,m'm) .

2.2.3. The Levi. We let F be a standard rational totally isotropic flag 0 = Ey C E;, C
-+ C E;, = Ey = E and assume that the last (biggest) totally isotropic space in the
flag F is equal to E; for some ¢. The reader will make the necessary adjustments
when considering an oriflamme in the Q-split SO(p, p)-case.

Let U;; = span(u,;_, 11, ..., u;;) be the orthogonal complement of £, | in E;, with
respect to (, )o and Ui’j be the orthogonal complement of E{j in Eng and let W =
W, = (E; ® EQ)L. We obtain a refinement of the Witt decomposition of V' such that
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the subspaces U;;, U; , and W are mutually orthogonal for (, )o and defined over Q:

k k
(2.13) v=| U, |ewe |PU,

ij=1 ij=1

Then Lp is the subgroup of P that stabilizes each of the subspaces in the above
decomposition of V. In what follows we will describe matrices in block form relative
to the above direct sum decomposition of V. We first note that we naturally have
O(W) x GL(E) C O(V) via

(2.14) {(ghg);hGO(W),geGL(E)},

where § = Jg*J, g* = g7, and J = = 1). In particular, we can view the
corresponding Lie algebras o(Wg) and gl(ERr) as subalgebras of g. Namely,

(2.15) o(Wgr) >~ spanf{e; Ae;; £ <i<j<m—{}

(2.16) gl(Er) ~ span{u; Au;; 1,5 < (},

via g ~ A? V. We see

k
(2.17) L~ {(g hg) .h € SO(W), g = diag(gs, ..., ) € [ GL(US,), } .

We now consider the isotropic flag F in V' as a flag F(E) of subspaces inside E.
We let P’ be the parabolic subgroup of GL(FE) stabilizing F(E). Then for the real
points P = (P'(R))o, we have

(2.18) P = Np AMp»,

with unipotent radical Np/ and Levi factor
k
(2.19) Mp = [[SL(U;, (R)).
j=1

Here A is as above, viewed as a subgroup of GL, (Eg). Furthermore, we can view P’
and its subgroups naturally as subgroups of of P via the embbeding of GL(FE) into
O(V) given by (2.14). We obtain

(2.20) M ~ SO¢(Wg) x Mp:.
We also define

(2.21) Py =pNm=pw Dpg,
where pp = sl(E) Np and

(2.22) pw=ownNp=span{X,, =e, Ne,; {+1<a<p p+1<pu<m-—/{}
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2.2.4. Roots. We let S be the maximal Q-split torus of G given by

2.23 s ¢ P
(2.23) S=qalty,...,t,) = diag(t; "ntr ) ) |

Note (S)(R))g = Ap,, where P, is the minimal parabolic contained in all standard
parabolics. We write t = (t1,...,t,) andt = tJ = (t,,...,t;). Notea(0,...,0,1,0,...,0) =
exp(u; A u;). The set of simple rational roots for G with respect to S is given by
A=A(S,G)={a,...,qa.}, where

(2.24) a;(a) =t 1<i<r-—1)
t, if W, #0

2.25 (a) =

(2.25) ar(a) {tr_ltr i W, = 0.

We write ®(P, Ap) for the positive roots of P with respect to Ap and A(P, Ap) for the
simple roots of P with respect to Ap, which are those a € A which act nontrivially
on Sp. We let Q be the standard maximal parabolic stabilizing the totally isotropic
rational subspace Ej of dimension ¢ < r. We have Ag = {a(t,...,t,1,...1)} and
A(Q, Ag) = {ay} unless in the Q-split case for SO(p, p) and Q stabilizes F_ in which

case Ag = {a(t,...,t,t7")} and A(Q, Ag) = {ap_1}. For general P, we have
(2.26) AP, Ap) = {aiy, ..., 4, };

the reader will make the necessary adjustments in the Q-split case for SO(p, p).

2.2.5. The nilradical. With P and P’ as before, we can naturally view Np C SL(E)
as a subgroup of Np. We then have a semidirect product decomposition

(2.27) Mg = ﬂp_/ X M@

where @ is as above the maximal parabolic containing P. Furthermore, we let Z, be
the center of Ny C Np. It is given by B

(2.28) Zy= {z(b) - (1 | ;’) L JhT = —b} .

Then for the coset space Np/(Np X Zg), we have

(2.29) Np/(Np ¥ ZQ) =~ MQ/ZQ ~WeFL
as vector spaces. Explicitly, the basis of F gives rise to an isomorphism W ® E ~ W*.
Then for (w1, ..., w;) € W¥, the corresponding coset is represented by
Iy () —w}
(2.30) n(wi, ..., wp) = (- wp) —w?
[W —Wy ... — W1
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Here we write w? = %(wi,wi) for short. On the Lie algebra level, we let 3¢ be the

center of ng C np, whence corresponding to (228

2
(2.31) 3o~ \ Ea

We let np: be the Lie algebra of Np/; thus npr C ER A Eg = gl(ER). Corresponding to
(2.30), we can realize W ® Eg as a subspace of n. Namely, we obtain an embedding

(2.32) Wr ® Er — n,

(2.33) wRu— wAu=:n,(w),

and we denote this subspace by ny, which we frequently identify with Wr ® Eg.
Furthermore, this embedding is o(Wg) @ gl( Er)-equivariant, i.e.,

(2.34) X, 1, ()] =, (Xw) Y, 0, (1)] = iy (w)

for X € o(Wg) and Y € gl(Eg). We easily see

(2.35) exp(n,, (w)) =n(0,...,w,...,0).

A standard basis of ny is given by

(2.36) Xoi = 1y, (€q) = €a A uy, Xy =mnu,(e,) = e, ANy

with1 <</l (+1<a<p andp+1<p<m—~ The dual space nj;, we can
identify with Wr ® Ef, and we denote the elements of the corresponding dual basis
by vai = eq A uj and v, = —e, A .

Summarizing, we obtain

Lemma 2.4. We have a direct sum decomposition (of vector spaces)
np =np & nw D j0.

Furthermore, the adjoint action of o(Wgr) & gl(Er) on np induces an action on the
space np/(np @ 30) =~ ny such that

nw WR (29 E]R
as o(Wg) @ gl(ER)-representations.
2.3. The Maurer Cartan forms and horospherical coordinates. The Lang-

lands decomposition of P gives rise to the (rational) horospherical coordinates on D
associated to P by

(2.37) o=0p:NXxAxDp— D,

o(n,a,m) =namz.
Here Dp = Mp/Kp is the boundary symmetric space associated to P with Kp =
M N K. We note that Dp factors into a product of symmetric spaces for special linear

groups and one orthogonal factor, the symmetric space Dy, associated to SO(W). We
call Dy the orthogonal factor in the boundary symmetric space Dp. We have

k
(238) Dp = DW X HDUij’

J=1
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where Dy, denotes the symmetric space associated to SL(Uj; ).

We now describe the basic cotangent vectors wq, = (eq Ae,)* € p* ~ T2 (D) in
NAM coordinates. We extend o to N x Ax M x K — G by o(n,a,m, k) = namk,
and this induces an isomorphism between the left-invariant forms on NAM (which
we identify with n* @ a* @ p3},) and the horizontal left-invariant forms on G (which
we identify with p*). Thus we have an isomorphism

(2.39) o ipt — T B at ey,

Lemma 2.5. Let 1 < ¢ < (. For the preimage under c* of the elements in nj;, coming
from W, ® E, we have

(2.40) 0" Wami1—i = —\%I/ai,

where { +1 < a < p. Furthermore, for the ones coming from W_ ® E, we have
(2.41) 0" Wi = J5Vuiy
where p+1 < pu<m+1—"{. Onyp},, the map o* is the identity. In particular, for
(+1<a<pandany p>p+1, we have

(2.42) 0" Wap € Py O Ny

The remaining elements of p* are of the form w;, withp+1<pu <m+1—{. These
elements are mapped under o* to np, @ a* @ pj C gl(Er)*.

2.4. Borel-Serre Compactification. We now briefly describe the Borel-Serre com-
pactification of D and of X = I'\D. For a more detailed discussion see also the last
section where we discuss the Q-split case for SO(p, p) in detail. In that situation the
Borel-Serre compactification is not the right compactification for our purposes, and
we need to work with a slightly larger compactification.

We follow [5], II1.9. We first partially compactify the symmetric space D. For any
rational parabolic P, we define the boundary component

(243) 6(2) :NPXDEEP/ABKB
Then as a set the (rational) Borel-Serre enlargement D7 =Dis given by

(2.44) D=Du[Jew),

where P runs over all rational parabolic subgroups of G. As for the topology of D,
we first note that D and e(P) have the natural topology. Furthermore, a sequence
of y; = op(n;,a;,z;) € D in horospherical coordinates of D converges to a point
(n,z) € e(P) if and only if n; — n, z; = z and a(a;) — oo for all roots a € (P, Ap).
For convergence within boundary components, see [5], IIL.9.

With this, D has a canonical structure of a real analytic manifold with corners.
Moreover, the action of G(Q) extends smoothly to D. The action of g = kp =
kman € KMAN = G on e(P) is given by

(2.45) g- (1, 2) = k- (Ad(am)(nn'), mz’) € e(Ad(k)P) = e(Ad(g)P)
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with k- (0, 2') = (Ad(k)n, Ad(k)mK aqup) € e(Ad(k)P). Finally,

(2.46) X :=I\D
is the Borel-Serre compactification of X = I'\D to a manifold with corners. If
P, ..., P, is a set of representatives of I'-conjugacy classes of rational parabolic

subgroups of G, then

k
(2.47) N\D =T\DUJ[Tr\e(P):,

i=1
with I'p, = I'N P;. We will write €/(P) = I'p\e(£). We write I'y; for the image of I'p
under the quotient map P — P/N. Furthermore, I'p acts on Eg /Eg, and we denote
this transformation group by I'y,. Note that I'); and I'yy when viewed as subgroups
of P contain I' N M and I' NSOy (Wr) respectively as subgroups of finite index.

We now describe Siegel sets. For ¢t € Ry, let

(2.48) Apy ={a € Ap; a(a) >t for all a« € A(P, Ap)},
and for bounded sets U C Np and V' C Dp, we define the Siegel set
(249) 6P,U,t,V =U X AP,t XV C Np x Ap X Dp.

Note that for ¢ sufficiently large, two Siegel sets for different parabolic subgroups are
disjoint. Furthermore, if Py, ..., Py are representatives of the G(Q)-conjugacy classes
of rational parabolic subgroups of GG, then there are Siegel sets S; associated to P;
such that the union | J 7(S;) is a fundamental set for I'. Here 7 denotes the projection
m:D —T\D.

3. REVIEW OF REPRESENTATION THEORY FOR GENERAL LINEAR AND
ORTHOGONAL GROUPS

In this section, we will briefly review the construction of the irreducible finite
dimensional (polynomial) representations of GL(C™) and O(V'). Here, in this section,
we assume that V' is an orthogonal complex space of dimension m. Basic references
are [10], §4.2 and §6.1, [16], §9.3.1-9.3.4 and [4], Ch. V, §5 to which we refer for details.

3.1. Representations of GL,,(C). Let A = (by,...,b,) be a partition of ¢ with the
b;’s arranged in decreasing order. We will use D(\) to denote the associated Young
diagram. We identify the partition A\ with the dominant weight A for GL(n) in the
usual way. A standard filling A\ of the Young diagram D()\) by the elements of the
set [0'] = {1,2,---,¢'} is an assignment of each of the numbers in [¢] to a box of
D() so that the entries in each row strictly increase when read from left to right and
the entries in each column strictly increase when read from top to bottom. A Young
diagram equipped with a standard filling will be also called a standard tableau.

We let s\ be the idempotent in the group algebra of the symmetric group Sy
associated to a standard tableau with ¢ boxes corresponding to a standard filling
t(\) of a Young diagram D()). Note that Sy acts on the space of £-tensors T (C")
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in the natural fashion on the tensor factors. Therefore s(¢())) gives rise to a projection
operator in End(7* (C™)), which we also denote by sy). We write

(3.1) St (C") = 54 (TZI (C")).

We have a direct sum decomposition

(3.2) 7" (C") = P P Sun(C),

AtV

where A runs over all partitions of ¢ and #(\) over all standard fillings of D(\).
This gives the decomposition of 7% (C") into irreducible constituents, i.e, for every
standard filling ¢(\), the GL(C")-module Sy,)(C") is irreducible with highest weight
A. In particular, S;»)(C") and Sy, (C") are isomorphic for two different standard
fillings t(A) and ¢'(\). We denote this isomorphism class by S,(C") (or if we do not
want to specify the standard filling).

Explicitly, we let A be the standard filling of a Young diagram D(A) corresponding
to the partition A with less than or equal to n rows and ¢’ boxes by 1,2, - - - , ¢’ obtained
by filling the rows in order beginning at the top with 1,2,---,¢. We let R(A) be
the subgroup of Sy which preserves the rows of A and C'(A) be the subgroup that
preserves the columns of A. We define elements r4 and c4 by

(3.3) Z s and ¢y = Z sgn(s)s.
sER(A) s€C(A)
Let h(A) be the product of the hook lengths of the boxes in D(A), see [10], page 50.
Then the idempotent s, is given
1
mCATA.

We will also need the "dual” idempotent s% given by s% = h( A TACA Welet eq,...,e,
denote the standard basis of C* and 6, ...,6, € (C")* be its dual basis. We set

(3.5) A=l @@

(34) SpA =

and let 64 be the corresponding element in 7% (C")*. Then s4(c4) is a highest weight
vector in S4(C"), see [16], §9.3.1. We have

Lemma 3.1. Let |R(A)| be the order of R(A). Then

sh0a(saca) = |];L((A))|
Proof. We compute
S*AQA(SA&?A) = GA(SiéA) = HA(SA&?A) = %GA(CASA) = |f((j))|¢9/4(814)

The last equation holds because 04(qe4) = 0 for any nontrivial ¢ in the column group
of A as the reader will easily verify. We have used rac4 = |R(A)|e4 (since all elements
of R(A) fix e4) and s4 = ﬁcArA. O
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3.2. Enlarging the Young diagram. We let B = B, , be the standard tableau
with underlying shape D(B) an n by ¢ rectangle with the standard filling obtained
by putting 1 through ¢ in the first row, ¢ 4+ 1 through 2¢ in the second row etc.
Then D(B) is the Young diagram corresponding to the dominant weight (zz,,. Here
w, = (1,1,---,1) is the n-th fundamental weight for GL(n). We note that we have
ep=€e¢® @ andlp=0{® - - ®0".

Lemma 3.2. The space sgT™(C") is 1-dimensional, and
spT™(C") = Cspep

as GL(n, C)-modules. Correspondingly, sT™(C")* is 1-dimensional and
suT™(C")* = Cs’yfp.

In particular,
®¢

We let A be the standard filling of the Young diagram D(\) as above. Then B|A
denotes the standard tableau with underlying shape D(B|A) given by making the

shape of A abut B (on the right), using the above filling for B and filling A in the
standard way (as above) with nf + 1 through n¢ + ¢'. For example, if

1123 17273 ‘ 11213110]11]12 ‘
B=|4]|5|6|] and A= 5T then B|A=[4|5[6[13]14
71819 71819

We have an idempotent spj4 in the group ring of S,e¢ and g € T+ (C™), which
give rise to a highest weight vector spjacp|a in sB‘A(T"é”/(Cn)). Note
(3.6) €BlA = EB ®Ea.
Lemma 3.3. There is a positive number c¢(A, B) such that
spEp ® saga = c(A, B)spjacp|a.

Proof. Since the Young diagrams D(B) and D(A) are abutted along their vertical
borders, we see

(3.7) CBlA = (CB X 15/) o (1nz X CA) = (1nz ® CA) o (CB X 1@/).
Also r(C)ec = |R(C)|ec. Then we easily compute (using (B.6) and (3.7))

h(B|A) \R(B)HR(A)\SBMEB‘A. C
h(B)h(A) |R(B|A)

Corollary 3.4. Under the identification of T™(C") @ T (C") — T™+*(C") given by
tensor multiplication, we have the equality of maps

SBER ®$A€A =

Sp® sS4 = Sp|a-
That s,
Sp(C") @ SA(C") = Spa(C")
as (physical) subspaces of T+ (C™). The same statements hold for the dual space
S*B‘A(C"”Z')* etc.
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Proof. Since Sg(C™) is one-dimensional, the tensor product Sg(C") ® S4(C") de-
fines an irreducible representation for GL,(C™) (under the tensor multiplication map
T(C™) @ TY(C") inside T+ (C™)). But by Lemma [3:3 it has nonzero intersection
with the irreducible GL,(C)-representation Sp4(C") inside 7"+ (C"). Hence the
two subspaces coincide. O

3.3. Representations of O(V). We extend the bilinear form (, ) on V to 7% (V) as
the ¢’-fold tensor product and note that the action of Sy on T% (V) is by isometries.
We let VI be the space of harmonic ¢-tensors (which are those ¢-tensors which
are annihilated by all contractions with the form (, )). We let H be the orthogonal
projection H : T (V) — V! onto the harmonic #-tensors of V. Note that V! is
invariant under the action of S;. We then define for A as above the harmonic Schur
functor S[t(A)](V) by

(3.8) S (V) = HS (V).

If the sum of the lengths of the first two columns of D(\) is at most m, then Sy (Ve)
is a nonzero irreducible representation for O(V¢), see [10] section 19.5. Otherwise, it
vanishes. Of course, for different fillings t(\) of D(\), these representations are all
isomorphic and we write S (V') for the isomorphism class. Furthermore, it is also

irreducible when restricted to G unless m is even and i(\) = 3, in which case it splits

into two irreducible representations. If i(A) < [%F], then the corresponding highest
weight A for the representation Spy (V) of G has the same nonzero entries as .

4. THE WEIL REPRESENTATION

We review different models of the Weil representation. In this section, V' denotes
a real quadratic space of signature (p, q) and dimension m.

We let V' be a real symplectic space of dimension 2n. We denote by G' = Mp(n, R)
the metaplectic cover of the symplectic group Sp(V’) = Sp(n,R) and let g’ be its Lie
algebra. We let K’ be the inverse image of the standard maximal compact U(n) C
Sp(n,R) under the covering map Mp(n,R) — Sp(n,R). Note that K’ admits a
character det'/?, i.e., its square descends to the determinant character of U(n). The
embedding of U(n) into Sp(n, R) is given by A+iB ( A ﬁ). We write W, y for (an
abstract model of) the K’-finite vectors of the restriction of the Weil representation
of Mp(V' @ V) to Mp(n,R) x O(V) associated to the additive character ¢ — ™.

4.1. The Schrodinger model. We let V] be a Langrangian subspace of V’. Then
V ® V] is a Langrangian subspace of V' ® V' (which is naturally a symplectic space
of dimension 2nm). The Schrédinger model of the Weil representation consists of the
space of (complex-valued) Schwartz functions on the Lagrangian subspace V/ ® V' ~
V™. We write S(V") for the space of Schwartz functions on V" and write w = w,, v
for the action.

The Siegel parabolic P’ = M'N’ has Levi factor

(4.1) M = {m’(a) = <g tao_l) .a € GL(n, ]R)}
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and unipotent radical
(4.2) N = {n’(b) - ((1) i’) be Symn(R)}.

It is well known that we can embed P’ into Mp(n,R), and the action of P’ on S(V")
is given by

(4.3) w (m'(a)) e(x) = (det a)™?p(xa) (deta > 0),
(4.4) w (n'(b)) p(x) = T o (x)

with x = (21,...,x,) € V™. The orthogonal group G acts on S(V") via
(4.5) w(g)e(x) = p(g~'x),

which commutes with the action G’. The standard Gaussian is given by
(4.6) ©o(x) = e ™rxX)= ¢ (VMK

Here (x,x) is the inner product matrix (x;, x;);;.

We let S(V™) be the space of K’-finite vectors inside the space of Schwartz functions
on V™. It consists of those Schwartz functions of the form p(x)¢o(x), where p is a
polynomial function on V".

4.2. The mixed model and local restriction for the Weil representation.
We let P be a standard parabolic of G stabilizing a totally isotropic flag in V' with
E = E, be the largest constituent of the flag and associated Witt decomposition
V=FEeoWaFE.

We describe a different model for the Weil representation, the so-called mixed
model. Furthermore, we will define a "local” restriction 7% from S(V") to the space
of Schwartz functions S(W™) for W, a subspace of signature (p — ¢, q — ¢).

4.2.1. The mized model. We let E = E, be one of the standard totally isotropic sub-
spaces of V', see (2.H). As before, we identify the dual space of E with E’. Accordingly,
we write x = <xqéy) for x € V" where u € E", v/ € (E')", and xyy € W™. We then
have an isomorphism of two models of the Weil representation given by
(4.7) S(V") — S((E"N")@S(W™"RS((E)")

pr—

given by the partial Fourier transform operator

(48) (TO\ <X§/}/> e / 90 <x’?/}/) e-27‘(’it7‘(ﬂ,5)du

with &, u" € (E')" and xy € W™. We need some formulae relating the action of w in
the two models.

Lemma 4.1. Let <x€/v) ce(FreWaeE).

(i) Let n € Ng and write n(u')w for the image of n(u') under the orthogonal
projection onto W. Then

np('(&,xw,u')) = e (tr(n(xw + '), £)) B("(§, xw + n(w)w, ).
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(ii) For g € SL(E) C G (in particular, g € Np: or g € Mp/) we have

g\(t(g XW>u/)) = ()/O\(t(ggaXW>§_lu/))

with g = Jg*J and g* = "'g~".
(111) Fort = (tl, e ,tg), set t =tJ = (tg, e ,tl) and |t| = tl . tg s 'tg. Then
a(t)p(* (& xw, u')) = [£["B(' (6, xw, t)).

(iv) For h € SOo(W) C M, we have

hio((' (€, xw ) = B D, ).
(v) Form/(a) = (&.2,) € M' C Sp(n,R) with a € GL}(R),

(m/(@))('(&, xw, ') = (det a) F (" (€a”, xwa, v'a))
(vi) Forn'(b) = (}%) e N' C Sp(n,R) with b € Sym,(R),

(W (D)) (“(& 3w ) = e (b9 ) B(( = b, i, u)).
Proof. This is straightforward. U
We obtain
Proposition 4.2. Let p € S(V™). Then the restriction of ¢ to W™,
@ = @lwn,

defines a G' x MN intertwiner from S(V™) to S(W"). Here, we identify W with
E*/E to define the action of MN on W. In particular, N and Mp: (see[2Z20) act
trivially on S(W™).

4.2.2. Weil representation restriction.
Definition 4.3. Let <p € §S(V™) and let P be the parabolic as before. We define the

"local” restriction 7% (¢) € S(W™) with respect to P for the Schrodinger model of
the Weil representation VW by

W o~
rp (@) = @lwn.
We now describe this restriction on a certain class of Schwartz functions on V™.
J

For x = (z1,...,2,) € V", we write : for the standard coordinates of z;. We
Tmj

define a family of commuting differential operators on S(V") by

(19) i = (= 55 ).

2w 83:@

where 1 <r <m and 1 < j <n. Define a polynomial f[k by

(4.10) Hy(z) = (27)~*2H, (\/%x) ,

where Hy(z) = (—1)"%39”2Cg‘;:—kke_”ﬂ2 is the k-th Hermite polynomial. Then
(4.11) Hyjpo(x) = Hy () 00(x),
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where ¢(x) is the standard Gaussian, see ([L6). We let A € M,,«n(Z) = (6,;) be
an integral matrix with non-negative entries and split A into Ay € M,y,(Z) and
A_ € M,x,(Z) into its "positive” and "negative” part, where A consists of the first
p rows of A and A_ of the last q. (Recall m = p+ q). We define operators

H Hm’ H Hay’ Ha = H Huy’

1<r<m 1<a<p p+1<u<m
1<j<n 1<5<n 1<j<n

so that Ha = Ha, Ha_. Here again we make use of our convention to use early Greek
letters for the "positive” indices of V' and late ones for the "negative” indices.

Definition 4.4. For A as above, we define the Schwartz function ¢ by
ea(®) =Hapo(x) =[] Ha,(@aj) H,, (2,5)00().

1<a<p
p+1<pu<m
1<j<n

We now describe X in the mixed model. The superscript V emphasizes that
the Schwartz function is associated to the space V. We begin with some auxiliary
considerations. The following little fact will be crucial for us.

Lemma 4.5. For a Schwartz function f € S(R), let f(¢ =[x fly)e > dy be its
Fourier transform. Let g(y) = Hk(—%)e_’”ﬂ. Then

B(6) = (=V2ig)re
Proof. We use induction and differentiate the equation (f]\/k\)(— )= ﬁk(%)e_”y2. The

assertion follows from the recursion Hy,1(y) = 2yHy(y)— - H.(y), which is immediate
from the definition of H;. The claim also follows easily from [24], (4.11.4). O

Remark 4.6. Recall that on the other hand Hk(y)e_”y is an eigenfunction under
the Fourier transform with eigenvalue (—i)¥, see [24], (4.12.3). This fact is underlying
the automorphic properties of the theta series associated to the special forms ¢, [y

The Gaussian is given in standard coordinates by ¢y (x) = exp(—m X", >, 7).
In Witt coordinates, we have z,; = %(yrj — Y(m—r)j) AN T(n_y); = %(yrj + Ym—n));

thus 22, +:c(m ny —yrj+ym7, for r < ¢. Thus
(4.12) ey () = exp <—w2 S+ y%m_m) o (xw).
j=1 r=1

We write slightly abusing

(4.13) so(]}:(u,u/) = SOX (ﬁ,) = eXp <—7TZ Z(yfg + y?m—r)j)) :

j=1 r=1

We let A’ be the truncated matrix of size (m — 2¢) x n given by eliminating the
first and the last ¢ rows from A. We let A” be the matrix of these eliminated rows.
Note that Has now defines an operator on S(W") and Ha» on S((E@® E’)"™). We also
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obtain matrices A/, of size (p — ¢) x n and A’ of size (¢ — £) x n by eliminating the
first £ and the last £ rows from A, and A_ respectively. Similarly we obtain A’} and
A” . With these notations we obtain

Lemma 4.7.

(i) oK (< ) = el Gxw) e (6,0,
(i) Y (9X) Gaw) = o ()90 (0, 0).

In our applications all entries of A_ will be zero, so A = A, (by abuse of notation).

Lemma 4.8.

o) - (HH (Vi) )w?(&o)-

j=la=1
In particular, if in addition all entries of A’l vanish, then

—_

¢
X, (s ) = ol (xw)f(€,0).
Proof. This follows from applying Lemma [4.5] O
We conclude

Proposition 4.9. (i) Assume that one of the entries of A’ is nonzero, then

P (pa,) = 0.
(ii) If all of the entries of A" wvanish, then

4 (@XJ = @Z@
Remark 4.10. Analogous results hold for 7% (pX ). However, a general formula for
the restriction of 7} (k) is more complicated (and is not needed in this paper).

4.3. The Fock model. It will be convenient to also consider the Fock model F =
Fv of the Weil representation. For more details on F,, v, see the appendix of [12].

There is an intertwining map ¢ : S(V") — P(C"?*9) from the K'-finite Schwartz
functions to the infinitesimal Fock model of the Weil representation acting on the
space of complex polynomials P(C™*P+9)) in n(p + ¢) variables such that t(pg) = 1.
We denote the variables in P(C"P*9) by z,; (1 <a <p)and z,; (p+1<pu<p+q)
with ¢ = 1,...,n. Moreover, the intertwining map ¢ satisfies

1 o\ , 1 10\ _, 1
L Ty — — U= —Zi, LTy — ——=—— | = ——2,;.
27 O o 2mi e on 01, 2mi M

By slight abuse of notation, we use the same symbol for corresponding objects in the
Schrédinger and Fock model. In the Fock model, @) looks as follows.

Lemma 4.11.
v 1 5aj 1 5#3‘

1<a<p
p+1<pu<m
1<j<n
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Proposition translates to

Proposition 4.12. If one of the entries of A’ is nonzero, then
If all of the entries of A" wanish, then

WV 1 2o
rp (@AJ: H <%Zo¢j) .

l+1<a<p
1<j<n

5. DIFFERENTIAL GRADED ALGEBRAS ASSOCIATED TO THE WEIL
REPRESENTATION

In this section, we construct certain differential graded algebras C}, and A} and
define a local restriction map rp from C3, to A%. Again V will denote a non-degenerate
real quadratic space of dimension m and signature (p, q).

5.1. Relative Lie algebra complexes. For convenience of the reader, we briefly
review some basic facts about relative Lie algebra complexes, see e.g., [7]. For this
subsection, we deviate from the notation of the paper and let g be any real Lie algebra
g and let € be any subalgebra. We let (U, ) be a representation of g. We set

(5.1) C1(g. & U) = [Hom ( \"(a/2). U)]E ~ [N/ e Ur,

where the action of £ on /\q(g /%) is induced by the adjoint representation. Then in
¢
the setting of [/\q(g/f)* ® U] , the differential d is given by

(5.2) d=3" Al @ (X)) + : > Alw) ad (X) @ 1.

Here A(w;) denotes the left multiplication with w; in /\.(g/{%)*, and ad*(X) is

the dual of the adjoint action on /\.(g/‘e)*, that is, (ad*(X)(a))(Y1,---.,Y,) =
a5, XL Y). We easily see

Lemma 5.1. Consider two relative Lie algebra complexes C*(g, & U) and C*(g',¢;U’).

Then the following datum,

(i) p: g — ¢, a Lie algebra homomorphism such that p(t) C ¥,
(ii) T : U — U, an intertwining map with respect to p (i.e., T(p(X)-v') = X-T(u)
for X €g),

induces a natural map of complezes
C*(g, ¥;U") — C*(g, & U)
given by
pr—=Topop.
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E/
When realizing @ as an element [/\q(g’/{?’)* ®@U'| , then the map is given by
prT,
where p* = (¢ /J€)* — (g/)* is the dual map.

Now let GG be any real Lie group with Lie algebra g and let K be a closed connected
subgroup of G (not necessarily compact) with Lie algebra £. For U a smooth G-
module, we let AY(G/K;U) be the U-valued differential ¢-forms on G/K (with the
usual exterior differentiation). The G-action on A%(G/K;U) is given by

(5.3) (g0w)a(X) = glwyr1alg™" - X)),

for w € AYG/K;U), x € G/K, and X € T4(G/K). Then evaluation at the base
point of G/K gives rise to an isomorphism of complexes

(5.4) A(G/E;U)% ~ C*(g, 6 U)
of the G-invariant forms on G/K with C*(g, ¢ U).

5.2. The differential graded algebra C},. We begin this section by defining a
differential graded (but not graded-commutative) algebra C}. The complex C} is
essentially the relative Lie algebra complex for O(V') with values in W, v tensored
with the tensor algebra of Vi and twisted by some factors associated to C". Precisely,
it is the complex given by

] K'xK xSy

Cirk = [Tﬂ(U)[—Tq] @ THCY) @ Way ® [\ pe @ THV)
~ [Tj(U)[—Tq] ® Tk(cn) ® Wn,v Q AT‘(D) ® Tk(v(c)]K/XGXSk '

Here j, r, k are nonnegative integers and .A"(D) denotes the space of complex-valued
differential r-forms on D. We let U = A"(C™)*, and we. deﬁne the action of K’ on

T3(U)[E54] by requiring K’ to act by the character det ™~ "2" on T9(U). Thus K’ acts

by algebra homomorphisms shifted by the character det™"z". We will usually drop the
[%5?] in what follows. The differential is the usual relatlve L1e algebra differential for
the action of O(V). The group K’ acts on the first three factors, while the maximal
compact subgroup Ky = K of SO (V) fixing the basepoint zy acts on the last three
factors. Finally, the symmetric group Sy acts on the second and the last factor.

We now give the complex Cf§, an associative multiplication. In order to give the
complex the structure of a graded algebra we choose as a model for the Weil represen-
tation that has an algebra structure, the Fock model F,, i, the multiplication law is
multiplication of polynomials. However, it is important to observe that K’ does not
act on F,, v by algebra homomorphisms (but rather by homomorphisms twisted by

the character det%). Now the vector space underlying C?, is a subspace (of invari-
ants under a group action) of a tensor product of graded algebras. Thus it remains
to prove that the group acts by homomorphisms of the product multiplication.

Lemma 5.2. The group K' x K x S}, acts by algebra homomorphisms on the tensor
product of algebras T*(U) @ T*(C")* @ W,y ® /\ pe@T* (Vo).
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Proof. The statement is obvious except possibly for the action of the group K’. The
group K’ acts on the algebra F,, i, by algebra homomorphisms twisted by the character

det”z . Tt acts on the tensor product T*(U) by algebra homomorphisms twisted by

the inverse character det™ 2 | see e.g. [12] Lemma A.1. The two twists cancel on the
tensor product and we ﬁnd that K’ acts by algebra homomorphisms. 0

Sometimes it is more convenient to view an element ¢ € C{}T’k as an element in
& . r " K'xK xSy
(5.5) [Hom (THC): TI(U) 0 Wov @\ bi 0 TH0R))| .

For w € TF(C"), we write p(w) for its value in T9(U) @ W,y ® /\T pe @ TF(Ve).
By Schur-Weyl theory, see [10], Lecture 6, we have the decomposition

(5.6) T+(C™)* @ si (TF(C™)) @ V5,
Here the sum is over the Young dlagrams A with £ boxes and no more than n rows,

t(A) is a chosen standard filling of A for each A and V), is the irreducible representation
of Sy corresponding to A. We also have the corresponding decomposition

(5.7) T (Ve) = @) sui (TH(Ve)) @ V.
“w

Combining the two decompositions we obtain

(5.8)

K'xK xSy

Gt = @ [17(0) @ 81 (€)@ V3 @ Waw @ \"pE @ S0 (Vo) @V,
Noting that

(5.9) (Vi ®@V,)5% ~ {O A7

C if A=p,
we obtain

Lemma 5.3.

it = @B [T7(U) @ Sin(C)* @ Wy ® \ b © Sy (V)

A

]K’XK

We have assumed (as we may do) that the fillings ¢#(\) and #/(\) are the same.

For the summands in the lemma we write C{}T’tm (or just C{}M if we do not want
to specify the filling). The application of the Schur functor Sj, () on T F(C)* or

equivalently applying S;(-) on T%(V¢), gives rise to a projection map

(510) T C{;T’k N C‘j/:T,t()\)'
That is,
(511) TN = 1y ® St()\)((Cn)* X 1Wn,v ® 1p* ® 1y

= ]-U X ]-(C” X 1Wn,V X ]-p* X St()\)v.
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Here we use subscripts to indicate which spaces the respective identity transformations
1 operate on. We apply the harmonic projection Hy, see (B.8)), on the last factor to

obtain Sy (Ve), and we obtain a complex C’";[t(’\)] (or C’"/’P‘]) and a projection map

(5.12) Ty O — CImEL,
That is,
(5.13) Ty = 1o @ len ® 1wy, ® Lpe ® sy, -

Remark 5.4. We can interpret an element ¢ € C{}T’k as a K’ x K x Sj-invariant
homomorphism from T*(C") to T79(U) @ Whv ® A\"ps @ TH(V¢), see (5.5). In this
setting, we can interpret )@ as the restriction of the homomorphism ¢ to the
St (C™). From this point of view, Lemma [5.3] states that the homomorphism 7,y ¢
on Sy(»)(C") automatically takes values in W, v @ A\"p¢ @ Sy (Vo).

5.3. The face differential graded algebra A}, and the map 7p. In this section
we assume P is the stabilizer of a standard flag F;, C E;, C --- C E;, = E, = E
and Np is the unipotent radical of P. We let () be the stabilizer of E. We will now
construct a differential graded algebra A%, which is the relative Lie algebra version
of a differential graded subalgebra of the de Rham complex of the face e(P) of the
Borel-Serre enlargement of D. We will continue with the notation of section 2.

We define the differential graded algebra A} associated to the face e(P) of the
Borel-Serre boundary corresponding to P by
K'xKpxSy,

(5.14)  ALF = [Tj (V) @ THC™) @ Waw © N (0@ pa)i ® Tk(vc)}

K'x NM xS,

~ [T(U) @ THT)" @ Waw @ A(e(P)) @ T (Ve)]
Furthermore, we define A% and A}’p‘] as for Cf.

Definition 5.5. The "local” restriction map of de Rham algebras with coefficients
rp: Cy — Ap
of de Rham algebras with coefficients is given by
I®1lery el

Here ¢ : n ® m < g is the underlying Lie algebra homomorphism, and the map from
the coefficients of C7, to the coefficients of A% is given by the tensor product

1910rY®1,
w

where 7 W, v — W, w is the restriction map of the Weil representation (see
Definition [4.3). By Lemma [5.1] we therefore see that rp is a map of complexes. We
note that 7% is not a ring homomorphism so rp is not a map of algebras. Since rp
commutes with the action of the symmetric group Si, we obtain maps C’",”\ — A}’)‘

and Cy™Y — A% as well, which we also denote by 7p.
Note that the induced map * : (g/€)* ~ p* = (nd m)/Ey)* =~ (n® py)* is

the composition of the isomorphism o* : p* — (n @& a @ pyps)*, see (2.39), with the
restriction (n @ a @ pa)* — (nd par)*.
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Finally observe that on the level of homogeneous spaces, the map rp arises by
realizing e(P) as the orbit of the basepoint z; under the group NM. So in this
setting, we are no longer thinking of e(P) as being at the boundary of D; we have
pushed e(P) far inside D.

6. ASPECTS OF NILPOTENT LIE ALGEBRA COHOMOLOGY AND THE MAP ip

6.1. An explicit constituent in the Lie algebra cohomology of np. In what
follows, we discuss some aspects of the Lie algebra cohomology of the nilpotent Lie
algabra np which we need later. Some parts we develop here could have been deduced
from the general work of Kostant [20]. However, our concern here is proving that
certain explicit cocycles are (non)zero rather than computing the cohomology itself.

As before, we let P be a standard parabolic subgroup of G. Recall that we have
the decomposition of vector spaces np = np @ ng, where () is the maximal parabolic
containing P. For the two-step nilpotent algebra ng, we have the central extension

2
30 — g — nyy with 3o ~ /\ FE and nyy ~ W ® E. On the other hand, np is a

nilpotent subgroup of s[(F) C E' ® E.
We assume for the next subsections that V., W, np etc. are defined over C. We let

e = N\ (p) @ T(V)
be the complex for the nilpotent cohomology with coefficients in 7% (V') and define
analogously C™* = C"4 and C™M = " for Sy (V) and Spy(V) respectively.

We are interested in certain cohomology classes arising from /\T nj,. By Lemmal2.4]
n, ~ W ® E as O(W) x GL(F)-modules. Furthermore (e.g. [10], p. 80),

(6.1) A mi) = N WeE) @S (E),

as O(W) x GL(E)-modules. Here the sum extends over all partitions pu of r with
at most dim W = m — 2¢ rows and at most dim £ = ¢ columns, and y’ denotes the
conjugate partition of .
We will be mainly interested in the case r = nf. Then we can take u = (w, =
0 ®n
(,0,...,0), so that ' = nw; = (n,n,...,n) and Sy (E') = (/\ E’) ~ C is the
trivial (one-dimensional) SL(E)-module. We obtain

] SL(E) SL(E)

62)  SsW @S~ [N Wer)] =~ [ \" @]

as O(W) x SL(E)-modules. Here B = B, is the filling of the Young diagram
associated to p described in section 3.2
To realize this isomorphism, we define a GL(W) x GL(F) intertwining map

(63) e TTW)RT'W)RT(E) - \ WeE)oT (V) cc
given by
Tro(W @ Quw) W (V) ® - ®@u)) = (W @V A A (w, @) ®W,

where W € T (W). We also write 7, for 7,.o. We immediately see
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Lemma 6.1. The map 7, is O(W) x SL(E) X S,yp x Sy-equivariant. Here the
action of the symmetric group S, (respectively S,.) is on the tensor factors involving
W (respectively E').

For r = nl, the map 7, realizes the isomorphism (6.2]). Furthermore,

Lemma 6.2. Let w € T (W) and v € T*(E'). Then

b A\ SL(E
Tng’g/(SBM(W) ®V/) € (C Z’A) ( )

We view from now on 7, as a map of T+ (W) by setting
Tn&él(W) = Tn&gl(w ® (Ull ® L ® 'U/g)n)

We let VI (W) be the space of harmonic k-tensors in V' (W); i.e., the tensors
which are annihilated by all the contractions C;;. We let E¥(V) C T*(V) be the
orthogonal complement of the harmonic tensors. Thus £¥(V) is the sum of the images
of the insertion maps E;;(gi) : T*2(V) — T*(V),1 < i < j < k with the metric g;,
of V. Similarly, we define E¥(W) C T*(W). Note Sy (W) C Spy(V). However note,
that if w € T (W) is a nonzero tensor in the orthogonal complement of T¥1(W) (i.e.,
spanned by tensors in the image of the inclusion with the metric for £ (W)), then W

does not necessarily lie in the orthogonal complement in T!(V) (since the metric of
V' is different).

Proposition 6.3. Let B again be the given filling of the Young diagram associated
to bw, and A be a filling for \.
(i) Let w € Spja(W). Then 70 (w) defines a cocycle in C"*. More precisely,
we obtain a map

Spa(W) — H™(np,S4(V))SE).

(ii) Let n < [9W] and let w € Sipa(W). Then the cohomology class

[Teer (w)] € H™ (np, Sy (V)5
does not vanish. Thus we obtain an embedding
S[B‘A](W) — Hng(np,S[A](V))SL(E).

(iii) Let w € Spa(W) N EMHE (W) be in the orthogonal complement of Sypja(W)
inside Spja(W). Then

[714) © Tnge (W)] =0

in H"(np,Sia)(V)). Here ma is the natural projection from H*(np,Ss(V))
to H*(np,Sia(V)) induced by the orthogonal projection SA(V)) — Sya(V'). In
particular, for w € Sga(W), we have

[7(4) © Toee (W)] = [Tre e (7141 (W))]-

The next section will be concerned with proving this proposition.
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6.2. Proof of Proposition [6.3l We give V' the positive definite Hermitean metric
coming from the majorant (, )o. This induces positive definite metrics on A* E,
W®E, and E'® E and hence an admissible metric on the entire Lie algebra complex
C*", which we also denote by ( , )o. Using (, )o we obtain an adjoint d* to the
differential d on C*. We then have the finite-dimensional analogues of Hodge theory.
Namely, we define the Laplacian A = dd* 4+ d*d and say a form in C® is harmonic if
it is in the kernel of Delta. It is immediate that

ker A = kerd Nker d*.

We let H™* be the harmonic forms of degree r, be the intersection ker A N C™*. In
particular, we have the Hodge decomposition

Lemma 6.4. The space C™* is the orthogonal direct sum of the exact forms Imd,
the coexact forms Imd* and the harmonic forms. Furthermore, the map H™® —
H"(np,e) is an isomorphism.

The Lie algebra complex C* is in fact triple-graded via

ot = NweE)e \ ( A E’) © N\ np @ T (V)

and define analogously C*** and C"** for U = S§,(V) and U = S}y (V') respectively.
Here again we have used the form (, ) to identify W* ~ W and E* ~ E'.

We now give explicit formulas for the Lie algebra differential d and its adjoint d*
on C. We omit the proofs. We write d = d, + dy with a ”Lie algebra part” d, and a
"coefficient” part dy,. That is,

(6.4) dy=duo, +dy,, and  dy =d) +df +dy"
with
1 / * / 1 / / *
(6.5) dng = 5 Z Aleq ®@ uy)ad*(eq A uy) + 5 Z Alug A uf)ad” (u; A uy)
i 1<i<j<t
and
dy = Z Aleq @ ul) @ plea A u;) and  di = Z Ay A uf) @ plus A ug).
i 1<i<j<t

Here p denotes the action of np on the coefficient system 7% (V). Finally, d, ,, + dy*’
is the part of the differential arising from np,. (We don’t need it more precisely).

Since [ny, nw] C 3¢, we first note that dy,, has triple-degree (2,-1,0). In particular,
all elements of degree (r,0,t) are dy,-closed. Accordingly, dn, is determined by its
values on C%*%*. In fact, it suffices to consider s = 1.

nQ

Lemma 6.5. Let v}, vy € E' and v € T"(V). Then
g (v A v3) @ V) = =7 (Er2(g7) © (V) @ 1)) @ V.

It suffices to compute the dual dy, on basic forms.
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Proposition 6.6.
dp, (w1 @ V1) A= A (W), @ V) @ V)

= Z{(—niﬂ(wi,wj)(wl QU A AW @U) A A(w; @V}) A~ A (we @ o)

1<J
® (vi A v;)} R V.

For the np/,-contribution, we have the following:

Lemma 6.7. The differential d,,, +dif" has triple-degree (0,0,1). The adjoint action
2
of npr Csl(E) onng=(W®E)& /\ E arises from the natural action of sl(E) on

(Cns’()j/)SL(E

E. Hence d,, + dif" vanishes on ) In particular,

(dn,, + i ) Toee (spa(w)) =0
for w € T+ (W). Finally, the dual dy , + (dy¥")" wvanishes on C™*0'.
We now turn our attention to dy and dj,. It suffices to consider the case ¢/ = 1.

Lemma 6.8. (i) Let we TF(W), w e W, and v/ € T*(E'). Then
¢
&Y (W@ we V) =) nn (W@ W) ® (V) @ u.
i=1

(ii) Let w € T*(W), v/ € T*(E'), and v’ € E'. Then
dy (1w @ V') @ u') = ~Tpp11 (Bri (gi) (W) @ (0 @ V).
Lemma 6.9. Let w € TH(W), w € W, and v € T*(E"). Then
dy (T (W @ w @ V')

—

= S (=1 (wy, w) ((wl RUYA AW @) A A (wy, @ v;)) ® ).

As a consequence of Lemma [6.6] Lemma [6.9, and Lemma we obtain

Proposition 6.10. Let w € W+ be o harmonic (k + ¢')-tensor. Then for any
v € TH(E'), we have
d*Tk,gl(W X V,) =0.

We are now ready to prove Proposition For (i), first note that the action of
o € Sp on the coefficients T (V') commutes with the differentiation d: do(1®c®1) =
(1® 0 ®1)od. Furthermore, in the first factor T"(W), 7,00 factors through cg,
the column anti-symmetrizer for Young tableau B, that is, Te o (cp ® 1) = T
Combining this with Lemma gives Toee 0 (cpja) = (1 ® ca) 0 Tpep oM T (W),
Therefore it suffices to show that 7, (rpja(w)) is closed. Indeed, we have

d (Tng’g/(SBm(W))) =d ((1 & CA) (e] Tné,f’(TB|A(W>>) = (1 X CA) e} d(Tng’g/(TB‘A(W))).
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Furthermore, it suffices to establish closedness for n = 1. Indeed, if the Young
diagram A arises from the partition (¢1, 05, ..., ¢)) of ', we write w = w1 ®- - -QW,, €
T(W) with w; € TY(W) and W = W, ® - - - @ W,, with w; € T%(WW). We then have

a natural product decomposition
(6.6) Tt (W QW) = 700 (W1 @ W1) Ao AT (Wy @ Wa),

for which d acts as a derivation. Also note that d,, vanishes on the image of 7, ¢
and by Lemma so does the np,-contribution. Now for n = 1, using Lemma
(i), we see that applying dy to 7, (W) with w € Sym“™* (W) gives rise to a map

67 s W) s> @ AT WeE)e BT (W)

=P PscW)@Sc(E) @ (B, T"7(W)).
=1 C

Here E! = Cu}, and the sum extends over all Young diagrams C' of size ¢ 4 1, which
have at least 2 rows (otherwise the dual diagram C” would have at least ¢ + 1 rows,
which is impossible as dim £/ = ¢). By the Littlewood-Richardson rule we now see
that in the decomposition of S¢(W)®T* (W) into irreducibles only Young diagrams
with at least 2 rows can occur. Hence SymZ”/(W) does not occur on the right hand
side of (6.7), and the map vanishes identically. This proves Proposition [6.3(1).
Proposition [6.3|(ii) now follows immediately from Proposition and Lemma [6.4
For (iii), it suffices to show that for any w € T2 the form 710700 (S 514 (E; ; (g5 ) (W)))
is exact. For this, it suffices to show that 7,0 ¢ (754 E; ;(g7y)(W))) is exact up to terms
involving the inclusion of the metric gy, into the coefficient system. The product
decomposition (6.6) reduces the claim to the cases of n = 1 (in case the metric g,
occurs in one factor for ([6.6)) or n = 2 (if g}, occurs in two factors). It is not too
hard but a bit tedious to explicitly construct primitives for these cases. We omit this.

6.3. The map (p. We now assume again that all objects are defined over R. We
construct a map ¢tp : Cy, — A}p of complexes.
We let U, U’ be two representations of G and T : U’" — U be G-intertwiner. We

let C*(np,U) = (/\. n}) ® U) be the complex computing the nilpotent cohomology
H(np,U), and we let C3 ..q(np, U) be the subspace of cocycles in C*(np, U).

Lemma 6.11. Define a map

[N e (A o0)] = [N e e

Kp

b
’ ¥ (w® @ (WP @) = (WM Aw®) ® T(W).
Then n™* induces a map of relative Lie algebra complexes
n:C* (m,tp;C3 . .a(np, U)) — C* (p, tp; U)
and the induced map in cohomology factors through H® (m,tp; H*(np,U’)).

s
closed
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Proof. This is essentially in [18], Lemma 2.6, see also [29], section 2, together with
the standard spectral sequences argument in this context. Note that Harder actually
considers instead of cocycles in C(np, U’) the nilpotent cohomology group H*(np,U)
realized as subspace in C(np, U’) by harmonic forms as discussed in section [6l O

Definition 6.12. We define the map ¢p on C’éf,r * as follows. In fact, it is defined on
the underlying tensor spaces without taking the group invariants. First we set ¢p to
be zero if k < nt. If k > nf we split the two tensor factors

Tk(@n)* — Tnf(@n)* ® Tk—nf(@n)* and Tk(W((j) — TnZ(WC) ® Tk_nZ(W((j).

We define tp on tensors which are decomposable relative to these two splittings. We
let uy = 0; A --- A6, be the standard generator of U = A"(C")* (with the twisted
K'-action). Let u{ Rr® f®w®w be a single tensor component of an element in
C{{,T * and assume that k& > nf. Assume that = and w are decomposable, that is

T=1, @1y € TC")* @ TF™(C")* and w = w; ® wy € T (W) @ TF(We).
Then we define

(U] @r® fRw w)

(g—=£)(n—1) .
R “’n’”’"f((u{ © 535(01)) © 23 8 f 8w & ) @ wa)

€ THHU) @ T(C) @ Waw @ N\ (i)e @ N\ (nfp)e @ T (W),
Note here that by Lemma B2, we see that Sp(C")* = spT™(C")* ~ T*(U)[0] and
therefore uj ® sj(z1) lies in T97(U)[—252] and is zero if and only if sj(z1) = 0.
Proposition 6.13. tp is a map of complezes

Lp s Gk s ATHtr4nthont,

Proof. In view of Lemma [6.T1] it suffices to show that the map on C’&’f * %o
(6.8) C" (m, £p; C™(np, TF " (We)) @ TVH(U) [ 232] @ Waw)
induced by
(69) wWRrfRwew— (U @sh(21) @@ f ®w® Thlw) @ wy

gives a cocycle for the nilpotent np-complex. Going through the proof of Proposi-
tion [6.3(1), we see that the composition of the np-differential with (G.9) factors when

viewed as a map on T*(W¢) through representations S (W¢) with C having at least

n + 1 rows. But now by Lemma such representations do not occur in C’%’}" kO

The reader easily checks from the definition that ¢p satisfies the following properties.

Lemma 6.14. (1) tp is a [T(U) @ Wy @ A piy]) < 5" -module homomorphism.
That s,
LP(SO;/[’/,T’,O ' Spﬁk) = SO}/I'/,T/,O : LP(@%,I@)
for QD}/KT,,’O € C’{}[/,’TI’O and gpj”ik € C{,Vrk
(2) tp(ph. 1) is zero if k < nl.
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(3) Suppose @), € CLrF with k > nl and Oy € Ci . Then

(Pl Pyt ) = P (Phin) P30
(4) Let x € T"(C™)* and w € T"(W¢). Then
Lp(lU Rr X 1]: (029 1p*€V X ’UJ) = LL’(&?B)(’UJE &® 1(Cn & 1]: X 1%‘/ X Tng(w) X 1T(V(c)>‘

Proposition 6.15. Let k = nl+{" as above. Let \ be a dominant weight of GL,,(C),
and we let A be a standard filling of the associated Young diagram D(X). We let B|A
be the associated filling for the weight (o, + X, see section [3.

Jj+Hlr+nl A
AP

(i) Then the preimage of under vp lies in C%’B|A,'i.e.,

1 j+lr+nl, A\ __ ~jr.BlA
07 (AP = cirBiA,

Moreover, if tp(¢@') = ¢ for ¢’ € C’é{,’""“gl and ¢ € Aﬁﬂ”‘*"f’”, then

Ta(p) = LP(WB|A(<P/))-

Here mp|a is the projection from C{I’;’"HZ/ to C%’B‘A, see (BI0), and 74 is the
one from A;‘j—i—é,r-ﬁ-n&é’ to A£+Z’T+HZ’A,

(ii) Let o € AL e o closed form such that up(¢') = ¢ for some ¢ €
CurPIA Let mypiay be the projection from CIPP to CIPPAL Then the coho-
mology class [p] satisfies

(o] = [ep(mimia(¢")]-
Proof. (i) We first observe that ¢p is invariant under sg in the T™(W)-factor and
also s(B*)-invariant in the T"(C")*-factor, that is,
LP = LP o (1U ® 1T"Z((C”)* ® 1Te/((cn)* ® 1W ® 1p"‘;v ® SB ® 1TZ’(W)>
=1Llp O (]-U ® S(B*) ® 1TZ/((C")* &® 1W &® 1p;V ® ]_Tne(W) & 1TZ/(W))‘
Taking the Sp-invariance into account, we see that ¢p maps
(6.10)

[Tj (U) ®Sp(C")* @ Sa(C")* ® Waw ® \"(hiy)c ® Sp(We) @ Sa(We)
to Ait26r+nbA Byt now

Lemma 6.16.
(6.11)

[Tj(U) ®Sp(C")* @ S4(C")* @ Waw ® [\ () ® Sp(We) ® SA(WC)] K
= CirBA,

Proof. In (6.11]), we first observe Sp(C")* @ S4o(C")* = Spja(C")* as subspaces of
T+ (C™), see Corollary B4 But then by Schur-Weyl theory, see Lemma or
Remark 5.4, we can now replace Sp(W¢) ® Sa(Wc) with its subspace Sgja(We) in

(6II), that is, the left hand side in (L) is equal to CJ"14, O

]K'XKW



BOUNDARY BEHAVIOR OF SPECIAL COHOMOLOGY CLASSES 33

From this we obtain Proposition [6.15)(i). Proposition [6.15(ii) follows from Propo-
sition [6.3)(iii) and Lemma [6.1T] O

7. SPECIAL SCHWARTZ FORMS

Again V will denote a real quadratic space of dimension m and signature (p, q).

7.1. Construction of the special Schwartz forms. We recall the construction in
[12] of the special Schwartz forms @nqs, @ngr, and @nq [y, which define cocycles in

C"/l, Cr?, and C’"/’P‘] respectively. It will be more convenient to use the model CF,
consisting of homomorphisms on 7% (C") (and its subspaces S;(y)(C")), see (5.H) and
Remark 5.4l We will initially use the Schrodinger model S(V").

In [12], we construct for n < p a family of Schwartz forms ¢,,» on V" such that

s 75,
@nq’f’ c anq . SO

(7.1) Png,er € [Hom (T@(Cn)’Tq(U) ©S(V") © A"(D) @ TZI(VC)>} K'XGX 8,

~ [Hom (7°(C"), 790y @ Sy @ \"(b2) @ T (1) )| R

These Schwartz forms are generalizations of the Schwartz forms considered by Kudla
and Millson [21, 22 23]. Under the isomorphism in (7], the standard Gaussian

po(x) = 1@ e ™% € [T(U) @ S(V™)]* ™" corresponds to
po(x, 2) = 1@ ™% € [1(1) © S(V™) @ C=(D)] "¢

Definition 7.1. Let n < p. The form ¢,,0 with trivial coefficients is given by
applying the operator

1 n p+q p 1 8
D=smAuhe[] I [Z (:cm- - %axm) ® A(Way)

i=1 p=p+1 La=1

to ©o:
K'xK

n n 4 *
@ngo = Do) € C"° = [T(0) @ SV @ N\ (b))
Here as before A(-) denotes left multiplication and wu; is the generator of U =
/\ (C™)*. Furthermore, Theorem 3.1 of [21] implies that ¢, 0 is indeed K’-invariant.

For T'(V¢), we define another K-invariant differential operator D} which acts on

(7.2) sV e N\ (v @ T(Ve)
by
(7.3) D; = %; (xm- — % &fm) ®1® Aleq).

Let I = (i1,...,ip) € {1,...,n} be a multi-index of length ¢ and write
(74) €I:Ei1®'.'®€il/
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for the corresponding standard basis element of T (C"). Then for £; € T (C"), we
define an operator by

(75 Ta(er) =D o0,
extending Ty linearly to T (C").
Definition 7.2. Define
Onger € C%" = Home (Tf’(@"), U)o SV e N\ () o T (Ve

by

) K/®K®SZ’

Spnq,fl(w) = 72’ (w)(pnq,o
for w € T%(C"). We put Onge = 0 for £/ < 0. Here the Sp-invariance of ¢, ¢ is
shown in Proposition 5.2 in [12], while the K’-invariance is Theorem 5.6 in [12].

Using the projections () and mpyy, see (5.10) and (5.I2), we can therefore make
the following definitions.

Definition 7.3. For any standard filling t(\) of D(\), we define

Png,t(N) = Tt(\) Png, e’ € Cq e )\

Prg,[tN)] = T[tN)]Prng,e’ € Cq e [A

We write @ and @nq 1y, if we do not want to specify the standard filling.

Proposition 7.4 (Theorem 5.7 [12]). The form @, is closed. That is, for w €
TY(C") and x € V", the differential form

st 1 (o106
is closed.

7.2. Explicit formulas. We give more explicit formulas for ¢, in the various
models of the Weil representation.

7.2.1. Schridinger model. We introduce multi-indices a; = (1, - - -, aq) of length ¢
(typically) with 1 <¢ <mnand 8 = (B1,---, Br) of length ¢’ (typically) with values in
{1,...,p} (typically). Note that we suppressed their length from the notation. We
also write av = (o) for the n x ¢ matrix of indices. With I as above, we then define
(76) Wa; = Wayip+1 ARRRNA Waigp+q
wa:wﬂ/\---/\wa_n
,H% = Ha“i 0--+0 ,Haiqia
Ho =Hay 00 Hay
,Hﬁ,l = Hﬁlil ©:-+0 Hﬁeliel
eg=¢€pg B --Qeg,

Let 1<y<pand1<j<n. Forl, a, andﬁﬁxed, let
(7.7) 0y = #{k; ar; = v} + #{E; (Br,in) = (7,7)}
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This defines a p X n matrix Aa@,f = AO@I;JF and Schwartz functions ¢a, ., as in
Definition [4.4] -

Lemma 7.5. The Schwartz form @, (c1) is given by

1
Pnge (1) = onq/2+0 Z ui®pa, s & Wa ® ep.

7/3
Proof. With the above notation we have
(7.8)
1 q
Ongr(e1) = TG Z ui @ (Hay 00 Hay ©Hp1)p0) @ (Way A+ /\w&) ® eg
Qai,...,Qn
8
1
= Snazil Zutf ® (Hq o %EJ)QOO ® Wa & €eg.
B

But now we easily see
p n
(7.9) (HQ o Hé,l) cox) = [T T] Hs,., (@:5)00(x).
v=1j=1
which gives the assertion. U

7.2.2. Mized model. We now describe the Schwartz form ¢,,, in the mixed model.
We describe this in terms of the individual components @a, ,, described in the
Schrodinger model. From Lemma .7, Lemma .8, and Proposition we see

Lemma 7.6.

—

3
nga,é,I (XJ}/) = SOX//OMB’ (XW>S0A// (é- U)
Note that @ZV/ o only depends on the indices oj, B; such that oy, B; > €+ 1, while

—

gogg’w only depends on the indices ouj;, 5; such that asj, B; < L. In particular, if all
aij, B > £+ 1, then

Vv (£
Phasi ("gV) =, (xw)ey (€,0).

On the other hand, if one of the oy, B; is less or equal to ¢, then

~ —~— [ 0

(pggﬁ’l(o’o) = QPXQ’E,I <X(‘)/V> = 0
7.2.3. Fock model. In the Fock model, ¢,, ¢ looks particularly simple. We have
Lemma 7.7.

1 1 nqg-+¢'
a1,..0m

B

Here we use the notational conventions in (.6) and in addition

(7.10) Raj,j = Rajijtt Fageds “B = ABrin T APy
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7.3. The forms ¢ ;. We now define another class of special forms. We will only do
this in the Fock model.

Definition 7.8. We define ¢, € Hom (T*(C"); T(U) ®@ F,v @ T*(V¢)) by

2mi

1/ 1\"
(711) (,00&(61) = Q_k ( ) Zl@z@[@eé.
B

Remark 7.9. The element ¢ is the image of the operator 7 (see (T.0))) applied to
the Gaussian ¢y under the intertwiner from the Schrodinger to the Fock model. Also
note that g is not closed, hence they do not define cocycles.

We also leave the proof of the following lemma to the reader. It follows (in large
part) from Remark and the corresponding properties of ¢y, ¢.

Lemma 7.10.
o € [TO(U) ® THC™)* @ Foy @ T (Vo)X K5,
i.e.,
wor € CPOF.
From Lemma [Z.7, we immediately see
Lemma 7.11.
Png,t" = Pnq,0 * Lo

and

P0,k1 POk = L0,k14k2>
where the multiplication is the one in CY.

Remark 7.12. This kind of product decomposition for ¢, and ¢qx in Lemma [7.1T]
only holds in the Fock model. In the Schrodinger model this only makes sense in terms
of the operators D and 7 of Definition [[.1] and Definition respectively.

We apply the projection ), see (5.10), to define gz

Definition 7.13.
Po,t(N) = TN Lok € C‘O/’O’tw-
The following product formula will be important later.

Proposition 7.14. Let A = t(\) be a filling of the Young diagram associated to A
and let B = B, be the filling of the n x { rectangular Young diagram introduced in
section 3. Then

W W w
Yo,B " Yo,4 = ¥0,B|A
The proposition will follow from the next two lemmas.

Lemma 7.15. Both o - @b 4 and gong‘A are elements of

O = [TO(U) ® Spia(C")* ® Frw @ Spa(We)] ™Y
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Proof. Since Sp(C™)* ® Sa(C™)* = Sp4(C")* as subspaces of T+ (C"), see Corol-
lary B.4] the claim follows in the same way as Lemma U
Lemma 7.16.
(005 - P0a)(sBEB © sag4) = 0 pa(spED ® Saca).
Proof. This is a little calculation using Lemma and Lemma [.T1l Indeed, we have
(b05 - Poa) (5828 @ sa24) = (Pone - Por) (SBEB @ sa24)
= SOK,/MH' (spep ® saga) = c(A, B)(pg[,/nﬁ—i-ﬂ’ (SBIAgB\A)
= c(4, B)SO(V]‘,/B\A (SB|A€B\A) = @g[,/Bm (sBEB ® 54€4) . O

Now we can prove Proposition [7.J4l By Lemma we see that gpgl,/ B gpgl,/ A
and @7 p|a are U(n)-equivariant homomorphisms from Sp4(C")* to T°(U) @ Fow ®
Spia(We). By Lemma they agree on the highest weight vector (see Lemma [3.3)),
hence coincide.

8. LocAL RESTRICTION

We retain the notation from the previous sections. In this section, we will give
formulas for the restrictions r}é" and rp of ¢ . The main result will be then the
local restriction formula for g -

Proposition 8.1. We have
1
(TEVSOZ%Z/)(&‘]) = W Z U[{ ® SDX/,&’,B’,I Q Wy & €§’.
o, B -
Hereep =e;, ® -+ Qeg;, € T(C"), o/ and ' are the same indices as before with

Loosely speaking, ¥ (goxq’z,) is obtained from goxq,z, by “throwing away” all the indices
less or equal to £. In particular, if n > p — £, we have

w, v _
TE Qan’Z/ =0.

Proof. This follows from Lemma [7.5, the formula for ¢, in the Schrodinger model,
and from Lemmal[7.0l For the last statement, we observe that w, is in the ng-exterior
power of a (p — £)g-dimensional space. O

The local restriction looks particularly simple in the Fock model.

Proposition 8.2. Let o, and ' be as before in Proposition[8.1. Then
T}/JV (@Xq,f’(61)>

1 1 nq+¢'
= 72nq/2+€’ <%> Z Ug@Zﬂ-.-Z%-ZEJ(g (Wﬂ/\/\w%) ®€£

! /
Q.0

Bl
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Proof. This follows immediately either from Proposition B.I] and applying the inter-
twiner to the Fock model or also from Proposition 4.12] and Lemma [7.7] U

Proposition 8.3. For the restriction of w,‘qu,, we have
Analogous statements hold for ¢y \ and qu,[x]-

Proof. By Definition 5.5, the restriction rp : CF — A% is given by 1y ® len @ 17 ®
(t* 0o 0*) ® 1yy. Then the theorem follows from Proposition and Lemma [2.5] in
particular (2.42): The components of *p), , involving a* already become annihilated

under 7}, so that ¢* acts trivially on o*rpp), . O
We define
1 1 nt
¢
(8.1) PPt = 5o (2—m) Z UL ® 2y 1 2 @ (Vo Ae e A1)
V1T

Here v; = (Vjm—t+1, - - -, Vjm) is a multi-index of length ¢ such that £ +1 < v;; < p,
and z,, ; as in (ZI0). Furthermore, we have set

é *
(8.2) Vyy = Vypriat N Ay €\ ().
We have

Lemma 8.4.

np(a=0=1)
LP(SO(VJ‘,/B) = LP(‘P(‘)}[,/M) =(-1) =+

Proof. First note that by Proposition B.I5 we have tp(¢fp) = tp(@fn). We let
Bi, ..., Bn be n indices of length ¢ with £+ 1 < B;; < p. For the corresponding

clements eg, € T*(W), we easily see

©Pne-

(8.3)
Z (28,1 28yn) @ Tueleg, ® - @ eg,) = Z (2501 2n) @ (v, A=+ A g,)
Bieeesfn BB
with v, as in (82). With that, we conclude
(8.4)
W RC=ICED IR S e '
tp(po.p) = (=1) 2 ot \ 57 Z Uy ® (21 2gn) ® (Vg A= Avg,)

BiseosBn

ne(lE=0E)
- (_]-) ( 2 )SOP,nZ

by B.I). O

We are now ready for the main result of this section, the local restriction formula
for (pn%w.
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Theorem 8.5. Let A be a standard filling of Young diagram with ¢’ boxes and let
B, ¢ be the standard tableau associated to the n by ¢ rectangle as in section[3 Then
TP(SOXq,z') = LP(@Zq—Z),nZ—i—Z’)?

TP(SOZq,A) = LP(QOZq—Z),B\A)'

Furthermore, for the form QOXQ ] with harmonic coefficients, we have

[TP(<qu7[A})] = [LP(SD%—@),[B\A])]-
Proof. We first note

(_ 1)n£(7(q4)2(”71) +1), W

\% _ w
TPPnge = Son(q—f),o T PPme " Popr

Here we view @}, ), € ALEma00 anq o € A% in the natural fashion. The
analogous statements hold for @,‘{% 4 and @Zq 4] Indeed, this follows immediately from
Proposition B2 and

* ¢
(85) o wa; — (—1) Wwa31p+1 /\ L /\ wa;qizm—g /\ Va9q72+1

eN ANV 1,
J9

which follows from Lemma The sign arises from ’sorting’ o* <wa/1 ARREWA wa&>

according to (BF) into we,’s (which lie in py,) and v, ’s (which lie in njy). From this
and Lemma B.4 we conclude

v W W w w
TP(@nq,Z’) = LP(SOn(q—Z),O *Pone " ()00,6’) = LP((pn(q—Z),nZ—l—Z’)’
By Sp-equivariance of tp we also obtain

rp(Pnga) = tP(Prig_010 " POB - Poa) = Prig—o).B|A

since @('z - 004 = SOK,/B\A (see Proposition [[.14]) and SOEEq—Z),B\A = Pn(g—0),0" SOK,/B\A (see
Lemma [T.TT]).The cohomology statement now follows from Proposition 6.15(ii). O

Corollary 8.6. We have [rp(goxq’[)\])] =0 forn > min (p, [2]) — ¢ (if ¢ > 2) and
n>p—1orn>m-—2—i\) (ift=1).

Proof. The Schur functor Sip4)(W¢) vanishes in this range. d
On the other hand, we have

Corollary 8.7. Let P be a (real) parabolic subgroup as above such that the associated
space W is positive definite. Assume

(754 ifq>2

Z-()\)Sng{p—l—i()\) if ¢ = 1.

Then
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9. GLOBAL COMPLEXES, THETA SERIES, AND THE GLOBAL RESTRICTION

In this section, we return to the global situation and assume that V, W, E etc. are
Q-vector spaces. Furthermore, P is a standard Q-parabolic subgroup and P = P,(R)
for its real points etc. All the "local’ notions (over R) of the previous sections carry
over naturally to this situation, and we make use of the already established notation.

Let L. C V be an even Z-lattice of full rank, i.e., (z,x) € 2Z for x € L. In
particular, L C L#, the dual lattice. We fix h € (L#)" once and for all and pick a
congruence subgroup I' C G(Z) of finite index which stabilizes £ := Ly = L™ + h.
The associated locally symmetric space X = I'\ D is non-compact (since the Witt
index of V' is positive) but has finite volume.

9.1. Global complexes and theta series.

9.1.1. Global complexes. We first define ”global” versions of the ”local” complexes
C* of forms on X =I"\D, A% of forms on ¢'(P) =I'p\e(P). We set

(9.1) Co(I,j,A) = C™ (D\G; T9(U) @ S,(C))

for IV an (appropriate) arithmetic subgroup of Sp(n,Z). Note that we can identify
C>*(I",4,A) in the usual way with the space of vector-valued C'*°-functions on the
Siegel upper half space of genus n, transforming like a Siegel modular form of type
det?/? ®Sx(C™). Furthermore, we denote by Mod(I"”,j, \) the space of holomorphic
Siegel modular forms of this type. We let

9.2 Gi = 2, N@ (A7 (D) & S, (V)]

~ (e [\ ) o8 () @ 0*(1\6)|
and
03)  E = 0NN UE(P) & 5 (06"

~ C=(I, j, \)® [/\T(n @ pu)e @ Sa(Ve) ® COO(FP\P)] ’

P

We then define é’xj}r’v‘] and Ef;’"m as in the local case by harmonic projection onto
Spn(Ve). The local map ¢p induces a global intertwining map of complexes

(9.4) ip 1 Gl orfem A oy AR,
by lifting functions on I'y/\ SO¢(Wg) to I'y/\M. This induces a map on cohomology
ip: C(I",4,\) ® H""( Xy, Sjpm, 40 (We))
(9.5) = O%(I, j, A) ® H" 09 (Xag, H™(n, Spyy (Vi)
= C(I, 4, A) @ H™(e'(P), Sy (Vo))
We also introduce

(9.6) Tl = 0 (TG TV (U) @ Sy (C)) Y @ A7(X,S$x(Ve)),
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the complex associated to the differential forms on the compactification X with values
in Sy(Vc), the local system associated to Sy(V¢). We then have a restriction map

(9.7) ip: Cy — A%
induced by the inclusion ¢/(P) < X.

9.1.2. Theta series. Using the Schrodinger model S(V') of the Weil representation,

we now introduce for ¢ € C’"}T”\, its theta series 0(¢) as follows. For ¢’ € G’, we then

define for z € D, the theta series
(9.8) O, (g 20) = > wlg)p(x,2).
xeLy

We easily see that the series is [-invariant as I' stabilizes Ly. Thus 6., descends to a
closed differential ng-form on the locally symmetric space X = I'\D. More precisely,
by the standard theta machinery, we have

(9.9) 0, (p) € CH™

for some congruence subgroup I C Sp(n,Z). Summarizing, the theta distribution
0r, associated to L gives rise to a G’ x G intertwining map of complexes

(9.10) 0, : Cy — Cr.
Remark 9.1. The main point of [12] is that for the Schwartz forms ¢,y one has
[HEV ((p”%[)\})] S MOd(Flv j? )‘) ® an(Xv S)\(V(C))v

and the Fourier coefficients are Poincaré dual classes of special cycles with nontrivial
local coefficients.

For a similar theta intertwiner for Ap, we note that Ap involves the Weil repre-
sentation for W = E+/E. Recall (see Proposition and Definition [.3]) that we
can extend the action of O(Wg) on S(W§) to P such that the Weil representation
intertwining map ) becomes an M N-intertwiner. In particular, N and M} act
trivially on S(Wg). We let Ly be a linear combination of delta functions of (cosets
of) lattices in W", which is stabilized by I'p, that is, by I'yy. Recall that we defined
Iy as the image of T'p when acting on E+/E. Tt contains T' N SOu(Wg) as a finite
subgroup of finite index. Applying the theta distribution associated to Ly, we obtain
an intertwining map

(9.11) Or, : A — A3

Furthermore, 0., commutes with ¢p:

(9.12) O, 0tp=1ipolp,.

More general, we let

(9.13) AW — L € A%: 6., (@) is Dyy-invariant }.

and obtain a map 6, : AT - A3, as before.
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We will be interested in a particular Ly, which naturally arises from Ly as follows.
Let 7 : B+ — E1/E be the natural projection map. We then set

(9.14) Ly :=mp(Ly NEY).

For this definition, it is crucial to view W = E+/FE as a subquotient of V' and not as
the subspace E+ N (E')* of V. Namely, Ly is in general larger than W N L™, which
can be empty even when Ly is not.

Remark 9.2. The notation of EW becomes more transparent if one changes to the
adelic setting. Adelically, £ corresponds to the characteristic function y., of the
image of Ly inside V(Ay), where A, denotes the finite adeles. Then in this setting,

Ly corresponds to the partial Fourier transform of x., with respect to E(Ay) when

restricted to W. From this perspective, the assignment £ — Ly, is the analogue at
the finite places of the local restriction map 7p at the infinite place.

9.2. The global restriction.

9.2.1. Smooth forms on smooth manifolds with corners. We begin with a short dis-
cussion of the definition of a smooth /-form on a smooth n-manifold with corners M.
For more on smooth manifolds with corners we refer the reader to the Appendix of
[6] or [25], pp363-370. First, for any point © € M the tangent space T, (M) is a linear
space of dimension n. A differential /-form w will be a section of A“(T*(M)). To say
when an /-form w is smooth on M it suffices to define smooth ¢-forms on the local
models Sp = R, x R

Definition 9.3. An /(-form w on R%; x R"™* is smooth if there exists ¢ > 0 and a
smooth form @ on RY__ x R"™* 5 RY, x R"* such that @ restricts to w.

For our purposes we need only two classes of smooth forms. Recall from the ap-
pendix of [6] that a point x in a neighborhood U that maps by a chart ¢ to the
local model S} above with ¢(z) = 0 is said to have index k. The set of points of
index greater than or equal to k is denoted M®*). The subset M© is said to be the
interior of M, the set M is said to be the boundary of M. The first class of smooth
(-forms on M is obtained by extending by zero from M to M the smooth (-forms
on M© whose coefficients relative to one and hence any system of coordinates vanish
to infinite order on M. The second class of smooth ¢-forms on M will consist of
the special forms. We define an f-form w in a local model S}’ to be special if there
exists an (-form @ on R"* such that w = piw, where py : SP — R"* is projection
on the second factor. We now claim that w special implies that is smooth. Indeed if
we let ¢o : R x R"% — R"* then @ := ¢w provides the desired extension of w.

Remark 9.4. This definition of special forms for general smooth manifolds with
corners in less restrictive than the definition in [I7], Definition 13.2, p.169 for the
case of Borel-Serre compactifications. In this latter definition the form @ is required
to have further properties (e.g. local left Np-invariance) that use the special features
of the Borel-Serre compactification.
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9.2.2. The restriction formula. We now prove

Theorem 9.5. Assume V is different from the Q-split space for signature (p,p). Then
(see Remark[9.8 below) the theta series Or, (Pnge), Ocy (Png)s 0oy (Png, ) extend to
smooth forms on the smooth manifold with corners X.

Moreover, for a standard rational parabolic P, the restrictions Tp to the correspond-
ing boundary component € (P) of the three series above are given by

7P (O (Pnge)) = efw (TPPng,e)-

Remark 9.6. The statement of the theorem is not correct for Q-split case for sig-
nature (p,p). In that case, one has to replace the Borel-Serre compactification for
SO(p, p) to the slightly bigger Borel-Serre compactification for O(p, p), as we explain
in the final section. With this modification the theorem holds again as stated above.

Combining Theorem with Theorem [8.5, we obtain
Corollary 9.7.

fp(eﬁv (SOXq,Z’)) = ZP(QEW (SOTVL‘qu—Z),nZ-l-@’)% ,FP(QEV (‘qu,A})) = ZP(QEW (SOTVL‘qu—Z),Zgon—l—)\)%
and
[fP(QCV(SOXq,[A]))] = [TP(QEW(‘Pr‘xq—é),[égonﬂ}))]-

Remark 9.8. More generally, the proof of Theorem [9.5 also shows that 6., (goxq’[)\]) is
“essentially” a special differential form in the sense of weighted cohomology, see [17].
Namely, ’I:P(QEV(SOZ%[M)) is Np-invariant and while HEV(QOX%[A]) restricted to a neigh-
borhood of €'(P) in X is not the pullback by the geodesic retraction of its restriction,
the difference of va(goxq’[)\]) and this pullback has “square-exponential” decrease in
the coordinates t; on Ap. In fact, one can distill out of our proof an explicit asymp-
totic expansion for 6, (goxq’[)\]). This in particular proves that 6., (ap){%[/\}) extends to

a smooth form on the smooth manifold with corners X.
Moreover, the torus Ap acts on the differential forms in (@.20) with weight

. —n__—2n —rn
M 2= Qq Gy - Q

(written multiplicatively). Hence (up to the exponentially decreasing part) the forms
HEV(QOXq [A]) represent weighted cohomology classes with weight profile 7,. This is
independent of the coefficients since Ap acts trivially on the coefficient part of the

restriction. In particular, for p > ¢ the classes are L? if p > 2n + 1.
Finally, the proof shows that 6, (goxq’z,) is exponentially decreasing in the direction

of ¢(P) if n > p — £. In particular, ng(gpqu,) is exponentially decreasing for n = p.

Proof of Theorem[9.4. Tt suffices to consider prq,e/- For g € G and ¢’ € G', we let
(9.15) Onsi(d,9)= D wrld)ek,,,(97'%) ® g'w. ® geg.
xeL™+h

be the theta series associated to one fixed component of QOXM,. For the purposes of
studying the restriction to €'(P), we can assume g’ = 1 (since it intertwines with the
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restriction) and also g = a(t) € A (since g varies in a Siegel set and by Lemma [4.]).
It also suffices to assume

Ly = (Lg + hg) & (Ly + he) ® (L + he)
with Lg, Ly, Lg lattices in E, W, E’ respectively.

Lemma 9.9. Let a(t) € A. Then

O 5.1(alt)) = det(Lp) ™" > > e@mi(¢ hy))

xWeLW—i—hW EE(L#
u EL”,-FhE/

< ("85, E(E + ) Tl | (xw) @ a(t)’0"wa © alt)e

Proof. This follows directly from Lemma [4.]] and Poisson summation. O

Lemma 9.10. Assume at least one of the ay; and By, is less or equal than €. Then
Tpevﬁ I — O

Proof. By the hypothesis we have W # 0 for all parabolics P. Then W ® Ru; C n is

a weight space for the action of Ap with weight ¢;. So in particular, for a(t) € Ap,

we have that all components ¢; — 0o as we approach €/(P). Hence by Lemma
we clearly see that each term in 6 ; ;(a(t)) is rapidly decreasing as t; — oco. for P

unless both ¢ = u = 0. But by Lemma [7.6, we have
~E N 0y
(9.16) B, 0.0 =3K ,, (<) =0. 0
Now for the remainder of the proof of Theorem [0.5], assume that

Again, each term in Lemma is rapidly decreasing unless £ = u = 0. So it suffices
to consider

N v 0 * %k
018 aOek,,, () = el Gow) ® a(t)" 0w @ alt)es
Now a(t)es = eg by ([@.I7). We have

(=1)°

(9'19) U*w% = Wwaﬂp-i-l ARERNA Wajq_gm—1£ A Vajq o414 ARRRNAN 79N T

and A acts trivially on the w,’s, while for the v,’s we have a(t)*v;; = %, where

1<i</land l+1<j<m—/{ Herebj is the coordinate of W @ E for e; ® u; and
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t; is the parameter in a(ty,...,t;, ..., t;) € A. We obtain
(—1) db

gy l dba 1
|t|wa11p+1/\"'/\waq,elm—f/\qim/\"'/\iql

[tla(t) 0wy =

ont/2 to t
A
db,, db,,
A Way npt1 /\"'/\Waq,enm—é/\ agty1nt A A Tlagnl
ty t1
(-1
(9'20) = Wwal w1 N A Way_gym—L AN dbaq,Hl N ZARERWA dbaq 11
N
N Way pp+1 N - ANWay_y om—e N oil)oé(rpr1 W VARERVA dbaq nl-
This shows for (O.I8) we have
~— 0
(9.21) a®)¢X,,, (< ) =reek.,, ow)
independent of t. This completes the proof of Theorem [0.5 U

9.3. Nonvanishing. We now prove Theorem [I.2
By the hypotheses we can find a rational parabolic P such that dim £ = ¢ = ¢, so
W is positive definite and Xy is a point. Then by Theorem [9.5]

(9.22) [P0y (7, 05 )] = Tp[0z,, (T, 20 ]
€ Mod(T",m/2,\) ® ip (HO(Xwag[ewan\}(W(C)))
~ Mod(T",m/2,\) @ Tuge (Spewn 43 (We))
~ Mod(I',m/2,\) @ Siw,+(We).
So in this case ip is an embedding. Hence the restriction to ¢'(P) vanishes if and
only if the positive definite theta series ¢ ZW(T, w(‘;f/[éw” N /\}) vanishes. Furthermore, the
restriction of the class [0z, (7, @Z[/\])] cannot arise from an invariant form on D, since

in that case one would need to obtain the trivial representation in the coefficients.
To obtain the nonvanishing, we first observe

Lemma 9.11. Given gogf/[éw”/\} as above, then there exists a coset of a lattice Ly

which we can take to be contained ZW such that

04 (T, 0 (g i) 7 0-

Proof. We give a very simple argument which we learned from E. Freitag and R.
Schulze-Pillot. We can assume V = Q™ with the standard inner product. First

find a vector h € N%(Zm)" with N; € Z such that go(‘;f/[mnﬂ](h) # 0. Then pick

a lattice L = N{N,Z™ such that || > ;. gpgf[mnﬂ}(z)ﬂ < ||30(I)A,/[ewn+x](h)||' Such a

N, € 7 exists as gpg‘f[ is a Schwartz function. Then the theta series associated

an‘f‘)\]
to gogf/[ém ] for Ly = L™ + h does not vanish. O

From this data then, we now can find a £{, contained in £y such that Z’W = Lw
with Oz, (T, 00 g, +a) 7 0- Replace I' with I' N Stab L'. Then [7pf, (7, ¢} )] # O.
This proves Theorem L2
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One feature of our method to establish non-vanishing is that we retain some control
over the cover X', since this reduces to the very concrete question of non-vanishing
of positive definite theta series. An easy example for this is the following.

Example 9.12. Consider the integral quadratic form given by
Y1y Yy + 227 e 20

with y;, v}, x; € Z. So L = Z™ with m = 2q+ k. Assume k > q. Note L# C iZm.
We let T' be the subgroup in Stab(L) which stabilizes L# /L. Then

HY(T,Z) # 0.

Using our method this follows from the non-vanishing of the theta series

Ami (3 x2)T
1 1, X1 T4€ LR
erzk+(1""’1) ! a

10. THE BIG BOREL-SERRE COMPACTIFICATION FOR RATIONAL SO(p, p)

In this section, V' is always a Q-split rational quadratic space of signature (p,p)
with Witt basis wy, ..., up_1, up, up, up, g, .., uf.

We will show that our main Theorem remains true for the case of rational
SO(p,p) but only if we replace the Borel-Serre compactification associated to the
usual Tits building of type D, of (rational) parabolic subgroups of SO(p,p) by the
“big Borel-Serre compactification” of type B, which will be described below. For
this we have to change the underlying root system from type D, to type B, by
adding reflections (and great subspheres in the Tits building). In terms of groups
this is achieved by switching from SO(p,p) to the full orthogonal group O(p,p) (or
equivalently, to SO(p + 1,p)).

Of course since both compactifications are compactifications of the same locally
symmetric space the two boundaries assigned will be the same as topological spaces
but their structures as manifolds with corners will be different.

The main issue for us is that the parabolic subgroups of SO(p, p) do not correspond
bijectively to isotropic flags, but rather to oriflammes, see Lemma [2.3]

By switching to the root system B,, i.e., considering O(p,p) or SO(p+ 1,p) we do
obtain a bijection between parabolics and isotropic flags. This is the crucial aspect
in constructing the big Borel-Serre compactification.

We first define the big Borel-Serre compactification extrinsically by embedding the
locally symmetric space X,, = I',,\D,, for SO(p,p) into a suitably constructed
space Xpi1p = I'py1p\Dpy1,p for signature (p+1,p) and then considering the closure
of X,, inside the Borel-Serre compactfication X,11,. The intrinsic big Borel-Serre
compactification uses the Tits building for parabolic subgroups for the full orthogonal
group O(p, p).

The extension of (¢, y) is most easily established by pulling back the usual
Borel-Serre compactification and restriction formulas for (p+ 1, p) using the extrinsic
definition. We proceed to give the intrinsic definition and compare the two con-
structions. It is then most instructive to compare the usual and the big Borel-Serre
compactification. Finally, we consider the case of signature (2,2) in more detail.
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10.1. The extrinsic big Borel-Serre compactification. We set V = V 1L Qu
with (v,v) = 1. Hence V has signature (p + 1,p). We rearrange coordinates so
that v becomes the (p + 1)-st standard basis vector e,;. We write £,11 = Qepiq
for the line spanned by e,;;. The natural inclusion V' — V defines the inclusion
Jpt1: O(p,p) = O(p+ 1,p). We will often identify O(p, p) with its image under j,1.
The inclusion j,4; induces an inclusion (also denoted j,1;) of the symmetric spaces
Dpp — Dyi1,. We let Tpyy, denote a congruence subgroup in SO(V) stabilizing
L = £ & Zv chosen so that it is torsion free and

Fp,p = O(p,p) M 1ﬂp—i—l,p-

We may assume, for example if I',1; , is neat (the intersection of the subgroup of C*
generated by the elements of I', 11 , with the roots of unity is {1}) that this intersection
is contained in SO(p, p). Let o € SO(V) be the rational element that is —1 on V and
1 on ¢y4y. Then D, , is the fixed point set of o acting on D, ,, that is

. _ o
Jp+1Dpp = Dp+1,p‘

The inclusion of symmetric spaces induces a map (again denoted j,41) of locally
symmetric spaces jp41: Xpp — Xpi1,- Assume now that I', 4, is torsion free. Then
it follows from a well-known argument using o (the “Jaffe Lemma”, Lemma 2.1 of
[27]) that j,+1 induces an embedding of X, into X1 .

Definition 10.1. (The extrinsic big Borel-Serre compactification) Assume I, is
torsion-free. The big Borel-Serre compactification X, , is the closure of X, , in X1 ,.
We note that the inclusion j,4; induces an embedding jp 1 Xpp = Xppip

We will discuss the properties extrinsic big Borel-Serre compactification later in
detail. At this point we can already give a quick proof that our theta series extend
to the big compactification of X, .

Theorem 10.2. The forms 0(pnpn) on X, extend to the big Borel-Serre compact-
ification X, .

Proof. Let ¢z be the special np-cocycle for SO(p + 1, p) and ¢, 5 be the one for
SO(p, p). Note that from the explicit formulas for @, and ¢y, [\ we have

.~ ¢
(10.1) Jpr1Pnp, N = SOnp,[A]<PopH~

Here cpf;”“ is the Gaussian associated to the 1-dimensional positive definite subspace
{p11. Since the lattice splits we obtain a corresponding restriction formula

(10.2) 5510 Bap ) = (D)0 207

on the level of theta functions. Note that 9(@5”“) is constant on X, ,, so the product
of the two factors on the right of (I0.2)) extends to the big Borel-Serre boundary if
and only if the first factor extends. Now we have seen above that 6($,, [x) extends
over the Borel-Serre boundary of X,1;,. The lemma then follows by considering the
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following commutative diagram (starting with 6(¢,,) in the lower left-hand corner).

=k

A* (7p+1,p> ﬂ) A* (710710)

! !

B .
A.(Xp+1,p> A (Xp,p)- ]

Remark 10.3. We are required so far to assume that the lattice I'y;, and hence
', , is torsion-free. However, after we have given the intrinsic description of our com-
pactification and hence we know that this intrinsic construction produces a compact-
ification for the quotient of D by a normal torsion-free subgroup IV of I' C SO(p, p),
then the extension and the restriction formula will hold for the quotient by the larger
lattice I' because it is invariantly defined. We leave the details to the reader.

10.2. The intrinsic description of the new compactification. We now give an
intrinsic description of the big Borel-Serre compactification, that is, it does not use
the embedding j,41.

In what follows if G is any reductive group we will use P(G) to denote the set of
parabolic subgroups of G.

There are four key ingredients of a Borel-Serre compactification, see [5], II1.9 (and
Section [2.4] above).

(1) The Tits building B(G) (or rather its quotient by the arithmetic group I' C G
under consideration).

(2) For each rational parabolic P of G there is the split torus Ap which is the
connected component of the identity of the center of P/N.

(3) For each rational parabolic subgroup P there is the associated “Borel-Serre
face” e(P) := P/ApKp. Here Kp = PN K is as before the subgroup of P
that stabilizes the basepoint z; of the associated symmetric space.

(4) The set ®(P, Ap) of restrictions of the set of positive roots to Ap, which
governs the topology around the boundary faces, in particular, convergence
to a point in the boundary. The reader will note the definition of convergence
will not be changed if the elements of (P, Ap) are replaced by positive scalar
multiples. Furthermore, one obtains the same set of convergent sequences if
in the rule [5], p.328, one replaces ®(P, Ap) by A(P, Ap) the set restrictions
to Ap of the simple roots in the root system associated to the maximal torus
Ap, for a chosen minimal parabolic F.

Definition 10.4. (The intrinsic big Borel-Serre compactification) The intrinsic big
Borel-Serre compactification X, is obtained by applying the “uniform construction
of Borel-Ji” ([5], §II1.9) to the Tits building B(O(p,p)) for the full orthogonal group
together with the root system B,.

The term “intrinsic compactification” is a bit premature since O(p, p) since one still
needs to show that the construction really gives a compact space. At this point it is
only a formal procedure. Moreover, it is a priori not clear that we can freely change
the root system from D, to B,. Only once we have established the equivalence to
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the extrinsic description this will be justified. Note however, that the full orthogonal
group O(p, p) gives rise to the same symmetric space as SO(p, p).
We now describe some of the features of the new construction.

10.2.1. The new building B(O(p, p)) and the map of parabolic subgroups. Recall that
we defined the standard totally isotropic subspaces Ej = span(ug,...,ux) in V and
the spaces F, = E), = span(uy,...,up_1,u,) and E_ = span(uy, ... u,_1,uy).

We first note (see eg [1], [15])

Lemma 10.5. The (standard) parabolic subgroups of O(p,p) are the stabilizers of the
(standard) isotropic flags (in E,), and every isotropic flag determines a parabolic.
Thus the associated Tits building B(O(p, p)) is the spherical building associated to the
partially ordered set of isotropic flags in V' and the parabolic subgroups of O(p,p) are
the stabilizers of the faces of the building.

Example 10.6. We illustrate this fundamental difference to the special orthogonal
group SO(p,p). Let P C O(p,p) be the stabilizer of the isotropic subspace E,_;.
Then

g CaC3
P = 0 h ...
0 0 g*

with g € GL,_1(R), h € O(1,1), ¢; € RP~! (column vectors) and g* as in (2.14)). Note
O(1,1) = SO(1,1) UwSO(1,1) and SO(1,1) = {(®,-1)}. Here w = ({}). Hence P
is a maximal parabolic subgroup of O(p, p).

Now consider P’ = P N SO(p, p), the stabilizer of E,_; in SO(p,p). Now we have

g Ca C3
, Jlo v o0
P=910 0o »t ..

00 0 g

Thus P’ is strictly contained in the stabilizer of both isotropic p-planes F, and F_.
Hence is not a mazximal parabolic and we can associate P’ to two isotropic flags,
namely (Eyx_1, Fy) and (Ey_1, E_); i.e., the oriflamme (E,, E_).

The situation in general is as follows.

Definition 10.7. We say an isotropic flag F in V is bad if an isotropic subspace of
dimension p — 1 occurs in F. We say a parabolic in O(p, p) is bad if it stabilizes is a
bad flag. Otherwise we call F and Pg good.

We then have

Lemma 10.8. Let P C O(p,p) be a parabolic subgroup stabilizing the flag F. Set
P'=PnNSO(p,p).
(i) Assume P is good. Then P’ is the stabilizer of the flag F (see also Lemmal2.3
).
(ii) Assume P is bad stabilizing a flag Fy C ... Fy, C F,_1(C F,) with dim F,,_; =
p—1 and dim F,, = p. (F, might or might not be there). Let F,1,F,2 as in
Lemmal2.3 (3). Then P’ is the stabilizer of the oriflamme (Fy, ..., Fy, Fp1, Fp2).
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We now describe how each top dimensional simplex of the Tits building B(SO(p, p))
of type D, will be bisected to obtain B(O(p, p)). Each spherical chamber (top dimen-
sional i.e. p—1 dimensional simplex) contains a distinguished edge e (the edge joining
the two vertices corresponding to highest dimensional isotropic subspaces. Let f be
the p — 3 face that is opposite to e. Hence the chamber is the join e x f. Let b be
the barycenter of e. Then we bisect each spherical chamber by the codimension one
interior simplex b* f. We make a choice of one of the two halves of the original spher-
ical fundamental chamber Ap = A’ and call it the fundamental spherical chamber
Ap, = A of B(O(p,p)). The resulting nonthick building is the building of type B, on
which the big Borel-Serre compactification will be modeled. Note that if F' is a face
of B(O(p, p)) then there will be a unique face F’ of B(SO(p, p)) such that the interior
FY is contained in F".

Since the parabolic subgroups are exactly the subgroups that fix faces of the build-
ings, the map F' — F” induces a map P(O(p,p)) — P(SO(p,p)) of parabolic sub-
groups. In fact, it is exactly the assignment P +— P’ = P N SO(p,p) in Lemma [I0.8
For good flags the claim is obvious, since in that case by definition P’ is the subgroup
of SO(p, p) that fixes the same face F'. Thus the only difficulty is when the face F'
corresponds to a bad flag. In this case the face F' fixed by the original parabolic P
has dimension one less than F(F). But in this case F° is contained in the interior
of F" and if g € SO(p, p) fixes an interior point to the face F” then it fixes all of F".
The claim follows. Note that F' — F’ is a bijection on faces of dimension less than
or equal to p — 1 but it is two-to-one on top faces.

10.2.2. The new split central split torus Ap. We define the subtorus Ap of Ap, to be
the center of L = P N P% where 6, is the Cartan involution corresponding to our
chosen basepoint z5. Note that we cannot define it as the annihilator of an appropriate
subset I of the simple roots of SO(p,p). However we can define it as the annihilator
of an appropriate subset I of the simple roots of the new root system of type B,, see
below, in particular, Lemma [I0.I8 These roots are defined intrinsically only up to
positive multiples but this is enough to unambiguously define Ap. We will denote the
new torus Ap.

10.2.3. The new face e(P). Given Ap, we define the associated face e(P) of the Borel-
Serre enlargement by e(P) = P/ApKp. Hence the cells e(P) are assembled using the
simplicial complex associated to the partially ordered set of isotropic flags in V. The
point is that the split torus Ap can be strictly (1-dimension) smaller for certain
parabolics in the new compactification (because P and its Levi subgroup L will have
extra connected components causing its center to be smaller, see Example [I0.6) and
consequently the face e(P) will be strictly larger. In Theorem [I0.11] we will record
this in detail.

10.2.4. The new system of roots of type B, and the set ®(P, Ap). Fourth, there is a
subset of the positive roots restricted to Ap to be denoted ®(P, Ap) and the corre-
ponding system of simple roots restricted to Ap to be denoted A(P, Ap). This is the
most complicated change to describe intrinsically. We define the Weyl group W of
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the maximal torus Ap, as usual as the normalizer in O(p, p). But now the element

Iy
_ 01
w = 10
Iy

is in . Hence the Weyl group for O(p, p) is strictly larger than the one for SO(p, p).
In fact, with this additional reflection (which interchanges u, and u;) one obtains the
Weyl group for the root system B,. While this does not define directly the new roots
it defines the root hyperplanes. The choice of the fundamental chamber in the new
Tits building defines a positive Weyl chamber, equivalently the correct orientation of
the hyperplanes. (This corresponds to the choice of defining the standard parabolics
in O(p,p) to be the stabilizer of flags in E, or E_). For each root hyperplane we
choose a linear functional which vanishes on the hyperplane and is positive on the
cone on Ap . This new collection of linear functionals we will call the (new) positive
roots to be denoted ®. In terms of the Tits building this amounts to the following.
We have already added the new walls to the spherical building at infinity and choosen
the fundamental spherical chamber Ag . We now extend them inside Ap, to obtain
the standard linear action of the Weyl group of type B, as a reflection group. In more
detail, given the split torus Ap, which we identify with its Lie algebra a, we consider
the corresponding apartment A in B(O(p,p)) (the boundary of Ap,). The building
structure on B(O(p,p)) gives us a collection of great spheres in the apartment A.
If we regard the apartment A as the sphere at infinity of A,, (each ray leaving the
origin of Ap, corresponds to a unique point of A, then the collection of great spheres
corresponds (to the boundaries of) a collection of hyperplanes in Ap,. Reflections in
these hyperplanes give rise to the standard representation of the Coxeter group of
type B,. The chosen spherical chamber Ap, corresponds to a Weyl chamber in Ap,
which we will also denote Ap, .

Definition 10.9. ®(P, Ap) is the set of restrictions to Ap of the roots in .

Remark 10.10. We did not use the Lie algebra n of P in this definition. We will
see later that what we are doing is pulling back the usual Ap and ®(P, Ap) from
SO(p + 1, p) using the embedding j, 1.

10.3. The intrinsic and the extrinsic big Borel-Serre compactification coin-
cide.

Theorem 10.11. The intrinsic and the extrinsic big Borel-Serre compactification of
coincide. In particular, the cells €'(P) are assembled using the simplicial complex
associated to the partially ordered set of isotropic flags in V.

From this we now easily check that all results from Section [ carry over with no
change to the big Borel-Serre compactification for the split (p, p)-case. In particular,

Theorem 10.12. The restriction theorems, Theorem[9.0 and Corollary|[9.7, hold in
the big Borel-Serre compactification of X, ,

Remark 10.13. In fact, the restriction in the small Borel-Serre compactification to
faces associated to good parabolics goes through as before as well with no change. It
is the restriction to bad faces which causes problems.
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To prove Theorem [10.11] we will first prove the analogue of the theorem for the
partial compactifications (Borel-Serre enlargements) of the symmetric spaces D, ,
and D,;1,. We will denote the corresponding enlargements by D, (constructed
using P(O(p,p))) and D41, Recall that earlier we already saw D,,,, = D7, . We
claim the corresponding equation also holds for the enlargements. We have

Proposition 10.14. (i) Dy, =Dpyype N
(ii) Let P be the stabilizer of an isotropic flag ¥ in' V' and suppose P is normalized

by o. Then the subspaces of the flag F are in fact contained in V. We let F
be the associated isotropic flag in V and P be the stabilizer of F whence

P=P
(iii) Suppose e(ﬁ)" is nonempty. Then P is normalized by o and
e(P)? = e(P).

(iv) E;Hm =Dy, 11 HPEP(O(PJJ)) e(P).

On the building level this means that the map j,41 induces a simplicial embed-
ding of B(O(p,p)) onto B(SO(p + 1,p))? carrying apartments isomorphically onto
apartments. The image is the fixed subbuilding B(SO(p + 1,p))°.

The proposition will be a consequence of the following discussion.

We note that the inclusion D,, C Dp 41, is obvious. The reverse inclusion will
follow once we have proved (iv). We immediately see

EP-!—LP p+1,p H H e(ﬁ)g'

PcP(SO(p+1,p))

Clearly (iv) will follow from (iii). (ii) and (iii) will be a consequence of the next three
lemmas. In order to prove (iii) we need to first prove (ii).

Lemma 10.15. Suppose E is an isotropic subspace of‘7 such that O'(E) = E. Then
EcCV.

Proof. We have E = (Eﬁ€p+1)@(EﬂV). But as E is isotropic we see Eﬂﬁpﬂ =0. O

We now show that Lemma [0I5 implies (ii). Indeed, P is the stabilizer of a unique
isotropic flag F. Now since P is its own normalizer and we are assuming o normalizes
P we find o € P and consequently o carries each of the subspaces in F into itself.
Hence by Lemma each of these subspaces is contained in V. We let F denote
the associated isotropic flag in V and let P be its stabilizer in O(p, p). We now prove

that P° = P. First we claim that P° contained in O(p,p). Indeed, since g € P? we
have g~'og = o whence g carries the line through e, into itself whence g € O(p, p).

But also by definition Pe fixes F whence we have
P’ =P

Thus it remains to prove (iii). This we do in the next two lemmas.
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Lemma 10.16. If e(P) contains a fized point of o then o € P and hence o(e(P)) =
e(P). In fact, we have

(10.3) o(e(P)) = e(P) < o€ P.
Proof. 1t follows from the basic result of [6], Corollary 7.7 (1) (with P = @), that
o(e(P))Ne(P)#£) < o€ P. O

Lemma 10.17. Suppose P = P°. Then we have
(10.4) e(P) = e(P)°.

Proof. We only need to show e(P) C e(P)?. So suppose z € e(P) is fixed by 0. Let y
be the diagonal matrix with p + 1 ones followed by p minus ones. Then conjugation
by y induces Cartan involutions of SO(p + 1, p) and O(p,p). It is standard that we

may construct a Levi decomposition P = M-N with M = PﬂyPy ! whence o € M.
Note that B o

e(P)=(MN)/KnM.
Choose a lift 2/ = mn of # to P. Then z is fixed under o implies that n is fixed
under o which implies 7 is in the unipotent radical N of P. Also m is fixed modulo
K N M. Thus it remains to show that the group M = % 7 acts transitively on the
fixed point set of o on its associated symmetric space M /(K N M). But the fixed
point set is connected (because the unique geodesic joining any two fixed points must
also be fixed). Hence we may obtain the fixed point set by exponentiating the fixed
subspace of p the tangent space to D,.1, at the point z fixed by the above Cartan
involution. But this fixed subspace is p, the tangent space to D, , at z. O

We have now completed the proof of Proposition I0.14l

We also need to show that the convergence criterion applied to the topology of D,
is induced from the topology of D, 1, (and hence using the root system of type B,).
This follows from the following Lemma which the reader will verify.

Lemma 10.18. ®(P, Ap) is the set of weights of Ap acting on the nilradical n of
the pambolzc subalgebra of the corresponding parabolic P (P" = P) via the inclusion
]p—i—l L — L

Theorem [I0.11] will follow from the next Lemma.

Lemma 10.19. Suppose I'p;1,, is torsion free and there exists v € I'py1, such that
v(e(P))Ne(P) # 0. Theny € PNT,,. In particular, the image of e(P) in X,y1, is
the quotient of e(P) by PNT,,.

Proof. Suppose = € e(P) satisfies that y = v(z) € e(P). Then oy 'ovy(x) = z since
o fixes x and y. But the action of I',4;, on the Borel-Serre enlargement of D, , is
fixed-point free since by [6], Theorem 9.3, it acts properly and we have assumed it
is torsion free . Hence oyo = 7 and consequently v € I', ,. The lemma now follows
from Corollary 7.7 (1) of [6]. O

This concludes the proof of Theorem I0.I11
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10.4. Relating the small and the big Borel-Serre compactification of X, .
We now have two compactifications of X, ,, the usual Borel-Serre compactification
and the new “big ” Borel-Serre compactification we have just described.

For P a parabolic in O(p,p), we will write P' = P N SO(p, p) as before. We will
denote the corresponding face in the small Borel-Serre enlargement by e(P’).

Proposition 10.20. Suppose P is a good parabolic in O(p,p). Then
(1) e(P) = e(F').
(2) Ap = Ap/.
(3) If the last subspace in the flag has dimension strictly less than p (hence strictly
less than p — 1) then

OB (P, Ap) = OPr (P, Ap).

If the last element in the flag has dimension p then ®Pr(P, Ap) and ®Pr (P, Ap/) will
coincide except for the last entry which in the first case will be the restriction of t,
and in the second case will be the restriction of tf) (the squaring makes no difference
in terms of the convergence criterion).

We will leave the proof of this proposition to the reader.
We now state what happens if P is bad. We may assume that the associated flag
is standard, contained in the totally isotropic subspace E, = L.

Proposition 10.21. Suppose P is a bad parabolic in O(p,p). There are two cases.
(i) Suppose first the last subspace in the flag has dimension p — 1. Then

(1) e(P) Ze(P) x R,.

(2) Ap x Ry = Apr. Note that there is a projection map m, : Apr — Ap which
omits the last coordinate t,. This map is split by the map i, : Ap — Ap which
puts a one in the last component.

(3) Then APr»(P, Ap) is the set of restrictions of the old simple roots of type D, to
Ap and APr(P', Ap/) is the set of restrictions of the old simple roots of type
D, to the larger torus Ap,. This may be restated as follows. We may identify
Ap and Ap: with quotient tori of A and hence we may identify their character
groups with subgroups of the character group of A. Suppose that Ap: has
dimension r + 1 whence Ap hence dimension r. Then |AP»(P' Ap)| =1 +1
and |ABr (P, Ap)| = r. Then the firstr—1 elements of the two sets of restricted
simple roots “coincide” in the sense that as characters of A they are the pull-
backs of the restrictions of the roots t;/tiy1,1 <i <p—2, to Ap and Ap: (so
some of these may be trivial), the last element of AP»(P,, Ap) ist,_1 and the
last two elements of AP»(P') Ap/) are t,_1/t, and t, 1t,.

(ii) Now suppose the last element in the flag has dimension p, so the last two
elements are E,_; and E,, then
(1) e(P) = e(F).
(2) Ap = Ap/.
(3) AP»(P'; Ap/) and APy (P, Ap) have the same cardinality r, and their first r—1
elements coincide. The last two nontrivial elements of APr(P, AP») aret, ,/t,
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and t, and the last two nontrivial elements of AP»(P', Ap:) are the restrictions
of t,_1/t, and t,_1t,.

Proof. We prove (i) for the special case in which P is the stabilizer of the isotropic
subspace E,_;, see Example [[0.6l For P’ = P N SO(Vk) we easily see

al,—1 0 0 0
0 b 0 0 .
AP/ - 0 0b71 0 3 a,bER_,.
0 0 0 a 'l

APP(P', Ap/) = {a/b,ab}.
Consequently if Y, ; denotes the symmetric space associated to SL(E,_;) we have a
diffeomorphism (ignoring the fiber bundle structure)

and

, 2
e(P) =Y, x (W E,1) x \ By

!/

,)- But for the Levi of P in the full group O(p, p), we have

Z(L) = Z(LNSO(p,p)) N Z(w)
with w as in Example [10.6] whence we have

with W = span(u,, u

and

Hence we have a diffeomorphism
2
e(P) =Y,y xRy x (W@E,_1) x [\ Ep1.

For (ii) suppose the last subspace has dimension p. For convenience we assume P
is the stabilizer of the flag (E,_;, £} ). Then

g c g 0 0 O
0b ... 0b 0 O
=310 0 vt .. and L=41¢ o 41 ¢
00 0 g 00 0 g
with g € GL,_1(R), c € RP~! b € R*. Hence
al, 1 0 0 0
0 b 0 0
AP:AP’ = 0 0 b! 0 ) a’>b€R+ )
0 0 0 a ',
but
AP (P, Ap) = {a/b,b}  and  AP?(P', Ap) = {a/b,ab}. O

10.5. Signature (2,2). We now consider the case of signature (2,2) in detail. In
particular, we illustrate in this case the failure of the restriction formula for the small
Borel-Serre compactification.
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10.5.1. Comparison of the two compactifications. For SO(2,2) each apartment of the
underlying Tits building (the building of parabolic subgroups of SO(2,2)) is a square;
the building of type Dy = A; x A;. In the usual Borel-Serre compactification each
of the four vertices is blown up to a circle bundle over a quotient of the upper half
plane by a subgroup of finite index in SL(2,7Z), i.e., modular curves. Each edge is
blown up to a 2-torus, the two circle bundles over the modular curves corresponding
to the two vertices of the edge are glued along this torus.

We now describe the big Borel-Serre compactification. In this case the underlying
building (the nonthick Tits building associated to the complex of isotropic flags in
Q??) has apartments which are octagons. We will regard these octagons as the
barycentric subdivisions of the above squares. We blow up the original vertices to the
same circle bundles over modular curves as before. We blow up the four new vertices
(the barycenters of the original edges) to trivial 2-torus bundles over R, compactified
by adding two points 0 and co. We can glue the four new three manifolds to the
four old ones because each has boundary components homeomorphic to the 2-torus.
There is one such glueing for each of the eight edges of the octagon. It is critical to
observe that not only do we use a new glueing scheme, the nonthick building of type
By, = (5 associated to the isotropic flag complex but also there are some new cells
e(P) that do not occur in the usual Borel-Serre compactification.

In detail, we consider one fixed edge of the apartment of the Tits building for
SO(2,2) corresponding to the basis {uy, ug, u, u}}. Namely, we let @, be the maxi-
mal parabolic in SO(2,2) stabilizer of the isotropic plane E. spanned by wuj,us and
uq, uy respectively. The intersection P’ = @, N Q" stabilizes the oriflamme (£, E_).
Recall that in this situation the maximal split torus A is given by {a(ti,t2) =
diag(ty, ta, ty ' t7"); t; > 0}. We set W := span(uy, ub). Then

(i) e(Q.) ~ H x R with trivial bundle structure. The collar neighborhood in D
is given by e(Q',) x {a(t,t); t* > T}.
(ii) e(P) = Npr ~ W =~ R2 The collar neighborhood in D is given by e(P’) x
{&(tl,tg); tito > T, tl/tg > T}
(iii) e(Q") ~ H x R with trivial bundle structure. The collar neighborhood in D
is given by e(Q’,) x {a(t,t71); t* > T}.

Furthermore, e(Q’.) and e(Q"_) are glued in e(P’) with the respective R-fibers glued
to the “z-direction” of H.

Now we consider the analogous picture for O(2,2). The faces e(Q+) for the sta-
bilizers Q)+ of the planes F. stay the same (with slightly different neighborhoods).
But now there are three parabolics P, P,, P_ whose restriction to SO(2,2) is P’, and
we blow up e(P’) by e(P) ~ e(P’) x R, and glue e(P) to e(Q+) along e(Py). The
blow-up variable in R, in the neighborhood of e(P’) is given by t;/t;. We have

(i) P is the stabilizer of the line E; = Ruy. Then e(P) = {a(1,t2)} x W with
collar neighborhood e(P) x {a(t,1); ty > T'}.

(ii) Py are the stabilizers of the flag Ru; C Ey. Then e(Py) ~ W. Collar
neighborhoods are given by e(Py) x {a(t1,ts); t1ta > T,ta > T} and e(P_) X
{a(ti,ts); tity" > T,t5* > T} respectively.

Inside e(P) ~ {a(1,t3)} x W one approaches e(P.) by to — oo and t5 — 0 resp..
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10.5.2. Nonexistence and existence of the restriction for the case of SO(2,2). In this
subsection we will explain why 6(p20) does not extend to X, if X,, is the small
Borel compactification of SO(p, p).

Namely, 6(p2,0) does not extend to the 2-torus e’(P’), where P’ is the stabilizer of
the oriflamme (F,, E_). The limit as we approach €'(P’) is undefined (it depends
on the way we approach the corner). We have just seen that the corner ¢’'(P’) is the
intersection of the two maximal faces €/(Q)’,), trivial circle bundles over quotients of
the upper half plane.

It suffices to Stlldy 9(4,0270)(a(t1, tg)) = thyz,y’g,yﬁ ()0270(t1_1y1,t;lyg,tgyg,tlyi) as wWe
go to the corner. Here y;,y. are the Witt coordinates of V. In this case the 2-
form 6(yp2,) has four components. Three of the components go to zero as oy = t1ts
and ap = t1/ty go to infinity; essentially because t; = /a1 — 00 we can apply the
partial Fourier transform and Poisson summation argument from Section@on the sum
on y;. We find that the limit coincides (up to a constant) with Z(ywé) Hy(ty  yy +

toyh)e ™t 23’5“5(3’5)2)% A (222 tyduws). Here wo, wh are the variables for the 2-torus
¢/(P’) realized as a quotient of W = Ruy & Ruj. Now the resulting limit is supposed
to be a 2-form on the corner €'(P’), that is, a form in the coordinates wq, w} on the
torus. However note that the limit depends on t5 (and also involves the coordinate
differential dt,). Thus it depends on how we approach the boundary and consequently
is not well defined. In particular, as claimed, the form 6(y2() does not extend to a
well-defined 2-form on the manifold with corners X.

In the big Borel-Serre compactification the problems go away. For the face ¢'(P),
to is the extra variable for /(P) = ¢/(P’) x Ry, and we obtain the above form as the
limit as t; — oo. At the other faces e(P.) which as sets are again the 2-torus e'(P’)
but now are approached by t;/ts,ty — oo resp. tltg,tgl — o0. Then the Poisson
summation argument on the sum on yi, y resp yi, ¥4 gives vanishing.
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