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NILPOTENT GELFAND PAIRS
AND SPHERICAL TRANSFORMS OF SCHWARTZ FUNCTIONS
II. TAYLOR EXPANSIONS ON SINGULAR SETS

VERONIQUE FISCHER, FULVIO RICCI, OKSANA YAKIMOVA

ABSTRACT. This paper is a continuation of [§], in the direction of proving the conjecture
that the spherical transform on a nilpotent Gelfand pair (N, K) establishes an isomorphism
between the space of K-invariant Schwartz functions on N and the space of Schwartz func-
tions restricted to the Gelfand spectrum X, properly embedded in a Euclidean space.

We prove a result, of independent interest for the representation theoretical problems
that are involved, which can be viewed as a generalised Hadamard lemma for K-invariant
functions on V. The context is that of nilpotent Gelfand pairs satisfying Vinberg’s condition.
This means that the Lie algebra n of N (which is step 2) decomposes as v & [n,n] with b
irreducible under K.
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1. OUTLINE AND FORMULATION OF THE PROBLEM

We say that (N, K) is a nilpotent Gelfand pair (n.G.p. in short) if N is a connected,
simply connected nilpotent Lie group, K is a compact group of automorphisms of N, and
the convolution algebra L'(N)X of K-invariant integrable functions on N is commutative.
This is the same as saying that (K x N, K) is a Gelfand pair or that N is a commutative
nilmanifold according to [I8, Chapter 13].
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By D(N)¥X we denote the left-invariant and K-invariant differential operators on N, and
by
D = (D,...,Dy),

a d-tuple of self-adjoint generators of D(IN)X. To each bounded K-spherical function ¢ on
N we associate (injectively) the d-tuple £(¢) = (&(p), ..., &a(p)) of eigenvalues of ¢ as an
eigenfunction of Dy, ..., Dy respectively.

The d-tuples £(¢) form a closed subset Yp of R? which is homeomorphic to the Gelfand
spectrum ¥ of L*(N)¥ i.e., the space of bounded spherical functions with the compact-open
topology [6]. If o is the spherical function corresponding to £ € Xp, the spherical transform

1) 07 () = [ Fl)eca)do
N
can then be viewed as a function on Xp.

The following conjecture has been formulated in [7].

Conjecture. The spherical transform maps the space S(N)X of K-invariant Schwartz func-
tions on N isomorphically onto

def

S(Xp) = SRY/{f : fisp =0} .

The inclusion G(S(N)¥) 2 S(Sp) is known to hold in general [2,[7], so that the conjecture
only concerns the opposite inclusion. Moreover, the validity of the conjecture does not depend
on the choice of D [7].

In a nilpotent Gelfand pair (N, K) the group N is at most step-two [3]. We denote by n
its Lie algebra and by v a K-invariant complement of the derived algebra [n,n]. We consider
n endowed with a K-invariant scalar product.

We refer the reader to [Il, 2] for the proof of the conjecture when N is either abelian or
the Heisenberg group , and to [7, 8] when the following conditions are satisfied :

(i) the K-orbits in [n,n] are full spheres,
(ii) K acts irreducibly on v.

In this paper we remove condition (i), still keeping condition (ii). The pairs for which (ii)
holds have been classified by E. Vinberg in [I7], and for this reason we call (ii) Vinberg’s
condition. Notice that, under Vinberg’s condition, [n,n] = 3, where 3 is the centre of n.

We mention here that the classification of nilpotent Gelfand pairs has been completed in
[19, 20], see also [18, Chapters 13, 15].

We prove a preliminary result in the direction of proving the conjecture for n.G.p. satisfy-
ing Vinberg’s condition. We believe that this result is of independent interest, and its proof
requires an interesting combination of methods from noncommutative harmonic analysis and
invariant theory. The proof of the conjecture for pairs satisfying Vinberg’s condition will
appear in [9].

The proof relies very much on explicit knowledge of the pairs at hand and on the fact
that they share some common properties. Assuming Vinberg’s condition and disregarding
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the pairs considered in [I], 2] [7, 8], the basic list of n.G.p. to look at is that contained in
Table [T} Some explanations are necessary from the beginning:

(i) in each case, the Lie bracket [ , | : v X v —— 3 is uniquely determined by the
requirement of being K-equivariant (see [I8, Section 13.4B] for explicit expressions);

(ii) under the action of K, the space 3 decomposes as 30 @ 3, where j is the (possibly
trivial) subspace of K-fixed elements and 3¢ is its K-invariant complement.

K 0 3 notes | 30 (if # 3)
11 SO, R"™ 50, n>4
2 SU2n+1 C2n+1 AQCZnJrl n Z 2
3| Spy, X Sp,, | H? @ H" | spy n>2
4 U2n+1 (C2n+1 A2c2n+l e R n Z 1 A2C2n+1
51 SU,, (o2 AC" R n> 2| A2C*™
6| U, cn u, n > 2| su,
7| Sp, H"™ HS&]I—]I" AImH | n>2 HSg]HI”
8 1| Uy x SUn (C2 ® C" Uy n > 2| suy
9 U2 X Spn C2 ® H" Uo n Z 2 SUo
10| Uy x Spin; | C®0O |ImO&R ImO
TABLE 1.

All other nilpotent Gelfand pairs satisfying Vinberg’s condition are obtained from those
in Table [1] by either of the following operations:

(a) normal extensions of K: replace K by a larger group K# of automorphisms of N
with K < K7#;
(b) central reductions: if 3 has a nontrivial proper K-invariant subspace s, replace n by
n/s.
In [8] we proved that if N, K, K# are as in (a), and the conjecture is true for (N, K), then
it is also true for (N, K#). It will be proved in [9] that, applying a central reduction to a
pair for which the conjecture is true, the resulting pair also satisfies the conjecture. We will
therefore concentrate our attention on the pairs in Table [1}

In order to formulate our main result, Theorem below, we need to describe some
aspects of the structure of the Gelfand spectrum > and the way they reflect on its embedded
copy Yp in RY.

In 3 we distinguish a relatively open and dense “regular set” from a “singular set”, and
singular points may have different levels of singularity. Since all bounded spherical functions
are of positive type [8], a bounded spherical function on N can be expressed as an average
over K of matrix entries of some irreducible unitary representation of N. Hence we can
associate to each bounded spherical function a K-orbit of characters of exp 3.

The regular elements of ¥ are those associated to orbits of maximal dimension. Among
singular points, the highest level of singularity is reached by the bounded spherical functions
associated to the characters of exp3 which are fixed by all of K, i.e., which are trivial on
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exp 30. These are the spherical functions which factor to the quotient group N = N / exXpy 30-
We call X9 the subset of ¥ consisting of these spherical functions, and 3% the corresponding
subset of Yp.

At this point it is convenient to introduce a preferred system D of generators of D(N)X,
obtained, via symmetrisation, from the bases of fundamental K-invariants on n listed, case
by case, in Section 7 of [8]. We denote by p = (p1, ..., pa) the d-tuple of these polynomials.

The polynomials p; have the property of being homogeneous in each of the variables v € v,
Z € 30, t € 3. For each j, we denote by [j] the degree of p; in the jo-variables.

Notice that [j] > 0 if and only if D; annihilates all the spherical functions which factor
to N. At the same time, the polynomlals p; with [j] = 0 provide a system of fundamental
K-invariants on the Lie algebra of N, i & v @ j, where [, 7] = j. Symmetrising p; on
N produces an operator Dj € D(N)¥, which is the push-forward of D; via the canonical
projection.

Suppose that the D; € D have been ordered so that Dy,..., Dy, are the operators with
[j] = 0. Then X% can be realised as the intersection of ¥p with the coordinate subspace

Y ={€Sp : {1 ="=E&=0}.

What has been said above shows that there is a natural identification of X% with the
Celfand spectrum X5 of the pair (N, K), with D = {Dy, ..., Dy, }.

We will decompose the variables of R? as & = (£,&"), with & = (&,...,&,), &' =
(€4g41, - - -, &€a). To have a consistent notation, multi-indices o” will have components indexed
from do + 1 to d, so that monomials ¢*” only depend on ¢” and, similarly,

1

D =Dyt Dge
We set [o] = Z‘;: dor1 7] Of course, [a] equals the order of derivation of D" in the
30-variables.

Let us go back to the conjecture. Given a function F' € S(N)¥ we are interested in proving
that its spherical transform extends from Yp to a Schwartz function on R? In [§], one
of the crucial points in the proof was Proposition 5.1, providing a Taylor development of GF’
along the singular set; in that situation, there was just one level of singularity.

Recast in our present situation, that result can be phrased as follows: given k € N, there
exist K-invariant Schwartz functions {Fy» }jam<k—1 on N, with GF,» only depending on ',
and such that

(2) = > DYFu+ Y 0Rs,

[a)<k—1 18|=k
with Rz € S(N) for every /3.

It is clear, by induction, that it will be sufficient to show that the remainder term

Oy (v, 2,t) = Z O’ Rs(v, 2,1
|81=k



can be further expanded as

(3) o= > DYF.+ » 01,

[o]=k |y|=k+1

for some new functions F,» € S(N)X, [o] = k, with GF,» only depending on £, and some
new S, € S(N).

Formula can be seen as a noncommutative Hadamard-type formula. Its simplest
abelian relative is the statement that if a radial Schwartz function on R™ is a sum of second-
order derivatives of Schwartz functions, then it is the Laplacian of a radial Schwartz function
(see also Section [2).

We now give the argument that allows to reduce the proof of . to proving Theorem |1 -

It is convenient to introduce modified versions of the operators D], an operation that
corresponds to replacing the group N with the direct product N = N x 30 of N and the
additive group 30. We remark that (N , K) is also a Gelfand pair (not satisfying Vinberg’s
condition), as it can be checked from the classification in [20] or, through a direct argument,
from the fact that the Lie algebra n is a contraction of n.

From the same system of invariants p; used to generate the differential operators D; on N,
we produce, by symmetrisation on N, a system D = {D,..., Dy} of generators of ]D>(N ).
We also use the same coordinates (v, z,1) € b X 39 X  on N, via the exponential map exp s N
Taking advantage of this common coordinate system for N and N, we can compare D; and
f)j as follows: the left-invariant vector field corresponding to the basis element e, € v is

_a,,u+2b 8Zl+20g v)d,

on N, and
X, = 0y, + 205(0)8@2
¢

on N. Therefore,
‘D] - DJ = Z oc,b“y( )aaaﬂav )

where each term contains at least one derivative in the z-variables.

This implies that, if [0”] = k, then each term in D*" — D*’ contains at least k + 1
derivatives in z. Then it will be sufficient to prove with each D®" replaced by D", since
the difference can be absorbed in the remainder term. Therefore is equivalent to

(4) Qo= Y, D"Fut 3, S,
[a]=k ly|=k+1
To both sides of we apply Fourier transform in the z-variables, that we denote by “~7,
e.g.,

f;(va C? t) = / Fa” (Ua Z, t)e_i<z’<> dz ,

30
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where ( , ) is the given K-invariant scalar product on 39. We obtain:

(5) By (v, ¢, 1) = ZDQ For(v,C,8) + Y (i0)5,(v,¢,1)

|v|=k+1

where each ﬁj,c is obtained from Dj by replacing each derivative 0,, by (.
Modulo error terms that involve higher-order powers of (, we are left with proving that
the k-th order term in the Taylor expansion in ¢ of ®y(v,(, 1), i.e

¢’ 8D
> 792 Rs(v,0,t)

[v|=k

equals the k-th order term in the Taylor expansion in ¢ of , ie.,

ZDa //’U()t)

[a"]=k

This equality is the subject of our main theorem.

Theorem 1.1. Let G be a K -invariant function on N of the form

(6) G(v,(t) =Y Gy (v,t)

Iv|=k

with G-, € S(N). Then there are Hor € S(N)X, for [o"] = k, such that
(7) G= > DIH

//] k

More precisely, given a Schwartz norm || ||y, the functions Hyn can be found so that, for
some q = q(k,p), |[Hollp) < Chp 222k 1G4l (@), for every o, ("] = k.

In Section [2| we prove Theorem for the pairs in the first block of Table [1] Indeed, in
these cases the group N is reduced to v and is abelian.

The rest of the article will be devoted to the proof of Theorem for the other pairs,
where N is a Heisenberg group, with the exception of line 7, where it is a “quaternionic
Heisenberg group” with Lie algebra H"™ & Im H.

In Section [3| we develop a careful analysis of the structure of the K-invariant polynomials
on v & 30, describing the K-invariant irreducible subspaces of the symmetric algebras over v
and 3 that are involved.

In Section [4] we reduce the proof of Theorem to an equivalent problem of representing
vector-valued K-equivariant functions in terms of K-equivariant differential operators ap-
plied to K-invariant scalar functions (Proposition . Then we analyse the images of these
differential operators in the Bargmann representations of N, identifying the K -invariant ir-
reducible subspaces of the Fock space on which they vanish. This analysis reveals interesting
connections between these operators and the natural action of K itself on the Fock space,
once both are realised to be part of the metaplectic representation.

Finally, in Sections |5 and ﬁ, we complete the proof of Theorem for the pairs with N
nonabelian.



2. PROOF OF THEOREM ﬂ FOR N ABELIAN

In this section, we consider the pairs in the first block of Table [I| where 30 = 3 and,
therefore, N = v is abelian. We call (b, K) an abelian pair. In this case, one can prove
that Theorem is true with the additional property that the functions H, can be chosen
independently of p and depending linearly on the G.,.

Via Fourier transform in v, this statement is equivalent to the Proposition below. We
first explain the notation. We split the set p of fundamental invariants into the two subsets
o, p', where p/ contains the polynomials depending only on v € v, and p” those which
contain z € 3 at a positive power. This notation matches with the splitting of coordinates
(&,€") on the Gelfand spectrum introduced in Section [1}

Proposition 2.1. Let G € C®(N)¥X satisfying
G(U7<) = Z C’YG’Y(U) Y
lv|=k

with G, € S(v). Then there ezist gor € S(R™), ["] = k, depending linearly and continu-
ously on {G,}., and such that

G(U7C) = Z p(”?C)a”ga” o p,<2}) .
o=k

The proof is quite simple and relies on two adapted versions of Hadamard’s Lemma on
one side, and of the Schwarz-Mather theorem [I5, [16] on the other side. Hadamard’s Lemma
states that if a function of two variables f(x,y) € C*(R" x R™) satisfies f(0,y) = 0 for
every y, then there exist C*°-functions ¢;(z,y), j = 1,...,n, such that

fz,y) = Zfﬁjgj(%y) -

Adapting the proof of Hadamard’s lemma given in Proposition 5.3 in [§], it is easy to show
the following.

Lemma 2.2. Let f(x,y) € C°(R" x R™) and k € N. Then there exist smooth functions
ga(y) € C®(R™), |a| <k, and Ry(x,y) € C°(R" x R™), |a| =k + 1, such that

fly) =Y 2%a(y)+ > a"Ralz,y) .
la|<E |o|=k+1
Furthermore if f(z,y) € C°(R")QS(R™) in the sense that, for every L,

sup (L +[yD)*1070; f(z,y)| < oo ,
lal, 18], |z < L
yeR"

then the functions g,(y), || < k, and Ru(z,y), |a| = k+ 1, can be chosen in S(R™) and
C>®(R")QS(R™) respectively, and depending linearly and continuously on f.
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Proof of Proposition [2.1. All the polynomials p; are homogeneous in v and z and, for j =
., dp, they only depend on v. Hence it is easy to adapt the proof of Theorem 6.1 in [2] to

show that there exists a continuous linear operator & : (S(v)C> (5))K — S(R¥)C>(RI~)
such that €(g) o p = g for every g € (S(D)@Coo(g))K. So let h = £(G). Using Lemma ,
we obtain that, for any £ = (5’ £) eRY,

= ) @)+ D & Uan(é

! |<k o/ [=k-+1

where each g, depends linearly and continuously on h € S(R%®)@C>°(R?~%), hence on
{G,},. Composing with p, we get:

G, Q) =hopv,0)= Y pv,O)%gar () + D pv, Q)" Usr(p(v,Q)) -

| <k ! [=k-+1

As (G is a polynomial of degree k in (, we have:

G(”?() = Z p<07<)a”ga”(p,(v>) . g

[o']=k

3. N NONABELIAN: STRUCTURE OF K-INVARIANT POLYNOMIALS ON 0 @ 3¢

From Table 1| we isolate the last two blocks, i.e., the cases where N is not abelian. To
each line we add the list of fundamental K-invariants on v & 3¢ as it appears in Theorem 7.5
of [8]. We split the set p of these invariants into three subsets, py, p;,, Pos,, containing the
polynomials which depend, respectively, only on v € v, only on z € 3¢, or on both v and
z. We call the last ones the “mixed invariants”. It follows from [8, Corollary 7.6] that the
algebra P (b @ 30)% is freely generated by p = p, U p;, U po,- We convene to use the letters
r,q,p to denote, respectively, elements of py, p59, Po0-

The result is Table [2 I Note that expressions like z* refer to the k-th power of a matrix
z. As in [§], at lines 9 and 10, we decompose v as the sum of two subspaces invariant under
Sp; xSp,, and Spin, respectively:

C?C" =R"™®R"™ and C® 0O =R*¢R?,

and we write an element v of v as v = x 4+ 1y and v = v; + v, accordingly. For line 10, we
also identify R® with @ and the conjugation there is the octonian conjugation.

If X is a real vector space, we call P(X) the polynomial algebra over X, and P*(X)
the subspace of homogeneous polynomials of degree k. When X is endowed by a complex
structure, we denote by P**2(X) the terms in the splitting of P(X) according to bi-degrees;
for example P*? is the space of holomorphic polynomials in P*.

This applies in particular to v, which always carries a complex structure, and to 3o at lines
4 and 5. At line 7, in fact, v admits a different complex structure for every choice of a unit
quaternion.



IES E [ 30 H re(v) L ez [ pe(v2)
2n+1 2 2n+1 2 tr( Ez)k) vt (z2)"
tr ((§Z>k) * (5. \k
5 || SUsy c2n A2C2 o2 A<k<n-l)| ° ,i'z? “_1)
Pf(z), Pf(2) =E=n
n 9 tr ((i2)F) v*(iz)kv
6] Un C Sttn [V 2<k<n) |1<k<n-1)
" omn 9 tr 2F v* 2y
7| Spw H HS5H [vl 2<k<n) |(1<k<n-1)
n tr ((vv*)* .
8 || UyxSU,, |C2®C" | su, (k (: 17)2)) | 2|2 itr (v*2v)
tr ((vo*)F)
9 | UyxSp,, |C?*®@C* | su, (k=1,2) | 2|2 itr (v*2v)
|72 [y/? —Q(txy)2
. v ) _
10 || Uy xSpin, | CoO ImO for2Jeal? — (Re (v122) || Re (z(v172))

TABLE 2.

The indexing of the elements py(v, 2) of py;, is assumed to match with the notation of
Table [2] when there is more than one element in the family.

Coherently with the notation used in the previous sections, if p*(v, z) is a monomial in
the pg, we denote by || the usual length of the multi-index «, and by [«] the degree of the
polynomial p®(v, z) in z. When 3¢ is a complex space, we denote by [«] the bi-degree of p®
in z,Z. The same convention on the use of | | and [ | applies to monomials in the g.

The pairs in Table [2] are distinguished by two properties. The first is that we can add
a subspace 3, of dimension one or three, to 3¢ keeping (K, N) as a nilpotent Gelfand pair.
The second is that v}, regarded as a quotient of n, is either a Heisenberg Lie algebra or a
quaternionic Heisenberg Lie algebra. Another observation will be of particular importance
in the future.

Remark 1. Fix ¢ € 30 and let K be its stabiliser in K. Then the pair (N, K,) is also
a nilpotent Gelfand pair. The result goes back to Carcano’s characterisation of nilpotent
Gelfand pairs in terms of multiplicity free actions [5]. An alternative proof can be found,

e.g., in [I7, Ch.2,84].

The first dividend we get is the following. Evaluating K-invariants at ( € 3¢, considered
as a point of 3, we get K -invariant polynomials on vx{(}, or better to say on v. These
polynomials have the same degree in v and in @ [I1), Section 4]. Hence the expressions of the
polynomials r(v) and pg(v, z) must also have the same degree in v and v (this can be seen
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directly from Table . Therefore we have the splitting
m,m K
Plo@30) = Y (P™"(v) @ P*(30))

m,k>0
We want to refine this decomposition, by putting special attention on the mixed invariants.
Any mixed invariant p(v, z) in (P™"(0) ® Pk(zo))K can be expanded as

(8) p= ZPV},WJ- ;
J

where, for each j, V; and W; are K-invariant, irreducible subspaces of P™™(v) and P*(3()
respectively, with V' ~ W equivalent to W as a K-module, and

(9) pv,w, (v,2) = an(v)bi(2) |
h
with {a,} and {b,} being orthonormal dual bases.
In a rather canonical way, we will now replace the basis of monomials p®(v, 2)¢” (2)r7 (v)
by a new basis, obtained by replacing each p® by a new polynomial p® which is “irreducible”,
in the sense that it equals py, w, for appropriate irreducible V,, W,,.

Before going into this construction, we remark some useful aspects of the list of pairs and
invariants in Table (2

Remark 2.

(a) The first block of Table [2 contains four infinite families, with both dim v and dim 3o
increasing with the parameter n. Each pair admits a single invariant in p,, and
several in p;, and py ;.

(b) Inside the first block, the pairs at lines 4 and 5 have a special feature, in that ng is a
complex Lie algebra and 3y is a complex space. The invariants for a pair in line 4 or
5 can be associated with the lower degrees invariants for the pair at line 6 with the
same v, and the former invariants coincide with those of the latter but evaluated at
(v, —izz) instead of (v, 2).

(c) Each line in the second block contains either an “exceptional” isolated pair (line 10),
or an infinite family (lines 8, 9), but with 3, fixed. Each pair admits a single invariant
in p,, and in p, 4., but several in p,.

(d) For each pair, the k-th mixed polynomial pg(v, z) is a finite sum

(10) pr(v,2) = Z@(’U)bﬂc(z) :

with v, = dim 3¢ and the ¢; independent of k.

(e) For the pairs at lines 6-10, the polynomials b;1(z) appearing in the expression ([10))
of p; are the coordinate functions on 3o. The real span of the polynomials ¢;(v) is a
K-invariant subspace of P1!(v) equivalent to 3.

(f) At lines 6, 7 and for k > 1, pi(v, 2) (resp. qx(2)) equals, up to a power of i, p; (v, z*)
(resp. q1(2%)). Here again 2" is the k-th power of a matrix.
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Because of Remark [2](b), we first restrict our attention to the pairs of lines 6-10.

For given m, k, we look at the structure of (Pm’m(b) ® Pk(go))K, the space of K-invariant
polynomials on v @ 3¢ of bi-degree (m, m) in v and degree k in z.

Inside P™™(v) consider the subspace generated by polynomials which are divisible by
elements of p,, and let H™™(v) its orthogonal complement. More explicitly, if r7(v) is a
monomial in the r; of bi-degree (d,,0,), then

Hm,m(n) _ <1<62;m Tq/f])m—(s»y,m_(;,y (0)>J- ‘

With an abuse of language, we call H™™(v) the harmonic subspace of P"™™(v). By the
K-invariance of each H"™™(v),

(P (o) © PHGo)) = S0 TS (0 (0) @ PR(G0))
0<6<m 6,=6
Similarly, we set

H*(30) = ( Z qﬁpk['g](ﬁo))L :

<A<k

For an element p of (P™™(b) ® Pk(gg))K we denote by p its v-harmonic component, i.e.,
its component in (H™™(b) ® Pk(go))K.

Finally, we denote by P™(¢) C P"™™(v) the space generated by the monomials of degree
m in the ¢;.

Proposition 3.1. Let K, v, 39 be as in Table[3, lines 6-10.

(i) If k <m, (H™™(v) ® 77’“(30))1( is trivial.
(ii) For k=m, (H™™(v) ® Pm(go))K is one-dimensional, and it is generated by .
(iii) Let Vi, = H™™(0)NP™(L). Then V,, is absolutely irreducible, i.e., it stays irreducible
as a representation of K€ after the complexification V,, @x C. We fiz an orthonormal

basis ag»m), 1 <5 <vp, of Vin. Then

(11) =" @l (2) |

with the b§m) non-trivial.
Let W, denote the linear span of the b§m), 1<j5<vy. Then W,, ~V,, and

(iv) If |a| = m, then p™ # 0 and

=Y a™ @bl (2) .
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(v) For every m and k, the products p*q® with || = m and [o] + [8] = k form a basis of
(H™™(v) ® Pk(go))K. In particular,

(> (0) © PH(30)) " = (Vi @ P¥(30)) " -
(vi) The spaces V,, are mutually K -inequivalent.

Proof. (i) is a consequence of the structure of the p;. If & < m, a monomial in the p, ¢, r
must necessarily contain some r-factor.

(ii) follows from the fact that pf" is the only monomial in (P™™(0) @ P™ (30))K which does
not contain r-factors. If we had p® = 0, this would establish an algebraic relation among the
fundamental invariants, in contrast with [8, Corollary 7.6]. This last remark also proves (v)
and the first statement in (iv).

The proof of (iii) requires some discussion of P™(¢). First of all, every element of
(H™™(0) ®73k(50))K necessarily belongs to the smaller space ((H™™(b)NP™(()) ®77k(50))K,
by the structure of the invariants.

The second fact is that the equivariant map of Remark [2| (e), from 3¢ to the span of the
¢;, induces a surjective equivariant map from P™(30) to P™(¢).

Consider now H™™(v) NP™({). For every irreducible K-invariant subspace V of it, there
must be an equivalent irreducible subspace W in P™(3¢). This gives rise to an invariant
pvw of (9, belonging to (V @ W)X c (H™™(v) ® Pm(go))K. But by (ii), this space is
one-dimensional. Therefore there exists a unique V- C H™™(v) NP™(¢) and a corresponding
unique W C P™(30) equivalent to V. This forces V' to be all of H™™(v) N P™({), and it
must coincide with V,,. The equality dim (V ® V)X = 1 implies also that V is absolutely
irreducible. .

Decompose now pi* as

p (v,2) + Z q°( pﬁ v, 2),
(B1>0
with p* € V,, @ H™(30) and pj € V,, ® H™ Bl(30). Then p* and the py’s are all K-invariant.
It follows from (i) that pj = 0 for every f, ie., P =pt eV, @ H™(30)-
To complete the proof of (iv), take any element p of ('Hmm( ) @ P*(30 ) By (8 .

p= vaj,wj )
J

with the py, w, as in @ Repeating the same argument used above, each V; gives rise to an
invariant polynomial in (H™™ () ® Pm(go))K. By (iii), V; = H™™(v) N P™(¥) for every j.
We prove (vi) by contradiction. If we had V,, ~ V,» with m < m/, the polynomial
i a( )(v)b§m)(z) would be a non-zero element of (H™™ (v) ® Pm(go))K, contradicting
(i). O
Consider now the pairs of lines 4, 5. Introducing bi-degrees for polynomials on 3, we
obtain the following rather obvious variants, on the basis of Remark [2] (b)

Proposition 3.2. Let K, v, 30 be as in Table[3, lines 4, 5
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@) If k <m, (H™™(v) ® Pk’k(go))K is trivial.
(ii’) The polynomials p*, p* coincide with those of line 6, evaluated at (v, —iZz). In
particular, (i), (i), (iv), (v), (vi) of Proposition have the same formulation (up

to the obvious notational changes), with the same ajm) and V,, as for the twin pair
of line 6.

(iii") For k > m, (H™™(0) ® Pk’k(gg))K = span {p°¢® : |a| = m, [o] + [B] = (k,k)}. In
particular,

(H™"(0) @ P™(30)) " = (Vi @ PH(30))

(iv') If k1 # ko, (H™™(0) ® Pkl””(;«,o))K is trivial, except at line 5, for ki — ky = jn,
J € Z. In this case,

o bbar. WK | (PE2Y(H™™(0) @ PER2(50))  if >0,
(H (D) ®P (30)) - {(m)_]('}{mm( Pkl k1 )K Zf] <0.

Notice that Propositions [3.1] and [3.2 show that, for every «,

(12) P = PV W
with m = |a| and W, C Pl(3) (resp. W, C Pll(30)) equivalent to V},.
Corollary 3.3. The polynomials p*q°r? form a basis of P(v @ 30)%

4. FOURIER ANALYSIS OF K-EQUIVARIANT FUNCTIONS ON N

We start from a function G as in Theorem [I.1]

G(v,(,t) = Z "G (v,t) (lines 6-10) ,
Iv[=F

G, ()= > (PG, (v,1) (lines 4, 5) ,
Iyil+vz|=Fk

which is K-invariant, and with G., € S(N) (we use the variable ¢ as a reminder that, in the
course of the argument, we have taken a Fourier transform in z).
The following statement follows from Proposition 2.I] and Corollary [3.3]

Lemma 4.1.

(i) (lines 6-10) A function G € (S(N) ® Pk(go))K can be uniquely decomposed as

(13) G, ()= > *(Qr*(v,Q)gas(v,1) ,

[a]+[B]=k

with gos € S(N)X depending continuously on G.
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(ii) (lines 4, 5) A function G € (S(N) ® Pk’k(go))K can be uniquely decomposed as

v,6,1) = q 1;64 U,6)9ap\V, )
(14) Glv, 1) 3O (0, s (0, 1)
[a]+1[8]=(k,k)
with gos € S(N)X depending continuously on G.
(ili) For the pair at line 5, (S(N) ® Pk+j"’k(5o))K equals (Pf2)!(S(N) ® Pk’k(go))K for
§ >0, (PE2)7(S(N) @ P*#(30))" for j <0.

From the right-hand side of ((13)), or of (14]), we extract the single term
(0, O)dap(v, t) = Za (0)gas (0. B (C)

with m = |o| > 1.
In order to emphasise that the following analysis depends only on m and not on the
specific multi-index «, it is convenient to introduce an abstract representation space V,, of

K, equivalent to V,,,, and denote by {e§m)}1§jgym an orthonormal basis corresponding to the

basis {a§m)} of V,,, via an intertwining operator.
We denote by 7, the representation of K on V,,. §
We regard the function p®g.g as a V,,-valued function on NV:

Gop(v,t) = gap(v,t) Z a§m) (v) e§m) )

j=1
Since the bga) form an orthonormal basis of the space W, in and W, ~V,, ~V,,, it
follows that G.g is K-equivariant, i.e.,

Gos(kv,t) = Tn(k)Gas(v,t) , (k€ K) .

In fact, we have the following characterisation of K-equivariant V,,-valued smooth func-
tions.

Lemma 4.2. Let H be a V,,-valued, K -equivariant Schwartz function on N. Then H can
be expressed as

VUm

H(v,t) = h(v,t) Za§-m)(v)e§-m) :

j=1
with h € S(N)X, depending continuously on H.
Proof. Reversing the argument above, from a K-equivariant function H(v,t) = 3, H;(v, t)e; (m)

we can construct the K-invariant scalar-valued function H(v,(,t) = 3. i Hilv, t)b§ )(C ) which
satisfies the hypotheses of Proposition . Hence H can be expressed as

A= 30 (3 QR Oholv0)

m'<m ol +[8]=
jo=m
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with each h,s € S(N)X. Each term in parenthesis can be turned into a K-equivariant
function with values in V,,». Since the V,,, are mutually inequivalent, the only non-zero term
is the one with m’ = m. O

Remark 3. From this point on, we may completely disregard the special cases of lines 4 and
5, because in this abstract setting they are completely absorbed by those of line 6.

We denote by A§-m) € D(N) the differential operators obtained from the polynomials agm)

by symmetrisation. Then
(15) My =Y el A
j=1
is a K-equivariant differential operator mapping scalar valued functions on N to V,,-valued

functions.
The following statement is the key step in the proof of Theorem

Proposition 4.3. Let G be a V,,-valued, K -equivariant Schwartz function on N. Then G
can be expressed as

(16) G(v,t) = Myh(v,t) ,
with h € S(N)¥.
More precisely, given a Schwartz norm || ||, the function h can be found so that, for

some q = q(m, p), |hllp) < CnpllGllg)-

The proof requires some representation theoretic considerations that will be developed in
the next subsections.

4.1. The Bargmann representations of N.

The proof requires Fourier analysis on N. As we mentioned already, N is either a Heisen-
berg group or (line 7) its quaternionic analogue, with a 3-dimensional centre. It will suffice
to restrict attention to the infinite-dimensional representations.

When N is a Heisenberg group, i.e., i = v @ R, we see from Table [1| that v is a complex
space (whose dimension we denote by k), with K acting on it by unitary transformations.
We use the Bargmann-Fock model of its representations, that we briefly describe.

If (vq,...,v,) are linear complex coordinates on v, the 2x left-invariant vector fields

7

(17) Z; = 9y, — 70,0, Zj:a@ﬁivjat, J=1,...r

generate 1nC.
For A > 0, the Bargmann representation 7 acts on the Fock space F)(v), defined as the
space of holomorphic functions ¢ on v such that

ol = (/2 [ le)Pe P o < 0o
]
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and is such that
(18) dma(Z;) = 0y, , dmy(Z;) = —=v; .

For A\ < 0, m\ acts on Fjy as m\(v,t) = mx (0, —t), so that the roles of Z; and Z; are
interchanged:

A _
(19) d’]T)\(Z]) = §”Uj 5 dﬂ')\(Z]) = avj .

By the Stone-von Neumann theorem, the Bargmann representations my, A # 0, cover the
whole dual object N up to a set of Plancherel measure zero.

The case n = v®Im H, with v = H", requires some modifications. For every p # 0 in Im Hi,
with polar decomposition ;1 = A¢, A = |u| > 0, there is an analogous representations m,, = ) ¢
which factors to the quotient algebra n, = v, @ (ImH/st). This is a Heisenberg algebra,

with v. denoting v endowed with the complex structure induced by the unit quaternion g.
Then 7, is the Bargmann representation of index X of i, acting on the Fock space F(v,).

Again, the 7, cover N up to a set of Plancherel measure zero.

For the sake of a unified discussion, we drop the subscripts A or u, and simply write 7
and F. Only when strictly necessary, we will reintroduce a parameter A > 0, leaving to the
reader the obvious modifications for the other cases.

In all cases, the fact that K acts trivially on 3 implies that each representation as above
is stabilised by K. In fact, if 0 denotes the representation of U, on functions on v given by

(20) ((k)¢)(v) = p(k~'v)
one has the identity
m(kv,t) = o(k)m(v,t)o(k™) .

The representation 7 maps functions H € S(N)®V,, into operators w(H) € L(F) @V, =
L(F,F @ V), depending linearly on H and such that

r(h@w)=nh)@w, h e S(N) .
If H is K-equivariant, then

(21) m(H)o(k) = (o ® Tm)(k?)ﬂ'(H) ,
for all £ € K. Similarly, the equivariance of M,, implies that, for k € K,
(22) dr(Myy,)o(k) = (0 @ ) (k)dm (M) |

i.e., 7(H) and dm(M,,) intertwine o with o ® 7,),.
With an abuse of notation, we denote the restriction of o to K by the same symbol.

Since (N , K) is a n.G.p., the representation o decomposes into irreducibles without mul-
tiplicities. We can write

(23) F=S"Vw,

neEX
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for some set X of dominant weights p of K. For each u, we denote by R(u) the representation
of K with highest weight p. Each V(u) is contained in some P*°(v) with s = s(u), since
these subspaces are obviously invariant under o.
In particular, V(1) consists of C'*-vectors for m, so that dmw(M,,) is well defined on V(u).
Notice that, for the pairs in the first block of Table , each P*0(v) is itself irreducible.
Only for the pairs in the second block, different V' ()’s may be contained in the same P*%(v).

The following lemma in invariant theory will be important in the next proof.

Lemma 4.4. Let R(u1), R(u2), R(us) be three irreducible finite dimensional representations
of a complex group G on spaces Vi, Va, Vs respectively. Denote by c,, (pj, ) the multiplicity
of R(u:) in R(p;) ® R(pe). Then

Cp (1 ) = dim (V/ @ V; @ Vi) = e (e, 17)

where 1’ stands for the highest weight of the dual representation and V' for the dual vector
space of V. Over R the statement modifies as follows:

dim (V; @ V/) %6, (i) = dim (V} © V; © Vi)® = ¢, (s, i )lim (V; @ V)

Proof. Recall that by a straightforward consequence of Schur’s lemma, for irreducible com-
plex representations, we have dim (V/®V;)¢ = 0 if V; 2 V; and dim (V/®@V;)¢ = 1if V; 2 V.
Next, ¢, (1, jt) counts how many times V; appears in V;®V), and ¢,/ (p, 1) how many
times V; appears in V/®V;. Finally, over the real numbers the dimension of (V/ ®V;)¥ can
be larger than one. O

Proposition 4.5. Let ® be a linear operator, defined on the algebraic sum of the V(u),
w € X, with values in F @ V,,, and intertwining o with 0 @ 7,,,. Then

(i) for every p,
V() — V() ® Vs ;
(ii) @y, =0, unless R(u) C R(p) @ T
(iii) @y, =0 1f s(u) <m.

Proof. Let P, be the orthogonal projection of F onto V(u). If iy € X, (P, ® [d)®,,
intertwines R(p) with R(u1) ® 7. Hence (P, ® Id)®,, = 0 unless R(u) C R(p1) ® T

Take W,,, the linear span of the polynomials bg-m)(z) in , as a concrete realisation of

Tm. Take also V(u1) as a concrete realisation of R(up) and V(u) as concrete realisation of
the (complex) contragredient representation R(u)' of R(p). By Lemma [4.4]

— K

By Remark (1| for a nonzero element ¢ € 3o, the pair (N, K.) is also a nilpotent Gelfand
pair, so that F(v) decomposes without multiplicities under the action of K.. Let p(v,2)
be a nonzero element of (V(u)@V(,ul)@Wm)K, and fix { € 3o such that po(v) = p(v,() is

not identically zero. Then py is K-invariant and contained in V' (p)®V (p1). Hence V()
and V(p;) must contain two K -invariant, irreducible, equivalent subspaces. By multiplicity
freeness, this forces that y = py and we obtain (i).
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At this point, (ii) is obvious.
To verify (iii), observe that the subspaces V,, are mutually inequivalent by Proposi-
tions [3.1|(vi), 3.2(ii"). Hence V, does not appear in P**(v) for s < m. O

4.2. Multiplicity of R(p) in R(p) ® V.

We need at this point to obtain, for any m,

(a) a precise description of the “m-admissible” weights y, i.e., such that R(u) C R(u) ®
Vin;
(b) tlgt, for such a pair, R(p) is contained in R(p) ® V,, without multiplicities.

Point (a) above forces us to go into a case by case analysis, from which we will obtain sets
of parameters for the m-admissible weights. This analysis will also give us a positive answer
to point (b).

For a simple complex (or compact) group, we let w; denote its fundamental dominant
weights.

4.2.1. Pairs in the first block of Table[3,

In these cases we know that V() = P*%(v) for some s.

Proposition 4.6. Let v = C", with K = (S)U,, or v = C*" with K = Sp,,. Then P*°(v) is
contained in P*°(v) @ V,, if and only if s > m, and in this case with multiplicity one.

Proof. We know from Propositions (i) and (i), that P*%(v) is not contained in
P0(0) @ Vy, if s < m. We suppose now that s > m and apply the equivalence (24)). Since
the only fundamental invariant depending only on v is |v|?, there is exactly one invariant
(up to scalars) in P*0(b) ® P%*(b) @ W,,, namely |v|2=™)pin.

By Lemma this gives existence and uniqueness of a subspace of P*°(b)®V,, equivalent
to P%(v). O

4.2.2. Pair of line 8.

The action of SU,, on the C"-factor in v extends to the action of SL, (C). Depending on
the ordering of simple roots, this latter action may have the highest weight either w; or
wn_1. For convenience we assume that this highest weight is w,_;. Also let S* denote the
representation of SUy on P*9(C?) and by x* the s-th power of the identity character on U;.
Then, cf. [12],

Olproy = O Rlim +jm) @S @ X" .
i+2j=s

We call Ry; (with 0 < i <'s, s —4 € 2N) the i-th summand above, and V;; the corre-
sponding subspace of P*%(v).

Proposition 4.7. R;; is contained in V,; @ V,, if and only if i > m, and in this case with
multiplicity one.
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Proof. Notice that both SU,, and the centre of U, act trivially on 3, and that the remaining
factor SUy of K acts on W, by S?™. Then we want to find when it is true that R,; C
Ry; ® S?™. We have

Rs; ® SEm — R(iW1 +jWQ) ® (Sz ® S2m) ® x°

25 . , .
(25) = R(iwy + jmo) @ (ST @ S22 g ... @ SPily @ yo

It is quite clear that we find the summand S° in the sum in parentheses if and only if
i > |2m —i|, i.e., i > m, and in this case it appears once and only once. 0

4.2.3. Pair of line 9.

With the same notation of the previous case, we have, cf. [12],

O-‘P-%O(n) = Z R(Hﬂl + ng) ® Sz (%9 Xs = Z RSJ‘J’ .
i+2j<s i+2j<s
s—i€2N s—i€2N
Proposition 4.8. R, ; ; is contained in Vs ; j @ Vy, if and only if i > m, and in this case with
multiplicity one.

Proof. As before, we want to find when it is true that Ry, ; C R, ;®S*". The same identity
as above holds and we obtain the same conclusion. U

4.2.4. Pair of line 10.

We can identify v with C®, with Spin, acting via the spin representation and U, by scalar
multiplication.

The spin representation defines an embedding of Spin; into SOg. Under the action of
U; x SOg, P9(C¥) decomposes into irreducibles as

POCH = D n@)TH = Y Vi, n?P=vi+ 0,
i>0 >0
s—i€2N s—1€2N
see e.g. [10] §19.5].
The compact groups Spin, and SOg have the same invariants on C®, see e.g. [8, Theo-
rem 7.5(8)]. Following the same line of arguments as was used in Section [3} we can conclude
that the above decomposition is also irreducible under the action of Spin,.

Therefore
_ . s __ )
Ol psoy = E R(Z?ﬂg) QX = g R, .
i>0 2i<s
s—i€2N

Proposition 4.9. R;; is contained in V,; @ V,, if and only if i > m, and in this case with
multiplicity one.
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Proof. The group Spin, acts on 3o via R(w;) (and Uy acts trivially). The orthogonal pro-
jection of W, on the highest component R(mw;) of P™(39) must be non-zero, otherwise
Vin € P™2(39) and we would have an invariant contradicting Proposition [3.1[i). Therefore,
Spin; acts on V,, via R(mwy).

We follow [14, Example 5.2]: setting k = m — s + i, R(mw;) ® R(kws) decomposes as a
direct sum

R(mw) ® R(kws) = Z R(a1w1 + aswy + (asz + a4)w3) ,
a1,a2,a3,a4
extended over the quadruples (a;)1<;j<4 of nonnegative integers such that
(26> al(l,O)+a2(1,2)+a3(0,1)+a4(1,1) = (mak) :

We are interested in the solutions of which satisfy the requirement a; = a; = 0 and
as + ay = k. It is clear that there is one (and only one) solution if and only if m < k, with
a3 =m, ag = k —m. O

4.3. Nonvanishing of dr(M,,) on m-admissible weight spaces.

We have shown that, if 4 is m-admissible, there is a unique subspace X (u,m) C V(1) @V,
equivalent to V(). Therefore, Proposition (i) can be made more precise by saying that
an operator @ intertwining o with o ® 7, maps V(p) into X (u, m) for any m-admissible p.
Moreover, @, s uniquely determined up to a scalar factor.

Assume that the identity holds. Applying 7 to both sides, we obtain

m(G) = dr(Mpy,)m(h) .

In this identity, 7(G) and dr(M,,) satisfy the assumptions of Proposition [4.5 whereas
m(h) maps each V() into itself by scalar multiplication (this is the special case m = 0 of

Proposition [4.5)).
The next proposition, whose proof is postponed to the end of this section, provides a
necessary condition for being able to solve equation in h.

Proposition 4.10. For every m-admissible weight i, dm (M), # 0.

Let C' = (cjx) be a k x £ hermitian matrix (with £ = dim¢v), and set

lo(v) = chkvﬂ_)k )
ik

The symmetrisation process transforms /¢ into the operator Lo € D(N),

1 _ _
Le=3 zk:cik(zjzk + Zu7;)
where the Z;, Z; are the vector fields in (L7)).

The image of Lo in the Bargmann representations can be described in terms of the rep-
resentation o in ([20)).
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Lemma 4.11. Let C = (¢i) be a k X k hermitian matrixz (so that iC € u,), and let

1 L .
Lo=5 > cnlZ;Zk + Z1Z;) € D(N)

ik
Then, for A\ >0,
A
dT(')\(Z‘Lc) = §dO'(ZC) .
This identity extends by C-linearity to C € sl,., understanding Lo as %LCJFC* — %Li(c_c*).

For the proof, that we skip, it suffices to verify the identity for C' = E;. + Ei; and
C = iFE;, — iE);. Notice that o is the restriction to U, of the metaplectic representation.

Denote by L; the symmetrisation on N of the polynomials ¢ ;(v) appearing in the expression
of the mixed invariants p,. We want to identify how dr (span{L;}) sits inside do(u,)
and understand the action on V(u) of the complex algebra generated by the dr(L;). By
Lemma [£.17] this is equivalent to identifying

¢={iC: Lc € span{L;}}
inside u,, and study the algebra generated by do(¢®).

Proposition 4.12. As a representation space of K, ¢ ~ Vi ~ 30. Moreover,

(i) When 30 = su, (line 6 with r = n, or lines 8, 9 with r = 2), K contains a factor
Ky = SU,. acting nontrivially on 30. Then ¢ = .
(ii) For line 7, ¢ is the Sp,,-invariant complement of spa, in Sug,.
(i) For line 10, let ¢ be the inclusion of Spin, in SOg given by the spin representation
R(ws). Then c is the 7-dimensional Spin,-invariant complement of di(so7) in sos.

Proof. The first statement follows from the equivalence span {L;} ~ span{{;} ~ V.

After Lemma(4.11] (i) is almost tautological: the symmetrisation of p; (-, 2) is L_;4o(»). For
(ii), it is basically the same argument.

For (iii), we must recall from [8] that the terms vy, v, in the expression of pi(v,z) =
Re (z(vﬂ?g)) are octonions representing the two components of v = 1 ® v1 + ¢ ® vy in the
decomposition of C ® O as the direct sum of R ® O and (iR) ® O.

For fixed z, p1(-, 2) is a quadratic form satisfying p;(v,2) = —p1(v, 2) (here v = 1 ®@ v; —
i ® vy). In complex coordinates, it is then expressed by a hermitian matrix C, with purely
imaginary coefficients. It follows that iC, € sog, and these elements span a Spin.-invariant
7-dimensional subspace. This is necessarily the complement of di(so7). O

Notice that either ¢ C ¢ is already a Lie algebra, or € ® ¢ C u, is itself a Lie algebra. Set
g :=t+c. Intwo case, lines 7 and 9, g # £, when g is either su,, or g = sog ®R, respectively.
Let G be the corresponding compact group with g = Lie G. Also notice that if g # €, then,
up to the summand R, € @ ¢ is the Cartan decomposition of the symmetric pair (g, £).

Lemma 4.13. The subspaces V(1) in (23) are also G-invariant.

Proof. The action of K on c¢ is equivalent to the action of K on 39. Therefore for each
1C € ¢, the action of the stabiliser K;- on F is multiplicity free and ¢C preserves each of



22

the irreducible summands. Since K;c C K, the action of ¢C also preserves K-invariant
irreducible subspaces in F. 0]

The statement of Lemma |4.13| can also be verified directly using the fact that K and G have
the same invariants on v.
We can now prove Proposition [£.10

Proof of Proposition[4.10. First of all, recall that we do not treat lines 4 and 5, because they
are completely covered by line 6.

Fix a complex basis {uy, ... u,, } of 35 with u; being a lowest weight vector (of weight, say,
—a) and let (z1, ...z, ) denote coordinates in this basis. Then « is also the highest weight
of ¢©, 2 is a vector of the highest weight, ma, in P™(3¢), and the weights +ma do not
appear in lower degree polynomials on 3y. Hence £ma are not among the weights of P*(¢)
with s < m. Decomposing p; (v, z) with respect to z;, one gets

1

(v, 2) = a;(0)z .

j=1

where a" is a lowest weight vector in P™(¢). We must have a}* € H"™™(v), since other-
wise, by Corollary [3.3] the weight —ma would also be contained in lower degrees in ¢. By
Proposition [3.1], the K-invariant space generated by ai* is V,,. In turn, this implies that 2{"
belongs to the space W, of Proposition [3.1(iii).

We regard M; in as

identifying 39 with ;. Then
(27) M" =Y By,
|B]l=m

where each Bg is an m-fold composition of the A;.
Each Bg is the symmetrisation of a polynomial g depending on v and ¢ € 3. The polyno-
mial

P(v,z,t) = Z bs(v,t)2”
B

is K-invariant, and its component of highest degree in v is p}*. Therefore, ]/)71% is the highest
weight term in the decomposition of P.
In particular, M{" and M,, have the same highest weight component. Then

(M, 21") = (M{", 21") = AT .
Let X be the lowest weight element in ¢© such that A; = Lyx. Lemma implies that
dry (A7) = (A\/2)™do(X)™ .

Therefore it remains to show that under the identification 39 = ¢, the element do(X)™
does not vanish on V' (p).
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As an illustration, consider first the example of line 6. Here ¢ = £, and X is a lowest root
vector in sl,,. The complex group SL,(C) acts on V(p) via R(swy) with s > m. Clearly
do(X™) is non-zero on the highest weight vector of V' (p).

In general, we argue in the following way. The action of X on polynomials on v is
completely determined by the action of X on v itself or by the representations of the group G.
If V(1) is m-admissible and do(X™) is zero on V (1), then it is also zero on the contragredient
space V (1), and, hence, do(X?™) vanishes on a copy of V,, sitting inside V )@V (1) C P>*.

Now V,,, has the highest weight ma and X is of weight —«. Since X is a weight vector
(with a nonzero weight) of a torus in g%, it is necessary a nilpotent element. Therefore
one can include it into an sly-triple {X, H, Y} C g%, where the semisimple element H is
contained in €. (If € = g this is Jacobson-Morozov theorem, in the two cases with g # € the
claim follows from the fact that (g, ) is a symmetric pair, see [13, Prop. 4].)

Then H multiplies a highest weight vector v € V,,, by 2m, therefore v gives rise to at least
one irreducible representation of {X, H,Y} of dimension at least (2m+1). By the linear
algebra considerations, do(X?™)v # 0. A more careful analysis can show that do(Y)v =0
and do(X?™)v is a lowest weight vector of V,. O

5. PROOF oF PROPOSITION [4.3]

First, let us fix some notation. Let T = 8, be the central derivative of N when N is the
Heisenberg group. For the pair at line 7, where N is the quaternionic Heisenberg group, we
take T; = 0y, j = 1,2,3, the derivatives in three orthogonal coordinates on j.

We can assume that D = (D1, ..., Dg,_1,i 'T)and D = (D, ..., Dgy_s,i ‘"Ty,i Ty, i *T5)
respectively. The first dyg — 1 (resp. dy — 3) operators come from symmetrisation of the poly-
nomials p; € p,. We convene that D is the sublaplacian, i.e., the symmetrisation of |v|?.
A point of the spectrum X5 of (N, K) can then be written as & = (£, \) with A in R or
R3, depending on the pair considered. The points of the spectrum with A # 0 form a dense
subset of ¥y and they are parametrised by A and p € X as (A, j1), where (A, p) is the
scalar such that

(28) dma (D) = & w)Id .

Note that &4,(), 1) = A and, if V(1) C P*%(v), then & (A, p1) = [A|[(2s + k), cf., e.g., [I].
By 0; we denote the degree of homogeneity of the polynomial p; (and hence of D;) with
respect to the automorphic dilations

(29) r-(v,t) = (r%v,rt)

of it (and of N); i.e., J; = %degpj for the first dy — 1 (resp. dop — 3) operators, and J; = 1 for
the T"s.

If (v, ) is a spherical function, then ¢, (v,t) = (r2v, rt) is also spherical, and §(or) =
7% i(¢). Then X is invariant under the following dilations of R%:

(30) P (€ &) = (P gy )
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In terms of the parameters (A, i), we have

ro& () = p) .

Now we define the following left-invariant, self-adjoint differential operator on N:

Up = M* M, = ZA§m)*A§m) .
j=1
Note that

ker U, = ﬂ ker Agm) )
j=1

As agm) € P™™(p), the operators Ag.m) and U, are homogeneous of degree m and 2m,
respectively, w.r. to the dilation (29)). Furthermore as M,, is K-invariant, U,, is also K-

invariant. Hence it can be written as Uy, = (D) where u,, € P(R%) is homogeneous of
degree 2m with respect to the dilations of R,

By (28),
drs(Unn) vy = tm (' (A, p)1d

Let
Sm =1 €Xp, un(&)=0}.
Then
(31) ker U, NS(N)® = {f :suppGf C Sm} .

Moreover, S,, is invariant under the dilations .
The next lemma shows that polynomials which vanish on S,, can be divided by u,,.

Lemma 5.1. Assume that p € P(R%) vanishes on S,,. Then p is divisible by u,,.

Proof. We may assume that p is homogeneous with respect to the dilations of R%.

Consider first the pairs in the first block of Table [2|

In this case there is only one invariant in p,, leading to the sublaplacian on N, and then
only one coordinate &| besides those corresponding to the 77s. The space V(i) coincides
with P*%(v) and by Proposition POv) € P*°(v) ® V,,, if and only if s > m. By
Proposition 1.5, dm(M,,) vanishes on P*°, if s < m. This is also the case for dr(U,,) =
dr(M,,)*drw(M,,). Hence the set S, contains all the points of the form (|A|(2s + k), A) for
any A € R and s =0,...,m — 1.

We decompose p into its odd and even part w.r. to ] as

p(€17 >‘) = 51 pl( 127 )‘) +p2( 127 )‘) )
where p; and ps are two polynomials with suitable homogeneity.
We claim that p; and p; must both vanish on the set of points (|A]*(2s + k)%, \) with
A€ RimM3 and s =0,...,m — 1. If it were not so, we would have the identity
p2(|A2(2s + k)% A)
pi(IA2(2s 4+ k)%, A)

IA(2s 4+ k) =
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This contrasts with the fact that the right-hand side is a rational function in A\, while the
left-hand side is not. Then pi (1, A) and py(n, A) are both divisible by [7' (n— (2s+#)2|\[?).
Therefore p(¢), \) is divisible by [[7 (€;* — (2s+#)2|A|?). This also holds for p = u,,. Hence

(32) m(E0 N —cH — (25 + K)?[N\]?) .

We consider next the pairs in the second block of Table

There are two invariants in p, for the pairs at lines 8 and 10 and three for the pair at line
9. In the notation of Subsection , the space V(1) coincides with Vj; or Vj; ; respectively,
always with ¢ and s of the same parity. We adopt the notation

, (N s,0) (lines 8,10) ,
§Own) = {5’(A,s,z’,j) (line 9) .

More precisely, £ = |\|(2s + k) only depends on A and s. For the pair at line 9, & only
depends on A, s, 4, because it is invariant under the larger group U, x SUj,,.

The homogeneity degrees of the elements of D w.r. to the dilations are (1,2,1) at
lines 8 and 10, and (1,2,2, 1) for the pair at line 9. By and the subsequent comments,

We split ¥ as the union of 3% = {&' : &), = 0} = py(v) x {0}, cf. [2], and the sets

g _ {¢(\,s,i), N\ER, s€i+2N}, (lines 8, 10)
Y H{ENsig), AER, s€i+ 2N, 0<j < (s—1i)/2}, (line9)

depending on ¢ > 0.

By Propositions E E 4.8, and |4 , 9, Rs,; (resp. Ry, ;) is contained in Vy,; ® V,, (resp. Vi, ; ®
V) if and only if ¢ > m. By Pl"OpOSlthD and Proposition [1.10] dr(M,,) vanishes on V( )
if and only if R(u) is not included in V' (p) ® V,,, which means ¢ < m. This is also the case
for dn(Uy,) = dm(M,,)*dm(M,,).

Hence S, contains the union of sets S; for 0 <i < m — 1. Moreover, each polynomial wu,,
vanishes on S;, i < m, but is never zero on S i > m, except for the origin.

We prove recursively the existence of polynomials i; € P(R%), i > 0, such that

(a) @i(&], €5, 0) = c1€0° + & + diX?, vesp. (for line 9), @ (&}, &, 8, A) = el + & +
c3,:&5 + diN’;
(b) each @; vanishes on S, but does not vanish on any other Sy, i’ # i, except for the
origin;
(C) tp, is a scalar multiple of 7" .
Once this is done, the proof can be concluded as in the previous case.
Consider the polynomial u;. Being homogeneous of degree 2, it must be of the form

(34) ur (€5, N) = €)% + aglh + DA% 4 c&hA

resp.

(35) uy (€], €5, €5, 0) = a16)” + ax€h + asél + bA2 + €\
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For : = 0, we have

N (1, 8) + asN’€y(1,5,0) +asA*¢h(1, 5,0, ) DX + AN (1,8) = 0,
only f;?line 9

for every A # 0, s even (and j < s/2). This forces ¢ = 0 by parity in A.

In any case, we must have as # 0. Suppose in fact that as = 0. In the cases of lines 8, 10,
the identity above would hold for every 4, and u; would vanish on every S;. In the case of line
9, u; would not depend on & and the polynomial p(&], £4) = ui (&}, €5, 1) = a1&]* + aséy + b
would vanish at all points (25 + K, & (1, s, O,j)), for s even and j < s/2. Notice that, for s
and 7 fixed, the values &}(1, s, 4, 7) must all be different, because & is the only coordinate on
Y p depending on j. Then we would have p = 0 and, by homogeneity, u; = 0.

Thus, we have obtained @, = u;/ay satisfying (a), (b), (c) above.

Assume now that we have constructed @; € P(R%), i = 0,...,io — 1, satisfying (a), (b),
(c) above. Consider the polynomial w;,. It vanishes on S;, i < iy, but does not vanish on S;,
1 > 19. Hence we can factor out u;, 2 =0,...,7p — 1, from u;, and there exists a polynomial
i, such that u;, = g, HZO:BI @;. Necessarily ¢;o is homogeneous of degree 2 with respect to
, and vanishes on 5}0 because the polynomials u;, ¢ < 79, do not vanish on it. Hence the
quotient ¢;, will have the form , resp. . Arguing as before, it can be shown that

¢ =0 and ay # 0. Then 4;, = ¢;,/as has the required properties. 0

The higher complexity of the second part of the proof given above was due to the presence
of more than one polynomial in p,, but also by the fact that we did not use explicit formulas
for €(1,s,4) and &(1,s,4,7). To find such formulas does not seem an easy task anyhow,
cf. [4]. On the other hand, the arguments used in the proof emphasise a pattern which is
common to all cases at hand.

Note that we have also proved the following identities:

g UZ M (25 + &), A), A € RT3} (lines 8, 10) ,
UL S (line 9) .
Also note that what prevents S, from being an algebraic set is the dependence on |A| of
&1. It follows from and that the zero set of u,, in R? is S, U S,., where

S = {(—51,52>53>)\) D(61,62,83,A) € Sm} ;

(with the &-component omitted for the pairs at lines 8, 10 - this caveat will not be repeated
in the sequel).

Let now G be a V,,-valued, K-equivariant Schwartz function G on N. Set f = M G.

Then f € S(N)X and f belongs to the orthogonal complement of N2, ker A§.m) = ker U,,.
Hence the Gelfand transform of f vanishes on S,,. The following lemma justifies that we
can choose Schwartz extensions of G f which vanish on S,,.

Proposition 5.2. Let f € S(N)K be such that its spherical transform Gf vanishes on S,.
For any p € N, there exists 1 = ) € S(R®) such that:

(1) (um¢)\2D = Gf
(ii) there exist C' = C, > 0 and q = q(p) such that ||¢||p) < C| fllig)-
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We state first a preliminary lemma.

Lemma 5.3. Let P(y) be a real polynomial in y € R™. If f(z,y) € S(R x R™) vanishes on

{(P(y),y) : y € R"}, then there exists f e S(R®) satisfying f(x,y) = (x — P(y))f(x,y).
Furthermore f depends linearly and continuously on f.

Proof. The conclusion follows easily from Hadamard’s lemma (Lemma , once we know
that the change of variables (z,y) — (z — P(y),y) preserves S(R"*!) with its topology.
This is trivial if deg P(y) < 1. If deg P = m > 1, it follows from the inequality

lx — Py)| + |yl > C(lz]"™ + Jy]) ,

which can be verified distinguishing between the two cases |z — P(y)| < |y| and |z — P(y)| >
[yl-

Proof of Proposition[5.3 Let ¢ € S(R%) be an extension of Gf. Such an extension exists
by [2]. Let P, be the homogeneous component of degree k with respect to in the Taylor
expansion of ¢ around the origin. Since ¢ vanishes on S,,, which is invariant under these
dilations, P, vanishes on S,,.

By Lemma [5.1) there exists Q@ € P(R%) homogeneous of degree k with respect to (30))
such that u,,Qr = Piyom.

Applying Whitney’s extension theorem, there exists ¢; € C*°(R%) with compact support
around the origin and Taylor expansion ), @ at the origin. Then ¢ — 1)1 vanishes of
infinite order at the origin.

We take now a function 7, homogeneous of degree 0 w.r. to the dilations , Cc>
away from the origin, and equal to 1 on a conic neighbourhood of ¥ and equal to 0 on
a conic neighbourhood of S,.. Such a function exists because, by the hypoellipticity of the
sublaplacian, ¥ is contained in a conic region around the positive £j-semiaxis, cf. e.g. (15)
in [§]:

Sp C {(6:6.6.0) : &]7 + 1612 + N < 08}

Then the function w = (¢ — w1 )n is Schwartz and vanishes on S, U S,.. By repeated

application of Lemmal5.3| w = w;,1)q, with ¢y Schwartz. Take ¢ = 11 +1b5. Then u,,1vn = ¢n,

so that (i) holds.
Consider now the Schwartz norm [[¢|| ) < [[¥1]lp) + l|¥2l -

By Lemma , there exist an integer v = v(p) > p and a constant A, such that
192l < Apllwlle) < Aplle = umthilloy < Ap(lelle) + 1l orzm)) -

In order to estimate ||¢1||(+2m), We use the fact that the Whitney extension of the jet

{Qi}ren can be performed so that the resulting function ¢y = ¢ satisfies, for an integer
r =r(p) and a constant B,

1l ovzm) < Bp > NQkll < By Y | Prgamll < Byll@llrs2m
k<r k<r

where the norm of a polynomial is meant as the maximum of its coefficients.
Putting all together,

H@Z}”(p) < Cp||90||(ma><(r,u)+2m) .
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By [2], there are an integer ¢ = ¢(p) and a constant C,, such that it is possible to choose
© = ¢ above so that
||‘p||(max(7“,u)+2m) < CIInyH(Q) )
and this concludes the proof. 0

We resume the proof of Proposition

Given G, set f = M%G € S(N)¥ € (kerU,)*. By (BI), Gf vanishes on S,,.

Applying Proposition [5.2] we can choose a Schwartz function ¢ such that u,,1) extends
Gf. Defining h = G(¢), we easily obtain, on X5,

G(Upnh) = upp =Gf .
This implies
M) M,h=U,h=f=M G.
To factor out M, observe that for any A # 0,
dmx(My) 7\ (Myh — H) =0 .

By Proposition both sides are 0 when restricted to a subspaces V (u) with g non-m-
admissible. If p is m-admissible, then Proposition implies that 7\ (M,,h — H) = 0 on
V(p). Then M,,h = H.

It remains to prove the estimates on the Schwartz norms. To the norm estimates given by
Proposition it is sufficient to add that M} and G~! are continuous on the appropriate
Schwartz spaces. For G~! we refer to [2, [7, [].

6. CONCLUSION

We complete the proof of Theorem [I.1]

Let G € (S(N) ® Pk(jo))K as in (6). We decompose G as in (13). We realise the
representation space V,, as W, when |a| = m. By Lemma[4.3] for each (, 8), [a] + [8] = k,
there exists h, 5 € S(N)¥ such that

P*(,0)gas = Macha
where the operator M, ¢ = 37", A§m)b§-a)(c ) is the realisation of M, on W,.

In the notation of (), the operators [72‘" form a basis of (]D)(]V ) ® P(go))K. Therefore,

each M, can be expressed as a linear combination of the Dg‘" with [@] = k, and one can
write G as .
G= > D¢Hu,
[a)=k

where the functions H,~ are finite linear combinations of h, s.
The norm estimates are obvious after Proposition [4.3]
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