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MOCK PERIOD FUNCTIONS, SESQUIHARMONIC MAASS FORMS,
AND NON-CRITICAL VALUES OF L-FUNCTIONS

KATHRIN BRINGMANN, NIKOLAOS DIAMANTIS, AND MARTIN RAUM

ABSTRACT. We introduce a new technique of completion for 1-cohomology which parallels
the corresponding technique in the theory of mock modular forms. This technique is applied
in the context of non-critical values of L-functions of GL(2) cusp forms. We prove that a
generating series of non-critical values can be interpreted as a mock period function we
define in analogy with period polynomials. Further, we prove that non-critical values can
be encoded into a sesquiharmonic Maass form. Finally, we formulate and prove an Eichler-
Shimura-type isomorphism for the space of mock period functions.

1. INTRODUCTION

In this work, we establish a connection between two seemingly disparate topics and tech-
niques: mock modular forms (holomorphic parts of harmonic Maass forms) and non-critical
values of L-functions of cusp forms. To describe this connection, we first outline each of
these topics and some of the corresponding questions that arise.

A very fruitful technique that has recently emerged in the broader area of automorphic
forms and its arithmetic applications is based on “completing” a holomorphic but not quite
automorphic form into a harmonic Maass form by addition of a suitable non-holomorphic
function. This method originates in its modern form in Zwegers’ PhD thesis [36]. Zwegers
completed all of Ramanujan’s mock theta functions introduced by Ramanujan in his famous
last letter to Hardy [33], including

n2

- q
f(9) ’_1+; (14+¢)2(1+¢*)? - (144¢m)?

To be more precise, Zwegers found a (purely) non-holomorphic function

Ni(z) == _Z_OO %dw, (1.1)

where Oy is some explicit weight % cuspidal theta function, so that
f(a) + Ny (2)

transforms like an automorphic form of weight “dual” to that of f, i.e., of weight % in our
case (throughout we write ¢ := ¢?™*). Such completions proved to be useful in obtaining
information for the original function (f in our context), including exact formulas for Fourier
coefficients, made use of, e.g., in the proof in [§] of the Andrews-Dragonette Conjecture
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[T, 19]. On the other hand, one can also reverse the question and start with a modular form,
define an integral N resembling the one in (1)) and find a holomorphic function F' such
that N + F' transforms like a modular form. Such “lifts” were constructed for cusp forms of
weight % in terms of combinatorial series by the first author, Folsom, and Ono [6] and by the
first author and Ono for general cusp forms [9]. Recently, also lifts for non-cusp forms were
found [I§]. Obstructions to modularity occuring from functions like f may also be viewed
in terms of critical values of L-functions [7] in a way we will describe later.

We next introduce the second topic, non-critical values of L-functions. We will first
outline the background concerning general values of L-functions and critical values. Let f
be an element of Sy, the space of cusp forms of weight k£ € 2N for SLy(Z), and let Ly (s)
denote its L-function. Special values of L-functions have been the focus of intense research in
arithmetic algebraic geometry and analytic number theory, because they provide deep insight
to f and associated arithmetic and geometric objects. Several of the outstanding conjectures
in number theory are related to special values of L-functions, e.g. the ones posed by Birch-
Swinnerton-Dyer, Beilinson and Bloch-Kato (see, for example, [28]). In particular, they are
commonly interpreted as regulators in K-theory [34].

Among the special values, more is known about the critical values which, for our purposes,
are Ly(1),Lg(2),...,Le(k—1) (see [16] 28] for an intrinsic characterization). For instance,
Manin’s Periods Theorem [30] implies that, when f is an eigenform of the Hecke operators,
its critical values are algebraic linear combinations of two constants depending only on f.
This result was established by incorporating a “generating function” of the critical values
into a cohomology which has a rational structure. The generating function is the period
polynomial

re(X) = (w)(w — X)**duw,
0
and each of its coefficients is an explicit multiple of a critical values of L(s) (see Lemma 2.1]
for the precise statement).
The period polynomial of f satisfies the Fichler-Shimura relations:

7elok(1+9) :rf‘H (1+U+U%) =0 with S:= (91, U:=(1 ")

in terms of the action |, on G : $ — C defined for each m € 27Z by
Glny(X) =Gy X)(eX +d)™™  fory=(%37) € SLa(R).

Because of the importance of these Eichler-Shimura relations, the space Vj_5 of all polyno-
mials of degree at most k — 2 satisfying them has been studied independently. It is called
the space of period polynomials and is denoted by Wj_,.

Non-critical values are much less understood and there are even some “negative” results
such as that of Koblitz [20], asserting that, in a strong sense, there can not be a Period
Theorem for non-critical values. In any case, it is generally expected that the algebraic
structure of such values is more complicated than that of critical values. Nevertheless, in
[15] it is shown that it is possible to define “generating series” of non-critical values, which
can further be incorporated into a cohomology similar to the Eichler cohomology. This fits
into the philosophy of Manin’s [31] and Goldfeld’s [22] cohomological interpretation of values

and derivatives of L-functions, respectively. The generating series is a function 775 on the
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Poincaré upper-half plane § given by

rra(2) = /0100 (Ffﬂdw,

wz — 1)k
where Fy is the Eichler integral associated to f
100
Fe(z) == (w)(w — 2)*?dw.
z

The function 7 is the direct counterpart of the period polynomial r; associated to critical
values. The non-critical values are obtained from 7o as “Taylor coefficients” of rfo (see
Lemma 222), just as critical values are retrieved as coefficients of the period polynomial 7.
The ambient space of functions consists of harmonic functions rather than polynomials and
the action is | instead of |o_.

The first link between the aforementioned two topics emerges as we use techniques from
the theory of mock modular forms to intrinsically interpret the constructions that were
associated to non-critical values in [I5]. Those constructions were in some respects ad hoc
and not as intrinsic as those relating to critical values. For example, whereas the period
polynomial is expressed as a constant multiple of

Fylak(5 = 1),

the generating function 7 (2) has an analogous expression only up to an explicit “correction
term”. That problem would seem to be insurmountable, because rf (%) is not invariant under
S.

However, in this paper we show that it is exactly thanks to the “correction term” that our
generating function 75 can be completed into a function which belongs to a natural analogue
of the space of period polynomials Wj_s. We show that an appropriate counterpart of

Wiz :={P € Vi_g; Pla_i(14+S) = Play (1+ U+ U?) = 0}
is
Wia = {P: 9 —= C; &(P) € Vieg; Pls(1+8) =P, (1 + U + U?) = 0}.

Here, & is a key operator in the theory of mock modular forms defined, for y :=Im(z) by

d
= 2y —.
Sk W

Our first main result then is

Theorem 1.1. Let k € 2N and f a weight k cusp form. Then the function
~ re(w
Frale) = rgale) - [

-z (w + Z)kdw

100

belongs to the space Wy .

Theorem [Tl suggests the name mock period function for ryo (see Definition B.3)

The completion of 7;9 by a purely non-holomorphic term does not cause us to lose infor-
mation about non-critical values, because it only introduces critical values (see Lemma [2.4]),
which from our viewpoint can be thought of as understood.

The second link between the two main subjects of the paper amounts to a technique that

allows us to encode information about the mock period function of f € Sj into a certain
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“higher order” version of harmonic Maass forms. This is the direct analogue of a recent
result proved for critical values by the first author, Guerzhoy, Kent, and Ono (Theorem 1.1
of [7]) and in a different guise earlier in [20]:

Theorem 1.2. ([20, [7]) For each f € Sy, there is a harmonic Maass form My with holo-
morphic part M}, such that

’/’f(—Z) = M}l—|2_k(1 - S)

The authors further use similar techniques to establish a structure theorem for Wj_s
(Theorem 1.2 of [7]).

The first step of our approach towards establishing the counterpart of Theorem for
non-critical values is to identify the objects taking the role played by harmonic Maass forms
in [7]. The class of these objects is formed by sesquiharmonic Maass forms (see Definition
[4T]). Sesquiharmonic Maass form are natural higher order versions of harmonic Maass forms,
the first example of which has appeared in a different context [17, [I8]. (See also [12} 13, 4]
for an earlier application of the underlying method). The main difference of sesquiharmonic
to harmonic Maass forms is that the latter are annihilated by the weight k Laplace-operator

0? 0? 0 0
a2 2 . ; _ S
Ap = —y <8$2+8y2)+Zky(8x+Zay)’

whereas sesquiharmonic Maass forms are annihilated by

Apo =0y o0& =08 o0& =& oA

In Section 4], we will show that we can isolate a “harmonic” piece from each sesquiharmonic
Maass, paralleling the way we can isolate a “holomorphic” piece from each harmonic Maass
form. This construction allows us to formulate and prove the analogue of Theorem

Theorem 1.3. For each f € Sy, there is a sesquiharmonic Maass form My with harmonic
part M{5, such that

Fra(z) = Mz ()] (5= 1),

The above two techniques we just described can be considered as a new version of the
“completion” method, this time applied to the level of 1-cohomology.

The third main result and technique of this paper is a mock Eichler-Shimura isomorphism
for Wy, 2. The classical Eichler-Shimura isomorphism “parametrizes” Wj_» in terms of cusp
forms. It can be summarized as:

Theorem 1.4. (e.g., [27]) Every P € Wy_s can be written as
P(X) = rf(X) + ’f’g(—X) + a|2_k(5 — 1)
for unique f,g € Sk and a € C.

In Section [, we show that W o can be “parametrised” by cusp forms in a very similar
fashion:

Theorem 1.5. Every P € Wy can be written as
P = ?ﬁg +?;2 + aF|k(S — 1)
4



for unique f,g € S, and ana € C. Here, F' is an element of an appropriate space of functions
on § and T, is a period function associated r,(—X). (They will be defined precisely in
Section [3).

The construction of 77 , is of independent interest and involves (regularized) integrals (see
Section[d]). Some of the techniques are related to the theory of periods of weakly holomorphic
forms as studied by Fricke [21].

It is surprising that pairs of cusp forms suffice for this Mock Eichler-Shimura isomorphism
just as they suffice for the classical Eichler-Shimura isomorphism. A priori, the spaces Wj,_
and Wj, » appear to be very different, especially since, as shown here, they are associated with
critical and non-critical values respectively, which are expected to have completely different
behaviour.

In the final section we interpret our two first main results cohomologically (Theorem [6.1]) in
order to highlight the essential similarity of the construction we associate here to non-critical
values with the corresponding setting for critical values. Since we have an entirely analogous
reformulation (see (G.I])) of the Eichler-Shimura theory and the results of [7], Theorem
justifies the claim that our constructions form the non-critical value counterpart of the
corresponding results in the case of critical values of L-functions.

A suggestive comparison of this cohomological interpretation with Hida’s evidence for a
possible description of non-critical values in terms of non-top degree cohomology (cf. [24])
might also be made. We intend to return to possible explicit connections with Hida’s con-
struction in a future work.

Acknowledgments: To be entered after the referee’s report is received.

2. CUSP FORMS AND PERIODS ASSOCIATED TO THEIR L-VALUES

Set I' := SLy(Z). Let f(2) = Yo", a(n)q" (¢ = €*™*) be a cusp form of weight k for
I'. Further let Ls(s) be the entire function obtained by analytic continuation of the series
L¢(s) = >, a(n)/n® originally defined in an appropriate right half plane.

In the Eichler-Shimura-Manin theory one associates to f an Eichler integral [y : § — C
and a period polynomial r¢ : C — C as follows:

Fy(2) o= fw)(w — 2)**dw,
ri(z) = fw)(w — 2)"2dw.
0
These objects are connected to each other and intimately related to critical values of L¢(s)
(see e.g. [27], Section 1.1): L(1),...,Ls(k—1).
Lemma 2.1. For every f € Si, we have

Filox(1=5) = 1y,

— Lf n -+ 1 . _9n
ri(z) = 2m - Z 2mz)k Zn,




We shall consider the analogues of F; and 7 yielding non-critical values of L(s). Set

Fio(z) = /Zmiw)kdw,

= (w+2)

The function 7 is not a polynomial, but the next lemma, proved in [I5], shows that we can
still retrieve values of L-functions of f as its “Taylor coefficients at 07. It also explains the
reason for letting .S act on the integral in the definition of 75 in an apparent disanalogy to
Ty

Lemma 2.2. For every f € S and m € N, we have

iy 7 (rae) = 4 S Lk )

z—0+ dz™

In [15], it is also proved that Fyo and 7 are linked in a way that parallels the link between
Fy and ry. For our purposes, we will need a reformulation of that result:

Proposition 2.3. For every f € Sy, we have

Ff72|k (S — 1) = ’l“f72 — ?ﬁg (21)
with , ()
- > re(w
’l"f72(Z) = / mdw

Proof: ;jFrom the proof of Theorem 3 of [15], it follows that

0
ry(w)
Fra(@)l, (S —1) = rpale) + ( /. mdw) s
The last term may now easily be simplified using that ry € Wj,_o. O

The correction term 775 may be explicitly expressed in terms of critical values, and it does
not affect the analogy with the relation between F; and ry.

Lemma 2.4. For all f € Sy,
k—2 k—2—n

n+1 _ P
Tr2(z) = —(k —2)! nz% ; i _2_n_:;)‘()l+n+€)(—4mz)e(—47ry) £

Remark 1. We note that all of the exponents of y are negative, thus ryo is a purely non-
holomorphic function.

Proof: ;From Lemma 2.1
k-2

100 100 k—2—n
J e S e e B et

= (w+2)k — 2m)rtik—2—n)! /5 (w+2)k

Making the change of variable w — w — z and then using the Binomial Theorem, we obtain

that the integral equals
- I4+n+¢°

6
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This implies the result. [l

Because of Lemma [2.4] it is natural to complete r;, by substracting this “lower-order”
non-holomorphic function to obtain

’//’\f’g = Tf72 - f?”vﬁg.
Lemma and Proposition 2.3] suggest, by comparison with Lemma [2.1] that 7fo can be
viewed as an analogue of the period polynomial associated to non-critical values. In the next

section, we will show that this interpretation can be formalized in a way that justifies the
name mock period function for rys.

3. MOCK PERIOD FUNCTIONS

One of the reasons that the theory of periods has been so successful in proving important
results about the values of L-functions is that they satisfy relations that allow us to view
them as elements of a space with a rational structure. This space is, in effect, the first
cohomology group of Eichler cohomology. However, to make the relation with L-functions
more immediate we will use the more concrete formulation and notation of [27]. In the last
section, we will give a cohomological interpretation of our results.

For n € N, let V,, denote the space of polynomials of degree at most n acted upon by |_,,
and set

W, ={PeVy;Pl_,(1+85)=P|_,(1+U+U?*)=0}.
The period polynomial r; associated to f € Sp belongs to Wy_o (cf. [27]). According
to the well-known Eichler-Shimura Isomorphism (cf. [27] and the references therein), the
polynomials characterize the entire space.

Theorem 3.1. (Eichler-Shimura Isomorphism) Let k be an even positive integer. Then for
each P € Wy._y there exists a unique pair (f,g) € Sk X Sk and ¢ € C such that

P(z) =rp(z) +ry(—2) +c (> = 1).

Remark 2. Usually, the second term is written as r,(2), that is the polynomial obtained by
replacing each coefficient of the polynomial r, with its conjugate. However, this may be
rewritten as

re(Z) = /OZOO M(E — )" 2w = — /Omg(—ﬁ)(—w — 2)" 24w = —7ge(—2). (3.1)

Recall that ¢°(2) := g(—%) € Sk.

We will show that there is a space similar to Wj,_o within which the completed period-like
functions 7o live. We first recall the operator & = 2iy" d% (y :=Im(z)). This map satisfies
E(flry) = (& f)|a—ry for all v € T, and thus maps weight k& automorphic objects to weight
2 — k automorphic objects. We then set

Wio = {P:H = C;&(P) € Viig; Pl (1+8) =Pl 1+ U +U?) =0} .

This space consists not of polynomials but of functions which become polynomials only after
application of the &g -operator.
The next theorem explains in what sense 742 can be considered a mock period function.

Theorem 3.2. Let k € 2N and f € Sy. Then the function 7o is an element of Wi, 5.
7



Proof: The first condition follows from the identity

N ed [ rp(w N1
&k (rm(z)) = —22yk£ / ﬁ dw = (20)Frse(2) € Vi o, (3.2)
where for the last equality we used (B.1). The relation

Ttol, (1+S5)=0

follows directly from the identity in Proposition 2.3l
To deduce the relation for U we first note that Fyo|, T = F}o, which follows directly from
f(w+1) = f(w). Thus

Frol, (1=5) = Ffo|, (1 =TS) = Ffa|, (1-0)
and the claim follows from U3 = 1. O

Remark 3. It is immediate that, if £ (P) € Vi_o, then Ag(P) = =& 0&,(P) = 0, and thus
Theorem implies that 75 is harmonic.

This theorem suggests the name mock period function for ryo as well as the more general

Definition 3.3. A holomorphic function p, : $ — C is called a mock period function if there
exists a py € EB?;% Yy~ Vj_o such that

D2 + P2 € Wi,

The Eichler-Shimura relations for 7'y proved in Theorem B2 are reflected in mock Eichler-
Shimura relations for ry .

Theorem 3.4. We have

r12(2)

[ rp(w)
k(l—l—S) —/0 w1t 2 dw,

k(l +U + U2) = /_:O 7(wa$‘2),€ dw + /_(1 7T?Z‘iz()f) dw

with U = (3 o) =8UsTh

Proof: By (2I)) and Theorem B:2]it suffices to consider the action of 1+ S and 1+ U + U?
on 779 only. Further, since ry € Wj_5, we have

1+8) =] (1+U+U%) =0, 3.3
G+ =r| (1+U+ (3:3)
For the first identity we have by (3.3)

kS = Z_k/ 777(“}) dw

(w2

(L) =+ [T

To prove the second identity, we observe that (3.3]) implies that

(1 + U+ l72> —0. (3.4)
8

rr2(2)

T12(2)

=

Ty

2—k



The change of variables w — Uw gives
0 -
_ ryla-kU(w)
U= ——— dw.
7“f72(z)’k /_E (2 + w)* w
Likewise, the change of variables w — U%w yields

-1 772
_ s 7fla U (w)
T’f,2(z)‘kU = /__ “wraF dw.

z

Thus
_ ) U U2 100 rf|2_k <1+[7+[72) (’LU) J
ng(Z)k( +U + )—/_Z TR w
_ /ioo vyl Uw) o - /ioo Tl U (w) .
o (z+w) S (w2
Applying ([B.4]) we obtain the claim. O

4. SESQUIHARMONIC MAASS FORMS

In this section, we introduce new automorphic objects related to non-critical values of
L-functions.

Definition 4.1. A real-analytic function F : ) — C is called a sesquiharmonic Maass form
of weight k if the following conditions are satisfied:

i) We have for all v € T" that F|y = F.
ii) We have that Ag s (F) = 0.
iii) The function F has at most linear exponential growth at infinity.

We denote the space of such functions by Hy 5. The subspace of harmonic weak Maass forms,
i.e., these sesquiharmonic forms F that satisfy

Ap(F) = —=&p 0 &(F) =0
is denoted by Hy. Our definition in particular implies that
&k (Hk,2) C Hy_y.

The holomorphic differential D := ﬁd% plays a role originating in Bol’s identity. It is
well-known that (see [10])

&y i (Hooy) C My,  D*'(Hy_p) C M.

Here, M, denotes the space of weakly holomorphic modular form, i.e., those meromorphic
modular forms whose poles may only lie at the cusps. This suggests the following distin-
guished subspaces.

Definition 4.2. For k € 2N, set
i) Hf , :=={f € Ho_j;; D*1(f) € Si} and H, , := {f € Hay; &1 (f) € Sk},
i) Hyy = {f € Hra; &(f) € Hi_,.}.



Employing the theory of Poincaré series, we will prove that the restriction of & on H,',

surjects onto Hy ,. In general, for functions ¢ that are translation invariant, we define the
following Poincaré series

Peleiz) = Y | 22) (4.1)
YET o \I'
whenever this series converges absolutely. Here, I', is the set of translations in I". For k > 2,
the classical Poincaré series, spanning S; for m > 0, are in this notation

Py(m; z) =P (¢"; 2) .
For all m € Z \ {0}, the Maass Poincaré series are defined by [23]
Pr(m, s;2) := Pr (Pm.s; 2)
with
Pms(2) 1= M (dmmy)e(ma),
Here, e(x) := €™ and
_k
MI;(U) = |U| 2Msgn(u)%,s—%(|u|)’
where M, , is the usual M-Whittaker function with the integral representation
(1 + 2v)
F(v+p+H) D (v—p+3
for Re (l/i W+ %) > (0. Using that as y — 0

y
2

(SIS

Mmu (y) = yV+

e

1
)/ (L )R gt (4.2)
0

Mi(y) =0 (yRe(s)‘%) : (4.3)
we see that the series Py(m, s; z) converges absolutely for Re(s) > 1 and satisfies
1
Ay (Pp(m,s;2)) = (8(1 —s)+ 1 (k* — Qk)) Py(m, s; 2). (4.4)

In particular, the Poincaré series is annihilated for s = % ors =1-— % (depending on the

range of absolute convergence). Moreover, for m > 0 and k > 2, we have
DF1 (IP’Q_k (m, g; z)) = —(k— 1)!'mF 1 Py(m; 2) (4.5)
(see, e.g. [5]) and
5
(see, e.g. Theorem 1.1 (2) of [9]). This implies
Py_s (m, g; z) e H,, Py (—m, g; z) €H, ,.

In fact, the Poincaré series span the respective spaces H, , and H, ,. For the space H, this
follows from Remark 3.10 of [10]. For the space H,” one may argue analogously by using the
flipping operator [5], which gives a bijection between the two spaces.

For k > 0, we then set

Eop (IPH (—m, k. z)) = (k — 1)(4mm)" 1 P(m; 2) (4.6)

Pr2(m; 2) := Pr (m; 2)
10



with
d k
Ym(2) = o= [ME(mmy)
s
Differentiation in s only introduces logarithms and thus, using (4.3]), we can easily see that,
for Re(s) > 1 and for every e > 0, the derivative is O(yR°(*)=<=#/2) and thus, as y — 0, we
find ¢, (2) = O(y™). Thus for all nonzero integers m, and k > 0, Py 2(m; z) is absolutely
convergent.
One could further explicitly compute the Fourier expansion of Py o but for the purposes
of this paper, this is not required.

ot e(mz).

Theorem 4.3. Form € N, the function Py5(—m; z) is an element of H;, and satisfies:

&k (Pra(—m;2)) = (4mm) = Py _y, <m, g; z) , (4.7)
DF 1o & (Pra(—m;2)) = —(k— 1)!(47r)k_1Pk(m; ). (4.8)

In particular, the map
& Hl:2 — HS
18 surjective.

Proof: Due to the absolute convergence of the series, the transformation law is satisfied by
construction.

To verify the (at most) linear exponential growth at infinity of Py 2(m; z) we recall that
M,,, has at most linear exponential growth as y — oo (cf. [32], (13.14.20)). We further note
that this also holds for its derivative in s and thus 1,,(z) too, because differentiation in s
only introduces logarithms. Therefore, since Im(vyy) — 0 as y — oo whenever v # 1, we

have
E Z Im(vz)_EJr% :
Y€l \I'={1}

Pro(m; 2) < [Ym(2)] +y

This together with the well-known polynomial growth of Eisenstein series at the cusps implies
the claim.

To prove (A7) and (AE), and thus the annihilation under A, we first note that
commutes with the group action of I' and therefore we only have to compute

6 (3 [MbAmmye(-ma)]

= ammr | [ (e (1.9)

y=47rmy} s=0

Notice that we do not need to conjugate the internal function because upon differentiation
at s = 0 we obtain a real function. The integral representation (4.2]) implies for y > 0

k —y y’I'(2s + k) /1 s—1 s+k—1_—yt
l— 2 = - t ]_ - t y dt
M8+§( yle C(s)C(s+ k) Jo ( ) ¢
11



which, in turn, gives that

dy
S —k - SF 2S+k ! s S—i-k—l —yt
=Y PM g k1 (y)e ()0 (s + k) /0 t°(1 — e di
_Yy _kE_ l _Y
_Sy 2 lM—%,s—l—%—%(y) 2= 28—|—I€y 22 %—i s+§(y)e 2

& (i [M';<—4wmy>e<—mx>hzg) = () AL g e ),

which implies ([L7). ;From (£71) we may also deduce that Ay - (Pkg(m; z)) = 0. Equality

(E5) implies (£8). Since, as mentioned above the functions Po_(m, k/2; z) span H," ., (&7
implies the last assertion. O
Since we have a basis of Sy consisting of Poincaré series, Theorem implies

Corollary 4.4. For f € S, there exists My € H,:Q such that
D¥o g (Mys) = f.

To state and prove our second main theorem we analyze the Fourier expansion of F in
H},. Since F := &, (F) € Hy ,, it has a Fourier expansion of the form

F(z) = Z n)q" + Z b(n)L(k — 1, 47ny)q ™"

n>0 n>> oo

for some a(n),b(n) € C and I'(s,y) the incomplete gamma function (see, for instance, [10]).
The first summand is called the holomorphic part and the second the non-holomorphic part
of F, and we denote them by F'™ and F~, respectively. A direct calculation implies that for
some a(n),b(n),c(n),d(0) € C
F(z)= Y aln)g"+ Y bn)I(1—kdmny)g "+ Y c(n)Ti_i(dmny)q" + d(0)y' ",
n>>—00 n>0 n>>?é 0o

(4.10)
where for y > 0, we define

o dt
Ii(y) := / [(s, t)t_set7.
y

Similarly for y < 0, we integrate from —oo instead of co. We call the first summand of the
right hand side of (@0 the holomorphic part, the second the harmonic part, and the third
the non-harmonic part of F and we denote them by F™*, F*~ and F~~ respectively. We
note that for F*+ #£ 0, F~ £ 0, and F~~ # 0, we have

&k (./_"—H-) =0, & (./_"+_) #0 & (./_"__) #0, & (yl_k) #0, (411)
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S kol (FT) =0, &po&(F7)#0, &Luok(y'™) =0, (4.12)
DMl (FT)#0, DF'o&g(F7)=0, D" 'o&(y' ") =0. (4.13)

With this terminology and notation we have

Theorem 4.5. For f € Sy, there is a Mys € Hl:2 such that D*' o & (Mo) = —(g’;—,?l’lfc

and

Prals) = Mz (2)] (5 - 1)
Proof: By equation (2.1)),

?ﬁg = Fﬁg k(S - 1)

By Corollary [£.4] there is a My € H ,j , such that

_ k—2)! .

D06 (Mya) =~ n (4.14)
We claim that
Ff,g = M}:é_

A direct computation inserting the Fourier expansion of f gives that Fys(2) has a Fourier
expansion of the form

Z b(n)I'(1 — k,4mny)q™".

Next
6 (Fyae)) = 20 4F5) = (20 [ T+ w) = dw
= e [ ) - w) e

This implies that
(k—2)!

DFlog, (Fm) =@

Thus by (£I4),
DF1tog, <Ff,2 — Mf,2> = 0.

By (@I1)) and (£I3), non-zero expansions in incomplete gamma functions are not in the
kernel of D*~! o ¢;.. This implies that Fyq — ./\/l;?E:O. O

5. A Mock EICHLER-SHIMURA ISOMORPHISM

In this section, we will show an Eichler-Shimura type theorem for harmonic period func-
tions of positive weight. We first note that

(W) C Wi_s, (5.1)

because & is compatible with the group action of I'.
Fix P € Wy Then (5 and Theorem Bl imply that there exist f,g € S, and a € C
such that

E(P(2) =rp(2) + riqg(—z) +a (zk_2 — 1) . (5.2)



This can be viewed as a differential equation for P, and we will now describe the general
solution in Wy ». To find a preimage of the second summand we require regularized integrals
as they are defined, for instance, by Fricke in his upcoming PhD thesis [21].

Consider a function f : H — C that is continuous. Assume that there is a ¢ € R such

that
f(z)=0 (eclm<2>) (5.3)

uniformly in Re(z) as Im(z) — oo. Then, for each z, € $, the integral

[ e sty

(where the path of integration lies within a vertical strip) is convergent for v € C with
Im(u) > 0. If it has an analytic continuation to u = 0, we define the regularized integral

R. ioo flw) dw := [/wo e f(w) dw] ,
20 20 u=0

where the right hand side means the value at u = 0 of the analytic continuation of the
integral. Similarly, we define integrals at other cusps a. Specifically, suppose that a = o,4(i00)
for a scaling matrix o, € SLy(Z). If f(0,2) satisfies (5.3]), then we define

/ f(w) dw := R. / fly(w) dw
0420
For cusps a, b we define:

R. /abf(w) dw = R, /Z:f(w) dw+ R, / Fw) dw (5.4)

for any 2y € $). An easy calculation shows:

Lemma 5.1. The integral R. f: f(w) dw as defined in (5.4) is independent of zo € 5.
By Theorem [[.2] there exists a harmonic Maass form M such that

ry(=2) = Mf| (1= 9)(z). (5.5)

Frmn [
to(2) = ./—z Wt o) w,

Set

; P AU
Tf’Q(Z) = /(; m w . y
oy [ ()
0= [ Gy
T72(2) = 17a(2) = T 5(2).
We note that, by definition,
= Z ane®™ + O (6_2”3’) for some N < 0, as y — oc.
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We insert the above Fourier expansion into F7, and integrate each of the terms separately.
Terms with n > 0 do not require regularization. For terms with n < 0 we obtain a linear
combination of incomplete gamma functions of the form I'(¢,2) (¢ € Z, z # 0). These
functions can be analytically continued, from which we may deduce that the integrals can
be extended to u = 0. Therefore, the regularized integrals are well-defined. The integral 77},
ist treated analogously.

We also note that 7%, does not require regularization, since ry(—z) € V5. We easily
compute, using (B.1]), that

& (T72(2)) = (20)'Frpe(—2).
We claim that a special solution in Wy o to (5.]) is then given by

Rja) = =0 nal) - (20 Ty(e) i ([T

(5.6)

100

)ha—sy (5.7)

It is clear by ([3.2), (5.6) and the identity

) = (29 5.8
([ ) - o
that R}, satisfies (5.2)).
By Theorem 3.2} the function 7sc 5 is an element of Wy 5. The same is true for 77 »:
Lemma 5.2. We have
Fra|, (8 = 1)(2) = 77a(2).
In particular, 775 5 € W .
Proof: We first note, with Lemma [5.1] and the definition of regularized integrals, that
S = [ /z‘oo e M (w) dw] [ /ioo e MF(—1/w) d(—1/w)
; P e I VR e v
[ oo e My (w) dw | R e M (w) dw
_ / / | (5.9)
s (w+ 2)k » s (w+ 2)k »

On the other hand, to compute Fj,|x(S — 1)(2) = Fjo(—1/2)27" — Fj,(2) we recall that,
by definition, this is the value of u at 0 of the analytic continuation of

/7

For Im(u) > 0, with (5.5]) this equals

/0 e M (=1/w) d(—1/w)
(—z/w—1)*

0 e_“/wM}r(w) dw
B /—z (z +w)k -

-z -z

/.

/ioo e M (w) dw B
1 (wz — 1)k

/ioo e M (w) dw

o (w2

B /iOO e My (w) dw
(w4 2)*

0 /vy (—w) dw

(z +w)* -z

/ioo e M (w) dw

CEL (5.10)



Because of ([83), the second integral of (5.10) equals

/m evrp(—=1/w)wk dw B /i‘x’ e rp(w) dw
s (w =1 iy (w1

This is analytic at u = 0 with value 7 ,[,5(2). Therefore, with analytic continuation and

G.9), EI0) gives

which implies the result. 0

That the third term of (5.7) is an element of Wy, o follows directly from (5.8) and the invari-
ance of the integral under 7T'.
Therefore, the general solution of (5.2) is

N . _ [ d
—(2i)+! (T’fc’g(Z) + e n(2) — a/ v

_z (w+2)k ‘k

(1-8)+ G<z>) |

where G is a holomorphic function on $. The last summand G must be annihilated by 1+ S
and 1+ U + U? in terms of |, because all the others satisfy the Eichler-Shimura relations.
This implies that G = H|,(S — 1) for some translation invariant holomorphic function H.
Indeed, this follows from H'(T', A) = 0, where A is a the module of holomorphic functions
on § (see equation (5.3) of [25] citing [29]).

Set

Una = (O() + {f € 2ty Vis: &(f) € Vira} ) N1 9 > C AT = f},
where O($)) is the space of holomorphic functions on §). We can then complete the proof of
Theorem 5.3. The map ¢ : Sp, ® S — Wi o defined by

¢(f> g) = ?fc,2 + f?gkc,2
induces an isomorphism
&1 Sp® Sy g Wio/Vio,
where Vi, o 1= Uy 2|k(S — 1).

Proof: We have already shown above that ¢ is surjective. To show that it is injective,

suppose that P € ker(¢). Then
Treg +Theo = AlR(S —1) (5.11)

for some A € Uy 5. Applying & on both sides of (5.11]), we deduce that r¢(2) + r4(—2) is an
Eichler coboundary. The classical Eichler-Shimura isomorphism (Theorem B.1]) implies that
f, g must vanish. O

Remark 4. Since {f € @?;lly_ij_g; &k(f) € Vi—a} does not contain any holomorphic ele-
ments, it is isomorphic to Vi_s. The corresponding isomorphism is &.
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6. COHOMOLOGICAL INTERPRETATION

Theorem has a cohomological interpretation which makes apparent the similarity of
our construction with the one associated to critical values in [7]. We shall first give a
cohomological interpretation of the period polynomials in the context of the results of [7].

We recall the definition of parabolic cohomology in our setting. For m € Z and a I'-sub-
module V of the space of functions f : $ — C we define

Z,(0, V) :={g:T = V;9(78) = g(7)lmd + g(8) and
9(T) = h|;n(T — 1) for some h € V'},

B;(F,V) =B'(I,V):={g:T — V;for some h €V,
g(7) = hlp(y —1) for all v € F},

and
1 7l 1
H,(T,V):=Z,(I',V)/B,(',V).
A basic map in the theory of period polynomials is
p: Sk — H)(T, Vo).

It assigns to f € Sy the class of a cocycle ¢5 determined by ¢;(7T") = 0 and ¢¢(S) = r¢(—=2).
We further consider the I'-module O*($)) of holomorphic functions F' : ) — C of at most
linear exponential growth at the cusps. The group I' acts on O*($)) via |o—p. Then the
natural injection ¢ of Vj_y into O*($) induces a map

it H; (T, Vio) — H; (T, 0*($)).

Theorem 1.1 of [7] states that r(—2) is a constant multiple of F;[o (1 — S) for the holo-
morphic part F JT of some harmonic Maass form F’ that grows at most linear exponentially
at the cusps. This can then be reformulated as:

i"op=0. (6.1)

To formulate the analogue of this result in our context and the setting of non-critical
values we consider the following I-modules, all in terms of the action |,
i) H*($) the I''module of harmonic functions on $ of at most linear exponential
growth at the cusps.
i) Vio:={f: 9 — C of at most lin. exp. growth at the cusps, & (f) € Vi—2}.
Because of the compatibility of &, with the slash action, these spaces are I'-invariant.
According to Theorem [B.2], for each f € Si, the map ¢y such that ¢¢(7) = 0 and
Y;(S) = Tyo induces a cocycle with values in Vj 9. Therefore, the assignment f — 1)y
induces a linear map
p' : Sk — H; (P,Vk,g).
Because of Remark [3] there is a natural injection i’ from Vo to H*($)), and this induces a
map:
i H) (T, Vo) — H) (D, H*(9)) -
Theorem then implies that

Theorem 6.1. The composition i"™* o p' is the zero map.
17



REFERENCES

[1] G. Andrews, On the theorems of Watson and Dragonette for Ramanujan’s mock theta functions, Amer.
J. Math. 88 (1966), 454-490.

[2] K. Bringmann, Asymptotics for rank partition functions, Trans. Amer. Math. Soc. 361 (2009), 3483-3500.

[3] K. Bringmann, On certain congruences for Dyson’s ranks, Int. J. Number Theory 5 (2009), 573-584.

[4] K. Bringmann and B. Kane, Inequalities for differences of Dyson’s rank for all odd moduli, Math. Res.
Lett. 17 (2010), 927-942.

[5] K. Bringmann, B. Kane, and R. Rhoades, Duality and differential operators for harmonic Maass forms,
submitted for publication.

[6] K. Bringmann, A. Folsom, and K. Ono, g¢-series and weight 3/2 Maass forms, Compositio Math. 145
(2009), 541-552.

[7] K. Bringmann, P. Guerzhoy, Z. Kent, and K. Ono, Fichler-Shimura theory for mock modular forms,
submitted for publication.

[8] K. Bringmann and K. Ono, The f(q) mock theta function conjecture and partition ranks, Invent.
Math. 165 (2006), 243-266.

[9] K. Bringmann and K. Ono, Lifting cusp forms to Maass forms with an application to partitions, Proc.
Nat. Acad. Sci. (USA) 104 (2007), 3725-3731.

[10] J. Bruinier and J. Funke, On two geometric theta lifts, Duke Math. J. 125 (2004), 45-90.

[11] J. Bruinier, K. Ono, and R. Rhoades, Differential operators for harmonic weak Maass forms and the
vanishing of Hecke eigenvalues, Math. Ann. 342 (2008), 673-693.

[12] R. Bruggeman, Modular forms of varying weight I, Math. Z. 190 (1985), 477-495.

[13] R. Bruggeman, Modular forms of varying weight II, Math. Z. 192 (1986), 297-328.

[14] R. Bruggeman, Modular forms of varying weight III, J. fiir die reine und angew. Math. 371 (1986),
144-190.

[15] Y. Choie and N. Diamantis, Values of L-functions at integers outside the critical strip, Ramanujan J. 14
(2007), 339-350.

[16] P. Deligne, Valeurs de fonctions L et périodes d’intégrales, With an appendix by N. Koblitz and A. Ogus.
Automorphic forms, representations and L-functions, Part 2 (Proc. Sympos. Pure Math.) (1979), 313-346.

[17] W. Duke and O. Imamoglu A converse theorem and the Saito-Kurokawa lift, Internat. Math. Res.
Notices 7 (1996), 347-355.

[18] W. Duke, O. Imamoglu, and A. Toth, Cycle integrals of the j-function and mock modular forms, Ann.
of Math., accepted for publication.

[19] L. Dragonette, Some asymptotic formulae for the mock theta series of Ramanugjan, Trans. Amer. Math.
Soc. 72 (1952), 474-500.

[20] J. Fay, Fourier coefficients of the resolvent for a Fuchsian group, J. Reine Angew. Math. 293/294
(1977), 143-203.

[21] H. Fricke, Analytische und padische Aspekte von klassischen und Mock-Modulformen, PhD thesis, Max
Planck Institute for Mathematics (in preparation).

[22] D. Goldfeld Special values of derivatives of L-functions Number theory (CMS Conf. Proc., 15) (1995),
159-173.

[23] D. Hejhal, The Selberg trace formula for PSL(2,R), Vol. 2 (Lect. Notes in Math., Vol. 1001), Springer,
1983.

[24] H. Hida, Non-critical values of adjoint L-functions for SL(2). Automorphic forms, automorphic repre-
sentations and arithmetic, Part 1 (Proc. Sympos. Pure Math.) (1999) 123-175.

[25] M. Knopp, Some new results on the Eichler cohomology, Bull. AMS 80 (1974), 607-632.

[26] N. Koblitz, Non-integrality of the periods of cusp forms outside the critical strip, Funkcional. Anal. i
Prilozen. 9 (1975), 52-55.

[27] W. Kohnen and D. Zagier, Modular forms with rational periods Modular forms (Durham, 1983), 197-249
(1984).

[28] M. Kontsevich and D. Zagier, Periods. Mathematics unlimited-2001 and beyond (2001) 771-808.

[29] 1. Kra, On cohomology of kleinian groups II Ann. of Math. (2) 90 (1969), 576-590.

[30] Y. Manin, Periods of cusp forms, and p-adic Hecke series, Mat. Sh. (N.S.) 92 (134) (1973), 378-401.

18



[31] Y. Manin Parabolic points and zeta functions of modular forms, Izv. Akad. Nauk SSSR Ser. Mat. 6
(1972) 19-64.

[32] F. Olver, D. Lozier, R. Boisvert, C. Clark, NIST handbook of mathematical functions, U.S. Department
of Commerce, National Institute of Standards and Technology, Washington, DC; Cambridge University
Press, 2010.

[33] S. Ramanujan, The lost notebook and other unpublished papers, Narosa, New Delhi, 1988.

[34] N. Schappacher, A. Scholl, Beilinson’s theorem on modular curves, Beilinson’s conjectures on special
values of L-functions (Perspect. Math., 4) (1988), 273-304.

[35] L. Slater, Generalized hypergeometric functions, Cambridge University Press, 1966.

[36] S. Zwegers, Mock theta functions, Ph.D. Thesis, U. Utrecht (2002).

MATHEMATICAL INSTITUTE, UNIVERSITY OF COLOGNE, WEYERTAL 86-90, 50931 COLOGNE, GER-
MANY
E-mail address: kbringma@math.uni-koeln.de

SCHOOL OF MATHEMATICAL SCIENCE, UNIVERSITY OF NOTTINGHAM, NOTTINGHAM NG7 2RD, UK,
MAX-PLANCK-INSTITUT FUR MATHEMATIK, VIVATSGASSE 7, 53111 BONN, GERMANY
E-mail address: diamant@mpim-bonn.mpg.de

MAX-PLANCK-INSTITUT FUR MATHEMATIK, VIVATSGASSE 7, 53111 BONN, GERMANY
E-mail address: MRaum@mpim-bonn.mpg.de

19



	1. Introduction
	2. Cusp forms and periods associated to their L-values
	3. Mock period functions
	4. Sesquiharmonic Maass forms
	5. A Mock Eichler-Shimura isomorphism
	6. Cohomological interpretation
	References

