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Abstract

We extend to the eigenvalues of the hypersurfasm® Dirac operator well known
lower and upper bounds. Examples of limiting cases are thegngFuthermore,
we prove a correspondence between the existence $piaf Killing spinor on
homogeneou8-dimensional manifold&*(x, ) with 4-dimensional isometry group
and isometric immersions @ (x, 7) into the complex space forivl*(c) of constant
holomorphic sectional curvaturé:, for somec € R*. As applications, we show
the non-existence of totally umbilic surfaceslin(x, 7) and we give necessary and
sufficient geometric conditions to immerse3adimensional Sasaki manifold into
M*(c).

Key words. Spin® structures, isometric immersions, spectrum of the Diraerator,
parallel and Killing spinors, manifolds with boundary andubdary conditions,
Sasaki and Kahler manifolds.

1 Introduction

It is well known that the spectrum of the Dirac operator ondrgprfaces of &pin
manifold detects informations on the geometry of such nodshéfand their hypersur-
faces ([3/ 4[5l 16, 18, 19]). For example, O. Hijazi, S. Meh&ind X. Zhang/[16]
proved that on the compact boundav¥® of a Riemannian compaépin manifold
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Zn+1 of dimensionn + 1 and with nonnegative scalar curvature, the first positive
eigenvalue\; of the Dirac operator satisfies

n.
)\1251]1\1}["[7 1)

whereH denotes the mean curvature/df, assumed to be nonnegative. Equality holds
if and only if H is constant and every eigenspinor associated witis the restriction

to M of a parallel spinor or£ (and soZ is Ricci-flat). As application of the limiting
case, they gave an elementary proof of the famous Alexartiemrem|[[16]the only
compact embedded hypersurfaceriti™! of constant mean curvature is the sphife

of dimensiom.

Assume now thatV/™ is a closed hypersurface &"*!. Evaluating the Rayleigh
guotient applied to a parallel or Killing spinor field comifigm Z, C. Bar [5] derived

an upper bound for the eigenvalues of the Dirac operatav/doy using the min-max
principle. More precisely, there are at leastiigenvalues\,,-- -, \, of the Dirac

operator onV/ satisfying

M <n?a?+ ———— [ H?dv, (2)

wherevol(M) is the volume of)/, dv is the volume form of the manifold/, « is the
Killing number (@ = 0 if the ambient spinor field is parallel) andis the dimension
of the space of parallel or Killing spinors.

Recently, Spin® geometry became a field of active research with the advent of
Seiberg-Witten theoryl [22, 35, B1]. Applications of the I&®g-Witten theory to
4-dimensional geometry and topology are already notori¢@,s24,(25, 13]). From

an intrinsic point of viewSpin, almost complex, complex, Kahler, Sasaki and some
classes of CR manifolds have a canonigain® structure. The complex projective
spaceCP™ is alwaysSpin® but notSpin if m is even. Nowadays, and from the extrin-
sic point of vue, it seems that it is more natural to work wWithin® structures rather
than Spin structures. Indeed, O. Hijazi, S. Montiel and Mbaddio [20] constructed on
Kahler-Einstein manifolds with positive scalar curvauspin® structures carrying
Kahlerian Killing spinors. The restriction of these spimdo minimal Lagrangian
submanifolds provides topological and geometric restma on these submanifolds.
In [30,129], and vigSpin® spinors, the authors gave an elementary proof floaason
type correspondencbetween constant mean curvature surfaces-dfmensional
homogeneous manifolds with-dimensional isometry group. We point out that,
using Spin spinors, we cannot prove thlsawson type correspondenciloreover,
they characterized isometric immersions oB-@limensional almost contact metric
manifold M into the complex space form by the existence Span° structure on\/
carrying a special spinor called a generalized Killing spin



In the first part of this paper and using tlSgin® Reilly inequality, we extend
the lower bound[({1) to the first positive eigenvalue of theaDioperator defined
on the compact boundary of $in® manifold. Examples of the limiting case are
then given where the equality case cannot occur if we congitke Spin Dirac
operator on these examples. Also, by restriction of pdraiid Killing Spin® spinors,
we extend the upper bound] (2) to the eigenvalues of the Dipacator defined on

a closed hypersurface 8Hin® manifolds. Examples of the limiting case are also given.

In the second part, we studgpin® structures on3-dimensional homogeneous
manifolds E*(x, 7) with 4-dimensional isometry group. It is well known that the
only complete simply connecteéthin® manifolds admitting real Killing spinor other
than theSpin manifolds are the non-Einstein Sasakian manifolds endawgttheir
canonical or anti-canoniceélpin® structure [[27]. SinceE*(x,7) are non-Einstein
Sasakian manifolds [7], the canonical and the anti-cambriipin® structure carry
real Killing spinors. In [[30], the authors proved that thianonical (resp. this
anti-canonical)Spin® structure onE*(k,7) is the lift of the canonical (resp. the
anti-canonical)Spin® structure onM?(x) via the submersiofit*(x,7) — M?(k),
where M?(x) denotes the simply connect@ddimensional manifold with constant
curvaturex . Moreover, they proved that the Killing constant of the r€gling spinor
field is equal to5. Here, we reprove the existence of a Killing spinor for thearscal
and the anti-canonicapin® structure. This proof is based on the existence of an
isometric embedding of*(x, 7) into the complex projective space or the complex
hyperbolic space (see Proposition]4.1). Conversely, flioenexistence of a Killing
spinor onE*(k, 7), we prove the existence of an isometric immersiofLtfx, 7) into

the complex space forivl*(c) of constant holomorphic sectional curvatuie for
somec € R* (see Proposition_4.2). Since every non-Einstein Sasakifoldrhas a
Spin® structure with a Killing spinor, it is natural to ask if thiadt result remains true
for any 3-dimensional Sasaki manifold. Indeed, every simply cotegtaon-Einstein
Sasaki manifold can be immersed it (c) for somec € R*, providing that the
scalar curvature is constant (see Theorem 4.3). Finallynake use of the existence
of a Killing spinor onE*(x,7) to calculate some eigenvalues of Berger spheres
endowed with differentSpin© structures. By restriction of this Killing spinor to any
surface ofE*(k, 7), we give aSpin® proof for the non-existence of totally umbilic
surfaces iff*(x, 7) (see Theorern 4.4) proved already by R. Souam and E. Toubiana
[32].

2 Prdiminaries

In this section, we briefly introduce basic notions conaggrthe Dirac operator on
Spin® manifolds (with or without boundary) and their hypersuegscDetails can be
found in [10], [26], [23], [15] and([5].



The Dirac operator on Spin® manifolds. We consider an oriented Riemannian
manifold (M™, g) of dimensionn with or without boundary and denote BY) M the
SO,,-principal bundle overM of positively oriented orthonormal frames. $pin®
structure of)M is is given by arS!-principal bundle(S' M, 7, M) of some Hermitian
line bundleL and aSpin;, -principal bundlgSpin® M, =, M) which is a2-fold covering

of theSO,, x St-principal bundleSOM x,; S'M compatible with the group covering

0 — Zy — Spin’, = Spin,, xz, S* — SO,, x S* — 0.

The bundleL is called the auxiliary line bundle associated with #pén® structure. If
A T(S'M) — iR is a connection 1-form ofi* M, its (imaginary-valued) curvature
will be denoted byF,, whereas we shall define a reéaform Q onS'M by F, = Q.
We know thaft(2 can be viewed as a real valued 2-forman[10,21]. In this caseif

is the curvature form of the auxiliary line bundlg]10,21].

Let XM := Spin°M x,, 3, be the associated spinor bundle whéige = c2'?!

and p, : Spin, — End(X,) the complex spinor representation [10/] 23| 29]. A
section of¥ M will be called a spinor field. This complex vector bundle isunally
endowed with a Clifford multiplication, denoted by'*- : CI/(TM) — End(XM)
which is a fiber preserving algebra morphism and with a natdeamitian scalar
product< .,. > compatible with this Clifford multiplication [26, 10, 15[f » is even,

XM = XtM & ¥~ M can be decomposed into positive and negative spinors by the
action of the complex volume element [10] 26, [15, 29]. If sdata are given, one can
canonically define a covariant derivati¥e on XM given, for all X € I'(T'M), by
[10,123, 15| 29]:

V= X(0) 7 D065 ey b+ SAGX)0, ©
j=1

where the secon¥ is the Levi-Civita connection o/, ¢ = [be/s, o] is a locally
defined spinor fieldb = (ey,---,¢e,) is a local oriented orthonormal tangent frame,
s: U — S'M is a local section oB'M, b x s is the lift of the local sectiom x s :

U — SOM x ,;S' M to the2-fold covering andX (1)) = [b x s, X (o)]. For any other
connectiond’ onS' M, there exists a redHorm o on M such thatd’ = A + i« [10].

If we endow theS'-principal fiber bundI&' M with the connectiom!’, there exists on
M a covariant derivativ®  given by

/ 1
Vit = Vv + 5a(X)e, )
forall X € I'(TM) andy € I'(XM). Moreover, the curvaturg-form of A’ is given
by Fy, = F4 + ida. But Fy (resp.F,/) can be viewed as an imagina2yform on

M denoted byiQ (resp.iQY'). Thus,iQ (resp.iQ’) is the curvature of the auxiliary
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line bundle associated with th&'-principal fiber bundleS'A/ endowed with the
connectiond (resp.A’) and we haveéQ' = iQ) + ida.

The Dirac operator, acting oi'(XM), is a first order elliptic operator locally
givenbyD =" e;- V., where{e;};- .., is any orthonormal local basis tangent
to M. An important tool when examining the Dirac operatorSpiin©® manifolds is the
Schrodinger-Lichnerowicz formula [10, 23]:

1 |
D? = V'V + 28 ldrsman + 52 (5)

whereS is the scalar curvature dff, V* is the adjoint ofV with respect to thd.-
scalar product an@?- is the extension of the Clifford multiplication to differeal
forms. The Ricci identity is given, for alk € I'(T'M), by

>~ e Rles X4 = SRic(X) - — L(X.0) 4 ©)

for any spinor fieldy. HereRic (resp.R) denotes the Ricci tensor dff (resp. the
Spin® curvature associated with the connect\dhand_ the interior product.

A Spin structure can be seen as Spin® structure with trivial auxiliary line
bundle L endowed with the trivial connection. Every almost compleanmold
(M?™, g, J) of complex dimensionn has a canonicabpin® structure. In fact, the
complexified cotangent bundlE*M @ C = AYYM @ A%'M decomposes into the
+i-eigenbundles of the complex linear extension of the comglructure. Thus, the
spinor bundle of the canonicapin® structure is given by

M = A% M = @™ A% M

whereA%" M = A"(A%! M) is the bundle of-forms of type(0, 1). The auxiliary line
bundle of this canonicabpin® structure is given byl = (Kj,)~' = A™(A%1M),
where K, is the canonical bundle af/ [10, (26,[29]. Letx be the Kahler form
defined by the complex structurg i.e. x(X,Y) = ¢(X, JY) for all vector fields
X,Y € I'(TM). The auxiliary line bundld. = (K;,)~! has a canonical holomorphic
connection induced from the Levi-Civita connection whosevature form is given by
i) = ip, wherep is the Ricci2-form given byp(X,Y) = Ric(X, JY'). For any other
Spin® structure the spinorial bundle can be writtenlas [10, 20]:

SM=A"M®L,

where£? = K,;® L andL is the auxiliary bundle associated with tBisin® structure.
In this case, the-form x can be considered as an endomorphisr df via Clifford
multiplication and we have the well-known orthogonal splg >M = @& (3, M,
whereX. M denotes the eigensubbundle corresponding to the eigenialu— 2r)
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of x, with complex rank(m). The bundleX, M correspond toA%" M ® L. For

the canonicabpin® structurke, the subbundbg, ! is trivial. Hence and whe/ is

a Kahler manifold, thisSpin® structure admits parallel spinors (constant functions)
lying in XM [27]. Of course, we can define anothgsin® structure for which the
spinor bundle is given by*°M = @ (A" (T} M) and the auxiliary line bundle by
K. ThisSpin® structure will be called the anti-canonicglin® structure.

Spin¢ hypersurfaces and the Gauss formula. Let (M™, g) be ann-dimensional
oriented hypersurface isometrically immersed in a Riermantspin® manifold
(271 gz). The hypersurfacé/ inherts aSpin® structure from that org, and we
have [26] 5 29, 28]:

X2, ~XM ifniseven,
¥*t2z,, ~¥XM ifnisodd.

Moreover Clifford multiplication by a vector field’, tangent ta/, is given by

Xep=(X v

[ars

wherey € T'(XZ) (ory € T'(X1Z2) if nis odd),yp is the restriction of) to M, “-" is
the Clifford multiplication onZ, “e” that on M/ andv is the unit normal vector. When
n is odd, we can also géi~ Z|,, ~ X M. In this case, the Clifford multiplication by
a vector fieldX tangent toM is given by X e ¢ = —(X - v - ), and we have
2, ~ XM @ XM. The connection 1-form defined on the restriceprincipal
bundle(S'M =: §'Z|,,, 7, M), is given by

A=A%,, T(S'M)=T(5'2),,, — iR.

Then the curvature 2-forns2 on theS!-principal bundleS' M is given byi2 = iQ~|,,,
which can be viewed as an imaginary 2-form &hand hence as the curvature form
of the line bundlel, the restriction of the line bundl&?® to M. We denote by~ the
spinorial Levi-Civita connection ol Z and byV that onX M. For all X € I'(T'M)
and for every spinor field> € T'(X2Z) (or ¢ € T'(XTZ2) if n is odd), we consider
¢ = 1,, and we get the followingpin® Gauss formula [26,/5, 28]:

1
(V)Z(w>|1\/1 =Vxp+ §[I(X) ® Y, (7)
wherelI denotes the Weingarten map with respeat.tMoreover, LetD? and D be
the Dirac operators o and M, after denoting by the same symbol any spinor and
it’s restriction toM, we have

~ n
D90=§H30—V~D230—Vf<p, (8)
D(v-¢) =-v- Dy, 9)
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where H = Lltr(I/I) denotes the mean curvature ahd = D if n is even and
D =D& (—D)if nis odd.

Homogeneous 3-dimensional manifolds with 4-dimensional isometry group.

We denote a3-dimensional homogeneous manifold withdimensional isometry
group byE(x, 1), k — 472 # 0. It is a Riemannian fibration over a simply connected
2-dimensional manifold?(x) with constant curvature and such that the fibers are
geodesic. We denote by the bundle curvature, which measures the default of the
fibration to be a Riemannian product. Precisely, we denotg dwnit vertical vector
field, that is tangent to the fibers. #f £ 0, the vector field is a Killing field and
satisfies for all vector field(,

Vxé=1X NE,

whereV is the Levi-Civita connection and is the exterior product. In this case
E(x, ) is denoted byE*(x, 7). WhenT vanishes, we get a product manifdef («) x

R. If 7 # 0, these manifolds are of three types: they have the isomebypgof the
Berger spheres i > 0, of the Heisenberg grouyil; if x = 0 or of PSLy(R) if x < 0.
Note that ifr = 0, then¢ = % is the unit vector field giving the orientation Bfin the
productM?(x) x R. The manifoldE*(x, 7) admits a local direct orthonormal frame
{e1, ez, e3} with e3 = ¢, and such that the Christoffel symbdl§; = (V..e;, e;) are
given by

F?Q = F%s = _Fgl = _F%s =T,
[y =-T% =7— 5, (10)

I, =0, =1%=07,=0, Vije{l,23}

We call {e;, e5, 5 = &} the canonical frame di*(x, 7). Except the Berger spheres
and withR?, H?, S* and the solvable groufols;, the manifoldsE(x, 7) define the
geometry of Thurston. The authofs [30] proved that therstexnE*(x, 7) a Spin®
structure (the canonic&pin® structure) carrying a Killing spinor fielgy of Killing
constant;, i.e., a spinor field) satisfying

vxw:gxw,

forall X € I'(TE*(k,7)). Moreover - ¢» = —it) and the curvature of the auxiliary
line bundle is given by
iQ(ey, e9) = —i(k —47%) and Qe e;) =0, (11)

elsewhere in the canonical franfe, e, £}. There exists also anoth@pin® structure
(the anti-canonicapin® structure) carrying a Killing spinor fielg of Killing constant
5 such that - ¢» = iy and the curvature of the auxiliary line bundle is given by

iQey,ez) = i(k —47%) and  iQ(ey, e;) = 0, (12)
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elsewhere in the canonical franje,, es, £ }.

3 Lower and upper bounds for the eigenvalues of the
hyper surface Dirac oper ator

We will extend the lower bound(1) and the upper bound (2) ¢oetigenvalues of the
hypersurfac&pin® Dirac operatorD. Examples of the limiting cases are then given.

3.1 Lower bounds for the eigenvalues of the hypersurface Dirac
oper ator

We assume that the manifole**! is a Spin® manifold having a compact domain
with compact boundary/ = 9dD. Using suitable boundary conditions for the Dirac
operatorD#, we extend the lower bound](1) to the first positive eigerwaliithe ex-
trinsic hypersurface Dirac operatbron M endowed with the inducegbin® structure.

Since M is compact, the Dirac operat@ has a discrete spectrum and we de-
note byr, : I'(XM) — TI'(XM) the projection onto the subspace bBf>M)
spanned by eigenspinors corresponding to the nonnegageevalues ofD. This
projection provides an Atiyah-Patodi-Singer type bougdaimditions for the Dirac
operatorDZ of the domainD. It has been proved that this is a global self-adjoint
elliptic condition [17]16].

It is not difficult to extend theSpin Reilly inequality (seel[17],[[16],[[18],.[19])

to Spin® manifolds. Indeed, for all spinor fields € I'(XD), we have

~ 1 )
| (<Bouo>-SHeP)is> [ (3570F + <30%-v.0>
oD 2 p \4 2
n
n+1

DZY[?)dv, (13)

wheredv (resp.ds) is the Riemannian volume form &f (resp.0D). Moreover equality
occurs if and only if the spinor fielgh is a twistor-spinor, i.e., if and only if it satisfies
P24y = 0, whereP? is the twistor operator acting ciZ locally given, for allX <
[(TZ), by PZe = V31 + =5 X - D?1p. Now, we can state the main theorem of this
section:

Theorem 3.1 Let(Z""!, gz) be a RiemanniaSpin® manifold such that the operator
SZ +2iQ%- is nonnegative. We consid&f" a compact hypersurface with nonnegative
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mean curvatured and bounding a compact domaihin Z. Then, the first positive
eigenvalue\, of D satisfies

A > giﬁf H. (14)

Equality holds if and only if7 is constant and the eigenspace corresponding;to
consists of the restrictions t/ of parallel spinors on the domaii.

Proof. Let ¢ be an eigenspinor on/ corresponding to the first positive eigenvalue
A1 > 0o0f D,i.e.,Dp = \jp andw ¢ = ¢. The following boundary problem has a
unique solution (seé [17], [16], [18] and [19])

D?%)=0 on D
T =m0 =9 on M = 0D.

From the Reilly inequality((113), we get
n 1 1
[ ou=Smlelds = [(GS70P+ 5 <07 bw =)o 20,
M D

which implies [14). If the equality case holds in{14), thers a harmonic spinor and
a twistor spinor, hence parallel. Singey = ¢ along the boundary) is a non-trivial
parallel spinor and\; = % H. Futhermore, since is parallel, we deduce by](8) that
Dy = 5 Hp. Hence we have = 7,¢ = 1. Conversely ifH is constant, the fact that
the restriction taV/ of a parallel spinor off> is an eigenspinor with eigenvaldgel is

a direct consequence of (8).

Examples 3.1 A complete simply connected Riemanrfiaim® manifoldZ"+! carry-
ing a parallel spinor field is isometric to the Riemanniangwat of a simply connected
Kéhler manifoldZ}" of complex dimensiom; (n; = 2m4) and a simply connected
Spin manifold Z* of dimensiom, (n + 1 = n; + ny) carrying a parallel spinor and
the Spin® structure ofZ is the product of the canonic&pin® structure ofZ; and the
Spin structure ofZ, [27]. Moreover, if we assume that; is Einstein, then
52!
i%(X,Y) = ip™ (X1, Y1) = iRic® (X1, JY)) = i——x (X1,1), (15)
1
foreveryX = X; + X5, Y = Y1 + Y, € I'(T'Z) and whereJ denotes the complex
structure onZ,. Moreover, if the Einstein manifold, is of positive scalar curvature,
we have, for any spinor field € I'(XZ),

SR 42 < QF g p > = 521|¢\2+miszl <Xt >
1

mi

— 2r <N o
— Z1 1_m1 2: 2z 2> .
S ol = 523 =L 2 0

my
r=0 r=0




Finally, the first positive eigenvalue of the Dirac operaﬁzlof any compact hypersur-
face with nonnegative constant mean curvatireand bounding a compact domain
Din Z = Z; x 2, satisfies the equality case in_(14) for the restrictgdn® struc-
ture. Next, we will give some explicit examples. The Alesantheorem forS? x R
says that the only embedded compact surface with constaart cugvature > 0 in

Z = Z, x 2, = S1 xRis the standard rotational sphere describedin[L, 2, 8]. iden

the first positive eigenvalue of the Dirac operatforon the rotational sphere satisfies
the equality case i {(14). We consider the complex projesipaceCP™ (2, = {0})
endowed with the Einstein Fubini-Study metric and the car@Bpin® structure. The
first positive eigenvalue of the Dirac operatbrof any compact hypersurfadd with
nonnegative constant mean curvatufeand bounding a compact domaihin CP™
satisfies the equality case in (14). Compact embedded hyjeecss inCP™ are ex-
amples of manifolds viewed as a boundary of some enclosedidamCP™. As an
example, we know that there exists an isometric embeddifiy of 7) into M* (£ —72)

of constant mean curvatulé = %272 [84]. Here M*(4 — 72) denotes the complex
space form of constant holomorphic sectional curvature4r2. We choose > 1672
andr > 0, thenH is positive. In this casé&*(x, T) are Berger spheres (compact) and
M* is the complex projective spa€&? of constant holomorphic sectional curvature
x —47% > 0. The canonicabpin® structure onM* carries a parallel spinor and hence
the equality case in_(14) is satisfied for the first positivgeaivalue ofD defined on
Berger spheres. Finally, we recall thdt x R and CP™ (whenm is odd), have also
a uniqueSpin structure. Hence, Inequality (IL4) holds for the first pogteigenvalue
of theSpin Dirac operator D defined on the rotational sphere or on any compact em-
bedded hypersurface @P™ (whenm is odd). But, equality cannot occur since this
uniqueSpin structure orS? x R and onCP™ does not carry a parallel spinor.

3.2 Upper boundsfor the eigenvalues of the Dirac operator

A spinor fieldy) on a RiemanniaBpin¢ manifold Z"*! is called a real Killing spinor
with Killing constanta € R if

Viv=aX- v, (16)
forall X € T'(T'Z). Whena = 0, the spinor field) is a parallel spinor. We define

pw=pu(Z, o) :=dimc{e, v is a Killing spinor on Z with Killing constant o}

Theorem 3.2 Let M be ann-dimensional closed oriented hypersurface isometrically
immersed in a Riemannig8pin® manifold Z. We endow\/ with the inducedpin®
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structure. For anya € R, there are at leasji(Z, ) eigenvalues\,, ..., \, of the
Dirac operatorD on M satisfying

2
A< a4 —2 / H2d 17
p=na +4V01(M) M v (7
whereH denotes the mean curvature . If equality holds, therf{ is constant.

Proof. First, note that the set of Killing spinors with Killing camast « is a vector
space. Moreover, linearly independent Killing spinorslerearly independent at every
point, the space of restrictions of Killing spinors gnto M, i.e.,

{ab|ar, 1) is a spinor onZ satisfyingViy = a X -1, VX € ['(T2)}

is alsop-dimensional. Now let) be a Killing spinor onZ with Killing constanto € R.
Killing spinors have constant length so we can assume/¢hat 1. By definition, we
have D% = —(n + 1)a ¢, and hence using](8) we g8ly = na v - o+ 5Ho.
We denote by(.,.) = Re [,, < .,,> the real part of thd.>-scalar product. Now, we
compute the Rayleigh quotient oF

(D2, ) (Dy, DY) (nav-+ 2HY,nav -+ 2Hi)

2 H2
- _ n2a2+n— fM

(V,1p)  vol(M) vol(M) 4 vol(M)’

i.e., the Rayleigh quotient ab? is bounded by:2a? + ”{Vfg{(% on ay-dimensional

space of spinors of/. Hence, the Min-Max principle implies the assertion. If alify
holds, then the restriction tb/ of every Killing spinory of Killing constanto satisfies
D?p = \2¢p. But, it is known that[[11]

n?H?
4

D% = D%y + gdH Vg ——0, (18)

whereD is the Dirac-Witten operator given by = 3", ¢; - VZ. Hence, using that
Dty = —nayp and [I8), we get

2 2 2 n n’
)\1<p:noz<p+§dH-l/-<p+ZH ©.

Considering the real part of the scalar product of the lagakty by ¢ implies that
A} = n%a? + I Hence,H is constant.

Examples 3.2 Simply connected complete Riemanrfiaim® manifolds carrying par-
allel spinors were described in Examples]3.1. The ¢hlin© structures on an irre-
ducible Kahler not Ricci-flat manifoldZ which carry parallel spinors are the canon-
ical and the anti-canonical one. In both case$Z2,0) = 1 [27]. Hence, Inequality
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(@7) holds for the first eigenvalue of the Dirac operaﬂérdefined on any compact
Riemannian hypersurface endowed with the restriépah® structure. The complex
projective spacé& P™ or the complex hyperbolic spadéeH™ with the Fubini-Study
metric are examples of irreducibleéitler not Ricci-flat manifolds. From Examples
[3.1, the equality case in (14) is achieved for the first pesigigenvalue of the Dirac
operator D defined on Berger spheres embedded @feY. Hence, Inequality{17) is
also an equality in this case. Also, for rotational constargan curvatured spheres
embedded int§? x R, Inequality [1T) is an equality because in this case, Indiua
(@4) is an equality. The only complete simply connegigd® manifolds admitting real
Killing spinors other than th&€pin manifolds are the non-Einstein Sasakian manifolds
endowed with their canonical or anti-canonicapin® structure [27]. The manifolds
E*(k, ) are examples dfpin® manifolds carrying a Killing spinox) of Killing con-
stant?.

4 Spin‘ structureson E*(k, 7) and applications

In this section, we make use of the existence & Killing spinor to immerse
E*(k, ) into complex space forms, to calculate some eigenvaludseobirac oper-
ator on Berger spheres and to prove the non-existence difytatabilic surfaces in
E*(k, 7).

4.1 Isometricimmersionsof E*(x, 7) into complex space forms

From the existence of an isometric embeddingofs, 7) intoM*(% —72), we reprove
that the onlySpin® structures or£*(x, 7) carrying a Killing spinor are the canonical
and the anti-canonical one. Conversely, the existencespie Killing spinor allows

to immerseE* (x, 7) in M*(4 — 72). More generally, we give necessary and sufficient
geometric conditions to immerse afiydimensional Sasaki manifold infd®(c) for
somec € R*.

Proposition 4.1 The onlySpin® structures ori£*(k, 7) carrying a real Killing spinor
are the canonical and the anti-canonical one. Moreover,Kiilkng constant is given

by 3.

Proof. It is known that there exists an isometric embedding afs, 7) into M* (£ —72)
of constant mean curvaturé = %272 [34]. Moreover, the second fundamental form
is given by

472 — K

11(X)=—-7X —

gm4 (X7 5)57
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for every X € I'(TE*(k, 7)). Here, we recall that the normal vector of the immersion
is given byr := J¢ and{ey, es, £, v = JE} is a local orthonormal basis tangentitis
where{e;, e9, £} is the canonical frame di*(k, 7). We denote by, the reall-form
associated witlg, i.e.,n(X) = ¢g(X, ) forany X € I'(TE*(x, 7)). The restriction of
the canonicabpin® structure ofM* (4 —72) induces &pin® structure ori*(x, 7) and

by theSpin® Gauss formula(7), the restriction of the parallel spinomﬁg —7%)
induces a spinor fielp on E*(x, 7) satisfying, for allX € I'(TE*(x, 7)),

2

T 472 — K
VX<p:§Xo<p+ = n(X) e p.
Moreover, the spinor fielg satisfiest e ¢ = —ip [30, Theorem 3] and the curvature
of the auxiliary line bundld. associated with the inducéphin® structure is given by
[30, Theorem 3]

iQ(eq,e9) = —6@'(% —7%), and iQ(e;,e;) =0, (19)

elsewhere in the bas{g, 5, £}. We deduce that, for alX € I'(TE*(x, 7)),

T AT — K
Vxp=-Xep—i 9(X, .
2 8T

The connectiom on theS*-principal fiber bundl&* (E*(x, 7)) associated with the in-
ducedSpin® structure is the restriction #6* (, 7) of the connection on th&' -principal
fiber bundleS'M* associated with the canonicibin® structure orM*(£ — 72), i.e.,
the connectiomd on S'(E*(x, 7)) is the restriction tdE*(x, 7) of the connection on
SYM*(4 — 72)) defined by the Levi-Civita connection. Latbe the reall-form on
E*(x, ) defined by

472 — K

forany X € I'(TE*(x, 7)). We endow the&'-principal fiber bundl&! (E*(x, 7)) with
the connectioml’ = A +ia. From [3), there exists oiE*(x, 7) a covariant derivative

V' such that

Ve =Vxo+ %a(X)so = %X °
forall X € I'(TE*(x, 7)). Hence, we obtain 8pin° structure onE*(x, 7) carrying a
Killing spinor field and whos&'-principal fiber bundl&! (E*(x, 7)) has a connection
given by A". Now, we should prove that thEpin® structure is the canonical one. First,
we calculate the curvatui® = Q2+ ido of A'. Itis easy to check that.da = 0 and
da(er, e2) = — 4725, Hence, using (19), we get

Q'(e1,e9) = —(k — 472) and £€.Q =0.

The curvature formiQ)' is the same as the curvature form associated with the
connection on the auxiliary line bundle of the canoniggin® structure oriE*(x, 7).

13



SinceE*(x, 7) is a simply connected manifold, we deduce that$herincipal fiber
bundleS*(E*(k, 7)) endowed with the connectiod’ is the auxiliary line bundle of
the canonicalSpin® structure onE*(x, 7). Hence, we have oft*(x,7) two Spin®
structures with the same auxiliary line bundle (the caralrooe and the one obtained
by restriction of the canonical one &f?). But, on a Riemannian manifolt/, Spin®
structures having the same auxiliary line bundle are patrazed by H' (M, Z,)
[26], which is trivial in our case sincB*(x, 7) is simply connected. To get the anti-
canonicalSpin® structure onE*(x, 7), we restrict the anti-canonic&lpin® structure
onM*. In this casef e ¢ = ip, Q(er,e2) = 6(% — 72), £20Q = 0 and we choose the
real 1-form o to bea(X) = —4=4(X, €).

Next, we want to prove the converse. Indeed, we have

Proposition 4.2 The manifoldsE*(x, 7) are isometrically immersed intdI*(c) for
somec. MoreoverE*(k, 7) are of constant mean curvature aneumbilic.

Proof. We recall that th&-dimensional homogeneous manifolétS x, 7) have &pin®
structure (the canonic&lpin® structure) carrying a Killing spinor fielgh of Killing
constant;. Moreover e ¢ = —ip and

Qe1,e9) = —(k — 47?) and Q(e;, ;) =0, (20)

in the basis{e;, es,e3 = £}. We denote byA the connection on the auxiliary line
bundle defining the canonic8bin® structure. Letv be the reall-form onE*(x, 7))
defined bya(X) = —‘”j—;"g(){, ¢), forany X € T'(TE*(k,7)). We endow theS!-
principal fiber bundleS! (E*(x, 7)) with the connectiond’ = A + ia. Then, there
exists o E*(k, 7) a covariant derivativ&" such that

, i
Vip = sXep+ a(X)p

2 2
T 472 —

= Xep+ n(X)E e o, (21)
2 8T

forall X € I'(TE*(k, 7)). Hence, we obtain 8pin° structure orlE*(x, 7) carrying a
spinor fieldy satisfying [(21) and whos&!-principal fiber bundles* (E*(x, 7)) has a
connection given byl’. We calculate the curvatui€® = iQ) + ido of A'. Itis easy to

_ 472

check that uda = 0 andda(ey, e2) = 5. Hence,

Q'(ey, e9) = —6(% —7?) and £,Q =0.

Since E*(k, 7) are Sasakian, by [30, Theore#h we get an isometric immersion
of E*(k, 7) into M*(c) for ¢ = £ — 72. Moreover,E*(x, ) are of constant mean
curvature andy-umbilic (seel[30]).

More general, we have:

14



Theorem 4.3 Every simply connected non-Einsteélrdimensional Sasaki manifold
M3 of constant scalar curvature can be immersed it (c) for somec € R*. More-
over, M is n-umbilic and of constant mean curvature.

Proof. We recall that a Sasaki structure os-dimensional manifold/? is given by
a Killing vector field¢ of unit length such that the tensa¥s:= V¢ andn := g(¢&, -)
are related by

X =-Id+n®¢.

We know that a non-Einstein Sasaki manifold ha@® structure carrying a Killing
spinor fieldy of Killing constants. By rescaling the metric, we can assume that
—%. Moreover, the Killing vector field defining the Sasaki structure satisffesp =
—ip (seel[27]). The Ricci tensor ol is given by

-2
Ric(e;) = STej,j =1,2 and Ric(¢) = 2¢,

whereS denotes the scalar curvature &f and{e;, e, ¢} a local orthonormal frame
of M. Because we assumed thidtis non-Einstein, we havé # 6 and hence we can
find ¢ € R* such thatS = 8c + 6. The Ricci identity[(6) inX = £ gives thatt Q) = 0
and by the Schrodinger-Lichnerowicz formula, it followsat(2(e;, e;) = % Leta
be the reall-form on M defined bya(X) = —cg(X,§), forany X € I'(T'M). We
endow theS!-principal fiber bundlé! M with the connectiom’ = A + i, whereA
denotes the connection 8/ whose curvature form is given bf2. From [3), there
exists onx M a covariant derivativ®’ such that

/ 1 1
Vxp = —5X ¢ —ccg(X,{)ep.
Now, we calculate the curvatuif®’ = iQ+ido of A'. Itis easy to check thgt.da = 0
andda(e;, e2) = —2c. Hence,
/ / 6 - S
£ =0, Q(e,e)= 5 2¢ = —6c.

By [30, Theoremi], M is immersed intdV*(c). Additionally, M is n-umbilic and of
constant mean curvature.

4.2 Totally umbilic surfacesin E*(x, 1)

By restriction of the Killing spinor of Killing constar§ onE*(x, 7) to a surface\/?,
the authors characterized isometric immersionslit{ta 7) by the existence of &pin®
structure carrying a special spinor field [30]. More prelgiseonsider(M?, g) a Rie-
mannian surface. We denote Bya field of symmetric endomorphisms 6f\/, with
trace equal t@ H. The vertical vector field can be written &s= dF(T') + fv, where

15



v is the unit normal vector to the surfacgis a real function on\/ and7" the tangen-
tial part of¢. The isometric immersion af(/2, g) into E(x, 7) with shape operataf,
mean curvaturd{ is characterized by &pin® structure on)M carrying a non-trivial
spinor fieldy satisfying, for allX € I'(T'M),

1
Vxp = —QEX ogp+i%X ° .
Moreover, the auxiliary bundle has a connection of cunatyiven, in any local or-

thonormal frame{t,, ta}, by iQ(t1,t2) = —i(k — 47°)f = —i(x — 47°)=25>. The
vectorT' is given by

9(T7t1>=<it2°<ﬁ,%> and g(T,t2)=—<it1-¢,%>.
4 v

Here and also by restriction of the Killing spinor, we gavestamentaryspin® proof
of the following result proved by R. Souam and E. Toubian@R] [

Theorem 4.4 There are no totally umbilic surfaces Ef (x, 7).

Proof. Assume thatl/ is a totally umbilical surface ift*(x, 7), i.e. £ = H Id. Then
dVE(e1,e3) = (Vi E)ty — (Vy, E)t; = J(dH). TheSpin® curvatureR on the spinor
field ¢ is given by [30]:

2 7_2

1 H*_ T _
R(t1,t2)p = —§J(dH) o+ i + e

TheSpin® Ricci identity (6) on the surfac#&/ implies
1 .
ti 8 Rt t2)p = SRic(tz) o 0 - %(tQJQ) oy
Hence,
1 N SN S i
—§t1 e J(dH)e v+ §H tLep+ 57 tLep = éRlc(tz) o+ 59(t1,t2)t1 °
Consider the real part of the scalar product of the last ieby , we get

g(tr, J(dH)) = Q(t1, ts) < it1 ® 0, ﬁ = —Q(t, t2)g(T, t2).

Finally, —g(t2, dH) = (k — 47%) fg(T\ t5). The same holds fat. Then,
dH = —(k — 47 fT,

which gives the contradiction. The last identity is the sarb&ined by R. Souam and
E. Toubiana in[[32].
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4.3 Spectrum of the Spin® Dirac operator on Berger spheres

In this subsection, we apply a method of C. Bar [6, 12] to firdlieitly some eigen-
values of theéSpin® Dirac operator on Berger spheres, i.e.,[otx, 7) with > 0.

Lemma4.5 Let (M", g) be a Riemanniaspin® manifold carrying a Killing spinor

¢ of Killing numbera € R*. Then,(A:(A) + (251)?)ken are some eigenvalues of

(D + $1d)%. Here \y(A), k = 0,1, ... denote the eigenvalue of the Laplacian
Proof: We haveDy = —%*p. For everyf € C>(M,R), we can easily check that

D*(fe) = ( ) fo —aD(fe)+ (Af)e,

Hence, (D + 21d)2(fe) = (OF + (22)2f)p. Now, if {fi}ren denotes aL’-
orthonormal basis of eigenfunctions&fof M, then for everyt € N, we get

n2
4

|3

") e

where X\, (A) is the eigenvalue of A whose eigenfunction isf;. So,
(Ak(D) + (251)?)ken are some eigenvalues @ + $1d)2.

(D + S (fug) = ul2) +

Spectrum of Berger spheres endowed with the canonical Spin¢ structure.
We consider Berger spheres with Berger metgics, « > 0 andr # 0 defined by

2

9 (X Y) = 5 (90X )+ (2 = D)g(X, 0)9(v,6)),

whereg is the standard metric &8 of constant curvaturé. For simplicity, we can
assume that = 4 (7 # +1). For any functionf, the Laplaciar\, , with respect to
g4.- IS related to the Laplaciafy with respect tgy by [33]

Dyrf=AF = (1= 17)EE(S))-

It is known that each eigenfunctiof), of A corresponding to\,(A) = k(2 + k)
(k € N) is also an eigenfunction af, , [33] corresponding to

M)~ (=) (k=2 0<p< (]

Moreover, each eigenvalue 4f, . takes the above form. We recall that the eigenspace
of A corresponding td,(A) is the restriction to the sphef of the set of harmonic
homogeneous polynomial d&* of degreek. When we consider Berger spheres en-
dowed with the canonic&lpin® structure, we get by Lemnha 4.5

(D+21d) (fug) = [2+ k2 + ) = (1= 72)(k — 20)] S
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wherey is the Killing spinor field of Killing constanf. Hence,

Ly = —% 2+ k2R — (1—2)(k—2p)

are some eigenvalues of the Dirac operator on Berger sphtfes-1 < 7 < 1 and
endowed with the canonic8pin® structure.

Spectrum of Berger spheres endowed with the Spin® structure induced from the
canonical one on M*(1 — 72). On Berger spheres, we have shown that $pa°
structure induced from the canonical one bft(1 — 72) carries a spinor fieldy
satisfying

T .7'2— / ,7_2
Vxp =X ep—i——g(X,§)p=Vyp—i 9(X; ¢

Then, denoting byD (resp.D’) the Dirac operator associated with the restricpth®

structure (resp. with the canonicabin® structure), we geDyp = D'y — T;;Hp. for
any functionf, we have

’ ’ ’ 7-2 — 1
D(fp) =gradf -+ fDp =D (fo) = fD ¢+ fDo =D (fo) = (——)fe.

2T 2T
of the Dirac operator on Berger spheres endowed withSisie® structure induced
from the canonical one aMl*(1 — 72), -1 < 7 < 1.

Hence, we haved(f,p) = (,uk,p - TQ_l)fkgo andy,, — =1 are some eigenvalues
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